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Introduction

This paper has two themes, both of which have preoccupied economists for many years. The first is
the volatility of stock prices. It has long been suggested that the erratic movements of stock prices are
incompatible with rational investor behavipur. More recenty, formal empirical tests have been devised
which suggest that stock prices are excessively volatile. These tests show apparently systematic
violations of a variance bounds inequality.

The second theme is the question of how a rational person should behave under uncertainty,
particularly when he or she has little information about the form of the uncertainty. Knight (1921) was
a notable proponent of the view that this type of uncerwinty is qualitatively different from risky
situations where the parameters of the risk are well-known 10 the decision maker. However, the
currently standard model in economics, due to Savage ( 1954).' predicts that agents should have
subjective probability distributions which do not make this distinction.

In this paper, we show that models which formalize Knightian uncertainty can be used 1o
explain high stock price volatility. We provide an example in which the variance bound is viclated.
Since the future profitability of companies depends heavily on many long-term factors. including
political factors, which are extremely difficult to predict. it is natural to think that the stock market is
characterized by a high degree of Knightian uncertainty. Therefore, we suggest this type of behaviour

under uncertainty as a possible explanation of the high volatility of stock market prices.

Excess Volatility

The variance bounds restrictions were developed by LeRoy and Porter 11981) and Shiller ( 1981). Here
we give only the briefest outiine or the restrictions and the evidence: the reader is referred to LeRoy s
(1989} survey and Shiller’s (1989) book fur further details and references. The sartng paint is te
principle that if agents are risk-neutral an asset’s price should equal the expectation of the discounted
value of the future dividends. Here we will assume for simplicity a situzdon where the asset pavs u
single liguidatng dividend with prasent valus V. and the current price is P. P depends on the agent

The analvsis applies o the general case with meny dividend payments it Vo

informazon set. L.

interpreted t0 be the present value of the futre dividends. Thus
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The variance bounds inequality is derived from the condition

Var(V) = Var|E(V,D)] + E[Var(V D]

which is in turn an immediate consequence of the relation E(V) = E[E(V!I)]. Since variances are non-
negative and the price equals the expected value,

Var(V) = Var(P). )
To test this requires some statistical assumptions. For example, if we had a large number of such assets
whose liquidation values were iid, we could simply compare the sample variance of the set of prices
and the set of realized values. The empirical studies (LeRoy and Porter (1981), Shiller (1981)) used
time series data on stock prices and dividend realizations, assuming a stationary dividend process (later
studies, eg Campbell and Shiller (1988), made weaker assumptions -on the dividend process).

How do the variance bounds apply to a situation of Knightian uncertainty? Then the agent does
not know the actual probability distribution of the value. A risk neutral agent who satisties the Savage
axioms has a subjective probability distribution. This subjective distribution will in general differ from
the actual distribution, and so the variance bound can be violated in a probabilistic sense (hecause the
expectation, under the actal distribution. ot the conditional expectation under the subjective
distribugon, will in general differ from the actual unconditonal expectation). However, it seems
implausible to explain the large amount of evidence that has been colleéted by saying that agents
systematically have subjective distributions with higher variance than actual distributons (although
logically, this argument is Jdubious because it implies that the agent etfectively knows the true
probability distribution of the states but with a less precise information s2t). Wi therzfore turn o
another explanavon: that the agents’ decisions, in Situatons of Knight:;;n uncerainty, arz not

represented by subjective probability distributons,

Uncertainty Aversion
Schmeidler (1982, 1989y 4nd Gilbhas (19870 have developed an axiomats model of ratonal decision
mzking in which agents’ hehaviour distnguishes between situatons where zgents know the probabihny

distribytions of random variablzs, and sustions wherz they do not have this informzoon. We reter
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to the former as risk and the latter as uncerrainry, or Knightian uncertainty. Synonyms that are used
in the literature include roulette lottery, for risk, and horse lottery and ambiguity, for uncertainty. We
now give a very brief exposition of the main aspects of the model. The reader is reterred to the papers
by Schmeidler and Gilboa cited above for.a complete description and for the underlying axioms, and
to Dow and Werlang (1991) which contains an example and an application to porttolio choice.
Simonsen and Werlang (1991) also describe the implications for porttolio choice. Bewley (1986)
presents a similar model which is also designed to capture Knightian uncertainty. His model predicts
that uncertainty leads to inertia, a tendehcy to favour the srarus quo. while in Schmeidler-Gilboa there
is a tendency to choose acts where the agent does not end up bearing uncerainty.

The Schmeidler-Gilboa model predicts that agents’ behavior will be represented by a uality
function and a (subjective) non-additive probability distribution. A ﬁon-addiﬁve probability p reflecting
aversion to uncertainty sausfies the condition
p(A) + p(B) < plAUB) + p(ANB), <)
rather than the stronger condition satisfied by (additive) probabilities:

p(A) + p(B) = p(AUB) -~ p(ANB). _ 3
In particular, p(A) = p(A) may be less than I: the difference can be thought of as a measure of the
uncertainty attached by the agent to the event A.

The agent maximizes expected utility under a non-addiuve distribﬁu'on. where the expectation

of a non-negative random variable X is defined as:
EX) = [ poizn dx 4
Associated with a non-additive probability p is a set A of addiive probabilities cailed the core ot p.
which is defined (anzlogousiy to the core in cooperative game theory) as the set o1 additive probahilin
measures 7 such that mA) = p(A) for all events A, If the non-addidve probabiiity satisties inequaliiy
(2) (reflecting aversion to uncerminty) the core is nonempty. (A closely relatzd model of behavior

2 Jared.

under uncertainty is for the agent to act 1 maximize the minimum value. uver the eiements of th
of expectad utiliny (Gilboa and Schmetdier. 1989).) Itis tempeng. but misleading. o interpret e core

as the set of "possible” probability distributions. For example. the muodel includes as a speotal czwe

drents who satisty the Savage axioms hecause they are DOLaverse o uncering . but clearly such agents
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do not necessarily know the true probability distribution. However, for the analysis below we will need
some re!atior'mhip hctwccn.the subjective non-additive distributions which represent agents’ behaviour,
and the frequencies observed by the econometrician. We will therefore assume that the econometrician
observes realizations drawn from one elemient of the core.

When agents’ preferences satisfy Savage’s axioms, it is natural to assume that they update
according to Bayes’ rule. Although this is not a consequence of Savage's model, many consideratons
point to Bayes’ rule (the standard argument is given in Kreps (1988). Brown (1976) goes further.
showing that it is optimal'for agents to use Bayes’ rule). With non-additive probabilities, the situation
is not so clear but the Dempster-Shafer rule is the natural generalization of Bayes™ Rule (Dempster.
1968 and Shafer, 1976). Dow, Madrigal and Werlang (1989) use the Dempster-Shater rule.
Schmeidler and Gilboa (1991) provide an axiomatic foundation for. the Dempster-Shater rule. The
updating rule is:

P(AIB) = [p(AUB) ~ p(BI] / (1 = p(BY)l. s

We now apply this model to an example of equilibrium in a stock market with Knightian

uncertainty.

An Example
There are three periods t = 0.1.2. There is one risky asset in positive nzt supply (“the asset”) and 2
safe asset (cash). The riskless rate of return is zero or, equivalendy. all vaiues may be interpreted as

present values discounted at the sate interest rate.
The asset will pay a liquidatng dividend V at time t = 2. There are three states 7 nature i

i

2 and 3. The value of V is different in each state and is, respectively. i. %= or 0.

Agents are all idendcal. and are risk neuwal. In period t = 1. agems raozive (pubhc)
mroemap on about the value of the asset. represenied by a pertgon. LLoor the setor sates. Thz Tarilion
sl o= (012031 in other words 2gents are informed whether or not ctate Pohas ocourred. The
inisai period t = 0. beturc agents receive any Informadoen  plavs 00 7 oue I W2 VADanJe Douhids

vislation but we include it here for completeness’ sake.)  Agents’ heliers and arufudes hwards

[P 2

uncerwinty are represented by the tollowing nun-additgve probabliity mezaxsure:



m=Ep=p=%

Piz = Px = Pin = YA ' i6)
Here p, is the (non-additive) probability of state i or j: because equauon 3) does not hold it i
necessary to specify these in addition to the (non-additive) probability of each state. The core, A, ot

this measure is the convex hull of the tollowing three (additive) probabiiity measures:

7=, = Y, T, = 1% : i
Tm=%, 7= A mo= 8y
o= YU.m= Y%, mo= A ' 9

Let P, denote the price at time t. Then since the asset 1s in positive net supply. it follows (Dow

and Werlang. 1991) that P, = E(V). P, = E(V']). and naturaily P. = V. Thus in the ininal period.

P,=EVM)Y=0=+~ (2 —-0p-—=—«l =" 2p, =38
If the agents receive good news «state i then P. = 1 Qs straigntforward 0 show that this

is impiied by the Dempster-Shater ruie.i If they raceive Pad news (siale 2 or 35 we Tirst need o

calculate the conditional probability of state 2. By the Dempster-Shater rule (equaton () this is given

W
1 I . 1. _ -~
”‘.-—".)fi—f‘..)=":— sy — o = >
o the price is P. = 1 6.
T1 < oy .
7O summarize:
- - .
Siuate -
o) Q Q ~ a2
p o8 R
- -
2= NN
Lot tme wotual JiSmihuen o trices ne T Th2nias may pilly T2 temTiedr e vunianiles Lo
2 - -
P= - e - - 3P = :
B T T
NeTe T. = o= T anoe T s al addilhe TromoDIn Sisininun. o N TTOVIOUNY s sl NS
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glear what relationship ¥ should bear to the subjective non-additive distribution p. For example, if the
agent were not uncertainty averse p would be an additive distribution, but since this is consistent with
the agent not knowing the distribution, it would be quite natural to have p # 7. Nevertheless, tor the
reasons outlined above. we will assume that 7 € A, where 3 is the core ot p.

For * € A, the variance of P, ranges over the interval [25/192. 100.576] = {0.1302. 0.1736].
while the va;iance of V ranges over the interval [8/64. 11/64]1 = {0.1250. 0.1719]. Notice that both
endpoints of the interval of possible variances are larger for e price than tor the value. This is a
stronger property than having an element of A for which the value has lower variance than the pnc:,.

For the three probability distributions listea above. we have:

Inthe case of (7). 7, = V2. 7 = 4, T = U4,

Var(P)) = 0.1736. Var(V) = 0.1719. violating the variance hound.

inthecase of (8). 7. = 4. 7. = :. 7 = 4,

Var(P,) = 0.1302. Var(V)y = 0.1250. vinlaung th2 ~anance round.
Inthe case of (9). 7, = %, 7 = ‘s, 7 = iz,

Var(P) = 0.1302. VartVy = 0.1719, which does not viniate the vanance hound.

This example thererore <hows that 4genis WRO ire 4verse 'O UNCSTWINLY if ne ~ehse

Schmeidler and Gilboa may vioiate tne variance boung inecuailty.

Absence of Arbitrage Opportunity

"Ne conciude by Showing that the PIICes I CUr eXdmDie do inded JONSUle of suliibrum oo K wenee
-nat there 1S NO arpitrage OPPOrMUMN. [0 JeNNINg Grofrage COPATTUMITY, "o MUSH Sarky net inieduee
sdditional agents ate Gie Mmodel wno aave Jiffersnl preferznoes and bellels. o genis wne .ie oo
snceriainty-averse. in equilibrium. Siere vl Be no trade MU @gents ure rienuoai, L ous toonens
iDSence Or arbitrage OPPOFTLMITY We CONSIdSr WNRIET Lo J€ent Nas dny INURRUVe (¥ LAIC 1 Wi - Ul

stertemporal trades. g radzs anich mvorve nUving G2 saS2t 10 ne TR Ao caiing ot CLlK

snother period.

Tho rollow Ing CINCUSSION Wi MUKE Usg 07 s2verar Pron2riegs of aunr i ulon Under Dihhacdiin e

megsUres. tar detaiis of which tne reader should r2rer ooy DTUEsSEM 1) T WOTKS Sd et
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example, E(AX) = AE(X) for A 2 0 while —E(-X) 2 E(X), also E(X+Y) 2 E(X) = E(Y) but with
equality in case X and Y satisfy a condition called comonotonicity.

~ An example of an arbitrage strategy 1s for an agent to buy an exura unit in period 0 and sell it
again in period 1. Assuming without loss of generality that the iniual hoiding is one unit. the expected
utility from this strategy is E[V(s) — P, — P.(s)] and from continuing to hold the asset it 15 E[V(s)).
Here random variables have been explicitly expressed as functions of the state of nature, s. tor clarity.
We theretore require
E[V(s) — P, — P.(s)] < E[V(9)].
or, by comonotonicity ot V(s) and P.(s).
E[V(s)] — P. = E[P,(s)] < E[V(s)]
iz P, = E[P,(s)]. In the example. we have
EfPas)) = 16 = (1-1'6x1:3y = 38 = P,
:0 e arbitrage is not prontabie.

Equally. the agent must not have an incentive to seil the asset and buyv it back one period later:

INist = P = P(S)] = E[ViQ]
nsmte §.tie wealth if the arbitrage s carried out has value i = 2 - i =2 inwat l.
12— P - is =P - !3andinsate 3.0~ P ~ 16 =P — 16 Hence the arnitrage has
2xpectad value
P.-16)~ 1612y - 131 =P, = EVis).

Ag4In e arhirzge I8 not protiabie.

e

Mo cormojale Sol o SonNAtOns W Uiz oul armirase o

SNiss = oP = aviss = oNs = CPasy £ Ve
~omer Words e agen: does Dot want oz a umis all = G und nuy Codtt o= DMy Te v eTinied
A cOnSidering Tne VAriaus cases. deDencing on e Signs and r2ialive Mmagnifudes ©f ooang oo that tis

v

T R T R S - - vyl et fey reme ey o e Lemaee
MeQUAIIV s aiven s sallfNicG. MIEngT. O LUnITTIUM Losemingd 1IN IR ran2er ITUToY T2 T aThiirele

e, it
S TTEnIUTY
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DEPOSITOS DO TESOUROC: NO BANCO CENTRAL OU NOS BANCOS COMERCIAIS?
Rubens Penha Cysne - 1990

SISTEMA FINANCEIRO Db HABITAQEO: A QUESTAO DO DESEQUILIBRIO DO
FCVS - Clovis de Faro - 1990

COMPLEMENTO DO FASCICULO N2 151 DOS "ENSAIOS ECONOMICOS" (& AMA-
ZONIA BRASILEIRA) - Ney Coe de Oliveira - 1990

porLiTiCcA MCNETARIA OTIMA NO COMBATE A INFLAGAO
- Fernandec de Holanda Barbosa - 1990

TRORIA DOS JOGOS - CONCEITOS BA3SICOS - Mario Henrique Simonseon -
- 19¢0 ‘

O MERCADO ARERTO RRASILEIRO: ANALISE DOS PROCEDIMENTCOS QPERACIO-
NAIS - Fernando de Holanda Barbosa ~ 1990

A RELAGEO ARBITRAGE!N ENTRE A ORTN CAMBIAL E A CRTN MCMNETARIA -

- Luiz Guilherme Schymura de Oliveira - 1990

SUBADDITIVE PRORZBILITIES AND PORTFOLIO INERTIA - Mario Henriqgue
Simonsen e Sérgio Ribeiro da Costa Werlang - 1990

MI.CROECOMTHTA COM M4 — Carlos Ivan Simonsen Leal e Sérgio Ribeiro do Croti
Werlang - 19390

A RE-EX2Z{1INATION OF SOLOW'S GROWTH HMODRL WITH APPLICATTONS TS
CAP&?AL HOVEMDLTS - lcantro Sacavedra Piveno - 190

THR PURLIC CHCICE SEDITTNYN: VARIATIONS OM THE THREME OF SOTRLYINIC
WARFART - Antonio Marioa Ja Silveire - 1200

THE PUBLIC CHQICE PERSPECTIVE AND KNIGHT'S INSTITUTIONALIST BIW
- Aantonio Maria Jda gilvedira - 1990
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JAPANESE DIRECT INVESTMENT IN BRAZIL - Neantro Saavedra Rivg
no - 1990

A CARTEIRA DE AGCOES DA CORRETORA: UMA ANALISE ECONOMICA-Luiz
Guilherme Schymura de Oliveira - 1991

PLANO COLLOR: OS PRIMEIROS NOVE MESES - Clovis de Faro -1991
PERCALCOS DA INDEXACAO -EX-ANTE - Clovis de Faro - 1991

NOVE PONTOS SOBRE O PLANO COLLOR II - Rubens Penha Cysne-19991
A DINAMICA DA HIPERINFLAGAO - Fernando de H. Barbosa, Waldyr
Muniz Oliva e Elvia Mureb Sallum - 1991

LOCAL CONCAVIFIABILITY OF PREFERENCES AND DETERMINACY OF
EQUILIBRIUM - Mario Rui Pascoa e Sergio Ribeiro da Costa Wer
lang - Maio de 1991 -
A CONTABILIDADE DOS AGREGADOS MONETARIOS NO BRASIL - Carlos
Ivan Simonsen Leal e Sergio Ribeiro da Costa Werlang - maio
de 1991. '

HOMOTHETIC PREFERENCES - James Dow e Sergio Ribeiro da Costa

Werlang - 1991
RARREIRAS A ENTRADA NAS INDUSTRIAS: O PAPEL DA FIRMA PIONEIRA

Luiz Guilherme Schymura de Oliveira - 1991.
POUPANGA E CRESCIMENTO ECONOMICO - O CASO BRASILEIRO - Mario
Henrique Simonsen - agosto de 1991.

EXCESS VOLATILITY OF STOCK PRICES AND KNIGHTIAN UNCERTAINTY -
James Dow e Sergio Ribeiro da Costa Werlang - 1991.
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