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STOCHAST IC REG RE SSORS AND VAR DISTURBANCE S 1

1 Introd uctibn

I andy and | artirsFiho [1 994 and 1 997] prodde sut-dat aanditias for ssympitotic equinalence of
Hasibke greralized Esst souares (L S) instrumental variablkes (V) and gaeralized ksstsquares ¢ L S)
IV estimatars - T here the 1oas Wes an the structure of the enar covariance matrix, and due to the gararality

ofthe madel kittle attertian wes gven o insrumatt desion -

H erewe Note thata minor risstatemant of aureardier aanditias is sut-datt forssymptotic equinalence of
R LS IV ad6 LS IV vwhen theinstrumants are gqotimal - T his doservatian is newin thatthe aoditias are
aggeral, gopling to many famillar cowariance structurss, and the estimatars are gotimal in the cess of IV

estimatars uder arsideratian.-

W e then goply the aditias o staticary dyramic systans with staticaery VA R enas - T he sut=dent
aditias allow us 1o epad the dess ofF IV estimatars under aasidaratiaon by idattifing new mament
aditias thataebke use of (rarstomed) lbgosd endaganas variabkes a5 1V s, despite the presaxae of VA R
enas in the dynamic systeam - T his rases the praspect of both asymptotic and small ssmpe e-dancy gairs
rchlive O te |V sstimatars that have bean aosidared to date- For a particular data generation procsss
O 6 P) we shovtatastictimproemaitin esymptotic exdaxy is dotained by using aurrnew IV s, ard
epaimantal resuls rthe D6 P suggsst that smalllssampe exday is improed as well. T he resuls
d@rfran earfier erature, nolebly D hrymes ad T aykr[1 976 JandH atardla[l 976] in that the etdency
prgpearties do notdgpoad an sped ¢ distributiaal assumptias but irsteed are atiained in a diess of IV

estimators -

Section 2 disassss sit-dattaaditas TorF LS IV estimatars to be qotimal IV estimators o sane
gvan setof IV s. Sectian 3 reviens estimation of enar VA R () nuisance parametars that accommaodates
cgreralstodestic regesas .- Sectian 4 examines dynamicmaodek and propasss |V s thatsatisfy the sut-dant
aditias fram Sectiaon 2, therdby prapasingnewaptimal IV estimatars TordyrnemicmadebwithVA R enars .-
Sectian 5 presaits sanell ate Carlo anparisas of the new erdaitlV estimatars with eech otherad

withH ataraa’s [ 976 Imethocs -
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2. Suffciant ( ond £ brs for Asymprotc Equwale nce
of 6 LSIV ad K LSIV usihgl rmal Instrure nts

Casidarthe Inear regressian madel
y=x+u; E@=0; EQO” -@x O

HaeyisaT £1 stodwestic dosenebke vedtor, Xis aT £K stodestic dosenebke matnix, isaK £!1
nastodsstic unknonn parametervectartobe estimated, u isaT £1 stodhestic undoserebke enorvector,
adyuisan£! naostodestic vector of unknonn nuisanee paraneters.- W hen the aadiiaal meanE U0
isnavao |V estimation is required. W hite [1 984, CheapterV 11 ]esteblishaed the asymptotic equinalence of
6LSIVadF LS IV forsanestandard forms of - ).l andy andil artinsFho(1 994 and 199 7]prgoosed
geral aditas an - Q) thatare sut-datt orthis ssymptotic ecuivalaae, gven by
¢11)-@" hssatmostl < 1 distinctnazeroeblmants oreary T, daoted gy (D orw=1;:::;0 .
Thatis, hareaeT? jW elbmaits that are dther zaro ar duplicates of ather nazero ebments in
- " .Foreachw, gy (Danags unifomlyssT | 1 toareabhaled fundian g, () an an qoen
s=tS amaning the true ale of L, atwhidh g, is aattinuaus -
¢ L 2) T he numberofnazero elmeants in eech colmn @d o) of - @) is unifomly baaded byN < 1
aT! 1.

Carepading®al £R ® _ K)matiixD of1V s are the gptimal instruments
z@~ - @' DO @' D) D @

which are tlsed O om the 6 L S IV estimator @) ~ @R z(¥Y: Stendard asymptotic behavior of
* @and assymptoticeqLivalbence oftte K L S 1V estimator” (D) @orsane arsistentestimatoriDwith ™ @)
require that the IV s D possess same basic praperties- Hram ¢ 1), Et Ry be the index setofelameants in
rowvi of- (D! thatareegaltog,, Trw=1;:::;W _Inthis notatian, the IV s D are assumed 1o satisfy:
€ 21) #=D2 @#' u!” N €;Q pu)rsane symmetric R £RImMaixQ pu -
@22 Q-Inl 1iD2 @ D =Q pp,a nite nasingularmatix.

¢ 23> pim 1 D2 @i x=0Q px,a nite matrix of il cobmn rank.
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¢ 24) Eadh IV Din Gan be eoressed a8 Di = , 2 ih, Wete |, is avedorof >xed  nite dimersian thattis
0 pODadastattaacss i, ad” in hes uniformly baunded fourth maments and fourth acss manents
V\Hh)gqfri;j=1;2;:::;h=1;:::;I%;a’dqzl;:::;K-
Py P 1=2
€25) o jow. PDinli =0p0 "~ dYorh=1;::;Radw=1;::1:W
Underd Dad ¢ 2)tareisaF L S IV estimatorthatis gotimalwithin the dess of IV estimatars that

are besed an D, proided we have avd Bbke a aasistait estimator of the nuisance parameters -
L emmal -4 ssume ¢ 1)and ¢ 2). 11 1° plt‘ein(“@)i*@))!p 0:

T he proofis an exdtasion ofll andy and il artirsFiho [1994 ad 1997]ad is ad Bbke an reguest fron
te authas. Cadition ¢ 1) goplies OVA R enas ad cartain Torms of heteraoadsstic (ndluding randam

aetda) ad panel emars, but does not goply 1o moing aerace enas -

3. VAR Errors

I anvwe spedalize the madel 1o asystem of T dosenatias anG eguatias withVA R () enars! ¥ =
XB + U;whaeY isaT £6 matrix oferdogenass vaiabks, X isaT £K matrix of (passibly stodestic)
regessars, B isaK £G matrix afunknonn parameters thatincoparates any exdusian riesstricias, and U
isaT £6 matrix ofVA R () enas.| etting the it rovand column of an asbitrary matrix!l  bell jcand

I &, respectively, we assume thatz

d 31)R isaG £G matrix of nuisance parameters with absolute eiganvales s then ae,
¢ 32)VE> 1D ( ;8)arsane synmetric” nite pasitive de NieG £G nuisane matrix §,
@ 33)Vighes nite absolte Tourth maments, and
G 3 4)ﬂ'ereeds's abaud Bls'f-h thatE Q( tih;iX 1jx e ih;iX (;j) - Bla’dE Q( tih;iX e ih;iUt‘U (;‘) - Bl;
reayte =1;2;:::;h=0;152;50 =1 Ksad ™ =156
T he autocovariance Tnctian of U «is denoted i (D=E 0 &, D Trh=0;8 ;8;::: 4 ssumptian € 3)
implies U s both strictly statiaary and coariance statiaary ¢ ndessan [197 ]} pp-372-37B)-H encekaxrth

1k isurecesary to cordl er higher ort er error VAR sdaine a VAR (p) processcanalbaysb e w rittenasa VAR (1) process
Arlersn[1971],p-177-
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vweepressstteenarVAR asU =¢ UR+¢ ¢ ¥ + (B §¢ ¢ O for

3

2
0
1 0
¢ = 1 - :
1

0

IN this madel, the nuisance vector 1 of the previas section aosists afvecR  and the unigque elbemeants
of 8.6 venthatE ¢ K )&, asstatestimation ofu riequirss aT £K irsttunettmatyixC (assibly
di®yaitfran D)whidh we assume sais &

¢ 41)1reeiganabe30f}—c‘9( pcssess aunifam lonerbaund in prdoshi ity, and
¢42)CY =0,0').

Estimation of the nuisance parametass is straigtiovard fram ¢ 3)and ¢ 4)-

1PT i
Lemma2 A ssume @ Dad ¢ D, ad ECiD=1 . Vopdsvheeld =@ iX CX ) COy:
Then 3@ " i@X Inpatiabr, R R =0, *Dad §1° § weeR = () i()ad § =
TIOiRAO.-

T he standard proof fian, Tor eanplke, Fuller [1 976 Jmust be mad ed anly slidtly 1O acconmaodate the
navzero aditiaal meen. D eta kb are adEbke on reousstfirom the authars | oe tatR aconvergess fester
then q,()-T his fectis usad in the desigh ofnew 1V s inSectian 4 -

Far deddng assumptias ¢ 1) ad ¢ 2)itis aneniait o stak the system by dosservatian, therdoy
eressing the madel in the notation of Sectian 2 with depandent vectory = vecY ©, regressar mattrix
X=X — &k ,paaneenedor =\wacB ©, ad enmorvectoru = vecU ©. In this notatian the Vi R ()inerse
enmormaianeis - @i =P (& — 8"y ,vhareP isteVi R () tasfomation matrix gven by

3

=@ it ¢tD-AIi€ —RD €t - kX

o
Il
OOOCOOOD) N

o
e
o

1

e

o

E L]

1

1

1

o

HereA is a baertiiangulbar matrix such that AE ¢ Y A C=8_FAan P ad thede niicn oft we ean
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derive an eplidtepressian for- Q) thatis usslul foranfing ¢ 1 )ad ¢ 2):
-@" =P -8"y

=[(k j¢¢ODO—ABIAF [t ¢ O—8" ][t —8 Rt —RE'F [t %3—R 8ilR 9]

A®BilA + R GIIRO iR 81! 0 o 0
i8HRO 8il + RIRO R 8i! - :
= 0 - - T 0 : Q)
: iS¥RC 8" +R8¥RO jREV
0 T 0 j8iRO gil

4. IVs for Estimatbn of D ynant Simultare ous Equat bnM ade Iswikh VAR Errors

T head BEbility of 1V s is aatextdgpendatand an anly be inestigated under same assumptian an the
sauree ofthe narzero anditiaal mean - P erhgps the mostdnvias aotextis asimultaneaus eqpetion maokel-
Theuwsual2SL S ad 3SL S IV s can be eqected o satisfy ¢ 2) undertiediticnal assumptias when thereis
anly antempaaneaus enoraonelatian, an dosernvation thatanly adds to treditical results Torsimulianeas
eguatian madek by induding them as spedal casss afwnellbehaved stodesstic riegessars -W - hen enrars satisfy
@ 3)three prdblams emace. First, ¢ 1) mustbe deded- A s noted inll andy and ll artirsFho[19947]
ingpectian ofF @) veri es ttat ¢ 1) is indeed satis ed by VA R enas- Seaaod, we must derve IV s that
satisfy/ ¢ 2)- Thewsual 2SL S ad 3SL S IV s siteee if there are no begged endoganas \aricbks? butif
Y =X B + U isadynamicsimultenseas eguation macel then, as is welHknoan fiam W allis[1 967 and 19727
the bgped endagenas variabkes a6 |V s interactwith the VA R enas to make tradiiaal 2SL S and 3SL S
incsEisETt. W e danastate hare te utiiity of stating the sst-datt caaditias grerally, in the fam of
d D ad ¢ 2) by using these aaditias © devekp new IV s that overaome this prdolkem . Thenew IV s
are derived fram legped endogenaus variabless and thereby provice aheretolore unoticed Way ofusing same
informatian from the lbbgoged endagenas variablkess Toraqptimal IV estimation of8 T hird, wemustdarnellV s
thatsatisfy ¢ 4)- Folloning\W! allis [1 967 and 1972 this is wsually steightiornard providad the structural
maodel aatars exagenas \ariabkes -

LetingX =[S Y, Y; Ok VY ;qJadBO=[£° B BP dx B JJwehaeadynamicsimultane-

P
as eguatian madel witten in nomalized structural fom Y =S £+ Lq:OYiLBL + U ; where subsaipts an

2T hisgatem ert may appear at od d sw ith the "ri irgby T urkirgton[1998] that w hernR isurkarow Na ¢ Berert V st mug
be u=d to perbrm 3SLS thanw henR  iskrow L Turkirgonenourtersthisd i cuky becaue his V <t isd erivel fom the
grutural®Bm afer it hasheentrarsbrmed to posessw hite rvis errors.W hat w e are ca lirgthe 3SLS Nshereinare d erivel
fom the origiralgrutual®rm -
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theendagenas matrixY indicate g, S is aT £KPmatrix ohvariables notdetermined endoganacsly by the
systeEm underarsiceration (butperhgps stodestic), ad £ adB | are KCEG adG £6 unknoan param-
etermatriass, respectively, thatinaoparate namalization and el sion rstridias (oK = K& @+ 1 )5)-
W e assume thraughaut that all G equatios ae idati ed by thee edlson rsstiidias, the stodestic
Process S ¢is dvarianae statiaery With S windgpedentofV ; ¢t - ¢, the autoregressive procsss inY S
Oaiance staticary, and that ¢ 3)hdls-Sine ¢ 1)issatis edby VA R emas andS @d bos thereoh)

c&n be usd Tor @ 4), the anral issle is deriving 1V s thatsatisfy @ 2)-

41 A ssumptian ¢ 2).

U sually the IV s in a simultaneas ecpation model teke the form H — & forsame ¢ £ K) matrix H,
where R ~ KG . Fareanpk, H =[S Y; &k Y ,q]yieks the tsual 35L S IVs. T his alagwith Q)
allons s o state ¢ 2) mae simply Tor the presatt model in tarms of H rather ten D - To dotain the
smpl cation note st fion Q) that there are e distinctnazero G £G blods in- ), ad that the
upper Eft blodk gopears anly ane ad therefae is of no aaseguenae in ¢ 2)- Ilgxaing this blod, we aan
Uostittie D = H — k, X=X — k, @Qfr- @, adP u=Pvedl °= eV %in ¢ 2) O rewite the
assumptian s

¢ 2194 Cerall imitT hearem (L T )gpplies O P iH0—§i1 i HO, —R §i1¢\.ecv o
¢ 22)Q!q%H‘H isa nitenosinguiarmatrixr gl = §l10;31 -

¢ 23)95@%H% is a nite matrix ofFfull coumn renké orlessl = 13031 -

@ 2 47 Each eanaitofH can be expressad in the gped ed form -

C259HY, =0,0"DTrbxsl =0l -

A ssumptias @ 21 %Y ¢ 24 hod forthe usual 3SL S IV s in dynamic madek satisKing the assumptias
ofthe presantsection - T he prdolem with indluding s ofY inthelV setis thattheyvidate ¢ 2 5%)-Sothe
aatral prdolen indesigingnew !V sbessed an b ofY is ndingattarsformatian Torthe s thatdsstio s
e assymptotic caonelation betinean them and U |, theraby introduding additicnal arthagoality anditias
tatan beepldtEdinlV estimation.-

3W henthe mod elisa sim ukareousequationmod el(A2 3) mugt he redatel to re®ect the il ertifirgex Lsbnregritiors
usiry a regessr matrix ob taired fom the gerert Hm X — Ig by d roppirg the krow Nzerosin™ ari the correspon irg
cobmrsofX —Ig - Thenthe prod ut IN(A2 3°) isoFElcobLmnrark sine we have asamel the modelisierti el by
ext Leonresrrtiors.
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4 2 Trarstormirngl agoed BEndogenaus V axriables -

_ P
Casiderttesst© ofallT £7 matrics thetan bewitienasa nitesun it %, where r; are real
rumbers, §; are nonegative intecars, and ¢ ~ . T his setis a commutative ring whose additian and
muliplication goeratias are standard matrix additian and multipicatian and whose multiplicative identity

is } _StaddiingtheenarVA R (by equatian) yieks

[(® —8Di RO—¢ Dbec) = —¢ ¢ DV + (B —(k §¢ ¢ YPacl; (€))

adA " (B —B)jRP—t¢)DisaG £6 matixoer©. i thach A anverts vaedl into white nase,
@ 2 5% requires that eech aoblmn of U be asympitotically uncarelaied with the IV s. So the prdolem of
astuctinglV s fran b ofY can be stated a5 aprdolbem of nding a tarsfamatian | oer© sud tat
iU is ssymptotically uncorelated with Y ;. - T his is acoomplished by soMing @) oer © Tar U ¢, wWhidh
inolves the determinantofA oer© and thereforeindudes ¢ for™ =0 ;:::;G - T odotain zevo coneltian,
wemustersure that the time index an the b of Y are priar o the timeindexan Vg Thus orilvs 19 5,
werequirel > G .

Tossstisfamally Et &k = k — }F daoie the G £6G idaitity maliix o.er© ad, in ader to aad
axising matix mulipicatian betnwean matricss over © wth adinary matrix mulipicatian, uise 1©
denote matrix multipicatian betineen matricss oer © and ¢to denote multiplicatiaon betineen a scalrin
© (e, aT £T matrixX) ad a matrix oer ©. W e artinue o denote adinary matrix mulipication
by the absane of an gparatar. Sine © is ammutative, the adinary ks Tor matrix ilersian goply
O matricss oer © Gee Baubaki [1989711 X8 7). In partiaubr, @A )L = A A; whae de2)
ad A~ are the deteminent and adjdnt of A oer ©, repectively. Itis stragitfavnard o aify that
B~ C =BC forany afamebkematticssB adC oer®©, ad abo that @etA )¢k = k — (C=tA),
0 k — @A) = A™A: 0 dinary matrix prenulipicatian of @) by A = and then substitution of the kst
eqality yiels (& —@etA acy =AT(k — ¢ Decy + (& —& it ¢ YPeecl TIntems oftreindividuel
almrs ofU thatgppearin @ 25°), thisis

@GR Ye=[Ki = Keil(k —t¢ ey + B - it ¢ Y]

p3
= Kt ¢ VYg+r (& §¢¢ Yglori=1;:::56; (D)

i=l
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where Kj; is the ;1) cobector of A oer©._ Equatian @) eressss U ¢ in terms of anly the white nase V
E@optiortepresaxceof (R ¢ ¢ %Y ¢, whidh anlyinvobhes the istdosenatian U ; - Since the accetdant
CetA) rarstams U ¢ intovwhite ndse, an estimate of this matrix LeingR™ provdes a ttarsformation to be
wad an s of Y that results in no asymptotic coneltion betnean tre IV sand U ¢.- T his is eactly whatkis
recuired by ¢ 259)-

Ths the propasalis o indude 1Y ;. inH orbgsl > G, where 1 is @&tA)with R replbdingR -
T hese IV s aan be calubated by noting teteedh T £T7 elemattof (B — k) § R°—¢ )in©is eéther of
tefom F Rt aroftefom jR-< , sofian the de nitian of the deteminantwe may exress the
trarsfrmation matrixas 1 = det((& — k) i R°O—¢ ))=P9=0 G ¥t ;whee F is thesum ofall ™t

aderprindpal minas ofRF°@Gd 1 ~ | farnotatiaal aanveniae)-H ence thernewlV s are

* X . * .
:0{ iL = GLFC (5Y iL = (il)FY‘iL: ()]

=) =)

TheselVssatisf/ @ 29Tl > G .
Theorem_ A ssume ¢ ad ¢ 4).ThenH=1%, satises ¢ 29fxrl > G .
P roof. Intheh ppendix.

T hethearam shons thattitis passible toinaurnossymptoticasttonotknoningtheVA R enarparameters
wvhi ke sti ll ising same infomatian fian the bogpsd endogenaus \ariabkes, therdoy exqoanding the cless of IV s
usd in estimatian and potattially improving both ssymptotic and smalksampke exdaxy. | oe tat the
F LS IV estimators axsidered in this section are passibly ssymptotically et+-datt reltive o the estimatars
inD hriymes and Taykx[1 9746 Jard atanaka [l 976 ] since the etdency praperties of theirestimatars rely an
mare stringat distributical asssumptias then those made herdain.

| oie rally tat, WiEP §; aP QY ; — B)haeintitive gopeal s IV s since P up, is white ndise,
teselV sdonatinfactsatisf/ ¢ 2 5%)-Far ¢ 2 5 %), D mustambady a trarsformattion of lbgped endagenas
\ariabks that results in zerossymptotic conrelationwith eech individual iobmn ofU | T heP trarsformatian

doss notmeet this requirementsince P anly trarsfoms the entire vector up, = vedl £ intowhite ndise.
5.Monte ( arlol omp@r BOrs

T his section presats asetofil atie Carbo eparimants thataompare gotimal K L S IV estimatars besed
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an \arias sets of IV s with eech other and with H atarala’s [1 976 Jestimatars in a dynamic simulieneaus
equatian model with VAR () emas. The D6 P is Ercan's [1991 | thoeguatian madel with the enar

stucture madi ed be Vi R (), as inH exdry adH amisan [1974 L H ence
Yo =£11Sa + YeBo, + Yeu4B1,, + Un
Yo =£25v+ £35S+ £25u+ YuBo, + Ue
Vee=Utsi @ + Vi

whereV is generated ss thebivariate midxed nomalV 8= | @&+ € i, Ja? H are, | ¢is binamialwithE ( D=
-5, N
Sl ¥ €5, 6 & adh indpendentand¥= B 2
2 716
Follbaing Ericsson and H endry and H artisaon S is ganerated by St = Sit;1 &P+ E g Where E Q. >
N D ;3), ad the DOlloning parameter\allss are >&d Tor all epaimatts: © = diagh 8;0 :7;0 4;0 29,
£y, =£5, =£4 =£; =1,8, =03, ad
2025 0237 0 0 3
0237 025 0 0
a— -
_9 0 0 049 0 g
0 0 0 049

W eabouseErncssonsvalbessTarB ,, 2 Fjl 5350 l3/g,B 1,, 2F§j0 450 230 :7g,a*d'3|" 2120 ;40 ;80g-T hevalbes
- - -

dhosen For the enor VA R parameters aie R 2 2 2,; 2 gb; g 254,151@1’:0119 Likey ad
Sdmide[1 93] ad §; 2 1 25;1 ;4g, Hen fion H edryadH anison 1974 Foreech\ale of § ; , ¥,
is set so that the coneltion betneanVy ad Ve is0 5, a8 in EGsm, and Vs dsiged sothat &y, =1
far all exparimants, abo as in Ericsan 2

T hus, thae are 54 expaimatts Tareadh sampksize T , and Tareach expaimattwne use Ercssms sped -
caticnofN =80;000=T rplcatias-l oethatE is indgendaitof . ¢, a., ad iy ;all ofthe\ primitives’ " of
the madel have manats ofall adars; ad S g Y v ad U are staticnary VA R proosssss foralll parameter
set5;50 ¢ 3)is cearly satis ed.-
51 Psaudorandaom i umber( ereratiaon.

6 enerating multivexiate nomal psaudorandam vactors with a ganeral covariance matrix involves several
abpitms. A I univariate namal rendam rumber ganeratars utilize a uniffom grerator and a transfor-

matian of the simulated unifom randam rumbers 1o praduce simulated stendard nomal rendom rnumbears -

4 Norma ity ofV/ ¢ isavoil el ® that the ( ata gereratirgprocessisrot fvorab B by d esgnto Hataralka™sll LE esimators.
SIrterpretatiorsofthes parameter valesare givenby t rc sonari ¢ uikeyar Shmit.
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I ulivariate namal grneratars add an additiaal step by trarsfaming the simulatied univariate nomal
randam rumbeass into simulated multhariate namal rendan vectors that passsss the sped ed coariance
matrix_-H ence, three algxitms are ilvolved, and prdoleams can arise atany step in the process.

I oticeeblke improanats in methadology Tor all three of these steps have gopearad in the statistical
anputing teature. U niatunately, these achanas have not all made thar vay into the ecoxametric
terature. W e incapaated these achanass by using Fushimi' s [1 990 | generalized TBacbadk shift regster
reaunence fomula 1o produce unifam psaudorandam rumbers thatt perfam welll in a series of tests Tor
randomness, incduding a tesstsuggssted by Il arseglia [l 985 Fushimi s algoritm wes implemanted with a
seedvalbe of1589 by thelll SL V210 routineDRN UN _T his seed valle wes used suaaessiullly by Fushimi in
testing the algorittim -

U nivariate standard namak were dotained Lsing the algoittm prgpased by Kinderman and R amage
[1976]es impbmatted by the il SL V20 rautineDRI N 0A _T his algoitm hes bean shoan o perfom
betierthen the traditiaal ae basad an B axand il uller[1 9587 at kestwhen used with reditianal mixed
angruential unifom ganeratoss -

T he methad we Lsaed 1O trarsfom the univariatie stendard nomal pseudarandam numbers into multi-
\ariate namal psaudoandam vectors with a particularcoariance structure Wss the triangular ectorization
method Cholesky3) as impkematied by thelll SL V210 rautineDRI N VI _T o dotain the Cholesky fector=
ization ofthe covariancs matriass, trelll SL V21 rautineD CH R Cis usad W esuggssttatfuturell ate
Carb epaimantars aasider using sone of these improvanants in methodology where gppropriate -

Falloning Ervicsson, separate E - \ectors were gaerated for eedh doseratian of eech ieplicatian in eedch
epaimant( e, theS ectors are trulyexgnas)-H onever; 1o reduce intereparimattwariabi ity @ endry
1984 ; D aidsan ad Il aKinnaon 1993, pp- 738-743) oy exauxch &, iy, ad .+ ware gnarated Tor ae
epaimait ad then these ware rased aacs epaimats (o vaiatias in §; , the same uderling
unifom deviatss ware rasaed 1o produe g ad i with the sped ed coaiancs)- T he | + ware producd
fiam pseudorandam unifom rumbess by setting | « = 1 ifthe unifom \ariate is kss then 5 and ¢ =0

otherwnise.

52D aat eeration ad Estimators .
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W ith the simubated V- d E w\ectars in place, (6 A U SS \3 2 13 wes uead to ganerate dosenatias and
alubte estimatars - Follloaing Ericssan, the aboe Vi R B in U wad S« and the structural madel, were
wed bgreaaie T + 3) dosenatias fian inftial values U ¢ Sy ¢ ad Yy ¢setat the unconditiaal mears
ofzaro. T hen the  1st3) dosenatias ware discardad in an eRort to dotain statiaanity- T his proaess usss
Turtmes as many inftialvabes ofV (e WhenT =20 thenwhenT =80 ,sineeN varies fram 435000 ©1 ;000 -
FateT =40 adT =80 epaiments we skipped thraugh the datebank o maintain algmentoftheV o
\alles, agpin redud ng intereperimattvaricbi ity
Farestimation purpasss itis mare aanveniettostadk the system by equation ratherthan by doseratian,
adwe dosohenefath.- T he 1ststep in estimatian is o spedfy instunatts C orgaraatingR ad 8.
W etdbnil allis[1967 and1972]inwsingS ad s thereofas IV sinthe 1ststep -T hese IV s satisfy ¢ 4)
as bbgasS istrulyeagpasbaause @ 23)implies @ 41), ¢ 25%)implies € 4 2), ad ¢ 2°)is standad
forexgegasS and bgs thareof? T his kecs o gotimal 1sestep irsttumatsC =i @ @ I Qi —X )
thatigae tenaosphatialenas, ran e Vsl = &k —[S S, i S; Jwhearel is lxgeaauch
o idettify the model- SineeS aloeidaiti es aurll aleCarfoD ¢ P, the istnire esimators we aasider
el = B —S & rststiep IV s o dotan irsttunats C o the structural matrix (nduding exclsian

resstrictias) Yo Yaiz : These IVs satisfy ¢ 4) because S is indgpendat of U «:in e D6 P

Ye
desaibed above_T he residuak fiom this IV estimation were used b alulieR P, 8, ad § -Since adding
mare IV s can aly improe ssympitotic e+day,” the ssaod nire estimators we aaosider are the same a8
te stniresstimatos inthesscodstep butwsell = B —[S S5 Jinthe ststep - T his pamits s 1O
study the smalklsample etRacts of sstimating theenarVA R parametars fian an ssymptotically mare predse
estimate of B -

T he ninetean estimatars calubted Toreech replication are summarized in the tBbk belon. In the seaaod
stp, estimatas 1 -6 ad 1045 ae K L S IV estimatars with all eclsion restricias imposed- T harlv s

are Isted in the tebke and all satisty/ ¢ 2 9)by the T hearam baecauese, as disaussaed abowe, the undering S -

ad V -procsssss satisfy @ 3) ad the 1skstep |V s satisfy ¢ 4)- Estimatas 79 ad 1648 ae the thiee

SAsw ith (A2 3%, (A4 1) mugt be redatel to re®ect the exc Lisbnregtritiorsina simukareousequationmod el

“Asmptotk ex ciennymayhe ermanied by ir Li irgmore Nstharare reel el 6r il erti catiory akhough the snallsmp b
corequeniesofthispractie are rot weBurdergood [Bowdenar Turkirgonl984,p-3B; Davil @nard || acK irmon1993,p -
222 ;Wes art W iklox1996].
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sstimators pragpased by H atanaka. Finally, togetasase of the smallsample bss assadated with estimating
R ad8weaubied the( L S IV estimator that uses the truealess of R ad 8§, and e samne IV s a6

sstimatars 6 and 15 @Eopttat the truevale of § is usaed) since this is asymptatically the mastetdat

setoflV swe asider.

Estimatx Stepl IVs @ ) Step2 Vs HD
1 B -S S
2 S [S 1Y¥aqss]
3 B -—S [S Saqisd
4 8-S [S Sar: TYVqas]
5 B —S [S Sy 1
6 !—S [S Si1 :0{qi3;1]
7 B-S H atanaskamethad |
8 B-S H atanakamethad 2
9 B-S H atanaskamethad 3
10 B—[S Su1 S
11 B[S Sl [S TYaGs21
12 B[S Sul [S Sqiald
13 B—[S Sul [S Sqiz 1¥aqss1
14 B[S S;1 [S S4u1
15 B[S Sul [S Sa 1Yass]
16 B—[S S,;]1 Hatarakamethadl
17 B[S S;1 1 Haadamethad?
18 B[S S;1 1 Haadamethads3
19 TreR ad§ [S St :O{Qi3;l]

53 Reults.

Sincethee are IV estimatars with noqamal envars, small ssmplke manatts may notedst. H ence we
amnpare tham anly by eamining tha rassymptotic coariancss and tharempirical distribution £nctias.-

Tuming st o the asymptotic mariancs, bger sets of IV s can be expected 1 yied a tiue variane
reductian in aurD6 P since all s are theaetically relevant. T o date, no gotimal set of IV s hes bean
derived Taramadel with both bgpsd endagenas variebkes and VA R enmars, and as noted in Sectian 4 under
these aoditias e 3SL S 1V s do noteven yied a Essibke estimator that is asymptotically equinalnit to
its inkesible aunterpart. H ence 1o the madel arsidaraed here we must directly calubte the asymptotic
oarianas and then ampare them -

T hare are 54 d®rant parameter sats aasidered in aureparimatts and six d®syent sets of seaadstep

IVs_T he ssymptotic owariance torlVs D is

n B R R . # il

{ -
E —FQilp E
T
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orayT ,whee

F = S¢ Ye Yauu B
S¢ S¢ Sqt Yd:

is the igessor matrix E — X with colmrs digoped 1 i ect edusian resstricias.- T he asympitotic
owaianeis alubted fion theautoowaiane indian ofthe[Y S Jprasess viened as ae6-dmasiaal
VA R (), andd®ars Treach parameterand |V set, sothere are far ttomany aamparisas topresattin deta -
W e calulated and studied all 54 £6 \versias, butindicate here anly sane braed trands -

T hare are late GAIrs in asymptolic etdency when the IV setis extandad beyad S, inespective of

whetherthe additical IV s axeS g1 4 ,S 51, 1Y ¢34 - T hese gairs can reduce the varianass by as mudh as

saveral thasand pacantforsameelmatis ofB and sane parametersets - Fareamplke, whenR = g g ,
§, =4,B,, =03,adB,,, = jl 4 theasymptotic\aiance off'; |, improwes fiam 165 4 ©75 when the

IV sstepands fran S O[S S ;1 1T hegrirs are grarally lrgsston the coe+dants of the endagenaus ad
lbopd endogaacs variablkess, andvwhenthetruenalle ol || is j0 4, buttheyarywidely aatss parameters .-
| etherS g 4 NarS ;; dominates 1Y ¢35 Torallparametersets and allebmats of8 |, nonicevarsaA dding
bgod \vabLes of S , even JUSES g1 4 , is better then adding 19 ;31 alone Tormany paraneter sets but there
are parameter sets Torvwhidh adding 19 ¢34 Viels smallenarianass forallebmatts of 8 then addings ;; -
Il oeoer, when[S S ;; Jis extended fTurther oinduce 1Y ;35 there sonetimes remain brge additiaal
etdacy gars, with \arianass deaessing by several hundired parcatin a ew ceses but usually improving
by Ess then 5 paraant. Farthe eariment mentianed ebowe, adding 1Y 34 Ote IV setfurther reducss
1reatsyrnplclic\etiar\cecfEf\11 fiun 75 ©1 8. T his vari es that the qptimality oftte[S S ;; IV set
shoan by T urkington [1 998 Jdoss not cary-over to dyrnamic structural maodek, and danastratss that aur
new manatt aditias indssd antribute 1o ssymptotic exdaxy- A can, the cgairs are wsLally lrgstan
the coetdats ofthe exdogaass and bogped endogenaus verieblkess adwhen B, = 0 4 W e abostudied
adding further s of' S , U 1OS ;3 , and Tound Turtherbut kss dramaticetdency gairs - Firally, weveri ed
that the sl 3SL S IV s are de nitely not asymptotically gotimal for this madel (@ur epressian far the
asymptotic mariance in tis cee is any valild when R and 8 are knonn), but do yield smallerariancss
ten[S S, 194s:s Jorsane paanetersets.-

Tuming nowvto thell atte Carbo results, due 1o the size of the study we Toas atiatian an the perfar=
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mance of the estimatars for the endogaass and bggd exdogaass aoe+das B, and B, - W ebaegn
by idatifing sane graral tedades - First, an ming the assympitotic prgperties ofthe estimatars under
study, as T inaessss from 20 140 ad 1© 80 we dosene kss digparse and better aartered estimaties Tor
all parametricpad ctias.-T he eRacts ofinaessad sample size are strang enaugh 1o make the estimatars
inaessingly simi e in performance and thus the distinctians that can be made are mudh mare pranaunced
wenT =20 .Secod, the lager 1sestep IV set, B —[S S ;1 ] improves both disparsion and canrality
ofall sstimators aacss all paanetric sped Gatias, but the improamantis madsstand is mast noticeeble
o anall sampk sizes_- T his improed perfamance is kss aaute ad at times barely paeragptibEe for the
estimatian methack prapcsed by atarndka- T hird, inaeesss in §;  produce mudh mare disperse and worse
aterad estimates Tarall parametricsped  catias and all estimators, and the naaarality becomes sevare

§; =4 _.Faurth, tespad cation ofR  doss notmatarially aRect estimator perfomance.

A mag the estimatars prgpcsed by H atarndka, methads | and 3 are superia-tomethad 2 oerallin these
epaimats. il ethad 2 shons amarked tendanoy 1o produce \vary disparse estimates - In estimatingB ¢, ,
methad | oersstimates sigitly mare often then methad 3 when the tiiealeisB,, = §05- W hen
By, =033 methad 3 is mud bettercattered then methad ! whi ke theirdispersias are aampareble-H ence,

these eqpaimants sugoesst thatH atanalka’ methad 3 is preierable to his atherthvo methocs -

A magteR LS IV esimators 1 -6, estimator6 displays the tightestdispersion in estimating both B ¢,
adB ;,, , sugesting that inasssing the rumberoflV s, induding the new 1V s derived here, brings bere
aen in small ssmpks - IMterestingly, estimators 2 and 3, which uese the same rumberof 1V s and d@ranly
inthe use ofa transtomed Ibegped endogeas IV ratherthan a lbgped exagenacs 1V, haave aimcstidentical
dispersias aacss eaimats_ T his is mi by d@yatiom the ssymptotics, which shoned madestly smaller
\arianaess orestimator2 for most, but not all, parameter sets- T he margnal geirs fian addingmae IV s
deaesse with the rumberoflV s used - T hus, estimatars 2 and 3 aresignl cantly ss disperse then estimator

1 butestimatar6 is anly slightly ks disperse than estimator's -
T he eRectan aaral terdancy ofusingmare 1V s is mudh Iss de nitve.Sincealltte R L S IV estimatars
are ssymptotically p?-namal antered at the e \allg, this is aasistatwith theary- A Il Essibke esti-

mators tad o oersstimate both B, andB ;,, , ad there is nather cearimprosamat nar ceteriaratian
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within any parameter setas the number of IV s inaressss -

Fora >ed\ale ofB ,, , dspasian ad crral tedagy of te R L S IV estimatars ofF B, are not
sasitive O the \valle of B ; |, , but dispersian is wsually slichtly smaller when B, = 0 3. In catasst,
recall that the ssympitotic variancss are improed mare substatially by adding IV swhenB ;,, = j0 4,0
assymptotically the disparsian of att ksstsane of the estimatoss is indesd sasitve o theale of B |, -

INntersstingly, there is arsiderabke improemeantin bath the disparsion and caral tedency ofall = L S
IV estimatars of B ;,, whenB (,, inaessss 10 3 _H onaer; thar reltive perfomance is une®scied -

6 iven thesegaeral dosenatians, itseams mastuseiul tofoas ot atarndka’s methad 3 estimatar. 8), the
R LS IV sstimatornsingabgelV setestimatar] 5), and theinessibkeestimator! 9 Toradkser-aomparisan.-
Panek! ad?2 shovamukliie frequendes Torthese three estimators of B, adB |, , respectively, Torthe

Talloning six represantative exaerimants:

8 .
=Bpaimait B;, B,

. ) 1 il5 §04
AIIExpenmenls- 2 il5 02

- - 3 ils 07

T=2:R= gg gg - 8§, =025 § 4 03 0
= 5 03 02

6 03 07

Paell shons tat all thiree estimators wsually oersstimate B (o, , but this tendanoy is mid for the
inEesibke estimatar] 9, olloned by H atanelas estimator1 8 ad tentte K L S IV estimatarl 5 _L ikenise,
the infeesibke estimator is most tightly distributed, folloaed by H atanela’ estimatorand ten e 5 L S
IV estimator. H exe igxaanxe ofR ad 8 is indead asstly is small samplkes, and H atandkas methad 3
perfamed bestanag the fessibE estimators of B ¢, in these eparimeants.

P anel 2 shons that these aonclsias do notgpply o estimatian of B 1 ,, - T he infeesibe estimatortends
udasstimatewenB ;,, = jl 5, ad this tendengy beoomes mare pronaunasd s B ¢, inaressess, sothat
the Fesibk estimators are actually better cartered then the infeesible estimator in experiments 2 and 3.
T he infesibke estimator antinues o disply smaller disparsian in mosteaimants, but surprisingly does
notdaminate as itdoes in estimatingB (,, becase in eqarimatté of P anel 2 both Fssibke estimatars are
mare tigtly distributed then the infessibke estimator. A Bounlike P arel 1, H atarnala’s estimatordoes not

anae as the deardxdce betneen the Bssibke estimatars, ss e L S IV estimatarhes ss dispasianad
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amnparebke a-better atering in epaeimaits 2,3,5, ad6 -

T he qualitative and amparisan andlsias darived fran the analysis ofFParek | and 2 are essatially
ualered or'T =40 and T =80 _H onewer, tho dosenatias arein ader_FHist, ss T gons the estimatars
bemome better cattered and kss disperse o the pdnt that draning distinctias atT =80 bexomes rather
ditaultiorsame parametass - Seaad, the pasitive eRacts ofinaessed samnpke size are mudh mare pranauncd
o thefessibkeasstimators thanantheinkEssibkeestimator! 9 .4 resulttobe eqpedted, as theinasssed sample
size bae t the estimation of the nuisanae, as Welll ss the parametars of interest®

In summary, Tor the sampk sizes ad parameter an guratias aasiderad in aurll aitie Carbo study,
nathertte best 5 L S IV narthe bestH atandka method enargs es a dearbest ddee. In Bt these
estimatars perform rathersimi by and become mare similaras the sampke size inaeesss - T he eparimants
show thatt introdudng additiaal IV s when aasttucing B L S IV estimatars, sudh as those praposd in
Sectian 4 abowk, is bae aal both asymptotically ad in small ssampks. | ae IVs in the ststep is
berne dal as well-T he bare & ofadditical IV s diminish, honewver; as the number of IV s expands - Finally,
itis sonenhat disturbing that there is amarked tedanoy of all esimators to oerestimateB , - Catering

is betterin the sstimatian of B ; ,, , butthare is still a tendacy Tor the Fssibke sstimators 1o oarestimate-

Ap@end K: Proof of Theorem

219l et] =CEA) (e, WwthttetreR athertthenR).T he coutapartto G)bassd an § is

*x R
:qiL = GDrY-u: e
~=)
Suppcse mamantari ly that H is gven by @ 1) ratherthan the Essibkevarsian of @ L D)besad an § - ole that

P i ¢
2P hest i H R SH G

HO-8" 1HY —R8" e =] _ 5 : - £ €2>
P il - il
= Hwr8" iHg xR 8! G

H ence, using the Cram®4l od D evice, wenesd oy gpplyaCL T ©

2 3

| qo_sil i 1O e o b XX ol ¢
p?fﬂ_l —8" iHy —R8Y ey =P 4 P Hs8" iHyi R 8" ¥ €3

=l =l

Sparelscomparab Bto 1 ari 2 HrT = 40 ard T = 80 are avaikb k fom the authorsonrequest .
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where = (P ::: ,‘?K)isaqatiuaym’skﬁ’eslima:lcrwnp@edof@B)Slb\.eclas,i_Sutdent
adtias forthe m-dpadaitCL T to goply o C3) Tor the spedal e ofF M =0 are Gdmidtl1 9746, p-
258):

hPT i
CTIDE o .0HsE" i Heu R 87 )0 =0 -
P N o 37
Q. T2)E e - 8" i Hei iR 87 )V«  isbaunded aaos t.
P
QCT3)% 7 By, 1 Nl— L1 A& n ©4sts and is indgpendant oft, where
20 123

&
Ae=E 80" g §Hey sk BF U & :

i=l
G T1)is immediate sine the ime index an rawvtofeedh BEgofFY iIn PLl)is Ess tent Ginel > G),
makingthe BgofY indgpadattofV«: CL T 2)Hlbns fran ¢ 3)ad ¢ 24%)- C. T 3) hokks because

XX

At o?g-ijQX§il+R§“R5i”ij@)@§“+ §i1R(5D>j

i=l j=l
fareay t, whare " 7j; ()= E [HiHe; 1y lis independatt of t by coariance statianarity of Y« and we hae
acFin made wse of indgendance betnean Hiear He;i .cad Vi Tor the b thatare presaritin A¢- T hus
¢ 21 HhoktswentelVsaebsssd an § rathertten § -
I onvwe shovthat @ 3) anvergss in prdoebi ity 1o the analbgos epressianbesed an §, sotatusing §

does not aRect the ssymptotic distribution . Hon @ 3), the d®xaxebetneenusing§ ad § in@ 21 %)is

1 X Y6 h ) ) i
19? WCGai 1aWg 8" i CGast i fast WL iR Y U €4
=l i=l
Fanm 6),
h i % R HEN
Tatih i mdtih OYaiL i= GODE 1 l")l@ )Itih%qiL i
=1
* .
= GDE i Y jheds €5
=1

Sineetjl jh+ "< twenl > G, -G,adh _(,by ¢ 3)wean gply Chdayshess Ineguality toshow

1 X o o 8 1 X P
19? Yeil+5 .18 Codf :ODQ)a'dﬁ? Yeil it+d - R8V U =0,pCX €6)

=11 =l
Substituting @ 5)and @ 6)into @ 4)yielks

X X .
GDE irX0,Oi0pOl €4D

i= =
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Sincer I° byl enma2,wehae @4)° 0 -

P R
€229R0N G H= < GLIDFY-5 +h-SO

1 1 x X o+ 1 (o]
THH, = G FRY S, Vi o €D
=) i=)

Sineer I° r byl enma?2 ad the Tourth manaits of the Y poroaess exdstby ¢ 3 4), @ Danvags 1o

x X :
G 'rERE @9 Vi +n)rh=j1;0;l:
"= i)
¢ 2 39T heanvageneE agumattis idatical o @ 22°).
¢ 24FHan 6),
X .
Hn= G e n
=

Since (il ) ¥ is indgpendatoft and is 0 ,( ) by L enma2, and the fourth maments of Y+ - ;. 1» hae the
sped ed property by € 3 4), Hy, tekes the fom reguired by ¢ 249).
¢ 259FHan @),
H%h:% GDEirY Un+YQ Uk €3
=
Byl enmaz2, thesumis0 p,( )ifY S Up =0, D @ote theimportance of i converging Bster then @, )-
A rautine gpplicatian of Chebyshev's | nequality esteblishes this because the mamants involved are baunded

by ¢ 34).Fam @),
o sat R R
Ki =G Gt ; €9
~=)
where rj; is thesum ofall ™ adearprindpal minars of the submatrix ofR ©dotained by deleting rowvj and
columni @d ;i ~ 1| Tornotatiaal anenience)- Suostituting @ 9)into @) yieks

4 st R .
YO Weni=YS @A Yerni= G GDRiYQ [t Vergt B it ¢ Waengd €10)
j= =9

Sincetheanly nazeroekbmenttof (& ¢ ¢ OV ¢ ny iSU 1+ hy, thistemis dearly0 ([ 1 =2). Farthe remaining
t=m, noke that

pl?Y?Lft ¢ ¢ Vang =1e>1?\(‘0nv¢h;j
eaptiorte strovofV A s shonn aoe, this satis e the aadiias forte m-dgpeada it T @d
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