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1. INTRODUCTION

Until the mid seventies there was very little disagreement concerning the
appropriateness of Nash equilibria as a solution concept for noncooperative games.
To a large extent it was believed that for an arbitrary game all Nash equilibria were
reasonable outcomes and that any non-Nash set of actions were unreasonable.
Today the situation is very different. A literature has developed that deals with
refinements of Nash and ditferent game theorists believe in different refinements.
Also, there are those that hold that non-Nash actions may be perfectly reasonable. In
order to help to clanfy the issues involved in arguing for refinement or relaxation of the
Nash equilibrium concept one is lead to an investigation of the logical basis for
solution concepts in general. We start with the idea that a solution concept shouid be
based on assumptions regarding Bayesian rationality, what is known, what is common
knowledge, and behavioural norms.

The aim of this essay is to provide foundations for differant noncooperative
solution concepts. To illustrate the point that the knowledge and common knowledge
of centain characteristics of the players plays a central réle in the choice of the solution
concept, let us imagine that you are going to play a given bimatrix game with two
alternative players. The payoffs of the game are in dollar terms. The first player is an

intelligent acquaintance of yours, whom you know very well. The second player is a
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stranger. She comes from the Himalaya, and the only relevant information you know
about her is that she was taugtit the meaning of a bimatrix game (the rules of the
game) and what a dollar can buy. For the sake of argument, let us say that : (i) there is
a unique pure strategy Nash equilibrium, which gives you a thousand dollars; (i) your
security level is nine hundred dellars; and (iii) if the other player does not play his/her
part of the Nash equilibi:um you get at most five hundred dollars. How should you play
against the two different opponents? i seems clear to me that everyone who is faced
with this situation is much more likely to follow the Nash strategy when facing the
acquaintance, than when facing the stranger. Thus a well defined game may be
played in different ways by the same person. This fact indicates that, in the
specification of a game, some additional information about the background of the
players is essential for the solution of this game. By explicitly modelling knowledge
and common knowledge of different atiributes, for example, of Bayesian rationality, one
obtains which solution concept is suitable for each situation considered.

In order to get started one has to understand formally the notion of common
knowledge. Suppose that there are n players. One says that a statement is common
knowledge if everyone knows it, everyone knows everyone knows it, ..., everyone
knows (evéryone knows)™ 1 it, and so on, for all m. Two ways of formalising the notion
of common knowiedge have been considered. One is given by Aumann(1976), and
the other one is based on the idea of an infinite hierarchy of beliefs (Armbruster and
B6ge(1979), Bége and Eisels(1979), Mertens and Zamir(1985))!. Aumann defines the

notion of an event being common knowledge; however, the definition requires that we



understand what it means for the structure of the uncertainty in a game to be commbn
knowledge. In other words, a serious shortcoming of Aumann's formalisation is that it
is self-referential. Section two begins by observing that the second definition of
common knowledge overcomes this difficulty; that is, the second definition of common
knowledge is not self-referential. When one assumes that the structure of uncertainty
is common knowledge in the sense of that definition, an event is common knowledge
in the sense of Aumann if and only if it is common knowledge in the sense of the
second definition. Thus, Aumann's definition can be embedded in the more general
framework.

Section three begins with a discussion of games and solution concepts.
Bernheim(1984) and Pearce(1984) show that common knowledge of rationality is not
enough to justify Nash behavicur. They introduce a noncooperative solution concept
which is derived {rom the hypothesis that Bayesian rationality is common knowledge.
They call their solution concept rationalisable strategic behaviour. The point | wish to
emphasise is that Bernheim and Pearce derive their solution concept for games from
assumptions about the behaviour of the players. One can quite generally approach
the analysis of solution concepts in the same manner. Which are the implicit
behavioural assumptions behind a given solution concept? From a Bayesian point of
view, the decisior: of each player in a game is determined by this player's beliefs about
the actions of other players. But, if, in their turn, other players' beliefs about other
players' actions affect their own actions, then it must be that the beliefs one player has

about the beliefs of other players also affect the decision of this player in the game. If



we carry this argument further, we see that the action taken by a player is determined
by his infinite hierarchy of beliefs about actions of other players. The space of these
infinite hierarchies of beliefs is the appropriate space for the study of behavioural
assumptions about the players. Section three deals with this matter in detail, and
poses formally the relationship between solution concepts and behavioural
assumptions implicit in them.

As an illustration of this formalism, section four, taken from Tan and
Werlang(1984), discusses the solution concept given by rationalisable strategic
behaviour?. The main behavioural assumpticn to be considered is that of common
knowledge of Bayesian rationality. Bernheim(1984) and Pearce(1984) argue that
common knowledge of Bayesian rationality implies the choice of a rationalisable
action. They also argue the converss: any rationalisable action can be chosen by
players for whom Bayesian rationality is common knowledge. Although the proof of
this result corresponds directly to the intuition when the action spaces of the players is
finite, some subtie measurability issues arise for infinite action spaces.

The fifth section deals with Nash equilibrium behaviour. It starts by formalily
stating a justification for Nash behaviour which is closely related to the classical one.
This allows one to see how strongly coordinated the players have to be. Not only
rationality should be taken as common knowledge, but also the actions to be chosen.
This allows one to see how strongly coordinated the players have to be. When one
relaxes this hypothesis slightly, everything breaks down. Another behavioural

assumption is studied: that each player "knows" the other players. When the game has



two players, Armbruster and Bdge(1979) proved that this yields Nash equilibrium
beliefs. We give an example that this is not enough tor Nash equilibrium beliefs in the
case of three (and consequently more than two) players. Then, we provide theorems
that generalise the results which justify Nash behaviour. Finally, we point out how our
analysis can be modified so that we can obtain Aumann’s result on the foundations for

correlated equilibrium (Aumann(1985)).



2. COMMON KNOWLEDGE

2.1 Aumann's Definition of Common Knowledge

To begin one must understand formally the notion of common knowledge.
Suppose that there are n players. One says that a statement is common knowledge if
everyone knows it, everyone knows evaryone knows it, ..., everyone knows (everyone
knows)"“'1 it, and so on, for alt m. Two ways of formalising the notion of common
knowledge have been considered. One is given by Aumann(1976), and the other one
is based on the idea of an infinite hierarchy of beliefs (Armbruster and Bége(1979),
Bdge and Eisele(1979), Mertens and Zamir{1985)). Aumann defines the notion of an
event being common knowledge; however, the definition requires that we understand
what it means for the structure of the uncertainty in a game to be common knowledge.
In other words, a serious shortcoming of Aumann's formalisation is that it is
self-referential. We begin by presenting Aumann's model. Then we provide the reader
with the mathematical background necessary for dealing with infinite hierarchies of
beliefs. We give the second definition of common knowledge, which is based on the
formalism of the infinite hierarchigs of beliefs. We proceed to show that the second
definition of common knowledge overcomes the self-referentiality of Aumann's
definition : when one assumes that the structure of uncentainty is common knowledge

in the sense of the second definition, an event is common knowledge in the sense of



Aumann if and only if it is common knowledge in the sense of the second definition.
Aumann(1976) has a mode! of knowledge very similar to Kripke(1963). First,

we describe the basic ingredients of the modei3:
(iy £2. 2sstofstates of nature. Kripke called it the set of possible worlds:

(i} £: aoc-algsbra of the set Q. The elsments of £ are called events.

When there is a topological structure one considers it to be the Borel

o-algebra. When Q is finite cne takes it to mean p(Q) , the power set

of Q;
(iii) (I;)je n : @n n-tuple of sub-o-algebras of £, where n=#N, and N is the
set of agents. Each []; represents the information structure
of agent i : whenever w e < is the real state of nature, or the real

world, agent i is told all the sets of [1; which contain w.

1, le:let Q={1,2345}, I=p(Q), ITi=0({{1}.{2.3}.{4L{5}}),
[To=0( {{1,2},{3,4},{5}} ). The symbol o(X) means the smallest c-algebra which

contains X. When the set Q is finite every ¢-algebra can be generated by partitions of

Q, by taking unions of sets in the partition and adding the null set. Sometimes one

takes []; by the underlying partitions. Thus suppose the real state of nature is w=2.



ihe smallest event agent 1 is told is {2,3}. Agent 2, similarly, is told that the event {1,2}

occurred.

Let P;[X] be the "smallest” set cf the o-algebra IT; which contains X e X.

It Q is finite, P;[X] is always well dsfined. If Q is infinite, and endowed with a topology

which makes it compact and metric (for most applications one has to require it to be

complete too), and X is the Borel o-algebra generated by this topology, one defines

Pi[X] as the intersection of all sets which are elements of []; and contain X. In general
this set may lie out of [1; . To avoid this,we further require the IT's to be countably
generated {see Williams({1979, 11-68})). Then P;[X] is also well defined .

The fact about this structure which will interest us the mostis :once we Q

has occurred, each agent knows Pj[{w}] has occurred. Aumann's definition of common

knowledge hinges on this interpretation.
2.1.2 Definition : Let IT = [14nIIpn..~Il, (I1is the intersection of the
sub-c-algebras I1; , also called the "meet"). Suppose the true state of nature is

we Q. Anevent Ae Eissaidtobaggmmgn_tgngmgdgg_mmu IBeIl,

we B and Ao B.
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2.1.3 Example : In the previous example (2.1.1) let us see whether the sets

Ay ={123} and A, ={1,2,3,4} are common knowledge at w=2 (the trus state

of nature). By computi=g i1 = My~ Ip = o {{1.2,3,4}.{5}} ), and applying the
definition abovae, it is easy to check that A, is common knowledge at w=2, whereas
A4 is not. Howaver, it w=2 both agents know that the event A4 occurred . In fact,
given the real state of the world is m=2, agent 1 cbserves {2,3}, and A4 o {2,3}.

Similarly, agent 2 cbserves {1,2}, and Aq 2 1{1.2). Furthermore, agent 2 knows that

agent 1 knows Ay. infact, agent 2 observes {1,2}. Hence he knows the state of nature
= either w=1 or w=2. As agent 2 knows that agent 1 conditions his priors on [14, agent

2 knows that agent 1 observed either {1} or {2,3}. But A4 2 {1}0{2,3}, so that it
follows that agent 1 kriows A4. The same is not true of agent 1. Agent 1 cannot

Know for sure whether agent 2 knows A41. This because agent 1 observes
:2,3}. Thus he deducss the true state of nature is either w=2 or w=3. If it were

w=2, then knowing J1p, agent 1 would know that {1,2} was seen by agent 2, and

then he would be sure agent 2 knew A{, becauss A4 > {1,2}. However, if
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the true state were 3, and knowing I, agent 1 would know that {3,4} was

observed by ageht 2. Therefore agent 1, in this case, would not be sure whether

or not agent 2 knew A4={1,2,3}, since itis not true that {3,4} is contained in Aq4.
In the example above it is possible to grasp the intuition behind 2.1.2 :

in order to reason that agent 2 knows agent 1 knows A4 it is necessary to assume
that agent 2 knows agent 1 conditions his beliefs on [14. Thatisto say :itis

necessary to assume that agent 2 knows [14. This is a general fact : Aumann's

definition of common knowledge implicitly assumes that the sub-c-algebras

(ITj)ie N—are.common knowledge themselves. Aumann himself recognises the

problem in the text of his 1976 article:

"Worthy of note is the implicit assumption that the information partitions Py

and P, are themselves common knowiedge." (Aumann(1976), p. 1237)

The self-referentiality of his definition makes it difficult to apply. In a situation

where common knowledge has to be defined, one must exactly know the information

sub-c-algebras [1j's which are common knowiedge a priori. For the problems we are

going to be dealing with, namely applications to game theory, it becomes difficult to
specify the space Q as well as the [i's. For example, suppose one wants to formalise

the fact that Bayesian rationality is common knowledge. In this case the space Q has
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to be the space of "types” of players, and the event has to be the set of "types"” of

players which are Bayesian rational. Add to that the fact that the information

sub-c-algebras have to be chosen too. As one can see, this is not an easy task. In
subsection 2.3 the second definition of common knowledge, which is based on the
infinite hierarchies of beliefs, is provided. This definition simultaneously turns the
concept of common knowledge into a more useful tool and solves the self-referentiality
mentioned above. As an application of the framework which will be developed, section
four shows how one can use this second definition of common knowledge to define
common knowledge of Bayesian rationality. The next subsection contains the

mathematical facts needed later in the text.

2.2 Mathematics of Infinite Recursion of Baliefs

This section is aimed at giving the basic results on infinite recursions of
beliefs (also called hierarchies of beliefs) , the essential mathematical tooi needed in
the text. Let S be a compact metric space. From now on we will concentrate only on
this case : all our spaces are compact and metric. This topology shall, furthermore,
reflect the economic situation to be analysed. For example, Milgrom and Weber(1978)

derive topologies which are relevant for games with incomplete information. Define

the set of probability measures over S endowed with the Borel o-algebra, as A(S). A

natural topology over this set is the weak convergence of measures (ses
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Billingsley(1968) and Hildenbrand(1974)) . The main result is

2.2.1 Theorem S compact and metric with ihe Borel c-algebra. If A(S) denotes the

set of probability measures on S, and is endowed with the topology of the weak

convergence of measures, then A(S) is compact and metric.

This theorem follows from Billingsley (19€8, pp. 238-240, Theorems 5 and 6).
The formal framework to be developed appeared before in Armbruster
and Bége(1979), Bdge and Eisele(1979), Mertens and Zamir(1985) and
Myerson(1983).

Let the the set of possible states of nature, as perceived by agent i, be

represented by a compact and metric set Sg; . In section 2, since we are interested in
analysing common knowledge of events, we have Sgi=Q foralli. Insections 3,4 and

5, since we are interested in games of complete information, Sy, = A . Inother

problems the correct specification of these spaces is fundamental.

Given these sets of states of nature, agent i has subjective beliefs about the

occurrence of a state in Sg; . This subjective bellef is the first order belief,

s1j€ A(Sg;) . Set Sqj=A(Sp;). The second order beliefs will be beliefs about beliets

of other agents. However, it is also possible to consider the possibility of these being

correlated with agent i's beliefs about the states of nature he perceives.
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Therefore sp; e A(Sg; x [Tk4S1k) = Spj . Inductively, we define the m-th order

beliefs of agent i as sm;j e A(Sg; x ITkxiSm-1,k) = Sm; -

Notics that we could have modelled Spp,; to include correlation among

all the previous layers of beliefs. This is the approach followed by Mertens and
Zamir(1985, p. 7, Th. 2.9 ), but given the consistancy requirements they have (as we do
below), their framework is equivalent to the one we use here.

Observe that an arbitrary m-th order belief contains information about
all beliefs of order less than m . An obvious requirement that should hold is that

the first order balief of agent i should be the marginal of his second order belief

on his basic uncertainty space. Given a probability distribution Qe A(C x D), one

defines the marginal of Q on C, and writes margg[Q}, as the foliowing probability

defined over C : given any measurable X containedin C, margg[QJ(X) = Q( X x D).

We will construct a way of determining the lower order beliefs, given a belief of a
certain order. This is the approach of Myerson(1983,1984). We include Myerson's
proof for completeness. Let us impose on an agént's beliefs the minimal consistency
requirement : that if it is possible to evaluate the probability of an event through his
m-th order beliefs and through his p-th order beliefs, with m #p , then both
probability assessments agree. Define inductively the functions which will recover the

(m-1)-th order beliefs, given the m-th order belief, by :
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(i) for m22, ¥, 4 Ik Smi — Sm-1 i
(i) it m=2, Wy;(sy ) E)=sy(Ex[lk,S1x) VE containedin Sy;. Aswas
said before, the first order beliefs are simply the marginal of the second;

(iii) ¥t m=3, by induction on m we assume (‘Pm-z,k Jke N defined, and :

for all E contained in Sg; x nkﬂsm_g.k v ¥m | (smi(E)=

= Smi( { (S0i » (Sm-1, ki) & Soi * MatSm-1,k | (80i+ (¥ k (Sm-1k)kei) € E}).
We then have :

2.2.2 Proposition Suppose all agents are aware that each of them satisfy the minimum
consistency requirement. Then Vi, Vm22: ¥y, 4 ( 5mi )=Sm-1,i-

Proot The proof gor:: yy induction. For m=2, let E be containedin Sp; .

Then the event E (event = measurable set) is evaluated by s4; as s¢;(E) .

However E isthe same as E x [i,S1k evaluated by so;. Therefore, by the

consistency requirement : s4{(E) = 32i(Ex1’Ik¢;S1k) = Wq(sg ) E). Thus

s1j="Y¥4; (sp;) . Agents also know that s¢y ='¥4, (Spk ), because other agents

are also consistent. The first step of the induction process is proved. Let us assume

itis true for m22 . We will prove itis true for m+1. Ifitis true for m, we know that
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Vke N(N= {1,..n}) : ¥, 4 k (Smk) =Sm.1 k- Giventhe event E contained
in Sgj x MkSm-1 k., define E" contained in Sgi x MkxSmk by :

E" = {{soi » (Smidkei) € Soi  MisiSmk | (50 » (¥m-1k Smi)ksi )€ E}.

By the induction hypothesis we have that

E = {(s0i . (Smideei) € Soi % MwiSmk | (S0i+ (Sm-1,Kkei) € E}
Therefore E* and E are the same events (same in the sense used before : one

is true if and only if the other is) . Hence by the minimum consistency requirement

Smil E) =Sma1,i(E ). But ¥ (Smyq i) E)=Smyq(E'), sothatthe result

foliows.

Given the proposition above, wé will restrict ourselves to beliefs which
satisfy the minimum consistency requirement . The set of all possible beliefs

becomes, then :

Sj={ (S1j.52} - )€ Im>1Sm; | Ym: wmk(sm-ﬂ.k )=Smk}-
The proposition below is proved in Armbruster and Bdge(1979, p. 19, Th. 4.2), Bége

and Eisele(1979, p. 196, Th. 1 ), and Mertens and Zamir(1985, p. 7, Th. 2.9 ).

2.2.3 Proposition S; is compact and metric, in the topology induced by the product
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{opology.

The proposition above just says that the space of characteristics of the

agents is tractable. The proof of the proposition is simple. One has only to show that

the functions ¥ are continuous.
Notice that one can iook at the space of beligis which are consistent
and are of level up to m. By 2.2.2 the lower order beliefs are entirely determined

by the highest ordar one. Then this is the same as the space Si,;. Moreover,

there is an Immediate way of recovering the lowest order beliefs : just apply

successively the functions ¥ . The most important result of this section states this
for the case where we consider the whole stream of beliefs. The result is proved in
Armbruster and Bdge(1879, p. 19, Th. 4.2 ), Bdge and Eisele(1979, p. 196, Th. 1),
Mertens and Zamir(1985, p. 7, Th. 2.9 ) and Brandenburger and Deks!(1985b, p. 10,

Th. 3.2). The first proot of this result seems to have appeared in B8ge(1974).

2.2.4 Theorem Vi thore exists ; : §; = A( Sp; x HHSI ), whichis a

homeomorphism. Throughout the essay we are going to be referring to the
homeomorphism shown in the proof below.

Sketch of the proof (essentially taken from Brandenburger and Dekel(1985b)) Let

Yi=m>1Smi- Then Y; oS ={ (Smilms1 | Ym21: Smi = ¥mi (Sm+1,) }- Suppose
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Sj = (S1;,82j .- ) € §j. We will construct @(s) . Sp; x H]#‘Y] = Spj X Hj,c_] (Mr>1 Smj)
= Sgi X [Im>1 (nj,,smj), by exchanging the order of the cartesian product. First we will
exhibit ®;(s;) as a probability measure in Sg; x HHYI . Then we will prove that the

support of &(s;) is contained in Sg; x I1j4S; . To construct this measure one invokes

Kolmogorov's extension theorem (see Dellacherie and Meyer(1978, p. 68, 111.51-52)).
To construct a probability in a countably infinite product of spacss, it is necessary and
sufficient to give all the finite dimensional marginals, provided these marginals are not

contradictory. Furthsrmore, this probability is uniquely determined by these marginals.

Given k, let qy denote a probability defined on Sg; x 1T cm<([ljiSmy). Fork=0, let

gp =S4 . For k+121, we define qi 4 € A(Sg; x I} smsk+1(nj¢15mj) ) in the sets

which are of the form Egj x Eq jx... x i .j x E,q .j , where Ep; is an eventin Sy,

Eq,-iis aneventin I1jS¢j, and in general, E, j is an eventin ISy, . Thisis
enough to define the probability qi 1 . The functions '¥,,; , which are given above,
will be used. Qj,1( Eqi X Eq i x ... x B | xEyyq i) =

Sk+2,1 ({(50i + (Sk+1,jwei) € EQi X Eia1,-i | (Sgi+ (¥ (Skat,)jsei ) € Eoi X Excoi »

(sgi+ (¥k-1 j© ‘ij (Sk+1 ,]))]# ) € Egj X Ek.1 ., and, successively,



(8gi» (10 ... 0 Wy q O ¥y (Ska1,))jwei ) € Egi xE4,.j}) . By the minimum

consistency requirement qy is the marginal of qy,4 on the first k coordinates. By
Kolmogorov's theorem thare exists a unique probability, which we call @y(s;), on the
space Spj x [Im>1 (Hjﬂsmj) whose marginals are given by the q, . We now have to
show that the support of @i(s;) is in Sg; x H#isi . Let (skj » Sk1 J) be in the support
of ®y(sj) in Si;jx Sk41,j- We will show that sy = i (Sk+1,j)- By the construction of

;(s;) , we have (s, Sk,.qj) in the supportof qy,q. Define Bym to be the closed bali
of radius 1/m around sy . Analagously, let By,4 n, be the closed ball of radius 1/m

around Sy, q ;. AS (Skj, Sks1,j) Isinthe support of qy,q , this means that for every
m21 the joint probability of (syj . Sk41,j) € Bkm % Bk41,m is greater than zero. Thus, b:
the definition of gy , ¥y; (Bky1,m) N Bym is nonempty for all m21. These sets are

also compact (because \ij is continuous), so that the intersection over all m is

nonempty. But by the definition of By, only one point could be in this infinite
intersection : sy; . In the same manner the infinite intersection of Py (Bk41,m) forall

m21 can consist only of Fii (Sk1,j) - Thus, sgj= Fy (Sk+1,j) » and the support of
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®;(sj) is in the space Sg; x n'#is,- . Therefore the function ‘_Di can be viewed as

®; : §; - A( S x ITjS;) . To check that @; is a bijection between these tvo spaces,
Suppose we are given a probability g on the space Spj % HI#SI . The point
Sj=(S4j.8pj,...) € Sj suchthat q= ®,(s;), can be obtained simply by takirg

marginals on Sg;, Sg; x I'Ij#-S”  eer S X Hj;eiskj ..., for all k21. The sequence

(S1;. S2j, ... ) thus obtained satisfies the minimum consistency requirement, because

-the probability q has its support on Sgj x HHSI . Finally, wa have to check that @, is

a homeomorphism. However, by 2.2.3 §; is compact and metric. Thus, by 2.2.1 so is
A( Sgj x TTjSj ). Therefore it is enough to prove that either @, or [@] is continuous.

The continuity of [oil“ Is easily checked, because it is composed of marginals, and

these are continuous (in the weak topologies, as we have in the spaces here).

QLR

Another way to view this result is by noting that any infinite stream of beliefs

can be seen as a belief about the realisation of agent i's uncertainty and the

characteristics of the other agents. One may interpret s; as the agent himself/herself :

) L1O VA RGADS
FUN DAMO‘%EJENNQUE SIMONSE.

ABLIOTECA MAR
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it is a "psychology”, or "type”, of agenti. The S;'s are also known as "psychology

spaces"”, or as "type spaces”.

2.3 Infinite Recursion «f Beliefs and Common Knowledge

In this subsection the formalism of infinite recursion of beliefs, derived above

is used to provide a definition of common knowledge which directly corresponds
to the statement : “agent i knows other agents know...other agents know... etc. that

the event A has occurred".
The set of states of naturs as perceived by each agent will be the same for
everyone. As in subsaction 2.1, it is Q. One supposes it has the same mathematical

structure as before. Using the terminology of last section, one says the first order

beliefs of agent i are s4;eA(R2). This refers to his beliefs about the state of nature: a

probability distribution over the possible states. Call this set of beliefs S4;. The second
order beliefs are points s;€ A( Q x [kS 1k ).where [k, indicates the Cartesian
product over all indices k #i. Inductively an m-th order belief, s,; , is a belief on

Q x [TkxSm-1 k - Formally one has : spyj € A(Q xI1kSm.1 k) - Agenti's

"psychology” (or "type") is summarised by his infinite recursion of beliefs,



(Smi)m21 € IIm>1Smj - As above one imposes the minimum consistency requiremen::

whenaver there is an event whose probability can be evaluated by his m-th order belief
as weli as his p-th order belief, then the probability assessment given by both orders of

beliefs must coincide. For example, this implies that his first order belief must be the

marginal of his sacond order bslief on Q - §1j = margq(so;). Hence agent i's

psychology is characterised by a point s; in the set :

Si = { (Smi)mg1 : the beliefs satisty the minimum consistency requirement } .
By Theorem 2.2.4, this set of psychologies has a very important
property : any s; in it can be viewed as a joint distribution eon the occurrence

of nature and on the other agents’ psychalogies. in formal terms, there is a

homeomorphism @, : S; — A( Q x Ik«iSk ) - Moreover, this homeomorphism has

very attractive properties. In fact there is a canonical way of deriving it, and in

particular one has margq)[®;(sj)] = s4; . The interpretation given to

supp margg, [®;(s;)] (where the word supp stands for the support of the probability) is

in the heart of the dafinition discussed below. It is the set of psychologiss
of the k-th agent which agent i considers possible. In other words, it is the set

of k-th agents which are possible in the eyes of agenti.

Let Ry be asubsetof Sy forall keN. Suppose one wants to formalise the
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statement : "agent i knows that agent k is in Ri". Making use of the interpretation given
- 1o @y(s;), one has to say : every sy which, in the eyes of agent i, couid possibly be true,
satisfies sy € Ry. Formally this means : for any k=i, for any sy e supp margg, [®;(s;)] ,

one has sk € Ry . By extending this idea further, so that one can formalise longer

sentences whers the verb "know" appears many times, one has :

2.3.1 Definition Given sje §;, and (Ry)ke N , ONe says that jn the eyes of agent | the

sets (Rx)ke N-2LE.COMMON knowledge if sje Ny>1Rmi. where Ry is inductively

defined by :

Vi : Ryjis defined to be R; ;

Vm22 : Ry = { 8¢ Rm.1 i | V k#i : s € supp margg, [Pj(sj)] = sk € Rm.1 k}-

Sometimes it is converiient to consider common knowledge from the

point of view of all agents :

2.3.2 Definition (Ry)ke N-ar¢ common knowledge if Vi: sje NysqRpyi-

We will use this framework to define common knowledge of an event. Let
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AcZ be anevent. The set A, of psychoiogies of the i-th agent for which the event A

has occurred (i knows* that the event A occurred )is
Ai={s;eS; | A> supp margqo[®;(sj)]} . Observe that for Q finite this is the same as

requinng margq[w;(s)i(A} = 1 . For Q infinite this is a very mild strenghtening. By

using the concept of common knowledge defined in 2.3.1, one has :

2.3.3 Definition > An event AcX is said to be common knowledge in the eves

otagenti if sje N o1Am;, where Ay, is inductively defined by :
Vi: Aqjis defined as above to bs A, ;

Vm22 : Amj={Si€Am.1,i| V k#i : s e supp margg, [®i(si)] = ske Amq k) -

Notice that in this framework one does not have information partitions

(Ik)ke N + OF the trie stais of nature w . It is possible to define common knowledge
independently of these concepts. The primitive objects for us are the
psychologies of the agents. Of course one could always interpret the Si's

as states of nature in a much larger uncertainty space : that which determines

the agents.
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2.4 Common Knowledge of information Partitions

In this subsection it is shown how the two definitions of common
knowledge relate to each other. In particular the self-referentiality problem of

Aumann's definition is dealt with formally. We show that whenever the
information sub-o-algebras are common knowiedge, in a sense very much
in the spirit of the last section, and w is the real state of the world, then A is common

knowledge if and only if it is common knowledge at w in Aumann's sense. This
result can be interpreted as saying that the problem with the self-reference is
solved in structures of infinite recursion of baliefs.
We feel the most direct definition 2.3.3 is more useful becauss : (i) it solves

the problem of self-referentiality; (ii) it implicitly tells us which information

sub-o-algebras are the ones which are relevant to the question being analysed; and

(iii) it allows a view of the world which may be different for each agent. Let us recall

that given a set Xe I, P;[X] denotes the smallest element of IT; which contains X.

Again, following 2.3.1, we will define common knowledge of the information

sub-o-algebras (ITi)ke N - The set P; of psychologies of the i-th agent for which an

agent k (diffsrant from i) has information structure given by Ik ,is:
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Pi={sieS§j| V k#i : (0,s) € supp margg,s [®(sj)] = supp margq[®(sk)] = Pkl{w}] }.

The interpretation is straightforward. if a state of the world w is thought possible to
occur jointly with a psychology sy , it must be the case that s has a belief over Q

whose support coincides with the set of states of nature that agent k is told. This set is,

by the interpretation given earlier on the text, Py[{w}]. Again, notice that in the case of
Q infinite, this imposes more restrictions on the possible sub-g-algebras [T;'s : not only

do they have to be countably generated, but also it must be the case that Pj[{w}] is

closed foralliand alt we Q.

2.4.1 Definition Wa say that the information sub-c-algebras (TIi)ke N A8 common
knowledqge in the eyes of agenti it s;e My51Pmi. Where Py is inductively defined
by: (i) Vi:Py; =P;;

() Vm22: P ={se Pm_” | V ki : s € supp margg, [@;(si)] = sk € Pm-1 ki

To embed Aumann's framework in the infinite recursions of beliefs model, we

still need agent i to behave as if the real state of the world w has occurred :

2.4.2 Definition The state w occurred in the eyes of agent | if
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supp margq[®(s;)] = Pjl{w}] .

Notice that agent i does not know whether w actually occurred. He

observes only Pj[{w}] . We are now ready for the main result : the equivalence

of both common knowledge definitions, under the hypothesis of common

knowledge of the sub-g-algebras and the occurrence of state w.

2.4.3 Theorem Suppose that in the eyes of agent i the information sub-c-algebras
(Tk)ke N are common knowledge and that w occurred. Then Aex

is common knowledgs at w in the sense of Aumann if and only if, in the eyes
of agenti, A is common knowledge.

Before proving the result an example will help us understand the intution

behind the proof.

2.4.4 Example Letus argue in the case of example 2.1.3 why common knowledge of
information partitions and the fact that A, is common knowledge at w=2 in the sense

of Aumann, imply that A, is common knowledge in the sense of the infinite hierarchy

of beliefs definition.

(i) The fact that the agents use their information partitions implies that both agents

know that Ao cccurred.
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In fact, P4[{2}] = {2,3}, and Ay o{2,3}, so that agent 1 knows A,. Analogously, P5[{2}]

={1.2}, and Ap o {1,2}, so that agent 2 knows A, .
(if) The fact that one agent knows that the other agent's information structure is given

oy his information partition implies that agent 1 knows that agent 2 knows that Ay

occurred, and that agent 2 knows that agent 1 knows that A, occurred.

For agent 1 : since w-2 is the real state of the world, agent 1 is told {2,3}. Agent 1

knows that agent 2's information structure is given by [1, . Hence, agent 1 knows that
agent 2 was told either {1,2} or {3,4}. In any case, as Ao > {1,2} U {3,4}, agent 1 knows

that agent 2 knows A,. In formal terms Ay o Po [ P4[{2]] ].
Analogously, agent 2 is told {1,2}. By knowing that agent 1 has his information

structure given by I14, agent 2 knows that agent 1 observed either {1} or {2,3}. Again,

Ap o {1} L {2,3]}, so that the assertion follows. In formal terms Ao o P4 [ P5[{2}] ].

(ili) The fact that agent 1 knows that the information structure of agent 2 is given by I]»,
and that agent 1 knows that agent 2 knows that the information structure of agent 1 is
given by 14, implies tnat agent 1 knows that agent 2 knows that agent 1 knows that A,

occurred.

By (ii) we know that agent 1 knows that agent 2 was told either {1,2} or {3,4}. If agent 2
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were told {1,2}, as ayer. 1 ¥nows that agent 2 knows that the information structure of
agent 1 is given by [I4, then agent 2 would know that agent 1 was told either {1} or
i} Ut the other hand, if agent 2 were told {3,4} then, by the same argument ager
2 knows that agent 1 is told either {2,3} or {4}. But Ao o ({1}uf2,3}) U ({2,3}u{4)}) =
=Py [Pa [P4[{2}]]].

{iv) By the same argument, higher orders of knowledge of A, can be seen to follow

from higher orders of knowledge of the information structure, simply by checking that

sequences of any length of the forms :

Py [P2[P4l{2}]]]... and ... Fo [Py [Po]{2)]]]... are contained in As. Inthe
example hare, A, = Pa {5 [P4[[2}]]1] and Ap =Py [ P1[P5l{2}]]]. and these

sequences becom: 2oz o afier three steps, so that the common knowledge of A- .

the sense of the infinite hierarchies of baliefs is established.

Front of the theorem (=) We need to show that if there exists B I =

fTynllgn..n[ly withwe B and A> B, then s e Nm>1Ami under the hypothesis

*hatin the eyes of agent i w has occurred and (IMy)ke N are common knowledge. W«

#ill prove an auxiliary resutt first. Given B as above, define



Byi={sje § | B> supp margg[®(s;)]}, and for m=2,

Bmi = {5j€Bm-1,i| V ki : s € supp margg, [®i(s))] = s € Bm-1x}-
243lemma Vi,Vm: By Py s Soniained in Bm+1,i -

Prootof 2,45 By incuction on m. For m=1, sje ByjnPyj=s;€ Pq;. This
implies that Vv k=i : 5y « supp marggy [®i(sj)] = 3 ' e supp marggq{®;(s;)]

such that supp margq[®)(sk)] = Pxl{w}] . Because sje By; we

have that B o supp margq[®;(sj)] . Hence w'e B. But Bis [x-measurable, which

implies that B o Py[{w}], so that B > supp margg[®y(sk)]- Thus sje By, and the

lemma is shown to be valid for m=1.

Suppose now it is true for m>1. We have to show it is true for m+1.
If sj€Bmj NPy then Vkei: Sk € supp margg, [®i(s;)] =
= SK€ Bm.1 k" Pm.1k - By the induction hypothesis s, &€ By . As

sj€ By as well, it immediately follows that s; e Bmas1,i -
QED(ot 2.4.~

Returning to the proof of (=») of 2.4.3, by the fact that Be [T .
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we have Be TT;. However, part of the hypothesis of Theorem 2.4.3 requires
that @ has occurre7 in the eyes of agent i. Therefore, supp margq[®;(sj)] =

= Pjl{o}] . But we hav: as nyponesis thiat © ¢ B, so that, as B is []j-measurable,
32 B[{w}] . Hence B o supp marg[®(s)] = s;e By;.

By the hypothesis of the theorem, sje P forevery m21. Applying

lemma 2.4.5 successivaly, we have s; e Nm>1Bmj - However, since Ao B,

vi,¥m: ApioBg = sie Om>1Ami - This means that in the syes of

agenti, the event A is common knowledge.

QED(of (=>")

2r00f of (=) Tc v the converse we nead to show that if ® occurred in

the eyes of agent i, anu 1ureovar, 1f the sub-o-algebras (Ilxke N and the

zet A are, in the eyes of agent i, common knowledgs, that is to say,
$i € "m>1 AmiNPmi . then there exists Be [] = [T1IIon... AT,

withoe B and AoB.
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We shall construct such aset B. Let Bl = supp marggq[®;(s;)] .

Define Vm21, Vki, k2, ...km, each kje {1,..,n}, the set:
Biiicz...km = Pk [ Pkenet [ - Pra[ Py [B11]1...1]. As before, P [ X] isthe

smallest set [l; - measurable which contains the set X.
We first show that, s;e A1 i"Pmi = A D Byqko. km + by induction
on m21. For m=1: sje AjjnPq; = Vksi: sy e supp marggy [®i(sj)] then
Sk€ A . Hence Ao supp margg[®,(sy)]. Since sje P4; as well, we
have that Vsy e zucp margg, [@(s))] , Jw' e supp margy [Dy(s))] = B! with
supp margq[®,(sk)] = Pkl{w?}]. In particular, for this «' it follows that A > Pkl{w]] .
However, again from the definition of Py, Vo' e Bl = supp margg, [®;(s;)] there exists

a sk e S such that supp margo[®, (s)] = Pel{w}]. Thus A > Py[Bl]. This

shows the statement is valid for m=1 inthecase Ki=#i. If ki =i , as

margg, [P;(sj)l(A) =1, we have A> B!. But Pi[B1] =B', since the
hypothesis that ® occurred implies that B1= supp margq[®;(s)] = Pil{w}] = Pi[P;[{w}]] =

= P[B']. Therefore ASPB!], and A5 Py [B'] Vki e {1,...,n}.



Suppose it is true for m21 . We shall show that it is true for m+1 .

Infact, sje Am42i"Pmy1 = Vka#i sy, e supp margg, [®i(s;)] implies
Sk € Am41 kMPmk - By the induction hypothesis :

Vkei: A D\ Byiko km » Wherethese \Byik.. km are defined identically

0 Byyko. km » With the sole difference being that B! is substituted with

kB1 = supp margq [®y(sk)i - Since sje Py, 4 itfollowsthat sje Py,

as well. Thus, there is ' e supp margq [®,(s;)] suchthat B! =P,[{w}] . By the
induction hypothiss.s % - Bisio . km= Pkm [ Pkmot [ - Pio [ Pk [kB1 11..11. Hence. it
follows that for ithis ', A= Py [ Promq [ Peol Piy [ Pil{@ 1. 1]. But i€ Ppy;
implies that for every w'e Bl - supp margg, [®;(sj)] there exists such

Ske supp margg, [®i(sy)] . Thereiore Vo'e B! we have

A S P [ Pkm [ Pral Pky [ Pl{w111]... 1] which implies that Wki =i

A 5 Byika.. kmkmet = Pkmetl Pkm [ - Pko [ Pk [B1 11...1]. Thecase ki =i remains to

be shown. This case is solved by the same argument used to deal with ki1 =i in the
first step of the induction.

Having proved the auxiliary result claimed at the beginning of
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the proof, we are now in a position to constrirct the setBe ] =

= [T1~[Izn...A[l withwe B and A> B, and this will complete the

proof of 2.4.3.
Notice that vm . A= Byyio  kmkms1 2 Bkike.. km - Define, for
N:{1)---vn} y 82= f’\.‘k1eNBk1 s B3= %EN Uk1ENBk1k2 y and vm:

gm+1
BM+1 = kme N Ykm-1e N Uk1eNBk1...km-1km' Then one has

.oBM5  5B35m2-pT. Moregver, vm: A>BM . Let B=um21Bm.

Weclaimthat B = Ty, Vke N. We show this by demonstrating that

vm, vk, there exists Dy e [T, with BT+2 5 Dmk > B8M. Now

BM = Tkm-1e N “km2e N - “kie NBkika.. km-1 - BUt Pl Biika. kme1 12

O Byika.. k-1 » @G il Bk ket ] € Tk AISO Pl Byyko ket 1=

= By ko, km-1k - S0, By maxing Dk =

= MNim-1e N Ykm2e N~ Ykie NBk1. km-2km-1k » One has Dy o BM

and Dy € Tk . Furthermore,



AM+2
BM+e Tkme1e N YkmeN Ykm-1eN - “Ykie NBk1. km-tkmkms1 2

= Mkm-1e N Ykm2e - Ykie NBKk1...km-2km-1k = Dmk - Hence
A>B™25p. ., 57 and Dmk € Ik, forall m and k. Thus
B = Unp1B™ = UpsiDppk - As Tl is a sub-o-algebra the set YUm>1Pmk

is an element of 1. Therefore B e [k forallk. Also, by construction,
A oB.

Finally, we need to show that we B. Since @ occurred in agent i's eyes, it
follows that we B!, since B1= Supp margg[®;(sj)j = Pjl{w}]. By construction Bo 81

Thus we B, and the theorem is proved.

The readar tamiliar with Aumann(1976) will recognise that the
proof of the converse oi the theoreni is essentially a formalisation of the notion

of "reachability” in Aumann's article.

2.5 Relation with the Literature



One can interpret the main theorem proved in here as the following : given a

structura of knowliedge in terms of a space of events and sub-o-algebras, that is to say,
a structure a la Aumann, we generate a structure of knowledge in the sense of an
infinite recursion of beliefs which handles the same common knowledge problem.

In a recent article, Brandenburger and Dekel(1985b) proved a converse of

this result. Given a description of a common knowledge problem in the framework of

infinite recursion of beliets, one can generate a space of events, n sub-o-algebras and
a state of the world (in other words, an Aumann's structure of knowledge) which
handles the same common knowledge problem. However, there is a subtiety. The set
of states of the world which they obtain is infinite. Since they use a model where priors
exist (see footnotes 2 and 5), there are some additional requirements for the definition
of common knowledge & la Aumann. There are two ways of handling the problem
which are similar : that of Nielsen(1984) and that of Brandenburger and Dekel(1985a).

It is important to notice that the analysis we present is more complete. Not
only we generate an infinite hierarchy of beliefs which handles the same common

knowledge problem, but aiso this infinite hierarchy of beliefs has the property that the
information sub-c-algebras are common knowledge. On the other hand, the

information sub-o-algebras that Brandenburger and Dekel(1985b) obtain are not
common knowledge in the infinite hisrarchy of beliefs that they started with. In any
case, they solve a cenverse of our theorem. Thus, one is lead to the conclusion that

both ways of viewing common knowledge are equivalent, the difficulty with Aumann's



dsfinition being that of self-referentiality : the information structure he begins with mus:

be common knowledge in order for his definition to make sense.

2.6 Conclusion

This section presented the study of common knowledge by means of
probabilistic models. We began by giving Aumann's dsfinition of common knowledge
ot evants. The shortcomings of this definition were discussed, the main one being a
self-referentiality problem. Then another dafinition, based on the framework of infinite
recursion of beliefs, was provided. This definition has been previously given in
Armbruster and B&ge(1979), Bége and Eisele(1979) and Mertens and Zamir(1985).
We then proved that this definition not only solves Aumann's self-referentiality problerr:
out also that it is completely equivalent to Aumann's definition when the latter is
embedded in the former.

The problem above has also been discussed in more abstract, logic-theoreti-.
models. Aumanr's modal is very similar to Kripke(1963). Our framework is somewha:
similar to Fagin,Halpern and Vardi(1984). Fagin, Halpern and Vardi also note the
equivalence between Kripke's definition and theirs, but they argue that their definitior.
v/hich takes into account the several layers of knowledge, is more adequate for the
purposes of artificial intelligence.

The next secticns show how to apply the formalism develcped here to

foundations of noriccoperative solution concepts.



3. FOUNDATIONS OF NONCOOPERATIVE SOLUTION CONCEPTS

We begin by repeating the example given in the introduction. imagine that
you are going to play a given bimatrix game with two alternative players. The payoffs
of the game are ir: dollar terms. The first player is an intelligent acquaintance of yours,
whom you know very vell. The second ninyer is a stranger. She comes from the
Himalaya, and the only relevant information you know about her is that she was taught
the meaning of a bimatrix game (the rules of the game) and the what a dollar can buy.
For the sake of argument, lat us say that : (i) there is a unique pure strategy Nash
equilibrium, which gives you a thousand dollars; (i) your security level is nine
hundred dollars; and (iii) if the other player does not play his/her part of the Nash
equilibrium you lose at least a hundred dollars. How should you play the same game
aqgainst the two different opponents? It seems clear to me that everyone who is faced
with this situation is much more likely to follow the Nash strategy when facing the
acquaintance, than when facing the stranger.

The fact that a well defined game may be played in different ways by the
same person, indicates that in the specification of a game some additional informaticn
about the background ¢f tha players is essential for the solution of this game.
Therefore, a solution concepi which depends only on the payoff matrix, as Nash
equilibrium does, needs an interpretation. This points out the need for foundational
analysis of solution concepts. In this section we establish a general methodology for

the analysis of solution concepts. In particular, we point ocut which extra information the
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players need to play a game. In sections four and five we apply this methodology.

A fairly widespread notion among theorists these days is the lack of
a noncooperative solution concept 7 (not to speak of cooperative ones ) which
will describe the Lanaviour of players in a game in a satisfactory way. The main
noncooperative solutizn curncept is that of Nash equilibrium. The literature on
noncooperative solution concepts follows two distinct trends. One states that there are
too many Nash equilibria, and suggests alternative ways of refining Nash's notion.
Some of the most important refinements of the Nash equilibrium concept are :
subgame perfection, Seltan(1965); perfection, Selten(1975); properness,
Myerson(1978); sequentiality, Kreps and Wilson(1982); tracing procedure,
Harsanyi(1975) and Harsanyi and Selten(1980-84); persistent equilibrium, Kalai and
Samet(1982); strategic stability, Kohiberg and Mertens(1985); justifiable beliefs,
McLennan(1985); forward induction equilibrium, Cho(1985); perfect sequential
equilibrium, Grossman and Perry(1385). In the context of signalling games other
refinements were proposed : intuitive criterion, Kreps(1985); divinity, Banks and
Sobel(1985); neologism-proof, Farrell(1985). For a more complete account of the
literature on refinements of Nash equilibrium, see van Damme(1983). A discussion ¢i
the recent progress in the area can be found in Kohlberg and Mertens(1985) and in
Cho(1985).

The other trend followed by the literature is that of expanding the concept of
Nash equilibrium. The important contributions in the area are : correlated equilibrium,

Aumann(1974, 1985); refinements of correlated equilibrium, Myerson(1985), and
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rationalisable strategic behaviour, Bernheim(1984) and Pearce(1984).

In view of the many existing suggestions, as the list above exemplifies, which
solution concept should be chosen to soive a specific game? We will not answer this
question directly. Alternatively, we propose a methodology which enables us to
analyse solution concepts. Bernheim(1984) and Pearce(1984) show that common
knowledge of rationality is not enough to justify Nash behaviour. They introduce a
noncooperative solution concept which is derived from the hypothesis that Bayesian
rationality is common knowledge. They call their solution concept rationalisable
strategic behaviour. The point | wish to emphasise is that Bernheim and Pearce derive
their solution concept for gamas from assumptions about the behaviour of the players.
One can generally approach the analysis of solution concepts in the same manner.
Which are the implicit behavioural assumptions behind a given solution concept?

In orcier to answer this question, let us be more precise. We shall be

concerned with the following complete information simultaneous game :

3.1Definition A game with n plavers, u, is a 2n-tuple
(Aq,... Ay, uy,..,up), where:

(i) each A;j,the set of strategies or actions available to player i, is a

compact metric space;

(i) let A=Aqx.xAn. Then u;:A — R, is atfunction which

gives the payoff to player i, for each pdssible combination of strategies



of all players. For each i, u; is assumed to be continuous.

Let U mean the set of all n-tuples of payoff functions. By an abuse of

notation, we say ue U is a given game, where u represents the n-tuple (uq, ..., up).
3.2 Definition A sgluiion concept (also called gquilibriym notion) is a

correspondence I': . — A.

A solution concept is a correspondence that assigns to each game a set of

nrescribed action profiles. The interpretation given to a solution of a game u, is that

among the n-tuples of actions in I'(u), there is one which will be chosen when players

play the game u. Hence, we are allowing that different players playing the same

game could choose different n-tuplas of actions, as long as these n-tuples are in I'(u) .

From a Bayesian point of view, the decision of each player in a game is
determined by this player's beliefs about the actions of other players. But, if, in their
turn, other players' beligfs about other players' actions affect their actions, then it must
be that the beliefs one player has about the bsliefs of other players also affect the
decision of this piayer i the game. If we carry this argument further, we see that the
action taken by a piaycr is determined by his infinite hierarchy of beliefs about actions
cf other players, beliefs about beliefs about other players' actions, and so on. The

=pace of these infinite hierarchies of beliefs is the appropriate space for the study of
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oehavioural assumptions about the players. For every i, let

A=A X XA X A 1X..x Ay . We foliow the mathematical formalism of

subsection 2.2. The set of states of the world, as perceived by player i, is A Afire
order balief of piaver i is a point sq;e A(A) = S4;. In general, the m-th order belief of

playeriis apoint smje A(Ax IMTiSm-1 k) = Smi - As in subsection 2.2, we impose
the minimum consistency requirement. Thus, by Theorem 2.2.4, the infinite hierarchy

of beiiefs s; can be viewed as a joint belief about what other players play, and which

hierarchigs of beliefs other playsrs have. This is done through the homemorphisms @,

As before the infinite higrarchy of beliefs s; is interpreted as the "psychology” (or

"tvpe") of player i. It embodies all relevant decision-theoretic variables which are

necessary for understanding how player i will play the game u . The space of these
psychologies, S;, is the appropriate space for the study of behavioural assumptions
about player i.

We have te determine how each difterent psychology s; will play the game .
First we define a general Bayssian decision problem.
3.2 Definition A Bayesian decision problem for player i is given by :
{iy T; acompact metric probability space endowed with the Bore! c-algebra.

It represents all the elements of uncertainty for player i;



{il) A; a compact set of actions availabie to piayer i,
(i) Uj © Ajx Ty — R, his subjective utility function;

(iv) Q; € A(T;) , his subjective prior on S

Given a decision problem, one can derive the structure above from
more basic facts as in Savage(1954). It is important to note that U; and Q;
characterise player i.

Let V;:A; < A(T;) - P be the expected subjective utility for player i,

when he takes an action & , and has prior Q;: V;(a;,Q;) =

=] Ui (&, 1) dQi(t) . To avoid unnecessary notation, we will simply write
Si

Via, Q)instead of V;(a;,qQ;).
3.4 Definition Player i is Bayesian rational when, faced with a Bayesian

decision problem, he chooses an action & e A; such that the expected

subjective utility is maximised : V(& ,Q;)2 V(a;,Q;),Va e A;.

To determine how a given psychology s; plays the game u, we have :

3.2 Definition Given a game u and psychology s; , we define



by,

The Bavesian decision problem associated with u_and S; as:

() Ti=A;xS,,whereS=TIlx,Sk:;
(i) A;is the same as A, for the game u ;
(i) U (&5, ) =u; (&g, Proja(t));

(iv) Qje A(T;) is given by Oi(sp) -

The viewpoint of this approach to game theoretical situations can

be summarised by :

3.6 Axiom The decision problem player i faces in the game u when its psychology is
s, is the same as the Bayeslan decision probiem associated with u and s;. Inother
words : all that we need to know about playeri to determine her/his behaviour in the

game u, is given by the psychology s; .

Let us comment a little about the above. One sees that the only

relevant probability distribution for player i is the first order beliet s4; = marg AlDi(si)] .

since in the expected value function V(a;.t;) only the projection in the actions of the
other players are considered relevant. This seems to tell us that the only important part

of s; is the first order belief. Ultimately that is so. However, we cannot forget that
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higher order beliefs ir‘.;ence the lower order beliefs. By an abuse in notation, one
defines V(a,d;(s)) = V(a;.s)) .

Now we are ready to state our methodology. Let us consider a given game u
fixed. Thatis to say, we will concentrate in the correspondence T restricted to a
singleton {u} contained in U. We are not interested in global properties of I'(.), as,

for example, Kohiberg and Mertens(1985). In the case of a fixed game ue U, a

solution concept I'is simply a subset of A = Aqx ... x Ap . Associated with T, we warit

to find a subset B(I') contained in Syx ...x S, , a subset of the set of psychologies of

all players, such that :
(i) Y(ay,...an) e T, sy, ....8p) € B() such that for every i : a is an action

which maximises the subjective utility for player s; (according to 3.5);

(ii) V(sy, ....sp) € B(I), 3(aq, ....ap) € T such that for every i : a; is an action

which maximises the subjective utility for player s; (according to 3.5).

In words: the first statement says that any n-tuple of actions in the solution set
I" can be played by some psychology in B(I'). Conversely, the second statement says

that any psychology in B(I') can play an action in I". This means that for every solutior:
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I" we associate a set of psychologies which corresponds to I. The set B(T') can be
interpreted as a set of behavioural assumptions behind the solution conceptT. ltis

important to notice that the set B(I) is not uniquely determined. Each different B(T)

represents a different set of behavioural assumptions under which the solution concept

I'is justified. However, if B4(I") and Bs(I') both satisfy (i) and (i), so does

B4(T) U By(I') . Hence, there is a maximal set BM(T) satisfying (i) and (ii). This setis to
be interpreted as the set of all behavioural assumptions which justify the solution
concept I'.

The ultimate aim of the methodology described here is to obtain sets B(I') for

every solution concept I. This would facilitate the selection of the solution concept :
one should see which behavioural assumptions apply to the economic situation being

modelled, and choose the solution concept accordingly.
In section four we consider I" = rationalisable strategic behaviour. In section

five we consider I = Nash equilibrium.
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4. RATIONALISABLE STRATEGIC BEHAVIOUR

This section intends to give a complete answer to the second question posed

in section three : which psychologies correspond to I" being the map that associates to

each game the subset of actions given by the rationalisable actions. In other words :
we compute a set B(I') of behavioural assumptions behind the solution concept given

by I = rationalisable strategic behaviour. The ansmf. as Bernheim(1 984) and
Pearce(1984) argued, is simple. The psychologles thh will play rationalisable
actions are those for which rationality is common knowledge. Thus, this section
proves, in a formal setting, that their arguments hold. Furthermore, we are able to
prove an extension of their results for compact and metrlé spaces. In this case there
are subtie measurability problems, which can be dealt with in our framework. We will
come back to this point in exafnple 4.6.

Wae look at a slightly different formulation of rationalisable strategic behaviour
from that defined by Bernheim(1984) and Pearce(1984). The essential difference is
that we permit player i to believe that the other players may be corrslating their
strategies.' Therefore, it follows from Pearce(1984) that rationalisable actions are
obtained after successive elimination of strictly dominated strategies®. It should be
clear, however, that an additional assumption that players suppose it is common
knowledge that the others act independently, would result in a framework identical to

theirs.‘
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4.1 Definition Rationalisable actions : Let Ag;=A;, and for m21 define
Ami={aje A; | 3pe A(TlkgAm.1 k) - Suchthat a; e arg max Eu[u;(ai,a_;)] },
where Eu is the expsctations operator with respect to the probability . which

ranges over the variabies a_j € [Ix.Ax . and the maximisation problem has 5;

as variable. Then the raticnalisable actions of player i are the actions g;

inthe set Ny soAm; -

Next we restrict beliefs of each player to reflect the fact that Bayesian
rationality is common knowledge and derive a theorem stating that under this

restriction, a player would take only rationalisable actions.

42 Definition Bavesian Rationality Is C Knowled

K? : playeri knows everyone is rational e s; e Kyj =
={sje S | Vk#i:{(8ksk) € supp margpa.skl@i(si)] =
= ay € argmaxg,.e AxV(8k.Sk) } , where V was defined at the end 0f 3.2 ;

KM : player i knows everyone (knows everyone)™-1 is rational < s; € Kmj =



={8j€ Km.1j | Vkai :8¢ e supp margs,®;(si)] = sk € Km.1 k}:

Bayesian rationality is common knowledge for player i if and only if all

the statements K™ ere trua, that Is to say, s e Nm>1Kmi - One defines
Bayesian rationaliity ta be common knowledge, if it is common knowledge for all

players ie N.

Informally, (ay,8k) € supp marg Axxskl®i(sj)] means that player |
beligves that k can have psychology 8k , and that he/she will choose the action
a . Hence K implies that a, must be an action which maximises player k's

expected subjective utility when she/he has psychology sk . Thatis to say, player

i believes player k Is Bayesian rational. K2 is then a restriction on the second
iayer of belie's of piayer i requiring that he/she believes that other players
believe that everycne is rational. Obviously this intuitive interpretation carries
on to the highsr laysrs of beliefs.

Next, we show how the restrictions on each layer of beliefs affect the first

layer of beliefs - and therefore the choice of actions.
43 Theotem Vi, Vm: g€ Km = nkaeiAmk o supp marg ALD;(s)] -

4.4 Theorem If a player i is Bayesian rational and 8j € Km;, he takes an
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action aje Ap,q -

Let us interpret these results before proving them. Theorem 4.3
states that if playsr | knows evseryons (knows evaryane)’"'1 is rational, she/he
is able to conduct m rounds of elimination of non-best responses in the manner
of Bernheim-Pearce. In addition, if playeri is Bayesian rational, Theorem 4.4 states

that he/she will choose an action that resists m+1 rounds of elimination.
Proot ot 4.3 By induction. Let s;e Ky;. Then (ay,sy) € Supp marga.s(®;(s))]
= V(ay,sK) = maxp, V(. k) = ax € Aqi since the required p in the definition
of Aqi is margp [®,(sK)] . Since this is true for all k=i, then

a.j € supp margp [®;(sj)] = a e IlxxA1k . Hence

[kiA1K > supp margp [(@;(sj)] . Assume the inductive step for m :

Vi,Vm: sje Ky = IkeAmk 2 supp margp [®;(sj)] . We shall show it

is true for m+1. Let sje Km,q,i. Thenfor (ay,si) € supp margp,.sl®;(si)]

it follows from the definition of Kp,.1 i, that s e Ky . Thus, by the induction
hypothesis, Hp¢kAmp:supp marga [®(sk)] - Now s;e K, j implies

sje Kyj, by definition, so that V(ak,sk) = maxa,V(. ,si) . Hence,



8k € Amyq k Since marga (@, (si)] € A( IIp,,kAmp) is the required belief L

in the definition of Ap, 4 i . Since this holds for all ki , we have that

a.j € supp marga [(®i(s)] = a e IIxuAn +1 k »@ndthis concludes the proof.

Proot of 4.4 By the result above, Sj € Kmyj = IkaAmk > supp marga [®;(s;)] .

Hence margp [®i(s;)] € A(Ilkg4Amk ) - Since i is rational, he takes an

action & suchthat V(ays)) = maxaV(.,s). But V(. S;) Is simply
Eului(. )], where u= margp [®(s))] € A IT.Amk ) is the required

in the definition of Am, 4 ;. Therefore & e Amet,i-

The following proposition is an immediate consequence of 4.4.

4.5 Theorem s;e np51Km; and player i is rational =

=>1 chooses aje Mms1Am; -

Theorem 4.5 provides the formal derivation of rationalisable strategies
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from the assumption that Bayesian ratlbnamy is common knowledge.

We now proceed to derive the converses toTheorems 4.4 and 4.5.
Thaorem 4.12 below says that for any action in Ap,, 1 j , there Is a belief q for

playerl which rationalises tha action and furtharmore satisfies knowledge of

rationality up to level m , .e. 8j€ Kmj. Theorem 4.13 similarly establishes that

any rationalisable action can indeed be supported by beliefs which satisfy "rationality
is common knowledge®. As a result, if "rationality is common knowledge* is the only
restriction which a game theorist imposas on a solution concept, then that solution
concept must correspond to the noiion of rationalisable strategic behaviour.

The definition of a rationalisable action requires that thls action remains after
iterated elimination of nonbest responses. However, it may be that a belief which
supports an action (we say that a belief supports an action when this action is a best
response for this belief) in one iteration of the elimination procedure is "inconsistent”
with the balief which will support this estion in the next iteration. Theorems 4.12 and
4.13 prove that there is always a consistent way of supporting a rationalisable action,
that is to say, this rationalisable action is supported by an infinite hierarchy of beliefs
which satiéﬂes the minimum consistency requirement, and for which rationality is
common knowledge. The example bslow shows how to construct a consistent infinite
‘hierarchy of beliefs which supports a rationalisabls action, and also explains what is

the potential source of inconsistencies.

4.6 Examplg Considar the two-person game below. A ={aq, a3, ag, a4} is the action
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space of player 1, and B = {by, bo} is the action space of player 2. The payoft matrix is:

&4

a2

a3

a4

This game has the property that all actions of both players are rationalisable:

(i) Forplayer 1 : aq is rationalised by belief (0.5 by, 0.5 by); as is rationalised by

action bp; ag is rationalised by action by; and ag is rationalised by beliet

(0.25 by, 0.75 by).

by
3.1)
(-3.3)
(6,2)

(1,0)

bp

(2.3)
(4;'2)
(-30)

(3.4)

(if) For player 2 : b is rationalised by a4; and for the purposes of the example we will

consider two different ways of rationalising b4: it can be rationalised by action ag and

by belief (0.5 ay, 0.5 ay).

Every action has many ways of being rationalised, and this multiplicity is the potential

sourcs of inconsistencies. For the time being, let us consider fixed, for each action



Sh.

different from b4, the beliefs which rationalise them, as given by (i) and (ii). We will
censtruct two infinite hisrarchies of beliefs, which will satisfy the minimum consistency

requirement, that will support the action a4. These hierarchies of beliefs will
correspond to the two different ways of rationalising the action by givenin (i)). Let us
call the two infinite hierarchies of beliefs s = (s41, S21, 53¢, ... ) and

t4 = (t44.t21,t31, ...} . The infinite hierarchy s will support the action a4 and
rationalise b4 by the first belief given in (ii): the action a3. Analogously, t4 will

support action a4 and raiionalise b4 by the second belief given in (ii): the belief

(0.5 ap, 0.5 a4). The first order beliefs sq4 and t11 € A(Ap) =S¢ are the same:
S41 =t44 = (0.5 by, 0.5 bp). The second order beliefs will ditfer : in s,4 we rationalise

by by ag, andin ty4 we rationalise by by (0.5 a5, 0.5 a4). We have that s54 and
to1 € A(A3 x S4p) = Spq, where Sqp = A(A4), are given by:
(@) 821 = ( 0.5( {b4}x{d44} ) . 0.5( {bo}x{d,,}) ), where 84, @and 3,, are the probability

measures concentrated in a4 and ag , respectively; and

(b) toq = (0.5( {b1}x{ (0.5 82,0.5a4) } ), 0.5( {bo}x{B}) ).

These beliefs ars consistent with s44 and tqq: margAé[sz1] =(0.5bq,0.5bs) =544



and marga,lto4] = (0.5 by, 0.5 bp) = t14. To construct the third order beliefs we m;:st
have the second order beliefs of player 2 which will rationalise the beliefs O3 a4
and (0.5 ap, 0.5 a4). Those are sy5(1), 595(2) , too(1) and to5(2) € A(AqxSqq) =
=800 :

soo(1) = &( {ag}x{8y,} )i

$92(2) = 8( {a1}x{(0.5 b4, 0.5 bo)} );
too(1) = ( 0.5( {ag}x{8y,} ) , 0.5( {ag}x{(0.25 b4, 0.75 by)} ) ); and

t20(2) = 8( {a1}x{(0.5 b4, 0.5 bp)} ).

The third order belief of the hierarchies sy and ty are s3{ and t34 € A(Ag x Spo) =

= 831 , given by:
831 = (0.5({b1}x{ s22(1) } ), 0.5( {bo}x{ 522(2) } ) ); and
ta1 = (0.5( {b4}x{taa(1) } ), 0.5( {ba}x{122(2) } ) ).

it is immediate to verify that ‘¥5¢ ( 831) =Sp1 and ¥oq (131) = ta4, so that the third

order beliefs are consistent with the second order beliefs. The process above carries
nn to higher order of beliefs in a straightforward way: whéhever it is necessary to |

rationalise the choice of an action by one of the players, we use the beliefs given by {i)



and (ii), which are fixed throughout. Thus, assume we constructed in this inductive

manner the infinite hierarchies of beliefs s and t4 . Define the infinite hierarchy of
beliefs ry = (S44,821, 31, t41, ... ). This s an infinite hierarchy of beliefs which has

rationality as common knowledge, and aiso supports action a4. But it does not satisty

the minimum consistency requirement : W5 (r3¢) = ¥54 (31) =1tp1 #8324 =rpq. The

reason is clear: we are rationalising b4 in two different ways in the different layers of

beliefs.

The example above also shows a general procedurs for proving Theorem
4.13 in the case of finite action spaces. First find the set of ratibnalisable actions.
Every rationalisable action can ba rationalised by a belief whose support consists only
of rationalisable actions. For any rationalisable action fix a unique belief which
rationalises this action, and whose support consists only of rationalisable actions.
Then build up the orders of beliefs by rationalising each action always by the same
belief. The result of this process will be an infinite hierarchy of beliefs which is
consisteni and for which rationality is common knowledge. Such a procedure will not |
work in the case of infinite action spaces. This is because if for each action we fix a
belief that rationalises this action, then the set of beliefs necessary to rationalise all
actions may be a nonmeasurable set. This is a nontrivial subtlety, which the lemmata

below will solve: instead of fixing one belief for each action, we always consider the set
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of ali possible beliefs which rationalise that action. In general, the set ot all possible
bellefs which rationalise a compact set of actions is compact, and, therefore, Borel
measurable. Several technical results are required before we can establish Theorems
4.12 and 4.13. These may be of interest in themselves for future applications of these

kinds of structures.

4.7 Lemma Let A and B be compact metric spaces. Let f:AxB>R bea
continuous function. Consider the set:
BR(A)={ae A | there exists e A(B) with ae argmaxsea/f(&,b) du(b)}

where the integral is over the set B whose generic elementis b. [This set
's the set of actions in A which are best responses against some mixed

behaviouron B.] Then BR(A) is nonempty, compact and metric.

Proot BR(A) # @ because givenany e A(B) , ff(.,b)du(b) isa
continuous function on the compact set A. It is sufficient then to check that

BR(A) is closed since it is a subset of the compact and metric space A. Moreover,

it is enough to check sequentially. Let a, € BR(A) convergeto ac A.
Then there exists i, € A(B) suchthat a, is a best response to Hn- A(B) is

sequentially compact so there is a subsequence { Hnkheo Which tends to



a measure e A(B). Let us rename this subsequence Kpn. By daﬁnmon,'
vn: [f(a,, b)dp,(b) 2/#(& ., b) du(b) Vae A. Define 1, :B - R by

fn (b) =f(ap,b) and f:B—R oy {'(0)=iat). Tf.an th—=1{ Vbe B. Also,
fn Is dominated by the function g(b) = maxa,p f(.,.). Theréforo, by

Hildenbrand(1874) Chapter 1, D.1.42, we have [fndu, — [f'du. Thus,

taking the limits on both sides of the inquality above gives :

ft(a.b)du(b) 2 /1(8, b) du(b) Vée A. This implies a e BR(A).

481Lemma Let A,B and f be given as in lemma 4.7. Define the

correspondence v : BR(A) — A(B) to be the following:
Vae BR(A), v(a)={ve A(B) | ac argmaxse o /f(&,b)dv(b)}. Then

v Is upper semi-continuous.

Proot By Hildenbrand(1974) Chapter 1, B.ILTh.1, it is enough to check that

8n— 8, vae viay), v, v = vev(a). Butsince Vn € v(an), we have

asinlemma 4.7 : J' f(an , b) dvn(b)zl f(&, b)dv,(b) v e A. Therefore

58.



by arguments identical to those of lemma 4.7 we have v e v(a).

Let G be the graph of the correspandencs of the lemma above:

G={(a,v) e BRA)xA(B) | ve v(a)}.

49 Lamma For pp € A(A) such that supp e = C (where C is an arbitrary
closed subset of BR(A)) , thereis a pe A( A x A(B) ) such that :

(i) margalk] = ng s

(If) supp p Is contained inthe set Go={(a,v)e G | ae C}.

Proof Given D a closed set contalned in A( A x A(B) ) , define

W(D) = p( ProJo(DNG) ) . This is possible because given BR(A) is closed

in A, one canview G as a closed subsetof A xA(B). Hence u is well

defined. Then extend i to all the Borel subsets of A( A x A(B) ). Properties

(i) and (ii) are easily vsrifiable.

4.10 Proposition Vi, Vm: Ap; is compact and metric.

595



Prootf Straightforward repeated application of lemma 4.7.

411 Proposition Vi, ¥m: Ky is compact and metric.
Proof Itis sufficient to show that Ky, is closed since it is a subset of S,

which is compact and metric. We demonstrate the proposition by induction.

Fixi and consider m=1. Kyj={sje S; | Vka : (a,5,) € supp marg Axx Skl P;(s)]
= ay e argmaxgye AxV(8k,Sk) } - Again it is enough to check that s;, — Sj

and sjp € Kyj = s;e Kyj. Butas ®; is an homemorphism, ®;(s;p) = Qs .
This implies that margmsk[tbi(sin)]-amargAkxsk[tbi(si)]. Let

(ak.Sk) € supp marg .kl @i(si)] and let Be(ak,Sk) be an open ball of radius
e>0 arou.nd itin AgxSy . By weak convergence :

lim inf ., (Be(a.Sk)) 2 p{Bg(ay.sx)) > 0 where p = marg xSl ®i(sin)l and

H = marga,..sk[®i(s))] . Therefore, for n large enough, Hp(Belak,sk)) >0 =

= Hayn Skn) € SUPP My , With (ayn,Skn) = (aK.Sk) - But then, since s;, e Ky;,



8kn € ArgMaxs.« AxV{&k.Skn) - By the closedness of the maximality condition,
we have that, taking limits, ay € argmaxg,c A(V(8k.8y)- Thus sje Ky;.

Let us assume the induction hypothesis that Vi, Ym: Kp,; is closed. We shall

show that K, 1 ; Is closed. This is an argument very similar to the one
for m= 1 . The closedness of this restriction will come from the induction

hypothesis : Kk is closed for all k.

We are now in the position to state and prove :

4,12 Theorem Vi, Vm, Vaje Amp,q |, there exists sje Kpy such that

g € argmaxge AV (6;S;) -

Propt We shall proceed by induction. For m = 1, by the definition of Ay, it

a € Ay, there exists y(a)) € A(TTkxAqk ) such that

gy e argmaxge A V(& y(a)) [an abuse of notation : V(. , u;(g;) ) here simply means
the expected value with respect to the first order bellef p(a;) ].

Define Yqi: A1k = A(AxS.k) by Yiklay) =



{ne A(AxSk) | axe argmaxg, aAV(8k.1) } . Yqk is clearly non-empty

since by the definition of Aqy, for ay e Aqi, there exists |, (ay) such that

8y € argmaxg, AcV(8k, Wy(ak))- Thenany pe A(Ak xS ) whose marginal
on Ay is wlak), isin Yqx . Moreover, Yy is upper semi-continuous by

lemma 4.8. Define Ryy : Aqy — Sk by Ryk=[®, ] 10 Yqi . Since [@,]]

is continuous, R4y is upper semi-continuous. Let GR4 be the graph of Ryk -

Then by a construction identical to that used in lemma 4.9, there is

pe A{AyjxS) suchthat margpa [u] = k(@) and supplu] = I, GRyk . Now
let s = [@] 1(1) . By construction, a; e argmaxs, AV(&.S) . Furthermors,
(ak,Sk) € supp marga,sul®i(s)] = (ak.sk) € GRyx =

ay € argmaxg, A V(8k.SK) - Hence, s e Ky . Thus s;e K. Now we shall

assume that the induction hypothesis is true for every k and m-1 > 1.

We need to show it is true for m22. For g€ Ap,q; there exists
H(ay) € A(Tlk4Amk ) suchthat a;j e argmaxye AV(&; k(@) Define

Yk : Amk = A(TlpkAm-1,p X TlpaKm-2,p) bY Ymi(aw) =
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={ne AlIlpsAm-1,p % IpskKm-2,p) | 8k e argmaxgee aV(8x,1) } . In this

expression KOp = Sp forall p. This is non-empty since by the induction hypothesis
there exists sy € K.« . suchthat & e argmaxg,. A V(&;.5k) -
By Theorem 4.3 Hp¢kAm-1 ,p > Supp marga «[Pi(sK)] - Moreover, by the definition

of Km-1k Sp € supp margg,[®y(sy)] = sp € Km.p,p, S0 that s € Ym(ay)-

Furthermore, by lemma 4.8, Yy, is upper semi-continuous. Notice also that

e Ymylag) = [®J (1) € Km.qk by construction. Define

Rmk: Amk = Km-1.k bY Rmk=[®J 0 Yqi. Rmk is upper semi-continuous.
Again by a construction identical to lemma 4.9, there exists pe A(A;xS_j) such
that margp fu] = i1;(a;) and suppy] = [Nk GRmik » where GRp is the graph

of Rpk- Let s;={®] (). By construction, a;e argmaxgic aV(8;.5) -
Moreovef. (ak.Sk) € supp marga,,skl®is)] = (ak,sk) € GRpk =

=» Sk € Kpy.1 k- Hence, sje K.
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The final theorem of this section demonstrates that any rationalisable
strategic behaviour can be justified by beliefs which satisfy “rationality is common

knowledge” .

4.13 Theorem Let ;e Np51Ami- Then there exists s; e S; such that
Si € Nm>1Kmi and V(a;,s;) = maxg, o, V(&;.s).
Proof Since aje€ NpyiAmj, forall m,aje Ap,q . So, by Theorem 4.12,

there exists s;y, € Ky which rationalises a;. Observe that Si,m+p € Kmj for

all p20. Since Kp,; is compact and metric, we can find a convergent subsequence

ot the sequence { s; m, 5 }p Which converges to s; e Kpy; . Moreover, s;

rationalises &; and it is the limit of beliefs which satisfy successively higher orders
of rationality. Let us show that s; € Ky, +q,i forall g20. Fixq. Then for

P2Q, Sjm4p € Kmyq,i- Therefore the subsequence has another subsequence

which converges to a point in Km+q,i . However, since the original subsequence

was convergentto s; , it must mean that sje Kpy,q; forallq20. Thus



-, “atisties raticnality is common knowledge and rationalises aj.
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5. NASH EQUILIBRIUM BEHAVIOUR
5.1 Coordination and Nash Bshaviour

In this section we consider the foundations for Nash equilibrium. We begin by
exhibiting the resuit most theorists have in mind when they try to justify the use of
Nash's noncooperative solution concept. Then, using the framework of Section 3 one
we will describe the assumptions that underlie the Nash solution correspohdence.

We wili be cisaling with two alternative manners of interpreting the concept of
Nash equilibrium. Thz first, the classical view, is that the players should choose a
Nash action. The sscond, a subjective interpretation, is that every player can be
Bayesian rational and believe that everyone eise follow their Nash actions. Some
Nash equilibria are such that the Nash actions are not unique best responses against
the beliefs that the other players follow their Nash actions. Therefore, the subjective
interpretation does not imply the classical interpretation. This point is exemplified in
subsection 5.3. In subsections 5.1 and 5.2 we will focus on the classical interpretation
of Nash eduiiibrium. in subsections 5.3 and 5.4 we will focus on the subjective

interpretation.

For simplicity, in this subsection, we will look at a selection (call it T'y) from



the Nash solution correspondencs. This function associates to every n-tuple of payoft
functions, a pure strategy Nash equilibrium. Obviously for this purpose we are
looking at games where pure strategy Nash equilibria exist. We call a function

with these properties a Nash theory.

The usual justification for the Nash equilibrium concept is that no player has
any incentive to deviate from the action prescribed by the theory, if this player believes
the other players are going to fulfilf their réle. This is expressed in the classical quote
below, taken from Luce and Raiffa(1957, page 173) . |

"Nonetheless, we continue to have one very strong argument for equilibrium
points : it our non-cooperative theory is to lead to an n-tuple of strategy choices, and if it
is to have the property that knowledge of the theory does not lead one to make a
choice differen: from: that dictated by the theory, then the strategies isolated by the
theory must be aquilibrium pdnts".

As one can ses, this justification is a simple restatement of the definition of a
Nash equilibrium. In this subsection we give an alternative interpretation to Nash
equilibrium points. The Nash equilibria are the only n-tuples of actions which are
conslstenf with common knowledge of the actions taken, as well as of rationality. If one
takes a theory to be single-valued, then the Nash equilibria are the only n-tuples of

actions which are consistent with common knowledge of the theory and of rationality.



Fix agame ue U. The formalisation of the knowledge of a theory by the

players, is simply the fact that the actions this theory prédicts are the only actions

which are considered possible by the players. The notation is the same as in sections

three and four. in particular, if one wants to refer to "knowledge of a theory I, where

I"is contained in A = Ay x ... x Ay, we have :

5.1.1 Definltion Given I'contained in A, a theory, we say that playar | knows a thaory

[ when sje I'yj={sje §; | Projg,I" o supp margp J@(s))] }. Inother words: player

i knows a theory when he thinks other players are going to fufill their r6le in this theory.

2.1.2 Definition Atheory I' is common knowledge in the eves of player| If :

Sj € Nm>1T'mi » Where: T'y; Is given above, and

Vm22 : Ty = { i€l ;1 V kel : 8k e supp margs, [®;(s))] = s € Tppq i}

The foliowing theorem express this point in formal terms:

2.1.3Theorem Assume that I' = {(&, ....&,)} ., thatis to say, I' is a single-valued



theory. Suppose there exists i € N such that rationality and the theory I are common

knowledge in the ayes of playeri. Then I" is a Nash theory (that is to say: (&1, ...,&p) is

a Nash equllibrium of the game, Moreover, any Nash theory, I'y; , is compatible with

common knowledge of the theory and common knowledge of rationality.

Proof Since player i knows that player k is rational and player k knows the theory, it

iollows that & is a best response to &y , for all k#i. To check that &; Is a best

response to &, it is enough to carry the same argument above one more layer.

Observe that it was necessary to use only s; € Koj"I'g; . The second part of the

theorem is immediate.

The result above gives one set of behavioural assumptions which justifies the
Nash equilibrium concspt. This set of assumptions Is the main thrust of Nash
aquilibrium. Howsever, we feel that the theorem above also shows the weakness of the
concept. in fact, the Nash equilibrium is played when the actions which are going to be

taken are common knowledge, before they have bean taken. It shows the strong need
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for coordination in obtaining Nash bshaviour. This is the rble played by several of the
"stories” to justify Nash equilibrium behaviour : they are mere coordination
mechanisms. Famous examples of these stories are the "book of Nash” and the
"gentiemen’s ciub". The former is well known. The latter is simply a revised version of
the former : every player should belong to the same gentlemen's club, where the club's
statute telis them how to behave in a game-theoretic situation. As they are gentlemen
{and very possibly English), they all give their word of honour they will follow this
statute (Binmore(1984)).

The main purpose of the rest of this section is to give alternative sets of

hehavioural assumptions under which Nash equilibrium behaviour Is justified.
5.2 Common Knowledge that Players May Play Nash Equilibrium

if one restricts the class of games to be considered, the coordination
mechanism required to achieve a Nash equilibrium may be very reasonable.
Bernheim(1984, section 5) and Moulin(1984) give examples of classes of games for
which the sét of rationalisable strategies and Nash equilibrium strategies coincide. For
these restricted classes of games, common knowledge of rationality is enough to

ensure that a Nash equilibrium is played. An important game that belongs to this class
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is the Cournot duopoly with linear demand and constant marginal costs. However, this
class of games is very restricted. If one considers the oligopoly above with three firms,
instead of two, the result is not true anymore: there is a continuum of rationatiéable
actions, while only one Cournot-Nash equilibrium.

2.2.1 Example (Courmnot oligopoly with linear demand and constant marginal costs.)
Let there be n identical firms, each of themn with maximum capacity 10. Suppose
marginal costs are constant and equal to 1. The market inverse demand function

is given by P(Q) = max{10-Q,0} . The firms play with quantities in the fashfon of
Cournot. The strategy set of firmiis : A; =[0,10], with generic element q; . The payoffs
are given by the profit functions [lj(qq, ....an) = P( Xqk ).q; - ;. This game has a
unique Cournot-Nash solution : all firms produce the quantity g = 9/(n+1) . When n=2

the only rationalisable action for a firm is the Coumnot-Nash equilibrium g; = 3 = 9/3

(see Bernheim(1984) and Moulin(1984)). For n=3 the set of rationalisable actions for
gach firm is the interval [0, 9/2] , that is to say, any quantity between zero and the

monopoly level is rationalisable.

In this subsection we consider a weakening of the assumption that a Nash

thgory is common knowledge. We will assume that it is common knowledge that the
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players may play a Nash theory. At the same time, we maintain the assumption of
common knowledge of rationality. Therefore, the class of games for which these two
assumptions are a sufficient coordination mechanism to achieve Nash equlllbﬁum, is
potentially larger than the classes of games considered by Bernheim and Moulin. We

will show that this new class of games is indeed larger than theirs.

2.2.2 Definition Given I' containedin A = Ay x ... x A, , a theory, we say that player |

knows that other players may play the theory I' when: s; e I'Py; =

={sje S; | Proja I nsupp marga.[@(sp)] = @ }.

Nash theory.) Given agame u and (&4, ...8n) a Nash equilibdum (in pure

strategies) of this game, we say player i knows that other players may play i, if :
sie Nyj={sje §; | &€ supp marga_[®i(s;)]}. In the same way we say that it is

common knowledge in the eyes of player i that the Nash theory (&4, ...,8,) may be

played by other players, if ;e Ny 4N, where :



73.

Vm22 : N ={sje N1 i | Vksi : 5 e supp margg[®y(sp)] = sk = Nep.q i } -

The next proposition shows that ihie class of games for which the cornmon
knowledge of rationziiiy and the common knowledge that players may play the Nash
équiiibrium is a sufficient coordination mechanism to attain Nash behaviour, is strictly
larger than those classes of games provided by Bernheim and Moulin. We do this by
showing that, in the Cournot oligopoly axample seen above, when the number of firms
is three, the common knowledge of rationality, as weli as the common knowledge of
the fact that the players may play their Cournot-Nash actions, yields the Cournot-Nash
outcome ,

2.2.4 Proposition Let the game be as in example 5.2.1, with n=3. Assume that
rationality is common knowledge and that the possibility of playing the Cournot

equilibrium is also common knowledge. Then, the only possible action taken by a

rational firm is the Cournot-Nash equilibrium (which is Gj = 9/4).

Eroof The requirement above is that s; e (Pmz1Kmi) N (Pm1Nmi) (*) and that every
player is rational (the sets Nmi are generated according to definition 5.2.3, taking as

(&1, ....8p) the triple (9/4 , 9/4 , 9/4)). First point to notice Is that due to the symmetry of
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the game, it is enough to concentrate the analysis in one particular firm. We are going

to show that the only action which is compatible with rational behaviour and

condition (*) s 9/4 . Rearranging (*} : 8 & My (KmitNpy4q,i) - This allows us to

reinterpret the assumption of the theorem. For example, K1;nN5; means that not only

player | thinks k is rational, but also that any action k takes may be rationalised by
beliefs which contain the Cournot actions of the other players in the support.

One can easlly see that (%) is verifyed if and only if : (i) | thinks the others may play
(8/4, 9/4); and (ii; a!l ections i thinks k may take have to be rationalised by bsliefs which
comprshend the Ccurriot actions in the support, and using the symmetry of the game,
gvery action in this suppon has to be rationalised by beliefs which contain the Cournot

actions in the support, and so on. Let us study what happens in each mental

interaction described above. Let g; be an action which is a best response to a beliet

e A([0,10] x[0,10] ). The first thing to notice is that q; ¢ ]9/2, 1]. In fact, suppose

not. One can check that the action 9/2 will give a higher payoff. Let us go to the
second round (notice : we still did not use the fact that (9/4, 9/4) Is in the support of p).

Then [0,9/2]2 o supply] , from the analysis above. In this case the response function

can be computed and it is :
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g(w) = (1/2)-(9‘Ep(2k¢iQK»
Let ginf and qgyp be the infimum and the supremum of the of the support after the

infinite recursion. By the above formula, for every q e suppy] :
q<s(1/2).(9-2qipt) (A) ,and g2 (1/2).(9 '2qsup) (B).
But the belieis which support q must contain (9/4, 9/4) in the support. Thus inequality

(A) must be strict if .4 # 9/4 , and inequality (B) incase Adsup * 9/4 . Suppose one
of the strict inequalities above holds, let us say (A). One cantake q to be Asup in
{A) andq to be q;,s in (B), since the support is a closed set. Hence :

Usup <9/2-Qjng and  Ginf2 9/2 - gy . This is a contradiction. Thus gypg = Qsup =
= 9/4 , and the proposition follows.

QED.

The result above does not generalise. For the case of four firms we do not
obtain the Cournot-Nash equilibrium as the only possible outcome:
5.2.4 Example (Common knowledge of rationality and of the possibility of a Nash
theory being played not enough to obtain Nash equilibrium.) Consider the same game

as above, with n=4 . ir this case the Nash equilibrdum is (9/5, 9/5, 9/5, 9/5). We
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show, for example, that 0 can be an outcome in this game. This follows from the
observations in the proof of the proposition above, plus the fact that :
(iy O isthe best response to a belief which assigns probability 18/23 to
(10/3, 10/3, 10/3), and 5/23 to actions (9/5, 9/5, 9/5);
(i) 10/3 is the best response against a belief which assigns probability 46/81 to
(0,0,0) and 35/81 to (9/5, 9/5, 9/5);

From this example one sees the need to investigate further on the
foundations of Nash behaviour : the mere common knowledge of the possibility of a
Nash theory being played does not imply Nash behaviour, even in an example with a
unique Nash equilibrium (with or without mixtures) whose actions have the property of
being unique tast responses given the actions of the others. The next subsection will
present another set of behavioural assumptions which will yield Nash behaviour for
any two- person game. The assumptions and the main result are taken from

Armbruster and B6ge(1979).
5.3 The Knowledge of the Other Players and Nash Equilibrium

In this subsection we will focus on an alternative justification for the concept of
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Nash equilibrium. We use a subjective interpretation of mixed strategy Nash equilibria.
In this interpretation the belief of every player about other players coincides with the
mixed strategy part of the other piayers in the Nash equilibrium. It is important to note
that this does not imply that the players should play his/her part of the Nash

equilibrium. The example below, due to Myerson, illustrates the point. There are two
players, with action spaces given by Aq ={u,d} and Ao ={l, 1} . The payoff functiors

are given by:

] r

u (1, 1) (1, 1)
d (1,1) (0,0)

In this example the Nash equilibrium (u, I) could be the only possible belief in both
players' minds. Howsver, the two Bayesian rational players could actually play (d, r)
which is not a Nash equilibrium of this game. This problem arises because the Nash
actions are not unique best responses. For this reason the subjective interpretation of
Nash equilibrium is not as compelling as the classical interpretation. Nevertheless,

this subjective view sheds light in some properties of Nash equilibria, as we can see in
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this and the next subsections. To differentiate the subjective view from the classical

view, we will define the former as being a belief that the Nash equilibrium is played.
£.3.1 Definition Let (uq, ..., Hp) be a mixed strategy Nash equilibrium for the game u,
where y; € A(A;). We say that the n-tuple of psychologies (S1..... Sn) believes the Nash
oquilibum (Wq, w k) it forall i: marg {®(sj)] = ®Bpepi i =
=114®..9® “H@ Hi1® .. ® By

The main result of this subsection is due to Armbruster and Bdge(1979). It

says that for two players, if rationality is common knowledge, and if each piayer knows

the other playser, then they play a mixed strategy Nash equilibrium.

£.3.2 Definition Given an n-tuple (s4, ..., sp,) of psychologies, we say that player i

knows the other players if : supp margg {®;(s;)] = {s.}.

This definition simply says that player i thinks that the only possible

(n-1)-tuple of psycholcgies of other players is the actual one: s ; =
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= (84, .0 Sjq: Sjqr s Sp)-

The following thacrem is a characterisation of Nash equilibria in two-person
gamss. The first part of ifie thecrem below is in Armbruster and B&ge(1979).
2.3.3 Theorem Let u be a two-person game. Suppose rationality is common

knowledge, and that player 1 knows player 2 and player 2 knows player 1. Then they

belisve a mixed strategy Nash equilibrium of the game u. Conversely, if My, uo)isa

mixed strategy Nash equilibrium of u , there are psychologies (s4, sp) such that

rationality is common knowledge, and each player knows each other, with the property

that (sq, Sp) believes (i, u,) in the sense of definition 5.3.1.

Proof Consider the pair Kqy=margp,[®o(s5)] and Ho= marga,[®4(s1)] . We know
that Vaq e supp iy, 81 is a best response to Mo, since player 2 thinks player 1 is
rational, and margg,(®o(sp)] = {s1}. Similarly, Vao € supp Ko, 83 ls a best response
10 y. Thu§ (k4 ko) is a mixed strategy equilibrium of the game u . Conversely,

Suppose (p4, Ko) is a mixed strategy Nash equilibrium of the game u. One can
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cunstruct the Infinite hierarchies of beliefs (sq, sp) which will believe (i, o) by

rationalising In each round every point in the support of one of the mixed strtagies by
the mixed strategies of the oppcnent. These infinite hisrarchies of beliefs will

obviously satisfy the requirements of the theorem.

Unfortunately the result above is not true for games with more than two
players. Consider a situation with three players. Each player has beliefs over the
actions of the other players. Suppose these bsliefs satisfy the following condition: for
sach player i, the support of the beliefs on the actions of player k (ki) is contained in
the set of best responses of player k against player k's beliefs over actions of players
who are not k. If thers were only two players, the condition above would imply that the
two players believed a mixed strategy Nash equilibrium, according to definition 5.3.1.
With three players, the situation changes. It is not necessarily true that these players
have a common prior. Thus, even when all the three players know each other, it Is
possible that they do not believe a Nash equilibrium: this because they may hold
priors about the actions of others which are not consistent with a common prior. The
next example will illustrate this point in formal terms.

2.3.4 Example (Common Knowledge of Rationality and Knowledge of Each Other
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Does Not imply Nash Belisfs in Three-person Games.) There are three players. The
pure strategy sets are: A = {u, d}, Ao ={a, b} and A3z = {L, R}. The payoffs are given

by the two matrices below. The matrix on the left corresponds to player three playing L ;

the matrix on the right, R.



a b
u (3,20 (2,4,2)
| |
d (1,3,2 (3,2,-9)
-L

Define Hyj € A(Aj), forizj, andij= 1,23, by:
Hio=(1/2a, 1/2b), Hig=(1/2L, 1/2R);
Hoq =(1/3u, 2/3d), npg =(1/3L,2/3R);

Mgq = (2/3 U, 1/30), pg, = (2/3 8, 1/3b).

Then, we have:

A1 = set of best r6SpoNSes 10 iy @ yg=Vy ;

Ap = set of best responses 10 pyy @ g = vy ;

u

d

a

(4,-3, 1)

(o’ 1 i'3)

-n

b
(0,-1,0)

(5.0,6)

82..



Ag = set of best responses to g, ® lgy=vy.
We now construct three infinite hierarchies of beliefs (s1, 82, s3) such that for every | : |

marg A Al @;(sj)] = Wi ® . for j.k4, with j=k. These hierarchies of beliefs will be

such that rationality is common knowledge and for all i :

supp margijsk[wi(s;)] = {(s), s} for j=k, and jk« (this means that each player knows
the other two players). The construction is simuitaneous. The first order beliefs, 514,
S12, S13 are given by vy, vo, v5 , respectively. The higher order beliefs will be all
constructed in the same fashion as the second order beliefs. For example,

Soq1 € A(AoxA3xS1oxSq3) Is given by : s34 = 811® &{(s12. 813)} , where §{ .} is the
probability measure which puts mass 1 onthe set {.}. The hierarchies of beliefs thus

built are clearly consistent and satisfy the properties required above. However,

Hoq Mgy, Ko # H3o . Hig#Ho3. Therefore the triple (s4, sp, 83) does not believe

a mixed strategy Nash equilibrium.

This subsection presented a very intuitive set of behavioural assumptions
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under which Nash equilibrium is played in a two-person game. This same set of
assumptions is nat sutficient to generate Nash belief in a three-person game (and,
therefore, n-player, n>2). The next subsection will provide sufficient conditions for
Nash equilibium which are a generalisation of the conditions of Theorem 5.3.3 and of
Theorem 5.1.3 for two-person games. Also, a set of sufficient conditions for Nash
behaviour is provided for n-person strictly concave games which generallseTheorem

5.1.3 when applied to strictly concave games.
5.4 The Exchangeability Hypothesis and Nash Equilibrium

in this subsection we generalise Theorem 5.3.3 and Theorem 5.1.3 (in the
case of two-person games or strictly concave games). There is an assumption about
psychologies which Is crucial for these generalisations. This Is the exchangeability

hypothesis. Formally, we have:

5.4.1 Definition The Exchangeability Hypothesis. We say that the exchangeability

condition holds for player | if 5;e Eqj={8se€ S; | Vk#i: supp margp,..g.®;(sj] =

= CyxDy forsome Cy containedin Ay and Dy In Si}. We say itls common



“knowledge in the eyes of agent i when s; € Ny,51Em;j , where :

vm22 . Epi={sje Em-1,i | Vkai: s, e supp margsk[tbi(si)] = sk e Em.q ,k} .

In words : the exchangeability hypothesis means that if an action by player k,

ay, is considered possible by player i, then he also considers it possible when player

k is of any of the types sy he believes player k can be. This is certainly a very strong

hypothesis, but it is weaker than requiring that the beliefs of playeri about actions of
other players and types (or psychologies) of other players are independently
distributed.

The first result that we provide generalises Theorem 5.3.3 and Theorem 5.1.3
for the case of only two players. An additional assumption about beliefs is needed.
This assumption says that each player considers possible that the infinite hierarchy of
beliefs of the other player is what it really is. That is to say, the players are not totally

wrong about each other:

5.4.2 Definition An n-tuple of players' psychologies (s4, ....Sp) is said to satisfy diract

consistency when for all i, it happens that s_; e supp margg, [®;(s;)] .



86.

With these two hypotheses we have, then:

4.3 Theorem Let u be a two-person game. Suppose (s{, sp) are such that :

() sje KyjnEq;, fori=1,2;and (ii) (s4, s5) are directly consistent. Then (s1, s2)

believes a Nash equilibrium. Conversely, any Nash equilibrium can be believed by

psychologies which obey (i) and (ii).

Proof Let ap e supp marga,[®4(sq)]. By sq e K11nEq4, ag is a best response
against any belief in supp margg,[®,4(s4)]. In particular, by direct consistency, as is a
best response to belief sp. Sothat aj, is best response to marga,[®4(s1)]. inthe
Same way, a{e supp margpa,[®,(sp)] implies a4 is a best response to marga,[®o(s)]-
Thus, (4, Ho) given by (margA1[<D2(52)], marga,[®4(s1)]) is a Nash equilibrium.

Hence, (s, so) plays the mixed strategy Nash equilibrium (u,, Ho). The converse

follows from the converse of Theorem 5.3.3.

We can also generalise Theorem 5.1.3 when applied for strictly concave
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games. This involves the exchangeability hypothesis, as well as a plausible
assumption: the assumption that each player thinks that the other players may think

that a Nash equilibrium is being played.
24.4 Theorem Let s;e Ky;~Ep;. Suppose u isagame where (&4, ...,8p) is a Nash
equilibrium such that every action aj is the unique best response against i]- (in

particular any strictly concave game will do) . Assume that s; is an elemaent of the set
{sje Sj | Vkai:there exists Sk € supp margg,[®;(s;)] . such that

margA_k[d)k(sk)] = S{é_k} . Then, if player i is rational, he will choose &; , the Nash

action. Notice that uniqueness of Nash equilibiria is not required. Conversely, any
Nash equilibrium with the properties above may be played by hierarchies of beliefs

with the properties above.
Proot Since there exists sy € supp margg,[®;(s;)] , such that margp «Pk(sK)] = S{é-k}’
and since &, is unique best response to 4 i . then supp marg Al Di(s)] = { & } by

Kyjand Epj . But player i is rational,and again, &; is unique best response to a,so

that player i chooses &; . The convaerse of the theorem is a direct consequence of the
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converse of Theorem 5.1.3.

it is interesting to notice that there are several instances where Nash

equilibria are believed (in the sense of definition 5.3.1) in which the exchangeability

hypothesis is necessary. To see that, suppose (sq, ...,S) are psychologies of an
n-person game u. Assume that (i, ....n,;) is a mixed strategy Nash equilibrium of
the game u, andthat (sq, ...,Sp) believes (1, ---Hp) in the sense of definition 5.3.1,
that is to say: for alli margp_[®;(sj)] = ®j - Two hypotheses will imply the
necessity of exchangeability. The first hypothesis assumes that every t, e supp

margg,[®j(sj)] is such that t thinks the Nash equilibrium (u4, ..., is believed. This

hypothesis requires very little justification : it is very unlike Nash equilibrium to suppose
it is being played without supposing other people think so also. To contradict it would
be the same as saying that the players got to the Nash point by mere coincidence,

which sounds extremely odd. The other assumption is iess intuitive. It is a principle of

a priori ignorance. Given that a belief ty is considered pqssible by playeri, any ag
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which is a best responss to tx must be considered possible of being played by t; , in

the eyes of playeri. Notice that we do not require player i to consider all best

responses equally likely. We only need player i to consider that all actions which are
best responses for tk are possible of being played by tk. We conclude this section by

stating the "necessity" of the exchangeability hypothesis:

2.4.5 Thegrem Suppose (s1, -..,Sp) is such that they believe the mixed strategy Nash

equilibrium (M, -..Htp). Assume that the players think that other players think this Nash

equilibrium is believed. Finally, suppose that the ignorance principle holds, that is to

say: Vi, Vk#i : ty e supp margg,[®;(s;)], and if ay is a best response to marga [, (t)]

then (ay i) € supp margaxsl®;(sj)] . Then: Vi:s; e Ey;.

Proof Immediate.

5.5 Corrslated Equilibrium - A Resulit by Aumann
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Aumann(1985) studies the concept of correlated equilibrium in the same way
we analyse rationalisable strategic behaviour. It is possible to provide quite thorough
foundations for correlated equilibrium behaviour. In order to do this, the framework of
section three has to be modified to include player i's actions in his/her own beliefs.
Thisis necessary because correlated equilibrium assumes cooperative-like behaviour :
although player i is a selfish maximiser, she/he knows that everyone correlates
decisions. One can prove theorems for correlated equilibrium which are exact
analogues of Theorems 4.5 and 4.13. For this one has to add the hypothesis that there
is a common prior on the actions of everyone, and this prior is common knowledge.

The result proved in Aumann(1985) is the following analogue to Theorem 4.5:
"if rationality as well as a common prior is common knowledge, then the players play a
correlated equilibrium". In the same way as we proved a converse of Theorem 4.5
(that is to say, Theorem 4.13), we can prove a theorem which is the converse of
Aumann’s: "any correlated equilibrium can be played by players for whom rationality is
common knowledge and a common prior is common knowledge”. These two theorams
give a set of behavioural assumptions under which correlated equilibria are justified.

Every Nash equilibrium is a correlated equilibrium where the common prior is
independent across players. Thus, using the results above, one can give an

alternative foundation for Nash equilibria. It is enough to assume that rationality as



well as an independent common prior are common knowledge. [n other words, in
" addition to assuming that a common prior is common knowledge, one must also

assumae that it is common knowledge that the agents act independsntly.
5.6 Conclusion

This essay dealt with the foundations of noncooperative solution concepts in
simultaneous games. It is emphasised that the knowledge and common knowledge of
certain characteristics of the players plays a central rle in the choice of the solution
concept. Supposs that there are n players. One says that a statement is common
knowledge if everyone knows it, averyone knows everyone knows i, ..., everyone
knows (everyonse knows)™™1 it, and so on, for all m. Two ways of formalising the notio-
of common knowledge have been considered. One is given by Aumann{1976), and
the other one is based on the idea of an infinite hierarchy of beliefs (Armbruster and
Bbge(1979), Bége and Eisele(1979), Mertens and Zamir(1985)). Aumann defines the
notion of an event being common knowledge; however, the definition requires that we
understand what it means for the structure of the uncertainty in a game to be common'
knowledge. In other words, a serious shortcoming of Aumann's formalisation is that it

is seif-referential. In section two we began by observing that the second definition of
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common knowledge overcomes this difficulty; that is, the second definition of common
knowledge is not self-referential. When one assumes that the structure of uncertainty -
is common knowledge in the sense of that definition, an event is common knowledgg
in the sanse of Aumann if and only if it is common knowledge in the sense of the
second definition. Thus, Aumann's definition can be embedded in the more general
framework.

Section three began with a discussion of games and solution concepts.
Bernheim(1984) and Pearce(1984) show that common knowledge of rationality is not
enough to justify Nash behaviour. They introduced a noncooperative solution concept
which is dprlved from the hypothesis that Bayesian rationality i8 common knowledge.
They call their solution concept rationalisable strategic behaviour. The point | wish to
emphasise is that Bernheim and Pearce derived their solution concept for games from
assumptions about the behaviour of the players. One can quite generally approach
the analysls of solution concepts in the same manner. Which are the implicit
behavioural assumptions behind a given solution concept? From a Bayesian point of
view, the decision of each player in a game is determined by this player's beliefs about.
the actions of other players. But, if, in their turn, other players' beliefs about other
players' actions affect their actions, then it must be that the beliefs one player has

about the beliefs of other players aiso affect the decision of this player in the game. If
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we carry this argument further, we see that the action taken by a player is determined
by his infinite hierarchy of beliefs about actions of other players, beliefs about beliefs
about other players' actions, and so on. The space of these infinite hierarchies of
beliefs is the appropriate space for the study of behavioural assumptions about the
players. Section three deals with this matter in detail, and poses formally the
relationship between solution concepts and behavioural assumptions implicit in them.

As an illustration of this formalism, section four, taken from Tan and
Werlang(1984), discussed the solution concept given by rationalisable strategic
behaviour?. The main behavioural assumption to be considered is that of common
knowledge of Bayesian rationality. Bernheim(1984) and Pearce(1984) argus that
common knowledge of Bayesian rationality implies the choice of a rationalisable
acticn. They also argue the converse: any rationalisable action can be chosen by
players for whom Bayesian rationality is common knowledge. Although the proof of
this new result corresponds directly to the intuition when the action spaces of the
ptayers is finite, some subtle measurability issues arise for infinite action spaces.

The fifth section dealt with Nash equiiibrium behaviour. It started by formally
stating a justification for Nash behaviour which is closely related to the classical one.
Not only rationality should be taken as common knowledge, but also the actions to be

chosen. This allows one to see how strongly coordinated the players have to be.



When one relaxes this hypothesis sligthly, everything breaks down. Another
behavioural assumption is studied: that each player "knows" the other players. When
the game has two players, Ambruster and B8ge(1979) proved that this yields Nash
equilibrium beliefs. We give an example that this is not enough for Nash equilibrium
beliefs in the case of three (and consequently more than two) players. Then, we
provide theorems that generalise the results which justify Nash behaviour. Finally, we
point out how our analysis can be modified so that we can derive foundations for
another equilibrium concept : correlated aquilibrium. This is a result obtained by
Aumann(1985).

I hope that the method proposed in the thesis proves useful in dsciding

among the several noncoopsrative squilibrium concepts suggested in the literature.
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FOOTNOTES

1. The relation with the recent resuits of Brandenburger and Dekel(1985b) is

discussad in subsection 2.5.

2. We use a slightly modified version of Bernheim and Pearce's definition of

rationalisable action. See section four, second paragraph.

3. The approach } am going to take here does not require the existence of a prior P on
the spacs Q ( or of different priors P1, ....PM for each of the agents ). One could require
the existence of such priors. In this case definitions 2.4.1 and 2.4.2 would be different.

See footnote number 6.

4. There are differences between the words bslieve and know. For example, it
is possibie to beligve true something which is false, but it is not possible to know
something which Is false. For this see Hintikka(1962) and Fagin, Halpern and
Vardi(1984). These ditferences are, however irrelevant in our case : we assume

agent i behaves according to things he believes truse, being it or not false. Thus



36,

knowledge and beiiei ara the same concept in these probabilistic models.

5. This definition was formally stated in Tan and Werlang(1985a,1985b). It was
given in Armbruster and Bbge(1979), Bbge and Eisele(1979) and Mertens
and Zamir(1985). in a recent paper, Brandenburger and Dekel(1985b), a definition of

common knowledge of an event is provided which is equivalent to definition 2.3.3.

6. If priors P1, ...,PN are included in the specification of the model, the main theorem

remains valid, as long as Q is finite and Pi({m}) >0 foralliand w. In this case, the
definitions 2.4.1 and 2.4.2 have to be changed to include these priors. There are two
ways of defining the common knowledge of the information partitions together with the
priors. One takes an ex-post view of the occurrance of the state of the world. The other
an ex-ante view. They are :

(i) The ex-post definitions :

a. In 2.4.1, Py; should be read as
P1i=1{sjeS;| Vkai : (0,5) € suppmargg,s,[®;(s))] =

= VX e I, margq®,(si)l(X) = PK(X | TIk (@) } .
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b.In2.4.2, w occured in the eyes of agent i when

VX e £, marggldy(s)l(X) = Pi( X | IT; )(w).
(i) The ex-ante definitions

a. In this case, instead of the Py; in definition 2.4.1, one should have
P1i={sjeS;| Vk#i : 5 € supp margg,(®;(sj)] =

= VX e X, margol®y (si1(X) = J PK( X | Ty )(w') d margglay(si)i(e)} .

b. Definition 2.4.2 would be the same as (i)b.

The intuition behind the first definition is clear. The intuition behind the second

definition is also simple. It says that agent i is aware that [y is the information

sub-o-aigebra of agent k , but since the real state of the world is unknown to agent i,
the best he can do is impute to agent k the weighted average of the conditional
probabilities - the weights coming from I's prior on the state of nature. When Qis

infinite, several additional assumptions are needed on the topology of Q, and on the

sub-o-algebras. A method following closely that of Brandenburger and Dekel(1985a),

or Nielsen(1984) is necessary.



7. Binmore in two delightful recent papers, Binmore(1 984,1985), discusses issues

which are very related to the ones in here. See also Reny(1985) and Basu(1985).

8. It there are only two players, the requirement that one player may believe the others
are correlating is irrelevant. However, in the case of n>3 players, if corrslation of the
strategies of the other players is not allowed, it is not the case that a strategy which is
never a best response is a strictly dominated strategy. The example which follows

(taken from Pearce(1982)) proves that this is so: there are three players, the first of
whom has pure strategies a4, as and ag . Players two and three each play H or T.

Only the payoffs to player one matter here. They are the payoffs shown below:

HH HT TH TT
a4 6 6 6 6
aa 10 10 10 ©
ag 0 10 10 10

In this game, if players two and three cannot correlate their choices, thers is no beliet

over two's and three's strategies for which aq is a best response. However, one can



easily see that a4 is not a dominated action.

9y.
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