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1. INTRODUCTION

Among the well-documented phenomena that economic models do not fully explain is the fact
that players of a finitely repcated game do not backward induct. The careful experiments
performed by Neclin, Sonnenschein and Spicgel (1988), and the well known prisoner’s
dilemma tournament of Axelrod (1980) show that subjects do not act according to the logic
of backward induction. Several attempts to model this behaviour exist in the literature.
Some of them are based on bounded rationality (Radner (1980), Chou and Geanakoplos
(1985), Aumann (1981j, Neyman (1985), Meggido and Widgerson (1986), and the
references therein). Another type of explanation requires evolutionary behaviour with a
lower bound on the number of "mutants”, as in Nachbar (1981). Undeniably, however, the
most successful model to justify cooperation in the finitely repeated prisoner’s dilemma
(which is, in fact, stronger than violation of backward induction) is due to Kreps, Milgrom,
Roberts and Wilson (1982). Essentially their argument is that there is always a small chance
that one of the players will not act rationally. In the game they consider, there is a small
chance that one of the players will cooperate. This will lead to significant levels of

cooperation on the part of both players.

In this paper, we propose to extend the notion of Nash equilibrium to incorporate agents who
act in a game as if they faced uncertainty in the sense of Knight (1921). We propose two
extensions. One of them, which we argue is the appropriate one, leads to the possibility of
cooperation in the repeated prisoner’s dilemma. We show that this has a close connection
with the Kreps-Milgrom-Roberts-Wilson explanation. At the same time, given that the
phenomenon has been modelled by departing from the Bayesian view of Savage (1954), it
is also true that the bounded Bayesian rationality justifications are compatible with our
explanation (the evolutionary model is of a completely unrelated type, more suitable for

analysis of economic institutions).

Our definition also demonstrates the possibility of prudent behaviour even when this is
inconsistent with the knowledge of the fact that the other player is Bayesian rational, as in

the example in Werlang.(1986, chapter 3). Finally, the definition of equilibrium allows for



the possibility that the same game may be played differently by the same player when facing

different opponents (even if there is a unique raticnalizable outcome).

The paper is organized 2s follows. The next section discusses the basic uncertainty model,
which is due to Schmeidler (1982, 1989) and Gilboa (1987). Section 3 presents the
definitions of equilibrium. Section 4 shows that the first definition may lead to non existence
of (strict) Nash equilibria when the degree of uncertainty, as measured by the uncertainty
aversion (defined in Dow and Werlang (1991a)) is h.igh. In section S, the second definition
is used to obtain prudent behaviour which is incompatible with common knowledge of -
Bayesian rationality (as "shown in Tan and Werlang (1988), this is the same as
rationalizability in the sense of Bernheim (1984) and Pearce (1984)). Section 6 has the most
striking example: the emergence of cooperation in a twice repeated prisoner’s dilemma,
under the second definition of equilibrium under uncertainty. Section 7 relates the
equilibrium notion with the Kreps-Milgrom-Roberts-Wilson model. We argue that our notion
endogenously genverate the "irrationality" present in their explanation, thereby clarifying their

results. Section 8 concludes and points to directions for further research.

2. UNCERTAINTY

Schmeidler (1982, 1989) and Gilboa (1987) have developed an axiomatic model of rational
decision making in which agents’ behaviour distinguishes between situations where agents
know the probability distributions of random variables and situations where they do not have
this information. We refer to the former as risk and the latter as uncertainty, or Knightian
uncertainty. Synonyms that are used in the literature include roulette lottery, for risk, and
horse lottzry and ambiguity, for uncertainty. The traditional model of uncertainty used in
economics is that of Savage (1954), waich reduces all problems of uncertainty to risk under
a sudjective probability. The axiomatization of Schmeidler-Gilboa leads to very different

behaviour: behaviour under uncertainty is inherently different from behaviour under risk.



We now give a brief exposition of the main aspects of their model. The reader is referred
to the papers by Schmeidler and Gilboa cited above for a complete description and for the
underlying axioms, and.to Dow and Werlang (1991a) which contains an example and an
application to portfolio choice (it also includes a mathematical appendix with the basic
material on non-additive probabilities). Dow and Werlang (1991b) has an explanation of the
excess volatility puzzle, and Simonsen and Werlang (1991) also describe the implications for

portfolio choice. Also, Wakker (1989) has a model which is very similar to Gilboa (1987).

Bewley (1986) presents a similar model which is also designed to capture Knightian
uncertainty. His model predicts that uncertainty leads to inertia, a tendency to favour the
"status quo," while in Schmeidler-Gilboa there is a teﬁdency to choose acts where the agent
does not end up bearing uncertainty. In a decision problem, this will lead to different
predictions unless the status quo is an act where the agent bears no uncertainty. In Game

Theory, it is conventional not to distinguish any particular strétegy as the status quo.

The Schmeidler-Gilboa model predicts that agents’ behaviour will be represented by a utility
function and a (subjective) non-additive probability distribution. A non-additive probability

P reflecting aversion to uncertainty satisfies the condition

P(A) + P(B) < P(ANB) + P(AUB), (*)
rather than the stronger condition satisfied by (additive) probabilities:

P(A) + P(B) = P(ANB) + P(AUB).

In particular, P(A) + P(A°) may be less than I; the difference can be thovght of as a
measure of the uncertainty aversion attached by the agent to the event A. The uncertainty
aversion of P at event A is ¢(P,A) = 1 — P(A) — P(A°) (Dow and Werlang (1991a)).

All the non-additive probabilities considered in this paper will reflect uncertainty aversion,

ie they will satisfy inequality (*). Also, we will restrict attention to the case of a finite set

of states of the world. -



The agent maximizes expected utility under a non-additive distribution, where the expectation

of a non-negative random variable X is defined as:
EX) = [ PX2x) dx.

Associated with a non-additive probability P is a set A of additive probabilities called the
core of P, which is defined (analogously to the core in cooperative game theory) as the set
of additive probability measures = such that 7(A) = P(A) for all events A. If the non-
additive probability satisfies inequality (2) (reflecting aversion to uncertainty) the core is non-
empty. (A closely related model of behavior under uncertainty is for the agent to act to
maximize the minimum value, over the elements of the core, of expected utility (Gilboa and
Schmeidler, 1989).)

The support of a non-additive probability P may be defined analogously to the additive case.
However, there are several possible analogous definitions. One possible definition is the
smallest event A such that P(A) = 1. Notice that if P reflects strictly positive uncertainty
aversion at all events (other than the empty set and the set of all states) then the entire set
of all states is the only event with probability one. Intuitively, the interpretation of an event
of non-additive probability zero is the same as in the additive case: it is an event which will
almost never happen. However, if a set has probability zero, that does not mean its
complement is of probability one. “But if the complement of a zero-probability set has
positive probability (in principle it could be zero too) it has relatively infinitely more chance
of happening than the original set. Hence, we are led to an alternative definition based on

the idea that the complement of the support has zero probability.

DEFINITION: the extended support of a non-additive probability P is the smallest event A such
that P(A) = 1.

DEFINITION: a support of a non-additive probability P is an event A such that P(A?) = 0 and
p(B°) > O for all events B C A, B # A.



It should be clear that, while the extended support is unique, there may be several supports.
Also note that any support must be contained in the extended support (otherwise a smaller
set with the same property would be obtained by taking the intersection with the extended
support).

EXAMPLE: Constant uncertainty aversion (sce Dow and Werlang (1991a)). The extended
support coincides with the (unique) support and also with the set of all states. If there are

three states, say, we could have:

pp=p,=p;s=p € (0, 1/3)
P2 = Pz =P =q € (2p, 1-p).

where p; is the probability of state i and p; is the probability of state i or state j.

EXAMPLE: this example illustrates the difference between the support and the extended

support. Again there are three states.

pl=p2=pe(0)l/2)

;=0
P2.=q € (2p, 1-p)
P13 = P = D.

The extended support is the set of all states. The (unique) support is the event of state 1 or
2.

EXAMPLE: this example does not have a unique support. Again there are three states.

pp =05
P.=p;s=0
Piz = pis = 0.6
p» = 0.1.

The extended support is {1, 2, 3}. The supports are {1, 2} and {1, 3}.



3. Two DEFINITIONS OF EQUILIBRIUM

We restrict attention to two-person finite games I' = ( A, A,, u,, u,), where the A, are pure

strategy sets and the u; are utilities (payoffs).

In the standard theory, a mixed strategy Nash equilibrium is defined as follows. Let (g,, p,)
be a pair of (additive) probability measures and let supp[y] denote the support of y. In
Nash equilibrium, every a; € supp[y,] is a best response to u,, ie a, maximizes the expected .
utility of player'l given that player 2 is playing the mixed strategy u,; conversely, every a,
€ supplu,] 1s a best response to p,. A subjective interpretation can be given to the Nash
equilibrium: the mixed strategy of player 1, ,;, may be viewed as the beliefs that player 2
has about the pure strategy play of player 1. Conversely, the mixed strategy of player 2, u,,
may be viewed as the belief player 1 has about the pure strategy play of player 2. This

subjective definition is suitable for the generalization we will introduce in this paper.
DEFINITION: STRICT NASH EQUILIBRIUM UNDER UNCERTAINTY.

A pair (P,, P,) of non-additive probabilities P, over A, and P, over A, is a Strict Nash

Equilibrium under Uncertainty if:

(1) for all a, in the extended support of P,, a, maximizes the expected utility of player 1 given

that P, represents player 1’s beliefs about the strategies of player 2, and conversely;

(it) for all 2, in the extended support of P,, a, maximizes the expected utility of player 2

given that P, represents player 2’s beliefs about the strategies of player 1.

The definition above is an obvious generalization of the concept of Nash equilibrium under
usual additive probabilities. We describe some of its properties below. However, we would
argue that the definition is too strong. Intuitively, when we use the extended supports of the
non-additive beliefs in the same way as the supports of (additive) probabilities, we are

ignoring the great strength of the non-additive model: that an event may be infinitely more



likely than its complement, but still have probability less than one. Take, for example, the
case of a strategy set with two elements, a and b. Suppose P(a)=0.8 and P(b)=0. If we
want to be "sure" that an event is going to happen, then this event has to be the whole
strategy set. However, the likelihood that strategy a will be used is infinite relative to b (ie
the relative likelihood that strategy b is going to be used is zero). Thus in this case it would
be fair to interpret that strategy b has no chance of happening. This leads to the second
definition, where we use a support of the non-additive probabilities instead of the extended

support. Later, we illustrate why we think this second definition is more appropriate.
DEFINITION: NASH EQUILIBRIUM UNDER UNCERTAINTY

A pair (P, P,) of non-additive probabilities P, over A, and P, over A, is a Nash Equilibrium

under Uncertainty if there exist a support of P, and a support of P, such that:

(1) for all a, in the support of P;, a; maximizes the expected utility of player 1, given that P,

represents player 1's beliefs about the strategies of player 2, and conversely;

(ii) for all a, in the support of P,, a, maximizes the expected utility of player 2 given that P,

represents player 2’s beliefs about the strategies of player 1.

This definition above, like the preceding one, reduces to the standard definition of Nash
equilibrium, whenever there is no uncertainty (which means that the P’s are additive). It is
also clear that: (i) a strict Nash equilibrium under uncertainty is always a Nash equilibrium
under uncertainty; and (ii) a standard mixed strategy Nash equilibrium is also a strict Nash
equilibrium under uncertainty. Therefore, both equilibria always exist. A more subtle
problem is that of existence for any given maximum level of uncertainty aversion. In the
next section we give an example which shows that strict Nash equilibria under uncertainty
may not exist for high degrees of uncertainty aversion. Finally, note that it is easy to check
that a strictly dominated pure strategy will never be in a support of a Nash equilibrium under

uncertainty.



4. EXAMPLE: NON EXISTENCE OF STRICT NASH UNDER UNCERTAINTY
" WHEN UNCERTAINTY AVERSION IS GIVEN A PRIORI

This section shows that strict Nash equilibrium under uncertainty may not exist for high
levels of uncertainty aversion. Consider the game in Figure 1 below, where there are two
standard Nash equilibria in pure strategies: (a,b) and (b,a). Further, if each player tries to
force the equilibrium which is favourable to him or her, they both get to their maxmin level.
However, if one of them knew that the other was going to do this, he would rather play his

Nash equilibrium action. .

Player 2’s beliefs, Py, are of the form: plaver 2 believes player 1 will play a with probability
P., b with probability p,. Similarly, player 1's beliefs, P,, are described by q, and q, with
q. + g = 1. Tt follows that the expected value under P, of player 1’s strategies are:

u (@) = 2(q, — 1)
U](b) = zqa - 1

Similarly, under P, we have the expected values for the utility of player 2: u,(a) = 2(p, -
1) and u;(b) = 2p, — 1. Thus the set of strict Nash « ilibria under uncertainty is given by
the set of all quadruples of positive numbers (p,, py, 4., q) Such that p, = p,+1/2 and q, =
q,+1/2. Hence, the uncertainty aversion of player 2 is ¢, = 1 - p, - p, and that of player
lisc, = 1-q,-q, Note thatin this case we have not specified the event at which c is
evaluated because the only relevant events are {a} and {b}, one being the complement of the
other. Notice why the subscripts are interchanged: c, refers to P, and c, refers to P,, because
P, is a belief of player 1 and P, of player 2. Observe that since given the probabilities are
positive and their sum cannot exceed 1, we have ¢, € [0, 2] and ¢, € [0, '2]. For this
game, high levels of uncertainty aversion of the players are incompatible with strict Nash

equilibrium under uncertainty.

Notice however, that Nash equilibria under uncertainty exist even for very high uncertainty

aversion. It may be verified that p, = 0 and p, < '4, and q, = 0 and q, < 'z are equilibria



according to the definition, so that uncertainty aversion ¢ may be arbitrarily high (up to the

maximum possible value of 1).

S. EXAMPLE: NON RATIONALIZABLE MAXMIN BEHAVIOUR
MAY OCCUR IN NASH UNDER UNCERTAINTY

The game shown below, in Figure 2, has a unique rationalizable equilibrium (which,
therefore, coincides with the (standard) Nash equilibrium), given by (u, a). Further, if
player 1 knows that player 2 is rational (observe that this requires just one level of
elimination of strictly dominated strategies) then she knows that player 2 can never play b,
because it is a strictly dominated strategy. Thus she should play u. Let us imagine,
however, that 10 stands for 10 million dollars, or, equivalently, that the parameter ¢ is very
small. This game is very similar to one in Werlang (1986, chapter 3). Question: would
you play u in this game? Note that strategy d gives a payoff very similar to the payoff
obtained in the Nash equilibrium, without any "risk" that the other player does not play his
pért. Since the Schmeidler-Gilboa model favours prudent behaviour, one might expect that
it would predict strategy d for player 1, in daccordance with this intuition. However, under
strict Nash under uncertainty we still get u as the only prediction. But this is not the case

if we use the second (and preferred) definition.

As before, P, is described by probability p, player 2 believes player 1 will play‘u, and with
probability py will play d, with p, + p; < 1. Similarly, P, is described by q, and q,, with
q, + @, < 1. Notice that from the point of view of player 2, the beliefs P, are irrelevant:
player 2 always chooses a. Will that mean that player 1 will necessarily play u? The answer
is no! We will look for Nash equilibria under uncertainty of the form q, = Gand 1 > q,
> 0. In the case of strict Nash under uncertainty, these cannot be an equilibrium, because
the extended support of P, is the set {a, b}, and we know that player 2 will never play b.
However, using the concept of Nash under uncertainty, this is a perfectly reasonable
equilibrium: since {a} is a support (in this simple case the only one) we only have to check

that a is a best response, a fact that we already know. The strategy b, since it lies outside



the support, need not be a best response, again a fact that we already know. What we would
like to obtain is the set of parameters which will yield d as the equilibrium action of player
1. Computing the expected values shows that she will play d if q, < 1 — ¢/20. Notice thaf
this is exactly consistent with the intuition that just a little bit (¢/20) of uncertainty aversion
is enough to make player 1 turn from the only rationalizable action u to the prudent, and
intuitively sensible action d. Notice also that the smaller e is, the less uncertainty averse
player 1 has to be in order to play d. Finally, note that we could also justify this action by
the argument of Kreps-Milgrom-Roberts-Wilson: if there were a small chance of player 2
being crazy, player 1 would behave cautiously. We will show that this relationship is more

than simply intuitive in section 7 below.

6. EXAMPLE: BREAKING DOWN BACKWARD INDUCTION WITH
NASH EQUILIBRIUM UNDER UNCERTAINT Y

We now show that cooperation may arise in the twice repeated prisoner’s dilemma, thereby
demonstrating' that (Knightian) rational agents may not backward induct. Consider the
version of the prisoner’s dilemma of Kreps, Milgrom, Roberts and Wilson (1982), as shown
in Figure 3 below, wheré a=1.25and b = 0.5, so thata + b < 2 as they require. The

strategies are F (for "fink") and C (for "cooperate").

In the twice repeated version of this game, there are eight strategies for each of the players.
Four are the unconditional, or history indepengient strategies: F2, FC, CF, C?, which stand
for, respectively, F in both rounds, F in the first round and then C in the second round, C
and then F, and C in the both rounds. There are four history dependent strategies, which
we name W, X, Y and Z, for convenience. W is: start with F. If the other player played
C in the first round, then play C in the second round. Otherwise play F in the second round.
The letter X stands for: start with F, and if the other player played C, then play F, otherwise
play C. The letter Y stands for the tit-for-tat: start with C, and play C in the second round
if the other player played C in the first round. Otherwise, play F. Finally, Z stands for:
start with C, and play ‘F in the second round if C was also played by the other playef.

10



Otherwise, play C. To summarize:

Strategy First Round Second Round if other player’s
First Round move was:
C - F
F F F F
FC F C C
CF C F F
c? C C C
w F Cc F
X F F C
Y C C F
Z C F C

Consider the game without discounting (the payoffs are sums of payoffs of each one-shot
game). It may be verified that the following is a non-additive probability P which reflects

uncertainty aversion (inequality (*) above):

(1) The extended support is the set {F?, CF, C?, W}

@) P({F%, CF, W}) = 0.8

(3) P({C?, CF, W}) = P({F?, CF, C2}) = 0.4

(4) P({F?, CF}) = P({CF, W}) = P({CF, C?}) = 0.4

(5) P(W) = P(C) = P(F’) = P({F’, C?}) = P({C?, ‘W}) = P({F, C’, W}) = 0
(6) P(CF) = 0.4. '

(7) For all events B, P(B) = P(B N {F?, CF, C?, W})

It is easy to see that the only support is {CF}. There is a Nash equilibrium under uncertainty
in which both players have these beliefs. The expected payoffs for each of the players, given
the belief P about the other player’s actions is, for each strategy: U(F?)=0.5, U(FC)=0.2,
U(CF)=0.6, U(C?)=0.2, UW)=0.3, U(X)=0.2, U(Y)=0.3 and U(Z)=0.4. Thus, the
equilibrium above has CF as the prediction, with the joint probabilities of all o:her strategies
together being zero. This means that cooperation in the first round may occur, again with

(Knightian) rationality.

11



7. RELATION TO KREPS-MILGROM-ROBERTS-WILSON

The four authors obtain cooperation in the finitely repeated prisoner’s dilemma using an
intuitively appealing argument. They consider a small "risk" that one of the players will
always play tit-for-tat. They show that this generates cooperation in several stages of the
repeated game. The irrational agent (tit-for-tat) that they "added" to the game is added
exogenously, but clearly the modellers’ choice of that specific type of irrationality was not
exogenous. It was motivated intuitively in a way which was endogenous to the particular

game under analysis.

A similar analysis is given in Kreps and Wilson (1982) and Milgrom and Roberts (1982) in

their model of the chain-store paradox.

In the previous section, we showed that uncertainty can lead to cooperation. There we did
not use the tit-for-tat strategy to achieve cooperation, but our point was just to show that
cooperation cpuld arise. In our model the potentially "irrational" behaviour of the other
agent is generated by the fact that in the presence of uncertainty the players tend to give
more weight to the cases where potentially non-realized profits are higher, or equivalently,
potential losses from not taking an action are larger. Thus in our model, the players
_endogenously decide which sort of agent they are "afraid" of meeting. In other words, we

have a theory that explains how the "irrationality" appears in their model.

In order to illustrate the connection more clearly, we examine a model which is simpler than
the finitely repeated prisoner’s dilemma. We analyze the example of section 5. To adapt
the Kreps-ifilgrom-Roberts-Wilson framework to that example, let us return to the realm of
additive probabilities and standard Nash equilibria. Suppose that player 1 (in the game in
Figure 2) believes that there is a smaii (additive) probability 6 that the game she faces is
different. In this new game, her payoffs do not change, but player 2’s payoffs are inverted
(or equivalently, assume that for player 2, b is a strictly dominant strategy with a small
probability §). It may easily be verified that as long as & > ¢/20 player 1 plays d in the

Nash equilibrium of thé incomplete information game. Notice that the parameter 6 has

12



exactly the same bound as the uncertainty aversion of player 1 in the Nash equilibrium under
uncertainty computed in section 5. This is not a coincidence. The theory of choice under
uncertainty endogenously generates the incomplete information and the "irrationality”

required for the Kreps-Milgrom-Roberts-Wilson model.

8. CONCLUSION

The definition of Nash equilibrium under uncertainty provided explains a number of
economic phenomena which, to date, have not been modelled in a satisfactory way. For
example, it is possible to provide a rationale, along the lines of the above examples, for the
bargaining results of Neelin, Sonnenschein and Spiegel (1988). They ran bargaining
experiments with iterated offers and complete information (similar to the models of Stahl
(1972) and Rubinstein (1982)). They found that players behaved as if they applied only two
rounds of backward induction, even when the game was repeated up to six rounds. The
definition of Nash equilibrium under uncertainty provided here may readily be used to

construct examples where backward induction breaks down.

Several interesting problems remain to be tackled. First, there is the definition of
rationalizability under uncertainty. Rationalizable strategies should be defined as strategies
which are compatible with common knowledge of Knightian rationality. Second, there is the
relationship between this new rationalizability. concept and Nash equilibrium under
uncertainty: we conjecture that the outcomes are the same. Third, there is the extension to
n players. Fourth, there is the question of existence of Nash equilibrium under uncertainty
for any given level of uncertainty aversion on the part of the players. This lasi question is
motivated by the possibility of modelling the game not only with utility functions and strategy
sets, but also the uncertainty aversion of the players. We believe that the uncertainty
aversion of the players is what is often referred to as the "missing parameter” in the

description of a game.
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