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COMMON KNOWLEDGE*

Sérgio Ribeiro da Costa Werlang**

1. Knowledge and Commnon Knowledge

The co.ucepis c¢i knowledge and belief are certrul i1
economics, and in many other sciences, whose object of study is
the human being, like psychology, linguistics, and artificial
intelligence. Let us assume that the meaning of knowledge about
a fact, or about the truth of a proposition is well understood.
We will sometimes also refer to the word belief. If one person
believes something is true, this dces not imply that this something

is true. People are allowed to hold false beliefs.

Since the knowledge by one person of a fact is itself
a fact, we may speak of the knowledge by an individual, say i,
about knowledge of another individual, say j, about a fact. In

general, we may repeat this process as many times as we want.

Hence, if we have several agents, we say that a

fact is known up to level m by these agents 1if: everyone knows

that (everyone knows thatfmd' the fact is true. That is, the
words "everyone knows that" appear side by side m times, before
"the fact is true". 1In the same fashion we define common

knowledge of a fact if: the fact is known up to level m for all
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m > 1. In other words, a fact is common knowledge if everyone
knows it, everyone knows that everyone knows it, everyone knows

that everyone knows that everyone knows it, ... ad infinitum.

A question immediately comes to mind when we see
these definitions. If a fact is know.by everyone, why should

higher levels of knowledge matter?

In order to illustrate the importance of all levels
of knowledge, let us refer to a well known puzzle. (For a more
formal analysis of such puzzles, see Moses, Dolev and Halpern

(1986) , Halpern and Moses(1986), and Barwise(198l1)).

Long time ago a king decided to give amnisty to a
large group of prisoners. This prison ik a very special one, and
the prisoners are not allowed to speak to each other. To communicate
his decision, the king summons the prisoners, and each one is
put on a hat, which they are told they cannot see undef any
circunstance (the penalty for looking at the top their that is
death). All but two hats have a white top. Those two hats are
red topped. All the prisoners see the hats of the others, but not

its own.

The king délivers the following speech: "As you
noticed, most of you have a white hat. But some have a red hat.
From now on every day you will be brought to this room. The day
you find out the color of your hat you are free to go. If any

of you guess the wrong color, this person is going tobe behaded."

How many days did it take to the prisoners with the
red hat to find out the color of their hats? And the ones with

white hat?




Let us reason day by day. On the first day, after
the speech, the prisoners with white hat see two with red hat, and
the prisoners with red hat see only one other with red hat. Hence
there is nothing they can conclude about the color of their own

hat.

As a result, in the second day every prisoner is
back in the main room. Again, the ones with red hat see one red
hat only, ana the others two. But tnere is adaitionair information
that one day has passed. Hence, a prisoner with a red hat knows
that the other prisoner with the red hat did not 1leave, which
means that someone else must be wearing a red hat. This someone
has to be himself, since he sees no one else except one with the

red hat.

So the prisoners with red hat guess correctly on the
second day. On the third day the others will guess, because they

will see no one with red hats.

What happens if we had three red hats instead of
two? The same reasoning apllies and the prisoners with red hat
would leave on the third day and the others on the fourth. It is
clear that this reasoning can go on for any number of red hats,

provided the white hats are in majority.

This puzzle and its solution serve the purpose to
illustrate that all layers of knowledge are important. In fact,
in the case of two hats, a person with red hat sees at least one
red hat, but does not know whether the other pefson with red hat
sees at least one red hat. So, in the case of two hats, everyone
sees a red hat, but it is not the case that everyone knows everyone

sees a red hat.




In the case of three red hats, the person with a red
hat sees two red hats, and knows that everyone sees at least one
red hat. So that now everyone sees at least one red hat, and

everyone knows everyone sees at least one red hat.

We could go inductively showing that all levels of
knowledge of the fact "everybne sees a red hat" are attained exactly
for versions of the puzzle with different numbers of red hats. As
chese puzzles hase a Ciffarent col .tion Zor “iflera t ..ambers of
red hats, it is clear that all levels of knowledge are important

in a general problem, in the sense that they affect the outcome.

We will see later, what are the effects of knowledge,
higher orders of knowledge, and common knowledge of rationality

in a game.

2. Historics

The notions of knowledge and belief have been discussed
for a long time in philosophy. The idea of common knowledge (and
of the importance of higher layers of knowledge) was first defined
by Lewis(1966). In order to study social conventions, how they
arise, how they are stable, Lewis uses coordination games and defines

common knowledge.

Harsanyi (1967-68) independently, notices the importance
for incomplete information games of guesses about the unknown
parameters, guesses about guesses, and so on. His argument was
roughly as follows: if what any player thinks about the unknown
parameters influence how this player plays, then the same should

occur with other players, so that any player should try to guess




what other players are guessing, and so on. Unfortunately, Harsanyi
dismisses the problem as being mathematicaly very hard. This
mathematical problem was solved by B&ge(1974), Armbruster and Bdge
(1979), Boge and Eisele(1979) and Mertens and Zamir(1985). They

developed the so-called model of infinite hierarchies of beliefs.

The first formal definition of common knowledge was
given by Aumann(1976). Since the publication of his paper the
field has had an enourmous developement. We will see this in the

next sections.

3. Formalising Common Knowledge

There are several ways of formalising the notion of

common knowledge. In all the cases we will be dealing with a basic
set 0 of states of the world. Aumann(1976) oonsiders given a
priori Hl, ...,Hn partitions of this set of states of the world,

each of them representing the information structure of an agent.

Implicitly the space Q@ and the partitions I ., I_, are to be

1" °° n

common knowledge. Aumann's concern is solely with the definition
of common knowledge of an event A 2, when the true state of the
world is an we Q. If Hl Ao A Hn is the meet of the partitions,

i.e., the finest common coarsening, we say that A is comon knowledge

at w if 3 B e I

to define knowledge, and finite iterations of knowledge of an

Ae..A T with w ¢ B A. It is also possible

event A using the same framework. For this see the appendix of-
Tan and Werlang(1988). An alternative formulation of this model
is given by Milgrom(1981). Aumann treats only the case the state

space is finite. The extension to infinite state spaces is not
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immediate. It is done in two alternative ways, which are closely

related, by Nielsen(1984) and Brandenburger and Dekel(1987).

The second model to formalise common knowledge is
based on infite hierarchies of beliefs; Tﬁis framework was used
by Tan and Werlang(1984, 1988, 1988b) ,Werlang(1986) and Brandenburger
and Dekel(1985). Tan and Weflang(l988) use this explicitly to
define common knowledge of the partitions. Then They show that given
the partitiorns are commen kncslecg2, an 2v nt is corron kac. ledge in Lho
infinite hierarchies sense if and only if it is in Aumann's sense.
Brandenburger and Dekel are interested in findind an wuncertainty
space which is large enough to encompass all possible information,

including the implicit description of the partitions.

Tan and Werlang (1984, 1988b) and Werlang(1986) use
this formalism to derive implication for a game of the knowledge
and common knowledge of facts like rationality. We will see this

in more detail later on the text.

We will discuss some of the implications of Aumann's
and the infinite hierarchies of belief's approaches later on the

text.

The third way to model common knowledge is throucgh
the logic-theoretic framework. The most important source of
reference for this approach is Fagin, Halpern and Vardi (1984). The
logic formulation introduces new characters called knowledge overators
in the usual propositional logic. The authors show that this is
eqguivalent to the model of Kripke(1963) of modal logic (they are
also known as epistemic logics) as far .as common knowledge is
concerned. Recently, many authors used the logic model: Bacharach
(1985), Kaneko(1987), Kaneko and Nagashima(l988), Shin(1987),

Barwise (1988), and Gilboa(l1988). The logic - theoretic models



of knowledge have taught us three main resuits. The first is that
it is.possible to model the states of the world as including a
complete description of\the knowledge status of  the agents,
particularly the knowledge about the information partitions. The
second is that this set of states of the world has tobe infinjte.
Third, it clarifies the relation between properties of the
knowledge operator and the information partitions. As a further
interesting remark, Gilboa(1988) conjectures (but dces not prove)
that it is possible to obtain a logical model in which it makes

sense to talk about knowledge and common knowledge of the model

itself.

4. Agreeing to Disagree

. One of the most striking results of the theory of
common knowledge is proved in Aumann(1976). He shows that if the
agents_have a common prior which 1is common knowledge, their
information partitions are common knowledge and their posteriors
are common knowledge, then their posteriors have to coincide. This
result is very important to show how strong of a requirement is
common knowledge. It can be th&ught of as saying that "it is
impossible to agree to disagree, whenever this fact and a common

prior are common knowledge."

This claim was extended by Cave(1983) and Bacharach

(1985) to more general properties, not only posteriors.

These results all seem extremely strong. One question
that comes to mind is how it is possible toachieve coomon knowledge

about posteriors. This question was answered in three related



ways by Geanakoplos and Polemarchakis (1982), Sebenius and Geanakoplos
(1983) and McKelvey and Page(1986). The first makes use of an
iterative procedure where each of two égents announce to each other
their posteriors, based on the common prior, the partition they
have, and the value of the posterior that the other anncunced. This
process converges in finite time (if the state space, © is finite),
to numbers which are equal, and common knowledge in the final

partitions.

On the other hand, Sebenius and Geanakoplos(1983) use
the system of bets being offered iteratively, until they are
rejected. This way of transfering information is equivalent to

the previous one.

The third approach is given by McKelvey and Page
(1986). They showed how common knowledge can arise through the

publication of aggregate statistics iteratively.

In the case of n > 2 agentes if one tries to have
only private announcements between two agents, the process will
not converge in general, except for very restrictive cases (see

Parikh and Krasucki(1987)).

It is important to notice that the possibilitie of
lies, and of strategic aunouncements have not yet been studied in

these information transmission procedures.

One might conjecture that Aumann's result on the
impossibility of agreeing to disagree is dependent on the fact
that the information structure is given by partitions of the set
of states of the world. It is well known that this is very
restrictive. 1In particular, if we think of the knowledge operator,
it is possible to show that, in the logic context, this follows

from requiring that an agent knows what she does not know (the



well known modal logic S5 see Fagin, Halpern and Vardi(1984)).

It has.been shown that whenever knowledge is finitely
generated, i.e., generated by finitely many first facts, Aumann's
result goes through even when one relaxes the requirement of one
knowing what one does not know. Shin(1987) does it in terms of
the weaker S4 modal logic. .More striking even is the result of
Samet (1987). He shows that independently of the logic propertiés
of the knowledge bperator,_Aumann's resuit will foilow, .in the
case of finitely generated knowledge. He has also some results

for the case of beliefs.

5. Incomplete Information Games

An incomplete information games is a game where there

is an unknown parameter.

As remarked above, Harsanyi was the first person
to be concerned with iterated guesses about the wvalue of this
unknown parameter. In particular, through informal arguments
Harsanyi (1967-68) reduces a general game of incomplete information
to a game of complete information which is common knowledge among
the players. His reasoning was formalisedby Mertens and Zamir(1985).
By means of the framework of infinite hierarchies of beliefs, they

construct a complete information game which is common knowledge

and which is equivalente to the incomplete information one. Of
course, the game is extremely complicated, with very complex
strategy spaces. They show, however, that it 1is possible to

approximate this game as well as one pleases by games where players

can be of finitely many types. On this see also Myerson(1985).
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6. Foundations of Solution Concepts of Games - Normal Form

There is a plethora of notions of equilibrium in
games. The theory of knowledge and common knowledge applied to
games helps us to understand the implicit assumptions on the

players which underliesome of the solution concepts.

In this section we will concentrate on the study of
normal form noncooperative games. The interested reader should
‘refer to Tan and Werlang (1984, 1988a, 1988b), and to the papers
cited below. The programme of this literature is simply stated:
given a solution concept, find the implicit assumptions about the
knowledge and common knowledge of the players which will lead to
this solution concept. One should be aware of another trend to
find foundations of solution concepts, the evelutionary view. On
this see Samuelson(128¢) and Maynard Smith(1982) .The
following normal form solution concepts will be analysed:
iterative elimination of strictly dominated strategies, rationalisble
strategic behaviour, correlated equilibrium, Nash equilibrium,
perfect (trembling - hand perfect) equilibrium and proper equilibrium

Bernheim(1987) has an analysis which is related.
(i) Iterative elimination of strictly dominated strategies.

We say that a player is Bayesian rational when this

player chooses an action which maximises the expected utility
given her beliefs about the actions of the other players. Thus,

in the game of figure I,
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11
2 r
u (1000, 1000) | -(-1000, 999)
I
a (900, 1000) (900, 999)
Figure I
player II has a strictly dominant strategy, which is 2. Hence,

whatever player II thinks player I will do (i.e. given any beliefs
about player I's actions), player II will always play £, if she
is rational. 1If player I knows that player II is rational, then
player I knows player II will play %2, so that player I, being
himself rational, will play u. We can see clearly in this example
the links between layers of knowledge of rationality and iterations

in the elimination of strictly dominated strategies.

This can be formally and very generaly shown as in
Tan and Werlang(1988b): if Bayesian rationality is known up to
level m, then the players.will play strategies which survive m+ 1
iterations of elimination of strictly doaminated strategies. Carrying
this argument to the limit, if it is common knowledge that players
are Bayesian rational, then the outcome of the game has to survive
iterative elimination of strictly dominated strategies. Converses
of the results above are also true: in a game with n players, any
n - tuple which survives m+ 1 rounds of eliminations of strictly
dominated strategies is played by some n - tuple of players for
whom Bayesian rationality in known up to level m. The same goes

for m= « (i.e., common knowledge).
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(ii) Rationalisable Strategic Behaviour.

Bernheim(1984) and Pearce(1984) argque that one should
eliminate iteratively not only the strictly dominated strategies,
but also the strategies which never are a best response. In two
person games these two concepts coincide (see Pearce(1984)). For
more than two players they aﬁe different if it is required that
the players play independently, as it is usual in non cooperative
game theory. Théy define a solution concept, known as rationalisable
strategic behaviour, which is the set of all actions (strategies)
of the players which survive iterative elimination of actions which

never are best responses.

It turns out that it is common knowledge that players
are Bayesian rational and that they act independently if, and
only if, they play a rationalisable action (i.e., an action which
survivers iterative elimination of actions which never are best

responses) .
(iii) Correlated Equilibrium.

Aumann(1987) shows that-if Bayesian rationality is
common knowledge, and a common prior is common knowledge, then the
players play a correlated equilibrium (és defined in Aumann(1974)).
See also Tan and Werlang(1988b) for a converse. Combining this
result with previous ones, we see that the solution concepts of
rationalisability and correlated equilibrium are closely related.

This analysis is made in Brandenburger and Dekel (1987).
(iv) Nash Equilibrium.

There are several ways to derive Nash behaviour in
games, nonrne of then entirely satisfactory. For example, as in

Bernheim(1987), we could require common knowledge of rationality, of
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independence, and of a common prior. Or, in two-person games, as
in Armbruster and Boge (1979) we could require common knowledge of
rationality and of each other's beliefs. Also Werlang(1986) and
Tan and Werlang(1988b), notice that if one requires a theory to
be single valued, then the only theory which is consistent with
common knowledge of itself and of rationality is a Nash equilibrium.
Bacharach{(1987) gets to the same conclusion. This last explanation
for Nash behaviour, shows the strong coordination requirements
behind this solution concept. Not only rationality has to be
common knowledge, but also tﬁe actiocns t;ken, before they are taken.
Nevertheless, in the realm of Bayesian fdundations of solution

concepts there is nothing much better that can be done.
(v) Perfect and Proper Equilibria.

The concept of (trembling-hand) perfect equilibrium
was defined by Selten(1975). The concept of proper equilibrium
by Myerson(1978). Those are refinements of Nash eguilibrium which
require the equilibrium to be robust to some small mistakes by all
the players. Clearly, to have a notion of equilibrium in games
justified by means of mistakes is somewhat disturbing. This
problem was overcome by the results of Blume(1986) and Brandenburger
and Dekel(1986). They use a different theory of Bayesian rationality.
Savage 's (1954) theory of decision under uncertainty implies the
Bayesian view: there exists a subjective probability distribution
over the space of uncertainty such that the agent maximises expected
utility. Blume and Brandenburger and Dekelh use a different
of decision under uncertainty, known as subjective expected utility
under lexicographic beliefs. They define two types of rationality
using this theory of expected utility a weak and astrong sence. If

rationality is common knowledge and the actions also, as in (iv),
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then with the weak reationality concept we get perfect equilibrium.

With the strong rationality concept, proper equilibrium.

7. Foundations of Solution Concerts - Extensive Form

In the extensive form things get much more complicated.
Reny(1988) and Basu(l1985) notice that the requirement of common
knowledge of rationality at all modes of a tree may be inconsistent.
It is very easy to see why this is so. Consider a part of a game
tree which is attained only if some player chooses a strictly
dominated alternative at some previous information set. It is
clear that, once this part of the tree is reached, it makes no
sense to require common knowledge of rationality. Binmore (1988)
suggests that the solution to the problem passes through introducing
automata. He argues that to ask from human beings that they go
into the infinite regress of common knowledge is too much. Bicchieri
(1988) shows that in finite perfect information games, finite levels
of rationality at the first node will indice backward induction.
By far the deeper results in this area were found by Reny(1988).
He found .a theory with the property that the common knowledae of
this theory is consisient at all modes of a tree. One can think
that this is a minimally consistent theory, taht any other equilibrium
theory should be a subset of. It should be notice that Reny's

this theory is neither a subset nor a superset of Nash equilibria.
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8. Miscellanea of Applications in Economics

Gilboa and Schmeidler(1988) define a class of games
for which the knowledge about the outcome affects the payoff.
Theses games encompass several phenomena and paradoxes of philosophy.
An illustration of one such game is givenby gossip. It is oconceivable
that one likes to gossip about some person, but that gossiper
likes much more when the person (object of theAgossip) finds out
about the fact the gossip is going on. Gilboa and Schneidler show
that these games may be incompatible with common knowledge of
rationality.

Rubinstein(1988) exibits a game which has an unknown
parameter, for which information transmission in possible, and it
may go on forever but common knowledge of the value the parameter
may never arise. This is a result akin to Halpemn and Fagin(1985) .

For the case of economies with asymmetric information,
Milgrom and Stokey(1982) show that if it iscommon knowledge ex-post
that everyone benefits from a feasible trade, then ex-ante the
initial allocation cannot be Pareto efficient. 1In a certain sense
this is a no-trade result: after the uncertainty is realised and
the agents see their private information, there cannot be a
mutually advantageous trade which is common knowledge, if the

initial allocation were Pareto efficient ex-ante.

9. Conclusion - Applications Outside Economics

The theory of common knowledge has been applied to
the theory of social convention Lewis(1966, 1969), Gilbert

(1981,1982). The theory of communication also has been
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developed based on common knowledge ideas, as in Parikh(1988).

In parallel processing it is important, sometimes,
that common knowledge between two (ou more) programs be attained.

This study is reviewed in Halpern and Fagin(1985).

We tried to give a broad overview of the literature
in common knowledge, with enphasis in its apnlication in ~eoonamics,
and in particular in game theory. The more interested reader can
have a more detailed view in the surveys by Binm)re‘ and‘T }Branderburger

(1988) , Brandenburger(1986) and Tan and Werlang(1988a).
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