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1. INTRODUCTION 

Among the well-documented phenomena that economic models do not fully explain is the fact 

that players of a finitely repeated game do not backward induct. The careful experiments 

performed by Neelin, Sonnenschein and Spiegel (1988) and McKelvey and Palfrey (1992), 

and the well known prisoner's dilemma tournament ofAxelrod (1980) show that subjects do 

not act according to the logic of backward induction. Several attempts to model this 

behaviour exist in the literature. Some of them are based on bounded rationality (Radner 

(1980), Chou and Geanakoplos (1985), Aumann (1981), Neyman (1985), Meggido and 

Widgerson (1986), and the references therein). Another type of explanation requires 

evolutionary behaviour with a lower bound on the number of "mutants," as in Nachbar 

(1981). Undeniably, however, the most successful model to justify cooperation in the finitely 

repeated prisoners' dilemma (which is, in fact, stronger than violation ofbackward induction) 

is due to Kreps, Milgrom, Roberts and Wilson (1982). Essentially their argument is that 

there is always a small chance that one of the players will not act rationally. In the game 

they consider, there is a smaU chance that one of the players will cooperate. This willlead 

to significant leveIs of cooperation on the part of both players. Fudenberg and Maskin 

(1986) and Fudenberg and Levine (1989) explore the size of the set of equilibria obtained by 

means of the Kreps-Milgrom-Roberts-Wilson solution. 

In this paper, we propose to extend the notion of Nash equilibrium to incorporate agents who 

act in a game as if they faced uncertainty in the sense of Knight (1921). We show that this 

equilibrium exists for any given degree of uncertainty aversion on the part of each player (as 

defined in Dow and Werlang (l992a». . 

Our definition leads to the possibility of cooperation in the repeated prisoner's dilemma. We 

explain the relationship between this explanation and the Kreps-Milgrom-Roberts-Wilson 

explanation. At the same time, given that the phenomenon has been modelled by departing 

from the Bayesian view of Savage (1954), it is also true that the bounded Bayesian rationality 

justifications are compatible with our explanation (the evolutionary model is of a completely 

unrelated type, more suitable for analysis of economic institutions). 
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Our definition also demonsttates the possibility of prudent behaviour (maxmin) even when 

this is "inconsistent" with the knowledge of the fact that the other player is Bayesian rational, 

as in the example in Werlang (1986, chapter 3). FinalIy, the definition of equilibrium alIows 

for the possibility that the same game may be played different1y by the same player when 

facing different opponents (even if there is a unique rationalizable outcome). 

The decision model on which our analysis is based is, like other non-expected-utility models, 

at a fairly early stage of development. The axiomatic foundations of the representation of 

the preference ordering (by a utility function and a non-additive probability) are well 

understood. Applications to economic settings are not so well developed, and a number of 

outstanding issues remain, for example the question of dynamic consistency (see Machina 

(1989), Hammond (1989), and Epstein and LeBreton (1992) or, for discussion in the context 

of games, Dekel, Safra and Siegel (1990». Nevertheless, if these decision-theoretic models 

are worth talcing seriously for economists, they must be applied to games and other economic 

situations. lbis paper is no more than a tirst step in the direction of a game-theoretic 

application of behaviour under uncertainty (Klibanoff (1992) also discusses similar issues). 

However, this step seems worth taking. 

The fact that this model formalizes the concept of Knightian uncertainty gives it a particular 

intuitive appeal which differentiates it from other non-expected-utility models. On the other 

hand, it also makes the definitio~ of Nash equilibrium more difftcult since we cannot assume 

that mixed sttategies are described by objective probability distributions, which then imply 

a best response function. That approach would be possible for other non-expected-utility 

models such as rank-dependent utility (~ Weber and Camerer (1987) and Epstein (1990) 

for surveys and descriptions of these models). Here, we must use the subjective approach 

to mixed strategy Nash equilibrium, wbich imposes a consistency condition between a 

player's beliefs about bis opponent's actions and the opponent's best response: alI actions 

in the support of the opponent's belief must be best responses. Furthermore, with Knightian 

~ uncertainty the "support of an agent' 5 belief" is not as simple to define as when we are 

dealing with the standard objective probabilities (Crawford (1990) defines and discusses 

equilibrium for games where agents have other types of non-expected-utility preferences, for 

wbich beliefs can be represented with standard probabilities). 
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Nash equilibrium implicit1y depends on a notion of knowledge: each player knows the other 

will play a best response. The standard definition of Nash equilibrium, like other models of 

knowledge used in Economics, incorporates the property of logical omniscience: if an agent 

knows a fact, he immediately knows all the consequences of that facto The literature on 

Philosophy and on Computer Science has recognized that knowledge models with logical 

ominscience fail to capture some essential espects of human knowledge, and has developed 

models without logical omniscience. We show that the knowledge notion implicit in our 

definition of Nash equilibrium under uncertainty does not display logical omniscience. 

The paper is organized as follows. The next section discusses the basic uncertainty model, 

which is due to Schmeidler (1982, 1989) and Gilboa (1987). Section 3 gives the definition 

of Nash equilibrium under uncertainty and the theorem on the existence of Nash equilibrium 

for any given pair of values for the uncertainty aversion of the two players. Section 4 

presents a sequence of examples. In Example 1, the definition is used in an example to 

obtain prudent behaviour which is incompatible with common knowledge of Bayesian 

rationality (common knowledge of Bayesian rationality is equivalent to rationalizability, in 

the sense of Bemheim (1984) and Pearte (1984), as shown in Tan and Werlang (1988». 

Example 2 shows the distinction between our approach, and the standard (Bayes-Savage) 

approach with E-trembles. Example 3 is more strilcing, showing the emergence of 

cooperation in a twice repeated prisoner' s dilemma, under the our definition of Nash 

equilibrium under uncertainty. We use this example to relate the equilibrium notion with the 

Kreps-Milgrom-Roberts-Wilson modelo Section 5 relates the knowledge notion implicit in 

the definition of Nash equilibrium under uncertainty to the one implicit in the standard 

(Bayes-Savage) definition. Section 6 concludes and points to directions for further research. 

2. UNCERTAINTY 

Schmeidler (1982, 1989) and Gilboa (1987) have developed an axiomatic model of rational 

decision making in which agents' behaviour distinguishes between situations where agents 

know the probability distributions of random variables and situations where they do not have 

this information. We refer to the former as risk and the latter as uncenainry, or Knightian 
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uncertainty. Synonyms that are used in the literature include rouleIte loItery, for risk, and 

horse lOItery and ambiguiry, for uncertainty. The standard model of uncertainty used in 

economics is lhat of Savage (1954), which reduces all problems of uncertainty to risk under 

a subjective probability. The Schmeidler-Gilboa axiomatization leads to different behaviour: 

behaviour under uncertainty is inherent1y different from behaviour under risk. 

We now give a brief exposition of the main aspects of their model. The reader is referred 

to the papers by Schmeidler and Gilboa cited above for a complete deseription and for the 

underlying axioms, and to Dow and Werlang (1992a) which contains an example and an 

application to portfolio choice (it also includes a mathematical appendix with the basic 

material on non-additive probabilities). Dow and Werlang (1992b) has an application to 

stock price vOlatility, and Simonsen and Werlang (1991) also deseribe the implications for 

portfolio choice. Also, Wakker (1989) has a model which is very similar to Gilboa (1987). 

Bewley (1986) presents a similar model which is also designed to capture Knightian 

uncertainty. His model predicts that uncertainty leads to inertia, a tendency to favour the 

status quo, while in Schmeidler-Gilboa there is a tendency to choose acts where the agent 

does not end up bearing uncertainty. In a decision problem, this will lead to different 

predictions unless the status quo is.an act where the agent bears no uncertainty. In Game 

Theory, it is conventional not to distinguish any particular strategy as the status quo. 

The Schmeidler-Gilboa model predicts that agents' behaviour will be represented by a utility 

function and a (subjective) non-additive probability distribution (also known as a capaciry). 

A non-odditiw probllbility P reflecting a,:ersion to uncertainty satisties the condition 

P(A) + P(B) S P(A n B) + P(A U B), (*) 

rather than the stronger condition satistied by (additive) probabilities: 

P(A) + P(B) = p(AnB) + P(AUB). 

In particular, P(A) + P(AC
) may be less than 1; the difference can be thought of as a 
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measure of the uncertainty aversion attached by the agent to the event A. The uncenainry 

aversion oI P al event Â is c(P,A) = 1 - P(A) - P(N) (Dow and Werlang (l991a». We 

wiil say that P reflects slriel uncertainty aversion if c(p, A) > O for all events A (except of 

course where A is the empty set or the set of all states). 

All the non-additive probabilities considered in this paper will reflect uncertainty aversion, 

ie they will satisfy inequality (*). Also, we will restrict attention to the case of a finite set 

of states of the world. 

The agent maximizes expeeled utility under a non-additive dislribution where the expectation 

of a non-negative random variable X is defined as: 

E(X) = J R+ P(X > x) dx. 

Associated with a non-additive probability P is a set of additive probabilities called the eOTt 

of P, which is defined (analogously to the core in cooperative game theory) as the set of 

additive probability measures 'I' such that 'l'(A) ~ P(A) for all events A. If the non-additive 

probability reflects aversion to uncertainty (inequality (*», the core is non-empty. 

A closely related model of behaviour under uncertainty (equivalent in many simple cases) is 

a mIlX11Jin lonnulalion: the agent acts to maximize the minimum value, over the elements 

of the core, of expected utility (Gilboa and Schmeidler, 1989). Note that this is not the same 

as rnaxmin over outcomes (prudent behaviour), except in the special case where the core 

contains all the distributions giving probability one to a state. 

EXAMPLE: Suppose the agent has to choose between lottery tickets whose payoffs depend on 

whether a blue or a red ball is drawn from an um containing balls of the two colours, in 

unknown proportions. He may choose between having (i) a "red" lottery ticket paying fIO 

if a red ball is drawn, (ü) a "blue" ticket paying fiO if a blue ball is drawn, and (ili) a 

certain payoff of t4. His utility function is linear (risk-neutral): U(w) = w. His beliefs are 

represented by the following non-additive distribution: 
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PRED = 0.45 

PBLUE = 0.45. 

His expected utility from holding (i) the red ticket is given by the formula 

E(U(w» = f R+ P(w>x) dx = O + (0.45)10 = 4.5, 

since P(w > x) = 1 if x S O, P(w ~ x) = 0.45 if O < x S 10 and P(w ~ x) = O if x > 10. 

5imilarly, choice (ii), the blue ticket, is worth 4.5 and choice (ili), the safe payoff, is worth 

4. 50 the agent is indifferent between holding either ticket, and prefers holding one of them 

to a safe payoff of í4. 

In this example, the maxmin formulation using the core of the distribution is equivalente The 

core of this distribution is the set of alI (additive) probability distributions with chances of 

red of between 45 % and 55 %. So, using the max-min model we evaluate the payoff from 

choice (i), the red ticket, as: 

min {lOp + O (l-p) I 0.45 S P S 0.55} = 4.5, 

as before (and similarly for (ü) and (ili». 

The support of a non-additive probability P may be defined analogously to the additive case. 

One might start by supposing the appropriate analogy to be smallest event A such that P(A) 

= 1 (the initial version of this paper, Dow and Werlang (1991), explored this notion in 

greater detail). However, notice that if P reflects strict uncertainty aversion then the entire 

set of alI st.ates is the only event with probability one. Intuitively, the interpretation of an 

event of non-additive probability zero is the same as in the additive case: it is an event 

which will almost never happen. With a non-additive probability, however, if a set has 

probability zero, that does not mean its complement is of probability one. But if the 

complement of a zero-probability set has positive probability (in principIe it could be zero 

too) it has relatively infinitely more chance of happening than the original sete Hence, we 
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are 1ed to a definition of support based on the idea that the comp1ement of the support has 

zero probability. The motivation for this definition is further discussed in section 3 below 

when we define Nash equilibrium under uncertainty. 

DEFINITION: a suppon of a non-additive probability P is an event A such that P(A') = O and 

p(BC) > O for all events B C A, B ;I! A. 

It shou1d be clear that there may be severa! supports, and that a support is always contained 

in the smallest set with probability one. 

EXAMPLE: There are three states with: 

Pl = P2 = P3 = P E (O, 1/3) 

Pl2 = P13 = Pn = q E (2p, l-p). 

where Pi is the probability of state i and p., is the probability of state i or state j. This 

example has constant uncertainty aversion. The (unique) support is the set of all states. {I, 

2, 3}. 

EXAMPLE: Again there are three states. 

Pl = P2 = P E (O, 1f.J) 

P3 = O 

P12 = q E (2p, l-p) 

Pll = Pn = p. 

The (unique) support is the event {l, 2}. 
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ExAMPLE: this example does not have a unique support. Again there are three states. 

Pt = 0.5 

1>2=1'3=0 

Pt2 = Pu = 0.6 

Pn = 0.1. 

The supports are {l, 2} and {I, 3}. 

Note that in each of these three examples, the smallest set of probability I is the set of ali 

states. 

3. NASH EQun.m1llUM UNDER UNCERTAINTY 

We restrict attention to two-person tinite normal form games r = (A" A2' Uh u~, where the 

A; are pure strategy sets and the Üj are utilities (payoffs). 

In the standard theory, a mixed strategy Nash equilibrium is detined as follows. Let (p.t, ~~ 

be a pair of (additive) probability measures and let suppÚ'J denote the support of 1';. In 

Nash equilibrium, every ai E SUPPÚ'I] is a best response to ~, (ie aI maximizes the 

expected utility of player 1 given that player 2 is playing the mixed strategy ~; conversely, 

every a2 E suPPÚ'21 is a best response to ~I' 

A subjective interpretadon can be given to the Nash equilibrium: the mixed strategy of 

player 1, I'h may be viewed as the beliefs that player 2 has about the pure strategy play of 

player 1. Conversely, the mixed strategy of player 2, ~, may be viewed as the belief player 

1 has about the pure strategy play of player 2. This subjective interpretation is suitable for 

the generalization we wil1 inttoduce in this paper. (The altemative interpretation, which we 

do not consider here, is that players act as if they actually use random-number generators to 

implement mixed strategies. Medels of Knightian uncertainty are not suitable for describing 

this objective interpretation.) 
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DEFINITION: NASH EQun.mRIUM UNDER UNCERTAlNTY. A pair (P\t PJ of non-additive 

probabilities PI over AI and P2 over A2 is a Nash Equilibrium untler Uncenainry if there exist 

a support of P I and a support of P1 such that: 

(i) for all ai in the support of PI , ai maximizes the expected utility of player 1, given 

that P2 represents player l's beliefs about the strategies of player 2; 

and conversely; 

(ii) for ali a2 in the support of P1, a2 maximizes the expected utility of player 2 given 

that PI represents player 2's beliefs about the strategies of player 1. 

This definition reduces to the standard defmition of Nash equilibrium whenever there is no 

uncertainty (ie when the P's are additive). 

Clearly the definition rests upon our definition of support of a non-additive distribution. One 

could speculate what would be the implications of repIacing the support as we have defmed 

it by other sets. For example, the smallest set of probability 1 is "too large," and the 

equilibrium notion that would result would be too strong. The reason is that such ao 

approach would ignore the intuitive strength of the non-additive model: that an event may 

be infinitely more likely than its complement, but still have probability less than 1. Take for 

example the case of a strategy set with two elements, a and b. Let the other player' s beliefs 

about the strategies be P(a) = 0.8 and P(b) = o. Intuitively, b has no chance of happening, 

but we cannot guarantee that a will happen. If we want to be "sure" that an event will 

happen, this event can only be the whole strategy set {a, b}. 

The reader may wish to compare the discussion above with the intuitive argument used by 

Schmeidler as the starting point for bis derivation of the decision theory of non-additive 

probabilities: if an agent has symmetric information about a number of mutually exclusive 

and exhaustive possible events, they should be assigned equal "probabilities," but the 

"probabilities" need not sum to one (Schmeidler (1989), pp 571 and 572). 

It might be enquired why the above definition is presented intuitively rather than derived 

axiomatically. The reason is that the standard Nash equilibrium itself has only the weakest 

axiomatic foundations (Tan and Werlang (1988), Bemheim (1987». Axiomatic 

9 



considerations lead instead to the concept of rationalizability (Bernheim (1984), Pearce 

(1984), Tan and Werlang (1988». Nevertheless, Nash equilibrium rather than 

rationalizability is the standard solution concept in game-theoretic applications, presumably 

because of its intuitive appeal. Thus we cannot hope for a strong axiomatic foundation for 

the Nash equilibrium under uncertainty. 

Clearly, a standard mixed strategy Nash equilibrium is also a Nash equilibrium under 

uncertainty, so existence of at least one Nash equilibrium under uncertainty is no problem. 

But, as we discuss in section 5 below, it is desirable to be able to view an agent's uncertainty 

aversion as a parameter in the description of the game. The theorem that follows allows us 

to do this. 

Note that in the statement of the theorem, the reason for the interchange of the subscripts in 

the notation is that PI represents player 2's beliefs about what player 1 will do, so that the 

uncertainty aversion of PI is a characteristic of player 2, and vice versa. Incidentally, note . 
also that whi1e we compute equilibrium where the beliefs are of the form P(A) = (l - c) 

Q(A) for additive Q, there are beliefs with constant uncertainty aversion which are not of this 

formo 

THEOREM: leI r = (Ah A2' Uh u~ be a two-personfinilt gamt. For ali (Clt cJ E [O, 1] 

x [O, 1], lhert aislS a Nash tquilibrium undtr unctrtainty (PI' P~, such lha! cl is lhe 

unctrtainty avtrsion OfP2' anil ~ is lhe unctrtainty avtrsion O/PI' 

PROOF: By Dow and Werlang (l992a) if P(A) = (l - c) Q(A) for some additive probability 

Q and for all events A (other than the entire set of states of the world), then P exhibits 

constant uncertainty aversion c. In other words, P is a "uniform squeeze" of Q. In this 

case, one has: 

E,(X) = c min X + (1 - c) ~(X). (**) 

(Note that in case c = 1 this reduces to maxmin behavior.) We modify the original game r 
to r(c1. c2) = (Ah A2, Uh ~, where 

10 



Vi(a;, a;) = Ci mina E A llt(a;, a) + (1 - cJ llt(a;, aJ for i = 1, 2 and j ;tt i. (***) 
J 

Let (Q" ~ be a standard rnixed strategy Nash equilibrium of the modified game r(el. e2)' 

We will show that the pair (P" Pv where 

(and naturally P,(A,) = P2(Av = 1), is a Nash equilibrium under uncertainty for the original 

game r, with the specified leveIs of uncertainty aversion. It is immediate to verify that the 

uncertainty aversion of P2 is CI and that of PI is ~. 

To verify that this is a Nash equilibrium under uncertainty, note that (except in case ci = 1) 

the support of Pi is unique, and coincides with the support of Q. Since (Q" QJ is a standard 

rnixed strategy Nash equilibrium for r(CI. c2)' it follows that any a; E supp[QJ is a best 

response to Qj (for the modified utility vJ. In other words, a; maximizes the following 

expression over a E Ai: 

= Ci S Aj [min.. e Aj llt(a, a*)] dQj(aJ + (1-cJ I Aj llt(a, aJ dQ;(a;) by (***) 

= Ci min.. e Aj llã(a, 1>-)] + (l-CJ _~[\lj(a, .)] 

= E,,[\lj(a, .)]. by (*.). 

Thus a; is also a best response in the original game r. There remains the possibility that Ci 

= 1. In this case, any singleton {a;} is a support of Pj. Therefore from the viewpoint of the 

maxmin player i, any choice for player j is a best response. 

Thus (P" Pv is a Nash equilibrium under uncertainty for r. QED 

11 



4. EXAMPLES 

EXAMPLE 1: NON RATIONALIZABLE MAxMlN BEHA VIOUR MA y OcCUR 

The game shown in Figure 1 below has a unique rationalizable equilibrium (which, therefore, 

coincides with the (standard) Nash equilibrium), given by (u, a). Further, if player 1 knows 

that player 2 is rational (observe that this requires just one leveI of elimination of strictly 

dominated strategies) then she knows that player 2 can never play b, because it is a strictly 

dominated strategy. Thus she should play u. Let us imagine, however, that 10 stands for 

10 million dollars, or, equivalently, that the parameter E is very small. This game is very 

similar to one in Werlang (1986, chapter 3), who asked the following question: would you 

play u in this game? Note that strategy d gives a payoff very similar to the payoff obtained 

in the Nash equilibrium, without any "risk" that the other player does not play his parto Our 

definition of Nash equilibrium under uncertainty leads to the "prudent" decision d even for 

low uncertainty aversion of player 1. 

Let PI be described by probability Pu, player 2's belief player 1 will play u, and probability 

Pd' his belief 1 wi11 play d, with Pu + Pd ~ 1. Similarly, P2 is described by 'la and q." with 

'la + q., ~ 1. Notice that from the point of view of player 2, the beliefs PI are irrelevant: 

player 2 always chooses a. Will that mean that player 1 will necessarily play u? The answer 

is no. We wi11look for Nash equilibria under uncertainty of the form q., = O and 1 > 'la 

> O. Since {a} is a support (in this simple case the only one) we only have to check that 

a is a best response, a fact that we already know. The strategy b, since it lies outside the 

support, need not be a best response, again a fact that we already know. What we would 

like to obtain is the set of parameters which will yield d as the equilibrium action of player 

1. Computing the expected values shows that she will play d if 'Ia ~ 1 - E/20. Notice that 

this is exactly consistent with the intuition that just a little bit (E/20) of uncertainty aversion 

is enough to make player 1 tum from the only rationalizable action u to the prudent, and 

~ intuitively sensible action d. Notice also that the smaller Eis, the less uncertainty averse 

player 1 has to be in order to play d. Finally; note that we could also justify this action by 

the argument of Kreps-Milgrom-Roberts-Wilson: if there were a small chance c5 of player 

2 being crazy, player 1 would behave cautiously. The following example shows, however, 
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that the notion of Nash equilibrium under uncertainty does not coincide with the ô-craziness 

solution. The relationship to Kreps-Milgrom-Roberts-Wilson is discussed further after 

example 3 below. 

EXAMPLE 2: NASH UNDER UNCERTAlNTY IS NOT EQUIVALENT TO ô-cRAZINESS 

Consider the modification of example 1 shown in figure 2 below. Now b is a strict1y 

dominant strategy for player 2, and we would expect player to play d. Suppose we impose 

Ô > O probability that player 2 will play a. It is easy to see that for O < Ô < 1 - e/20, the 

standard Nash equilibrium yields b as the unique best response for player 1. On the other 

hand if õ > 1 - e/20, her unique best response is u in the standard Nash equilibrium. The 

"ô-craziness" approach of changing the game description by postulating that with õ 

probability the other player wiil actually play the other strategy (perhaps because of having 

a "crazy" different utility function) admits u as a best response in some cases. We can 

compare this behaviour with the prediction of our theory. In Nash equilibrium under 

uncertainty, it is immediate to check that playing u is never a best response in any 

equilibrium, regardless of the levei of uncertainty aversion. The reason for this difference 

in behaviour is that the ô-craziness solution here imposes a strategy choice for player 2 (with 

exogenous probability õ) that tums out in this example to be "optimistic" from the point of 

view of player 1. On the other hand, in Nash equilibrium under uncertainty preferences are 

always pessimistic: they give more weight to undesirable outcomes. Thus the criteria are 

quite distinct even in the simplest games. The difference is discussed further foilowing 

example 3 below. '. 

EXAMPLB 3: BREAJCING DoWN BACKWARD INDUCTlON 

We now show that cooperation may arise in the twice repeated prisoner's dilemma, thereby 

demonstrating that (Knightian) rational agents may not backward induct. Consider the 

version of the prisoner' s dilemma of Kreps, Milgrom, Roberts and Wilson (1982), as shown 

in Figure 3 below, where a = 1.25 and b = - 0.5, so that a + b < 2 as they require. The 

strategies are F (for "fink") and C (for "cooperate"). 
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In the twice repeated version of this game, there are eight strategies for each of the players. 

Four are the unconditional, or history independent strategies: p2, FC, CF, C2, which stand 

for, respectively, F in both rounds, F in the first round and then C in the second round, C 

and then F, and C in the both rounds. There are four history dependent strategies, which 

we name W. X, Y and Z, for convenience. W is: start with F. If the other player played 

C in the first round, then play C in the second round. Otherwise play F in the second round. 

The letter X stands for: start with F, and ifthe other player played C, then play F, otherwise 

play C. The letter Y stands for the tit-for-tat: start with C, and pIay C in the second round 

if the other player played C in the first round. Otherwise, play F. Finally, Z stands for: 

start with C, and pIay F in the second round if C was also pIayed by the other pIayer. 

Otherwise, pIay C. To summarize: 

Strategy 

F2 

FC 
CF 
C2 

W 
X 
Y 
Z 

First Round 

F 
F 
C 
C 
F 
F 
C 
C 

Second Round if other player's 
First Round move was: 

C F 

F 
C 
F 
C 
C 
F 
C 
F 

F 
C 
F 
C 
F 
C 
F 
C 

Consider the game without discounting (the payoffs are sums of payoffs of each on~shot 

game). It may be verified that the following is a non-additive probability P which reflects 

uncertainty aversion (inequality (*) in section 2 above): 

(1) P({f2, CF, C2, W}) = 1 

(2) P({F2, CF, W}) = 0.8 

(3) P({C2, CF, W}) = P({F2, CF, C2}) = 0.4 

(4) P({F2, CF}) = P({CF, W}) = P({CF, C2}) = 0.4 

(5) P(W) = P(Cl) = P(Fl) = P({f2, C2}) = p({Cl, W}) = P({f2, C2
, W}) = O 

(6) P(CF) = 0.4. 

(7) For all events B, P(B) = P(B ('\ {f2, CF, Clt W}) 
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It is easy to see that the only support is {CF}. There is a Nash equilibrium under uncertainty 

in which both players have these beliefs. The expected payoffs for each of the pIayers, given 

the belief P about the other player's actions is, for each strategy: U(F2)=0.S, U(FC)=0.2, 

U(CF) =0.6, U(C2)=0.2, U(W)=0.3, U(X)=0.2, U(Y)=0.3 and U(Z)=0.4. Thus, the 

equilibrium above has CF as the prediction, with the joint probabilities of ali other strategies 

together being zero. This means that cooperation in the first round may occur, again with 

(Knightian) rationality. 

COMMENT: RELAnON TO KREps-Mn.GROM-ROBERTS-Wn.sON 

Kreps, Milgrom, Roberts and Wilson (1982) obtain cooperation in the fmitely repeated 

prisoner' s dilemma using an intuitively appealing argument, of the type we have described 

above as the ô-craziness approach. They consider a small "risk" that one of the players wil1 

always play tit-for-tat. They show that this generates cooperation in severa! stages of the 

repeated game. The irrational agent (tit-for-tat) that they "added" to the game is added 

exogenously, but clearly the modellers' choice of that specific type of irrationality was not 

exogenous. It was motivated intuitively in a way which was endogenous to the particular 

game under analysis. 

A similar analysis is given in Kreps and Wilson (1982) and Milgrom and Roberts (1982) in 

their model of the chain-store paradoxo They suggest that potential entrants may be afraid 

of encountering a "maniac" who positively enjoys playing an apparent1y irrational strategy, 

in this case, starting a ruinous price war in the chain-store entry game. 

In example 3, we showed that uncertainty can lead to cooperation. There we did not use the 

tit-for-tat strategy to achieve cooperation, but our point was just to show that cooperation 

could arise. In our model the potentially "irrational" behaviour of the other agent is 

generated by the fact that, in the presence of uncertainty, the players tend to give more 

weight to the potential losses from taldng an action. Thus in our model, the players 

endogenously decide which sort of agent they are "afraid" of meeting. In other words, we 

have a theory that expIains how the "irrationality" appears in the model. 
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However, there are two important differences between the Kreps-Milgrom-Roberts-Wilson 

approach and the approach described in this paper. The first difference was described in 

example 2 - where we showed that adding a "benevolent" maniae might induce agents to take 

less cautious decisions, whereas Nash equilibrium under uncertainty would noto 

The second differenee is that, in Nash equilibrium under uncertainty, the type of opponent 

players are "afraid" of meeting may be different at different strategies. In the Kreps­

Milgrom-Roberts-Wilson approaeh, the type of opponent who has been added to the model 

is eonstant when evaluating the payoff of different strategies. In Nash under uncertainty, 

agents systematically evaluate payoffs relative to the worst strategy of their opponent - whieh 

will ehange depending on their own strategy. 

5. REMARKs ON LooICAL OMNISCIENCE 

The models of knowledge common in the Economies literature (see for example Aumann 

(1976), Bacharach (1985), BrandenbMrger and Dekel (1985, 1987) Geanakoplos and 

Polemarchalds (1982), Milgrom and Stokey (1982) Rubinstein and Wolinsky (1990), Samet 

(1990), Tan and Werlang (1986, 1988, 1992) and Werlang (1989» all represent behavior of 

logically omniscient agents. Logical omniscience means that if an agent knows a fact, and 

knows that this fact implies another fact, then the agent knows that other facto This 

seemingly innocuous property has powerful consequences. For example, a logically 

omniscient agent who knows the basie rules of propositionallogie and the Peano axioms must 

know all mathematical results proven, and ever to be proven. 

Laek of logical omniscience may seem unfamiliar or even odd to economists, although the 

faet that human knowledge is nol logically omniscient is well accepted among philosophers. 

Most readers of this paper know the rules of logie together with Peano's axioms, without 

knowing all possible mathematical results: elearly, logical omniscience is a strong property 

that fails to capture some essential aspects of human knowledge. For references to the 

extensive discussion of logical omniscience in the philosophy and artificial intelligence 

literature, see Fagin, Halpem and Vardi (1990). 
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The definition of Nash equilibrium implicitly presupposes a notion of lmowledge: it assumes 

implicitly that an event is lmown when it contains a support. In other words, each player 

lmows the opponent will play a best response. When probabilities are additive, this 

lmowledge notion is very similar to the existiog medels in the Economics literature (see 

Brandenburger and Dekel (1985». However, some interestiog and less usual properties arise 

from our definition of Nash equilibrium under uncertainty. In this case there are two sources 

of the lack of logical omniscience in the lmowledge notion. 

This first source was noted in a more general context by Lipman (l992b). The essential idea 

is that when an agent learns a fact, this has the of simultaneously leaming the fact together 

with another a priori unknown state of the world. Lipman (l992b) refers to these states as 

"impossible possible worlds." Gilboa and Schmeidler (1992) give a related medel: they show 

that in a decision problem under uncertainty, one can interpret non-additive probabilities as 

if they were additive, but defined over a suitably extended space of states of the world. 

This may be illustrated by Example 1 of section 4. Since r is lhe rational action for player 

2, and lhe (unique) support of P2 is {r}, it follows by our definition lhat player 1 lmows that 

"player 2 is rational." On lhe olher hand, player 1 is rationa! and lmows she is rational. 

Therefore, if the choice is between an action that would yield 10 and another action thal 

would yield 10 - E, she should choose lhe actioo thal yields 10. Thus, player 1 lmows that 

"if player 2 were to choose r, she should choose u." The lack of logical omniscience comes 

from the fact that player 1 chooses d in equilibrium. Hence player 1 cannol lmow she plays 

u, even though this is the local conclusion of lhe two facts that we argued player 1 does 

lmow. Here is an agent who lmows a fact (that "player 2 chooses bIt), and knows lhal this 

logically implies something else (that "if player 2 were to choose b, she - player 1 - should 

choose u), but does not know their implication (action u should be chosen). 

The second source of lack of logical omniscience is lhe possible multiplicity of supports. 

~ Take the non-additive probability of the last example of sectioo 2 above. Consider lhe events 

A = {I, 2} and D = {I, 3}. Ao agent whOse beliefs are represented by p lmows A and 

knows D, in the sense that both A and D are supports of p. However, lhe evenl {l} = A 

n D does not contain any support of p, so that it is not lmown by the agent. The 
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implications of the non-closure of the knowledge operator with respect to intersections of 

events are immediate. It is quite possible that both the event A and the event AC U B (which 

is equivalent to "A implies B") are known, but B is not known. For example, take A = {l, 

2} and B = {l}. Both A and AC U B are known, but B is noto This second source of lack 

of logical omniscience did not arise in Example 1 of section 4 above, since the support of 

player l' s belief is unique. 

We have shown that the knowledge notion implicit in our definition of Nash equilibrium 

under uncertainty does not have local omniscience. In contrast to the majority of existing 

knowledge models without logical omniscience (see Fagin, Halpem and Vardi (1990) for 

references), our notion is operational: if an agent's behavior is described by a non-additive 

belief, a fact is known if it contains a support of ~ distribution. Thus, one reason why 

Knightian uncertainty can be regarded as an interesting behavioral model is that it implicit1y, 

and without additional modelling effort, does away with logical omniscience. 

6. CONCLUDING REMA1UCS 

The detinition of Nash equilibrium under uncertainty provided here explains a number of 

economic phenomena which, to date, have not been modelled in a satisfactory way. For 

example, it is possible to provid~ a rationale, along the lines of the above examples, for the 

experimental results of Neelin, Sonnenschein and Spiegel (1988) and McKelvey and Palfrey 

(1992). Neelin, Sonnenschein and Spiegel (1988) ran bargaining experiments with iterated 

offers and complete information (similar to the models of Stahl (lm) and Rubinstein 

(1982». They found that players behaved as if they applied only two rounds of backward 

induction, even when lhe game was repeated up to six rounds. McKelvey and Palfrey (1992) 

document similar violations of backward induction. The definition of Nash equilibrium under 

uncertainty provided here may readily be used to construct examples where backward 

induction breaks down. 

Ao area of future research concerns rationalizability, rather then Nash equilibrium, under 

uncertainty. We would define the rationalizable outcomes as the set of strategies which are 
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compatible with common knowledge (using our notion of knowledge) of Knightian 

rationality. There then remains to explore the relation between this rationalizability concept 

and Nash equilibrium under uncertainty. 

There is also the extension to n players. 

Finally, we end by noting that researchers have often referred to a "missing parameter" in 

the description of the game. Such a parameter would allow a player to play the same game 

different1y when facing different opponents (even when the opponents have the same 

payoffs). We suggest that uncertainty aversion may serve as such a missing parameter. 
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HolllldaBlrboa, Amoaio Sal..- PetloaBnodlo e Clovi. de F.o - 1989 (nptado) 

148. RETORNOS EM FDUCAÇÃO NO BRASIL: 1976/1986 - C .. lOl Ivan SimoaBeD Ln1 e Sérgio 

Ribeiro da Costa WtrllII&-l989 (nptado) 

149. PREPERENCF.,C;, COMMON KNoWI..ÉDGE ANO SPECULA11VE 'fRADE - J .... I Dow, 

Vicelâ MIdripI e S4qio Ribeiro da Costa Werlq - 1990 (nptado) 

ISO. FDUCAÇÃO E DISTRIBUIÇÃO DE RENDA - C .. IOIMa SimoaIea Ln1 e Sérgio Ribeiro 

COIta Werlq - 1990 (eeptado) 

1'1. OBSER.VAÇO~ A MARGEM DO TRABALHO NA AMAZôNIA BRASILEIRA" - Ney Coe de 

Oliveira-l990 (eqotado) 
152. PLANO COlLOR: UM OOLPE DE MFSrRE CONTRA A lNFLACÃO? - Fermodo de Hol" 

Barbota - 1990 (eIJot.do) 



153. O EFEITO DA TAXA DE JUROS E DA INCERTEZA SOBRE A CURVA DE PHlLLIPS DA 
ECONOMIA BRASlLEIRA - Rioardo de Oliveira Caval~ - 1990 (...,e.do) 

1.54. PLANO COlLOR: CONTRA A FAC'roALIDADE E SUGESTÕES SOBRE A CONDUçAO DA 
POlÍTICA MONETÁRIA-FISCAL - Rubeos Penha Cyme - 1990 (...,e.do) 

155. DEPÓsrrOS DO TESOURO: NO BANCO CENTRAL OU NOS BANCOS COMERCIAIS? -
Rubeaa Peoba Cyane - 1990 (esgotado) 

156. SISTEMA FINANCEIRO DE HABITAçAo: A QUESTAo DO DESEQUILíBRIO DO FCVS -
Clovis de F.-o -1990 (esgotado) 

157. COMPLEMENTO DO FAScíCULO ND 151 DOS "ENSAIOS ECONÔMICOS" (A AMAZÔNIA 
BRASILEIRA) - Ney Coe d. Oliveira - 1990 (...,e.do) 

158. POLtnCA MONETARIA ÓTIMA NO COMBATE A lNFLAçAo - Fmmodo de Holanda 
BIKboaa - 1990 (esgotado) 

159. TEORIA DOS JOGOS - CONCEITOS BÁSICOS - Mll'io Heorique SimODl8D - 1990 (eagotado) 
160. O MERCADO ABERTO BRASILEIRO: ANALIsE DOS PROCEDIMENTOS OPERACIONAIS 

- FmDIJdo de Hol"" Barbosa - 1990 (ngotado) 

161. A RELAçAO ARBrrRAGEM ENTRE A ORTN CAMBIAL E A ORTN MONETÁRIA - Luiz 

Guilherme SdJymm-ade Oliveira- 1990 (...,e.do) 

162. SUBADDmvE PROBABlLlTlBS AND PORTPOUO 1NBll1lA - Mlrio Hmque SimoaHa e 
sqio Ribeiro da COIta WerllIII- 1990 (...,e.do) 

163. MACROECONOMIA COM M4 - C .. IOlIv1ll SimoaHa Leal e Sérgio Ribeiro da Costa Werlq 

- 1990 (...,e.do) 

164. A RE-EXAMlNA'I10N OF SOLOW'S GROWIH MODBL wrrH APPUCA'I10NS TO 

CAPn'ALMOVEMENTS - NnaIro SavedraRivlllo -1990 (eqotado) 

16.5. 11m PUBUC CHOICE SEDmON: VAlUA'I10NS ON THE 1'HEME OF SCIENTlFIC 
WARFARE - Amoaio Mll'ia da Silveira - 1990 (...,e.do) 

166. 11m PUBUC CHOPICE PER.SPBCTIVE AND KNlGHrS lNS'ITlVIlONAUST BENT -

ADtoaio Mma da Silveira - 1990 (e""') 

167. 11m lNDETERMINA'I10N OF SENIOR - Amoaio Mlria da Silveira - 1990 (...,e.do) 

168. JAPANESE DIRECT INVESTMENT IN BRAZIL - N-*o SaavedraRivmo - 1990 (elgOtado) 
169. A CARTEIRA DE AÇOES DA CORRETORA: UMA ANÁUSE ECONÔMICA - Luiz 

OuiJhenae SdJymurade Oliveira-I991 (...,e.do) 

170: PLANO COlLOR: OS PRIMElR.OS NOVE MESES - Clovis de Faro - 1991 (eqotado) 
171. PFJlCALÇOS DA INDEXAçAO EX-ANTE - Clovi. de F.-o - 1991 (...,e.do) 

172. NOVE PONTOS SOBRE O PLANO COlLOR n -Rubea8 P ...... c,... - 1991 (ngotado) 



173. A DINAMICA DA HIPElUNFLAçÃO - Fermmdo de Hol'" ~ Waldyr MUDiz Oliva e 
ElviaM1nb SalI1111l-1991 (eqotado) 

174. LOCAL CONCA VlPIABIUIY OP PREFEllENCES AND DErERMINACY OF EQUILIBRIUM 
- Mario Rui Paçoa e Sérgio Ribeiro da COIta Werlq - maio de 1991 (eqotado) 

175. A CONTABJIIDADE DOS AGREGADOS MONETARIOS NO BRASIL - CarloB Ivan Simonseo 
Leal. SérJio Ribeiro daColta W.,.l.q - maio .1991 (e.,eado) 

176. HOMonmnC PREFERENCES - James Dow e Sérgio Ribeiro da Costa Werlq - 1991 
(eqotado) 

177. BARREIRAS A ENTRADA NAS INDÚSTRIAS: O PAPEL DA FIRMA PIONEIRA - Luiz 

Guilhennt ~hymurade Oliveira-I991 (nsotado) 

178. POUPANÇA E CRESCIMENTO ECONÔMICO - CASO BRASILEIRO - Mario Hemique 
SimoDBen -•• 01991 (eqotado) 

179. EXCESS VOLATIUI'Y OF STOCIC PRICES AND KNIGlmAN UNCERTAlNTY - JameB Dow 
e SérJio Ribeiro daCOIda W.,.lq -1991 (nsotado) 

180. BRAZIL - CONDmONS FOR RECOVER.Y - M';o Heorique SimoDBen - 1991 (nsotado) 

181. THE BRAmlAN EXPElUENCE wrm ECONOMY POUCY REFORMS AND PROSPEcrs 
FOR. THEFUTURE- Fenamdo de HolllldaBlrbola- Dezembro de 1991 (nsotado) 

182. MACRODINÂMICA: OS SISTEMAS DINÂMICOS NA MACROECONOMIA - Femmdo de 
HolllldaBlrbola - Dezeuào de 1991 (eqotado) 

183. A EPICI!NCIA DA IN'I'ER.VENÇÃO DO ESTADO NA ECONOMIA - Femaodo de Holaada 
BIrboIa - Dezembao de 1991 (e..,ado) 

184. ASPECrOS ECONÔMICOS DAS EMPRESAS ESTATAIS NO BRASIL: 
TELECOMUNICAÇOES, ELEI1UCIDADE - FII1IIIIdo de Hol" ~ M_I Jeremi. 

Leite C.lclu, Mario Jorp PiDa e H'lio LedIap Arteiro - Dezembro ~ 1991 (naotado) 

185. THE EX-ANTE NON-OPTIMAUI'Y OF TBE DF.MPS1'Ek.-SCHAFER. UPDATlNG RULE 
POR. AMBIGUOUS BFlJEFS - SérJio lbDeiro da COIta Werl.q • J ..... Dow - Fevweiro de 

1992 (naotado) 

186. NASH EQUILIBRIUM UNDER. KNlam'IAN UNCEllTAJNTY: BREAKING DOWN 
BACXWARD INDUCTION - J .... Dow e SWJio Ribeiro da COIta W .. I ... - Fev.-eiro de 

1992(""") 
187. REFORMA DO SISTEMA FINANCEIRO NO BRASIL E "CENTRAL BANKING" NA 

ALEMANHA E NA ÁUSTlUA - RubeaI P .... Cyme - Feveniro de 1992 (naotado) 

188. A lNDErERMINAÇÃO DE SENIOR.: ENSAIOS NORMATIVOS - Amoaio Maria da Silveira -

M.-ço de 1992 (e""') 

189. REFORMA TRIBUTARIA - M.-io Heari SimOlllell- Marvo de 1m (esptado) 



190. 

191. 

192. 

iDPElUNFLAÇÃO E O REGIME DAS POIlTICAS MONETÁRIA-FISCAL - FtnIIIIdo de', 
Holaoda Barba .. e Elvia Mureb Salba - Março de 1992 (e8g0tad0) 

I 
A CONSTrrUIÇÃO, OS JUROS EAECONOMIA - Clovis de FirO - Abril de 1992 (esgotado) 

APUCABJIIDADE DE TEORIAS: MICROECONOMIA E ESTRATÉGIA EMPRESARIAL-
ADtooio Maria da Silveira - Maio de 1992 ( .. gotado) 

193. lNFLAçAO E CIDADANIA - Fernando de Holanda BarboBa - Julho de 1992 

194. A lNDEXAçAO DOS ATIVOS FINANCEIROS: A EXPERÊiCIA BRASILEIRA - Femando 

de Holanda Baroosa - Agosto de 1992 

A INFLAçÃO E CREDIBU,IDADE - Sérgio Ribeiro da Costa Werlaog - Agosto de 1992 I 
A RESPOSTA JAPONESA AOS CHOQUES DE OFERTA 1973/1981 - Fernando Antonio 

195. 

196. 
I 

197. 
Hadba - Alasto de 1992 I 
UM MODELO GERAL DE NEGOCIAÇÃO EM UM MERCADO DE CAPITAIS EM QlJE NÃO 
EXISTEM INVESTIDORES IRRACIONAIS - Luiz Guilherme Schymura de Oliveira - Setembro 
de 1992 

198. SISTEMA FINANCEIRO DE HABrrAçÃO: A NECESSIDADE DE REFORMA - Clovis d~ 

F.-o - Setembro de 1992 
199. BRASIL: BASES PARA A RETOMADA DE DESENVOLVIMENTO - Rub ... Peoba Cyme -

Outuba o d. 1992 
200. A VISÃo TEÓRICA SOBRE MODELOS PREVIDENCIÁRIOS: O CASO BRASU.ElRO - Luiz 

GuiIhfrme Schymura de Oliveira - OuIubto de 1992 
201. HIPElUNFLAçÃO: cAMBIo, MOmA E ANCORAS NOMINAIS - Femaodo de Holanda 

BarboIa - Novembro de 1992 - (esptado) 

202. PREVIDmCIA SOCIAL: CIDADANIA E PROVISÃO - Clovis d. Faro - Novembro d. 1992 

203. OS BANCOS ESTADUAIS E O DESCONTROLE FISCAL: ALGUNS ASPECTOS - Sérgio 
Ribeiro daCOIta Werlq e AmúDio FrapN.to - Novembro de 1992 - (ngotado) 

204. TEORIAS ECONÔMICAS: A MEIA-VERDADE TEMPORÁRIA - ADtaaio Mma da Silveira -
DeZ»Dào de 1991 

20S. THE lUCARDIAN VICE ANO mE INDETERMlNATION OF SENIOR - Alltonio Maria da 

Silwira - Dezembro de 1992 
206. HIPElUNFLAçÃO E A FORMA FUNCIONAL DA EQUAÇÃO DE DEMANDA DE MOEDA -

Femaado de Hol'" Barbosa - J_iro de 1993 
207 REFORMA FINANCEIRA - ASPECTOS GERAIS E ANÁLISE DO PROJErO DA LEI 

COMPLEMENTAR - Rubens PeobaCyme - fevereiro de 1993. 
208. ABUSO ECONÔMICO E O CASO DA LEI 8.002 - Luiz Guilbmne Sçhymura de Oliveira • 

SérJio Ribeiro da Costa Wft'lq - fnrereiro d. 1993. 



209. ELEMENTOS DE UMA ESTRATÉGIA PARA O DESENVOLVIMENTO DA AGRICULTURA 
BRASILEIRA - Antonio Salazar P.88oa BnmdIo • Eliseu Alvn - F.wreiro d. 1993 

210. PREVIDtNClA SOCIAL PúBUCA: A EXP~ClA BRASILEIRA - H~lio Portoçarrero do 

Cutro. Luiz Guilherme Sçhymura de Oliveira. Renato Fragelli Cardoso e Uriel de MlI.galbles -
Março de 1993. 

I 211. OS SISTEMAS PREVIDENCIÁRIOS E UMA PROPOSTA PARA A REFORMULACAO DO 
MODELO BRASILEIRO - Helio Portoçarrero de Castro. Luiz Guilherme Sçhymura de Olivein, 
Renato Fragelli Cardoso e Uriel de MagaIbaes - Março de 1993. 

212. THE lNDETERMINATION OF S~10R (OR THE INDETERMINATION OF WAGNER) 
AND SCHMOLLER AS A SOCIAL ECONOMIST - Antonio Maria da Silv.n - Março d. 
1993. 

213. NASH EQt'ILIBRIUM UNDER. KNIGHTIAN UNCERTAIN1Y: BR.EAKING DOWN 

BACKWARD INDUCTION (Extensively Revised Version) - James Dow e Sérgio Ribeiro da 

Costa Wwlq - Abril de 1993. 
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