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Chapter3

TheindependentPrivate
Values M odel

A singleobjectwillbesoldtooneofn bidders. Forthemoment, assume
thatthe seller’s valuation fortheobjectis equaltozero. Each bidderi,
i= 1;:::;n , receivesasignalviandhervaluationisequaltoui(vi) = vi. T he
implicitassumptionhere is thatbuyers arerisk-neutral. T hatis, theyare
indi¤erentbetweenalotterythatyieldsanexpectedvalueofx andreceiving
x forcertain.

Each bidderknows herown valuation vi and thatheropponents’val-
uations are drawn independently from the distribution F(¢) with density
f(¢) > 0 in the interval [0 ;¹v]. (A ppendix 1 contains an introduction to
probabilitytheory.) T hatis, F(x) denotestheprobabilitythattherandom
variablev islessthanorequaltoacertainnumberx.

T hisistheindependentprivatevaluesmodelwherethevalueoftheobject
toabidderdepends onlyon herown signal. B iddingbehavior, however,
depends onone’s expectationaboutotherbidders’valuations andonhow
theybid. A lthoughtheindependentprivatevaluemodelisonlyappropriate
todescribethecasewheretheobjectdoes nothavearesalevalue(oritis
toocostlytoresell), itallows us toderiveseveralimportantinsights. For
simplicity, weassumethatthesellersetsthereservepriceatzeroandthat
therearenoentryfees.

Inthis chapter wewillcomputetheequilibrium biddingstrategies and
the seller’s expected revenue in fourdistincttypes ofauctions: …rstand
second-price sealed-bid, English and D utch auctions. A s wehaveseen in
Chapter1, each biddersubmits herbidwithoutobservingthebids made
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4 CH A P T ER 3. T H E IN D EPEN D EN T P R IV A T EVA L U ES M O D EL

byotherplayers inasealed-bidauction. Ina…rst-priceauction, thewinner
is thebidderwiththehighestbidandshepays herbid. Inasecond-price
auctionthewinneris stillthebidderwiththehighestbidbutshepaysthe
secondhighestbid.

A naivecommentatorwouldarguethata…rst-priceauctionshouldgen-
eratemorerevenuethanthesecond-priceauctionasthewinnerpaysherbid
intheformerandthesecondhighestbidinthelatter. T hisargumentfails
becausebidders behavestrategically. W ewillshowbelowthatbidders bid
less thantheirvaluations intheuniqueequilibrium ofa…rst-priceauction
andbidtheirvaluationintheuniqueequilibriumofthesecond-priceauction.

T heoralEnglish auction is perhaps themostpopularauction format;
theauctioneerannounces aminimum openingbidandrequests bids inan
increasingfashion. T hewinneristhebidderwiththehigheststandingbid.
T heEnglishauction is analyticallycomplextomodel. W efollowM ilgrom
andW eberandmodelitasabuttonauction: biddersparticipatebypressing
abutton. T hepriceincreasescontinuouslyinaclock. Ifaparticipantremoves
her…ngerfrom thebuttonshedropsoutfrom theauctionandcannotbid
again. T hewinneristhelastindividualpressingthebuttonandshepaysthe
priceatwhichthenext-to-lastbidderdropoutfromtheauction. T hedutch
auctionisadescending-priceauctionwheretheauctionstartsatahighprice
anddeclinescontinuouslyinaclockuntiloneofthebiddersstopstheclock.
T hisbidderisthewinnerandpaysthepriceatwhichshestoppedtheclock.

3.1 First-priceauctions
A swehaveseeninChapter2, westartoursearchforasymmetricBayesian
N ashequilibriumbyanalyzingthegamefromthepointofviewofoneofthe
players, sayPlayer1. Supposeplayer1 hasavaluationv1 andbelievesthat
otherplayersfollowabiddingstrategyb(¢):Knowingonlyhervalueandthe
distributionofthevaluations ofplayers 2 ;:::;n , P layer1 has to…gureout
whatis herbestreply. Supposebidderi= 2 ;:::;n hasvaluation vi:T hus
bidderi¸ 2 bids bi = b(vi):T hen ifPlayer1 bid b1 theobjectiswon if
b1 > b(vi)fori¸2 :Ifb1 < maxfb(v2 );:::;b(vn)g Player1 doesnotwinthe
object. L etussupposethatincaseofadrawn, b1 = maxfb(v2 );:::;b(vn)g
theobjectisnotdelivered. T husPlayer1’spayo¤ is

½
v1¡b1 if b1 > maxfb(v2 );:::;b(vn)g
0 if b1 ·maxfb(v2 );:::;b(vn)g:
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T heexpectedpro…tsfrombiddingb1 aregivenby

¼1 (v1;b1;b(¢)) = (v1¡b1)P r(b1 > maxfb(v2 );:::;b(vn)g)

W ecanrewritetheexpressionaboveas

¼1 (v1;b1;b(¢)) = (v1¡b1)P r(b1 > b(v2 );:::;b1 > b(vn))

Forthemomentassumethatthefunction b(¢) is strictlyincreasingand
di¤erentiable. (W ewilllaterverifythatourequilibrium strategyis indeed
increasinganddi¤erentiableinthedomainandthusouranalysisisjusti…ed).
A sb(¢) isassumedtobeincreasing, wecanapplytheinversefunctiontoboth
sidesoftheinequalitybetweenbracketswithoutchangingitssign:

¼ 1 (v1;b1;b(¢)) = (v1¡b1)P r[b¡1(b1)¸v2 ;:::;b¡1(b1)¸vn] (3.1)

N otethatwearenowabletowritePlayer1’sexpectedpro…tsasafunction
ofthedistributionofthevaluationsofplayers 2 ;:::;n as

P r[b¡1(b1)¸v2 ]= P r[v2 ·b¡1(b1)]= F
¡
b¡1(b1)

¢

Sincethe vjs are independentand identicallydistributed random vari-
ables, wecanrewrite(??) asfollows:

¼1 (v1;b1;b(¢)) = (v1¡b1)F(b¡1(b1))n¡1

N owplayer1 chooses b1 tomaximizeherexpected pro…ts. T he …rst-
orderconditionisobtainedbytakingderivativeoftheaboveexpressionwith
respecttob1 andsettingitequaltozero:

@¼ 1
@b1

= (v1¡b1)(n ¡1)f(b¡1(b1))F(b¡1(b1))n¡2 (b¡1(b1))0¡ (3.2)

F(b¡1(b1))n¡1 = 0

R ecallthatwearesearchingforasymmetricequilibrium, thatis, wehave
b1(¢) = b(¢):T hus

b¡1(b(v)) = v (3.3)
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T heruleofderivativeoftheinversefunctionyields:

(b¡1(b1))0=
1

b0(b¡1(b1))
(3.4)

R eplacing(??) and(??) into(??)weobtain

(v¡b(v))(n ¡1)f(v)F(v)n¡2
b0(v)

= F(v)n¡1 (3.5)

N extwerearrange(??) toobtain

v(n ¡1)f(v)F(v)n¡2 = (3.6)

b(v)(n ¡1)f(v)F(v)n¡2 + b0(v)F(v)n¡1

N otethat
¡
b(v)F(v)n¡1

¢0= b0(v)F(v)n¡1 + b(v)(n ¡1)f(v)F(v)n¡2 (3.7 )

R eplacing(??) into(??)weobtain:
¡
b(v)F(v)n¡1

¢0= v(n ¡1)f(v)F(v)n¡2 (3.8)

T his di¤erentialequationcannowbesolvedbysimplyintegratingboth
sidesof(??):

b(v)F(v)n¡1 =
Zv

0
x(n ¡1)f(x)F(x)n¡2 d x + k

wherek is theconstantofintegration. Tobeableto…nd thevalueofk
weneedtoimposean initialcondition. A naturalcondition is torequirea
bidderwithazerovaluationtosubmitabidequaltozero, thatis, b(0 ) = 0:
B ydoingsoweobtain

0 = b(0 )F(0 )n¡1 = k

T hatis, thecandidateequilibriumbiddingstrategyisgivenby

b¤(v) =
(n ¡1)

Rv
0 xf(x)F(x)

n¡2 d x
F(v)n¡1

(3.9 )

W echeckformally in an appendixtothis chapterthatb¤(v) is indeed an
equilibrium. N otethatthe interpretationof(??) is quiterevealing. From
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appendix1, wecanconcludethattheequilibriumbidofaplayerwithvalue
v is equaltotheexpectedvalueofthe individualwiththesecondhighest
valuationconditionalonv beingthehighestvaluation. Ifmyvaluev is the
highestamongallplayers, theninasymmetricequilibriumwherestrategies
areincreasing, itsu¢cestobidjusttooutbidtheopponentwiththesecond
highestvaluation.

Furthermore, theequilibriumbiddingstrategyin(??) is strictlyincreas-
inginv (thenumeratorincreaseswithv andthedenominatordecreaseswith
v) anddi¤erentiablesothatouranalysis is justi…ed. Itis alsopossibleto
integrateexpression (??) byparts. R ecallthattheruleforintegrationby
partsis:

bZ

a

ud z = uz jba ¡
bZ

a

z d u

L etting z = F(x)n¡1 implies thatd z = (n ¡1)F(x)n¡2 f(x):Similarly,
lettingd u= d x implies (byintegration)thatu= x. T herefore

(n ¡1)
Z v

0
xf(x)F(x)n¡2 d x = (3.10)

vZ

0

ud z = xF(x)n¡1 jv0 ¡
vZ

0

F(x)n¡1d x =

vF(v)n¡1¡
vZ

0

F(x)n¡1d x

R eplacing(??) into(??)weobtain

b¤(v) = v¡
Rv
0 F(x)

n¡1d x
F(v)n¡1

(3.11)

Itis clearfrom (??) thatb¤(v) < v forv > 0:T hedi¤erencev¡b¤(v)
indicatestheamountofshadinginequilibrium. Finally, onecaninferfrom
either(??) or(??) thatb(v) > 0 andthatb(¢) is indeeddi¤erentiableand
strictlyincreasing.

N owthatwehaveapredictionforhowbidderswillbehaveina…rst-price
auction, itispossibletoaskwhatistheexpectedrevenueforthesellerfrom
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a…rst-priceauction, denotedby R 1. T he expected revenue is simplythe
expectedvalueofthehighestbid, thatis

R 1 = E[maxfb¤(v1);:::;b¤(vn)g]=

E[b¤(maxfv1;:::;vng)]

From theviewpointofthe seller, buyers areex-ante identical. T hus, the
probabilitythatallvaluationsarebelowagivenvaluev issimplyF(v)n and
its density is nF(v)n¡1f(v):(See A ppendix 1). A s aresult, theexpected
revenuecanbewrittenas:

R 1 =
Z ¹v

0
nb¤(v)F(v)n¡1f(v)d v (3.12)

Intheremainderofthis sectionweinvestigateindividualbehaviorand
computetheseller’s expectedrevenuefrom aD utchauction. W ewillneed
thefollowingde…nition.

D e…nition1 Twogameswiththesamesetofplayersandthesamestrategy
spaceare saidtobe strategicallyequivalentifeachplayer’s expectedpro…ts
underoneofthegames is identicaltoherexpectedpro…ts intheothergame.

A biddingstrategyinaD utchauctionisafunctionb(¢) :[0 ;¹v]! R+ :For
example, considerthestrategiespro…le(b¤1;:::;b¤n):Supposeb¤1 isthehighest
bid. In a…rst-priceauction, player1 wins theobjectandherpro…ts are
v1¡b¤1, whilethepro…tsofallotherplayers areequaltozero. InaD utch
auction, ifplayer1 is theonestoppingtheclockatpriceb¤1, herpro…tsare
equaltov1¡b¤1, whilethepro…tsofallotherplayersareequaltozero. Player
1, however, waschosenarbitrarily. T heconclusionisthatforanyplayerwith
thehighestbid, ifthesamepro…leofstrategiesisusedinbothauctions, this
pro…leyieldsthesamepro…tsforallplayers. T hatis, the…rst-priceauction
andtheD utchauctionarestrategicallyequivalent. T hus, thesetwoauction
formatsyieldthesameexpectedrevenuegivenby(??).

3.2 Second-PriceA uctions
Inasecond-pricesealed-bidauction, playerssubmittheirbidssimultaneously
withoutobservingthebidsmadebyotherplayers. W enowexplainV ickrey’s
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(19 61)originalinsightthatinsuchauctionitisinabidder’sbestinterestto
alwaysbidherownvaluation. W ewillneedthefollowingde…nitions:

D e…nition2 A strategybi2 [0 ;¹v] isadominantstrategy forplayeriif

¼i(vi;bi;b¡i)¸¼i(vi;b̂i;b¡i)

forallbi 2 [0 ;¹v]; all b̂i 2 [0 ;¹v] and forallb¡i 2 [0 ;¹v]n¡1; where b¡i =
(b1;:::;bi¡1;bi+ 1;:::;bn):

Inwords, biisadominantstrategyforplayeriifitmaximizesi’sexpected
pro…ts foranystrategies oftheotherplayers. A n equilibrium indominant
strategiesisonewhereeverybidderplayersherdominantstrategy. Formally,

D e…nition3 A noutcome(b¤1;:::;b¤n) issaidtobeanequilibrium indominant
strategies ifb¤i isadominantstrategyforeachplayeri; i= 1;:::;n:

N extwearegoingtoshowthatbiddingone’struevaluationisadominant
strategyequilibrium inasecond-priceauction. T his is quitearemarkable
fact. A playeralwaysbidtheirtruevaluationregardlessofherbeliefsabout
otherplayers’strategies! Firstweexplain intuitivelywhytruthtellingis a
dominantstrategyinasecond-priceauctionandthenwepresentaformal
proofthatb(v) = v is inequilibriumbiddingstrategy.

L et’s lookatB idder1 whohas valuationequaltov1:D enoteby b̂ the
highestbidamongplayers 2 ;:::;n:A ssume…rstthatB idder1 bids b1 < v1:
Ifb1 > b̂ thenB idder1 wins theobjectas shewouldhavewonwithabid
equaltov1:H owever, ifb1 < b̂ < v1 then B idder1 loses theauction. B y
biddinghervaluationshewouldhavewontheauctionandearnedexpected
pro…tsequaltov1¡b̂:T herefore, B idder1 doesnotgainbybiddinglessthan
hervaluationandcouldpossiblylose. T hatis, herexpectedpro…tsdecrease
withabidb1 < v1.

N owsupposethatB idder1 bidsb1 > v1 Ifb1 < b̂ , thenB idder1 losesthe
auctionasshewouldhavelostifshehadbidhervaluation. H owever, ifv1 <
b̂< b1;thenPlayer1winstheobjectandpaysmorethanhervaluation. T hat
is, sheloses b̂¡v:T herefore, B idder1 doesnotgainbybiddingmorethan
hervaluationbutcouldpossiblylose. T hus, herexpectedpro…ts decrease
withabidb1 > v1.

W enowshowformallythattellingthetruth is an equilibrium bidding
strategy. W eexaminetheauctionfrom theviewpointofB idder1, whohas
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avalueequaltov1; choosesabidb1 tomaximizeherexpectedpro…tsgiven
thatplayers 2 ;:::;n followsomestrategyb(¢):B idder1’sexpectedpro…tscan
bewrittenas

¼1 (v1;b1;b(:)) = E[(v1¡b(z ))I (b1¸b(z ))] (3.13)

where I (b1¸b(z )) denotes an indicatorvariablethatis equalto1 when b1 ¸
b(z ) andtakingthevalue0 otherwise. M oreover, wesupposethatB idder1
assumesthatshegetstheobjectincaseofadrawandwelet z denotethe
highestvaluationamongplayers 2 ;:::;n. T hatis, B idder1’sexpectedpro…ts
is equaltotheexpectedvalueofthedi¤erencebetween 1’s valuationand
thesecondhighestbidforthecasewhen1’s bid is greaterthan b(z ). T he
distributionfunctionofthehighestamongn¡1 samples issimplyF(x)n¡1.
(See A ppendix 1). T herefore, wecan takethe expected value in (??) to
obtain

¼1 (v1;b1;b(¢)) =
b¡1(b1)Z

0

(n ¡1)(v1¡b(x))f(x)F(x)n¡2 d x (3.14)

B idder1’s problem istochooseab1 tomaximize(??). Sinceb1 appears
onlyintheupperlimitoftheintegral, thederivativeisobtainedbyreplacing
x withb1 ontheintegrandasfollows

@¼ 1
@b1

= (n ¡1)(v1¡b1))f(v1)F(v1)n¡2: (3.15)

Ifb1 < v1 then @¼1
@b1

> 0 andtherefore¼1 isincreasingwhenb1 < v1:Similarly,
¼ 1 isdecreasingincreasingwhenb1 > v1 sothat@¼1

@b1
< 0:T herefore, b1 = v1

maximizes ¼1:
W hatis the expected revenuegenerated by the second-price auction?

G iven thateach bidderbids hertrue valuation, the expected revenue is
theexpectedvalueofthesecondhighestvaluation. From A ppendix1, the
probability thatacertain value v is one ofthetwohighestvaluations is
F(v)n + nF(v)n¡1[1¡F(v)]:T he…rsttermofthesumdenotestheprobabil-
itythatv is thehighestvaluationandthesecondterm ofthesum presents
the probability thatv is the second highestvalue (there are n ways to
choosethe highestvaluation, F(v)n¡1 represents theprobability ofn ¡1
valuations beingsmallerthanque v; and [1¡F(v)]denotes theprobabil-
ityofexactlyonevaluationbeinghigherthan v.) T herefore, thedensityis
n(n ¡1)F(v)n¡2 [1¡F(v)]f(v)andtheseller’sexpectedrevenuegivenby
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R 2 =
¹vZ

0

n(n ¡1)vF(v)n¡2 [1¡F(v)]f(v)d v (3.16)

IsitpossibletoanalyzebiddingbehaviorinoralEnglishauctions?These
auctionsareverycomplex. Forexample, itis notuncommonforbiddersto
signaltheirbids byraisingahandornoddingtotheauctioneerinsteadof
callingouttheirbids. H owever, foranalyticalpurposeswewillrefertothe
followingversion(sometimesreferredtoas Japaneseauctions): eachbidder
pressesabuttonwhilethepriceincreasescontinuously. A participantdrops
outwhenshetakesherhando¤ thebutton. T heauctionendswhenthereis
onlyonebidderleftpressingthebutton. T his bidderwinstheauctionand
paysthepriceatwhichthenext-to-lastplayerstoppedpressingthebutton.
A strategyinthisauctionisafunctionfrom [0 ;¹v] intothenonnegativereal
numbers.

Considerastrategypro…le(b(¢);::::;b(¢)) = (v1;:::;vn). Supposethatb(v1)
isthehighestbidandthatb(v2 ) isthesecondhighestbid. Inasecond-price
auction, B idder1 winstheauctionandhaspro…tsequaltov1¡v2 . Player
2 ;:::;n receivezeropro…ts. Intheoralauction— representedbythebutton
auction— B idder1 isthelastpressingthebutton, whileB idder2 takesher
hando¤ thebuttonwhenthepricereaches v2 . B idder1’s pro…tsareequal
tov1 ¡v2 , whilebidders 2 ;:::;n earnzeropro…ts. N otethatthechoiceof
players1 and2 wascompletelyarbitrary. T hus, thesamepro…leofstrategies
inbothauctionsyieldsthesamepro…tsforallplayers. T hatis, oralauctions
andsecond-priceauctionsarestrategicallyequivalent. T heexpectedrevenue
generatedbybothisgivenby(??).

3.3 R evenueEquivalence
A mongthefourtypesofauctions consideredabove, …rstandsecond-price,
D utchandEnglishauctions, whichonegeneratesthehighestexpectedrev-
enuefortheseller?Itturnsoutthatwithindependentprivatevalues, these
fourauctionformatsgeneratethesameexpectedrevenue! T hisresultisac-
tuallyquitegeneralaswewillseeinthenextsectionandisaby-productof
therevelationprinciple. A directproofoftheresultbelowcanbeprovided
byjustcomparingexpressions(??) and(??).
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Theorem 1 (R evenueEquivalence) W ithprivateindependentvalues, the
fourauctionformatsanalyzed, …rstandsecond-price, D utchandO ral, yield
thesameexpectedrevenue.

Proof: R 1 =
vZ

0

b¤(x)nF n¡1(x)f(x)d x =

vZ

0

ÃRx
0 (n ¡1)yF (y)

n¡2 f (y)d y
F (x)n¡1

!
nF n¡1(x)f(x)d x =

vZ

0

¡Rx
0 n (n ¡1)yF (y)

n¡2 f (y)d y
¢
f(x)d x:

Changingtheorderofintegrationinthelastintegral(G iventhat0 < y<
x and 0 < x < v; bychangingtheorderweobtainweobtain

Rv
y f(x)d x =

1¡F(y):)

R 1 = n (n ¡1)
vZ

0

y(1¡F (y))F (y)n¡2 f (y)d y= R 2:

¤
From inspectionof(??) or(??), wehave

Corollary1 Theseller’sexpectedrevenueinanyofthefourauctionformats
increaseswiththenumberofparticipants.

T heR evenueEquivalenceTheorem isreallyquiteremarkable. Initsgen-
eralform itestablishes thatany auction thatallocates theobjecttothe
bidderwiththehighestvaluation(andsatis…esatechnicalconditiononas-
signingzeroexpectedpro…tstotheplayerwiththelowestpossiblevaluation)
yieldsthesameexpectedrevenue. T heastutereader, however, willpointout
thatinthe introductionwegaveseveralexamples ofobjects thataresold
exclusivelybyoralauctions(e.g., houses, paintings, wool, etc.), objectsthat
aresoldby…rst-price(e.g., governmentpurchases), objectsthataresoldex-
clusivelybyD utchauctions(e.g., ‡owers)andthatsecond-priceauctionsare
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extremelyrare. T heR evenueEquivalenceTheorem wouldpredictthatthe
auctionmechanism does notmattersowewouldexpecttosee‡owers, for
example, beingsoldbydi¤erentauctionformats.

O necouldarguethattraditionplaysanimportantroleintheestablish-
mentoftheauction format, butthis argumentis di¢culttojustify as in
somecasesthesearenewmarkets(suchasauctionsofusedcars). A lthough
wedoobservechanges in auction formats (forexample, woolin A ustralia
willbesoldbyelectronicauctions) in somemarkets, thereareseveralex-
amplesoflittleexperimentationofotherauctionformats. T his leads us to
concludethattheremaybeotherfactorsatworkthatarenotcapturedby
theindependentprivatevaluesmodel.

Indeed in thenextchapters wewillexamine severalextensions ofthe
independentprivatevalues modelwhererevenueequivalencebreaks down.
Forexample, this is thecasewhen bidders are riskaverse orwhen their
valuationsarecorrelated.

A lthoughtherevenueequivalenceresultisnotrobust, someoftheinsights
developedabovearerobustandhavebeingappliedsuccessfullytothedesign
ofseveralmarkets. In the nextchapterwewillpursue amore abstract
approachandanalyzetheprivateindependentvaluesmodelundertherealm
oftherevelationprinciple.

3.4 Exercises
1. Computetheequilibrium biddingstrategy in both …rstand second-

priceauctionswhenthesellersetsareservepriceequaltov0 . T hatis,
theselleronlyacceptsbidsthataregreaterorequaltov0 . W hatisthe
seller’s expectedrevenueinbothauctions? D oes revenueequivalence
stillhold?

2. (R ileyandSamuelson, 19 81): Consideranauctionwithtwobuyerswith
valuations drawn independently from the uniform [0,1]distribution.
T hesellersetsareservepriceequalto1/2 andsheemploysthefollowing
auctionrules:

(a) T hereisasingleroundofbidding. B uyer1 isgiventheopportu-
nitytoquoteapriceb1 ¸1=2 :
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(b) Ifbuyer1 makes abid, buyer2 canmatch it, ifhechooses, ob-
tainingthegoodforthisprice. Ifbuyer1 makesnobid, buyer2
canobtainthegoodatprice1/2 ifhesochooses.

i. D oes this auctionresembleanysellingmechanism thatyou
knowof?

ii. Canyoucomputebuyers’sequilibriumbiddingstrategiesand
theseller’sexpectedrevenue?

iii. Istheobjectinequilibriumalwaysallocatedtotheindividual
withthehighestvaluation?

iv. Comparetheexpectedrevenuegeneratedbythisauctionwith
theexpectedrevenuegeneratedbyasecond-priceauctionwith
reservepriceequalto1/2.

3. T hereasoningleadingtoequation (??) is incompleteas b1 maynot
be in therangeofb(¢). R educethegeneralcasetothecasewhere
b1 2b([0 ;¹v]):

4. Computetheseller’s expectedrevenueas thenumberofbiddersgoes
toin…nity?

5. Inthetextweassumedthatincaseofatietheobjectisnotdelivered
toanybidder. Showthattheequilibriumstrategiesobtainedabove(for
both…rstandsecond-priceauctions) stillholdunderanytiebreaking
rule.

6. T heproofthatb1 = v1 isadominantstrategyequilibrium inasecond-
priceauction, obtainedfrom equality(??), didnotusethe…rst-order
condition. @¼

@b (v1) = 0 butonlythesignof @¼
@b (b1) forb1 6= v1:G ive

an example ofa function thatincreases forvalues greaterthan v1,
decreasesforvaluessmallerthanv1 andisnotdi¤erentiableatv1:D o
weneedtheexpectedpro…tfunctiontobedi¤erentiable?


