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1. Introduction. 

Hedonic regressions, pioneered by Gri1iches (1961), have found many interesting and 

diversified app1ications. In studies ofthe art market, for mstance, Cbanel (1993), de 1a Barre et aI. 

(1994), Ginsburgh and Jeanfi1s (1995) have used them to generate time series ofretums on specific 

art goods which were subsequent1y analysed by econometric methods. Cbanel et aI. (1992), Gins-

burgh (1994) and GoetzlImm (1993) discuss the merits ofthe teclmique against the ahernative of 

repeat sales regression, ie., regressions based on observations ofrepeated sales ofthe same good. 

The conunon practice, in most of the studies, is to nm the regressions in a "static" way: 

given the set of prices, the hedonic characteristics and, perbaps, some extra continuous explanatory 

variables, the regression is nm and its resuhs analysed. However, ifthe aim is to produce a price 

index series - which, by definition, will arise &om the coefficients of time dwmnies - a prob1em is 

posed. Indeed, as interest lies in successively calcu1ating new values of the index, repeated use of 

the static regressions poses a theoretical riddle: the new observations change the past values ofthe 

index, as each time a d:ifIeIent series is generated. This is obviously a consequence of the fàct that 

1 Thanks are givcn to Patrick Waelbroeck. Supp<rt from the Belgian Governmcnt initiative PAI or. 26 and 
from the Université Libre de Bruxelles is gratefully acknowledged. 



both past and future observations affect any given value of the indeXo A second drawback is that, 

wben on1y ODe regression is nm to compute the hedonic index, a restriction on the evolution ofthe 

coefficients associated to the categories is imposed, namely that they do oot change over time. If 

this is violated, the hedonic index is probably oot capturing the "true" price effect ODe is looking 

for. Evolving coefficients may also be interpreted as movements in tastes; in this conte~ it is 

important to have a price index which - though in an approximate way - takes such movements into 

account, specially in sensitive fields as the art market. This point deserves further theoretical 

research, which will oot be pmsued here. 

Motivated by the questions above, we develop in this paper a dynamic approach for 

updating the hedonic regressions. Not on1y the approach answers the maio issues but, also, 

interesting properties can be extracted ftom the evolving hedonic coefficients. The structure of the 

paper is as follo~. In the next section the dynamic regressions are descnbed and the maio 

recursive fomm1ae are presented. Sections 3 and 4 discuss interpretations related to the index 

generated anel to the hedonic coefficients, respectively. Section 5 concludes with a tew conunents 

on some practical aspects of the methods. Two Appendices complement the exposition. In the first, 

the recmsive cbaracter of the regressions is given an a1gorithmic treatment; the second deaIs with 

the choice of the dummies for the quality variables. 

2. The dynamic regrasion. 

We consider a sample of N prices p, divided into T periods - sometimes referred to as 

montbs, with Ilt observations in period t, ISL<r, LtIlt=N. The explanatory variables comprise 

2 This is mainly a theoretical paper; an enlarged version, with an application, is in progresso 



diffuIent sets of dmnrnies for the qualities, a set of time dmnrnies for the periods anel a1so some 

continuous variables. 

The set ofperiods is divided into T=To+TI . To, which comprises a certain mnnber ofinitial 

periods, will be called "the basis". A preliminary hedonic regression of Inp is nm with the 

observations in the basis. After this, the dynamic regressions can be nm in two diffeIent ways, 

depending on how the observations of each new period are treated: 

i) they are cumulatively added to the sample and a regression is sistematically re-nm with the 

restriction that the coefficients of the time dmmnies until the previous period are set equal to their 

value in the Iast regression; 

it) each time on1y the new period is added to the basis, and a regression is re-nm. 

Notice that each regression has a new variable: the new dwnmy for the added period. Time 

dmnmies can be used or not in the basis; in the affirmative case, the regressions in it) are a1so nm 

with the same restriction as in i) for the coefficients of the base periods. 

An hedonic price index It is generated by the series of coefficients of the time dummies in 

either method. Our purpose is to analyse the properties of this index and of the associated estimates 

for the hedonic variables. Before this, we develop the recursive fomm1ae for them. 

Let nr=I:r=I, ... ,tIlt, and ZT and Y T be the nrxm and nrxl matrices with, resp., the obser­

vations until time t on al1 m explanatory variables but the time dummies and the log-prices. It might 

be necessary to split ZT into ZT = [Zo' ZIT where Zo is related to the base periods and ZI to the 

remaining observations. Accordingly Y T = [Yo' YIT , and Y T or on1y YI will be corrected by the 

previous indexes h or 11. If procedme ii) is used, ZT = Zo and YT = Yo for al1 T'. We now 

concentrate on the :6rst procedme, adaptations for the other being immediate3 
• 

a See Appendix 1. 



During time t+l, new observations Zt+h Ilt+IXll1, anel Yt+h Ilt+lxl are generated. Calling Y*r 

vector Y r duly corrected by the previous indexes, the new hedonic regression to be made projects 

vector y* = [Y*r' Yt+IT on the space generated by the columns ofthe rnatrix 

Tbe parameters ofinterest can be obtained in many different ways. We sbaIl deduce them 

with the aid ofrecmsive regressions fornm1ae (see Harvey(1981». For this, we suppose known tbe 

coefficients oftbe regressionofY*r onZr, which wi1l be stacked in tbe (cohmm) vector h.. 

Tbe new value of the index is the coefficient of the 1ast "variable", ie., the cohmm with Itr 

zeroes and 1\+1 ones. As known, it is equal to the one from the regression between two sets of 

residuals; name1y those from projecting y* and u = [O' 11' on the first m cohmms above, what we 

shall call rnatrix Zr+l. Analytical1y, the index wi1l be: 

(1) 

Tbe munber within the first brackets wi1l be equal to 1\+1 minus the swn of aR entries in the 

lower diagOnall\+IXIlt+1 block ofrnatrix 

Zr+I(Zr+I'Zr+I)"IZr+l' 

WIth a little algebra this swn can be written as: 

1 'Zt+1 ( Zr 'Zr + Zt+1 'Zt+I) , Zt+1'1 (2) 

As for the right member ofthe product, it is u' times tbe residuals ofthe regression ofY* on Zr+l' 

Tbese can be evaluated with the aid ofthe following recmsive update ofh., called 13* : 



(3) 

so that the rigbt member wi1l finally be: 

(4) 

and the index can be written as: 

where, ifX is a rxq matrix, meanX is a lxq vector with lhe cohmm meaJlS. 

As for the qua1ity coefficients, they come ftom the regression ofY· on ZT'+l excluding now 

ftom both the effect of u. Given that this effect equals, for each variab1e, the mean of its 1ast Iltt-l 

observations times u, the first Dr observations are unchanged and recomse to ht can again be made 

to obtain those coefficients: 

FinaIly, before starting the ca1cu1ations related to the observations in t+2, lhe ht coefficients 

tbemselves shou1d be updated: 

(7) 



In Appendix 1 the fonnu1ae above are set into an algoritlnnic framework; the extension to 

case ü) being aJso presenteei. 

3. The index and the hedonic characteristics. 

First notice that both {ltlteT make for a true time series, as the incorporation of new 

observations does not cbange the previous values of the indeXo A1so, by taking the coefficients of 

the quality dwmnies in each regression, a time series for each quality can be generateei. For the sake 

of easing the exposition in this anel the next section, there is no Ioss of generaIity if only two sets of 

quality dummies, with ql anel q2 categories, the time dunmy anel one continuous variable are 

considered. 

period t E TI anel Ct the estimate of the constant. This means that, for both dummies, one category 

has had its effect confoWlded with the constant, the 6n anel )'jt actually being differential values with 

respect to the effect ofthe corresponding first category. 

Let II be the value ofthe index anel dt ofthe estimate ofthe coefficient ofthe continuous 

variable. Taking the expectation of each observation in period t, adding up over aIl 

observationslequations for the period anel dividing by Ilt one gets4 
: 

naIlt (E1np) = Ct + L.=2,. .. ,ql Brt (nw'Ilt) + ~2,. .. ,q2 )'jt (n;v'Ilt) + It + dt naIlt X (8) 

We now evaluate the effect of the first category of each dunmy. To this, we need the 

fo1lowing 

4 Use of Elnp in all that follows is for theoretical rigour; me could a1so use lnp and assume that the various 
averages ofthe residuaIs would be approximately zero. 



Assumption : The weighted average of the effects of each dwnmy in period t is zero. In other 

words, if {e~h~l and {ef*jthSj$q2 are the effects ofthe quality dwmnies in period t, then 

LFl, ... ,ql e~Iln / Ilt = ~lr .. ,q2 ef*jtIl;t / Ilt = O 

As Bit = e~ - eflt and Yjt = ef*jt - ef*1t, the Assmnption implies tbat 

(9) 

However, ftom (8) it is evident tbat, taking for instance the first dwnmy: 

Li firt (nWllt) = IreaIlt (E1np) - Ct - ~ Yjt (n/Ilt) - It - dt IreaIlt X (10) 

The effect of category 1 for this dwnmy is tben defined by the relationship: 

eflt = - [IreaIlt (E1np) - Ct - ~ Yjt (n/n.) - It - dt IreaIlt X] (11) 

In an analogous 1àshion the effect ef*1t can be defined, and the constant may be "cleaned" 

ftom the influence ofboth, giving way to: 

k. = Ct - eflt - ef*1t = 

= 2 IreaIlt (E1np) - Ct - Li firt (nWllt) -~ Yjt (n;.!Ilt) - 2 It - 2 dt IreaIlt X = 

= IreaIlt (E1np) - It - dt IreaIlt X (12) 



The Jast equality, wbich is obtained by means of (8), tells that, if from the crude aritlnnetic 

mean of the expected prices in period t, one subtracts the hedonic index and the tenn given by the 

average of the continuous characteristic, a residual kt is produced. This nmnber has an important 

interpretation 

The behaviour of the residual process {kthl!T is crucial for wxlerstanding both the role 

p1ayed by It and its reIiability. Ifwe look at (12) as a reJationship between random variables, when 

{kt} is a white noise with a small variance, this wiIl mean tha4 after extracting from the arithmetic 

mean ofthe EInJ>t the average effect ofthe continuous variable and the hedonic index, what remains 

is a true residual, signaIling that no fàncies or quality trends not captured by the regressions took 

p1ace during the time length ofthe observations. Actually, no persistent trend should be expected in 

{kt}. Ifthis occurs, there is an wxler1ying fàshion moving the market wbich is not being accounted 

by the indeXo Moreover, if process {kt} is highly vo1atile there exists an excessive voJatility in the 

market wxler study, probably due to (known or hidden) hedonic characteristics, which is again 

"outside" the indeXo In any case, as happens with all residual series, inspection of the behaviour of 

{kt} is fundamental in shedding light on how the qualitative (hedonic) characteristics acted during 

the sample period, and on how good was their specification in the regressions. 

The construction of eÍtt and ef" lt may look somewbat artificial. It is, indeed, as well as 

inevitable when working with dwmny variables. A change in the choice of the "confowxled 

category" wiIl of course change all the B's and rs, and the effects of the new confowxled cate­

gories. The rationale for our Assumption comes from what could be called a seDSlble constraint. A 

fonnal justification that this constraint really is a seDSlble choice in a 1east squares context is given in 

Appendix2. 

4. Analysis of the quality coefficients. 



---- ----------------------------, 

Comparisons between It anel individual quality coefficients can also be done. However, one 

must distinguish between two series: the one with the coefficients themselves anel the one with the 

coefficients weighted by the reJative frequency of the corresponding observations in each period. 

The first has a meaning with respect to the average price of alI goods sold up to period t. 

To see this, taking expectations anel swmning over alI Ilj observations in the category ~ after 

division by Ilj one gets: 

summing instead over alI observations and dividing by the total sample size nr: 

mean (E1np) = Ct + 2At (njn) + ~ 1jt (ngln) + L-1t (Ilt/n) + clt mean X 

or, equivalently: 

Ct = mean (E1np) - [L-.Bit (Ilj/n) + ~ 1jt (ngln) + L-1t (Ilt/n) + clt mean X] 

(13) 

(14) 

Substitution of the above vaIue of Ct into (13) gives a clue for interpreting the difference 

effects Brt's: the difIerence between the average (log) price of all category i goods, corrected for the 

remaining qualitative and quantitative variables, and the average (log) price of all goods, corrected 

for ali qualitative anel quantitative variables, is equal to Bit. It must be pointed out that this is a kind 

of latent effect, since Brt can be evaluated even if in the last period t no observations felI into 

category i. 

In view of the above, the natural reference to the Brt's seems then to be the zero leve~ the 

sign of their values conveying infonnation on whether the goods in category i are over or 

underpriced with respect to the market average. 



The comparison between the coefficients of different categories of the same quality dummy 

can be further enhanced if one accepts the following explanation. 

Suppose that in a given month t, two goods &om categories i and i' were observed. Their 

expected prices are, respectively: 

(15) 

tbe difference Brt-Bi'I , wbich &om the previous discussion equals the difietence between the average 

(log) price of all category i and all category i' goods, both corrected for the effect of the remaining 

qualitative and quantitative variables, is also the invariant difference between the expected prices of 

any two i and r goods in the given period, corrected by the effects ofthe other variables (with the 

obvious exception oftime). This reasoning can be pursued to a certain extreme, allowing the (impli-

clt) comparison ofboth coefficients even in a month wben neither category appears in the sample. 

Moreover, ifwe redo (13) only over the observations in period 1, the resuh is: 

(16) 

subtracting (8) &om the above expression and remembering the definition of the "confounded 

efiects" one gets: 

Bit = ([meaDrt(EInp) - dt meaIlit X] - [:tneaIlt (E1np) - dt:tneallt X]} - ~ 1jt (ngJllrt) - { etit + ef"1t } 

sothat 

etit = ([meaDrt(EInp) - dt meaIlit X] - [meaIlt (E1np) - dt:tneallt X]} - 4=1 ... ,112 ef"jt (ngJllrt) (17) 

FUNDAÇÃO GETÚUO VARGAS 
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which shows that the effect of the i-th category - in a month when it appears - can be interpreted as 

the difrerence between the two corrected means, minus a term which corrects for wbat we sball call 

"the other hedonic variable's bias" . 

To avoid the artificial flavour ofsome ofthe previous extensions, analysis ofthe {Brt} series 

could be made by setting a value equal to zero whenever category i does not appear in the 

corresponding period. This series will certainly be more vo1atile than the one with all calculated Brt's, 

but may be more appropriate for certain purposes. A series somewhat dose to it is {(nJIlt)Brt}, in 

which a zero is aIso present whenever the category does not appear in the given month. Its 

interpretation may follow similar tines, but it is preferrable to look at it as the component of the 

orthogonal decomposition ofthe i-categories effects in month t (see aIso Appendix 2). 

s. Conelusioos. 

We developed two approaches for computing a series of"true" hedonic price mxes and 

generating evolving sets of coefficients of the qua1ity characteristics. In the first approach, the 

number of observations continuous1y increases and, after a certain point, it may start to produce 

values close to those from the equivalent static regressions . In the second, each period is compared 

on1y to the basis, so that the resuhs should be less sensitive to sample mix modifications, though the 

series will be more vo1atile than the previous one. Besides, ifthe sample sizes Ilt , for some periods 

t, are ratber small, the re1iability ofthe index would be in trouble. 

WaeIbroeck (1994) computed the three indexes from a data base of 25082 prices of 

impressionist, modem and contemporary paintings sold at public auctions all over the world, and 

I Theoretically, the values will never be equal because of the correction made - in the dynamic case - in the 
depcndent variable. 



fOlmd that the differences among the three series were not much remarkable. Though this needs 

further empirical confirmation, it may signal that the static index may be used as a first 

approximation in some cases. 

Last but not least, beyond the need of additional empirical studies, the economic theory 

bebind these dynamic regressions should be (re)examined. 

APPENDIX 1: An algoritbmic approach to the recursions. 

Before describing the algorithms a warning should perhaps be made. The use of the 

recursive regressions had as ODe pmpose to allow for an iterative way of calculating the successive 

indexes and coefficients. The (tneta)a1gorithms below - or variationsfunprovements ofthem - can 

easily be programmed in a standard econometric software or a matrix manipu1ation language. 

However, as said in section 2, this is not the only way to compute the dynamic regressions. Indeed, 

depending on the size of tbe data base, its storage and retrieval routines, and tbe available computer 

power, ODe can simply directly nm the chosen regression each time the full set of observations for 

the period has arrived. Though we a1so think that the recursive approach adds an interesting insight 

on the updating mechanism, the final computing choice will be a personal matter. 

Casei): 

At the end of period t ODe has: the coefficient ht, matrix ZI' and vector Y*I'. 

Period t+ 1 generates the observations in: matrix 4+1 and vector Y t+l. 

Wrth these input data, the following steps should be perfonned: 

#1. Compute: meanYt+l , meanZt+l , A=(ZI"ZI'r1 

B = 4+1 ( ZI" ZI' + 4+1' Zt+lr1 4+1' 

C = A 4+1 '(I-B) 



#2. Compute the intennediate parameter: 

J3* = h. + C (Yt+1 - Zt+1 h.) 

#3. Evaluate the index and the new J3's: 

It+1 = [meanY t+1 - meanZt+1 • J3*] / [1 - ( l' B 1 ) / Ilt+1 ] 

Pt+1 = J3* - C (meanYt+1 . 1 - 1 . meanZt+1 h.) 

#4. Compute the new h.+1: 

h.+1 = J3* - It+1 C 1 

and y* t+1 = Yt+1 - It+1 1 

#5. Store h.+1 , matrix ZT'+1 and vector Y*T'+1 for the next iteration 

Case ii) : 

Now, at the end ofany period t one has a1ways the same coefficient ~ , matrix Zo and vector Y*o 

related to the base period. This means that matrix A will not change; we sball call it Ao=(Zo' Zl)"I. 

Period t+ 1 generates the observations in: matrix Zt+1 and vector Y t+1. 

Wtth tbese input data, the steps to be perfunned are somewhat simpler: 

# 1. Compute: 

C = Ao Zt+1'(I-B) 

#2. Compute the intennediate parameter: 

J3* = ~ + C (Yt+1 - Zt+1 ~) 

#3. Evaluate the index and the new J3's: 

It+1 = [meanYt+1 - meanZt+1 . J3*] / [1 - ( l' B 1 ) / Ilt+1 ] 

Pt+1 = J3* - C (meanYt+1 . 1-1. meanZt+1 ~) 

APPENDIX 2: The coefficients ofthe qua1ity dwmnies. 



In working with one complete set of durnmy variables the problem of the "confounded 

effect" is easi1y solved: ifthe regression includes a constant the coefficient ofthe ommitted durnmy 

can be thougbt ofas the constant (actuaIly it also is in the constant) and the "true coefficients" ofaIl 

tbe otbers are those found in the regression plus the constant. 

If two or more complete sets are used the situation is not so easy as the associated 

subspaces have a colllIllOn intersection - tbe constant vector; the definition of a "true coefficient" 

becorres more arbitrary. One idea is to work in tbe intersections of each subspace generated by a 

set of dwmnies and the orthogonal complement of the constant vector. The regression with the 

modified variables can either include or not the constant but, in any case, though for each set there 

will sti11 be as many dwmnies as tbe number of categories less one, the computed coefficients are 

the "true ones" in the sense that they have no additional part mixed up in the coefficient of the 

constant. 

This could have been used in the dynamic hedonic regressions, however, it obliges a more 

cmnbersome definition of the dummies and the "confounded" or rather now "missing" effect must 

sti11 be found through a fonnuJa similar to the one in the Assumption Moreover, a further question 

arises: The orthogonality condition should be imposed for the whole sample or for only the 

subsample ofthe Iast period ? We have opted for the latter, with a milder version ofthe above idea. 

Actua1ly, instead of working in the intersection of each subspace with the complement of 

the constant we have only imposed that the combined efrect be orthogonal to it. Indeed, if the 

vectors for aIl the i-categories ofthe first dummy, for instance, are called Di E Rm ,LFlr .. ,q1 Di = 1, 

it is easy to see that, with the efit as defined in the text: 

< LF2,. .. ,q1 efitDi + efiJ)1 , 1 > = O , te., the Iinear combination of the 

(standard) dwnmies by means ofthe proposed effects defines a vector in the subspace generated by 

them which is orthogonal to the constant. Notice that imposing the orthogonality only in period t 

makes the developments in sections 3 and 4 va1id for both approaches. 
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