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Abstract 

In this paper we apply the theory of declsion making with expected utility 

and non-additive priors to the choice of optimal portfolio. This theory 

describes the behavior of a rational agent who i5 averse to pure 'uncertainty' 

(as well as, possibly, to 'risk'). We study the agent's optimal allocation of 

wealth between a safe and an uncertain asset. We show that there is a range of 

prices at which the agent neither buys not sells short the uncertain asset. In 

contrast the standard theory of expected utility predicts that there is exactly 

one such price. We also provide a definition of an increase in uncertainty 

aversion and show that it causes the range of prices to increase. 
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1. Introduction 

In this paper we describe some implications for economic analysis of a model 

of decision making under uncertainty which generalizes the expected-utility model 

accepted by most economists as a representation of rational behavior. The model 

we use is the mode1 of eh~ected utility under a non-additive probability measure, 

which seeks to distinguish between quantifiable 'risks' and unknown 

'uncertainties'. An axiomatic treatment of the model may be found in Schmeidler 

(1984, 1986), Gi1boa (1987) and Gilboa and Schmeidler (1986). 

The focus of this paper is the problcm of optimal investment decisions. 

Under the standard theory of expected utility, an agent who must allocate his 

wealth between a safe and a risky asset will buy some of the asset if the price 

ls less than the (present value of) the expected returno The amount of the asset 

that is bought depends on the agent's attitude to risk. Conversely the agent will 

sell the asset short when the prlce is greater than the expected returno Our main 

theorem ls a generalization of this result to the case of uncertainty. We also 

provi de a definition of an increase in perceived uncertainty, and analyse the 

effects of such an lncrease on the investment decision. 

The problem of making decisions under uncertainty has been of central 

importance to economics and statistics throughout the development of these 

disciplines. The expected uti1ity theory, which owes its axiomatic development 

r to von Neumann and Morgenstern (1947), initiates from the.work of Bernoulli 

(1730), Savage (1954) has made a persuasive case that rational behavior 

necessarily entails actionsrepresented by such a utl1ity function and by a prior 

subjective probability dlstribution over possible events. 

Suppose I am to gamble on the toss of a coin and must form a plan to decide 

which bets to take and which bets to refuse. To do this I need to decide whether 
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the coin i5 biased and if 50, by how much. How can I form an estimate of the 

chance of heads? If I do not know the chance of heads, perhaps I can form s 

prior over posslble values of this chance and find.the expected value of the 

chance under this prior. If I have a model of how bias may arise, then this 

model will provide the prior. But suppose that I do not have such a model: then 

I could envisage a rangeof possible models and assign a prior probability to 

each one and, taking averages over these possible models and the chances of bias 

lmplied by each one, I could eventually find my be1ief of the chance of heads. 

But how do I know that the models considered were applicable ones, or that my 

beliefs about the likelihood of each were correct? Of course I do not know this, 

but I can form beIiefs over the different possible relative likelihoods of models 

within a range of possible models, and over different possible ranges of possible 

models. This process may be carried on ad infinitum. The point that we wish to 

make here 15 that at each step in the process it becomes increasingly difficult 

to construct models and to forro priors and that. therefore, a reasonable person 

might perhaps treat the final estimate of the chance of heads differently from 

the same chance estimated from a coin 'known' as a resu1t of intensive study and 

numerous experiments. According to Savage, this dlstinction would be 

unreasonab1e. 

Thls distinction between 'risk' and 'uncertainty' 15 proposed by Knight 

(1921), Ellsberg (1961), and Bewley (1986) among many others. In the series of 

papers referred to above, Schmeid1er.and Gilboa have given an axiomatic 

deve10pment of a model which incorporates this distinction. This model entails 

maximizing expected uti1ity with a non-additive probabi1ity measure. With a non­

additive probability measure, the 'probability' that either of two mutua11y 

exclusive events will occur ls not necessarily equal to the sum of their two 
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'probabilities'. If it i8 leSB than the sum, then expeeted-utility ealeulations 

using this probability measure will refleet uneertainty-aversion as well as 

(pos8ibly) risk-aversion. (In Seetion two we give.an alternative "maxirninft 

interpretation of the model whieh avoids the use of non-additive probabilities.) 

Although there are good ressons, empirical and theoretical, for questioning 

the premises of the expected utility model, there is one faetor which is strongly 

in its favor. Yhile the theory of consumer behavior under certainty has only the 

most pedestrian empirical implications (homogeneity of degree zero and continuity 

of the demand function, and symmetry and nega tive semi-definiteness of the 

Slutsky matrix where demand is differentiable), the theory of expected utility 

ylelds some strong predlctions, in particular the results on local risk 

neutrality and on complete insurance with actuarially fair policies. A 

generalization of the theory whieh eliminated the independenee axiom eompletely 

would also lead to the 10S8 of these useful predictions. The purp~se of this 

paper is to show that the model of expected utility maximization with non­

additive probabi1ities reflecting uncertainty-aversion preserves strong results 

whieh are analogous to these. We focus particularly on the local risk-neutrality 

theorem. 

According to this result, an ~gent who starts from a position of certainty 

will invest in an asset if, and on1y if, the expected return on the asset (to be 

precise: the present value of the expeeted return) exceeds the price. This result 

holds in the absenee of trsnsactions costs whenever it ls possible to buy 8maI1 

quantities of an asset. Conversely, if the expeeted return is lower than the 

price of the agent wi11 wish to se11 the asset short. Consequently an agent's 

demand for an asset should be positive below a certain priee. negative above that 

price and zero at exactly that price. 
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With a non-additive subjective probabi1ity distribution over returns on the 

asset, we show that this result has a straightforward analog which is intuitively 

plausible and is compatible with observed investment behavior. There is an 

interval of prices within which the agent neither buys nor sells short the asset. 

At prices below the lower limit of this interval, the agent is willing to buy 

thls asset. At prices above the upper end of this interval the agent is willing 

to sell the asset short. 

Tbe highest price at which the agent will buy the asset is to the expected 

value of the return on the asset under the non-additive probability measure. The 

10west price at which the agent sells the asset is the expected value of selling 

the asset short. This reservation price is larger than the other one if the 

bellefs reflect uncertainty aversion: with a non-additive probability measure, 

the expectation of a random variable is 1ess than the negative of the expectation 

of the negative of the random variab1e. 

These two reservation prices, then, depend on1y on the beliefs and aversion 

to uncertainty incorporated in the agent's prior, and not on attitudes to risk. 

This result is the non-additive analog of the local risk-neutrality resulto 

We have suggested above that a reasonable person may not act according to 

Savage's modelo Maximizing utility with a non-additive prior may be a reasonable 

model of rational behavior in some circumstances. However, we do not argue that 

this model i8 the only way, nor necessarily the best way. to represent genuine 

uneertainty. What we show here is that provides a tractable framework for 

aconomie analysis of the types of problems which expected utility theory ltself 

18 useful for. 

We have outllned a rationa1e for non-additive probabi1ity mode1s as a 

normative theory of behavior under uncertainty. However, we a1so wish to suggest 
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that the model provides a description of actual behavior. Most people do not 

lnvest in most assets, partly of course because of transactions costs and 

informational asymmetries (i.e., the price reflects information of other traders, 

and hence demand need not be downward sloping), but partly, perhaps, because they 

simply do not 'know' enough about the uncertainty of possible returns on the 

asset. It seems perfectly natural - even in the absence of transactions costs 

and lnformational asymmetries - to wish neither to buy nor to sell short an 

asset. Yet thls is incompatible with the standard theory of expected utility. 

In the last section of the paper, we mention some observations of behavior of 

financial institutlons which would appear to be of this type. 

The organization of the rest of the paper is as follows. In section 2 we 

present a simple example whieh illustrates the basie features of the modelo In 

seetion 3 we prescnt a definition of an increase in uncertainty aversion and 

results on expectation of a random variable with a non-additive distribution. In 

sectlon 4 we give our main theorem on asset choice under uncertainty. Section 5 

contains a diseussion and conclusion. The Appendix contains mathematical results 

for reference. 

2. An Example. 

In this section we present an example which illustrates the principIes of 

how an agent with a non-additive subjective probability distribution should make 

portfolio choiçes (strictly speaking, we should regard the utillty function of 

the agent and the non-additive probability distribution as jointly implicit in 

the decisions taken by the agent: the wording of the previous sentence - we use 

similar wording elsewhere too - is a convenient abuse of language. Maximization 



6 

of expected utility with a non-additive subjective probability distribution 

reflects both the presence of uneertainty, and aversion to it). 

Among the axioms that imply the existence of an expected utility function 

and an additive subjeetive probability distribution is the independenee axiom. It 

is thls axiom which 1s usually questioned by those who doubt the validity of the 

modelo A non-additive probabl1ity distribution results from a weakcned verslon of 

this axiom. According to the independence axiom, if lottery A is preferred to 

lottery B, a compound lottery giving lottery A or lottery C is preferred to a 

compound lottery giving lottery B or lottery C, for every other lottery C so long 

as the chance of getting lottery C is the same in both compound lottaries. The 

weakened version of the axiom requires this to ho1d only in case C 18 a certain 

outcome. (See Gilboa and SehmeidIer (1986». 

Let us suppose that an agent must choose to alloeate wealth Y between a 

safe and a risky asset. The risky asset may pay either of two possible retums, 

high H or low L. Throughout we use the convention that these numbers 

represent the present values of the returns discounted at the safe interest rate. 

Sinee the risky asset may take on1y two values its distribution is 

characterized by two numbers: the probabilities . q of a high return and q' of 

a low returno If q+q' < 1 then the deeisions taken by the agent reflect 

uncertainty-aversion. 

We consider the expected return from buying one unit of the asset at price 

p. The return,can at worst be (L-~). net of the price. Yith probability q, 

however, the return ls (H-p), i.e. an improvement of (H-L) over the worst 

outcome. This possible improvement is uncertain and its evaluation reflects 

that: thus the expected return from buying a unit of the asset is [L+q(H-L)]~ 
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p]. If the price p is 1ess than L+q(H-L), a risk neutral investor wil1 buy 

the asset. 

If instead the investor sells a unit of the asset short, the return will be 

(p-H) if the assot is worth li, and (p-L) if it is worth L. At worst the 

return is (p-H) and. with probability q', it amounts to (p-L). The expected 

value is therefora p - H + q'(li-L). Thus if p exceeds H+q'(H-L), the 

investor wil1 sell the asset short. Fig. 1 shows the expected return from buying 

and sel1ing the asset as a function of p. 

Note that becausa q+q'< 1, H + q'(H-L) > L + q(H-L). At prices in between 

these ~TO numbers the investor wi11 not trade in the asset. 

A c10sely related representation of decisions i5 to suppose that the 

decision maker eva1uates expected utility for a set of possible prior 

distributions, and acts to maximize the minimum of expected uti1ity over these 

possib1e priors (Gilboa and Schmeidler (1986». At one extreme, t~e deeision 

maker considers only one prior - a 'known' distribution - and aets according to 

expected uti1ity. At the other extreme, if a11 prior distributions over outcomes 

are considered, tlle decision maker considers only the worst possible outcom3. 

This "Maximin" rule has been proposed by Wald (1950) for situations of complete 

uncertainty, and E1lsberg (1961) and Rawls .(1971) also suggest that this rule 

should be considered in such circumstances. Simonsen (1987) i5 a more recent 

app11cation to the theory of inflationary inertia. 

In the above exemple we could say that the agent believes the chance of a high 

return to lia between q (st least) and (l-q') (at most) , with a low return 

having the complementary probabilities between (l-q) and q'. Thepayoff from 

buying a unit of tho asset 1s then 
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Hln(L + ~(H-L)· P I ~E[q,l-q')}. 

and from selllng it short, 

Min(p . H+~(H-L) I ÀE[q' .l-qJ}. 

Note that if alI priors are considered 'possible' in this framework, the 

payoffs are (L-p) and (p-H): decisions are made so as to maximize the worst 

possible outcome. This formulation of the model may be misleading however: an 

agent who satisfles the axioms of Schmeidler (1984) takes actions which can be 

represented by a utility function and a probability distribution. If the 

probability distribution ls non-additivc this reflects both the presence of 

uncertainty and the agent's aversion to uncertainty. For instance, in the above 

example we could have q - q'- 1/2: this need not mean that the agent 'knows' 

the risk with certainty. It could mean that the agent thlnks both outcomes are 

equally like1y and is not averse to uncertalnty. 

The above example of declsion-making wlth non-additive probabilities should 

make clear the following properties of expectation (See the Appendix). On the 

one hand, adding a constant to "a random variable or multiplying it by a positive 

constant has the same effects on lts expectation. This property is not true for 

negative constants: in general -E(-X) > E(X). It is this inequality which 

gives rise to the price range with no trade. It should be clear that the purpose 

of using an example with two states was to illustrate this inequality and that, 

in general, E(X) and -E(-X) are the two reservation prices. The fact that 

expectation here retains its familiar properties with respect to addition of a 

constant and multipllcation by a positive constant enables us to speak, as usual, 
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of present va1ues of future incomes, of returns net of the price, and of expected 

return per unit. 

3. Vncerta1nty Ave1','sion 

In the prev10us section we gave sn example showing that uncerta1nty aversion 

is respons1b1e for the phenomenon of -avoiding" risks: i.e., a person may want to 

atay out of an asset even though, according to the standard expected utl1ity 

theory, he shou1d want either to buy or to se11 a 11tt1e un1ess the price ls 

exact1y st the expectation. 

The range of prices under which no trade occurs was shown to be the interva1 

[EX, -E( -X) ] 

Which degenerates to EX in the case of an additive probability. This Buggests 

that we should be ab1e to show that in some sense, the more we deviate from 

additive behavlor, the wider this interval of no trade becomes. In this aectlon 

we prove a theorem (Theorem 3.5)" whlch confirms this intuition. 

We start by defining a aeasure of uncertainty aversion, fol1owing an idea of 

Scluaeldler (1984), for the case of two states of nature. In what fo11owa the 

reader shou1d refer to the Appendlx as necessary for the notation and for 

aathematical propertles of non-additive probabl1ities. 

'.1 paftnitlgn:. Let P be a non-ad~ltive probabi11ty, and A C O an evento We 

S8y that 

c c(P,A) - l-P(A)-P(A ) 
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18 the uncertainty aversjon of P at A. 

Notice that this number measures the amount of probability "lost" hy the 

exlstence of uncertainty. It glves us the deviation of P from addltlvity at 

the event A. As one should expect, c c(P,A) - c(P,A). The next lemma states 

that this number is positive if and only if the probabllity ls not finitely 

additive. 

3.2 temma: c(P,A) - O for alI events A C O if, and only if. P is finitely 

additive. 

Proof:«-) 
c c 

This follows immediately from the fact that A n A - 9, A U A - O, 

P(O) - 1. 

(-» Let A and R be events such that A n B -~. By the definition of non· 

additive probability, one has P(A U B) ~ P(A) + P(B). We have only to show that 

P(A u R) S P(A) + P(B). In fact, peCA U R)c) 

+ P{Rc ) _ P(Ac 
U RC). But A n B - 9 -> AC u BC - O. Rence. P(Ac n BC) 

~ 1-P(A) + l-P(B)-l by the fact c(P,X) - O for alI events X, which implles 

that peCA U B)c) ~ l·P(A)-P(B). Simi1ar1y, by the fact that uricertainty aversion 

ls zero, 1-P(A u R) ~ l·P(A)·P(B) -> P(A) + P(S) ~ P(A u B). 

O,E.D, 

3,3 Example: Consider the case of non-additive P defined over a finite O, for 

which the event space i5 the power set of O, (O). Set P({w}) -~, where n 
n 

i8 the number of elements of O, c a number O ~ c s 1, for alI 
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W E O. Define, for A C O, A ~ O, P(A) _ P({w). It 1s easy to check 
W E A 

that c(P,A) - c, V A ~ O,~. That is to say, this is a distribution with 

constant uncertainty aversion. In general a non-additive probability does not 

have to be so simple. 

3.4 Example: Tbe case of maximin behavior. As discussed in section 2, a person 

with extreme uncertainty aversion who is completely uninformed maximizes the 

payoff of the worst poss1ble outcome. Suppose that c{P,A) - 1 for alI events 

A ~ O or ~. Then P{A) - O for alI A ~ n. Let u: X ~ X+ be the subjective 

utility function of the agent. Then: 

Eu - J udP - j p (u ~ a) da. 
O O 

Let Ü - inf u(x). Then Prob(u ~ ü) '- 1 and Prob(u ~ ü+~) - O V € > O. 
X E 21 

Therefore 

-u - inf u(x). 
x E X 

Ye now proceed to extend this "local" measure of uncertainty aversion to the 

whole range of two non-additive probabilities. 

3.4 pefinitlon: G1ven two non-additive probabi1ities P and Q, defined over 

the same space .of events, we say tha~ P 15 at least as uncertainty averse as O 

if for alI events A C O, c{P,A) ~ c(Q,A). 

Ye are now ready to show that the range on wh1ch no trade occurrs increases 

as the uncertainty aversion lncreases. (The symbol EpX means: f XdP, 
n 

etc. ) 
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3.5 Tbeorem: The two statements below are equiva1ent: 

(1) P is at 1east as uncertainty averse as Q; 

(11) For all random variables X for which EPK,EQX,Ep(-X),EQ(-X) < ~, 

-Ep(-X) -EpX ~ -EQ(-X) - EQX. 

lI2Qt: (1) -> (ii). By the integrability assumption, a11 the integrals which 

appear here make sense. 

o ~ 

EpX - I (p(X ~ a)-l)da + I P(X ~ a)da. 
-~ O 

Let A(a) - (W f O; X(w) ~ al. Then 
O ~ 

EPK - I [P(A(a»-l)da + f P(A(a»da. 
-~ O 

Also, 

O CIO 

~(-X) -! (P(-x ~ a)-l)da + ! P(-x ~ a)da -
-CIO O 

O CID 

- I (P(X ~ -a)-l)da + I P(X S -a)da -
-CIO O 

O -CID 

-1· (P(X < a)-l)da -f P(X < a)da-
+co O 

~ O 
- f [P(A(a)c)-l]da + f P(A(a)c)da. 

O -~ 

~ 

Hence: -Ep(-X) - Ep(X) - f [l-P(A(a» - P(A(a)c»)da. 
-~ 
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By the same argument. 

co 

.EQ(-X) - EQ(X) - J [l-Q(A(a» - Q(A(a)c)]da. 
-co 

As P is at least as uncertainty averse as Q, tt follows that 

l·P(A(a» • P(A(a)c) ~ l·Q(A(a» - Q(A(a)c), V a e ~. 

Thus. we have (11). Q,E,D. 

(ii) -> (i). Let A be an evento Define a random variable X - IA (the 

characteristic function of the set A: IA(w) - I if. and only if, w e A). By 

the definition of the integral: 

c EpX - P(A), Ep(-X) - P(A )-1, 

Applylng (li) to X, we get (1). O.EsD. 

The example beIow illustrates the effect of uncertainty averslon on the 

dispersion ben,een -E( -X) and EX .. 

3.6 Example: Let X ~ O be a random variable such that ~ - inf X(w) and 
w 

co> i - sup X(w). Let P be an additive probability. Ye define a non-additive 
w 

probabi11ty whlch is obtained by uniformly increasing the uncertainty aversion 
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from P: 1et P (O) - 1. and P (A) - (l-e)P(A) for O s c s I, and for alI c c 

A ,. O. tt is easy to eheek that e(P ,A) - c c for a11 A,. Ot~' 

Ep X - ~ + (l-c) EpX and 
c 

-E (-X) - eX + (l-c) E_X. Pc y-

and that 

tt is elear that -Ep (-X) - Ep X - e(X-~), whieh is inereasing in the 
c c 

uncertainty aversion c, as the theorem says. Ellsberg (1961) suggested this as 

ao §S hoc deeision ru1e; this example provides a rationa1e for the rule. 

4. Tbe Cho1ee of PortfQlio 

The aim of this seetion i5 to show that the reGults obtained for a risk 

neutral investor in section two ean be genera1ized for a risk averse individual. 

This shou1d be expeeted â prior!. because the theorem of seetion three shows that 

the spread between -E(-X) and EX is due only to deviations fro~ additivity, 

that ia to say, due on1y to uneertainty aversion. Thus one should expeet the 

range of no trade to depend not on the risk aversion. but only on the uneertainty 

averaion. 

Before proving the main resu1t, we need a 1emma. Let Y > O be the wealth 

of tbe individual, u ~ O the utÚity funetion. n a real number. and aZ a 

random variable with non-additive distribution P. 

4,1 Lemml: Suppose EZ < ~ and 2 .. E(-Z ) < ~, Assume also that u is C2• 

u' > O. and u· S O. Let f(n) - Eu(W+nZ). Then: 

(i) f is right differentiable at n - O; 

(ii) f~(O) - u'(W).EZ. 
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lroof: When f~(O) exists, 

f+'(O) - 11m 
~o+ 

Eu (W+nZ) - u(W) 

n 

We are going to show that, under the assumptions of the lemma, this limit exists 

and i8 equal to u'(W).EZ. 

~ 

Eu(W+nZ)-u(W) foP(u(W+nZ) ~ a)da-u(W) 

n. n 

because u ~ O. Let us assume u(~) -~, with no loss of generality. Then, by 

changing variables p - (u- 1(a)-W)/n: 

Eu(W+nZ) - r P(Z ~ P) u'(nP+W)ndp --1 
u (O)-W 

n 

- ~-l P(Z ~ P) u'(nP+W)ndp + I:P(Z ~ P) u'(up+W)ndp 
u (O)-W . 

n 

We can write u(W) - Eu(W) 

bave. 

- rp(U(W) ~ a)da. 
o 

-1 Changing the variable a to P - (u (a)-W)/n, 

da - u'(np+W)ndp, and hence 

u(W) - r_I P(O ~ P) u'(nP+W)ndp. so that 
u (O)-W 

n 

we 
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f(n)-f(O) _ ~-1 (P(Z ~ P)-l) u'(np+W)dp + 1:P(Z ~ P) u'(nP+W)dP 
n u (O)-W 

n 

f(n)-f(O) _ u'(W)EZ 
n 

~-1 (P(Z ~ P)-l)u'(np+W)dp - J~~(P(Z ~ P)-1)u'(W)dP 
u (O)-W 

n 

1: P(Z ~ P)u'(nP+W)dP - s: P(Z ~ P)u'(W)dP 

+ 

One can easi1y see that the second part of the sum converges to zero as n goes 

to zero, by the monotone convergence theorem (the function u'(nP+W) is 1ess 

than or equa1 to u'(n'p+W) where O < n' ~ n, P ~ O, and u" ~ O). 

What la 1eft to show is that the first part goes to zero as wel1, when n 

tends to zero. We can rewrite the first part as: 

O 
I [P(Z ~ P)-ll[u'(W)-u'(np+W)]dP+ -1 

u (O)-W 

n 

-1 u (O)-W 

I_~ n (P(Z ~ P) -l)u' (W)dP .~ 

~-1 [P(Z ~ P)-lJ[u'(W)-u'(np+W»dP 
u (O)-W 

n 

+ 
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-1 
u (0)-\1 

u' (W) I_O) n (P(Z ~ fJ)-I)dfJ 

The second part of this inequality tends to zero as n approaches zero, by the 

definition of the improper integral. Thus, we are reduced to showing that: 

1im 
n-+O 

tO [P(Z ~ fJ)-l)] [u' (W)-u' (W+np)]dfJ J -1 
u (O)-lJ 

n 

- O. 

Recall the fact that u E c2
, and the mean value theorem: 

u' (W) -u' (lJ+n,6) 
_______ - u ft (9) for some 9 E [lJ+nfJ,W]. 

-n{) 

-1 
But u (0)-\1 ~ fJ ~ O. -1 Hence 9 f [u (O),W], for alI n. 

n 

K i8 wel1 defined because 2 u E C . 

lu' (\1) -u' (W+nfJ) I :!O nMl p I· 

'We can see that 

Let M - max IU"(9) I 
-1 

9 E [u (0),\1) 
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Thus 

~-1 [P(Z ~ P)-11[u'(W)-u'(W+~)]dP 
u (O)-W 

n 

~-1 
u (O)-W 

(P(Z ~ P)-l) • Mn • Ipldp. 

n 

By the fact that 2 -E(-Z ) < +<>o, it is easy to check that ~ 
-co 

- I < +<>o. 

Therefore: o I -1 (P(Z ~ P)-l)(u'(W)-u'(W+np»dP 
u (O)-W 

n 

~HnI-tO as n-tO. O.E.D. 

Ve now derive our maln result, name1y the behavior of the rlsk averse or 

rlak neutra1 consume r under uncertainty aversion. Suppose the investor is faced 

with the prob1em of choosing the sum of money S hejshe will invest in asset. 

Suppose X (which has non-additive distribution P) ia the present value of the 

"random return on one unit of the asset next period. Let p be the price of the 

aaset. 

4.2 Tbeorem: A risk neutral or risk averse investor, who is faced with an asset 

that yfelds X per unit, whose price is p > O per unit, wl11 buy the asset 1f, 
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and on1y if p < EX (the case p - EX may be of indifferenee). Moreover, he/she 

viII se11 the asset if, and on1y if, p > -E(-X) (again the case of p - -E(-X) 

may be of in dlfference). 

'roof : The prob1em of the investor i8 to ehoose S ~ Y to maximize: 

S S Eu(Y-S + - X) - Eu(W + - (X-p». 
p p 

By Jensen's lnequa1ity (see the Appendix): 

Eu(Y-S + ~ X) S u(E(W-S + ~ X». 

By the examp1e of seetion two, if EX ~ P ~ -E(-X), it fo110ws tha~ 

E(V-S + ! X) ~ V. Thus the investor ls at 1east as we11 off not trading, beeause p 

in thls case the expeeted uti1ity is u(W). (Observe that EX < P < -E(-X) 

implies striet inequa1ities, so that, if they ho1d, no trade is in faet best.) 

What we are going to show now is that if p.< EX the investor wi11 want to 

buy some of the asset, and if p > -E(-X) he wi11 want to se11 some of the 

asset, so that the theorem wi11 be proved. Assume, first, EX > P > O. Then, 

the lnvestor has to ehoose to maximize 

have that 'g~(O) exists, and: 

S g(S) - E u(W + p (X-p». By lemma 4.1 we. 

d 
g~(O) - __ ~ 

d(S/p) 
Eu(W + ~ (X-p» • ! - u'(W) • E(X-p) > O 

p P 
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alnce EX > p. Thus the lnvestor will alvays want to buy some of the asset. 

Suppose, now, that p > -E(-X). Then the lnvestor aga!n has to choose S to 

maximlze geS). Changlng variables, so that -S - T, we have h(T) - g(-T) 

Eu(W + ! (p-X». Again, by the lemma: 
p 

h' (O) _ u' (W) 
+ p 

• E(p-X) - u'(W) • (p + E(-X» > O. 
p 

Hence the investor viII prefer to have T > O, vhich means S < O, which means 

preference for selling the asset. OeBeD. 

Remark: If u is not differentiable at some point W then, even with an 

additive probabillty measure, one obtains a range of prices with no trade. If u 

1. concave, the set of W where u is not differentiable has measure zero. 

5. SUmlDary and Concluding Remarks 

Ve have shown how the theory of uncertalnty averslon may be used to explain an 

agent's cholce of portfolio. In particular, the theory predicts that there is an 

interval of prices at which demand is zero, which increases if there ls an 

increase in uncertainty aversion. 

This type of behavior is also caused by transaction costs and by 

informational asymmetries. However, it seems possible that these two reasons'are 

not sufficlent to explain alI observed absences from trading. Although 

transactions costs are relatively small for largelnstitutlons, they are stlll 

observed not to have positions in many assets. Whlle prlvate lnformation may be 

used to explain bid-ask spreads, equl1ibrium models with private information 

predict that no trade should ever occur, except because of exogenous noise 

traders. 
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One examp1e of how uncertainty may cause traders to drop out of a market is 

provided by the trading behavior of foreign currency specu1ators in ear1y January 

1988. At this time there was uncertainty in the financia1 community over whether 

or not the n.s., Western European and Japanese monetary authorities had agreed to 

support the n.s. D011ar. Many of the norma11y-actlve sma1ler banks refrained from 

specu1ating on the value of the dollar. One could argue that this is precise1y 

the sort of uncertainty that 15 hard to quantify exactIy, and that this decline 

in trade was the result of uncertainty aversion. 

In this paper we have set out the simplest investment decision to ana1yze, 

namely that where there is on1y one asset whose return is uncertain. In case 

there are several assets the ana1ysis becomes more complex because one must 

conslder the lsBue of statistical dependence and independence of the retums. Ye 

hope to pursue this issue in the future. 
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Appendix 

The mathematiea1 treatment of non-additive probabi1ities can be found in 

Schmeid1er (1982,1984,1986), Choquet (1955), De11acherie (1970), Gi1boa (1987), 

Gi1boa and Schmeid1er (1986), Shafer (1976) and Dempster (1967). The interested 

reader is referred to these. In particular, Schmeid1er (1986) contains on1y 

.ateria1 re1ated to the mathematiea1 aspects of the theory. 

Let O be a set, and E an a1gebra i.e., a set of subsets of O such that 

(1) O ( E, (ii) A, B ( E -> A u B € E and (iii) A € E -> Ae 
€ E (here AC 

means the set of e1ements of O not in A). The e1ements of E are ca11ed 

events. A function P: E ~ [0,1] is a non-additive probabl1ity if (i) P(~) - 0, 

(ii) P(O) - 1, and (iil) P(A) ~ P(B) if A C B. Ye impose an additional 

restrietion (see Gi1boa and Schmeld1er (1986), Schmeid1er (1986) and Shafer 

(1976»: (iv) V A. B € O, P(A u B) + P(A n B) ~ P(A) + P(B). In s~ction three of 

tbe paper we show that this amounts to saying that an individual is uncertalnty 

averse. Ve do not think that it is reasonab1e to have the opposite behavior, 

that is to 8ay, uneertalnty preference. 

A real va1ued function X: O ~ X ls said to be a random variable if for a11 

open sets O of X, X-1 (O) ( E. 

The expected va1ue of a random variab1e 
o ~ 

X is defined as: EX - f Xdp­
O 

I (P(X ~ a)-1)da + f P(X ~ a)da, whenever these integra1s exlst (in the 
.~ O 

improper Riemann sense) and are finite. 

The fo110wing resu1ts are true and, if not proved in one of the papers 

referred to (e.g. the 1ast result), their proofs are immediate: 

(i) X ~ Y -> EX ~ EY; 



TH) E(X+Y) ~ EX + EY; 

(iii) -E(-X)·~ EX; 
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(iv) V a ~ O and b E ~J E(aX + b) = aEX+b; 

(v) Let u: ~"4 ~ be a concave non decreasing function. Then ,Eu(X) ~ u(EX) 

(Jensen's inequa1ity). 

Other properties of the integral with respect to a non-additive probabi1ity 

measure Ci. e. the expected value) can be found in Schmeid1er (1986). 



.~-- ----

f 
EXFC.~c:1 ~ f~ 

BlA!jIY\~) 

L+ ~(H-L)- P 

E)(F chO!~ ~Y\-Jro""" 

s~ So..le.., / 

r- H 4- i(H-L} 

o~----~~~~~~--+-----~ p 
pr,ce. . 

FI GalJ~E ONE 

&f<ukd ~ ~ 8u.'1~ av4 ~ 
SH~ ~ V~ 01 1l\tJ. A.Çs-e.-t , . 



24 

leferences 

Bernoulli.D. (1730). "Exposition of a New Theory-on the Measurement of Risk". 
(in Latln). translation in Econometrica 21 (1953): 503-546. 

Bewley. T. (1986). "Knightian Decision Theory. Part I". Ya1e University. 

Choquet. G. (1955). "Theory of Capacities·. Ann. Inst. Fourier, Grenoble, 5. 131-
295. 

Dellacherie. C. (1970)."Que1ques Commentaires sur les Pro10ngements de 
Capacites". Seminaire Probabilites V. Strasbourg. Berlin: Springer Verlag. 
Lecture notes in mathematics #191. 

»empster. A. (1967),"Upper and Lower Probabi1ities Induced by a Mu1tivalued 
Mapping" • 

El1sberg. D. (1961). "Risk, Ambiguity and the Savage Axioms". Quarterly Journal 
of Economics. 75. 643-669. 

Gilboa. l. (1987). "Expected Uti1ity Theory with Purely Subjective Non-Additive 
Probabi1ities", Journa1 of Hathematical Economics. 16, 65-88. 

Gilboa, I. and D. Schmeid1er (1986). "Maximin Expected Uti1ity with a Non-unique 
Prior", Foerder Institute for Economic Research Working Paper, Tel-Aviv 
University, Apri1. 

Knight. F. (1921), Risk. Uneertainty and Profit. Boston: Houghton Miff1in. 

Neumann, J. von and O. Horgenstern (1947), Iheory of Games and Economic 
Behavior. Princeton: Princeton University Press. 

Rawls, J. (1971). A Tbeoxy of Justice. Harvard University Press. 

Savage. L. J. (1954), Ihe Foundations of St-atisties. New.York: John Wiley. 
(Seeond Edition 1972, New York: Dover.) 

Schmeid1er, D. (1982), "Subjective Probabi1ity without Additivity (Temporary 
TitIa)", Foerder Institute for Economic Research Working Paper. Tel-Aviv 
University.. 

Scbaeid1er. D. (1984), "Subjective Probabi1ity and Expected Utility without 
Additivity". CARESS Working Paper #84-21. 

Schméid1er. D. (1986). "Integral Representation without Additivity", Proc. of tbe 
Amer. Math. Soc. 97. No. 2. June, 255-261. 



25 

Ihafer, G. (1976). A Katbematica1 Tbeory of 'Eyidence. Princeton: Princeton 
Universlty Presa. 

---,-,.,-

Siaonsen. H.H. (1987). "Rationa1 Expectations. Income Policies and Game Theory". 
Revista de Econometria. Apri1. 

Vaid. A. (1950). Statistical Decision Functions. New York: Jobn Wiley. 

, ; 

1 , 



EIJSAIOS [COl-lOHI COS Di\ EI'GE 
--._----~----------

Ca partir de n? 50) 

50 • .JOGOS DE I NFOR!1/\çlío I NCOI-lPLETA: V/ift. 1!'!THODUÇí\O - Sérg i o Ri be i ro da Cos tcJ 
Wer1ang - 1984 (~S90t~do) 

51. A TEORlf\ :iONETfi.RI/\ t·i()DER!~f\. [ O fQUILf!3RIO GEí<.c..L\o/l\'-MSIA~;O C 01-1 W·j r\OI1ERO 
INFINITO DE BENS - A. Araujo - 1984 (cEgotado) 

52. A ~NDEEf{!íll~I\ç:\O DE hORG[r~SER~! - Antonio Ibria da Si lvei ra :.. 19é3l1 (csgoL;.~c) 

53. O PROnL[i·:~. DE Cr\EDi DI Li Dí-\DE UI POUTI CA ECOI;u,~lI CA - Rubens Pcnhé.! C)'SIlC _ 

1984 (csgotac!D) 

511. u;v\ f~~~ÁL: ~E ES1AI' rST I Cfl DAS CAIJS;~S DA Erl I SSf\O DO CHEQU:: SHI rUt,wos: FOf{; ;U­
U,çÃO DE Uj\! pnOJE-jO PILOTO - FerncJndo de Hol;::r.da Bdrbosa, Clovis de Faro e 
Alor~io Pessoa de Araujo - 1984 

55. pOlfllCA MACROECONÔMICA NO BI~SIL: 196~-66 - Rubens Penha Cysne - 1935 -
(CSgotéi00) 

56. EVOLtJÇ.7i.9 DOS PU\rWS 2·!\SICOS DE rlN!\t~CIPYIHnO PAR.ll. i'-.QlJtSIÇÃO DE CASP.. P!"';(jP!:I!\ 
DO BANCO rU\CIO:'Jí~L DE Hr-\gITí\Ç:~O: 19G4-198~ - Clovis de Faro - 1985 (esgotado) 

57. ~:OEDí-\ I tWEXADA - /{ub2.ns P. Cysne _. 1985 (esgot.:ldo) 

58. INFlAC~O [ SALAR:O REAL: 
19Ü5 (esgotado) 

A EXP[Rltt~CiA BPJ\SILElit~ - Raul José Ekcrnli3n -

59. O ENFOQUE MONETARIO DO BALANÇO DE PAGAMENTOS: UM RETROSPECTO - Valdir 
Ramalho de Melo - 1985 (esgotado) 

60. NOEDA E P"EÇOS RELATIVOS: EVIDLNCIA Et~pfRICA -Antonio SaLazar P. Brémd30-
1985 (esgotddo) 

61. INTERPRETAÇXO ECONÔMICA, INFLAÇKo E INDEXAÇAO - Antonio Maria da Si lv~irn -
1985 (esgotado) 

62. MACROECONO~lIA - C/\PfTULO I - O SISTH1/\ "íONETÁRIO - H<1rio HCNique Simonsl!n 
e Rubcns Penha C)'5ne - 1985 (esgotéldo) 

63. HI\CP.OECOIlO!'~11\ - C/\prTULO II - O I3t.LI\I!ÇO DE rAGM~ENTOS - Ibrio Hcnriqu r,! 

Si Illonsen c Rubens Penh.1 Cysnc - 198~ \esgotéldo) 

6'1. Hl\.CP.OECONOl-íI/\ - C/\PfTUI._O I I I - /\S COlHAS W\CION/\IS - 11ario Henrique Sirnoll~;~'n 
e Rubens Penha Cysnc - 1935 (esgotado) 

65. A DEI-\f\rHJ/\ por; DIVIDENDOS: U/·1A JUSTiFICf\TIVA TEÚr,IC/\ - T01·\HY CHIN-CIlIIJ TN! c 
Sérgio Ri Lei ro diJ COSlil \,,'crLIr.~J - 198) (CSuotéHJO) 

G(l. I3RlVE í\ETIV),)PECTO Df\ trONOI"I!\ Üí,/\SIL[Ir./\ EIHJ\[ 1979 (! 19811 - Hubcn$ P(;nll.~ 
Cysne - 1935 

6,. COtnrJ\TOS S!\l.!\r~I/\IS .:U~~T!\rOSlO~~· E POLfrICf\ fü)ll-lIlFL/\CIO!~JÜ:If\ - M,)J"io 
Hcnriqu'_~ SiliJ(I!1';C'1l - 1985 



r,· : .. ; .... , ';o •. . ~ . ...., " .' " ; '\ '! 'I',., 

68. INFlAÇ~O E POlfTICAS DE RENDAS - Fernando de Holanda Barbosa e Clovis de 
Fa ro - 1985: (esco tado) , I ~ 

69. BRAZIL ItrITP,NI\T10tUl.l TRI\DE lum ECONOHIC GROHTH - Mario Henrique 
Si monsen - 1986 

7'J. CAPITI\LIZj\Ç!~(! CO:~TrNUA: APLICAÇÕES - Clovis de Faro - 1986 (esgotado) 

71. A RATIONAL EXPECTATIONS PAMDOX - Mario Henrique S'imonsen - 1986 (esgol.Jdo) 

72. A BUSINESS CVClE STUDY FOR THE U.S. FO~M 1889 TO 1982 - CarlQs Ivan 
Si~on5en Leal - 1986 

73. DINÂ/1ICA MI\CJ;OECOt\Ó~lICA - EXERCrCIOS RESOLVIDOS E PROPOST0S,- Rubens PcnhiJ 
Cysne - 1986 (esgotado) 

74. COMMON KNOWLEDGE ANO GAME THEORY - S~rgio Ribei ro da Costa Werlang - 1986 

75: HYPERSTABILITY OF NASH EQUILIBRIA - Carlos Ivan Simonsen Leal - 1986 

76. TI-lE BrW\-/N-VOtl NEUi~t\Nt~ DI FFERENTI I\L EQUATI 01~ FOR B I /1ATHI X GA/1ES -
Çarlos I V<.ln Si r,(.)nsen Lca I' - 1986 (esgotado) 

77. EXISTENCE OF A SOLUTIO;~ TO THE PRI1'!CIPAL'S PROBLE,I·1 - Carlos Ivan Sifílonscn 
leal - 1986 

78. FI LOSOi-lfl. E POLfTICA ECOf\uMICA I: Variações sobre o Fenômeno, a Ciênci;;J c 
seus Cientistas - Antonio Maria da Si Iveir~ - 1986 

79. O PREÇO Df .. TERRA NO BRASIL: VERIFICAÇÃO DE f"LGU/1AS HIPÓTESES -l\ntonio 
Salazar Pessoa B(and5o - 1986 

80. HtTODOS HATH1ÁTICOS DE ESTATfsTICA E ECONOI,~ETRIA: Capi tulos 1 e 2 
Carlos Ivan Simonsen Leal - 1986 - (esgotado) 

81. BRAZILlA!J INDEXING AND INERTIAL INFLATlON: 'EVIDENCE FROM TlHE-VARY1NG 
ESTIHJ\TES OF J\N lNFLAT1011 TR/\NSFER FUNCTION 
Fernando de Holanda Barbosa e Paul D. McNelis - 1986 

82. CONSÓRCIO VERSUS CRtDITO DIRETO EM UM REGII-~E DE HOED/\ ESTÁVEL-~ Clovis de f()ro 

:. 1986 

83. N01/\S DE AULAS DE TEO\{IA ECOf.lD~lICA AVANÇADl\ - Carlos Ivan Simonscnlco\-19S6 

a~. FILOSOFIA E POLTTICA ECONÔMICA I1 - Inflaç~o c Indexaç~o - Antonio Moria da 
Si Ivci ia - 1936 - (esgotado) 

85. SIGNAlLlI~C AND AR!>ITRJ\GE - Vicellte Hadrigal e Tornmy C. Tan - 19f16 

8G. /\SS ESSOE 1/\ E CONO/1I CA Pí\í~1\ f, ES T 1\1\ TE:: G I A DE GOV;: f\NOS ES TA DUí\ I S: E LI\f30Rl\çlír ~J 
SOBHE UI'li\ ESTRUTU?J\ I\nEf\Tf', - I\ntonio ~laliQ da Silveira - 19f1G·- «('~~g(ll;hlfl) 

87. 'l'HE CONSIS'I'J::NCY OI-' h1ELF7\HE ,}UDGJ:r.WN'rs HI'J'IJ l\. HEPF<l'::~)::WI'l\'l'] \TE 

CONsmlfm .- J~I';1~S Dml e ~~érqio IHl>(~iro ela Costa WerL.1ng 



88. INDEXAÇÃO E ATIVIDADE AGRíCOLAS: CONSTRUÇÃO E JUSTIFICATIVA PARA A ADOÇÃO DE 

UM íNDICE ESPECíFICO - Antonio Sa1azar P. Brandão'e Clóvis de Faro - 1986 

89. MACROECONONIA COrI RACIONAl-IENTO UH HODELO SIHPLIflCADO PARA ECONOHIA ABERTA 

- Rubens Penha Cysne, Carlos Ivan Simonsen Leal e S~rgio Ribeiro da Costa 

Wer1ang - 1986 

90. RATIONAL EXPECTATIONS, INCOME POLICIES AND GAHE THEORY - Mario Henrique 

Simonsen - 1986 - ESGOTADO 

91. NOTAS SOBRE MODELOS DE GERAÇÕES SUPERPOSTAS 1: OS FUNDAl-lliNTOS ECONÔMICOS 

- Antonio Sa1azar P. Brandão - 1986 - ESGOTADO 

92. TC)PICOS DE CONVEXIDADE E APLICAÇÕES À TEORIA ECONÔHICA - Renato Frage1li 

Cardoso - 1986 

93. A TEORIA DO PREÇO DA TERRA: mIA RESENHA 

Sergio Ribeiro da Costa Her1ang - 1987 

94. INFLAÇÃO, INDEXAÇÃO E ORÇAHENTO DO GOVERNO - Fernando de Holanda Barbosa 

- 1987 

95. UMA RESE~~ DAS TEORIAS DE INFLAÇÃO 

- Maria Silvia Bastos Marques - 1987 

96. SOLUÇÕES ANALíTICAS PARA A TAXA INTERNA DE RETORNO 

- Clovis de Faro - 1987 

97. NEGOTIATION STRATEGIES IN INTERNATIONAL ORGANISATIONS: 

A GANE - THEORETIC VIEWPOINT - Sergio Ribeiro da Costa Wer1ang - 1987 

98. O INSUCESSO DO PLANO CRUZADO: A EVIDÊNCIA E~~lRICA DA INFLAÇÃO 1007-

INERCIAL PARA O BRASIL - Fernando de Holanda Barbosa e Pedro L. VaUs 

Pereira - 1987 



99. UH 1'EHA REV1S1TAlJO: A HESPOSTA DA PRODUÇi\O AGR1COLII. AOS PRELOS NO m~\SlL 

- }'crnando dc Holanda Barbosa e Fernando da Silva Santiago - 1987 

100. JUROS, PREÇOS E DIvIDA PüBLICA VOLlJ1-IE" I: ASPECTOS TEORICOS -

- Narco Antonio C. Nartins e Clovis de Faro - 1987 

101. JUROS, PREÇOS E DIvIDA PÜBLICA VOLUNE 11:" A ECONOHIA BRASILEIRA .(1971/1985) 

- Antonio SaJazar P. Brandão, Clóvis dc Faro e Marco Antonio C. Hartins - 1981 

102, MACROECONOHIA KALECKIANA - Rubens Penh.a Cysne - 1987 

103. O PRÊHIO DO DÔLL\R NO NERCADO PARALELO, O SUBFATUItAHENTO DE EXPORTAÇÕES E O 

SUPERFATURAHENTO DE INPORTAÇÕES - Fcrnando de Holanda Barbosa - Rubens Penha 

Cysne e Narcos Costa Holanda - 1987 

194. BRAZILIAN EXPERIENCE \HTll EXTERNAL DEBT AND PROSl'ECTS FOR GRO\-nn 

Fernando de Holanda B3rbosa and l-lanue1 Sa'nchez de La Cal - 1987 

105, KEYNES NA SEDiÇÃO DA ESCOLHA POBLICA 

- Antonio M~ria da Silveira - 1987 

106. O 1'EOlmHA DE FROllENIUS-PERRON - Carlos Ivan Simonscn Leal - 1987 

107. POPULAçÃO BRASILEIRA'"' ·Jc.sê Nonte11o ~. 1987 

108. MACROECONOHIA - CAPíTULO VI: "DEMANDA POR MOEDA E A CURVA Ui" - Mario Henr ique 

Simonsen e Rubens Penha Cysne - 1987 

109. MACROECONONIA - CAPITULO VII: "DEt-1ANDA AGREGADA E A CURVA lS" - l'lario Henrique 

Simonscn e Rubens Penha Cysne - 1987 

110. MJ\CROECONOMIA - MODELOS DE EQUIL!BRIO ACREG/\TIVO 1\ CURTO PRAZO 

Mario Henrique Simonscn c Rubens rcnh~ Cysne - 1987 



111. THE BAYESIAN FOUNDATIONS OF SOLUTION CONCEPTS OF GAMES - Sergio Ribeiro 

da Costa Werlang e Tonuny Chin - Chiu Tan - 1987 

112. PREÇOS LtCUIDOS (PREÇOS DE VALOR ADICIONADO) E SEUS DETERMINANTES, DE PRODUTOS 

SELECIONADOS, NO PERIoDO 1980/19 SEMESTRE/1986 - Raul Ekerman - 1987 

113. EMPRESTIMOS BANCÁRIOS E SALDO-MÉDIO: O CASO DE PRESTAÇÕES - Clovis de Faro-198B 

114. A nIN.~ICA DA INFLAÇÃO - Mario Henrique Simonsen - 1988 

115. UNCERTAINTY A VERSION AND THE OPTIMAL CHOISE OF FORTFOLIO - James Dowe Sergio 

Ribeiro da Costa Wer1ang - 1988 

000051314 

1/1/11/11/11/111111111111111/11111111 




