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1. Introduction

M andyand M artins-Filho [1 994 and 1 997]provide su±cientconditions forasymptoticequivalenceof

feasiblegeneralizedleastsquares (FG L S)instrumentalvariables (IV )andgeneralizedleastsquares (G L S)

IV estimators.T herethefocuswasonthestructureoftheerrorcovariancematrix,andduetothegenerality

ofthemodellittleattentionwasgiventoinstrumentdesign.

H erewenotethataminorrestatementofourearlierconditionsissu±cientforasymptoticequivalenceof

FG L S IV andG L S IV whentheinstrumentsareoptimal.T hisobservationisnewinthattheconditionsare

general,applyingtomanyfamiliarcovariancestructures,andtheestimatorsareoptimalintheclass ofIV

estimatorsunderconsideration.

W ethenapplytheconditionstostationarydynamicsystemswithstationaryVA R errors.T hesu±cient

conditions allowus toexpandtheclass ofIV estimators underconsiderationby identifyingnewmoment

conditionsthatenableuseof(transformed)laggedendogenousvariablesasIV s,despitethepresenceofVA R

errorsinthedynamicsystem.T hisraisestheprospectofbothasymptoticandsmallsamplee±ciencygains

relativetotheIV estimators thathavebeenconsideredtodate.Foraparticulardatagenerationprocess

(D G P ),weshowthatastrictimprovementinasymptotice±ciencyis obtainedbyusingournewIV s,and

experimentalresults forthe D G P suggestthatsmall-sample e±ciency is improved as well. T he results

di®erfromearlierliterature,notablyD hrymesandTaylor[1 976]andH atanaka[1 976],inthatthee±ciency

properties donotdependonspecī cdistributionalassumptions butinsteadareattained inaclass ofIV

estimators.

Section 2 discusses su±cientconditions forFG L S IV estimators tobeoptimalIV estimators forsome

given setofIV s. Section 3 reviews estimationoferrorVA R (1 )nuisanceparameters thataccommodates

generalstochasticregressors.Section4 examinesdynamicmodelsandproposesIV sthatsatisfythesu±cient

conditionsfromSection2,therebyproposingnewoptimalIV estimatorsfordynamicmodelswithV A R errors.

Section 5 presents someM onteCarlocomparisons ofthenewe±cientIV estimatorswitheachotherand

withH atanaka's [1 976]methods.
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2. Sufficie nt C onditions for Asymptotic Equivale nce
of G L S IV and FG L S IV usingO ptimal Instrume nts

Considerthelinearregressionmodel

y= x̄ + u; E (u)=0 ; E (uu0)́ ­(µ): (1)

H erey is a T £1 stochasticobservablevector,x is aT £K stochasticobservablematrix, ¯ is aK£1

nonstochasticunknownparametervectortobeestimated,u isaT £1 stochasticunobservableerrorvector,

andµ isan£1 nonstochasticvectorofunknownnuisanceparameters.W hentheconditionalmeanE (ujx)

isnonzeroIV estimation is required.W hite[1 984,ChapterV II]establishedtheasymptoticequivalenceof

G L S IV andFG L S IV forsomestandardformsof­(µ).M andyandM artins-Filho[1 994 and1 997]proposed

generalconditionson­(µ)thataresu±cientforthisasymptoticequivalence,givenby:

(A 1.1 )­(µ)¡1 hasatmostW < 1 distinctnonzeroelementsforeveryT ,denotedgwT (µ)forw=1 ;:::;W .

T hatis,thereareT 2 ¡W elements thatareeitherzeroorduplicates ofothernonzeroelements in

­(µ)¡1.Foreachw,gwT (µ)convergesuniformlyasT ! 1 toareal-valuedfunctiongw(µ)onanopen

setS containingthetruevalueofµ,atwhichgw iscontinuous.

(A 1.2)T henumberofnonzeroelementsineachcolumn(androw)of­(µ)¡1 isuniformlyboundedbyN < 1

as T ! 1.

CorrespondingtoaT £¹K (¹K¸K)matrixD ofIV saretheoptimalinstruments

z(µ)́ ­(µ)¡1D(D0­(µ)¡1D)¡1D0­(µ)¡1x;

whichareusedtoform the G L S IV estimator ^̄(µ)´(z(µ)0x)¡1 z(µ)0y: Standardasymptoticbehaviorof

^̄(µ)andasymptoticequivalenceoftheFG L S IV estimator^̄(̂µ)(forsomeconsistentestimatorµ̂)with ^̄(µ)

requirethattheIV sD possess somebasicproperties.From (A 1 ),letIiwT betheindexsetofelements in

rowi of­(µ)¡1 thatareequaltogw,forw=1;:::;W .Inthisnotation,theIV sD areassumedtosatisfy:

(A 2.1 ) 1p
T
D0­(µ)¡1 u d! N (0 ;Q Du)forsomesymmetric(¹K£¹K)matrixQ Du.

(A 2.2)plim
T ! 1

1
T D

0­(µ)¡1D =Q DD,a n̄itenonsingularmatrix.

(A 2.3)plim
T ! 1

1
T D

0­(µ)¡1x=Q Dx,a n̄itematrixoffullcolumnrank.
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(A 2.4)EachIV Dih canbeexpressedasDih= ¸0h́ ih,where¸h is avectorof x̄ed n̄itedimensionthatis

O p(1)andconstantacrossi,and íhhasuniformlyboundedfourthmomentsandfourthcrossmoments

withxjqfori;j=1;2;:::;h=1 ;:::;¹K;andq=1;:::;K.

(A 2.5)
P T

i=1
P

j2IiwT Dihuj=O p(T 1 =2)forh=1 ;:::;¹K andw=1 ;:::W .

U nder(A 1 )and(A 2)thereisaFG L S IV estimatorthatisoptimalwithintheclassofIV estimatorsthat

arebasedonD,providedwehaveavailableaconsistentestimatorofthenuisanceparameters.

L emma1.A ssume(A 1 )and(A 2).Ifµ̂ p! µ then
p
T (̂̄ (̂µ)¡ ^̄(µ)) p! 0 :

T heproofis anextensionofM andyand M artins-Filho[1 994 and 1 997]and is availableonrequestfrom

theauthors.Condition(A 1 )applies toVA R errors andcertainformsofheterocedastic(includingrandom

coe±cients)andpanelerrors,butdoesnotapplytomovingaverageerrors.

3 . VAR Errors

N owwespecializethemodeltoasystem ofT observations onG equationswithV A R (1 )errors,1 Y =

X B + U ;whereY isaT £G matrixofendogenousvariables,X isaT £Kmatrixof(possiblystochastic)

regressors,B isaK£G matrixofunknownparametersthatincorporatesanyexclusionrestrictions,andU

isaT £G matrixofVA R (1 )errors.L ettingtheith rowandcolumnofanarbitrarymatrix M be M i¢and

M ¢i,respectively,weassumethat:

(A 3)U t¢=U t¡1¢R + Vt¢fort=0 ;§1;§2;:::;where

(A 3.1 )R is aG £G matrixofnuisanceparameterswithabsoluteeigenvalueslessthanone,

(A 3.2)V 0t¢»IID(0 ;§)forsomesymmetric n̄itepositivedē niteG £G nuisancematrix§,

(A 3.3)Vt¢has n̄iteabsolutefourthmoments,and

(A 3.4)thereexistsabound ¹B suchthatE (X t¡h;iX tjX ¿¡h;iX ¿j)· ¹B andE (X t¡h;iX ¿¡h;iU t̀ U ¿`)· ¹B ;

foreveryt;¿ =1;2;:::;h=0 ;1 ;2;:::;i;j=1 ;:::;K;and`=1 ;:::;G.

T heautocovariancefunctionofU t¢is denoted¡(h)= E (U 0t¡h¢U t¢)forh=0 ;§1 ;§2;:::.A ssumption(A 3)

impliesU t¢isbothstrictlystationaryandcovariancestationary(A nderson[1 971 ],pp.372-378).H enceforth

1It isunnecessary to c onsid er higher ord er error VARssince a VAR (p) processcanalw aysb e w rittenasa VAR (1) process
And erson[1971],p.177.
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weexpresstheerrorV A R as U =¢ U R + ¢ ¢ 0V + (IT ¡¢ ¢ 0)U for

¢ =

2
666664

0
1 0

1
...
... ...

1 0

3
777775
:

Inthis model,thenuisancevectorµ oftheprevious sectionconsists ofvecR andtheuniqueelements

of§.G iventhatE (U jX )6= 0 ,consistentestimationofµ requires aT £K instrumentmatrixC (possibly

di®erentfromD)whichweassumesatis̄ es

(A 4.1 )theeigenvaluesof 1
T C

0X possessauniformlowerboundinprobability,and

(A 4.2)C0U =O p(T 1 =2).

Estimationofthenuisanceparameters is straightforwardfrom(A 3)and(A 4).

L emma2.A ssume(A 3)and(A 4),andlet~¡(h)= 1
T
P T

t=h+ 1
~U 0t¡h¢~U t¢,where ~U =(IT ¡X (C 0X )¡1 C0)Y:

T hen ~¡(h) p! ¡(h): In particular, ~R ¡R = O p(T¡1 =2)and ~§ p! §, where ~R = ~¡(0 )¡1 ~¡(1)and ~§ =

~¡(0 )¡ ~R 0~¡(1).

T hestandardprooffrom,forexample,Fuller[1 976]mustbemodī edonlyslightlytoaccommodatethe

nonzeroconditionalmean.D etailsareavailableonrequestfrom theauthors.N otethat ~R convergesfaster

thanop(1).T hisfactisusedinthedesignofnewIV s inSection4.

Forcheckingassumptions (A 1)and (A 2)itis convenienttostackthesystem byobservation,thereby

expressing themodelin the notation ofSection 2 with dependentvectory = vecY 0, regressormatrix

x=X ­IG,parametervector¯ =vecB 0,anderrorvectoru=vecU 0.InthisnotationtheV A R (1)inverse

errorcovarianceis ­(µ)¡1 =P 0(IT ­§¡1)P ,whereP istheV A R (1 )transformationmatrixgivenby

P =

2
6666664

A 0 ::: ::: 0

¡R 0 IG 0 :::
...

0 ¡R 0 IG
...

...
...

... ... ... 0
0 ::: 0 ¡R 0 IG

3
7777775
=((IT ¡¢ ¢ 0)­A)¡(¢ ­R 0)+ (¢ ¢ 0­IG):

H ereA is alowertriangularmatrixsuchthatAE (U 01¢U 1¢)A0=§.From P andthedē nitionof¢ wecan
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deriveanexplicitexpressionfor­(µ)¡1 thatisusefulforverifying(A 1)and(A 2):

­(µ)¡1 =P 0(IT ­§¡1)P

=[(IT ¡¢ ¢ 0)­A0§¡1 A]+ [¢ ¢ 0­§¡1]¡[¢ ­§¡1 R 0]¡[¢ 0­R§¡1]+ [¢ 0¢ ­R§¡1 R 0]

=

2
6666664

A0§¡1 A + R§¡1 R 0 ¡R§¡1 0 ::: 0

¡§¡1 R 0 §¡1 + R§¡1 R 0 ¡R§¡1 ...
...

0
... ... ... 0

...
... ¡§¡1 R 0 §¡1 + R§¡1 R 0 ¡R§¡1

0 ::: 0 ¡§¡1 R 0 §¡1

3
7777775
: (2)

4. IV s for Estimationof D ynamic Simultane ous EquationM od e ls with VAR Errors

T heavailabilityofIV s iscontext-dependentandcanonlybeinvestigatedundersomeassumptiononthe

sourceofthenonzeroconditionalmean.Perhapsthemostobviouscontextisasimultaneousequationmodel.

T heusual2SL S and3SL S IV scanbeexpectedtosatisfy(A 2)undertraditionalassumptionswhenthereis

onlycontemporaneouserrorcorrelation,anobservationthatonlyaddstotraditionalresultsforsimultaneous

equationmodelsbyincludingthemasspecialcasesofwell-behavedstochasticregressors.W henerrorssatisfy

(A 3)threeproblems emerge.First,(A 1 )mustbechecked.A s noted in M andyand M artins-Filho[1 994],

inspectionof(2)verī es that(A 1 )is indeed satis̄ ed by V A R errors. Second,wemustderive IV s that

satisfy(A 2). T heusual2SL S and 3SL S IV s su±ce iftherearenolagged endogenous variables,2 butif

Y =X B + U isadynamicsimultaneousequationmodelthen,asiswell-knownfromW allis[1 967and1 972],

thelaggedendogenous variables as IV s interactwiththeVA R errors tomaketraditional2SL S and3SL S

inconsistent.W edemonstrateheretheutilityofstatingthesu±cientconditions generally,intheform of

(A 1 )and(A 2),byusingtheseconditions todevelop newIV s thatovercomethis problem.T henewIV s

arederivedfromlaggedendogenousvariablesandtherebyprovideaheretoforeunnoticedwayofusingsome

informationfromthelaggedendogenousvariablesforoptimalIV estimationofB .T hird,wemustderiveIV s

thatsatisfy(A 4).FollowingW allis [1 967and1 972],this is usuallystraightforwardprovidedthestructural

modelcontainsexogenousvariables.

L ettingX =[S Y 0 Y¡1 ¢¢¢ Y¡q]andB 0=[£0 B 00 B 01 ¢¢¢ B 0q],wehaveadynamicsimultane-

ousequationmodelwritteninnormalizedstructuralform Y =S£+
Pq

L =0 Y¡L B L + U ;wheresubscriptson

2 T hisstatement mayappear at od d sw ith the ¯nd ingby Turkington[1998]that w henR isunknow na d i®erent IV set must
b e used to perform 3SLS thanw henR isknown.Turkingtonencountersthisd i± culty b ecause hisIV set isd erived from the
struc turalform after it hasb eentransformed to possessw hite noise errors.W hat w e are c allingthe 3SLSIVshereinare d erived
from the originalstructuralform.
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theendogenousmatrixY indicatelags,S isaT £K0matrixofvariablesnotdeterminedendogenouslybythe

systemunderconsideration(butperhapsstochastic),and£andB L areK0£G andG£G unknownparam-

etermatrices,respectively,thatincorporatenormalizationandexclusionrestrictions(soK=K0+ (q+ 1 )G).

W eassumethroughoutthatallG equations are identī ed bytheseexclusion restrictions, the stochastic

processSt¢iscovariancestationarywithSt¢independentofV¿¢fort·¿,theautoregressiveprocess inYt¢is

covariancestationary,andthat(A 3)holds.Since(A 1)is satis̄ edbyVA R errorsandS (andlagsthereof)

canbeusedfor(A 4),thecentralissueisderivingIV sthatsatisfy(A 2).

4.1 A ssumption(A 2).

U suallytheIV s inasimultaneous equationmodeltaketheform H­IG forsome(T £K̂)matrixH,

where ¹K´K̂G.Forexample,H= [S Y¡1 ¢¢¢ Y¡q]yields theusual3SL S IV s.T his alongwith(2)

allows us tostate(A 2)moresimplyforthepresentmodelin terms ofH ratherthanD.Toobtainthe

simplī cationnote r̄stfrom (2)thatthereare v̄edistinctnonzeroG £G blocks in­(µ)¡1 ,andthatthe

upperleftblockappearsonlyonceandthereforeisofnoconsequencein(A 2).Ignoringthis block,wecan

substituteD =H­IG,x= X ­IG,(2)for­(µ)¡1 ,and P u= P vecU 0=vecV 0in (A 2)torewritethe

assumptionas

(A 2.1 ')A CentralL imitT heorem(CL T )appliesto 1p
T

¡
H0­§¡1 ¡H0¡1 ­R§¡1

¢
vecV 0.

(A 2.2')plim
T ! 1

1
T H

0HL isa n̄itenonsingularmatrixforlags L =¡1;0 ;1 .

(A 2.3')plim
T ! 1

1
T H

0X L isa n̄itematrixoffullcolumnrank3 forlags L =¡1 ;0 ;1.

(A 2.4')EachelementofH canbeexpressedinthespecī edform.

(A 2.5')H0U L =O p(T 1 =2)forlags L =¡1;0 ;1 .

A ssumptions(A 2.1 '){ (A 2.4')holdfortheusual3SL S IV s indynamicmodels satisfyingtheassumptions

ofthepresentsection.T heproblemwithincludinglagsofY intheIV setisthattheyviolate(A 2.5').Sothe

centralproblemindesigningnewIV sbasedonlagsofY is n̄dingatransformationforthelagsthatdestroys

theasymptoticcorrelationbetweenthem and U L ,therebyintroducingadditionalorthogonalityconditions

thatcanbeexploitedinIV estimation.

3W henthe mod elisa simultaneousequationmod el(A2 .3')must b e restated to re°ec t the id entifyingexclusionrestric tions,
using a regressor matrix ob tained from the generic form X ­ I G by d ropping the knownzerosin¯ and the c orrespond ing
columnsofX ­ I G . T henthe prod uc t in(A2 .3') isoffullcolumnrank since w e have assumed the mod elisid entī ed by
exclusionrestrictions.
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4.2 TransformingL aggedEndogenousVariables.

Considertheset©ofallT £T matricesthatcanbewrittenasa n̄itesum
P

iri¢
ti,whereri arereal

numbers,ti arenonnegative integers,and ¢ 0 ´IT.T his setis acommutativeringwhoseadditionand

multiplicationoperationsarestandardmatrixadditionandmultiplicationandwhosemultiplicativeidentity

isIT.StackingtheerrorVA R (byequation)yields

[(IG ­IT)¡(R 0­¢ )]vecU =(IG ­¢ ¢ 0)vecV + (IG ­(IT ¡¢ ¢ 0))vecU ; (3)

and A ´(IG ­IT)¡(R 0­¢ )is aG £G matrixover©.A lthough A converts vecU intowhitenoise,

(A 2.5')requires thateachcolumn ofU beasymptoticallyuncorrelatedwith the IV s.Sotheproblem of

constructingIV s from lagsofY canbestatedasaproblemof n̄dingatransformation¦over©suchthat

¦U is asymptoticallyuncorrelatedwith Y¡L .T his is accomplished bysolving(3)over© forU¢i,which

involvesthedeterminantofA over©andthereforeincludes¢ ` for`=0 ;:::;G.Toobtainzerocorrelation,

wemustensurethatthetimeindexonthelagsofY arepriortothetimeindexonVt¢.T husforIV s¦0Y¡L

werequireL > G.

Toseethis formallyletIG =IG ­IT denotetheG £G identitymatrixover©and,inordertoavoid

confusingmatrixmultiplication betweenmatrices over© with ordinarymatrix multiplication, use¯ to

denotematrixmultiplicationbetweenmatrices over©and¢todenotemultiplicationbetweenascalarin

© (i.e., a T £T matrix)and amatrix over©. W e continue todenoteordinarymatrix multiplication

by the absenceofan operator. Since © is commutative, theordinary rules formatrix inversion apply

tomatrices over© (see Bourbaki [1 989]II x8.7). In particular, (detA)¢IG = A¤¯A;where(detA)

and A¤are thedeterminantand adjointofA over©, respectively. Itis straightforward toverify that

B ¯C = B C foranyconformablematrices B and C over©,andalsothat(detA)¢IG =IG ­(detA),

soIG ­(detA)= A¤A:O rdinarymatrixpremultiplicationof(3)byA¤andthensubstitutionofthelast

equalityyields(IG­(detA))vecU =A¤[(IG­¢ ¢ 0)vecV + (IG­(IT¡¢ ¢ 0))vecU ]:Intermsoftheindividual

columnsofU thatappearin(A 2.5'),this is

(detA)U¢i=[K1 i ::: KGi][(IG ­¢ ¢ 0)vecV + (IG ­(IT ¡¢ ¢ 0))vecU ]

=
GX

j=1

Kji[¢ ¢ 0V¢j + (IT ¡¢ ¢ 0)U¢j]fori=1 ;:::;G; (4)
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whereKji is the(j;i)cofactorofA over©.Equation(4)expresses U¢i intermsofonlythewhitenoiseV

(exceptforthepresenceof(IT ¡¢ ¢ 0)U¢j,whichonlyinvolvesthe r̄stobservationU 1¢).Sincethecoe±cient

(detA)transforms U¢i intowhitenoise,anestimateofthismatrixusing ~R providesatransformationtobe

usedonlagsofY thatresults innoasymptoticcorrelationbetweentheIV sandU¢i.T his isexactlywhatis

requiredby(A 2.5').

T hus theproposalis toinclude ~¦0Y¡L inH forlags L > G,where ~¦ is (detA)with ~R replacingR.

T heseIV s canbecalculatedbynotingthateachT £T elementof(IG ­IT )¡(~R 0­¢ )in© is eitherof

theformIT ¡ ~R `̀ ¢ oroftheform¡~R `k¢ ,sofrom thedē nitionofthedeterminantwemayexpress the

transformationmatrixas ~¦=det((IG ­IT)¡(~R 0­¢ ))=
P G

`=0 (¡1 )̀~r̀¢ `;where~r̀ is thesumofall t̀h

orderprincipalminorsof ~R 0(and~r0 ´1 fornotationalconvenience).H encethenewIV sare

~¦0Y¡L =
GX

`=0

(¡1 )̀~r̀(¢ 0)̀Y¡L =
GX

`=0

(¡1 )̀~r̀Y`¡L : (5)

T heseIV s satisfy(A 2')forL > G.

Theorem.A ssume(A 3)and(A 4).T henH= ~¦0Y¡L satis̄ es (A 2')forL > G.

Proof.IntheA ppendix.

T hetheoremshowsthatitispossibletoincurnoasymptoticcosttonotknowingtheV A R errorparameters

whilestillusingsomeinformationfromthelaggedendogenousvariables,therebyexpandingtheclassofIV s

used inestimationandpotentiallyimprovingbothasymptoticandsmall-samplee±ciency.N otethatthe

FG L S IV estimatorsconsideredinthissectionarepossiblyasymptoticallye±cientrelativetotheestimators

inD hrymesandTaylor[1 976]orH atanaka[1 976],sincethee±ciencypropertiesoftheirestimatorsrelyon

morestringentdistributionalassumptionsthanthosemadeherein.

N ote n̄allythat,whileP 0y¡L orP 0(Y¡L ­IG)have intuitiveappealas IV s sinceP uh is whitenoise,

theseIV sdonotinfactsatisfy(A 2.5').For(A 2.5'),D mustembodyatransformationoflaggedendogenous

variablesthatresultsinzeroasymptoticcorrelationwitheachindividualcolumnofUh.T heP transformation

doesnotmeetthisrequirementsinceP onlytransformstheentirevectoruh= vecU 0h intowhitenoise.

5 . M onte C arlo C omparisons

T his sectionpresentsasetofM onteCarloexperimentsthatcompareoptimalFG L S IV estimatorsbased
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onvarious sets ofIV s witheachotherandwith H atanaka's [1 976]estimators inadynamicsimultaneous

equation modelwith V A R (1 )errors. T he D G P is Ericsson's [1 991 ]two-equation modelwith the error

structuremodī edtobeVA R (1 ),as inH endryandH arrison[1 974].H ence

Yt1 =£1 1 St1 + Yt2B 0 21 + Yt¡1 ;1 B 1 1 1 + U t1

Yt2 =£22St2 + £32St3 + £42St4 + Yt1 B 0 1 2 + U t2

U t¢=U t¡1¢R + Vt¢;

whereVt¢isgeneratedasthebivariatemixednormalV 0t¢=¸tat+(1 ¡̧ t)bt.4 H ere,¸tis binomialwithE (̧ t)=

1
2;bt»N (0 ;¥);at»N (0 ;31¥);̧ t;at;andbt independent;and¥=

·§1 1
1 6 ¥1 2
¥1 2 1

1 6

¸
.

FollowingEricsson and H endry and H arrison St¢is generated by St¢= St¡1¢¤0+ E t¢;where E 0t¢»

N ID(0 ;ª),andthefollowingparametervalues are x̄ed forallexperiments:¤= diagf0 :8;0 :7;0 :4;0 :2g,

£22 =£32 =£42 =£1 1 =1 ,B 0 1 2 =0 :3,and

ª=

2
64
0 :25 0 :237 0 0
0 :237 0 :25 0 0
0 0 0 :49 0
0 0 0 0 :49

3
75 :

W ealsouseEricsson'svaluesforB 0 21 2f¡0 :5;0 :3g,B 1 1 1 2f¡0 :4;0 :2;0 :7g,andT 2f20 ;40 ;80 g.T hevalues

chosenfortheerrorV A R parameters are R 2
½·

:6 :6
:2 :2

¸
;
·
:6 :2
:2 :6

¸
;
·
:2 :6
:6 :2

¾̧
,takenfrom G uilkeyand

Schmidt[1 973],and§1 1 2f0 :25;1;4g,takenfrom H endryandH arrison[1 974].Foreachvalueof§1 1 ,¥1 2

is setsothatthecorrelationbetweenVt1 andVt2 is 0 .5,as inEricsson,andVt¢is designedsothat§22 =1

forallexperiments,alsoas inEricsson.5

T hus,thereare54 experimentsforeachsamplesizeT ,andforeachexperimentweuseEricsson'sspecī -

cationofN =80 ;0 0 0 =T replications.N otethatE t¢isindependentof¸t,at,andbt;allofthe\ primitives"of

themodelhavemomentsofallorders;andSt¢,Yt¢,andU t¢arestationaryV A R processes forallparameter

sets;so(A 3)isclearlysatis̄ ed.

5.1 P seudorandom N umberG eneration.

G eneratingmultivariatenormalpseudorandomvectorswithageneralcovariancematrixinvolvesseveral

algorithms.A llunivariatenormalrandom numbergenerators utilizeauniform generatorandatransfor-

mationofthesimulateduniform randomnumberstoproducesimulatedstandardnormalrandomnumbers.
4Normality ofVt¢isavoid ed so that the d ata generatingproc essisnot favorable by d esignto Hatanaka'sM LE estimators.
5Interpretationsofthese parameter valuesare givenby E ricssonand G uilkeyand Schmid t.
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M ultivariatenormalgenerators add an additionalstep bytransformingthe simulated univariatenormal

random numbers intosimulatedmultivariatenormalrandom vectors thatpossess thespecī edcovariance

matrix.H ence,threealgorithmsareinvolved,andproblemscanariseatanystep intheprocess.

N oticeable improvements in methodology forallthreeofthese steps haveappeared in the statistical

computingliterature. U nfortunately, these advances havenotallmadetheirway intothe econometric

literature. W e incorporated these advances byusingFushimi's [1 990 ]generalized feedbackshiftregister

recurrenceformulatoproduceuniform pseudorandom numbers thatperform wellin aseries oftests for

randomness,includingatestsuggestedbyM arsaglia[1 985].Fushimi's algorithm was implementedwitha

seedvalueof1 589 bytheIM SL V 2.0 routineD R N U N .T his seedvaluewasusedsuccessfullybyFushimi in

testingthealgorithm.

U nivariatestandardnormals wereobtainedusingthealgorithm proposed byKindermanand R amage

[1 976]as implementedbythe IM SL V 2.0 routineD R N N O A .T his algorithm has been showntoperform

betterthanthetraditionalonebasedonBoxandM uller[1 958],atleastwhenusedwithtraditionalmixed

congruentialuniformgenerators.

T hemethodweused totransform theunivariatestandardnormalpseudorandom numbers intomulti-

variatenormalpseudorandomvectorswithaparticularcovariancestructurewasthetriangularfactorization

method(Cholesky's)as implementedbytheIM SL V 2.0 routineD R N M V N .ToobtaintheCholeskyfactor-

izationofthecovariancesmatrices,theIM SL V 2.0 routineD CH FA C isused.W esuggestthatfutureM onte

Carloexperimentersconsiderusingsomeoftheseimprovements inmethodologywhereappropriate.

FollowingEricsson,separateE t¢vectorsweregeneratedforeachobservationofeachreplication ineach

experiment(i.e.,theSt¢vectorsaretrulyexogenous).H owever,toreduceinterexperimentvariability(H endry

1 984;D avidson and M acKinnon 1 993, pp. 738-743)only enough at,bt, and ¸t weregenerated forone

experimentand then thesewerereused across experiments (forvariations in §1 1 , the same underlying

uniform deviateswerereusedtoproduceat andbtwiththespecī edcovariances).The¸twereproduced

from pseudorandom uniform numbers bysetting¸t= 1 iftheuniform variateis less than 1
2 and ¸t = 0

otherwise.

5.2 D ataG enerationandEstimators.
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W iththesimulatedVt¢andE t¢vectors inplace,G A U SS v3.2.1 3 was usedtogenerateobservations and

calculateestimators.FollowingEricsson,theaboveV A R 's in U t¢and St¢,andthestructuralmodel,were

usedtogenerate T + 30 observations from initialvalues U 0¢,S 0¢,and Y 0¢setattheunconditionalmeans

ofzero.T henthe r̄st30 observationswerediscardedinane®orttoobtainstationarity.T his processuses

fourtimesasmanyinitialvaluesofVt¢whenT =20 thanwhenT =80 ,sinceN variesfrom4;0 0 0 to1 ;0 0 0 .

FortheT =40 andT =80 experimentsweskippedthroughthedatabanktomaintainalignmentoftheVt¢

values,againreducinginterexperimentvariability.

Forestimationpurposesitismoreconvenienttostackthesystembyequationratherthanbyobservation,

andwedosohenceforth.T he r̄ststep inestimationis tospecifyinstruments C forgenerating ~R and ~§.

W efollowW allis [1 967and1 972]inusingS andlagsthereofas IV s inthe r̄ststep.T heseIV s satisfy(A 4)

aslongasS istrulyexogenousbecause(A 2.3')implies(A 4.1),(A 2.5')implies(A 4.2),and(A 2')isstandard

forexogenousS andlagsthereof.6 T hisleadstooptimal r̄st-stepinstrumentsC = M (M 0M )¡1 M 0(IG­X )

thatignorethenonsphericalerrors,fromtheIV s M =IG ­[ S S¡1 ::: S¡L ],whereL is largeenough

toidentifythemodel.SinceS aloneidentī esourM onteCarloD G P,the r̄stnineestimatorsweconsider

use M =I2 ­S as r̄st-step IV s toobtain instruments C forthe structuralmatrix(includingexclusion

restrictions)
·
Y¢2 Y¢¡1 ;1

Y¢1

¸
: T hese IV s satisfy (A 4)because St¢is independentofU t¢in the D G P

describedabove.TheresidualsfromthisIV estimationwereusedtocalculate ~R , ~P ,~§,and ~¦.Sinceadding

moreIV s canonlyimproveasymptotice±ciency,7 thesecondnineestimatorsweconsiderarethesameas

the r̄stnineestimators inthesecondstepbutuseM =I2­[S S¡1 ]inthe r̄ststep.T hispermitsusto

studythesmall-samplee®ectsofestimatingtheerrorV A R parametersfromanasymptoticallymoreprecise

estimateofB .

T henineteenestimatorscalculatedforeachreplicationaresummarizedinthetablebelow.Inthesecond

step,estimators 1 -6 and 1 0 -1 5 areFG L S IV estimatorswithallexclusionrestrictions imposed.T heirIV s

arelistedinthetableandallsatisfy(A 2')bytheT heorem because,asdiscussedabove,theunderlyingSt¢

and Vt¢processes satisfy(A 3)andthe r̄st-step IV s satisfy(A 4).Estimators 7-9 and 1 6-1 8 arethethree

6Asw ith (A2 .3'),(A4 .1) must b e restated to re°ec t the exclusionrestric tionsina simultaneousequationmod el.
7Asymptotic e± c iencymayb e enhanced byinclud ingmore IVsthanareneed ed for id entī c ation,although the small-sample

consequencesofthisprac tic e are not w ell-und erstood [B ow d enand Turkington1984 ,p.38;David sonand M ac K innon1993,p.
2 2 2 ;W est and W ilcox1996].
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estimatorsproposedbyH atanaka.Finally,togetasenseofthesmall-samplelossassociatedwithestimating

R and§wecalculatedtheG L S IV estimatorthatuses thetruevalues ofR and§,andthesameIV s as

estimators 6 and1 5 (exceptthatthetruevalueof¦ isused)sincethis is asymptoticallythemoste±cient

setofIV sweconsider.
Estimator Step 1 IV s(M ) Step 2 IV s(H)

1 I2­S S
2 I2­S [ S ~¦0Y¢¡3;1 ]
3 I2­S [S S¢¡1 ;1 ]
4 I2­S [ S S¢¡1 ;1 ~¦0Y¢¡3;1 ]
5 I2­S [ S S¡1 ]
6 I2­S [ S S¡1 ~¦0Y¢¡3;1 ]
7 I2­S H atanakamethod1
8 I2­S H atanakamethod2
9 I2­S H atanakamethod3
1 0 I2­[ S S¡1 ] S
1 1 I2­[ S S¡1 ] [ S ~¦0Y¢¡3;1 ]
1 2 I2­[ S S¡1 ] [S S¢¡1 ;1 ]
1 3 I2­[ S S¡1 ] [ S S¢¡1 ;1 ~¦0Y¢¡3;1 ]
1 4 I2­[ S S¡1 ] [ S S¡1 ]
1 5 I2­[ S S¡1 ] [ S S¡1 ~¦0Y¢¡3;1 ]
1 6 I2­[ S S¡1 ] H atanakamethod1
17 I2­[ S S¡1 ] H atanakamethod2
1 8 I2­[ S S¡1 ] H atanakamethod3
1 9 TrueR and§ [ S S¡1 ¦0Y¢¡3;1 ]

5.3 R esults.

SincetheseareIV estimatorswithnon-normalerrors,smallsamplemomentsmaynotexist.H encewe

comparethemonlybyexaminingtheirasymptoticcovariancesandtheirempiricaldistributionfunctions.

Turning r̄sttotheasymptoticcovariances,largersets ofIV s canbeexpectedtoyieldatruevariance

reduction in ourD G P sincealllags aretheoreticallyrelevant.Todate,nooptimalsetofIV s has been

derivedforamodelwithbothlaggedendogenousvariablesandVA R errors,andasnotedinSection4 under

theseconditions the3SL S IV s donotevenyieldafeasibleestimatorthatis asymptoticallyequivalentto

its infeasiblecounterpart.H enceforthemodelconsideredherewemustdirectlycalculatetheasymptotic

covariancesandthencomparethem.

T hereare54 di®erentparametersetsconsideredinourexperimentsandsixdi®erentsetsofsecond-step

IV s.T heasymptoticcovarianceforIV sD is

"
E

·
1
T
F 0­¡1D

¸·
E

·
1
T
D0­¡1D

¸̧ ¡1
E

·
1
T
D0­¡1 F

#̧¡1



ST O CHAST IC R E G R E SSO R S AND VAR DIST U R B ANCE S 13

foranyT ,where

F =
·
S¢1 Y¢2 Y¢¡1 ;1

S¢2 S¢3 S¢4 Y¢1

¸

is the regressormatrixIG ­X with columns dropped tore° ectexclusion restrictions. T heasymptotic

covarianceiscalculatedfromtheautocovariancefunctionofthe[ Y S ]processviewedasone6-dimensional

V A R (1 ),anddi®ersforeachparameterandIV set,sotherearefartoomanycomparisonstopresentindetail.

W ecalculatedandstudiedall54£6 versions,butindicatehereonlysomebroadtrends.

T hereare largegains in asymptotice±ciencywhen the IV setis extended beyond S , irrespectiveof

whethertheadditionalIV sareS¢¡1 ;1 ,S¡1 ,or~¦0Y¢¡3;1.T hesegainscanreducethevariancesbyasmuchas

severalthousandpercentforsomeelementsofB andsomeparametersets.Forexample,whenR =
·
:6 :2
:2 :6

¸
,

§1 1 =4,B 0 21 =0 :3,andB 1 1 1 =¡0 :4 theasymptoticvarianceofB̂ 1 1 1 improvesfrom 1 65.4 to7.5 whenthe

IV setexpandsfrom S to[ S S¡1 ].T hegainsaregenerallylargestonthecoe±cientsoftheendogenousand

laggedendogenousvariables,andwhenthetruevalueofB 1 1 1 is¡0 :4,buttheyvarywidelyacrossparameters.

N eitherS¢¡1 ;1 norS¡1 dominates ~¦0Y¢¡3;1 forallparametersetsandallelementsofB ,norvice-versa.A dding

laggedvaluesofS ,evenjustS¢¡1 ;1 ,isbetterthanadding~¦0Y¢¡3;1 aloneformanyparametersetsbutthere

areparametersetsforwhichadding~¦0Y¢¡3;1 yieldssmallervariancesforallelementsofB thanaddingS¡1.

M oreover,when[S S¡1 ]is extendedfurthertoinclude ~¦0Y¢¡3;1 theresometimes remainlargeadditional

e±ciencygains,withvariancesdecreasingbyseveralhundredpercentinafewcasesbutusuallyimproving

bylessthan5 percent.Fortheexperimentmentionedabove,adding~¦0Y¢¡3;1 totheIV setfurtherreduces

theasymptoticvarianceofB̂ 1 1 1 from 7.5 to1.8.T his verī es thattheoptimalityofthe[ S S¡1 ]IV set

shownbyTurkington [1 998]does notcarry-overtodynamicstructuralmodels,anddemonstrates thatour

newmomentconditions indeedcontributetoasymptotice±ciency.A gain,thegainsareusuallylargeston

thecoe±cientsoftheendogenousandlaggedendogenousvariablesandwhenB 1 1 1 =¡0 :4.W ealsostudied

addingfurtherlagsofS,uptoS¡3,andfoundfurtherbutlessdramatice±ciencygains.Finally,weverī ed

thattheusual3SL S IV s aredē nitelynotasymptoticallyoptimalforthis model(ourexpression forthe

asymptoticcovarianceinthis caseis onlyvalidwhen R and§areknown),butdoyieldsmallervariances

than[S S¡1 ~¦0Y¢¡3;1 ]forsomeparametersets.

TurningnowtotheM onteCarloresults,duetothesizeofthestudywefocus attentionontheperfor-
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manceoftheestimators fortheendogenous andlaggedendogenous coe±cients B 0 21 and B 1 1 1.W ebegin

byidentifyingsomegeneraltendencies.First,con̄ rmingtheasymptoticpropertiesoftheestimatorsunder

study,as T increases from 20 to40 andto80 weobserveless disperseandbettercenteredestimates for

allparametricspecī cations.T hee®ectsofincreasedsamplesizearestrongenoughtomaketheestimators

increasinglysimilarinperformanceandthusthedistinctionsthatcanbemadearemuchmorepronounced

when T =20.Second,thelarger r̄st-step IV set,I2­[S S¡1 ],improvesbothdispersionandcentrality

ofallestimatorsacrossallparametricspecī cations,buttheimprovementismodestandismostnoticeable

forsmallsample sizes. T his improved performance is less acuteand attimes barelyperceptibleforthe

estimationmethodsproposedbyH atanaka.T hird,increases in§1 1 producemuchmoredisperseandworse

centeredestimatesforallparametricspecī cationsandallestimators,andthenoncentralitybecomessevere

for§1 1 =4.Fourth,thespecī cationofR doesnotmateriallya®ectestimatorperformance.

A mongtheestimatorsproposedbyH atanaka,methods 1 and3 aresuperiortomethod2 overallinthese

experiments.M ethod2 showsamarkedtendencytoproduceverydisperseestimates.InestimatingB 0 21 ,

method 1 overestimates slightlymoreoften thanmethod 3 whenthetruevalue is B 0 21 = ¡0 :5. W hen

B 0 21 =0 :3 method3 ismuchbettercenteredthanmethod1 whiletheirdispersionsarecomparable.H ence,

theseexperimentssuggestthatH atanaka'smethod3 ispreferabletohisothertwomethods.

A mongtheFG L S IV estimators 1 -6,estimator6 displaysthetightestdispersioninestimatingbothB 0 21

andB 1 1 1 ,suggestingthatincreasingthenumberofIV s,includingthenewIV sderivedhere,bringsbenē ts

eveninsmallsamples.Interestingly,estimators 2 and3,whichusethesamenumberofIV sanddi®eronly

intheuseofatransformedlaggedendogenous IV ratherthanalaggedexogenous IV ,havealmostidentical

dispersionsacrossexperiments.T hisismildlydi®erentfromtheasymptotics,whichshowedmodestlysmaller

variances forestimator2 formost,butnotall,parametersets.T hemarginalgains from addingmoreIV s

decreasewiththenumberofIV sused.T hus,estimators2 and3 aresignī cantlylessdispersethanestimator

1 butestimator6 isonlyslightlylessdispersethanestimator5.

T hee®ectoncentraltendencyofusingmoreIV sismuchlessdē nitive.SincealltheFG L S IV estimators

areasymptotically
p
T -normalcenteredatthetruevalue,this is consistentwiththeory.A llfeasibleesti-

matorstendtooverestimateboth B 0 21 and B 1 1 1 ,andthereisneitherclearimprovementnordeterioration



ST O CHAST IC R E G R E SSO R S AND VAR DIST U R B ANCE S 15

withinanyparametersetasthenumberofIV s increases.

Fora x̄edvalueofB 0 21 ,dispersionandcentraltendencyoftheFG L S IV estimators ofB 0 21 arenot

sensitive tothevalueofB 1 1 1 , butdispersion is usually slightly smallerwhen B 0 21 = 0 :3. In contrast,

recallthattheasymptoticvariances areimprovedmoresubstantiallybyaddingIV swhen B 1 1 1 =¡0 :4,so

asymptoticallythedispersionofatleastsomeoftheestimators is indeedsensitivetothevalueofB 1 1 1.

Interestingly,thereisconsiderableimprovementinboththedispersionandcentraltendencyofallFG L S

IV estimatorsofB 1 1 1 whenB 0 21 increasesto0 :3.H owever,theirrelativeperformanceisuna®ected.

G iventhesegeneralobservations,itseemsmostusefultofocusonH atanaka'smethod3 (estimator1 8),the

FG L S IV estimatorusingalargeIV set(estimator1 5),andtheinfeasibleestimator1 9 foraclosercomparison.

Panels 1 and2 showcumulativefrequenciesforthesethreeestimatorsofB 0 21 andB 1 1 1 ,respectively,forthe

followingsixrepresentativeexperiments:

A llExperiments:

T =20 ; R =
·
0 :6 0 :6
0 :2 0 :2

¸
; §1 1 =0 :25;

8
>>>>>>><
>>>>>>>:

Experiment B 0 21 B 1 1 1
1 ¡0 :5 ¡0 :4
2 ¡0 :5 0 :2
3 ¡0 :5 0 :7
4 0 :3 ¡0 :4
5 0 :3 0 :2
6 0 :3 0 :7:

Panel1 shows thatallthree estimators usually overestimate B 0 21 , butthis tendency is mild forthe

infeasibleestimator1 9,followedbyH atanaka'sestimator1 8 andthentheFG L S IV estimator1 5.L ikewise,

theinfeasibleestimatoris mosttightlydistributed,followedbyH atanaka's estimatorandthentheFG L S

IV estimator. H ence ignoranceofR and§ is indeedcostly is smallsamples,and H atanaka's method 3

performedbestamongthefeasibleestimatorsofB 0 21 intheseexperiments.

Panel2 showsthattheseconclusionsdonotapplytoestimationofB 1 1 1.T heinfeasibleestimatortends

tounderestimatewhenB 1 1 1 =¡0 :5,andthistendencybecomesmorepronouncedas B 0 21 increases,sothat

thefeasibleestimators areactuallybettercenteredthanthe infeasibleestimatorin experiments 2 and 3.

T heinfeasibleestimatorcontinuestodisplaysmallerdispersioninmostexperiments,butsurprisinglydoes

notdominateas itdoes inestimatingB 0 21 becauseinexperiment6 ofPanel2 bothfeasibleestimatorsare

moretightlydistributedthantheinfeasibleestimator.A lsounlikePanel1 ,H atanaka'sestimatordoesnot

emergeastheclearchoicebetweenthefeasibleestimators,astheFG L S IV estimatorhaslessdispersionand
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comparableorbettercenteringinexperiments2,3,5,and6.

T hequalitativeandcomparisonconclusions derivedfrom theanalysis ofPanels 1 and2 areessentially

unalteredforT =40 andT =80 .H owever,twoobservationsareinorder.First,as T growstheestimators

becomebettercenteredandlessdispersetothepointthatdrawingdistinctions atT =80 becomes rather

di±cultforsomeparameters.Second,thepositivee®ectsofincreasedsamplesizearemuchmorepronounced

onthefeasibleestimatorsthanontheinfeasibleestimator1 9.A resulttobeexpected,astheincreasedsample

sizebenē tstheestimationofthenuisance,aswellastheparametersofinterest.8

In summary, forthe sample sizes and parametercon̄ gurations considered inourM onteCarlostudy,

neitherthebestFG L S IV northebestH atanakamethodemerges as aclearbestchoice. In fact,these

estimatorsperformrathersimilarlyandbecomemoresimilarasthesamplesizeincreases.T heexperiments

showthatintroducingadditionalIV s whenconstructingFG L S IV estimators,suchas thoseproposed in

Section 4 above, is benē cialboth asymptotically and in smallsamples. M ore IV s in the r̄ststep is

benē cialaswell.T hebenē tsofadditionalIV sdiminish,however,asthenumberofIV sexpands.Finally,

itissomewhatdisturbingthatthereisamarkedtendencyofallestimatorstooverestimateB 0 21.Centering

isbetterintheestimationofB 1 1 1 ,butthereis stillatendencyforthefeasibleestimatorstooverestimate.

Appe ndix: Proof of Th e ore m

(A 2.1')L et¦=(detA)(i.e.,withthetrueR ratherthan ~R ).T hecounterpartto(5)basedon¦is

¦0Y¡L =
GX

`=0

(¡1 )̀r̀Y`¡L : (P 1 )

SupposemomentarilythatH isgivenby(P 1 )ratherthanthefeasibleversionof(P 1 )basedon ~¦.N otethat

(H0­§¡1 ¡H0¡1 ­R§¡1)vecV 0=

2
64

P T
t=1

¡
Ht1§¡1 ¡Ht¡1 ;1 R§¡1

¢
(Vt¢)0

...P T
t=1

³
HtK̂§

¡1 ¡Ht¡1 ;K̂R§
¡1

´
(Vt¢)0

3
75 : (P 2)

H ence,usingtheCram¶er-W oldD evice,weneedonlyapplyaCL T to

1p
T
¸0(H0­§¡1 ¡H0¡1 ­R§¡1)vecV 0=

1p
T

TX

t=1

2
4

K̂X

i=1

¸0i
¡
Hti§¡1 ¡Ht¡1 ;iR§¡1

¢
(Vt¢)0

3
5 ; (P 3)

8P anelscomparable to 1 and 2 for T = 4 0 and T = 80 are available from the authorsonrequest.
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where¸0=(̧ 0
1 ::: ¸0

K̂)isanarbitrarynonstochasticvectorcomposedof(G£1 )subvectors¸i.Su±cient

conditions forthem-dependentCL T toapplyto(P3)forthespecialcaseofm= 0 are(Schmidt1 976,p.

258):

(CL T 1 )E
hP T

t=1 ¸
0
i(Hti§¡1 ¡Ht¡1 ;iR§¡1)(Vt¢)

i
=0 .

(CL T 2)E
·̄
¯̄P T

t=1 ¸
0
i(Hti§¡1 ¡Ht¡1 ;iR§¡1)(Vt¢)

¯̄
¯
3
¸
isboundedacross t.

(CL T 3)¾2 ´limN ! 1
1
N

P N
n=1 At+n existsandis independentoft,where

At=E

2
64

0
@

K̂X

i=1

¸0i(Hti§¡1 ¡Ht¡1 ;iR§¡1)(Vt¢)0

1
A
2
3
75 :

(CL T 1)is immediatesincethetimeindexonrowtofeachlagofY in(P 1 )is less thant(since L > G),

makingthelagofY independentofVt¢.(CL T 2)followsfrom(A 3)and(A 2.4').(CL T 3)holdsbecause

At=
K̂X

i=1

K̂X

j=1

¸0i
£

ïj(0 )(§¡1 + R§¡1 R 0)¡ ïj(1)(R§¡1 + §¡1 R 0)
¤
¸j

foreveryt,where ïj(h)=E [HtiHt¡h;j]is independentoftbycovariancestationarityofYt¢,andwehave

againmadeuseofindependencebetweenHt¢orHt¡1 ;¢and Vt¢forthelags thatarepresentin At.T hus

(A 2.1')holdswhentheIV sarebasedon¦ratherthan ~¦.

N owweshowthat(P3)converges inprobabilitytotheanalogousexpressionbasedon ~¦,sothatusing~¦

doesnota®ecttheasymptoticdistribution.From (P3),thedi®erencebetweenusing~¦and¦in(A 2.1 ')is

1p
T

TX

t=1

GX

i=1

¸0i
h
(~¦¢t¡¦¢t)0Y¢¡L ;i§¡1 ¡(~¦¢;t¡1 ¡¦¢;t¡1)0Y¢¡L ;iR§¡1

i
(Vt¢)0: (P 4)

From(5),

h
~¦¢;t¡h¡¦¢;t¡h

i0
Y¢¡L ;i=

GX

`=1

(¡1 )̀(~r̀¡r̀)
¡
(¢ `)¢;t¡h

¢0
Y¢¡L ;i

=
GX

`=1

(¡1 )̀(~r̀¡r̀)Yt¡L ¡h+ ;̀i: (P 5)

Sincet¡L ¡h+ ` < twhenL > G,`·G,andh¸0 ,by(A 3)wecanapplyChebyshev'sInequalitytoshow

1p
T

TX

t=1

Yt¡L + ;̀i
¡
¸0i§

¡1 (Vt¢)0
¢
=O p(1)and

1p
T

TX

t=1

Yt¡L ¡1 + ;̀i
¡
¸0iR§

¡1 (Vt¢)0
¢
=O p(1): (P 6)

Substituting(P 5)and(P6)into(P 4)yields

GX

i=1

GX

`=1

(¡1 )̀(~r̀¡r̀)[O p(1)¡O p(1)]: (P 4')
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Since~r̀ p! r̀ byL emma2,wehave(P 4)p! 0 .

(A 2.2')From (5),Hh=
P G

=̀0 (¡1 )̀~r̀Y ¡̀L +h.So

1
T
H0Hh=

1
T

GX

`=0

GX

i=0

(¡1 )̀+ 1 ~r̀~riY 0`¡L Yi¡L +h: (P7)

Since~r̀ p! r̀ byL emma2 andthefourthmomentsoftheYt¢processexistby(A 3.4),(P7)convergesto

GX

`=0

GX

i=0

(¡1 )̀+ 1 r̀riE (Y 0`¡L Yi¡L +h)forh=¡1;0 ;1 :

(A 2.3')T heconvergenceargumentis identicalto(A 2.2').

(A 2.4')From (5),

Hth=
GX

`=0

(¡1 )̀~r̀Yt+`¡L ;h:

Since(¡1 )̀~r̀ is independentoftandis O p(1)byL emma2,andthefourthmomentsofYt+ ¡̀L ;h havethe

specī edpropertyby(A 3.4),Hthtakestheformrequiredby(A 2.4').

(A 2.5')From (5),

H0Uh=
GX

`=1

(¡1 )̀(~r̀¡r̀)Y 0`¡L Uh+ Y 0¡L ¦Uh: (P 8)

ByL emma2,thesum isO p(1)ifY 0`¡L Uh=O p(T)(notetheimportanceof~R convergingfasterthanop(1)).

A routineapplicationofChebyshev'sInequalityestablishesthisbecausethemoments involvedarebounded

by(A 3.4).From(4),

Kji=(¡1 )j+ i
G¡1X

`=0

(¡1 )̀r̀ji¢ `; (P 9)

wherer̀ji isthesumofall t̀h orderprincipalminorsofthesubmatrixofR 0obtainedbydeletingrowjand

columni (andr0 ji´1 fornotationalconvenience).Substituting(P 9)into(4)yields

Y 0¡L ¦U¢+h;i=Y 0¡L (detA)U¢+h;i=
GX

j=1

(¡1 )j+ i
G¡1X

`=0

(¡1 )̀r̀jiY 0¡L ¢ [̀¢ ¢ 0V¢+h;j + (IT ¡¢ ¢ 0)U¢+h;j]: (P 1 0 )

Sincetheonlynonzeroelementof(IT¡¢ ¢ 0)U¢+h;j isU 1 +h;j,thistermisclearlyO p(T 1 =2).Fortheremaining

term,notethat

1p
T
Y 0¡L ¢

`¢ ¢ 0V¢+h;j=
1p
T
Y 0`¡L V¢+h;j

exceptforthe r̄strowofV .A s shownabove,this satis̄ es theconditions forthem-dependentCL T (and

thus is O p(1))sincetheindexonrowtofeachlagofY is less than t+ hwhen `·G ¡1 , L > G,and

h·1 . ¤
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