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The mosl widely used updating rule for non-addilive prob:1bililics is lhe Dcmpsler-Sdlafcr rlllc. 

Schmcidler .. md Gilboa have devclopcd a model of dccisioll making lIndcr lInccl1~illly !lased on 

non-additi"c probabilities, and in their papcr "Updating AmbiguolIs Belicfs" they justify lhe 

Dempstcr-Sch:1fer rule bascd on a maximum likclihood proccdure. This note sho,,"s in Ihe"Colltcxt 

of SdllllciJlcr-Gilboa prcfcrences under uncertainty, Ihat the Dcmpster-Schafer rule is in general 
. . 

not cx-ante optimal. This contrasts wilh Brown's resull that Bayes' rule is ex-ante optimal for 

standard Savage prcfcrcnces with additi"e probabilities. 

1 INTRODUCTION 

Thc st~lI1daro represcntation in Econollli~'s of rational bcha"ior undcr 1I1leertainty is Sa\'age's 

model. Sa\'age's axicmalic derivation does not addres~. lhe problem of how to updatc belicf~: 

ncycrtbc1ess Ill:\ny considerations poillt to lIsing Bayes' filie in his model. Brown( 197(» sllowcJ 

thal Ihycs' nlk is optilllal in lhe Sl'llSC that il maximizl's cx-ante cxpcclcd utiTily. 

Sduncid1cr anti Gilboa in a scrics of papers (Sc1UlH.'idler( 1<)~2,I<)S9), Gilhoa( 19S7>. 

Giiboa ano Schmeidler( 1989)) prc~.cnt a theory whid1 is an altcmativc to Sa\'agc's thcory ()f ~h()il'c 

undcr tH1l'crtainly. In thcir lhcory of choiee the indi\'iduals maximilc lhe cxpCl'led lItilily wil!l 

rcspcd to a non-addilivc probability, in the spirit of the bclil'f fUllctioll literatmc (Sdlafcr( 1<)7(>),1. 

An applicatioll of this t!teory lo portCuliu :,clcclion may hc fOlllld in Do\v alld Wcrlang( l<){).::!). 

1 



Again. lhe original axiomalic devclopmcnt of the model did nol adJress the queslion of 

updating. The Oempster-Schafer rule (DS for short) secnis the nalural candidate for lhe updaling 

role. although the sitllalion is nol as dear cut as in lhe case of Savage's model (see Wasscrman and 

Kadane(1990». Gilboa anJ SdlmciJler( 19(2) gi ve a justificalion of OS baseJ on a maximulll 

likclihood proccdurc. In this conlcxt it makcs scnsc to ask whethcr DS is ex-anIl' oplirnaL In this 

nole wc give :ln examplc which shows Ihat lhis is nol lhe casco 

2 EX-ANTE OPTIMALITY OI" BA YES' RULE 

Brown's result lhal Bayes' rule ~s ex-ante optimal may be expressed in formal terms as 

follows. leI Q bc the seI of possib1e stalcs of lhe world. assumed finite for simplicily. and leI P bc 

lhe subjeclive probabilily distribution dcfined on Q. Assume n = {AI. A'2 •...• An} is a partition 

of Q, with P(Ai) > O for ali i= 1 •...• n. An lIpdaling rule is a function Q: 2º X rI -- 10.11. with 

lhe propcrly lhat given A E fI. Q( .• A) is a probability distribulion with Q(A, A) = I. We wrile 

Q(w, A) for Q( {w}. A) if w E Q. The interpretalalion of Q(E, AI) is lhe probability of o<.'currencc 

of lhe evenl E, given Ihal lhe ccll Aj of lhe partition fI has occurred. 1I should be c1ear lhal. in the 

,vay we defincd Q, it also dcpends on lhe partition. Bayes' rule of updating is Q(E. A) = H(E. A) 

= p(EnA)/p(A) for any event A with I'(A) > O. which is independenl of the parlition. An act is a 
\ 

fllnction from the sei of statcs º into lhe seI of olltcomcs O. LeI u: 0-- 9t bc lhe utility funelion. 

Thc ex-anle ulility of an aet a is ~(I)Eº P(w)u(a(w». Given lhat the seI Ai in lhe parlilion 

occurred, and lhe updating rule is Q. lhe ex·po~;t ulility is ~(IjEAi Q«I). Aj)ll(n(,)). Observe lhal il 

is irrclcvant whl'lhcr OI" nol the sum is ovrr AI or o\'er n, h"I.·ause, by dcfillilion. Q«I). Ai):;: 11 ir (I) 

does nol belol1g to Ai, Hence il makcs sense to define lhe ex-ante ulility of an ad u given the 

updaling rule is Q: U(u, Q) = Ii=I ..... n P(Aj)IIUJEAi Q«\), Aj)u(a(w»]. Assume lhal information 

is revcaled prior to lhe choice of the act. Given thal the set Ai E rI occurred, and lhal lhe updaling 

rulc Q is used. the individual chooses an aet ai (Q) whieh maximizes the ex-post expected utility 

i.e. ~(I)EAi Q(w, Ai)u(al(Q)(w») 2: ~(I)EAi Q(w, Aj)u(u(w». for ali acts a (since it makes no 

differencc whethcr or not aels are dcfined only 011 Ai, we assume they are dcfined only on AI rOí 

case of notation). The follO\ving result is easily proved (Brown( 1976»: 

Thcorcm LCt a(Q) = (al(Q). a2(Q), ... , un(Q» be lhe acl deflncd as lhe combination of ali ex­

post oplimal aets. given lhe upJating rule Q. Then for any partition n, it follows Ihat Bayes' rule 
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(defined by n above) is lhe llpd3ting mie which yiclds lhe maximum ex-ante expccleu lllilily. that 

is to say, U(a(ll).I3) ~ U(a(Q),Q) for any llpdating rule Q. 

3 AN EXAMI'LE 

Thc following example shows lhat this property does nol hold for the Dempsler-Schafer 

rule applied to the Schmeidlcr-Gilboa model. 

Examplc Let Q = {I,2,3}, and n = {{ l,2},{3}}. Let also lhe set of outeomes be m, and u(x.) 

= x for ali xE m. Assume lhe non-addili.vc probability distribution P (whieh is also a belief 

function) is given by PI = 0.1, P2 = O, P3 = 0.05, Pl3 = 0.3, P23 = 0.65, Pl2 = 0.3 (Pij = 
P( {iJ}». Consiucr the act a given by a(l) = -2, a(2) = 3, a(3) = 1 and the act ~ given by 

~(I) = ~(2) = O, p(3) = I. By making use of the DS updating rule, we have Epl a I {I,2} 1= 
22/ 19 and Epl a I {3} J = 1. Clcarly, Epl ~ I {I,2} I = O and Epl p I {3} 1= 1. Thus, given 

lhe occllrrence of any l'clI of the partition and lhe use of DS rule. aet a is always weakly prefcrrcd 

lo aet ~. In fact, in lhe set {1.2} it is striclly preferred. Thcrcfore, if we assume that lhe sei of 

available aels is {a,r~}, it turns out that ais the combination of oplimal ex-post choices given OS 

updating rule. Howevcr, ex-anle we have lhal Ela} = -0.05 < 0.05 = Elpl, which mcans lhal act . 
~ is striclly prcfcrred ex-ante to act a. Observe that the conditioning rule Q uniquely dcfined by 

lhe conditions: Q(I ,{ 1,2}) = Q(2,{l ,2}) = 1/2 and Q(3,{3}) = I, gives act ~ as the eombinalion 

of ex-post oPlimal acts (in lhe set {a,p}). Hellcc, the updating rule Q yiclds higher ex-ante 

payoffs than DS rulc. This shows thal DS lIpdating rule is not ex-ante optimal in general. The 

phenomcnon of prefercncc reversal wilh lhe partial revc\alion of infommlion was noticcd before in 

Dow, Madrigal and Wcrlang( 1989), in an example similar to the one prcscnlcd above. 
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