Y 4

FUNDAGCADO
GETULIO VARGAS

EPGE

Escola de Pés-Graduagéo
em Economia

Ensaios Econdmicos

Escola de

Pés-Graduacdo

em Economia

da Fundacio

Getulio Vargas

0 ISSN 0104-8910

The Economics of Auctions Chapter 3: The
Independent Private Values Model

Flavio Marques Menezes, Paulo Klinger Monteiro

Agosto de 2000

URL: http://hdl.handle.net/10438/905



http://hdl.handle.net/10438/905

Os artigos publicados sao de inteira responsabilidade de seus autores. As
opinioes neles emitidas nao exprimem, necessariamente, o ponto de vista da
Fundagao Getulio Vargas.

ESCOLA DE POS-GRADUACAO EM ECONOMIA

Diretor Geral: Renato Fragelli Cardoso

Diretor de Ensino: Luis Henrique Bertolino Braido

Diretor de Pesquisa: Joao Victor Issler

Diretor de Publicages Cientificas: Ricardo de Oliveira Cavalcanti

Marques Menezes, Flavio
The Economics of Auctions Chapter 3: The
Independent Private Values Model/ Flavio Marques Menezes,
Paulo Klinger Monteiro - Rio de Janeiro : FGV,EPGE, 2010
(Ensaios Econémicos; 400)

Inclui bibliografia.

CDD-330




T he BEaoonics dff uclias
Cheoter3 T he IndgoadaitP meatkeV ales
[es s

Fhioll .l enezes adP aubK. |l ataro
Bt /R V
PraadeB oalogp 190, 11a andar
B otafoon R iodeJandig R J, 22253900
B rawl

A ugust2000






Chepter3

T he indgpardetP mate
Valesil acel

A single dojectwilll be sod 1O ae ofn bidders. For the manait, assume
that the seller’s valation for the doject is equal 1O zaxa. Eadh bidder-i,
i=1,..,n, rea@Ews asgalv; adhenabatian is equal o, (v;) = v;. The
impliatassumptiaon hare is thatbuyars are riskneutrial T hatis, they are
indi erentbetnean a btiery thatkyviels an eqected \valle ofr ad recaving
r Toraaran.

Eadh bidder knons her onn valbatian v; and that her gopaatts” \al
uatias are drann indgpendatly fran the distribution F'(¢ with dasity
f(¢> 0 in teinteral [0,7]. (¢ ppaxddx 1l atarns an intodudian
prdosbi ity theary) T hatis F(z) denoles the prdosbi ity that the randon
\ariabke v is ss then aregual to a certain number .

T hisis theindgoendantprvate \valLes madel where thevalle of the doject
10 a bidder dgpaxs anly an her onn sigal B idding behaviar;, honeer;
depencs an ae’s expedatian abaut other bidders” valatias axd ah howv
teybid. A Hhaudh the indgpaedantprivatie \valLe madel is anly goprapnate
10 desaibe the Gee Whare the doject doss nothae a resake vallbe (aritis
1o astly 1O resal), itallons s 1o deme several importantinsidits. Far
amplidty, we assume that the seller sets the resene price atzero ad that
thae aenoatey Bes.

In this dgpter we w il conmpute the egui ibrium bidding strateges ad
e s=lker’s epeded evave in faur dstinct tpes of auctias. .ist ad
sscodprice sealdbid English and D utch auctias. A s we hae samn in
Chepter 1, eadh bidder submits her bid without doserving the bids made
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4 CGIAPTER 3. THEINDEPEIDEIT PRIVATEVALUES N ODH

by otherplars in asaalbd bid auction. In a.. 1Iseprice auctian, the winner
is the bidderwrth the higestbid and she pays herbid. In a secod prige
auctian the winrer-is still the bidderwith the highestbid butshe pays the
saaod highesthid.

A naive ammantatorwoud argue thata . iIskprce auction shaud gen
eraie mare revaLe than the ssaod prae audtian as the winnerpays herbid
in the Tomerad the ssaod higestbid in the BEtfer. T his agumatt&a b
becase bidders behae strategclly. W e will show belowv that bidders bid
s then taralatias in the unigue equiibriun ofa .. Iseprice auctian
and bid thainalLiatian in the unigue egu ibrnum ofthe sscod price aucion.

T he aral English audian is parhgps the mast paqoular auctian fomat;
e audiaser anaunas a minmum @eening bid and reguests bids inan
inaessing Bshian. T he winreris the bidderwirth the highest standing bid.
T he BEnglish auctian is analvtically ampkex tomacel W e Tdllowll 1lgam
andW eberand madel itas abution auctiar bidders partidpate by pressing
abutin. T hepriceinaessss antinuaslyinadodk [faparidpattramoes
her...nger from the button she digos aut fram the aucian and annotbid
aAn. T hewneris the stindividual pressing the bution and she pays the
price atwhidh the nexeto Iestbidderdrp autfran the audiaon. T he dutdh
audian is adesaanding price auction Where the auctiaon starts atahich price
and dedines attinuasly in adodk until ane ofthe bidders stps the dodk
T his bidderis the winnerand pays the price atwhidh she stgpped the dodk

31 HirsEprice auctias

A swe hae ssan in Chepter2, we startaurssardh TorasymmetnicB ayesian
N ash equiibrium by analyzing the game fram the pantohviewofae ofthe
pbhers sayP bherl. Suopaoe pherl hes avabation v; ad beleves that
other plyars ollb/wva bidding strategy H( ¢ Knoning anly hervalbe and the
distribution of the \a@lLatias ofpbhars 2, ....n, P berl hes 1o..gue ait
what is herbest reply. Suppase bidderi = 2,...,n hesvalatian v;. T hus
bidder: _ 2 bidsb;, = b(v;). ThenifP lerl bid b, the dojectis vwon if
by > b(v;) Tri _ 2. 1Dy < max ¥ (ve),...,b(v,)gP lyerl doss nobwn the
doject | etus suppae thatin aee ofadrann, b, = max ) (vy), ..., b(v,)Q
the dojactis notdelivered. ThusP lyerl’s payae is

Y
’ vy iby TF by > max®(ve),...,b(v,)Q

0 it b - max®(vy),...,0(v,)0.
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T he eqoected pro. s fron biddingb, are gven by

71 (v1,b1,0(F) = (v §b1)Pr(by > max b (vs),...,b(v,)0)

W e aan renwrrte the eressian aboe as

T (’Ul,bl,b(qg = (’U1 i bl) Pr (bl > b(’Ug), ...,bl > b(’Un))

Forthe manentassume that the Tncian b( ¢ is strictly inaeesing and
doeaantisbke. (W e will Eler\erfy that aur egu ibrium strategy is indesd
inaressingand div eratisbe in the domain and thus auranalyaisis justi..ed).
A sb(¢is assumed tobe inaessing We Gan goply the inverse Tinction o baoth
Sides ofthe inequalityy betinean bradets withautdangngits sigt

T ('Ul,bl,b(q3 = (’U1 i bl) Pr[b_l(bl) - Vo, ...,b_l(bl) - 'Un] (3.1)

\ otethatwe are nowabkeEtoweP herl seqected pro. tsasafunctian
ofthe distribution ofthe\alatias ofpbers 2, ..., n &

i ¢
Pr[b_l(bl) - ’UQ] = PI'['UQ - b_l(bl)] =F b_l(bl)

Since the v;s are indgpendat and idantically distributed randam \art-
abks we an rewrite (72) as s,

1 (v1,01,6(9) = (v1 i by) F(b~ (b))

\ awvplyerl daosss b, 1O maxdmize her eected pro.ts. The ..1sk
aderadition is dotainaed by Bking demative of the aboe epressarwth
respecttoh; ad setting itequal 1o zera

Wb (o1 Wb1) (n § 1) O (b)) F(O7H(00))" (b7 (b1)) 1 B2)

P (o))" =0

R ecll thatwe are searching Taorasymmetricecu ibrium, thatis wehae
b1(E=5b(¢ Thues
b~ (b(v)) = v (€X0))
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T he ruk ofdervatie of the inerse Tuncian yieks
1

070 = ) @9
R eplcing (79 and (79 into (73 vee cbein
L 800 (1§ DIF@" @5
I extwe reanane (79 tolzj(;]l;in
o(n i D)) = @9

| ote that

ib(v)F(v)"_lq; =0 ()F)" ' +b)(n §1)f(v)F(v)"? (€X))

R epleang (7)) into (7)) we dotain

ib(v)F(v)"_lq; =v(n §11)f(v)F(v)" 2 38)
T his dir erarttial equatian Gan novww be solhved by sSImply integrating both

sides of (7):

b(v)F(v)" ! = . r(n §1)f(2)F(z)" *dz + k

where £ is the aastant of integatian. To be abk © ..d the \valLe of k
we need o impcee an infial codtan. 4 natural aondiian is O require a
bidderwith a zerovaluation 1o subomitabid equal t zerg thatis 5(0) = 0.
By dangsowe dotan

0=b0)FO)" =k
T hatis the candidate equi ibrium bidding strategy is gven by

R
(nil) ,zf(x)F(zx)" 2de
F(v)n1 39)

W e dadk famally in an gppadix 1o this dgpter that b* (v) is indesd an
equiibrium. | oe that the interpretatian of (7)) is qute revealing Han

b*(v) =
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Fopadix 1, we can anducke that the equi ibrium bid ofa playerwith vallbe
v is equal 1o the exqpected \alle of the individual with the seaod highest
valbation anditiaal anv bang the hidgestvalation. [fmy vable v is the
higestanag all plyars, then in asymmetric ecui ibrium whare strategjes
are inaessing 1tsue ass tobid justto autbid the gopaattwth the seaod
highestvalation.

Furttrermare the equi ibrium bidding strategy in (72) is stnctly inaess
inginv (the numeratarinasssss With v and the denominatordeaesses with
v) ad direraticbke so tat auranablysis is justi.ed. Itis abo passibe
integake epressan (7)) by pars. R eaAll that the ke orintegratian by
partsis

2 2
udz = uz_i i zdu

a a

Lettingz = F(z)"! implies thatdz = (n § 1)F(2)"2f(z). Similrly
Etingdu = dz implies (by inlegatian) thatu = x. T herekae

Z'U
(nil) azf(x)F(z)" %dr = (3.10)
0
4L 4L
udz =zF(x)" ' § i F(z)" 'dor =
0 0

R epleang () into (7)) we dotain

R
. ) OU F(x)" ldz
b*(v) =v | Floy (B11)
Itis dear fram (7)) takd*(v) < v Trv > 0. Thedreraxev j b*(v)
indicates the amaunt of sheding in equi ibrnum. Fnally ae éan inferfilam
dather () a (7)) thath(v) > 0 and thatb( ¢ is indesd diz erantisble and
strictly inaessing.
I avthatbwe have apreddian forhovbiddas willbéhae in a... iIseprce
audian 1tis passibE to askwhatis the epedtied mvae o the sellier fram
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a..rskprice auctian, danoted by R'. T he eqedted revaLe is simply the
ejqected \alLe oftre higestbid thatis

Ry = E[lmax®*(v1), ...,b" (v,)g] =

E[b* (maxfuy, ..., v,0)]

RAan the vienpant of the seler; buyars are exante icatical T hus, the
prdosbi ity thatallval aetias are belovagvenvallev is smply F(v)” and
its dasity is nF(v)" ! f(v). (Seeh ppaxdix 1). i s a result the expected
reaie an bewntien as

Z'D

R'=  nb*(v)F(v)" 'f(v)dv GB12)
0

In the mmander of this sectiaon we inesticate individual behaviar and
ampute the selier’s epaected mvare fran aD utch aucian. W ewill ned
the Olloning de..nition.

D e.nntian1l Two ganes with te same sstofplyers ad te same stiakeyy

space are sad ke straeg ally equinvalnt it eech plyer’s eqeced pro. s
uncker ane oftte games is idaniical 1 her eqoected pro.. 6 In e oter game.

A biddingstrategy inab utth auctianisafuncianb(¢: [0,0] ! R.. Far
eanpk asidarte strateges pro. ke (b7, ..., bF). Supposeb; is the hidest
bid. In a..skprice auctian, plyer1 wirs the doject and her pro. s are
vy i b, whnile the pro. s ofall ather plyers are ecual to zeya. Inab utch
auctian, ifplerl is the ae stigoping the dodk atprice b}, herpro.t are
eqal tov; jbj, whiethe pro. s ofall otherplyers areegual tozera P byer
1, honeer; wes dxaenarbittarily. T heaandlsian is thatcforany playerath
te higesthid ifthe same pro. k ofstrateges is usad in both auctias, this
pra. kyiekks the same pro. s Trall phas. T hatis the .. 1Iskpriace auctian
and the D utth auction are strategGally ecuinalait T hus, these thwo audian
fomats yield the same eedied evaLe gven by (7).

32 SexadP naeA uctias

INnasscod pnceeseald bid audian, players submittharbids smultaneosly
withoutdoserving the bids mace by atherplyars. W enoveplBEnV idaey’s
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(19 8) aigral insigitthatin sudh auction itis in abidder’s bestintarest o
alnays bid heronnalbation. W ew ll ned the Tollonng de. nfias.

De.nition2 A stakyb; 2 (0,7 is adoninantstakeyy orphyeri if

Wi(vhbi)b—i) - Wi(vhi)i)b—i)
frally; 20,9, allb;, 2 [0,0] adorallb_; 2 0,5, wereb_; =
(bl7"'7bi—17bi+17"'7bn)'
Inwadk, b; isadominantstrategy rplyeri Ifitmaxdamizes i s eqpected

pro.ts Tor any strateges of the other plyars. A n egulibrium in dominant
straleges is aewhere every biddarplbyars herdominantstrategy. Famally,

D e.niian 3 A nautcome (b3, ..., b)) is said lean e ilbrium in dominant
stralges if)h; i1s adominantstratleyy oreedhplyeri, i = 1, ..., n.

I extwe are gang toshovthathiddingae’s truealation is adaminanit
strategy equiibrium In a ssecod price aucian. T his is gue a remarkeblke
Bt A plharanas bid thartrue valuation recardiess ofherbeliek abaut
aotherpbhers’ stratleges! Firstwe eplan inuthvely why truth €lingis a
dominent straley in a ssaaod prce auctian and then we presenta fomal
proofthatb(v) = v is in egu ibrium bidding strategy.

L et’s ok atB idder 1 vwho hes \alLation equal ©v;. D eote by b the
higestbid anagplars 2, ..., n. A ssume ..istthatB idderl bids b; < v;.
I, > b then B idder1 wirs the doject as she wauld hae o with a bid
equal ©v;. H onever; ifh; < b < v, then Bidderl kses the audtion. By
bidding harvalLatian she wauld haae vwaon the auction and earmed expected
pro.tsequal v, ib. T herefre B idderl does notggin by bidding Ess then
hervalation and could passibly ke, T hattis, hereqpected pro. ts deaesse
V\rlt1ahd61 < V1-

\ onvsuppcse thatB idderl bics b, > v; 1, < b, thenBidderl ksesthe
auction as she waud haae Isttifshe hed bid henvalation. H oneer; ifo; <
b < by, thenP lyerl wins the dojectand pays mare then henvalliation. T hatt
is she bsss b j v. Tharefre Bidderl doss notgein by bidding more then
hervalLation but auld passibly ke T hus, her epedied pro. s deaesse
V\rlt1ahd61 > V1.

W e naw shavw Tomallly that €ling the truth is an equiibrium bidding
strategy. W e eamine the auction from the vienpant of B idder 1, who hes
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a\ale equal tov,, dxaosss abid b; O maxmize hereqpected pro. s gven
thatpbhers?, ..., n ollbwsanestrategy b( ¢ B idderl’s eqpected pro. s aan
be witien as
m1 (v1,b1,b(.)) = El(v1 §0(2)) Lp,>0(2))] G139
where [, >(»)) danoles an indicator\ariebke tatis equal to 1 wen b,
b(z) and EBking thealLe 0 otherwise. || asower; wWe suppcse that B idder1
assumes that she gets the dojactin ase oFa dravand we Etz daoke the
hidestvalation anagplers2, ..., n. T hatis B idderl’s eqected pro.
is egal 1 the epedied \alle of the dis erance betinean 17s \valbation ad
the saaod highestbid for the Gase When 17s bid is grestler tten b(z). T he
distribution functian ofthe hidhestamagn § 1 sampks is simply F(z)" 1.
(Sesh ppadx 1). Thaekae we an tEke the epected \vale In (7)) O
dotan
b A1)
71 (v1,b1,0(F = (n 1) (v, §b(2)) f(z)F(z)" %dz G119
0

Bidderl’s prdolam is o dxoose ab; tomaxdmize (7). Sinee b, gopears
aly in the yoper imitoftre integral the dematine is dotained by replding
z wWith b; an the integrand as Tdllons

om
by

15, < v; then %7t > 0 and therefrer, is inareesingwhend; < v;. Similarly
m is deaeesing inaeesingwhen b, > v, sothet % < 0. T herefarg by = v,
Maximizes .

W hat is the epected mvaiLe gaerated by the secod price audcian?
6 iven that eedh bidder bics her true \valbatian, the eqectied revaLe is
e epedied \ale of the saood highestvaliation. FHon A ppadx 1, the
prdosbi ity that a cartan \vale v is ae of the o higest \valalias is
F(u)"+nF(v)"'[1 j F(v)]. T he..istterm ofthe sum denoies the prdosbi b
ity thatv is the higestvaliation ad the saaod tam ofthe sum presats
e pradosbiity that v is the ssaod higest vale (there are n vays 1O
dooe the higest\alation, F(v)" ! represatts the prdocbility of n j 1
\abatias baing smaller tten que v, and [1 § F(v)] denotes the prdosbil
ity ofecactly ae \abLatian bang hidhertten v.) T haefae the dasity is
n(n §1)F(v)"2[1 j F(v)]f(v) and the seller’s expected revaLe ghven by

=(n i1) (v b)) f(o1)F(v)" 2 (315)
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Z
Ro= nn i D)vF@)"?[1 § F(v)]f(v)dv G1l9

Is itpcssibe toanalyze bidding behaviorin aal English audias? T hese
axctias are \vay anpkex Fareanpk itis notuncmnman farbiddars 1o
sgal tharbidcs by rasing a hand arnadding to the aucianeer insteed of
aling attarbidcs. H onever; Taranalytial purpasss we willl ieer o the
lloning versian (sanetimes refernred 1o as Jgpanese audtias). eedh bidder
pressss a button whi e the price inaeesss aattinuasly. A partidpantdrgos
atwhen she takes herhband o the button. T he audtion encs when there is
anly ae bidder Eft pressing the bution. T his bidderwirs the auctian and
pays the price abtwnidh the nexe © st plhyarstopped pressing the bution.
A strateyy in this auctian is afunctian fram [0, o] into the naecative real
rnumbers.

Casiderastrategy pro. EB(b(4; ..., (¢ = (vy, ..., v,) - SUppoethatd (v, )
is the highestbid and thatth(v,) is the saaod highestbid. In asscod price
aucian B idder1l wirs the auction and hes pro. s egqual tov; j v2- P ler
2,...,n reEwe zaropro. . Inteaal aucion-  represaied by the bution
axction— Bidderl is the bstpressing the button, whileB idder2 tEaes her
hand o the bution when the price reedes v,. B idderl’s pro. s are equal
v jv, Wik biddas 2,...,n ean zaropro. . | oe that the daa of
phears 1l axd?2 wes ampketely abitaxy. T hus thesame pro. ke ofstrateges
in both auctias yiels thesame pro. s Trallpbhers. T hatis aalaudias
and seaod price auctias are strateg Gally equinvalat T he eqected mvavre
genexrated by bath is gven by (9.

33 R ewairLe BEounakbee

A mang the Tour tpes of auctias arsidaed aboe .. rIstand sscod prce

D utch and Endlish auctias, Whidh ae gaeraiss the hidestexpedied rev

aLe Tothe s=ler? | tiums autthatwith indepadantprivate valles, these
Turauction Tomats garerate the same eqoectied evaLe! T his resultis ac

wally qute grneral as we will see in the nextsectian ad is a by praduct of
te eeltion prindpke. | directproof of the resultbelov can be proaded
by justaomparing eressias (7 and (7).



12 CGIAPTER 3. THEINDEPEIDEIT PRIVATEVALUES N ODH

Theoem 1 R evaLe Eounalee) W ithprvake indgpencenbvalles, te
Tour aucian Tomas analyzd .. rstand secod price D uttch and 0 ral yied
Te same eqecEd evaLe

Z
Proof R' = b (z)nF"Y(a)f(x)dr =

o n(n il)yF (y)n_Qf(y) dy¢f(a:)d:£.

Changng the adaerohintegration in the stintegal (¢ i\en]{_ato <y<
r ad0 < z < 7, by dengng the adarwe dotain we dotain y”f(x)dx =
1§F(y))

Rl=nnil) yLiF)F@u">f(y)dy=R.

Aam ingpedian of (7)) ar (), wehae

Cadlixy 1 T heseller’s eqeced revanle in any oftte Touraucian formats
inaessss wh the number of pariapants.

T heR evaue EquinalenaE T heoram is redlly aui'te emakebke. Inis g
eral Tom it esteblishes that any audiaon that allocaies the doject o the
bidderwrth the higestvalation (and satis..es a tednial aadtay an as
sigiingzeroeqaected pro. ts o the plherarth the lonestpassible valuatian)
wviekks the same eected evae. T he astute reedker; honever; will pantaut
that in the intocductian we gae several eamplkes of dojects that are sod
edLe\ely by aal auctias (eg, hausss, pantings wodl etc), dojects that
are sod by ... riskprice (eg, goammattpurdiesss), dojedts thatare sold ex
dusiely by D utch auctias (eg, foners) and thatsscod price auctias are
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exttanely rare. T heR esaue Equnalbee T heorem wauld predict that the
auction medhanism does not matier so we woulkd epect to see ftonas for
eanpk bangsod by dis erentauction fomats.

0 re cud age that treditian plys an impartant 1ok in the esteblish
ment of the aucian Tomat, but this asgumantis di¢ ault o justify as in
sane Gsss these are newmarkets (sudh as audias ofusad Gars). A thaudch
we do dosene dnangss in audian Tomats (Toreanpke wodl inh ustralia
will be sod by elbbctranic auctias) in saone maitets there ae several ex
ampks of itk epaimatiation of other auction Tormats. T his adk s 1O
anduce that there may be other eciars atwak thatt are not cgptured by
the indgpendant privatie valbiess mackel

Inded In the next dgptars we will eamire several extersias of the
indgpaedant prate \valbies madel where revaLe ecuivalence bregks donn.
Foreampk this is the Gse when bidders are nsk aerse a-when ttar
\abatios are conelted.

A Hhouoh the mvae eguinalena rsultis notrdoust, sonmeoftheirsignts
developaed aboe are ioustand have baing goplied suaesssiullly o the design
of :aeral matets. In the next digoter we willl purste a mae aostract
Fopraach and analyze the privatie indgpendattvallies madel underthe reaim
ofthe eeltion prindpk.

34 Baedsss

1. Canpute the equiibrium bidding strategy in both .. ist and secod
price auctias When the sellersets a reserve price egal v . T hatis,
e selleranly acagpts bids thatare geateraregual 1oy, . W hatis the
slkr’s eqected revaLe in both aucias? D css emvaie ecuinabe
still hald?

2. RikyadSanuebm 1981): Caxideran aucianwith taobuyerswith
valiatias drann indgendaitly fran the unifam [0,1 ] distribution.
T hesellersets areenepricegal l/2 andsheenpbys the Talloning
auction ks

@ T hareis asinge raud ofbidding B wyer1 is gvan the qoportir
nity bqotle aprich, _ 1/2.
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() Ifbuyerl makes abid buyer?2 can matdh it ifhe doosss do
t=ining the good Torthis price. 1Fbuyerl makes nobid buyer2
Gan dotain the goad atprice 1/2 ifhe so docses.

i. D ass this audiaon resamble any seling mednenism that yau
knowof?

ii. Canyou ampute buyers’s egu ibrium bidding strateges and
e selier’s epected maLe?

iii. Is the dojectin equi ibrium alnays allocated o the indiviclal
with the higestvalatian?

iv. Canpare the eqoecied revaLe generalied by this auctionwith
theeqpaecied revaLe generated by assaod priccaucianwith
resene pric egal l1/2.

3. T he reesning keding 1 eguatian () is inaampkEte as b, may not

be in the range of b (¢. R educe the greral Gse 1O the e Where
by 20 ([0,7)).

4. Canpute the s=ler’s eqoected revaLe as the number ofbidders goes

5.

Oin.Nty/?

In the tEextwe assumead thatin Gse ofa tie the dojectis notdelivered
any bidder. Showvthatthe equi ibrum strateges dotained above (Tar
bath ... iIstad secod price auctias) still hold under any tie brealking
ke

6 T heproofthat), = v; Is adaominentstraiegy eou ibrium in assacod

price auction, dotained from egualty (7)), dd notuse the .. Istader
andiian. % (v;) = 0 butanly the sign of 2 (b,) Torb; 6 vi. b ive
an eanpk of a tndion that inaeesss Tor valbes geaier then vy,
deaessss Torabless smallerthen v, ad is notdic erenicbke atv;. D O

we nesd the expected pro. tTindian to be dic erentisbkE?



