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ABSTRACT

This dissertation is a study in simple information design. In the first chapter, I examine
dynamic information design under constrained communication rules, motivated by record keeping
regulations and targeted transparency policies. Constrained rules require that messages cannot be
conditioned on private information. A long-run and uninformed designer wishes to persuade short-
lived agents to invest in a project of fixed, but unknown, quality. The restriction on the possible
communication rules hinders the designer without benefiting the agents. It unambiguously decreases
welfare if the designer has altruistic motives. The optimal policy depends on the conditional payoff
distribution and if failures are very informative, constrained rules are less restrictive: simple policies
approximate the designer’s first-best payoff.

In the second chapter, I consider dynamic information design with bad reputational concerns.
Customers increasingly rely on rating systems when hiring experts. If a rating system is ill designed,
the reputational gain from taking a certain action might be excessively high, inducing the experts
to over-choose it. In such a case, markets could even cease to exist altogether. I show how to design
simple, optimal rating systems for both customers and experts. Such rating systems overcome market
failures and improve upon both the full memory case and the case with no memory at all. Customers
benefit from a higher number of ratings, while binary systems are sufficient to achieve the expert’s
highest value.

In the third chapter, I study information design in an observational learning environment. A
sequence of short-lived agents must choose which action to take under a fixed, but unknown, state
of the world. Prior to the realization of the state, the long-lived principal designs and commits to
a dynamic information policy to persuade agents toward his most preferred action. The principal’s
persuasion power is potentially limited by the existence of conditionally independent and identically
distributed private signals for the agents as well as their ability to observe the history of past actions.
I characterize the problem for the principal in terms of a dynamic belief manipulation mechanism
and analyze its implications for social learning. For a class of private information structure - the log-
concave class, I derive conditions under which the principal should encourage some social learning
and when he should induce herd behavior from the start (single disclosure). I also show that social
learning is less valuable to a more patient principal: as his discount factor converges to one, the value
of any optimal policy converges to the value of the single disclosure policy.

Keywords: dynamic information design, rating systems, social learning.
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1 INFORMATION DESIGN UNDER CONSTRAINED COMMUNICATION
RULES

1.1 Introduction

In dynamic relationships, information design is crucial in determining the success of an infor-
mation intermediary in motivating actions'. Online platforms employ a variety of forms to communi-
cate with their customers, for instance. Credit bureaus provide information about previous behavior of
debtors, and are fundamental for the well functioning of credit markets. Importantly, though, in many
instances, not all information generated is used. First, the length of memory that can be made publicly
available might be limited. Second, some or all information used by a sender might be required to be
made public. Indeed, there is a growing concern with targeted transparency: the requirement to disclose
specific information in a standardized format.” There are many cases of targeted transparency restrictions,
such as the Dodd-Frank Act, which, among other things, mandate credit agencies to publicly disclose
their methodologies and data relied on to define grades.® These imposed restrictions raise the following
questions: How is communication affected if the information used is restricted, either by memory or by

transparency? Do these restrictions on communication benefit or hinder the agents?

In our model, a long-run designer faces an infinite sequence of short-lived agents, who must each
decide whether or not to invest in a project. The project is of a fixed quality, which we assume to be
either good or bad. This underlying quality is unknown to the designer and the agents. In our benchmark
model, the designer’s objective function is state-independent: she gets a positive payoff whenever an
agent invests and zero otherwise, regardless of the true underlying quality. If an agent invests, the project
randomly generates a payoff to that agent. A good quality project yields positive expected payoffs, while
a bad quality project yields negative expected payoffs. If the agent does not invest, she gets a zero payoft.
Any given agent will invest if and only if her belief that the project is of bad quality is sufficiently low.
The realized payoff is public to the current agent and designer, but not to future agents. Instead, each

agent observes only the current message sent by the designer before deciding on her action.

The designer can credibly commit to a constrained information policy: a map from the current
message and current payoffs to a distribution over future messages. This class of communication rules
includes the case in which every agent observes the entire history of messages. Importantly, though, it
excludes rules that condition messages on the project’s type.* Designer’s future recommendation is a
map from the same information that is available to the current agent. In this sense, we may say that these

rules are transparent.

IThis is a joint work with Daniel Monte.

2See, for example, Weil, Graham and Fung (2013).

3There are many other examples, such as the No Child Left Behind Act, which requires certain schools to publish their
report cards.

“4In other words, the designer is choosing the set of messages (finite or countably infinite set) and a Markovian transition
rule.



Our definition of constrained rules allows for an alternative interpretation as well. The size of
the chosen message space is a measure of complexity. In particular, finite message spaces imply that
communication rules have finite complexity. Thus, our restriction on the set of communication rules is
intended to either represent transparent communication rules or (and) capture potential restrictions on
the complexity of communication systems.” We can compute the value of the informational advantage
that the optimal unrestricted communication protocol has over communicating through these restricted

rules. We also provide conditions under which simple rules approximate the designer’s first best payoft.

Three key ingredients of our environment are: (1) the designer is uninformed about the state of
the world and shares a common prior with the agents, so she must learn in order to be able to persuade;
(2) learning must be elicited, that is, realized payoffs signal the true quality, but will only be generated
whenever the agents invest, implying that messages serve a dual purpose: they generate both payoffs and
signals. Finally, (3) we assume that agents do not know their place in the queue, that is, they do not know

the calendar time and, instead, they form beliefs about the actual history.°®

One way of thinking about our constrained rule is as if it is a rating system, as in the commonly
used star-rating systems. In this case, we must interpret each message as a different rating. Indeed, for
ease of visualization, from now on we will refer to our communication rules as rating systems, and each
message as a rating. In the special case where the designer chooses to use only two messages, the output

of our system is simply a direct recommendation.

We obtain the optimal communication system and we show that it mirrors the optimal static
information design, as we discuss below, but with some fundamental differences. We also show the
implications of these communication restrictions on the designer’s welfare, the agents’ welfare and how

the optimal policy depends on the conditional payoff distributions.

To understand the problem more intuitively, let us consider the same underlying stage game
within a Bayesian persuasion framework.” Think of the static problem in which the designer wishes to
maximize the agent’s probability of investing in the project. Is she could credibly commit to a map from
the true state of the world to a set of messages, she would choose to “split the posteriors” of the agent. If
we return to our designer with finite messages (interpreted hereafter as finite ratings), ideally she would
like to have two extreme ratings to reproduce the Bayesian persuasion benchmark. However, our designer
cannot commit to a map from states of the world to recommendations, and it is only through the induced

actions of the agents that she can (partially) learn the true state of the world.

We show that the belief spread induced by our designer’s communication rule cannot be as large
as in the static Bayesian persuasion literature. The intuition is as follows.® Once the communication rule
(hereafter, rating system) is designed, the set of messages (hereafter, ratings) can be partitioned into two
subsets: ratings in which the induced belief is such that agents invest and ratings in which the agents do

not invest.’

SRestrictions on complexity, such as finite memory, may come about due to legal restrictions. For example, in criminal
courts and credit score agencies, many countries impose legal constraints on how past information can be used.

5When agents do not know the calendar time, there is an issue on how to compute beliefs. We postpone this discussion to
section 1.2. Note also that if agents knew the calendar time, there would be a cold-start problem if the prior is above a given
threshold: the first agent would not invest, so there would be no belief updating and no other agents would invest either.

7See, for example, Kamenica and Gentzkow (2011) or Rayo and Segal (2010).

8For now, let us focus on irreducible systems, but in the main part of the paper we prove the result for the general case.

9Indifference can be accommodated easily, so for now, let us ignore indifference.
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At least one rating from one subset must interact with at least one rating from the other subset,
a result that comes directly from irreducibility. The beliefs of these two ratings in consideration can
be far apart only insofar as the actions played in each of them can give enough information about the
underlying state of the world. However, in one of these ratings agents are not investing, so no information
is being generated. This allows us to compute a maximum bound on the belief spread as a function of

the parameters of the model.

Most importantly, we show that, for this benchmark specification, only two ratings are needed for
the optimal rating system, which we interpret as a direct recommendation: either recommend to invest
or to not invest. Note that although this result looks similar to the revelation principle in the Bayesian
persuasion literature, it is actually not a consequence in our environment. Ratings serve the dual purpose
of learning and inducing payoff relevant actions, but for this specific benchmark environment, whenever
the agents do not invest, nothing is learned. Moreover, in order to induce investment it suffices to have
a rating with a belief on the agent’s indifference condition, and learning further is not optimal for the

designer.

In order to fully understand the role that ratings are playing, we also solve for the optimal system
in a world in which learning occurs regardless of the induced action, that is, signals are generated even
when there is no investment. In this case, we do not have a revelation principle of this sort; instead,
more ratings imply a higher payoff. Such result also holds when the designer’s objective function is to
maximize social welfare, since in this case, learning is important even in the set of ratings that induce

investment.'©

Our model also enables us to pin down an important relation between the signal structure and
Bayesian persuasion. Specifically, the relevant statistic for persuading is the strength of bad news, that
is, the informativeness of the signal with highest likelihood between the bad and the good state of the
world. As this informativeness increases, the designer’s payoff becomes closer to the Bayesian persua-

sion payoff. In contrast, good news is not relevant for persuasion.

The intuition here is that persuasion requires agents to be very convinced of the bad state of the
world, but only partially convinced by the good state. Thus, the designer would like to have an inflated
belief for the bad state and an indifference belief for the good state. Because signals are not generated
in the bad rating, the only way to have a high belief in this no-signal rating is if it is possible to have
an informative transition from the good rating to the bad one. This is only possible insofar as a signal
might help you, and since there is no learning when there is no investment, the only useful signal is
the one coming from the investment rating. In contrast, in the no experimentation case in which the
designer is capable of learning even when there is no investment, good news is also relevant, and the
more informative the signals are (regardless if good or bad news), the closer to the Bayesian persuasion

payoff the designer will be.

19An interesting implication of optimality and Bayes-plausibility, is that even when the designer uses the many ratings to
improve her payoff, the optimal rule implies staying most often at the extreme ratings. This result is consistent with the results
in the bounded memory literature, such as Hellman and Cover (1970) and Wilson (2014).
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Our paper combines Bayesian persuasion with complexity considerations. Thus, perhaps the
most related papers to ours are the ones that combine dynamic games with limited record keeping.
Ekmekci (2011) studies a rating system in a moral hazard game, and the system structure is very close
to ours - yet with some fundamental differences. For instance, in his model, there is a permanent flow of
informative signals about the long-run player’s type. In credence goods markets, investment is needed in

order to have informative signals, so there might not exist such a permanent flow of informative signals.

Our paper is related to the literature of learning under limited memory. Hellman and Cover (1970)
and Wilson (2014) consider a bounded memory agent that has to design the optimal memory for a two-
hypothesis testing problem. Monte (2013, 2014) studies a model in which a bounded memory player is
playing a reputation game against an informed player. We contribute to this literature since we study a
similar underlying problem, but under the perspective of a designer that must persuade agents to invest
at the same time that it must learn. In our model there is a subset of the memory system in which there is

no information revelation and the designer must choose how long to spend in those ratings.

Kovbasyuk and Spagnolo (2018), Liu (2011) and Liu and Skrzypacz (2014) study information
transmission in dynamic markets with limited record keeping as well. Types are constantly changing over
time in Kovbasyuk and Spagnolo (2018)’s environment, thus it is natural to look at stationary rules, like
they do. In our case, types are fixed throughout time, but the stationarity comes from the constraint on
the set of possible communication rules. In Liu (2011), past information is costly to observe and in Liu
and Skrzypacz (2014), the focus is on how reputation evolves in a dynamic market with limited record

keeping.

We also connect with the literature on dynamic information design and Bayesian persuasion. Au-
mann, Maschler and Stearns (1995) study this question in repeated games with incomplete information.
Recent papers on the literature include Brocas and Carrillo (2007), Rayo and Segal (2010), Kamenica
and Gentzkow (2011), Kamenica and Gentzkow (2014), Bergemann and Morris (2016), Ely (2017), Best
and Quigley (2017), Mathevet, Perego and Taneva (2020), Matyskova (2018), Lipnowski, Ravid and
Shishkin (2018), Taneva (2019), Li and Norman (2020) and Doval and Ely (2020).'" We tackle a related
problem, but our designer has much less information than the canonical information designer: instead
of observing the actual type and sending a recommendation given the type, our designer learns about
the true type only by the signals received over time, which are constrained by the recommendations that
she can give. In particular, a negative recommendation implies less learning, since in those periods the

customers do not hire and the designer learns nothing.'?

By studying optimal rating structures from the principal’s point of view, our work also relates to
the literature of reputation and optimal information design (Horner and Lambert, 2016; Smolin, 2017;
and Bhaskar and Thomas, 2017). Also related is Halac, Kartik and Liu (2017), which studies the design of
optimal disclosure policies in dynamic contests. Our model is somewhat similar to Kremer, Mansour and
Perry (2014) and Che and Horner (2017), in which a recommender system must learn from the product
feedback. The difference between our paper and theirs is the restriction on the communication systems
that we impose. Moreover, we consider a different signal structure and different objective function for

the designer.

gee also Bergemann and Morris (2019) and Kamenica (2019) for two recent surveys on information design.
2There is a literature in computer science and algorithmic game theory studying information design and complexity.
Dughmi (2017) provides a recent survey on the topic.



12

Our environment is also similar to Glazer, Kremer and Perry (2015), but in their paper, agents
must pay a cost to observe the signal. Vong (2021) studies optimal ratings in a repeated game in which
there is adverse selection and moral hazard. Other recent related papers are Lillethun (2017) and Sperisen
(2018). Laiho, Murto and Salmi (2021) study a rather analogous problem, in which a decision maker
chooses in every period whether or not to increase the consumption of a variable of an unknown, fixed

type. The more she experiments, the more she learns about the type.

Our rating system might resemble Best and Quigley (2017)’s review aggregator, but there are
fundamental differences. In their paper, the long-run designer cannot commit to a rule and the state of
the world is changing over time. Thus, their review aggregator is meant to provide the designer a way
to approach the Bayesian persuasion payoff in a world with no commitment and changing types (states
of the world). In contrast, our rating system is the information policy to which the designer credibly
commits to and is intended to solve a joint learning problem between the designer and the sequence of

agents.

1.2 Model

An infinite sequence of myopic agents enter the market, one at a time. Each agent chooses
whether or not to invest in a given project. The project is one of two types: Q = {B,G}. The type is
fixed throughout the game and unknown to the agents. Each type randomly generates a payoff to an
agent every period in which an agent invests. If the agent does not invest, her payoff is zero. Suppose that
there are M > 2 possible payoff realizations: X = {x1,x2,...,xps }. If the state of the world is B, payoffs
are drawn according to Pr(x,,|B) = ¥, m € {1,2,..., M} whereas if the state of the world is G, payoffs
are drawn according to Pr (x,,|G) = ¥5.!3 Therefore, the conditional expectation of investing if the state
is B is 1,‘,,/1:1 Y2 xm, and similarly if the state is G. We assume that the conditional expected payoff of

investing is such that

M M
Y vixn>0> Y Yhxa
m=1 m=1

Every agent’s initial prior probability that the type of the project is bad is denoted by p, with
p € (0,1). In a one-shot interaction, an agent decides to invest if and only if

y,(,fxm > 0.

Ms

Yoxm+ (1—p)

1 m

Mx

p

m 1

This inequality defines an indifference threshold, p*, which is given by

* ]r‘n/lzl ,}/r(rzx’”

M M .
Zm:l ’J/ngxm - Zm:l %ﬁxm

30ur results extend naturally to more general distributions FZ and F, such as the case in which FZ and F© are absolutely
continuous with respect to the Lebesgue measure, with corresponding continuous densities fZ and £ uniformly bounded away
from O and oo. The discrete case that we use in the paper has the advantage of allowing us to construct the exact optimal rating
system, instead of the €-optimal system that may be required if the payoff distribution is continuous.

p




13

Whenever p > p*, the agent in a static problem does not invest. In our benchmark model, we
make the simplifying assumption that agents do not observe calendar time. Formally, we assume that
they attribute an uniform (improper) prior distribution to all possible positions in the sequence. We will
consider alternatives ways of modeling position uncertainty later on. For now, it suffices to say that
their only information is the message (rating) send by the designer. Note that if agents could observe
the entire sequence of previous actions and payoff realizations, the market would break down, because
the first agent would not invest and since she would not do so, no information would be generated and

subsequent agents would also choose not to invest.

If p < p*, it is optimal for the first agent to invest. If subsequent agents have access to the full
history of the game, they will update their beliefs on the quality of the project as new information arrives.
As long as the posterior is smaller than p*, agents keep investing. As soon as the posterior exceeds p*,
agents cease to invest and the market collapses. A rating system might overcome this problem if agents
have limited information about past outcomes. A straightforward implication of our model is that if
p < p*, then a rating system that conceals all information will induce investment every period. For this

reason, we focus on the more interesting case, that is, when p > p*.

We will consider the information design problem faced by a designer restricted to a system with
finitely many messages and a stationary transparent rule. Thus, his information technology is constrained
in two ways. First, he cannot disclose every possible history of past actions, payoffs and messages,
because a finite message space is smaller than the set of all public histories of this game. Second and
most important, he cannot convey information conditioned on what is not observable to agents. It is in
this sense that we say that information must be transparent. Therefore, messages must depend only on

the message space and the payoff space. We will denote this restricted system as a rating system.

Definition 1.1. A rating system is a tuple = (7, o, @), where .9 ={1,2,...,1} is a finite set of ratings;
@0 € A(F) is an initial probability distribution ratings; and ¢ : .9 x [X U{0}] — A(.#) is a transition
rule, where 0 represents the event in which there was no investment and X is the set of returns to the

investment, which are public to the designer and the current agent.

Because agents do not observe calendar time, but only the current rating,'* they have the same
strategy - a map from the current rating to a probability of investment. We refer to their strategies as
o7 —[0,1].

Agents compute the probability distribution over the histories as if the game had been going on
for a long time, and their beliefs are computed using steady-state probabilities (or time-average conver-
gence). To give a more detailed description of how beliefs are computed, first note that any given rating
system ¢ together with a given strategy o defines Markov matrices 7¢ = (TIGJ) and T8 = (Tfj) for the

good and bad state of the world, respectively. The transition Tfj from rating i to rating j given 0 is

M
=0 Y el +(1—a)e;,
m=1

14Strictly speaking, they also observe the resulting payoff of their investment, but since they are short-lived, this is irrelevant
for what follows.
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where ¢;"; represents the transition from i to j upon the observation of payoff x,, and ¢; ; stands
for the transition when there is no investment. A well-known result in Markov processes ensures that the
sequences {(1/t)Y'—L(TE)"}2, and {(1/t) X' _L(T¢)"}22, converge to stochastic matrices, each row
of them being an invariant distribution. Thus, for every initial distribution ¢y and for each 0, there will

be an unique invariant distribution f® = (f;);c.» over the ratings.'

The invariant distributions will be used to calculate both the designer’s expected payoff and the
agents’ beliefs at any given rating. The designer seeks to maximize the ex-ante probability of investment,

so his expected payoff given a rating system ¢ and a strategy o, is given by

I

1
N=p) ffoi+(1-p)Y fFo
i=1

i=1

For every rating i that is reachable, that is, fl-6 > 0 for some 0, the updated belief is given by

_ P
P+ (1=p)ff°

pi

For any given rating system we define the equilibrium as a strategy o and beliefs (p;);c.» such

that every investor is taking her optimal action given her beliefs. We state the concept below.

Definition 1.2. Given a rating system @, an equilibrium is a strategy o, as well as beliefs (p;)ic.s such
that, for everyi €

I o> OﬁpiZ%:I ’ygxm"i‘(l —Pi)Z%:1 ’ygxm >0;

2. p; is consistent whenever reachable (that is, derived from Bayes’ rule as well as the stationary

distributions generated by p, o, and ¢ ).

For now, we focus on irreducible rating systems, i.e., systems in which all ratings are visited
for at least one of the project’s type. This means that all ratings will have induced beliefs derived from
Bayes’s rule as well as that the invariant distributions will not depend on the initial distribution.'® We

will show later on that this focus on irreducible systems is without loss of generality.

In order to better understand the mechanics of our model and how to compute beliefs, let us

consider the following example.

Example 1.1. Consider a binary payoff environment in which there is a good realization, denoted by
h, and a bad realization, denoted by 1. Then, assume that Pr(h|G) = vy, > 1, and Pr(h|B) =y < 1.
Construct a rating system with two ratings and a deterministic transition rule. That is, (pé‘1 =0, (pé] =1,

and @1 = 1. Below we depict this system for the purpose of illustration.

I5For the proof see, for example, Stokey and Lucas (1989), Theorem 11.2.
165ee Stokey and Lucas (1989), Theorem 11.4.
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Don’t invest Invest
Figure 1.1 — A binary, deterministic and irreducible system in which agents only invest in rating 2.

For such a system, the induced Markov matrices are given by

T = 0 ! and TB = 0 ! .
IL=% W l=v %

Due to irreducibility, we compute stationary distribution by solving f® - T® = f° leading to

1— 1—
fe=0 =

2= 2—-y

Finally, beliefs are given by

p1—1)2—m) .
pl=m)2-m)+1-p)d=m)2-n)
P2—")
P2—m)+(1-p)2—m)

pP1 =

p2 =

This rating system is irreducible and satisfies the obedience constraints (i.e., it is incentive com-
patible to invest in rating 2 and to not invest in rating 1) if p» < p* and py > p*. We note that this is just

an example of rating system, but it is generically not the optimal one.

1.3 Optimal rating system

In this section, we derive a bound on the belief spread induced by designer’s constrained infor-
mation rule. This in turn leads to an upper bound on his optimal value of information, which is proved in
theorem 1.1. We contrast these results with what the designer could get if he could condition messages
on hidden information; specifically, on the project’s type. We also discuss how the informativeness of the

payoffs plays a role in designer’s value of information.
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Without loss of generality, we can label the ratings such that p; > p, > ... > p;. This implies that

* 1 _
1= p P 7
P
where note that A < 1 if p > p*. If i is a rating in which there is investment, then it must be that
B
pi < p*. Note as well that p; < p* if and only if J% < A. This represents the prior bias against investment.

Let .4 represent the set of non-investment ratings. We can write incentive compatibility inequalities as:

B
f—f’G>/1 Vie N, (1.1)
5
S5 SA vie 4t (1.2)

We will now work out a third restriction for equilibria with at least one investment rating. We
will show that there is a maximum spread in the induced beliefs. The intuition for the fact that beliefs
cannot be too far apart is that if the designer tries to construct a rating that induces a belief that is too high
(meaning that it is likely that the project is bad), it will affect the beliefs in the other rating, violating the
obedience constraint (incentives for investing) in the other rating. The next proposition formalizes this

intuition, but before we state it, we need some additional notation. Let us define

Rk

7 = max
m

This represents the strength of bad news, or the informativeness of the payoff with the highest
likelihood between the bad and the good state of the world. For the remainder of this section, let us
assume that 11 < oo, so that all payoffs that occur with positive probability under state B also occur with
positive probability under state G. Note that 17 > 1. The case with 11 = o will be discussed separately

(see example 1.2). It will also be useful to define

V =min

R

As we will see, perhaps surprisingly, our results do not depend on whether Vv is zero or positive.
We will postpone this discussion. Before we prove our proposition, let us state the following well-known

result for Markov processes:
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Lemma 1.1. If the space .7 is partitioned into two sets S and S', then in the steady state the probability
of transition from S to S’ must equal the probability of transition from S’ to S. Precisely stated, for each
0,

YY A=Y f

icS jes' €S jes

Proposition 1.1. In any rating system with investment, all non-investment ratings obey

Proof. Let 41 be the set of non-investment ratings i such that £ fG > An and .45 the set of non-investment

ratings such that =& < An. We want to show that .47 = 0. Assume by way of contradiction that .47 is

fG
non-empty. With a slight abuse of notation, let qu be the transition chance from rating i to a set of ratings
S conditional on 6 € {B,G}. For every non-investment rating, we eliminate the superscript 6 because
the transition chance will be uninformative. From lemma 1.1, the steady state probabilities obey the

following:

B (..
Yiesi Ji (w + wﬂ)  Yien S+ Lo fB1E,
= G GG °
Yien fE (Ti,{/Vz +71; Wn) Yiew J7 T + Lie st [T

The LHS of the above equation exceeds A1 by assumption since it is a weighted average of the
Vi flG(Tl AT, ./VE)
7o Yiet; fIG(T],LA/z-*-T 4 0)

BB
J;G, i € M, i€ A and ratios J;’ PN e L. The former
i l /Vl

ratios are at most A1 by construction and the latter ratios are at most An by the incentive compatibility

ratios i € M - each weight is

. If the RHS is at most A1, a contradiction follows.

But the RHS is a weighted average of ratios

constraint (investment requires f < A foreveryi e AN E) and information constraint (investment payoff

likelihoods satlsfy < A foreveryic 40 O

fix

Proposition 1.1 implies that in all non-investment ratings, agents will hold induced beliefs about

a bad project no higher than p, defined by

___np’
1—p*+np*

il

We also derive an upper bound on information designer’s payoff and prove that this upper bound
can be achieved, provided that the rating system induces all investment beliefs to be the lowest possible
(that is, equal to p*) and all non-investment beliefs to be highest possible (equal to p). This is done in

theorem 2.1 below.
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Theorem 1.1. For any rating system, there exists an upper bound on the information designer’s payoff:

(I-p) An-—1
H=t—am-1

This upper bound is achieved iff beliefs in all non-investment ratings equal p and beliefs in all

investment ratings equal p*.

Proof. Incentive compatibility of investing in .4 C implies

LientS? 1= Yien f?
ZieJVD fiG 1— Zieg/V fiG

<A.

Therefore,

Y fP=1-a+2 ) fF. (1.3)
ieN ieN
By proposition 1.1,
. B
ZZEJV flG < 7“7
Zie/i/fi
Therefore,
1
Y Oz Y (1.4)
ieN n ieN

Substituting equation 1.4 into equation 1.3 yields

Zf,-BZn[l_/l} (1.5)

icN n-1

Substituting equation 1.5 back into equation 1.4 yields

c_ 1[1=2
Zﬁzﬁ]. (1.6)

ieN n—1

By equation 1.5 and equation 1.6, the information designer’s payoff - the steady state investment

probability - has an upper bound, as it can be seen below.
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o1 gt ) ruem (1= 2 ) o (1on =5 o (15 ()

Using

= lp o %p, this simplifies to the desired upper bound. Such upper bound is achieved
if and only if equations 1.3 and 1.4 both hold with equality. Finally, 1.3 holds with equality if and only

f-.G = A, which holds iff p; is the exactly cutoff belief for investment,

i.e. p; = p*. Likewise, 1.4 holds with equality if and only if every non-investment rating i has £ fG =An,

if every investment rating i has

which holds if and only if p; is exactly the upper bound belief for non-investment, i.e. p; = p.

O

As an implication, we can reproduce the optimal rating system with / ratings by a two-rating
system that induces beliefs p; = p and p, = p*. Thus, a simple recommendation of investing or not
is sufficient to implement the optimal rule. But before constructing such system, let us discuss three
main differences from the results from our model with results from the unconstrained information design

literature, specifically the Bayesian persuasion framework.

First, if the designer could commit to a distribution of messages conditional on the project’s
type, it would also be sufficient for him to induce only two beliefs in equilibrium: one equal to the cutoff
for investment and the other as strongly as possible in favor of not investing. As agents only rely on
designer’s message, this would be the optimal way to maximize the overall probability of investment.
The designer could induce these beliefs by (i) recommending investment for sure when the type is G and

(i1) randomizing between an investment and a non-investment recommendation when the type is B.

However, the reason for the optimality of a binary information in our model differs from the
one in the Bayesian persuasion framework. More specifically, our result is not a revelation principle. It is
instead a consequence of the fact that (i) in non-investment ratings no hard data is produced and posterior
beliefs are induced through such data; (ii) in investment ratings there is no need to provide additional
incentives through more information. Indeed, we will show in the next section that, for the case in which
observable data is produced even without investment, the designer’s payoff is increasing in the number

of ratings.

Second, an unconstrained designer has power to induce the strongest belief in favor of not inves-
ting, that is, the extreme belief 1. Abusing notation, let fi6 represent the probability that this unconstrained
designer sends message i € {1,2} conditional on type 6 and i = 2 be the recommendation to invest (the

investment rating). Then he would induce

=2 5=

Leading to ;%; = A and i 1 = oo, From proposition 1.1, our constrained designer cannot obtain the

ratio of rating 1. As a result, the designer’s investment payoff IT187 from Bayesian persuasion is higher

than designer’s constrained payoff IT from theorem 1.1:
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=TI

|
V

HBP:pl—i—(l—p)—l_p 1—P[7L77—1]

l—p*" 1—p* [A(n—1)

Nevertheless, as 1) — oo, I converges to T8, This means that the relevant statistic for the de-
signer in the likelihood 1. Intuitively, a perfectly informative signal (payoff) for the bad state does make
it possible to fully convince the agents that the project is bad. Note that, because the upper bound on
proposition 2.1 does not depend on Vv, a very informative signal (payoff) towards the good state of the

world adds nothing to the designer’s payoff.

Third, in the Bayesian persuasion framework, for every initial prior p € (p*, 1), the information
designer can induce posteriors leading to the optimal value of information at p. This is true because the
optimal value of information is the concave closure of designer’s payoff without any communication.'”

This is not the case in the constrained framework. To better understand this, we need the following result.

Lemma 1.2. In any rating system with investment, at least one rating has a belief (weakly) lower than
the original prior, and at least one rating must have a belief (weakly) higher than the prior. Formally

pi < pand pj > p for somei,jc ..

B
Proof. Suppose not. That is, suppose that p; > p, Vi. We can write: Mﬁ > p, which implies that
B> f[.G ,Vi. If we sum for all i, we have that ¥, /5 > Zif[G. However, ¥, 5 = Zifl.c =1, so we have a
contradiction. ]

A corollary of this result is that whenever p > p there is no equilibrium in a rating system in
which there is investing in at least one rating and no investing in at least other rating. From now on, we

will focus on this more interesting case, that is,

Assumption 1.1. The prior belief about the bad type is such that p < p.

The figures below summarize the comparison between our constrained framework and the persu-
asion framework. In the left figure, the dashed blue line represents additional payoff designer gets from
Bayesian persuasion, relative to no intervention. In the right figure, the dashed red line represents the
additional payoff designer gets from an optimal rating system. As 1) — oo, the prior belief region for
which there is an equilibrium with a rating system expands and the payoff converges to the Bayesian

persuasion payoff.

We now turn to the construction of the optimal rating system. We do this by defining transition
rules so that f# and f1G are as low as possible. Applying equation 1.3 for only one non-investment rating,

we have

B> 1-A+AfC (1.7)

17That is, the point-wise infimum of affine functions that are weakly higher than the no-communication payoff.
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Designer’s payoff Designer’s payoff
1*—»‘ . 1*—»‘ .
1 nel o N Mo
ﬁ* P 1 Agent’s belief p* P ;3 1 Agent’s belief
Figure 1.2 — Bayesian persuasion payoff Figure 1.3 — Rating system payoff

Because A < 1, if the steady state probabilities satisfy equation 1.7, then the non-investment
compatibility constraint 1.1 is satisfied and we can ignore it. From the investment compatibility constraint

1.2 and the constraint from proposition 1.1, we derive

G
K= 16) < fim (1= 1) = 17 < i (1.8)

=1y
The pair of stationary distributions ( 12, flG ) that maximizes the probability of investing is obtai-

ned when equations 1.7 and 1.8 are binding. Thus, the distributions must satisfy

nfe

BN )

Indeed, we can see from the figure below that there are two points that satisfy the above equation,
namely, when flG = ff =1 (although this does not interest us), and another point at which le <1 and
i<l

-

=t
1| / =1 A+AS]
7% — B nff
= 1+ff(n—1)
1
1-Av/ .7
1
Vi

Figure 1.4 — Optimal stationary probabilities. The blue represents equation 2.8 and red line represents
equation 2.7. The optimal values of f# and f1G is the interior point in which the colored lines intersect.

In the next proposition, we construct rating systems that achieve this upper bound. The particular
choice of transition rules will depend on the parameters, but it is possible to construct the optimal system

for any given set of parameters.
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Proposition 1.2. For any set of parameters, there exists a binary rating that achieve the payoff bound

from theorem 1.1.

53

Proof. Let m be such that
rating 2 the transition rule is: (i) @7} = & and (ii) @5, = 0 Vn # m. Then, these transitions induce the

= 1. From rating 1 there is a random exit probability ¢, = 7 and from

-

following Markov transition matrices:

B 1—71 T an G_ 1—7 T .
T_<a’,;;1< (1—#@)%@—@) @7 (yc (1—%2)+%2(1—1<)>

Because we are focusing on irreducible systems, we can compute the stationary distributions by
solving f9-T9 = £ for each 6 € {B,G}. This leads to

B__ T . G_ T
g T+ yBx’ £ T+ 79k
. . i . T+y%k L.
We will choose 7 and k appropriately so that fi = A. This gives us Ty/gk = A, which in turn
2 i

implies that:

T Ayfl—yn(f'

kK 1-2
Recall from assumption 1 that we are only interested in the case in which p < p, which implies

that An > 1, and in turn implies that 212 — ¥ > 0. We can conclude that both denominator and nume-

m

rator are between 0 and 1. Thus, we can set T = A5 — ¥¢ and k¥ = 1 — A. This leads to the desired ratios
7 ;o
il A and o= na. =

The optimal rating system derived in proposition 1.2 is illustrated in the figure below.

1—71 (1*Ym)+?/m(1*’()

T

N
S

YmK

~— ~—

Don’t invest Invest

Figure 1.5 — Optimal rating system. Only the payoff corresponding to the highest likelihood of project
being bad matters. Parameters 7 and x are carefully chosen to generate the desired posterior beliefs.

We still have to deal with 1 = oo. This is easily done, as it can be seen in example 1.2. In this

case, the rating system achieves the Bayesian persuasion payoff.
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Example 1.2. Consider the case in which 1 = oo, that is, there is a payoff that happens with positive
probability under B, but not under G. Since in this case a bad state of the world can be fully learned, we

might call this special case as the bad news case.

A simple construction will suffice to achieve the optimal Bayesian persuasion payoff. Let x,, be a
payoff for which y2 > 0 and y¢ = 0. Consider a binary rating system with transitions given by 0y = K,
03, =0 for all n # m, and T\, = 7, where, recall, that this last transition must be independent of the

payoff realization, since on-equilibrium path, there is no investment in rating 1. With this rating system

and this signal structure, the stationary distributions are given by le = rﬁ; - and flG = 0. It follows
immediately that py = 1. To get the Bayesian persuasion payoff, we need to choose T and k such that

P2 = p*. It must be that

K p—p'

T yEpr(1-p)

Since both numerator and denominator are positive and strictly less than one, it suffices to set

K=p—p*andt=yp*(1-p).

Before concluding this section, we prove that restricting attention to irreducible systems was
without loss of generality. First, note that a rating system that has a unique recurrent class (i.e., one
with a unique absorbing set of ratings) must be such that eventually the system reaches that rating and
remains there thereafter, regardless of the underlying state of the world. This implies that this smaller set
of ratings - the set of recurrent ratings - works in a fashion similar to an irreducible system, and we have

shown that for such systems it is sufficient to consider two ratings.

Our next task is to show that the multiple recurrent classes cannot all be solely composed of
investment ratings. Suppose, by contradiction, that all recurrent classes are composed exclusively of
ratings in which the recommendation is to invest. The system will eventually reach some of these ratings,
and the belief of at least one of these ratings must be at least as high as the original prior, which we are
assuming to be a non-investment prior. Thus, at least one recurrent class has at least one non-investment

rating, which is a contradiction. This result is similar to the one in lemma 1.2.

In recurrent classes with both investment and non-investment ratings, we repeat the analysis of
our general rating system with irreducible ratings. Thus, in each recurrent class, it must be that beliefs
are bounded as shown in proposition 1. Thus, the designer cannot improve upon a two-rating machine.
Finally, it remains to show that any system with a recurrent class composed exclusively of non-investment
ratings does not improve on our general irreducible system. This is shown in proposition 2.3, whose proof

is in the appendix.

Proposition 1.3. A reducible system with a recurrent class of non-investment ratings cannot improve

upon the optimal irreducible system.
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1.4 No experimentation

In this section we look at the case where hard data is independent of actions. That is, if the
agent does not invest, she gets a payoff of zero, but there is still an observable realization from the set X
following the same distribution as specified in section 2.2. We are interested in this environment since it

helps us understand the forces driving our main results in the previous section.

We show there exists an upper bound on beliefs than can be achieved in equilibrium, but this
bound is increasing in both the number of ratings and in the strength of good news. Then we derive
an upper bound on designer’s payoff and construct a rating system that gets arbitrarily close to it. The
construction will work for any prior p € (p*, 1) - not just p < p from assumption 1 - provided that the
number of ratings is big enough. Finally, we show this rating also approximates the Bayesian persuasion

payoff.

As before, we label ratings in a decreasing belief order, that is, p; > p» > ... > p;. This implies
that the likelihood ratios of the steady state probabilities are decreasing as well. Hellman and Cover
(1970) provided the following two lemmas'®, which will be useful in this section. The first derives a
bound on the ratio of the transition rules. The second derives an upper bound on the likelihood ratios

from rating i to rating i + 1.

Lemma 1.3. The ratio of the transition from rating i to rating j under state of the world B to the same

transition under G satisfies

Lemma 1.4. For every rating i <1—1,

B B
L<ﬂ itl
G — G
O Pl

Proposition 1.4. In any rating system with investment, it must be that

B I-1
fil < (ﬂ) A.
fET\v
B
Proof. Because there must be investment in at least one rating, it is true that % < A.From lemma 1.4, it
1
. 2, n . . 1B n\I—1 .
is also true that i < (V) A. Proceeding recursively, we find that 7 < ( V) A, as desired. O
-1 J1

Proposition 1.2 implies an upper bound on the highest belief induced in equilibrium, but now
this bound is increasing in the number of ratings / and decreasing in the value of v - the strength of good

news. Indeed, this bound is given by

18] emmas 3 an 4 in our paper are lemmas 1 and 2 in Hellman and Cover (1970), respectively.
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nl*lp*
nl—lp* + vi-1 (1 _p*) :

[’j:

Note that p — 1 when 1 — 1, a result that is similar to the one we had in the previous section.
However, we also have p — 1 when v — 0 or when I — . The parameter v affects the belief bound
in a non-experimentation environment because induced beliefs in non-investment ratings need not be all
the same anymore. Thus, a high belief in non-investment rating is possible even if transitions from good

ratings to bad ratings are not very informative, provided that / is big enough.

The number of ratings affects the belief bound because every non-investment rating i </ —1 can
keep track of the history of signals (payoffs) up to I — 1. Therefore, the higher the number of ratings,
the easier it is to convince the agents that only the bad type of project can visit infinitely often the first
ratings, by assigning downgrades to more informative signals (payoffs) about the state being bad and

upgrades to more informative signals (payoffs) about state being good.

Theorem 2.2 below is the equivalent result of theorem 1.1 for this section.

Theorem 1.2. For any rating system with some rating i* such that there is no investment in any rating

i <i*— 1 and investment in any rating i > i¥, there exists an upper bound on the information designer’s

payoff:

m< 1=P }”*<%)ﬁ_1

T [T

Proof. As before, .4 refers to the set of non-investment ratings and .4 C to the set of investment ratings.

Leti* =min{i:i€ A C}. Repeating the same steps of the proof of theorem 1, but now considering the

B 1
bound on every 5 from proposition 2.4; in particular, ¥ fF>z (%) Yic.y f, the information

designer’s payoff has the following upper bound:

Using A = 5 £ ;* lpr, this simplifies to the desired upper bound. U
B

To achieve this upper bound, it must be that every investment rating i has % = A, which holds if

and only p; is the exactly cutoff belief for investment, i.e. p; = p*. Therefore, it is sufficient to have only

one investment rating with an indifference belief, that is, .4 C— {I} and p; = p*. However, it is not true

anymore that all non-investment ratings must have the same induced beliefs. To see this, note that, from
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5 y
lemma 2.4, for every i < I — 1 without investment, steady state likelihood ratios satisfy ]% < (%)1 ‘A

B B
If, say, J{—Z = f—lc, then such constraint would be violated, because
2 1

o= () s
as 11 > v. Nevertheless, we can construct a rating system that gets arbitrarily close to the upper
bound derived in theorem 1.2 by making intermediary steady state probabilities arbitrarily close to zero
- thatis, fP+ f¢ = fB+ fU ~ 1 - and extreme beliefs close to the optimal bounds - that is, p; ~ p* and
p1=p.
The construction of such system is done in the next proposition and the proof of it is in the

appendix, but we give an intuition here.

We first choose I high enough so that p < p. Note that we can do this for every prior p € (p*,1)
- not just p < P, so we can have an equilibrium even without assumption 1. Then, we partition the payoff
space in two subsets such that the likelihood of aggregated payoffs in one set is higher than the likelihood
of aggregated payoffs in the other set. These aggregated payoffs will work as a proxy for two relevant
statistics for the transition rules. The constructed rating system for given I is such that: (i) at intermediate
ratings, every signal in one payoff subset leads to a downgrade and every signal in another payoff subset
leads to an upgrade; (ii) at extreme ratings 1 and I, upgrades and downgrades are governed by parameters
T and K, respectively. Those parameters are chosen appropriately so that even if 7~ 0 and kK ~ 0, the
belief in I is kept at p* and the belief in 1 is well defined. For a number I > I large enough, the designer’s

payoff from such system will be close enough to the bound derived in theorem 2.2.

Because the upper bound on designer’s payoff in that theorem is increasing in the number of
ratings and converges to the Bayesian persuasion payoff as I grows large, a corollary of proposition 1.5
below is that the constructed system also approximates the Bayesian persuasion payoff %. In that case,

extreme induced beliefs will be such that p; — p* and p; — 1 as [ — oo,

Proposition 1.5. For any set of parameters and for every € > 0, there exists a number I and a rating

system with I > I ratings that is €-close to the payoff bound from theorem 1.2, that is,

oo 1P -(3)"

CR-6))

In such system, intermediary ratings are almost never visited, that is, fle + fIG ~ 1 for 0 € {B,G}.
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1.5 Altruistic designer

We argued before that the reason for the optimality of two ratings is a consequence of the fact
that (i) no hard data is produced in non-investment ratings and (ii) there is no need to produce more
information in investment ratings. In previous section, we showed that the number of ratings matters
indeed when (i) is relaxed. In this section, we show this will also be the case when (ii) is relaxed. We do
this by assuming the designer is now a benevolent social planner, so he cares about agents learning the

state of the world.

Let us return to the case in which experimentation is needed to generate information. In it, the

agents’ ex-ante payoff under designer’s optimal rating system can be written as follows:

\
b&u
Ms
N

=
E

= 3
=pfy Z
7M
=f2|p2 Z YVoxm =+ (
m=1

3
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|
e}
53
M=
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We get the second equality by dividing and multiplying IT* by f> = pf2 + (1 —p) £¥. We know
from theorem 1.1 that at rating 2, the agent is indifferent between investing and not investing. Therefore,
= 0. Consider now the case in which the designer is altruistic. That is, his payoff is equivalent to the

ex-ante payoff of the agents, which we write as

M M
iest m=l1 et m=1
Ideally, the altruistic designer would like to have extreme beliefs - zero for investment ratings
and one for non-investment ratings. However, from proposition 1.1 we know that the highest belief is
bounded above p and from theorem 1.1 we know that the altruistic designer’s expected payoff will also

have a bound. This bound is given in theorem 2.3 below.

Theorem 1.3. For any p < p, there exists an upper bound on the altruistic designer’s payoff:

Proof. This follows from

M M
H:p Z leZ 111xm+(1_p) fiGZ’ygxm’

et m=1 et m=1
M

Z fl plZ}'me l_pi Zymem )
eyt m=1 m=1
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The second line follows from the definition of f; and p;. The third line follows from Z%zl }/n(fxm
being the upper bound for the expression in brackets. Such value is maximal if and only if every invest-

ment rating i has p;. However, note that every irreducible rating system satisfies'”

Y. firi=p- (1.9)

i€y

Using equation 1.9 but considering the split into non-investment ratings i € .4 - for which p; < p

from proposition 2.1 - and investment ratings .4~ C_ for which we want to set pi =0, we get

p= Zﬁpiéﬁ!Zﬁ]: Zﬁz%

et ieN eV

Therefore,

Z fiﬁpip-

ient p

Substituting the above inequality in the inequality derived for the payoff II at the beginning of

the proof, we have the desired result. O

This is best seen in the figure below. The solid blue line represents the expected payoff an altruis-
tic designer would get without any intervention, as a function of beliefs. The dashed blue represents what
he would get if he could condition messages directly on the states of the world, that is, what he would get
under a Bayesian persuasion framework. The dashed red line represents the payoff upper bound derived
in previous theorem, under our constrained framework. Examining the figure, we can conclude that the

altruistic designer and, consequently, the agents, are worse-off under transparency requirements.

Designer’s payoff

%:1 Yrgxm T

Agent’s belief

Figure 1.6 — Altruistic Designer

19This is analogous to the Bayes plausibility result in the Bayesian persuasion literature (Kamenica and Gentzkow, 2011).
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We can construct a rating system that approximates the payoff upper bound given by theorem
1.3. The construction is very similar to the optimal rating system under no experimentation; therefore,
intermediary ratings will be required to bring extreme beliefs p; and p; close to p and 0, respectively, but
the system will stay most often on ratings 1 and /. The main difference now is that in rating 1, the exit
rate must be independent of payoffs, since there is no investment in this state. The higher the number of

ratings, closer this system will be to the upper bound.?’

1.6 Conclusion

In many of our regular transactions, we rely on information intermediaries of some form. Howe-
ver, communication is often impaired by legal restrictions that impose a limited record keeping, or that
rules must be transparent. Here, we consider a designer restricted to use communication rules that satisfy

the Markov property of being dependent only on the current publicly available history.

We construct the optimal communication system under such restrictions, which we refer to as
rating system, and we obtain one negative result and a set of positive results. Our negative result is that
beliefs cannot be too far apart, limiting the scope of Bayesian persuasion. Our designer shares a common
prior with the agents, so that the rating system must also be used for learning the project’s correct type.
When agents do not invest, nothing is learned. This need for learning generates a bound on how different
a bad belief must be from a good belief, and this bound is what generates the maximum prior for which

there is an informative equilibrium.

In our set of positive results, we show that (i) direct recommendation (viewed as a two-rating
system) is the optimal design when experimentation is needed, but in the case of no experimentation, each
rating matters; and (ii) for specific signal structures, simple rules can approximate Bayesian persuasion.
Our results show that these communication restrictions decrease the designer’s payoff, but do not benefit
the agents. Additionally, from our model we now know that bad-news type of signals are very useful for

persuasion, but good-news signals are not.

1.7 Appendix

Proposition 1.3 (Proof). A reducible system with a recurrent class of non-investment ratings cannot

improve upon the optimal irreducible system.

Proof. Let us proceed in three main steps. First, let %) be a recurrent class of j—ratings, all of which
induce no investment. Then, it must be the case that p; = p, = ... = p;. Since no investments are made in
these ratings, the transitions among them are independent of the payoffs (because there are no payoffs).
And given that this subset 4, is irreducible, the stationary distribution is independent of the initial

distribution.

20We omit the construction of such system here, but it is available upon request.
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The second step is to argue that the prior on these ratings must be at least as high as the highest
posterior of the ratings out of ) that transition into 4. Ratings that transition into %, are either
investment ratings or non-investment ratings. If they are non-investment ratings, their prior is at least the
posterior of an investment rating that led to this rating; since there are no payoffs in those non-investment

ratings, the priors in those ratings are the same as the posteriors.

We also know that in any investment rating, the highest prior possible is p* and thus, the highest

possible posterior out of this rating is

P L1 Va5 o
P VEOs 4+ (1—p) X Y50 ~ 1+p*(n—1)

Given that the prior in %] must be at least as high as the highest posterior of ratings transitioning
into it. Thus, the maximum belief that a rating system can induce in equilibrium is p; < p. This concludes
the proof. O

Proposition 1.5. For any set of parameters and for every € > 0, there exists a number I and a rating

system with I > I ratings that is €-close to the payoff bound from theorem 3.2, that is,

. =(3)

R0

In such system, intermediary ratings are almost never visited, that is, fle + f,9 ~ 1for 6 € {B,G}.

Proof. First, note that we can always find some I such that

p< ] nl_—lp* ]
- V171(1 _p*)_‘_nlflp*'

Therefore, for every prior value p, we can construct a finite, irreducible rating system. Now
partition the payoff space into X; and Xj, and the index space into .#), = {m : x,, € X;,} and .4, = {m :
x¢ € Xy} such that

Zme/{z %‘;z > Zmé//lh 7';5
Zme.//l/ %g Zme./lh Y}g

In words, we divide the payoff space into two aggregation of payoffs, such that one aggregation
leads to higher aggregated likelihood than the other. Such aggregations will work as an aggregate payoff
(signal). Denote by ¢/ the chosen transition rule from rating i to rating j conditional on the observation
of any x € X,,, with n € {¢,h}. Define as well 8% =¥, 4, v5, for each 6.
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Consider the following (irreducible) system with I ratings: (1) (plh2 =T, (p]h1 =1-r7, (pf 1 =12)

(pI-ZI-f1 =K, (pI-[I- =1-k, (plhi =1;(3) o, | = ¢}, =1 forevery i ¢ {1,T}. With these transition rules, we
obtain the following steady state probabilities, for each 0:

5° 5° 59
f20:7'-< >f17 f16:<1_69>f19—1 Vi¢{17]}7 f]‘9:’1<< >f[1

. o \I! . o .
In particular, we have fl-6 == (113 59) fle . This generates a system of equations in which

o 59 2 o 59 - 59 I-1 o
69>f1 +T<1—69) fi +-~-+T(1_59> f1 (1_59> =1

Solving for fle leads to

0
f] +T<1_

. 7 oq—1
66 69 2 66 1-2 T 66 I-1
1+T<1—69>+T<1—69> +...+r<1_56> +1<<1—69> . (A.2.1)

We want to set f’G = A. To achieve this, we find that L f must be such that
JT

=

A A PR SRV A S A
fe o \8¢1-85) G ¢ T\ 8B 1-66

B -2 i
Note that % < ( ) " A from the definition of 8°. Moreover, JffG =2 <‘;2 11 gﬁ) < (%)1 )

5 -
as well as % < (%)1 ‘A for every i & {1,I}, because f9 = (1 59>f9 This means that all non-
investment steady state probabilities satisfy the constrained obtained from lemma 1.4. Also note that

substituting equation A.2.1 into the expression for f29 , we have

fz":r(ae> 0= L -
1-o° 1*5"+r+<—59 >r+ +( 5 ) i
59 1-6°9 1-69

Therefore, lim;_.g f29 =0 as well as lim;_q fl-‘9 =0, fori=3,4,...,N — 1. Furthermore, if T — 0
an k — 0, but = > 0, then

=h
—_
/N

—_
| &
S| Q

Ql
~——
TI
_

Al

li JL_ _
r—>(%,nr<l—>0 flG 1+( 5B )1—1

Ala
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B B
Given that we want % = A, let us find the appropriate ratio % such that lim;_0 x—0 ;—IG =
T i

I-1
A (56 1753) . With some algebra, we get

8B 1-66
oA /1=88\"' 1 /1-86\""
X 1—-A (63) C1-1 (60) ' (A.2.2)

. .. 58 1-§€ -1 §B 1-§€
This value must be positive, so we need to guarantee that A > (5—6 = 83) . But (5—6 = 5B> <1
by construction, so as long as we set some I > I sufficiently large, this inequality must be satisfied.

Therefore, we have the result. Take, for instance, the sequencek; = % for each r € N and set

R AR I
K 2 “1-a\ 86 1

As t — oo, we have that k; — 0,7, — 0 and the ratio % equals the ratio A.2.2 for every ¢. Thus,

. _ B . G
imIT=pff+(1-p)ff,

=1 (PA+1-p),

-1
_l-p |7 8 G
1—p* |k \1—-8C ok

The second equality follows from f2 = AfC; the third from the definition of A and f& =
-1
T ( 8 ) flG ; the fourth from equation A.2.1. Using the value of £ asin A.2.2,

150
T/ 8% N A (891-8\"" 1
k\1-86) 1—-A\68B1-68C -1

Substituting this back to the limiting value of I1,

1
IimII = —
tg?o 1—p* 56 1—s8\ 1! 1 A 1—p* s81_s8\/ !

<F1—55> - Al1- 5701,53)

-1
B 1— G . B 1— G .
Now, (g—g ]_23> > % but lim;_,e (%%) = limy e (%) = (. Thus, for every € > 0, we

- I-1 I-1
can find some / > [ that still keeps equation A.2.2 positive and gets (5—0 i:gg) e-close to (%) O
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2 BAD REPUTATION WITH RATING SYSTEMS

2.1 Introduction

People rely on online reputation systems for a variety of daily activities.! Rating systems help
consumers choose their goods, but increasingly also help fulfill clients’ request for expert services. Prior
to visiting a doctor’s office, patients can check physicians’ ratings and reviews at RateMDs. Students can
select courses according to the teachers’ evaluations from other students at Rate My Professors or Rate
My Teachers. Americans can hire, rate, and review home service providers on Angi, and motorists can

find the best-rated mechanics all around the world on Yelp.

A great deal is known about designing rating systems that rate products, but much less is known
about systems that rate economic agents. The substantial difference between the two classes of rating
systems is that, in the latter the expert being rated can strategically influence her rating, so the design
must account for such strategic effects as well. For concreteness, consider the case of an expert who faces
an online feedback record. Some clients might imperfectly ascertain their true needs and evaluate the
expert’s service negatively, even in the case in which the diagnosis and the proposed treatment are correct.
This is often the case when physicians propose a high-cost intervention for a patient who feels that a lower
cost treatment would lead to same result, or when teachers are badly evaluated for being rigorous.” This
imperfect assessment by clients can generate a perverse effect, because the expert might have incentives
to provide wrong solutions in exchange for a better review. For example, a mechanic could propose a
low-cost tune-up for a driver in order to avoid being reviewed as an expensive professional, when the
most adequate solution would be a costly engine replacement. Additionally, a customer might look at
past feedbacks as deceptive, because the platform could censor information or benefit premium service

providers.? For those reasons, the benefits of such mediated interactions could be limited.

In this paper, we study the design of recommender systems in a reputation game. We consider a
stylized interaction between a long-run expert and a sequence of short-run customers. In each period, a
customer has the option of hiring the expert’s services. If hired, the expert observes a problem and pro-
poses a treatment. A severe problem requires a high cost treatment and a mild one is solvable through a
low cost treatment. The customer, however, cannot determine how severe the problem is. Moreover, each
customer has a common prior belief that an expert is a “bad” commitment type that always provides the
expensive treatment. Our benchmark setting is the bad reputation model by Ely and Vilimiki (2003), but
with an intermediary committed to a special class of information policy. We chose this model as a bench-
mark in order to isolate how the design of a recommender system interacts with its strategic implications

in a reputation game. In this game, reputational concerns have a striking effect on the outcome.

I'This is a joint work with Daniel Monte.

2Some companies even specialized in helping doctors conceal patients’ reviews and devise “anti-ratings” contracts, in
which patients are asked to sign away their right to provide additional information of a medical service online (Goldman,
2010). In France, a legal decision banned Rate My Professors and related sites from naming national teachers (Tech Dirt,
2008).

3Recently, Angi - former Angie’s List - got caught up in a scandal concerning the aggregation of home service providers
that advertise on the site in a “top-rate pros” category, even though such professionals were not highly rated among users (CBS
News, 2019).
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In Ely and Viliméki’s model, the reputational concern of the strategic expert becomes so strong
that the market collapses and customers only rarely hire the expert (we reproduce this result here as
theorem 2.1). Due to this bad reputation effect, information censoring might improve efficiency. In fact,
the outcomes of the game with full censoring - essentially an infinite repetition of the same static game -

Pareto dominates the outcomes of the game with no censoring at all (full information), for all players.

The class of information policies we consider consists of (i) a finite message space,4 (i1) an initial
distribution over messages, and (iii) a transition rule, mapping the current message and any possible
observable outcome (high treatment, low treatment or no treatment at all) to a probability distribution
over the message space. Technically, information policies in our model are finite automata. Empirically,

one can think of them as rating systems, commonly observed in many online reputation systems.

We focus on this class of information policies to capture complexity issues that online platforms
face when dealing with huge amounts of data. It is also motivated by the fact that this class of information
policies might better represent the way in which customers draw their inferences from such relationships.
Under full memory, customers from different periods must be aware of all possible treatment histories
and remember the precise realization up to their period of choice. A more reasonable assumption is that

customers rely on ratings as summary statistics and aggregate histories into common equivalent classes”.

Our recommender systems capture a plausible account of the way platform users consume avai-
lable data. Star ratings matter a great deal to online buyers. Recent surveys show that the star rating is the
most or the second most important factor in online reviews that consumers pay attention to when judging
a business or a product.® Customers in our model rely exclusively on the design of the rating system and

the observation of the current rating to infer the type of expert they are hiring.

Due to the fact that we are restricting the class of policies a platform can design, there will be a
constraint on what the intermediary can achieve with a rating system. We characterize the upper bounds
on the expert’s and customers’ equilibrium payoffs and construct rating systems that reach such upper

bounds.

We show that, to maximize customers’ value from the interactions (or if the online platform only
cares about the customers), the higher the number of ratings is, the closer the customers’ equilibrium
payoff will be to the upper bound (theorem 2.2). Interestingly, however, in equilibrium, the system is
almost always not in intermediary ratings. In other words, a mass concentration of data in extreme ratings
arises endogenously from our characterization of an optimal rating system. Such ‘“rating inflation"is

consistent with what is empirically observed on popular rating systems.’

4 Actually, the message space can be finite or countably infinite. Although we will present present results for finite systems
only, countable systems could be accommodated. In particular, the message space could be the entire space of infinite sequences
of public outcomes, reproducing the full information environment from Ely and Vilimiki (2003).

5Compte and Postlewaite (2015) motivate restricting players to play similarly across all histories in the same group of
equivalence classes as a more realistic description of cooperative behavior in the long-run. We share the same view, although
we differ from their paper because we construct optimal systems for each player.

6See for instance surveys on Bright Local (2018, 2019).

7For example, eBay sellers have a median score of perfect rating (Nosko and Tadelis, 2015); Airbnb has an overwhelming
percentage of properties with 4.5 stars or more (Zervas, Proserpio and Byers, 2021). Other well known rating systems, such as
Amazon, Yelp, Uber, Lyft, and online labor marketplaces also exhibit this pattern. We stress that there can be other explanations
for this phenomenon, such as reporting biases; see, for example, Dellarocas and Wood (2008) and Filippas, Horton and Golden
(2018).
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The optimal rating system for customers requires carefully designed transition rules to trigger the
correct incentives for the expert to tell the truth. Specifically, the expert’s discount factor matters for the
construction. The intuition for this is that, ideally, the intermediary would like to have a rating (say, rating
1) in which customers obey a non-hiring recommendation and other ratings in which hiring is optimal.

The intermediary does not observe the expert’s type so it uses hiring ratings to learn more about him.

Without loss of generality, let us assume that the posterior belief about the expert being bad is
higher at lower ratings. The intermediary would like to have the lowest posterior belief arbitrarily close
to zero, and the system staying most often at extreme ratings, at which the posterior belief spread is

maximal.

This is achieved if ratings are upgraded with higher probability under a low cost treatment than a
high cost one. However, as the expert’s patience rate increases, the more he cares about being caught up
in the extreme rating in which customer hires. He then has incentives to game the system by providing

cheap treatment to a severe problem.

Since with no memory there is no conflict of interest (strategic expert and customers’ utilities
coincide), it suffices to make transitions between ratings less frequent as discount factor rises. Using
a suitable choice of transition rules, we have well-defined extreme posterior beliefs that are incentive
compatible for both players, even for 6 ~ 1. Therefore the optimal rating system for customers also

involves the expert being hired often and telling the truth in equilibrium.

To maximize the expert’s value from the interaction, we only need two ratings (theorem 2.3).
The optimal system is a significant improvement in comparison to both the no-censoring and the full-
censoring environments. In this optimal system, there is no bad reputation effect and the expert is often

hired in the long run.

Both customers’ and experts’ equilibrium payoffs are constrained mainly because our class of
information policies constrains the posterior belief spread. This happens because the Markov restriction
generates a strong connection between hiring and non-hiring ratings. At hiring ratings, the strategic
expert must play a truth-telling strategy with at least some positive probability; otherwise, customers
would not find optimal to hire. This means that he must generate the same signal of a bad expert. So
the strategic expert visits non-hiring ratings sometimes in equilibrium. At non-hiring ratings, there is
no additional evidence to separate types. Thus, the beliefs in such ratings account for the possibility of
expert being strategic, leading to an upper bound on the highest posterior belief about the expert the

being bad type.

Our paper shows that rating systems generate enough data to support a trustful interaction between
experts and customers, relative to no information (that is, the repetition of the one-shot interaction) and
full information (Ely and Vilimiki’s game). Thus, our paper has some policy implications. For instance,
well designed systems can alleviate the disarrangement between a patient’s perception of a problem and

a physician’s diagnosis of it, a problem we discussed at the beginning of this introduction.
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We consider information censoring through finite memory as a device against bad reputational
concerns. Ely and Véliméki (2003) construct a score mechanism that solves the bad reputation effect, but
it depends on relaxing the assumption that customers are short-run. Being long-run, a customer has more
incentives to hire the expert even if he sometimes provides the wrong treatment: by doing so today, the
customer collects additional information about the expert’s type to support better hiring decisions later.
Mailath and Samuelson (2006) show that bad reputation is also avoidable when some customers are
captive, that is, they choose to hire the expert regardless of his reputation. Our customers are short-lived

and strategic.

Conceptually, the class of information policies we consider resembles finite automata designed
to generate some learning about an unknown state of the world. Thus we connect with the literature of
learning with limited memory. We use techniques from Hellman and Cover (1970) and Wilson (2014),
both of which study optimal finite memory allocation when information is incomplete. As in Monte
(2013), we apply such techniques in a reputation game. However, the design of the memory system
comes from an intermediary in our model, whereas the cited papers discuss memory design from the
perspective of the uninformed player. This means that all players in our model take the transition rules

over memory states as given, but the actions in each memory state must be incentive compatible.

Lorecchio and Monte (2021) study optimal rating systems to maximize stationary probability of
buyers buying a product of unknown quality. The environment is similar to ours, with the difference that
reputational concerns in our model generate an additional incentive compatibility constraint. In other
words, in Lorecchio and Monte (2021) the rating system is rating a product and the signals depend on
the type of the product, whereas here the rating system rates an expert, and the expert’s behavior is itself

dependent on the particular rating system.

Ekmekci (2011) also relates to our paper. In it, a rating system generates the right incentives for
a long-run player to always take short-run players’ most preferred action, in order to sustain a “good”
reputation. Thus, information censoring through finite memory is efficient in restoring good reputational
concerns in repeated games with one-sided incomplete information.® Besides discussing mechanisms to
avoid bad reputational concerns, our system has some fundamental differences from Ekmekci’s system.
Most importantly, in his model, there is a permanent flow of informative signals about long-run players’
type. In our model, whenever customers do not hire, there is no signal about his type. Technically, we

deal with an interactive automaton.

Other papers discuss information censoring as a way to overcome the bad reputation effect.’
Sperisen (2018) studies bounded recall, that is, when customers are only able to remember histories of a
certain length. He also considers bad reputation under fading recall, that is, customers’ memory decays

over time. Bad reputation is avoidable provided that memory decays quickly enough.

8Fudenberg and Levine (1989; 1992) have shown that if there is a small common knowledge probability that the long-run
player is committed to the short-run players’ most preferred action, it can be sequentially rational for this long-run player
to always play such preferred action. Cripps, Mailath and Samuelson (2004) however proved that reputational concerns are
insufficient to curb incentives for the long-run player to deviate when his actions are imperfectly monitored.

9More broadly, Vong (2021) studies rating systems in a reputation game similar to Ekmekci (2011), but with a commitment
type of long-lived player that never exerts effort. In it, the intermediary knows the type of the long-lived player prior to the
construction of the system. Instead, our designer only observes the outcomes of the interactions with short-run players, which
are signals about expert’s type.
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Lillethun (2017) studies dynamic information disclosure in repeated games with reputational
concerns and consider the bad reputation game as an application. In a finite time horizon, bad reputation
is avoidable if early customers are kept uninformed about expert’s choices and late customers get full

information from early periods.

Our class of systems is time independent and we focus on stationary strategies for players, since
we assume that customers are unaware of calendar time. In some sense, we view this as a design of a
simple information rule. Even though we show that it does generates a bound on the maximum payoff
players can get in equilibrium, we highlight that simpler rules have some advantages over more compli-
cated ones. First, they simplify the inference process for the uninformed players. Dynamic information
policies can depend on public histories in a quite complex fashion, and requires customers to keep track
of all possible outcomes of past interactions. Similar to Compte and Postlewaite (2015), we view rating
systems as a more plausible description of how customers reason about the expert’s type upon observing

a given message. '*

We organize the rest of this paper as follows. In section 3.2, we present Ely and Viliméaki’s
setting and comment on their bad reputation result. We then present our definition of a rating system
and construct a simple example to fix ideas. In Section 3.3, we start the analysis with binary, irreducible
rating systems. Section 3.4 extends the results for finite rating systems, keeping irreducibility. Section
3.5 proves that focusing on irreducible systems is actually without loss of generality. The main results of

our paper are presented in Section 3.6.

2.2 Model

The setting is a repeated game between one long-run player (the expert) who interacts with a
sequence of identical time t myopic players (the customers). We reproduce the underlying model of Ely
and Viliméki (2003), but we restrict strategies to be functions of ratings and not on finer details of the

public history.

At the beginning of every stage game, Nature draws problem 6 € {H,L}, each happening with
probability 1/2. Without observing 0, a customer decides first whether to hire the expert (/n) or not
(Out). If she does not hire, both players get an outside option payoff which is normalized to zero. If she
does hire, the expert then perfectly observes 6 and decides the level of service to provide. An appropriate
treatment for H would be 75 and an appropriate treatment for L would be 7;. The customer observes the
treatment and the payoffs are realized: the right treatment generates a payoff of u and the wrong one

generates a payoff of —w. The stage game is summarized in figure 3.1.

19T contract theory and monetary theory, policy design can also be complicated. Thus, some authors have studied how
simpler rules can approximate optimal outcomes from more complex ones (Levin and Williams, 2003; Rogerson, 2003; Garrett,
2004; Carroll, 2015).
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Figure 2.1 — The stage game. Nature draws a problem H or L with equal probability. A customer chooses
whether to hire the expert or not. If hired, expert observes the problem and proposes treatment 7 or 7.
A right treatment generates u for both players; a wrong one generates —w.

There is incomplete information about the expert’s type. Specifically, with common knowledge
probability p € (0, 1), the expert is a type committed to a pure strategy: he always provides the high-cost
treatment #7. We denote this behavioral “bad” type by B. With probability (1-p), he is a strategic type,'!
denoted by S, and his payoffs at the end of each period are identical to customers’ payoffs.

Assume w > u > 0. It is straightforward to see that the expert strictly prefers to provide the correct
treatment when hired in the stage game in absence of a repeated setting. Let v(p) denote a customer’s

expected payoff from hiring in the stage game as a function of the initial prior. This is given by:

v(p) :p<”£w) +(1-pu. (A2.1)

The non-hiring payoff is zero to both players, so a customer will not hire if v(p) < 0. A simple
manipulation of the above equation shows that this is equivalent to p being higher than a belief threshold
p* €(0,1), defined below.

2u
= . A22
p tw ( )

2.2.1 Bad reputation

Let us now discuss the bad reputation result in Ely and Vilimiki (2003). Assume first that p > p*.
Then customers never hire and the expert never gets the chance to reveal himself. Thus, his average
discounted payoff in equilibrium is zero. Assume now that p < p*. They show that if customers get to
see all past treatments chosen by the expert (but not the associated problems) and choose according to
this public history, the expert will rarely be hired in any (Nash) equilibrium if he is sufficiently patient.

We state below the theorem.

Theorem 2.1 (Ely and Vilimiki, 2003). Fix any prior p € (0,1) and any discount § € (0,1). Let
Vs(p) be the supremum of discounted average equilibrium payoffs for the strategic type of expert. Then,

limg_,; Vs (p)=0.

HUnless stated otherwise, when we refer to the expert, we will be referring to this strategic type.
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Moreover, if incentives to play the wrong treatment to avoid this zero payoff equilibrium are
strong enough, he will never be hired. History-depend strategies and reputation effects harm both the

expert and the customers in this game.

Here is the intuition for this result. At every period ¢, hiring is possible only if the expert is
playing correct actions with positive probability for every problem, including treatment ¢y for problem
H. This implies that the posterior belief p; 1| of any customer about expert being bad is increasing in the
prior p;. Thus, a long sequence of problems H inevitably leads to the posterior surpassing the critical
level p*, even if the expert frequently plays #; in 8y with some probability. If the expert discounts future
payoffs at a rate 0 € (0,1), this means that he can expect to earn the zero payoff on average, if he is

sufficiently patient.

Furthermore, if we assume that the expert is hired at any history on equilibrium path at which
he is revealed to be good (that is, whenever he plays #;; Ely and Valimaki refer to this assumption as
renegotiation proofness), then hiring does not take place at all if the expert is sufficiently patient: the
temptations to play #; are so high that he will play it before reaching the critical belief p*. But if a
customer knows that the incentives to lie are strong enough, she will not hire at the critical history in the
first place. The expert knows about this customer’s unwillingness to hire and lies whenever close to a
belief which is slightly below the critical level. A backward induction argument leads to the non-hiring

result.

2.2.2 Rating systems

We relax Ely and Viliméki’s full memory assumption and instead assume that all customers have
access to only one source of information - a rating system. Specifically, a rating system .# = (M, @, ¢p)
consists of (i) a finite set of ratings M; (ii) a transition function ¢ determining a probability distribution
over ratings at period ¢ as a function of the rating at period ¢ — 1, the choice customer made at that period
and the outcome of her interaction with the expert (fy or 7 in case she hired him; Our otherwise) and

(iii) an initial probability distribution ¢ over ratings.

Customers can only condition their behavior on ratings, not on finer details of the public history.
Their strategies do not even depend on calendar time. They take the system as given and their strategies

are a map from the current rating to a probability of hiring the expert:

o:M—|0,1].

There are many underlying motivations for assuming this fairly simple constraint on information
technology. For example, we can think of an information designer restricted to disclose specific informa-
tion in standardized format and conditioned only on data that customers can verify. We can also think of
a rating as a summary statistic for the repeated interaction and a rating system as an information policy
that simplifies the implementation and the inference process (Dellarocas, 2010). Finally, we can think
of ratings as customers’ moods at which a specific decision is always optimal and a rating system as a
plausible description of how customers and the expert cooperate to overcome the bad reputation effect
(Compte and Postlewaite, 2015).



40

The expert also observes the realized rating at every period. Since this is the only information
customers have, we will focus on equilibria in which the expert’s choice of treatment will vary only
across ratings and problems, not across time. Thus, expert’s strategies are maps from current ratings and

current problems to a probability of providing correct treatment:

By : M —[0,1],
BL:M — [0,1].

We assume that customers compute the probability distribution over the public histories as if the
game had been going on for a long time. Thus, they compute beliefs using steady state probabilities
(or time-average convergence). To understand how these probabilities arise, note that any given rating
system .7, strategy profile (&, By, B.) and prior p define Markov matrices TS and T2 for the strategic
and the bad expert, respectively. To simplify notation, let (p;:lm, represent the probability of transitioning

from rating m to m’ upon the observation of y = H (corresponding to tg), y = L (corresponding to 7} ) or
y = Out. Then the entries of 7% and T® are:

Tt = O [ Yn @ + (1= V) @] + (1 — ) 9, (A.2.3)
T = O @+ (1 — ) 0, (A2.4)

where ¥, = 1/2 x Bg(m)+ 1/2 x (1 — BL(m)) represents the probability of observing the ty
treatment at m and 1 — 7, the probability of observing treatment #;, if expert is strategic. From a well-
known result in Markov processes'?, there will be unique invariant distributions fZ := (5),,cy and
5 = (f5)mem. Customers use such distributions to compute updated beliefs at every rating reached

with positive probability, as defined below.

pfE
prE+(1—p)fs

Pm = Pr[B|m] = Vm st fni=pfE4+1—p)fS>o0. (A.2.5)

Define B, := 1/2 x B (m) +1/2 x BX(m) as the expert’s probability of telling the truth at rating

m. Customers’ expected payoff from hiring is

u—w
V(pm) = Pm <2> + (1 - pm)[ﬁmu - (1 - ﬁm)w]' (A'2'6)

Customers’ strategy must be incentive compatible, that is, whenever they are willing to hire, the
expected payoff from doing so must be non-negative. Thus, customers find optimal to hire for every m

reached with positive probability in the long-run such that v(p,,) > 0.

128ee for instance Stokey and Lucas (1989), theorem 11.2.
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For any discount factor J, let V59 (m) denote expert’s continuation value from a rating system
and a strategy profile, at rating m, after being hired and after observing problem 6 € {H,L}. These

continuation values are given by

V3! (m) = (1= 8)[Ber (m)u— (1= By (m))w] +8 Y, [Brs (m) Py + (1 = Brt (1)) @y ]V (),

m'eM

Vi (m) = (1= 8)[Br(m)u— (1 —By.(m))w]+8 Y [BL(m) Py + (1= Br(m)) @y Vs (). (A.2.7)

m'eM

Expert’s strategy must be optimal, that is, whenever hired and upon the observation of 6, B¢ must

maximize the continuation value defined above.

For any given system .# and prior p, we define an equilibrium as a strategy profile (a, By, Br)
and a posterior belief distribution (p,,)mepm such that (i) customers are taking optimal actions given her
posterior beliefs; (ii) the expert is taking optimal actions whenever hired and (iii) posterior beliefs are

consistent with Bayes rationality and the invariant distributions f% and £5. We state the concept below.

Definition 2.1. An equilibrium is a strategy profile (o, By, BL) as well as a posterior belief distribution
(Pm)mem such that, for every m € M with f5 > 0,

1. py, is consistent, that is, derived from Bayes’ rule and the stationary distributions {8 and f5, as in

equation A.2.5;
2. 04y > 0= v(pm) >0, where v(py,) is defined in equation A.2.6;

3. for every 6 € {H,L}, Bo(m) maximizes V. (m) whenever o, > 0, as in equation A.2.7.

The strategic expert computes the probability distribution over histories as if the game has been
going for a long time, but discount periods using 6. There will also be a unique invariant distribution
(g%) = (&3)menm to a slightly modified Markov matrix that depends on the discount factor!?. We will be
mostly interested in results for a very patient expert. One can show that, whenever the transition matrix

TS is irreducible, g5 converges to f5 as § — 1. The value from the interaction that interest us is

lim Vs = Y S ol Buu— (1= Bu)w]. (A.2.8)

meM

We are also interested in the value from the interaction for the customers. This is given by the
expected value of the payoffs at each rating with respect to the probability of reaching such ratings.

Specifically, customers’ value from the interaction is

V=Y fnOumV(Pm)- (A.2.9)

meM

13See Wilson (2014), lemma 3.
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We will look for rating systems that maximize expert’s or customers’ value from the interaction.
An optimal system for the expert is one for which there is an equilibrium and this equilibrium leads to the
maximum value of equation A.2.8. Likewise, an optimal system for customers is one for which there is
an equilibrium and this equilibrium leads to the maximum value of equation A.2.9. We state this concept

below.

Definition 2.2. An optimal system for the expert is a rating system that induces a strategy profile
(a, Bu, BL) leading to the highest value of equation A.2.8 subject to (¢, By, Br) being an equilibrium. An
optimal system for the customers is a rating system that induces a strategy profile (&, By, BL) leading to

the highest value of equation A.2.9 subject to (@, B, BL) being an equilibrium.

Evidently, there are some trivial systems that lead to highest value of information for one of
the players. For instance, if p < p*, then a rating system with just one rating or a binary system with
uninformative ratings leads to the highest value, since customers always hire in the infinite repetition of
the one-shot game. But if p > p*, then both the no memory and the full memory settings cannot generate
hiring at all. We will show that rating systems improve expert’s payoff upon these extreme information
settings because it creates incentives for customers to hire the expert, even if the prior is above p*.
For customers, even if p < p*, a rating system might lead to a higher equilibrium payoff relative to no
memory and full memory. This is true because customers benefit from a better separation of types, even

if hiring is optimal in the one-shot interaction.

To understand the mechanics of our model, let us consider the following example.

Example 2.1. The rating set is binary and there is a deterministic transition rule. Customers hire in
rating 2, but not in rating 1. Starting at rating 2, every time the expert provides treatment ty, the rating
moves to 1; otherwise, the system remains in 2. Once in 1, the system moves to 2. Our equilibrium
candidate is (i) o1 = 0 and o = 1; (ii) B¥ (2) = BL(2) = 1. One way of interpreting this is as if rating 1
is a “bad” market perception and rating 2 is a “good” one. This system and the strategies that are part

of an equilibrium candidate are represented in figure 2 below.

I
%—\
\—/IH
. Hire
Do not hire Tell the truth if hired

Figure 2.2 — A binary, deterministic and irreducible system in which expert tells the truth if hired and
customers hire only in rating 2.
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For such a system, recalling that the entries of the transition matrices TS and T? are given by

equation 3.3 and 3.4 respectively, we get

1 2 1 2

1{0 1 1{0 1
TB— TS:

2\1 0 2\ 1 1

2 2

Because both matrices do not have absorbing subsets, we can compute the invariant distributions
using the identities f2-T8 = fB and f5-TS = f5. That leads to the distributions {8 = (1/2,1/2) and
5 =(1/3,2/3). The equilibrium beliefs will be

_ 3p _ 3p
P = 3 2(1—p) P = ra(i—p)

It remains to check whether the strategy profile and the beliefs form an equilibrium. First, note

that py < p* and p; > p* if and only if32_p;* <p< 34_@;. For this range of prior belief values, a; = 0 and

ap =1 is optimal for customers. To see that truth-telling is optimal in this example, note that continuation

values in rating 2 are
= (1=0)[Bu(2)u— (1= Bu (2))w]+ 8[(1 = Bu(2))Vs(2) + Bu (2)Vs (1)),

= (1=8)[BL(2)u— (1= BL(2))w] +8[BL(2)V5(2) + (1 — BL(2)) Vs (1)].

It is optimal for the expert to play ty for sure upon the observation of problem L in rating 2. This
maximizes the current expected payoff Br(2)u — (1 — BL(2))w and the likelihood of remaining in rating
2. To have By (2) = 1, it must be that

(1= 8)u+8Vs(1) > (1—8)(—w)+ 8V5(2). (A.2.10)

We need to derive the values of Vg(1) and Vg(2). They are given by the following system of

equations.

Vs(1) = 6Vs(2), Vs(2) = (1-38)u+(6/2)[Vs(1) +Vs(2)].

One can show that V(1) and Vs(2) are

2ud 2u

Therefore, equation 3.10 is satisfied for every & € (0, 1), because
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(1= 8)u+8Vs(1) > (1—8)(—w) +6Vs(2) & 2+8(1—p*) > 0.

For this specific system, for any prior 32f);* <p< %, the strategy profile and beliefs form
an equilibrium, because (i) customers optimally hire in rating 2 but not in rating 1; (ii) truth-telling is
optimal in rating 2 and (iii) beliefs are consistent. Note that, in this equilibrium - at least for a range of
prior values, reputational concerns do not tempt the expert to play the wrong treatment to reveal himself
and expert’s equilibrium payoff is bounded away from zero, even as he becomes increasingly patient. We
stress that this is just an example of a rating system, but it is generically not the optimal one neither for

the customers nor the expert.

2.3 Binary systems

Let us now focus on the special case of binary and irreducible rating systems. We will show that
there exists a bound on the maximum belief spread that a rating system can generate in equilibrium.
This is turn leads to upper bounds on the maximum value from interaction the customers and the expert
can get. Nevertheless, binary systems eliminate the bad reputation effect: we prove that expert finds it
optimal to tell the truth whenever hired. We will construct rating systems that achieve the obtained upper

bounds on the equilibrium payoffs.

For our results, we will follow a similar logic as in Lorecchio and Monte (2021). The essential
difference between that paper and this is that here a strategic agent (the expert) is being rated, so the
induced stationary probability depends on the rating system but also on the strategy of the expert, which,
in turn, is a best response to the strategy of the customers and the rating system. In that paper, the rating
system induced a type-dependent stationary probability, and the signals were generated whenever the
product was bought. In particular, propositions 2.1, 2.2 and 2.7 in this paper were proved in Lorecchio

and Monte (2021). We adapt those proofs to our (strategic) environment and include them in this paper.

Without loss of generality, let us denote by 1 the rating for which there is no hiring and by 2 the
rating for which hiring is optimal. Before proceeding, let us define an useful statistic:

. p° (-p)
Y e

If p < p*, wehave A > 1;if p > p*, then A < 1. This represents the prior bias in favor of hiring

the expert. We can write customers’ incentive compatibility constraints as

3 2-p*\ [1—

1S>ﬁ1,1—(1—/31)<1_g*>( pp):le, (A2.11)
1

5 a1 (2_’)*)(1_’))-—1 A2.12
fzs_ﬁz (1-p2) —p , )T (A2.12)
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There will be a third restriction, coming from expert’s incentive compatibility constraint. Here is
the intuition. To have hiring in rating 2, the expert must be willing to provide the correct treatment with
a minimum probability. This in turn implies that there is an upper bound on the probability of observing
treatment /7 when expert is strategic. But then he sometimes must visit rating 1, since we would like to
have some positive transition from 2 to 1 that induces relative frequency (fZ/ fls ) to be high enough to

justify not hiring there.

Proposition 2.1. In a binary system with hiring only in rating 2, the expert must play ty with positive

probability in equilibrium and stationary distributions must satisfy

o1

£onp

Proof. Note that the stationary distributions must be such that

S _ 2SS S_S B_ B.B , /B.B
=T+ A%, =T+ L0

Manipulating these identities and noting that 75, = T1S2 because there is no hiring in 1,

S -

rB {YzfpﬁJr(l—Yz)%Ll

Inspecting equation A.2.6, we see that hiring in rating 2 implies that expert must be playing a

truth-telling in it with minimum probability given by

pr = <uiw> [Wﬂfzpz (W;M)] >Rz

Because B, = 1/2 x By (2) +1/2 x BL(2), there will a lower bound on the probability of playing

tg when problem is H:

Bn(2)= 2 p() = pa(2) > St

From the definition of the belief threshold p* in equation 2, the lower bound above equals 1 — p*.
Thus, o =1/2 X% By (2)+1/2x (1—BL(2)) > (1/2)[1 — p*] > 0. Therefore,

L o3 1B

S leei+(0-nek] ~nf
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This implies that the highest posterior belief is bounded above. Indeed, by combining inequality

from proposition 2.1 with compatibility constraint A.2.12, we have

pi pff Pk pha
= =p1 < .
I—p1 (1=p)ff ~ (1=p)r PL=or+(-p)n

Because y» > 0, it must that this upper bound is lower than 1. It is also the case that it is non-

negative, because A, > 0. Indeed, because hiring requires truth-telling in 2 with probability at least —*—

u+w?’
2—p* 1—
oo (32 (57)
= ()2 635) (25) (57)
2 \u+w 2 \u+w 1—p* P
1 * 1 *
:E(Z—P )1—5(2—13 A,
=0.

Without loss, we will restrict to systems in which there is no reason not to play #; when the
problem is L. The ratio % is then maximized when expert provides the correct treatment in state ¢ty as

well. To see this is true, note that since f, = 1/2 x By(2)+1/2 and p» = 1/2 x By (2), we can rewrite

A
p as

The highest value is achieved by setting B (2) = 1. This leads to the highest value of % being

B *
2A. Therefore, % <2Aand p; < %. Proposition 2.2 below summarizes this result.
1

Proposition 2.2. The highest posterior belief about expert being bad is bounded above:

= p. (A.2.13)

Note that the bound does not depend on the strategy chosen by the expert. But is it optimal for the
expert to play a truth-telling strategy in rating 2?7 We show this is the case in next proposition. Therefore,

there is no bad reputation effect in the environment we consider in this section.

Proposition 2.3. Playing truthfully in the hiring rating is always optimal for the expert.
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Proof. Assume by way of contradiction that telling the truth is not optimal in the hiring rating, upon the

observation of problem H. The continuation values at 2 and 1 will be

u—w

v5<2>=<1—6>( )+6[<p5]v5<1>+<p52v5<2>1,
Vs(1) = 8[e"Vs(1) + o2 Vs(2)].

Solving this system of equations for Vg(2), we get

1—8+8p2 ] <u—w>
Vs(2) = 0.
5( ) |:1—6—|—6(P1%m+5([)§1 2 <

This contradicts not telling the truth being optimal. O

To have an equilibrium, it must be that the prior p is lower than the upper bound on the highest
belief. If this is not true, then both posterior beliefs p, and p; will be higher than p and will imply that
B > f5 for m € {1,2}. But this leads to a contradiction as both distributions must sum 1 over ratings.

For the rest of the section, we assume the following.

Assumption 2.1. The prior is lower than the upper bound on the highest posterior: p < p.

It is evident from example 2.1 and proposition 2.3 that there exists a system that sustains a good
interaction between customers and the expert, at least for a set of values of the prior belief. But what
system maximizes customers’ equilibrium payoff? And what system maximizes the expert’s equilibrium

payoff? We tackle those issues in the next subsections.

2.3.1 Optimal system for customers

From customers’ viewpoint, at the hiring rating, it would be optimal if they could know for sure
that the expert is strategic. For this to happen, we would need to have f# = 0 and fZS > 0. But from
proposition 2.1, that would imply ( le / ff )<O0or ff = (, a contradiction. The best thing customer can
hope for is having (f#/f7) to be the highest possible and having (fZ/f5) to be lowest possible. Recall
that

B B
s
2

0} .
R
From the proof of proposition 2.1, we know that there is a lower bound on the probability of
B
expert playing treatment ¢y whenever hired: %(1 — p*). Therefore, % > %(1 — p*)2A. Rearranging, we
2
get a lower bound for p».

Proposition 2.4. The belief about the expert being bad is bounded below:

p*
1+p*

[
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Again, to have an equilibrium, it must be that the prior p is higher than the lower bound on the
lowest belief. Indeed, if this is not the case, then both posterior beliefs p, and p; will be lower than p.
This will imply that 3 < f3 for m € {1,2}. But this leads to a contradiction as both distributions must

sum 1 over ratings. For the rest of the subsection, we impose another assumption.

*

Assumption 2.2. The prior is higher than the lower bound on the lowest posterior: p > ; J’i i

In order to find the optimal system for the customers, we would like to set (f£/f5) =21 and
(f8/£5) = (1/2)(1 — p*)21. Thus, we have to solve the system of equations

f2=1-22+2Af5, f=(=p LS.

The solution of this system is

pr(l—p)+p*—p fs:p*—p+p*(1—p)
p(1+p*) 2T (1-p)pr(1+p*)°

r=

Because % < p < p from assumption 2.1 and assumption 2.2 respectively, the steady-state
probabilities are well defined. Recall that v from equation A.2.9 denotes customers’ equilibrium payoff
or the value from the interaction mediated by a rating system. Let v(p) be this value for a given prior p.

We find this value in proposition 2.5 below.

Proposition 2.5. Customers’ maximum equilibrium payoff is given by

p(*3") +(1—pu ifp < 155,
1= €552) [(45) )] oo
0 ifp>p.

Proof. For @7 < p < p, expert gets hired in rating 2, but not in rating 1. Then customers’ equilibrium

payoff will be

fv(p2) = (P 1 (1 >f§‘>[( W)+1—p2>1

SR R O |

We represent customers’ equilibrium payoff in figure 3.3 below. The red line is the payoff in the

O]

one-shot interaction and the dashed line their equilibrium payoff under this optimal binary system.
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Customers’ payoff

U +

P 2p* 1
1+p* I+p*

Customers’ beliefs

Figure 2.3 — customers’ payoffs for the one-shot interaction and the equilibrium payoff of a binary,
irreducible system. Red lines corresponds to the one-shot payoffs; the dashed thick line corresponds to
what they get with the optimal system.

We can construct a binary, irreducible system that leads to the upper bound for customers’ payoff.
However, the particular construction will depend on parameters. We will have to deal with two cases.
Whenever hiring is optimal in the one-shot interaction (that is, p < p*), the system allows the strategic
expert to stay more often in rating 2 if he provides treatment ¢y, provided that he transitions from rating
1 to rating 2 with some probability. Whenever hiring is not optimal in the one-shot interaction (that is,
p > p*), the system always sends the expert to the non-hiring rating upon the observation of treatment

ty and the transition out of rating 1 occurs with a lower probability.

Remark 2.1. For any given value of % < p <P, we can construct an irreducible, binary system
that (i) leads to an equilibrium in which customers hire in rating 2 but not in 2 and expert provides
the correct treatment in rating 2; (ii) gives the highest equilibrium value from the interaction for the
customers. We consider a system in which there is a random exit probability T from rating 1 and a
random exit probability K from rating 2 upon the observation of ty. Whenever ty is played in rating 2,

the system stays in 2'*. The transition matrices will be

1 2 1 2
TB_I 1—71 T TS_l 1-7 T
2 kK 1-x 2 5 1-3
This leads to the following values for the invariant distributions
g T s 2T

We need to find values of k and T such that f8/f5 = (1 — p*)A. This is satisfied when

K 1—(1-p"A

T (1—p*)A—1/2"

14The initial distribution g will not matter here because we will construct an irreducible system.
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From assumption 2.1, we know that A > 1/2; since p* > 0, both observations lead to the deno-
minator of the equation above being positive. From assumption 2.2, we have that (1 —p*)A < 1, so the
numerator is non-negative. There are some cases to consider. First, suppose A > 1, that is, p < p*. Then
the both the numerator and the denominator will be lower than one, so it suffices to set Kk =1— (1 —p*)A

and T = (1 —p*)A —1/2. Second, suppose A < 1. Then we could set x = 1 and

_(=pr)A-1/2
1= (1—p*A

We depict the optimal system for the two cases in the figure below.

(1/2)+(1-p")(2/2)

012
(1—p A —1/2 —(Tp)A &

1—(1-p%)
. Hire . Hire
Do not hire Tell the truth if hired Do not hire Tell the truth if hired
(a)Case 1: AL >1 (b) Case 2: A < 1

Figure 2.4 — Optimal binary, irreducible system for the customers. If hiring is optimal in the one-shot
interaction (case 1), the expert stays in 2 with positive probability after the observation of treatment #y.
If hiring is not optimal in the one-shot game (case 2), the expert always transitions out of rating 2 after
the observation of 7.

2.3.2 Optimal system for the expert

If A > 1, customer hires in the one-shot interaction (p < p*). In this case, any system that does
not induce any additional information is optimal for the principal. Take for instance ¢ , = @& =1 for
m # m'. This yields f8 = f5 = (1/2,1/2) and p; = p» = p. Because customer gets hired in every rating,
there is no reason not to tell the truth, so his equilibrium payoff is u, the highest possible indeed.

The more interesting case is when A < 1. The expert would like to spend as much time as possible
in rating 2 and the lowest possible in 1. Therefore, for the irreducible system, we would like to set
(f8/£5) =2 and (f8/f7) = 2A. Thus, we have to solve the system of equations

B=1-2+A4f, fE=21f.

The solution of this system is

1-A
ff=2(1-2), =5
This leads to the main result in this subsection. For a range of prior belief values - larger than
[0,p*] - expert’s maximum equilibrium payoff is bounded away from zero, even if he is sufficiently

patient and if he is playing the truth-telling strategy.
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Proposition 2.6. For any prior p < p, expert’s maximum equilibrium payoff is bounded away from zero,

even as 8 — 1. In this equilibrium, he always plays the truth-telling strategy in the hiring rating. The
maximum payoff is given by

u lfpgp*a
i — __p 1-p e ok 5
lim V5(p) = [2 Y o }u ifp*<p<p,
0 ifp>p.

Proof. Expert gets hired in rating 2 but not in rating 1. We also know that for p > p, there will be no
equilibrium in a binary, irreducible system, as no customer will hire. From proposition 2.3, we know that
he will provide the correct treatment in 2, so his payoff will be u. As 8 — 1, as discussed before, for an
irreducible matrix 75, expert’s average discounted long-run frequency in every rating coincides with the
distribution £5. So for a patient expert, the equilibrium payoff will be ( fZS )Ju. But

e,
I
—
|

=

[}
1
\e]
|
I

L, P 1707
I—p p°
O

We represent expert’s equilibrium payoff for 6 = 1 in figure 3.5 below. The blue line gives the
payoff in the one-shot interaction and the dashed thick line gives the average discounted payoff under
the optimal binary system.

Expert’s payoff
u

-

1

Customers’ beliefs

B
*
Sifpana=="

Figure 2.5 — Expert’s payoffs for the one-shot interaction and the long-run interaction mediated through

a binary, irreducible system. Blue lines corresponds to the one-shot payoffs; the dashed line corresponds
to what he gets with the optimal system as 0 — 1.

Can we construct a binary, irreducible system that actually leads to the upper bound for expert’s
payoff we derived in proposition 2.6? Next remark shows that indeed we can.

Remark 2.2. For any given value of p* < p < p, we can construct a binary and irreducible system that
leads to the equilibrium and gives the highest value from the interaction for the expert. Consider the
following system. There is a random exit probability T from rating 1 and a random exit probability K

from rating 2 upon the observation of ty. Whenever ty is played in rating 2, the system stays in 2.



52

If the strategy profile of not hiring in 1 and telling the truth in 2 is optimal, then the transition

matrices will be

1 2 1 2
TB_I 1—71 T TS_l 1—-7 T
2 kK 1-x 2 5 1-3
This leads to the following values for the invariant distributions
g T s 2T

We need to find values of k and T such that {2/ fﬁg = A. This is satisfied when

T _A-1/2
-1

From assumption 2.1, we know that A > 1/2; from the values of A for which we are considering
here, A < 1. so both the numerator and the denominator are between 0 and 1. Therefore, it suffices to set

T=A—1/2and x =1 — A. We depict this optimal system in the figure below.

(5/4)=(4/2)

A—1/2
S~ — S~ —
Hire

Do not hire Tell the truth if hired

Figure 2.6 — Optimal binary, irreducible system for the expert. With probability 1 — A, the system moves
from the non-hiring rating to the hiring one and with probability A — 1/2, the expert is sent to the non-
hiring rating after providing treatment 75. The observation of treatment #;, never moves the system from
2 to 1. The strategy profile in which customers hire only in rating 2 and expert tells the truth whenever
hired is an equilibrium.
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2.4 Finite systems

We have characterized optimal binary, irreducible systems for the customers and the expert.
Maintaining the irreducibility assumption, is it possible to improve players’ equilibrium payoffs with
more ratings? We investigate this now. We are going to show that more ratings are beneficial to customers:
we characterize their maximum equilibrium payoff and show that it is increasing in the number of ratings.
However, we will show that more ratings play no role on the maximization of expert’s payoff (theorem
2.3).

We can construct a system that gets arbitrarily close to this maximum equilibrium payoff, but
expert’s discount factor matters when there is more than two ratings. To achieve the upper bound, expert
must be playing truthfully whenever hired; but as he gets more patient, the system must be adjusted to

give him the right incentives. For every discount § € [0, 1), we can construct such system (theorem 2.2).

Abusing notation, we let |[M| = M and again without loss of generality we label ratings such that
p1 > ... > py. We now present a more general result regarding the upper bound in the posterior belief
that a rating system can induce. The proposition was proved in Lorecchio and Monte (2021), but we
include it here for completeness, since minor adaptations were required to adapt the proof to our bad

reputation environment.

Proposition 2.7. The highest posterior belief about expert being bad is bounded above: p1 < p.

Below is the sketch of the proof. A formal proof is in the appendix. Note that the above mentioned

labeling of the states is equivalent to assuming that

L i
T

We will also use a well-known result - which we state it below - for Markov processes about

transitioning in and out of a partition of the state space.

Lemma 2.1. If the space M is partitioned into two sets C and C', then in the steady-state the probability
of transition from C to C' must equal the probability of transition from C' to C:

Y Y T =}, Y fon

meC nel’ meC' neC

Let us partition the rating space into a set {1,...,n — 1} for which hiring will not be optimal and

another set {n,...,M} for which hiring will take place. Lemma 1 implies that

1
Z Z m Tt _ &m= nzn/ 1 75 gm ) (A.2.14)

S
Z Z fST m n Zm’ 1 fm mm’
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Recall that for every hiring rating m, we have f& < A,,f5, where A, is defined as in equation
A.2.12. Moreover, from equations A.2.3 and A.2.4, we know that ’L’B <(1/ ym) v for every m' # m.
Finally, if m is a hiring rating, then we can be sure that 7, > 0. Collecting results, we ﬁnd that there is an

upper bound on the right-hand side of the above equation, given by

M A
1 B B dE
Zm nzn/ 1 m mm < m=n ( Y ) Z f
S — S ~
Zm n Zm = f S Tmm Zm n Z f ST

The last inequality follows from the highest value of the ratio (4,,/%,) being 24, from previous
discussions. From our assumption at the beginning of this section, (f2/f5) > (f8,/f5 ,) for every
m € {l,...,n— 1}. Because Tmm = m, at no-hiring ratings, we find that there is a lower bound on the

left-hand side of equation 3.14, given by

1 B M_ ~1 828 B
231 IZ '=n m T’ > n—1 Zn/ lfm mm _ Jn—1
S S 1 - s
Zm lzm’*nfsf fn—l m= nan 1fr§1 fn_l
Combining results, we conclude that there is an upper bound on the relative frequency of the first

rating for which hiring is not optimal.

nl <A, (A.2.15)

Now partition the rating set into {1,...,n — 1} and {n,...,M}. Following the same steps of the
argument above and using the bound in equation 15, we can show that the relative frequency ( fffz / f,f_z)
will also be lower than 2A. Proceeding recursively, we find that the highest possible relative frequency
(fB/£5) is bounded above by 2A.

2.4.1 Optimal system for customers

Ideally, customers would like to hold extreme posterior beliefs about the expert being bad: they
would benefit from knowing for sure that they are hiring strategic experts and not hiring bad ones.
However, from proposition 2.7, we know that the highest belief about expert being bad we can possible
achieve is p. This creates an upper bound on customers’ maximum equilibrium payoff. We characterize

such bound in next proposition.

Proposition 2.8. In a finite system, for every prior p < p, customers’ maximum equilibrium payoff is

bounded above:

p—p
v(p) <ul P2
p
Proof. As before, suppose non-hiring ratings belong to the set {1,...,n — 1} and hiring ones to {n,...,M},
where n > 2. Whenever customers do not hire, they get a zero payoff. Whenever they hire, they get payoff
v(pm), as given by equation A.2.9. Therefore, for a system with M > 2 ratings,
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M
V= Z me(Pm)a

= 3 oo (“5) (1= ) (e (1=

m=n

<u) fu (A.2.16)

The inequality follows from u being the highest value for v(p,,) - the expression in brackets - for
any p,,. Ideally, this is achieved if every hiring rating has p,, = 0 and f,, = 1, that is, customers know
they are dealing with a strategic expert and expert tells the truth whenever hired. Note that the irreducible
equilibrium must satisfy Y ,,cy fmPm = p- If we partition the rating space into non-hiring ratings and
hiring ones, every posterior belief in the non-hiring ratings must be weakly lower than p; every posterior

belief in the hiring ratings must ideally equal 0. This implies

n—1 M M ﬁ —p
p=mepm<ﬁ[1—me] =Y fu< 5 (A.2.17)
i=1 m=n m=n

Substituting equation 3.16 into equation 3.17 leads to the desired bound.

O]

The upper bound is best seen in figure 3.7 below. The red line represents the payoff under the one-
shot interaction and the dashed line the bound derived in previous proposition. Comparing it with figure
2.3, we see that a binary rating constraints the lowest posterior belief that could arise in equilibrium. We
will argue in the remaining of this subsection that we can come up with a system in which the lowest

possible posterior belief decreases with the number of ratings.

Customers’ payoft

U

—

Customers’ beliefs

Figure 2.7 — Customers’ equilibrium payoffs for the one-shot interaction and the upper bound equilibrium
payoff for finite, irreducible systems. Red lines corresponds to the one-shot payoffs; the dashed line
corresponds to the highest value they can get from the interaction with an expert.

For every p € (0,p], we can construct a system that gets arbitrarily close to the payoff bound and

provides right incentives for the expert to tell the truth whenever hired, for every discount factor 6 < 1.
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What is more, this system improves upon a binary system and extreme memory systems (the one-shot
and the full-memory interactions), as customers are hiring with more information in the long run, without
triggering incentives for the expert to provide the wrong treatment. However, expert’s discount factor will
mater for constructing the system. The construction is given in the proof of next theorem, which is in the

appendix, but we provide a sketch here.

Consider a system with M ratings (M will be chosen endogenously later on) in which the expert
gets hired in every rating except the first one. Atrating 1, there is an exit probability 7 to rating 2. At rating
M, there exists a downgrade probability x to M — 1 whenever the high-cost treatment is observed. Under
a low-cost treatment at M, the system stays there. Every intermediary rating is downgraded (upgraded)
with same probability under a high cost (low cost) treatment. Those probabilities are chosen so that (i) the
expert is downgraded with the same probability as he is upgraded, if he tells the truth; (ii) the probability
of an upgrade (downgrade) is higher (lower) than the probability of a downgrade (upgrade) if 71, (tg) is

observed.

We can set 7, kK and the intermediary transitions to have the highest posterior p; = p and the

lowest posterior py = p(M) even if T~ 0 and k = 0. The lower bound p (M) is defined as

1\ M2
p(M) = ’ < 21 > M2
(1)

*

Note that, for M =2, we have p(2) = ﬁp*,

when discussing optimal binary systems for customers. Note as well that, for any p € (0, p], we can find

the lower bound on posterior belief we have obtained

a value of M high enough to have p > p(M). Recall that there was no equilibrium for prior beliefs below
p(2). If that was the case, both posterior beliefs would be higher than the prior, leading to a contradiction.

The same argument holds for M ratings, as proven in lemma 2.2 in the appendix.

To give the expert incentives to tell the truth for every discount factor, we increase the time he
spends in each rating as 6 increases. As long as the intermediary transitions are chosen carefully, the
posterior beliefs in extreme ratings are well defined. We know that truth-telling is optimal in the one-shot
interaction, so by making intermediary ratings relatively more persistent (but always less than extreme
ratings), expert finds optimal to provide right treatment whenever hired. After adjusting all parameters
to satisfy incentive compatibility of both players, by increasing the number of ratings M, we can get

customers’ equilibrium payoff to be arbitrarily close to the upper bound from proposition 2.8.

Theorem 2.2. For any prior belief p € (0,p], any discount factor & € (0,1) and every € > 0, there exists

a number M and a finite rating system with M > M ratings that is €-close to the customers’ payoff bound:

In it, customers hire in every rating except 1 and expert tells the truth whenever hired.



57

2.4.2 Optimal system for the expert

The bound on the highest posterior in proposition 2.7 is exactly the same one for a binary system.
So more ratings cannot benefit the expert: simple hiring recommendations are sufficient to implement
the optimal rule for the expert. This leads to one of our main results, which is a summary of previous

propositions.

Theorem 2.3. The optimal system for the expert requires only two ratings and eliminates the bad re-
putation effect: expert plays a truth-telling strategy whenever hired, customers hire in one rating. For

p < P, expert’s equilibrium payoff is bounded away from zero, even if & — 1.

The main intuition here comes from the interaction of two underlying reasons. First, having only
two non-trivial ratings means that in one of them there is hiring, but not in the other. Second, the expert
plays truthfully in both states. Thus, the expert’s long-run payoff depends on her frequency of being
hired, but is independent of the actual induced belief. In simple terms, if she is hired, she does the right

thing and gets a payoff accordingly.

2.5 Reducible systems

We have focused on irreducible systems, but can we come up with reducible systems that benefit
the expert or the customers? In this section, we argue that there is no gain from such systems, so the

irreducibility assumption was without loss of generality indeed.

We begin by discussing reducible systems for the expert. Note that if there is only one recurrent
class, the highest possible posterior belief about expert being bad must be bounded above by p, as
this class must have the same properties we derive in previous sections. So suppose there are multiple
recurrent classes. Again, if p < p*, any uninformative system would be optimal for the expert, so we
focus on p > p*.

It cannot be that recurrent classes are composed of hiring ratings only. If that was the case,
all posterior beliefs would be lower than the prior, and lemma 2.2 in the appendix shows that this is
not possible. Thus, there exists at least one rating in which not hiring is optimal for customers in each
recurrent class. If all recurrent classes are composed of hiring and non-hiring ratings, then they all share
the same bound on the belief spread we derived in previous sections. Therefore, the reducible system
cannot increase expert’s equilibrium payoff above the payoff he gets from the binary, irreducible optimal

system.

It remains to argue that there is no improvement with a recurrent class of only non-hiring ratings.
In it, all posterior beliefs must be equal. This happens because the transitions from one rating to another
does not depend on any additional information (expert does not provide any treatment). Because this is a

recurrent class, the stationary distribution of it does not depend on the initial distribution of the system.

Ratings that transition into this class are either hiring or non-hiring ones. If it is a non-hiring
rating, then the transition to the recurrent class brings no information; and the posterior in this non-hiring
rating must be equal to the posteriors in the recurrent class. If it is a hiring one, the highest possible

posterior in it is p* (there is no need to induce a higher posterior).
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Abusing notation, let Trin. %, represent the transition from this hiring rating m to any rating in the
non-hiring recurrent class % if expert is of type i € {B,G}. The likelihood probability of expert being
bad (relative to being strategic) conditional on the system being at %) and the rating that led to %; was

mis

Pn_Tma _ 20" P

l—pmrg% “1-p* 1-p°

This means that the posterior belief in & must be bounded above by the same bound p we
derived with irreducible systems. Thus, it proves that a recurrent class of non-hiring ratings only cannot
benefit the expert and concludes the argument about irreducibility being without loss of generality for

the expert.

We now discuss reducible systems to maximize customers’ payoff. Similarly, we only need to
investigate multiple recurrent classes. We start with p > p*. Same argument in previous paragraphs
leads to the conclusion that there exists at least one rating in which not hiring is optimal for customers
in each recurrent class. Analogous argument also proves that multiple recurrent classes with hiring and

non-hiring ratings in it cannot improve upon the optimal irreducible, finite system.

Let %, represent a recurrent class composed of non-hiring ratings only. If there exists a non-
hiring rating outside % that transitions to this set, the posterior beliefs in % cannot be higher than the
posterior belief in m, which is at most p. If there exists a hiring rating m’ outside % that transitions to
this set, the posterior belief must at most p*. Therefore, we can conclude that any posterior belief in %

must be at most p, implying that reducible systems cannot improve customers’ payoft.

Finally, suppose that p < p*. It cannot be that all recurrent classes are composed of non-hiring
ratings exclusively. We only need to investigate reducible systems in which there exists a recurrent class
%> composed of hiring ratings. We will argue that, if there is an improvement with %> composed of
|M;| < oo hiring ratings, then we could reproduce such improvement by increasing the number of rating

in our irreducible, finite system.

Let v2(p) be customers’ equilibrium payoff in recurrent class %, and v(p) be customers’ equi-
librium payoff from an irreducible system. Suppose v2(p) > v(p). Any posterior belief in %, must be
weakly lower than p* and higher than 0. Indeed, to have a zero belief, it must be that the bad type of
expert never visits one rating m in this class. But this is only possible if strategic expert never plays the
high-cost treatment in ratings that transition to m - which contradicts hiring as an optimal response - or

if strategic expert never visits this rating - which contradicts %, being a recurrent class.

Because the highest possible posterior in %, is weakly lower than p* and the lowest possible be-
lief is higher than zero, we can adjust the parameters and the number of ratings in the optimal irreducible
system to be e-higher than v,(p), since the system can be arbitrarily close to the maximum belief spread
0 and p. This concludes that a reducible system cannot increase customers’ equilibrium payoff relative

to the optimal irreducible system.
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2.6 Conclusion

People rely on online reputation systems to hire experts, but such systems can generate wrong
incentives for experts and mistrust from customers. We consider the work by Ely and Vilimiki (2003)
regarding the stylized interaction between those players, but with an information intermediary. Without
any informational restriction, the expert cannot avoid being rarely hired in equilibrium since either the
belief about him being bad is eventually high enough that customers no longer hire, or the temptation to

reveal himself by lying to a customer is so strong that market collapses from the start.

With rating systems, we have shown that there is a bound on the equilibrium payoffs - which
we characterize it in terms of posterior belief spread (proposition 2.2). Nevertheless, bad reputation is
avoidable, that is, the strategic expert tells the truth whenever she is hired and gets hired with positive

probability, even in the long run.

From the customers’ perspective, more ratings generate higher equilibrium payoffs. We then
construct finite and irreducible systems to arbitrarily approach customers’ equilibrium payoff upper
bound (theorem 2.2). The system endogenously generates inflation: the interaction takes place most
times at extreme ratings, even though intermediate ratings are important to further separate types. This

is consistent with empirical observation.

From the expert’s perspective, a simple binary and irreducible rating system is sufficient for
optimality (theorem 2.3). This follows from non-hiring ratings being uninformative - no treatment is

observed - and the strategic expert only caring about being hired in equilibrium.

2.7 Appendix

Proposition 2.7. The highest posterior belief about expert being bad is bounded above: p1 < p.

Proof. Partition the rating space into {1,...,n—2} and {n—1,...,M}. From lemma 3.1,

2
Z Z ’—n lfnt’f ;ﬁm — m n— lzn’ 1 m mm ] (A.3.1)

Zm_l m’:n lfns; m n— 12 f

For every hiring rating m € {n,...M } we have 8 < A,f5 and 8 , < 115 Since the highest

mm—y Tonm

value of the ratio 2 s 24, it follows that f578  <2A 575  foreveryme {n LM} and m e{l,..,n
<2Af5 T

2}. From equation A.2.15 and the fact that T n_lm, =15 we have f
m' € {1,...,n —2}. Therefore, the right-hand side of the above equation is bounded above:

for every

n—1m' 1 n lm 1 n 1m'

B l?
—k Zn m mm

. k s <2A.
:n—kzm’: fm ‘mm’

o
fia
=135, for every m' € {n—1,...,M}. Therefore, the left hand side of equation A.3.1 is

By construction, f5 > (

B
mm’

) S for every m € {1,..,n—2}. Because there is no hiring in these

ratings, T

bounded below:
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Combining results, we see that

B
2 <2
fn—2
B
Proceeding by induction, one can show that % < 2A forevery k € {1,...,n— 1}. This leads to
n—k
B * 1— 20*
p1 :< p >f15<2( p ) p : Py < p*::p
1—p; l=p/ fi l—p/1=p* p I+p

O

Lemma 2.2. At least one rating has a belief lower than the prior (there exists some m such that p,, < p)

and at least one rating has a belief higher than the prior (there exists some m' such that p,y > p)">.

Proof. Assume by way of contradiction that p,, > p for every m € M. This implies that 5 > 5 Sum-
ming over the ratings, that leads to 1 =Y,,cps 2 > ¥uen f5 = 1, a contradiction. Similar argument holds

when assuming by way of contradiction that p,, < p for every m € M. O

Theorem 2.3. For any prior belief p € (0,p], any discount factor & € (0,1) and every € > 0, there exists

a number M and a finite rating system with M > M ratings that is €-close to the customers’ payoff bound:

v(p) > u (’?’) _e.

In it, customers hire in every rating except 1 and expert tells the truth whenever hired.

Proof. We proceed through the following steps: (I) for My high enough, we construct the system with
M > M that approaches the belief spread - p; = p and p(Mp); (II) we adjust parameters so that truth-
telling is optimal whenever hired for every 6 < 1; (II) with the adjusted parameters, we show that the

induced payoff is e-close to customers’ maximum equilibrium payoft.

Li - constructing the system that approaches the maximum belief spread. Choose M, big
enough so that p > p(My), where p(Mp) is given by

p(Mp) == s (A3.2)
1+p* (1’2" )

I5This is an adaptation from a result in Monte (2013).
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As a corollary of lemma 2.2, as long as p € [p(My), p], an equilibrium with hiring in every rating

except 1 is at least possible. We will use the following quantities throughout the exposition:

1 _ *
of = ot = < 2p > v, o = ot =y, (A.3.3)

where v € (0, 1) will be chosen appropriately throughout the proof.

We would like to implement a strategy in which customers hire in every rating except 1 and
expert plays truthfully at every hiring rating. To do so, we will work with the following transition rules.
At rating 1, there is a random exit probability 7 to rating 2. At any m ¢ {1,My}, (a) whenever treatment
ty is observed, the rating is upgraded with probability (pf and downgraded with probability ¢*’; (b)
whenever t;, is observed, the rating is upgraded with probability (pi and downgraded with probability
oL, At rating My, treatment 5 leads to a downgrade with probability 2k and treatment #; does not
change the rating. Similar to y, the parameters 7 and k are chosen appropriately through the proof.

, The transition probabilities satisfy the following properties for every rating m ¢ {1,Mp}: (a)
T

H *
el — P 12p7, S _ 1 H 1oL _ 1 H 1 L_ S
o, e T 2 ®) Tppi1 =20 + 207 =502+ 302 =17,

third property will be useful when adjusting parameters so that strategic expert has the right incentives

and (c) ot — @Hf = o — L. This

to tell the truth whenever hired. We will refer to the equal probabilities of strategic expert moving to

adjacent rating as 75. We have the following identities.

1—p* 1—p*
fie=wt. f,ﬁH:( - )f,ﬁ, fﬁorc:< L )fﬁol;
fit=1%, fos1=In Fan K =T fafo—1-

That leads to the following relative frequencies.

L LAY 5:<1—P*>"’2ff ﬁ%:l<1—p*>fﬁol
52K £ 2 Ik £ n\ 2 )8

We can find the values of fZ and f7 through the following system of equations.

. 1 B 17p>« 1 B 17p>k My—3 1 5 E 17p* My—1 5
1f1+wfl+( ) )[w}flerJr( ) ) v 1+K ) e

s [ (B ()

The solutions are



62

o (A3.4)
Jes(e)™

7 (A.3.5)

We want to have 7 =~ 0, k ~ 0 but we also want to keep « > 0 as well as

% ~ 0. That will
lead to intermediary ratings been rarely visited by both types in equilibrium. Indeed, because fZ and ff
respectively are

T
53_ v
—p\ Mo 2 0
ez (2 b ()
v 1—(1=p* K 2
2
i
S S
13 -

As &~

v 0, we will have 5 ~ 0 and B~ fZS ~ 0. From our derivation of the stationary probabi-
lities, it will also be the case 12

B~ f5 =~ 0 form € {3,...,My— 1}. However, for rating M,

So even if % ~ 0, as long as ¢ > 0, those probabilities will be positive. We also want to set
f—lB pry

I 2A. Using equations A.3.4 and A.3.5, we can find the value of the ratio ¢ that leads to ratio 2A for
1
% ~ 0. This value is

B 24— 1

- (17213*)%_1_ (A.3.6)

T
K

Because p < p implies A > 1/2, the numerator is positive. For M| > M, big enough, the deno-
minator will be positive as well. Thus, this ratio is well defined. With this system, we achieve p; = p

"B

and py, = P (M) as T~ 0, k~0and % ~ 0. To see that the belief py, is equal to the lower bound as in
equation A.3.2, note that the relative frequency % is
M
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(e i
7 B 1p \M—1 |
g 2 ()
r A\ Mi—1
<1_p* M —1 1—2&(172’)) 1 +2A -1
= 2 > 1—p* Ml—l )
()
S\ Mi—1
1—
_ l_p* Mlilzl 1_< 2p>
= 2 17p* M —1 )
- ()
1_ * M]*l
:< 2p> 21
; _ Pl _ (-p)p* - ulati
Recalling that py, = = and A = p(1—p)’ simple manipulation shows that
My

()"

_n* M172
14 p* (‘T")

II - adjusting parameters so that truth-telling is optimal for every 8§ < 1. We have assumed

Pm, = ::B(Ml)'

as an equilibrium candidate a strategy profile in which customers hire in every rating except 1 and expert
plays the truth-telling strategy whenever hired. It remains to adjust parameter values so that this profile
is an equilibrium indeed.

B
First, note that at rating 1 not hiring is optimal indeed, because f—g > A. In rating 2, if expert
1

L
f

< A, so hiring is optimal in all of them. Therefore, customers’ strategy is incentive compatible.

provides the right treatment, then hiring is optimal, because
Vi

3

A. For every other rating m > 2, we will

have

Before deriving parameter values for which truth-telling is an optimal strategy for the strategic
expert, the following claim will be useful. We claim that expert’s continuation value in every rating is
bounded below by —w. To see this, let m € arg min {Vg(m) : 1 < m < M;}. From equations A.2.3 and
A.2.7, the continuation value at m is such that

M,

Vs () = (1= 8) [ot (B — (1= Bu)w)] + ) Ty Vs (1),

m=1

> (1=8)(—w)+6Vs(m).

This implies that Vg(m) > —w; so expert’s continuation value in every rating is bounded below
by —w. With that in mind, we start the analysis with M. We have

Vs(My) = (1=06)u+6[(1—x)Vs(M)+KkVs(M —1)].



64

Subtracting V(M) — 1) on both sides and rearranging,

1-6

Vs (M) —Vs(M, —1) = <1—5+6K

) [u—Vs(M; —1)].

The right hand side of the above equation is at most u 4 w. If expert provides the correct treatment

ty at problem H, he gets

(1—8)u+ 6 {2k [Vs(My —1) — Vs(M,)] +Vs(M;)}.

and if he provides treatment ¢ instead, he gets
(1—=06)(—w)+8Vs(M).

Therefore, truth-telling is optimal if and only if % (u+w) >2k[Vs(M;) —Vs(M; —1)]. Because
[Vs(M;)—Vs(M; —1)] <u+w, as long as 2k < %, telling the truth at rating M will be optimal indeed.
Let us check now whether telling the truth is optimal at rating M; — 1. We have

Vs(My = 1) = (1= 8)u+ 8 { 75 V5 (M1 —2) = Vi (My — 1)] + Vs (My — 1)+ 7° [V3 (M) — Vs (1 — 1)]}.
Subtracting Vs (M; —2) on both sides and rearranging,
1-§ 878

Vs~ 1) =V ~2) = (=g s ) b= Vol =20+ (=55 ) Ws(0M0) = V(o 1)L

The right hand side of this equation is at most u + w because 5 > 0, Vs(M; —2) > —w and
Vs(M,) — Vs(M; — 1) < u-+w. If expert provides the correct treatment 7 at problem H, he gets

(1=8)u+8{@” [Vs(M; —2) = Vs(M; — 1))+ V5(M, — 1)+ @ [Vs (M) —Vs(M, — 1)]} .

And if he provides treatment 7, instead, he gets
(1= 8)(—w)+ 8 {9~ [Vs(My —2) — Vs(My — 1)] + V5(M; — 1) + % [Vs(My) — Vs(My — 1)] } .

Therefore, truth-telling is optimal if and only if
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1-6

5 (u+w) > (o — @) [Vs (M) = Vs(My — 1)] + (¢ — ") [Vs (M1 — 1) = Vs (M, —2)].

From our previous discussion, we know that [Vg(M;) —Vs(M; —1)] <u+w as well as [V5(M; —
1) — Vs (M —2)] < u-+w. From the values of % and ¢/, we know that % — ¢ = " — L =y (HTP> .
Thus, to satisfy the incentive constraint, it must be that

1 [1-§
v < s (5)‘ (A3.7)

Assume that this is the case. We now proceed by induction. Suppose we have proved that truth-
telling is optimal for M,M; — 1,...,M; —m. We would like to show that truth-telling is optimal for
M, — (m—1). We have

V(M —m+1)=(1— 5)M+5{TS[V5(M1 —m+2)—Vs(M; —m+1)]+
+Vs(M; —m+1) +TS(V5(M1 —m)—Vs(M; —m—+1))}.

Subtracting V(M| —m+2) on both sides and rearranging,

1-9

> [M—Vg(Ml —m+2)}+

A
————< | |[Vs(M1 —m) —Vs(M; — 1)].
+ (1= ) ol —m)— Voot —m-+1)

The right hand side of the above equation is at most u+w because 75 > 0 as well as Vs(M; —m +
2) > —wand Vg(M; —m) — Vg(M; —m—+ 1) > u+ w. From the same argument in previous paragraphs,
truth-telling is optimal if and only if

1-6
1)

(u+w) > (@F — @) [Vs(My —m+1) — Vs(My —m+2)]+
+ (@ — ") [Vs(My —m) = Vs(My —m+1))].
We know [Vs(M; —m) —Vs(M; —m+1)] <u+wand [Vs(M; —m~+1) —Vs(My —m+2)] <u+w.

From the values of ¢F, (pf and v, we know that (pJLr — (pf = —pl =y (HTP) < % % . Therefore,

the above inequality is satisfied.

I1I - setting parameters so that the customers’ equilibrium payoff is €-close to the maximum

payoff. Consider the following sequence {k;, Y, T; };,cny of parameters, where

o L(LY __t ! RN 7
T2\r) " =i \r ) AN 1_2l(l—p*)M1_1

2
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There exists some T high enough such that, for every t > T, we have K < % (%) and y; <

1 Jrlp* <ﬁ> . From previous discussions, this means that truth-telling will be optimal for the expert whe-

never hired. We can also set ¢ high enough so that 7° = y; [3;” *} € (0,1). This means that all probabi-

lities are well defined and truth-telling is optimal, for ¢ high enough. Moreover, observe that, for every

teN,

3 24 —1 T 14p* <1> 24 —1
M1 | M1
Ki 1—21(1*2”) ! Vi 2 1—21(1*2”) !

This means that % — % —0ast— 0, but - is kept constant to have py = p and py, = p(M1).
. P

With such choice of parameters, as t — oo, we have

timp) = fn ow, (“5) + (1= | = (%) o) (15%) + 1o

So consider any € > 0. Because v(p) converges as t — oo, we can find some number T such that,

foreveryt > T,

v(p) = (%) [p(Ml) <“;W> +(1 —p(Ml))u} —¢.
p—p

Because the first term on the right-hand side of the above equation converges to u (T) as

M — oo, we can find some M > M high enough such that, for every M > M,
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3 PERSUADING CROWDS

3.1 Introduction

When, however; it is proposed to imbue in the mind of a crowd with ideas and beliefs |[...]
leaders have recourse to different expedients. The principal of them are three in number
and clearly defined - affirmation, repetition and contagion. Their action

is somewhat slow, but its effects, once produced, are very lasting.
— Gustave le Bon, The Crowd: A Study of the Popular Mind

People follow the wisdom of crowds. Consumers are more prone to buy popular brands because
they believe that popularity is an indicator of better quality. A New York Times best-selling book is more
likely to remain on the list - and obtain good reviews from readers. A small number of people deciding
to withdraw their money might be sufficient to trigger a huge bank run. Because some people do believe
that a crowd knows best, manipulating herd behavior is the goal of some other people - marketers, digital

influencers, and financial advisors, to name a few.

This paper examines crowd manipulation through dynamic information disclosure. In other words,
how “to imbue in the mind of a crowd with ideas and beliefs”. The setting and the results shed light on
interesting questions, such as: To what extent should an information designer care about the future crowd
effects of his current public releases? Should he publicly leak critical information to induce (or avoid)

herd behavior from the outset or should he withhold decisive releases for a later time?

I consider a standard model of observational learning with a binary action space, and I add an
information designer with selfish interests. Specifically, an infinite sequence of myopic agents wish to
match actions with an unknown state of the world. They rely both on public observation of past actions
and current private information coming from independently and identically distributed signals to guide
them. As long as it is believed that past agents had chosen according to their private information, the

action history helps current agents to infer the state before deciding which action to take.

They also rely on the public observation of designer’s past and current messages'. This designer
is informed about the state, but not about the private information of the agents. I assume that he is patient
and only cares about the discounted number of agents taking his preferred action. He chooses a public
information policy consisting of a message space and an information rule - a map from states and public

histories to a distribution over messages.

IThe fact that agents observe the realization of past messages is not crucial to my results, as long as the principal can
commit to a sequence of experiments and agents know such experiments. I show that public communication does not loose
generality in section 3.5.
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Because the designer is more informed than agents, his messages might influence agents’ beliefs
and, consequently, agents’ actions. However, this influence is sometimes limited: some agent can obtain
more informative private data than the one given by designer’s communication; sufficiently informative
to drive her choice in the opposite direction of the designer’s intention. Since past messages are publicly
observed, future agents will know that someone has got a good reason to not follow the designer’s advice,
making persuasion harder than before. Thus, the designer must choose between allowing agents to follow
their own private information (thereby allowing future agents to learn from past actions) or shutting down

the observational learning process through by sufficiently revealing public disclosure.

The features of the agents’ private information structure determine when it is optimal for the
principal to persuade society into a herd from the start - the single disclosure case - and when it is
optimal to encourage some social learning dynamics, that is, letting agents choose according to their
own private information and public observation of past decisions. For a well-known class of private belief
distributions generated by private signals - the log-concave class, I characterize when social learning is

valuable to a selfish principal.

Specifically, when agents cannot perfectly learn from private information (that is, private beliefs
are bounded), I show that single disclosure is optimal if and only if private information unfavorable to the
principal’s most preferred action is sufficiently frequent (theorem 3.1). With unbounded private beliefs,

I show that this possibility can never be too significant, so single disclosure is never optimal.

I also prove that social learning is less appealing to a more patient principal, regardless of the
structure of private information agents might have. In the limiting case, that is, as the designer’s discount
factor goes to one, the optimal policy has the same value as a policy that discloses in the first period
sufficiently revealing information to induce herd behavior (theorem 3.2). This means that whenever the
designer does not heavily discount current payoffs from persuasion, avoiding agents from learning th-

rough observation of past actions might be his best interest.

This paper brings together two research topics from the dynamic games literature. The first one
deals with dynamic information disclosure. I consider a persuasion problem similar to the ones in Ely
(2017) and Renault, Solan and Vieille (2017), but I have a fixed state of the world and I allow agents
to obtain private information. This generates an evolving public belief process, even if the state does
not change over time. As in those papers, I show in section 3.4 that it is possible to reformulate the
designer’s problem as a Markov decision problem in which (i) the state space is the space of agents’
public beliefs; (ii) transition functions are governing the public belief process; (iii) the action space is
the set of information rules; (iv) the constraint set over the action space is the set of distributions of
posteriors that are mean-preserving spreads of any given prior. By reformulating the problem, I show

that the dynamic concavification algorithm is used to solve it.

Unlike those studies, there are multiple laws of motion governing the belief process - one for each
agent’s action. Together with the private information assumption, this happens because the designer in
my model cannot censor information; that is, he cannot avoid current agents from observing past actions.
Moreover, the designer’s messages influence the probability of having each law of motion governing
the transition from the current to the next period’s public belief, because it influences the probability of

taking each action. In this sense, my model deals with a stochastic dynamic concavification algorithm.
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Because agents are privately informed, my model also joins the literature on private persuasion
as well. Kolotilin et al. (2017) and Inostroza and Pavan (2017) are seminal references, although both
deal with a static persuasion problem. In the first reference, both agents and the designer have utilities
that are linear functions of the private information, because the designer has a payoff that is a weighted
combination of his preferred action and the utility of agents. Additionally, the state of the world is the
realization of a continuous distribution. I consider a simpler environment: one with a binary state space
and the designer’s payoff depending only on actions. However, as in that paper, I also seek to characterize
the designer’s optimal policy in terms of the distribution of the private information, and my characteriza-
tion also comes from insights from Quah and Strulovici (2012) about the aggregation of single-crossing

functions.

Even though Inostroza and Pavan (2017) studied persuasion applied to global games of regime
change, their results are related to mine, mostly the finding about the optimality of the information
policy coordinating market participants in the same course of action. I show that when the interaction is
dynamic, this single disclosure policy is sometimes optimal, but not always. However, as the designer

becomes infinitely patient, the once-and-for-all coordination policy becomes more appealing.

Au (2015) studies dynamic disclosure of information with a privately informed receiver. His
environment is different from mine because the receiver has her private information being realized once
and for all. Thus, she cannot learn from observations of past actions. Moreover, she is patient and takes
an irreversible action that might depend on the designer’s communication strategy. Therefore, the agent’s
problem is an optimal stopping one, in the sense that she must choose when to end the sender-receiver’s
dynamic interaction. Nevertheless, such paper provides conditions under which the designer discloses
no further information beyond the first period, that is, the designer chooses the single disclosure policy.
Among other things, it proves that if full disclosure is not optimal in the one-shot interaction, the optimal

mechanism sequentially discloses informative messages.

In my model, as long as agents do not have private access to perfectly informative signals, full
disclosure is never optimal. Furthermore, even if it is optimal to disclose information in the static envi-
ronment in a way that beliefs are outside cascade sets (public belief sets under which agents choose no
matter their private signals), for a very patient designer, a single disclosure policy (one placing beliefs

inside cascade sets) is always optimal.

Observational learning is the second research topic from the dynamic games literature that my
paper mainly deals with. In section 3.2, I present an illustrative example using the simple symmetric
binary private signal case from Bikhchandani, Hirshleifer and Welch (1998). In section 3.3, I briefly
present the standard observational learning model and discuss major findings from this literature that I
seek to study under the additional assumption of an information designer. The references for the model
and the findings come from Banerjee (1992), Bikhchandani, Hirshleifer and Welch (1998), Smith and
Sgrensen (2000), Cao, Han and Hirshleifer (2011) and Herrera and Horner (2012). Rosenberg and Vieille

(2019) also provides an excellent summary of results in the literature.
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An important takeaway from those studies is the following. Agents eventually settle down on
a correct herd with probability one, and they fully learn the true state if and only if private signals are
boundedly informative. In my model, conditional on the state that favors the designer’s preferred action,
with bounded private signals, a correct herd starts with probability one, but the belief process does not
converge to one of the extremes. Conditional on the other state, there is always a possibility of a wrong
herd and with some probability the belief process converges to one of the extremes. Therefore, even with
bounded private information, learning is partially correct (correct with certainty at least conditioned in
one state) and partially complete (agents fully learn with positive probability, at least conditioned in one
state). This implies that society benefits from obtaining information from the principal relative to the

social learning model without an information designer.

Smith, Sgrensen and Tian (2021) discuss as well optimal persuasion mechanisms in this same
observational learning environment, but with a benevolent social planner. Specifically, an information
designer has the power to choose a map from private signals to action recommendations, to maximize
the discounted sum of receivers’ payoffs. That paper shows that (i) cascade sets strictly shrink in the
discount factor and collapse to extreme points in the perfect patience limit; (ii) for any discount factor,
the social planner always encourages agents to rely more on private signals, so that past actions are

always more informative.

With a non-benevolent designer, without the possibility of eliciting agents’ private information,
under a binary action space, I prove that the cascade set toward his least preferred action is always a
singleton, while the cascade set of his most preferred action does not change. This partial reduction in
cascade sets does not depend on the discount factor. I also prove that, even though the designer does not
care about letting information flow through agents, sometimes - but not always - it is optimal for him to

encourage agents to rely on private signals.

This is not the first study to investigate observational learning with a non-benevolent planner.
Sgroi (2002) considers an uninformed planner with the power to censor information in the market. His
problem is then choosing the number of agents to decide using only their private signal after letting others
have access to a history of past actions. I adopt a different approach. My planner is informed about the
state, but cam commit ex-ante to an experiment. He cannot censor the observation of past actions. His
choice is then to fine-tune his disclosure policy to be clear or vague in his communication. Nikiforov
(2015) considers an informed manipulator with the power to costly influence only one agent along the
sequence, in a symmetric binary private signal environment. I allow the manipulator to persuade as many

agents as he wants, taking into consideration a general private information structure.

The remainder of this paper is organized as follows. Section 3.2 introduces an illustrative example
to walk through the main results. Section 3.3 presents the benchmark model without an information
designer. Section 3.4 describes the social learning problem as an information design problem. It then
discusses belief dynamics; when social learning is valuable to the principal; and the role of patience in
designing the policy. Section 3.5 considers private disclosure of information and section 3.6 concludes
the paper. All proofs of lemmas and claims are in appendix 3.7 and all calculations for examples are in

appendix 3.8.
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3.2 lllustrative example

Let me introduce an illustrative example as a way of walking through belief dynamics and the
main results of this paper. Imagine that a financial advisor wishes to persuade his clients to buy a certain
asset of an unknown return. These clients only care about their current gains from investing and they
arrive sequentially at the advisor’s office. If the asset yields a high return, clients obtain a payoff of 1
from investing and incur an opportunity cost of -1 from not doing so. If the asset yields a low return,
payoffs are reversed. Every current client is partially informed: she observes a private signal about the
asset’s quality and the history of decisions. If the asset yields a high (low) return, she observes the signal

§ (s) with probability ¢ € (.5, 1). The prior belief about the asset yielding a high return is .5.

Although clients do not observe the history of private signals, they can infer it from the history
of actions. To understand this, consider the decision of the first client. Starting with a flat prior about the
asset’s quality, she will update her Bayesian belief to ¢ if she observes signal § and 1 — o if she observes
signal 5. Given her payoffs, she will invest if and only if the posterior is at least half > 3. This means that

she will invest if and only if she receives signal §.

The second client, after observing the first client’s decision, will know what private signal she
received. Thus, the second client’s public belief (that is, the inference from past action) will be either
o from observing investment or (1 — &) otherwise. Suppose it is ¢. If this second client observes §, her

total belief (inference from past action and current private signal) will be i which exceeds her

O
M=oV +o2’
belief threshold .5; if she observes s, her total belief goes back to .5, whiéhceil;ocimplies that she will
invest. It follows that she will invest, regardless of her private signal. The third client will not be able
to determine what private signal the second client received and will have an interim belief of &, exactly
like the second client. In other words, if the first client invests, all future clients will, independent of the

realization of private signals.

Suppose that the second client has public belief 1 — ¢. On the one hand, if she observes signal s as
well, her posterior belief will be % which is below her belief threshold .5. Thus, she will choose
not to invest. The third client will observe two consecutive decisions of no investment and will choose
not to invest as well, regardless of her private signal. On the other hand, if the second client observes §,
her posterior belief will return to .5, implying that she will invest. The third client will be able to infer
that the second client received a good signal, which offsets the bad signal s from the first client, and the
analysis continues as if this third client does not have any additional information (i.e., as if she was the

first client).

In the dynamics I have described so far, I have not said anything yet about the advisor’s role, so
think of it for a moment as a non-intervention benchmark. Assume that he receives 1 every time a client
invests, and 0 otherwise. The first client will invest if and only if she receives the private signal §, which
occurs with probability o if the asset yields a high return and 1 — o otherwise. Since the advisor is also
ignorant about the asset’s quality, the expected payoff from the first client coincides with the expected

investment probability, which is .5.

2There is an underlying assumption that if the posterior is exactly .5, she will choose to invest. Breaking indifference
towards the advisor’s most preferred action in the Bayesian persuasion literature is common.
3 All computations for the illustrative example are in appendix 3.8.
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If the first client invests, the second and every subsequent clients will invest for sure, so the
advisor will receive 1 forever. If the first client does not invest, the second client will if and only if she
receives signal §, which continues to occur at a probability of ¢ if the asset has a high return, and a
probability of 1 — o if the asset has a low return. However, because the public belief for the second client
is 1 — o, the expected investment probability for the second client (and advisor’s expected payoff) is
26(1— o), which is lower than .5. If the first client does not invest, the second client will dictate whether
the advisor is dammed to a zero payoff forever. If the second client invests, the third client will have
an expected investment probability equal to the first client, but if the second client does not invest, the
third and every subsequent client will not invest, as no private signal can generate a belief in favor of

investment.

To simplify the exposition, I present a visualization of the public belief dynamics and advisor’s
expected payoffs over time, as shown in figure 4.1(a). I also present the probability of clients choosing
each action ignoring their private signals for each period in figure 4.1(b) - a phenomenon which is known
as informational cascade, assuming ¢ = .8. In figure 4.1(a), the blue line represents the change in public
beliefs when investment is observed, and the red line represents the change when a non-investment
decision is observed. The black dots represent the possible realizations of public beliefs, and the numbers
above these points represent the associated expected investment probabilities at every belief. In figure
4.1(b), the x marks are the probabilities of clients taking investment decisions regardless of their private
signals in each period, and the triangle marks are the probabilities of the clients taking non-investment
decisions with certainty. The blue line is the long-run probability of public beliefs hitting &, the threshold
over which an information cascade towards investment occurs. Similarly, the red line is the limiting
probability of public beliefs hitting a value below 1 — o, the threshold below which an information
cascade towards non-investment occurs. Note that as time goes by the probability of an information

cascade towards investment or non-investment equals 1.
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Figure 3.1 — Dynamics without intervention, for o = .8. The blue lines represent outcomes related to
investment decisions, and red lines represent outcomes related to non-investment decisions. Figure 4.1(a)
shows the possible realizations of public beliefs over time with numbers representing the designer’s
expected payoff at every belief. Figure 4.1(b) shows the probability of a cascade starting in each action
(x marks correspond to an investment cascade; triangle marks to a non-investment cascade). Colored
lines represent the long-run probability of each cascade.
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The advisor can use his expertise to investigate whether the asset will yield a high or low return,
but is legally obliged to report the outcome of this investigation. Specifically, this advisor will design
ex-ante a contract specifying a set of messages and a probability distribution over messages conditional
on what he knows at every period, that is, past messages and actions, as well as the true quality of the
asset. I will refer to this contract as a public information policy and assume that every client knows the
chosen policy. At the beginning of every period, the advisor sends some advice and a new inference

about the asset’s return is made.

Can the advisor perform better than this no-intervention benchmark? Unsurprisingly, he can.
Consider the following policy. The messages are either Aaa (an investment with the lowest risk) or
Caa (a junk with highest risk). The first client will observe Aaa for sure if the return is high and with
probability ITTG if the return is low. In this way, after observing Aaa (Caa), the first client will have an
induced belief of o (0) and will invest (not invest) no matter private signals. The second client will have
public beliefs of either o (as she saw that the first client invested and the message was Aaa) or O (as
she saw that the second client did not invest and the message was Caa). Therefore, after the first client,
there is no room for intervention: if the first client invested, it suffices to send uninformative messages
forever; if the first client did not invest, no message could refrain the second client from choosing not
to invest. For this reason, I will refer to this policy as the single disclosure policy. With it, advisor uses
his informational power to persuade society into cascades from the outset and no client learns from past

actions.

The expected investment probability of such a rule at prior .5 equals the unconditional probability
of message Aaa, which is %. This is higher than the value obtained without intervention. This is also the
limiting probability of having an investment cascade, which is higher than that without any intervention.
Figure 4.2(a) and 4.2(b) represent the public belief dynamics and the probabilities over cascades under
this information policy. The solid black dots in figure 4.2(a) represent the possible public beliefs (p;).
The white dots represent are the induced beliefs (p;).

Beliefs and investment probabilities Probabilities over cascades
1 T T T 1 T T T T T T T
0.8 > . . 0.8F----------------------
1 1
3 0.6 Fm=e=2 == === =r==r
Q: 05F- 063 @ ----------------
. 04 F-a-a-- S ey
02F-------------=----—--- 02F----"---------mm oo
0 0
¢ ° ° I |
1 2 3 1 2 3 45 6 7 8
t t
(a) (b)

Figure 3.2 — Dynamics with single disclosure. Blue lines represent outcomes related to investment, and
red lines represent outcomes related to non-investment. Figure 4.2(a) shows the possible realizations of
public (black dots) and induced (white dots) beliefs over time, with numbers representing designer’s
expected payoff at every public belief. Figure 4.2(b) shows the probability of a cascade starting in each
action (x marks correspond to an investment cascade; triangle marks to a non-investment cascade). The
colored lines represent the long-run probability of each cascade.
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Another policy is worth discussing. The message space now contains an intermediate message
Baa. This message represents an investment with medium risk. Consider the set consisting of the null
history at# = 1 and all history of actions that are repetitions of the pair “not invest/invest”. After observing
every history in this set, the public posterior is exactly the prior. At every such history, the advisor sends
Aaa with probability o if the asset has a high return and with probability 1 — ¢ if the asset has a low
return. Therefore, if the current public history of actions leads to a public belief of .5, the advisor sends
both Aaa and Baa with the same unconditional probability, although message Aaa is more likely if the
return is high and Baa is more likely if the return is low. Note that the message Aaa induces belief ¢ and

message Baa induces belief 1 — o.

After observing Aaa, the first client will invest no matter private signals. After observing Baa,
the first client will invest if and only if she receives a private signal §. If such signal occurs, the second
client will start the period with public belief exactly like the prior, and the algorithm discussed in the
previous paragraph applies. However, if the first client receives a private signal s, the second client
will hold unfavorable beliefs to investment, unless the advisor does something. In that case, the advisor
communicates Baa for sure if the asset yields a high return and with probability I_T" otherwise. The
alternative to Baa is Caa. This ensures that if the public belief is %,
beliefs of 1 — o under message Baa and 0 under message Caa. Medium-grade Baa works as an advice

clients will have induced

for clients to follow their private signals; Aaa and Baa work as recommendations to choose irrespective
of private information. With this alternative rule, the advisor allows some clients to learn from their
predecessors. The probability of investment at the prior is (0.5)[1 +20(1 — o)], which again is higher
than in the case without intervention. There is now a positive probability of investment, even when
two non-investment decisions are observed. Thiszprobability is equal to the unconditional probability of
(1-9)

sending message Baa under public belief T—o)ro? times the investment probability when public belief

is 1 — 0. This was not possible in the case without intervention.
Figure 4.3(a) and 4.3(b) represent the belief dynamics and the probabilities over cascades under
this information rule, respectively. Note that the probability of having cascades equals one as time goes

by, but the belief convergence is not immediate.
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Figure 3.3 — Dynamics with the alternative policy. Blue lines represent outcomes related to investment,
and red lines represent outcomes related to non-investment. Figure 4.3(a) shows the possible realizations
of public (black dots) and induced (white dots) beliefs over time, with numbers representing the desig-
ner’s expected payoff at every public belief. Figure 4.3(b) shows the probability of a cascade starting in
each action (x marks correspond to an investment cascade; triangle marks correspond to a non-investment
cascade). Colored lines represent the long-run probability of each cascade.

Which policy is better for the advisor? Inspecting investment probabilities, one can see that if

there is only one client, the second rule yields a higher value as long as private signals are sufficiently
1
V2
with the single disclosure rule is .63 versus .66 with the alternative rule. In a repeated interaction with

informative, that is, as long as ¢ > —=. This is the case for ¢ = .8: the first client’s investment probability
a very patient advisor, both policies would look the same to him, because both lead to the same long-
run probability of having a cascade toward investment. For non-extreme discount factors, the analysis is
not straightforward. For instance, if the advisor is impatient, it might be that he prefers to increase the
probability of investment in every period and sacrifice the speed of belief convergence towards cascades.
But every time he discloses additional information, he also gives away part of his informational advantage
to future clients, as messages are public. Additionally, private signals can make future clients less easily
to be persuaded. Moreover, both policies considered here are stationary in public beliefs and do not

depend on advisor’s discount factor. Is there a more complex policy that improves upon these two?

Perhaps surprisingly, I will show that single disclosure will be optimal in this example if and only
ifo < %2, regardless of the discount § € (0, 1). Although this threshold is specific to this example, T will
show that for a broader class of private information structures, there is a simple test to verify optimality
of single disclosure. This test depends on how informative private signals can be. As in the example, I
will prove that if private signals are very revealing, then some social learning is always valuable to the

advisor.

For o > %’ the example is sufficiently manageable to characterize the related optimal policy. It
is the alternative policy presented here, indeed. This policy minimizes the amount of information given
at every public belief, subject to the expected investment probability being maximal (proposition 3.1).
Note that this leads to the same long-run cascade probabilities. As such, no matter the parameter o,
social learning is less appealing the more patient the advisor is. I will prove that this observation holds

for every private information structure.
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Finally, note that both rules benefit society relative to the non-intervention case. This happens
because the selfish advisor always discloses information to move clients away from the public belief
set (0,1 — o]. Without him, belief dynamics would be forever trapped in there. This observation also

generalizes.

3.3 A model of crowds

This section discusses how the wisdom of a crowd evolves without any intervention. Thus, it
serves as a no-policy benchmark. I will present a standard model of observational learning and add a long-
lived principal (“he”’) who derives instantaneous payoffs from actions taken by a sequence of identical
short-lived agents r € N (each one referred to as “she”). Then, I will emphasize some relevant results
from the observational learning literature for the optimal information design that I seek to characterize

in the next section.

At the beginning of the interaction between the principal and the agents, Nature draws a state:
either H or L. No player observes this realization of Nature, but everyone shares a flat common prior
belief that it is H: p; = 1/2. Every agent t must choose an action a € {h,¢} to obtain either u(a,H) or
u(a,L) as instantaneous payoffs. It is assumed that u(h,H) = u(¢,L) = 1 and u(¢,H) = u(h,L) = 0. This
means that agents want to match actions with the unknown state. It also means that any agent with some
belief r € [0, 1] about the state H will find action & optimal if and only if » > 1/2. Every time an agent

chooses £, the principal receives 1 regardless of the state; otherwise, he receives nothing*.

Whenever possible, the agents compute beliefs using two sources of information. The first one
comes from the observation of a private signal®. Conditional on the state, the signals are independently
and identically distributed. Combining signals with the common prior, agents compute private beliefs
{G, }:en about the state being L . Because private signals are conditionally i.i.d., the private belief process
will have the same feature. Let G represent the unconditional distribution function for private beliefs. I
assume that G is absolutely continuous with density g. Note that G := (1/2)[G* 4 G*] where G and G*
denote the distribution functions over private beliefs conditional on the states. Thus, assuming absolute
continuity of G is equivalent to assuming absolute continuity of G and G. It also ensures that no
observation of private beliefs perfectly reveals the state and that both distributions share a common

support.

The second source comes from the public observation of action histories. Since past private
signals are non-observable, but past actions might be taken conditional on specific realizations of such
signals, the action history might help inference about the state. A strategy for each agent ¢ is a map from
the set of private signals and the set of public action histories up to # — 1 to a choice over {A, (}. A strategy
profile for the agents is a collection of each map. A strategy profile, the private information structure,

and the prior belief generate a probability distribution over the set of outcomes of the game.

41 also assume that at belief r = 1 /2, agents choose #, that is, principal’s preferred choice, but this will be innocuous,
because I will consider only continuous distributions over private beliefs, such that points of indifference will have zero measure.
I will discuss private belief distributions later.

SEach signal s; takes value on space S and its domain is the sample set of a probability space capturing all exogenous
uncertainty in the interaction. Appendix 3.7 provides a more detailed description of this space.

5Throughout the text, T will identify a random variable by a tilde superscript and a value it can assume by its symbol.
Additionally, the subscript ¢ will represent a random variable with index ¢ in a stochastic process, and the symbol indexed by ¢
a realization of such variable. Thus, each g, is a random variable taking values in [0, 1] and ¢, is a realization of g;.
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Agents’ rationality is common knowledge, so they can compute probabilities for every possible
history of actions. Let p; represent the conditional probability of the state being H, given the observation
of some action history up to t — 1. Likewise, let {5, };ciy be a stochastic process of the public beliefs. If
agent t obtains a realization g; of a private belief and a realization p; of the public belief, she will have a

Bayesian total belief r; and choose action 4 if and only if

(1 —q:)p:
(I=g)pi+q:(1—p;)

Let ¢ be the infimum value of ¢ € [0, 1] such that G(g) > 0 and g be the supremum value of
g € [0,1] such that G(g) < 1. T will impose g < 1/2 < g to avoid uninteresting situations in which public
beliefs converge from the start. When [g,g] = [0, 1], I will say that private beliefs are bounded, and when

[g,q] C [0,1], T will say they are unbounded’. The agent’s strategy is now a function of the private and

the public beliefs. As g, is not observed, principal conditionally and unconditionally expect that action &

is taken at ¢ according to the probabilities below.

O‘H(Pt) = GH(Pt) and O‘L(Pz) = GL(Pt) (3.2)
a(p) = pG" (pr)+ (1= p))G"(pr).- (3.3)

One can show® that a*(p) < at(p) < o (p) with strict inequalities for every belief p € (g,4).
Moreover, a(p) = 0 for p < g, a(p) =1 for p > g and a(p) strictly increases in p for p € (¢,q).
Intuitively, if Ms. ¢ is very convinced that state is H by looking at past actions, she needs a very high

private belief about the state being L to make her choose action .

Because agent ¢ + 1 is a rational Bayesian player, after observing some history (a,a' '), she can
infer that ¢ had public belief p; and can compute the probability of her choosing action a under any state.
This is exactly the probability that agent # had a private belief that led her to choose a under p; in any
state, that is, probabilities described by equations 4.2 and 4.3. Thus, agent ’s ¢ + 1 inference from public
history will lead to a public belief update:

el wams

Pl = @a(pr) = (3.4)

ot )
ll—aa(gt))} pe ifa =L

7T will focus on these two symmetric cases. Note that [¢,g] is the support of the distribution G. Indeed, because G is
absolutely continuous, it is continuous. As such, its support is an interval.
8See claim 3.1 in appendix 3.7 or lemma 1 in Smith and Sgrensen (1996).
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One can show” for every p € (¢,4), @/(p) < min{p,1/2} and @,(p) > max{p,1/2}. Therefore,
for public beliefs in such set, (i) agents will choose actions according to private beliefs; therefore, past
actions convey valuable information; (ii) observing action ¢ is always perceived as “bad news” about state
being H (thus reducing the public belief) and observing action 4 is always “good news” (thus increasing
it).

However, depending on how convinced an agent is about the state being H, her private inference
might not change her choice of action at all. That is, she chooses according to her public information,
regardless of the private information she receives. The next agent will infer that observing her action
conveys no additional information about the state and will find optimal as well to choose the same action
regardless of possible private beliefs. This process will go on infinitely, and there will be no more learning
from the observation of past actions. To better describe this phenomenon, first consider C; := [0,¢] and
Cy :=[g,1]. Whenever p, € C,, agentt chooses action a without considering private signals, so the belief
dynamics stop in the next period and no further belief updating occurs. Second, note that the public belief
process {p; }:en is a martingale. Indeed, consider any public history a’ = (a,a’ ') that leads to a public

belief p; after the observation of a'~!. From equation 4.4,

o (pr)
a(pr)

1- O‘H(Ptq . = pr.

E[pi41]d'] :(X(p;)[ 1—a(p)

Jpt 1= at)]|

Being a martingale, a well-known theorem ensures that it converges to a random variable pe
almost surely. Moreover, it is possible to show that every realization of this random variable must belong
to Cy UCy,. Intuitively, the stationary public belief process must reach an absorbing set, one for which no
further update takes place; otherwise, public beliefs keep changing infinitely often, contradicting almost

sure convergence'’.

What does this convergence imply for the non-interventionist principal? If he discounts future
payoffs according to the discount factor 6 € (0, 1), his welfare is the expectation of the discounted
number of agents taking action . Let IP,, be the probability measure over action histories without any
intervention from the principal. The “np” abbreviation stands for “no policy.” This non-interventionist

principal obtains:

Vil =Y (1-8)8" "Pupla; = .
teN

Let {A4,""},cn be a sequence of probability measures over the belief space representing, at each
t, the probability of the public belief process belonging to some subset of the Borel c-algebra of [0, 1].
Note that at each 7, the probability of agent ¢ taking action £ is the expected value of o with respect to A,.
Because the public belief process converges almost surely to p., the sequence of probability measures

must converge weakly to the limiting measure A7.

9See claim 3.2 in appendix 3.7 or lemma 7 in Smith and Sgrensen (1996).
10See claim 3.3 in appendix 3.7 or theorem 1 in Smith and Sgrensen (1996).
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Because o) is a continuous function, the sequence of the expected values of o with respect to
each A, must converge to the expected value of o with respect to A”?. However, A., must place positive
probability only on events that intersect the cascade sets and principal receives a positive payoff only on

points that belong to Cj,. Thus, the limiting expected value of o under AP must be AZP(Cy,).

One can show!! that, as the principal becomes very patient, his long-run value of the no-policy

interaction must approach the stationary probability of having the public belief process trapped in Cp:

%iLnl Vil = lli_)rgIE,ltnp [@] = AP (Cp).

Because the state of the world is fixed throughout the dynamics, I can split the unconditional
measure A/ into the conditional measures A7 and AL"P, such that A7 = (1/2)(AH"P 4 AL"P). Say
that learning is correct if A1"7(C,) = AL"P(Cy) = 1; that is, agents eventually settle down on the correct
actions. In addition, say that learning is complete if AZ"P({1}) = AL"P({0}) = 1; that is, agents learn

the true state. If learning is complete, it is correct, but the converse is not necessarily true.

When private beliefs are unbounded, learning is complete - thus, correct. In this case, principal’s
only hope of getting some positive payoff infinitely often is the state of world being H; otherwise, he
gets nothing as the dynamic interaction proceeds. Thus, for a very patient principal, the value of a no-
policy interaction is 1/2. When private beliefs are bounded, learning is both incomplete and incorrect.
It is incomplete because there are no perfectly informative private beliefs that drive the belief process to
either zero or one, by assumption. It is incorrect because there is always a positive probability of society
settling down on incorrect actions, conditional on the true state. Thus, even if the state is L, the principal

can obtain a positive payoff infinitely often.

Let me summarize the primitives of the model I consider as well as the relevant lessons from
this observational learning literature. The principal takes as given the (common) private information
structure of each agent. As discussed, it is sufficient to describe this information structure in terms of the
unconditional distribution of private beliefs G and the associated support [g,g]. Agents would like to act

according to the states of the world; principal only cares about one of the actions.

Each agent observes past actions and current signals; the total inference about the state comes
from a combination of a private and a public beliefs. The public belief process follows a martingale and
converges to a random variable whose support belongs to cascade sets. A very patient principal that does
not intervene in the public belief process expects to earn a positive payoff with same probability of the

limiting probability of the process reaching cascade set Cj,.

1See claim 3.4 in the appendix 3.7 or lemma 1 in Cao, Han and Hirshleifer (2011).
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3.4 Persuading crowds

This section assumes away the inability of the principal to intervene in the dynamic interaction
and addresses the question of optimal public information provision from his point of view. Now he can
commit to any information policy before the realization of the state of the world. In practical terms,
think of the principal as being responsible for designing an experiment to learn the value of the state and
is legally required to report its outcomes, even though the structure of the report and the timing of the

releases are principal’s decision.

Each agent still has access to private beliefs and past history of actions as sources of information,
but a strategic communicator now provides a third source. The commitment assumption gives him more
persuasion power because agents can infer something about the state of the world without worrying
whether the principal deviates from his communication strategy. However, the public (past messages are
not erased from public histories) and transparent (the principal cannot censor records of actions as well,
so he conditions messages on the same public history that agents observe) communication restrictions

might increase or reduce this power.

An information policy 7 consists of a message space M and two information rules pu, u%. These
rules specify conditional probabilities on the set of probability measures over the message space, given
public histories, that is, uf : U;enX’ — A(M) and X := (A x M)'~! for each ¢ (the set of public histories
at t = 1 is the null history). The rule u’ is similarly defined. This policy is chosen before the realization
of the state and agents know unambiguously know how to interpret what the principal is communicating

in each period. Figure 4.4 below describes the timing of the events.

Nature draws state Principal  sends Agent ¢t takes action
0 HorL t message m; € M ar € {h,t} t+1
} 00 o0 } L L & f
Principal chooses Agent 1 observes Agent t gets private Agent r + 1
an info policy a public history belief g, € [0,1] observes the
= (M,u ub) x € (AxM)! public history

X+l = (xl‘vatv’nt)

Figure 3.4 — Timing of events.

Along with agents’ strategies and the prior belief, the policy generates a probability measure P,

over the set of outcomes. Thus, principal’s value from the information policy 7 is

vi=Y (1- 8)8  'Pyla; = h].
teN
Upon observing some history x;, Ms. ¢ will have a public belief p, about the state being H.
However, because the principal’s message at ¢ might provide some information about the state, agent ¢
will also have a Bayesian induced belief p;. The expected value of induced beliefs p; conditional on the

information obtained in # must equal the public belief process obtained from that information. Formally,

Eﬂ[pt|xt] = EE[EE[]]-H|mt7-xt] ‘xt] = En[ﬂHPCt] = Dt
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where [E; is the expectation operator over outcomes with respect to P;. Ms. ¢ then combines this
induced belief with some realization of the private belief to choose which action to take. Thus, ¢ chooses
h upon observing p; and ¢ if and only if p, > ¢,. The (conditional and unconditional) probabilities of
taking action h are computed according to equations 3.2 and 3.3, but using p, instead of p,. Agent t + 1
can compute these probabilities, so she starts the period with an interim belief p; | according to equation

3.4, but uses p;, instead of py.

The results so far shows that any information policy generates stochastic processes {p; };en and
{P: }ren- They are they connected in the following sense. First, for every realization p;, the conditional
law of the induced beliefs j; equals p; in expectation. This follows from agents updating induced beliefs
after the principal’s message according to Bayes rule. Second, for every realization p;, there exists some
action a taken with positive probability such that p, ;1 = @,(p;). This happens from agents updating
induced beliefs after the observation of the history of actions (but not private beliefs). Lemma 4.1 below'?

shows that the converse also holds.

Lemma 3.1. Consider any stochastic processes {p; }1en and {p; }1en, with initial prior belief p; given,
such that (i) for every realization of a public belief p,, the law of the induced belief p; conditional on
p: equals p; in expectation; (ii) for every realization of an induced belief p;, there exists some action a
taken with positive probability such that the next’s period public belief is p;+1 = Q4(p;). These processes
can be generated by an information policy for which the message space is the belief space |0, 1], and the

information rules depend only on the current public belief.

The principal’s problem is now greatly simplified. He chooses stochastic processes {p; };en and
{P1}ren, satisfying the requirements of Lemma 1. If Ms. ¢ enters the period with belief p;, the principal
tells her that her induced belief should be some value p; € supp(7), where 7 is a probability measure over
induced beliefs whose expected value equals p,. Let . (p;) be the set of all such probability measures.
The public belief in the next period will be ¢ (p;) with probability 1 — a(p;) or ¢@,(p;) with probability
o(p;). Therefore, if Vg P is the principal’s value function from an optimal policy, then conditional on each

P:» the continuation value can be written as

= s B [(1 _S)alp)+5 ((1 ()W (u(p) + oc(p»vgpuph(ﬁt))ﬂ G

One can show that the right-hand side of the above equation is a contraction. As such, a unique
value function exists as a fixed point. Moreover, this function is continuous. This, in turn, implies that
there exists a probability measure T € .%(p;) that generates Vs (p;). Therefore, the supremum is the
maximum and there exists an optimal stationary policy. Finally, one can show that the optimal value
function must be concave in public beliefs and that an optimal policy needs to generate at most two

induced beliefs with positive probability, for any given realization of a public belief'>.

12The proof of this lemma is an almost exact reproduction of the proof of the obfuscation principle in Ely (2017).
13 All those claims are proved in appendix 3.7.
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The above equation shows the trade-off principal faces. On the one hand, he can avoid agents
following private beliefs by inducing posteriors on cascade sets. This leads to the maximum value of
the expected continuation value - the term multiplied by 0, because Vg P is concave. However, unless the
maximum current payoff E;[&] is achieved by splitting beliefs over C; and Cj,, maximizing tomorrow’s
value of information implies that the maximum value of information today is not obtained. On the other
hand, the principal can minimize the information he shares today to maximize his current payoff. But if
this implies letting Ms. ¢ follow private beliefs to some extent, he might be receiving a lower future value

of information than what he could get by inducing future agents into cascades.

The optimal policy for the illustrative example

To fix ideas, let us reexamine the illustrative example'4. The private signal space is S = {s,5},
and the probability distributions are f(5) = fL(s) = o, for o € (1/2,1). Therefore, the belief space is
{1— 0,0} with unconditional probability g(1 — o) = g(o) = 1/2. The cascade sets are C; = [0,1 — 0)

and Cj, = [0, 1]. The conditional and unconditional probabilities of action 4 (investment) given p are

0 ifped, 0 if p € Cy,
a(p)={c itpgCUC odl(p)={(1—-0) ifpdCUC,
1 ifpeC. 1 if p e Cy.
0 if p e Cy,
a(p)=< po+(1—p)(1—0) ifp¢C/UCy,
1 if p € Cy.

The system moves to another public belief according to the transition functions

P if pe Cy, P if p € G,

on(p) = op _ @u(p) = (1-0)p _
W lfp¢C/UCh m 1fp¢C/UCh

The figures on the right and on the left below present the transition functions and the principal’s
expected payoff for o = .8, respectively. Observe that as long as p < 1/2 (p > 1/2), a single observation
of action ¢ (h) brings the posterior to the cascade set Cy (Cp). So for p; = 1/2, if the first agent chooses
investment because she receives a good signal, all subsequent agents will do the same, as the public
belief for the second agent will be at the boundary of cascade 4. However, if the first agent chooses not
to invest due to an observation of a bad signal, the public belief for the second agent will be such that she

still gets to follow her private signal, even if she is at the threshold of cascade ¢.

14Even though I present the theory assuming a continuous private information structure, so far, there is no reason not to use
it to analyze an example with a discrete information structure.
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Transition functions Principal’s payoff
I | t
s TG 1 |
s S | |
0 " l
1 0 1-o c 1
Pr p
(a) (b)

Figure 3.5 — Analysis of the transition functions and the principal’s expected payoff of the illustrative
example. Figure 4.5(a) represents the law of motion over public beliefs (the blue line corresponds to the
one for the investment decision and the red line corresponds to the one for the non-investment decision).
Figure 4.5(b) represents the expected investment probability for each public belief. The figures assume
o=..

The value of the Bayes plausible distribution over beliefs that maximizes the investment proba-
bility « at p is called the concave closure of o at p (Aumann, Maschler and Stearns, 1995). I refer to
this value as cav]a]. Direct computation shows that cav|a]| is defined as below. The figures 4.6 (a) and

4.6 (b) present the concave closures cav|[¢] of a for 0 = .6 and ¢ = .8, respectively.

2 if Cy, 1 1
cavfo(p)=4° PED for L oo L.
1 ifpeC,. 2 V2
20p if pe Gy,
_ 1
cav[a](p) = [(1 zz)zTcz}p—l— [22%_2_11}(1—0') if pZ C,UCy, forﬁ <o<l.
1 if p € Cy,.
Values for 0 = .6 Values for 0 = .8
1 A ! | T
= l l 1 |
3 I I I I
= | 1 ! D
g | | | |
© ‘ 5 1 1
= — : :
S o ‘ |
§ | | | |
O A i 0 A, i
-0 © 1 1—-0 o 1
p p
(a) (b)

Figure 3.6 — Values of selected functions for different values of ¢ in the illustrative example. The yellow
function is the value of the one-shot concavification and the blue one is the advisor’s expected investment
probability.
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In the repeated interaction, if 1/2 < ¢ < 1/+/2, it is straightforward to see from equation 3.5
that no trade-off arises between maximizing current payoffs and maximizing belief convergence toward
cascade set Cj. Indeed, the one-shot optimal splitting of p; refrains all future agents from learning from
past actions, so a single informative disclosure suffices to reach the value of an optimal policy. This value

is ng(pl) =cav[a|(p;) =1/(20).

If 1/v/2 < 6 < 1 instead, the single disclosure strategy does not maximize the advisor’s current
payoff. Applying the algorithm in equation 3.5, it is possible to check graphically that inducing belief
convergence from the outset cannot be optimal when the precision of the private belief is sufficiently

high. Indeed, consider the candidate value function V*¢(p), where

if p & Cy,
if pec

vHi(p) =

= Qals

The candidate value function generates other two other functions: V*¢(¢,(p)) and V*¢(¢@,(p)).
These values and the expected continuation value V*¢(p) := a(p)V*¢(@n(p)) + (1 —a(p))V** (@i(p)) are
given below. I represent such compositions in figure 4.7 (a), for ¢ = .8. In figure 4.7(b), I plot the convex
combination between the investment probability ¢ and the candidate function V¢ using (1 — ) = .5 and
0 = .5 as weights respectively - call it ng .If V*? is the value of an optimal policy, this candidate must be
the fixed point of equation 5; that is, it must be cav[Z{](p) = V*(p) for every p. The concavification of
Zfsd is the dashed line in figure 4.7(c). From this figure, it can be seen that caV[Zfsd] and V*¢ differ outside
Ch.

2 ifpec, &) if pel—0,1/2),
Vo)) =900 . VAeu(p)) =4 °
= ifpefl—-o,0); 1 if pe[l/2,1];
G if p € [0,1/2),
7(p) =3 p |22+ (1-0) ifpellf2o),
1 if peCy.
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Compositions Convex Combination Concavification

1 1 v

} 7() : ‘ d

& ) Z\il 3 ‘.““. :

: Y e |

N | 0= |

0 1-o o 1 0 1l-o o 1
(@) (b) ©

Figure 3.7 — Testing the optimality of a single disclosure policy for the illustrative example. The values
of the parameters are ¢ = .8 and 8 = .5. Figure 4.7 (a) on the left shows the compositions of V*¢ with the
laws of motion ¢y (red line) and ¢y, (blue line). It also represents the convex combination of V*¢(¢y(-))
and V*(¢@y(+)) using weights 1 — o(-) and «(-), respectively (the olive line). The figure 4.7 (b) in the
middle represents Z§(-) - the convex combination of o(-) and V*/(-) using 1 — & and § as weights,
respectively (the violet line). Figure 4.7 (c) represents the concave closure of the composition Zfsd (the
dashed line) and contrasts with the candidate value function V*¢ (the orange line). It can be observed that

cav[Z)(p) # V¥ (p) for p & ;.

What is the optimal value function for the illustrative example? As proposition 1 shows - whose
proof is in appendix 3.8, it is the value function arising from minimizing the information disclosed to
maximize the expected current payoff at every realization of the public belief process. In other words,
for every p;, the principal induces posteriors according to the probability 7 € .(p;) that maximizes

Ef(l’t
information, the greedy and the single disclosure policies coincide; for informative private information,

yla]. At p; = 1/2, this leads to the values of an optimal policy below. For uninformative private

it is optimal to induce some investors to follow their private signals.

Proposition 3.1. In the illustrative example, the value of an optimal policy for ¢ > % is

p (ﬁfﬁff,z) if p€Cy,
_ 1-8+802—a(1-0)(2—8) 20-8)— (1864802
Vs(p) = p( (26761)(167515;62) ) +(1-o0) <G(2671)(176+80‘g) > ifp g CUGC,
1 if peCy.

This value function is achieved through a greedy policy, that is, a policy that induces posterior
beliefs to generate cav|a|(p) at every public belief p. This means that whenever p < 1 — o, the principal
induces posteriors 0 and 1 — o, and whenever p € (1 — 0, 0), the principal induces posteriors 1 — ¢ and

o. For beliefs p > o, principal does not disclose any additional information.
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3.4.1 Belief dynamics

In the illustrative example, for any value of the private signal’s precision, it is always optimal
not to change disclose any additional information for p > o, the lower bound of the cascade set on the
principal’s most preferred action. For any private information structure, whenever p; € Cp, it is optimal
to the principal not to release any additional information. Indeed, without any disclosure, agent ¢ will
take action h, regardless of private beliefs. Therefore, Ms. # + 1 will not learn anything new from the
observation of the agent’s  action and will choose action 4 as well. Releasing additional information in
this case can only potentially harm the principal. To see this, consider any p € Cj, and any 7 € .%(p). Let
1, be the probability measure that assigns probability one to p = p. Because Vg ? is concave and « is at

most 1,

1= 8+ 8V(p) = By, [20] > Be [227].

This means that Vgp (p) =1 for every p € C;,. Note that there are no conflicting effects, that is,
the principal maximizes his current expected payoff without sacrificing the continuation value or drifting

society away from action /.

In addition, in the illustrative example, for any value of &, the principal always splits beliefs
p < 1— o0, into 0 and other belief outside C,. This also generalizes to any private information structure.
To drive the public belief process away from this cascade set with some probability, the principal must
induce a higher belief p™ > p that makes action & at least considerable - and a lower belief p~ < p
that does not change the decision to choose ¢ no matter the private belief. Proposition 4.2 shows that, to
recommend agent ¢ to choose action ¢ irrespective of private beliefs, the principal must partially avoid

any release of future information, by setting p~ = 0.

Proposition 3.2. Suppose that private beliefs are bounded. For any positive public belief p > 0 belonging
to the principal’s cascade set on the least preferred action Cy, it is optimal to induce beliefs p— = 0 and

p T outside Cy.

Proof. If private beliefs are unbounded, C; = {0} and there is nothing else to release. Suppose then C;
is a proper interval and pick any p > 0 € Cy. Assume by way of contradiction that any policy leading
to the optimal value function splits p into at most two points p~ and p ™, both within C; and such that
0<p <p<pt< g- This leads to Vgp (p) = 0. Indeed, because Vgp is concave, any optimal strategy
yields

Vs’ (p) < 6Vg5"(p).

This means that Vi”(p) = V5" (p) =0, for § < 1. Now take p~ > € > 0 small enough and
define &' := min{p~ — &,g— p* +€}. Note that &’ > 0. Consider two points: p~ =p~ — €' and p* =
p*+¢€ . Note that 0 < p~ <p~ and p* > g. As such, p~ < p*. Consider the probability distribution
2:=(B,1—B), where
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s D—pP”
b=prp

The distribution 7 belongs to . (p). However, this contradicts the split placing both posteriors in

C, being optimal, because

Ee (2] = BI(1 - 8)a(p™) + V5 (5 )] + (1 - B8V (5],
> 8E; [7'],
> 0.

O]

Note that there might be conflicting effects when p € C,. The principal wants to drift society
away from action ¢ and to do so he must disclose additional information. He could provide sufficient
information to make all future agents take action 4 no matter the private beliefs, by inducing p™ € Cj,.
However, depending on the distribution of private beliefs, this could lead to a lower ex-ante probability
of agent ¢ choosing &, because the principal can only induce a higher p™ by recommending 4 less often
when the state is L. Alternatively, he could minimize the information released to maximize the ex ante
probability of agent ¢ choosing &, by inducing p* & C, UC), that maximizes (1/p")ot(p™). However,
because agent ¢ will choose according to her private beliefs, agent ¢ 4+ 1 might learn something beyond
what was disclosed to agent ¢ and this might reduce the principal’s expected continuation value. I will

investigate this trade-off in deeper later sections.

The discussion thus far leads to the following corollary. Define C;” := {p : a(p) = 0Vp €
supp(t??(p))] and C;” :={p : a(p) = 1;Vp € supp(t°?(p))}, where each 1°7(p) € ./(p) is a probabi-
lity measure that leads to the optimal continuation value at p. Note that C;” C C, for every a € {h,(}.
That is, the principal can only shrink the cascade sets. Under any optimal policy, CZP is always minimal
and CZP is maximal. Intuitively, a non-degenerate cascade set C; has no value to the principal: he can

always persuade society out of it if p € C,, provided that persuasion is at least possible - that is, if p > 0.
Corollary 3.1. Under any optimal policy, the principal always induces the minimal cascade set on the

least preferred action { and the maximal on his most preferred action h: CZ” = {0} and CZP =Cy

Although manipulated, the public belief process {p; };cn continues to be a martingale. To see
this, consider any public history x;, - recall that x, = {ar, p: ’T;ll - that leads to a public belief of p;.
Consider any information policy 7 with the associated T € .¥(p;). From equation 3.4,

Belpil) =B [a(p) (4 2) 5+ (1 - atp) (25 P)) 5] < ylp -

Being a martingale, the process almost surely converges to p... Similar to the no-policy case,

every realization of this random variable must belong to the absorbing sets. However, these sets are now

C;” = {0} and C}” = C;, as I show in the next proposition.
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Proposition 3.3. Under any optimal policy, the public belief process almost surely converges to the
induced cascade sets C;’ = {0} and C;” = C.

Proof. First, note that the induced belief process {p; };cn is a martingale as well. Indeed, fix an optimal

policy 7. Because Ex[p+1]x;,p:] = pr and Ex[py+1|x:+1] = pi+1, the law of total expectation implies that

Ex[Pr11X41] = prv1t = Exlprr1lx, i) = Ex[Ex[Pr1 % 1] X0, o] = Ex[pri1]x:, 0] = pr-

Because the process is a martingale, it converges almost surely to a random variable p... Taking
this into consideration, assume by way of contradiction that there exists some p.. in the support of p.. that
does not belong to {0} UC},. Let T € .9 (p.) be the associated optimal Bayes plausibility measure for pe.
There must exist some p in the support of 7 such that g < p < g. So consider an open interval / around
p such that I C (¢,4). It is possible to find some & > 0 with the following property. For every p’ € I,
either (i) a(p’) > € and |@,(p’) — p’| > € or (ii) at(p’) < 1 —¢€ and |@y(p’) — p'| > €. This follows from
a being continuous as well as from 0 < a*(p’) < o'’ (p’) < 1. Claim 3.3 from appendix 3.7 implies that
I does not contain any induced beliefs in the support of p... This is turn proves the existence of an open
set I’ containing p with measure zero with respect to the law of p... However, because p.. belongs to the

support of e, this is only possible if I’ also has measure with respect to 7, contradicting p € supp(7).

O]

As an implication of the above proposition, learning will be partially complete and correct under
bounded private beliefs'>. To see this, suppose the true state is H. Because the public belief process
converges, the stationary public belief must place positive probability on points in Cj, and/or in {0}.
However, because the belief process is a martingale, agents cannot be dead wrong about the state, that
is, they cannot hold belief O in equilibrium. Therefore, all beliefs must belong to the correct cascade
set. However, this process cannot jump to the extreme belief 1. Thus, when the state is H, learning is
correct, but not complete. Suppose now that the true state is L. Learning can be incorrect with positive
probability if private beliefs are boundedly informative. However, learning can also be complete with
positive probability, because the cascade set on action ¢ is degenerate. Corollary 4.2 summarizes these

observations.

Corollary 3.2. Assume that the private beliefs are bounded. Under any optimal policy, learning is always
correct but incomplete if the true state is H. Conversely, learning can be incorrect, but it can also be

complete, if the true state is L.

Comparing the learning outcomes with the no-policy case, one sees that the selfish principal
actually makes society better off. This occurs because one set in which no additional information is
generated (the set Cy) shrinks to a singleton. Thus, the principal eliminates one set of informational
inefficiencies. When the true state is H, only a correct, good herd can arise. When the state is L, unlike
the belief dynamics without intervention, there is a probability of complete learning even with bounded

private beliefs.

I5Recall that, with unbounded private information, learning is always complete - thus correct.
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3.4.2 Valuable social learning

Going back to the illustrative example, with a binary and symmetric private information structure,
the principal optimally allows agents to learn from past actions if and only if private signals are very
revealing. Does this observation generalize to a broader class of private information structures? This
section addresses such inquiry. For log-concave private belief densities, I will show that single disclosure
is optimal if and only if the right tail of such density is quite fat. One interpretation of this result is that
social learning is valuable to the advisor if and only if private information unfavorable to investment
is rare or contrarian behavior on high public beliefs is unlikely. For unbounded private beliefs, single

disclosure will never be optimal.

Before proceeding, let me return to the trade-off between maximizing the value of information
today and the value of information tomorrow. Recall that the optimal value function VSO P must be concave
in public beliefs. Let 7°7 be an associated optimal probability measure over posteriors, for any public
belief. Because Bayes plausibility is required, the value of the dynamic interaction is bounded above by

the value of the static interaction:

V5P (p) = (1= 8)Eqar(p) 0] + 8Earp) [V5"]
< (1—98)cavla](p)+6Vs"(p),

- V§P(p) < cavla](p).

For p € Gy, this upper bound is achieved. This is just another way of seeing that social learning
does not impose conflicting effects when beliefs are in the cascade set C,. Now recall that, for every
p >0 and p € Cy, the single disclosure splitting induces beliefs p~ = 0 and p™ = g with probabilities
1 — p/q and p/q, respectively. Because the optimal value function is a fixed point of the contraction
algorithm in equation 3.5, it is also true that the value of information outside C, is bounded below by the

value of shutting down learning. Formally,

ViP(p) >

QS

[(1=8)1+6V5"(q)] + (1 - Z) [(1—8)0+8V5"(0)] =V*(p).

Since V*¢ < Vg¥ < cav|a], whenever V* = cav[o] it is the case that V*¢ = V{” . In other words,
if the maximization of the static value of information implies inducing posteriors in the extreme points
of cascade sets, then shutting down learning from the outset is feasible and desirable from the principal’s
viewpoint. In fact, it is easier to check whether the single disclosure strategy is optimal: just comparing
o and V*¢. The next proposition proves that this effectively characterizes when social learning has no

value to the principal.

Proposition 3.4. Single disclosure is optimal if and only a(p) < V*4(p) for every p € (q,§).

Proof. Suppose first that o < V*¢. Because V*? is an affine function majorizing «, it must be that

cavla](p) = inf{f(p) s.t. f € RO affine and f > a} <V*(p).
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This implies that single disclosure is optimal for every public belief, because V*¢ < V7 < cav|a].
Suppose now that there exists some p ¢ C, such that ot(p) > V*/(p). Because V5" (p) > Z3 (p) - the value

of not disclosing anything at p and resorting to the optimal policy next period, it follows that

Ve(p) > (1 - 8)a(p) +3 [a(p)V3" (@u(p)) + (1 ~ c(p)VS" (9u(p))]
> (1= 8)V(p) +3 [a(p)V™ (9u(p)) + (1~ lp))V*(9u(p))]
+(1-

> a(p)V*(gu(p)) + (1 - a(p))V* (9e(p)).

The second inequality follows from a(p) > V*¢(p) and V¥ > V*. The third inequality follows
from V*¢ being concave and E[j’|p] = p. There are two cases to consider. In the first case, @;,(p) & Cj,.
Then, V*(9,(p)) = @u(p)/q for a € {h,¢}. This implies that Vy”(p) > V*¢(p). In the second case,
on(p) € Cy. Then,

a(p)V*(@u(p)) + (1= a(p))V*(@u(p)) = a(p)1 + (1 — a(p))V**(9(p)) > V**(p).

This implies that Vg P(p) > V*4(p); that is, it is not optimal to shut down social learning at p. [

At this point, some further assumptions are necessary to derive new insights. From now on, |
restrict the analysis to a rich class of probability densities: the log-concave class. I will also impose
a technical condition - differentiability - to simplify the exposition. Assuming the unconditional g to
be log-concave over (g,7) means that Ing is a concave function over (g,4). Equivalently, this means
that the ratio g’/g is non-increasing in its domain. Many distributions commonly used in economics
have log-concave densities: uniform, normal and exponential, to name a few. An (1998) and Bagnoli and
Bergstrom (2005) are excellent surveys of nice properties of log-concave densities'®. Log-concavity here

will be useful for generating regularity in the expected probability «.

Assumption 3.1. The private belief density g is log-concave and differentiable on (q,q).

The differentiability of g implies that o is twice differentiable over (¢,g). By doing so and

simplifying the result, the following expression is obtained:

o (p) = 4p(1— p)g(p) B (pz(’l’ j;)) - ‘z((;ﬂ . (3.6)

161 og-concavity of the private density does not imply neither is implied by log-concavity of private signals. I will have
nothing to say about the general conditions for which distributions over private signals generate unconditional log-concave
densities, but Roesler (2014) offers some insights about this. Recall, however, that the boundedness of private signals does
translates it into the boundedness of private beliefs. Moreover, discrete signal distributions cannot be log-concave, as they are
not atomless.
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The term multiplying 3/2 has a single-crossing property, that is, it crosses the horizontal axis
only once and from below!”. If —¢” inherits the same property on (¢,@), then the ex ante expected
probability o will be convex up to a point and concave after it. Because the concave closure of o in Cy
is linear, the static problem then will be to find the maximum inclination t such that 1p touches a(p) at
some point p™. In other words, the static persuasion problem breaks down to maximize a(p)/p. Note
that the point p™ must be at least higher than the inflection point. Moreover, the single disclosure policy
will be optimal if and only if p™ = 4.

Quah and Strulovici (2012) proved that a linear combination of two single-crossing functions has
the single-crossing property if and only if they satisfy what they called signed-ratio monotonicity. Briefly,
if a form of monotonicity of the ratio of those functions holds even when the signs of the functions are
different'®. Hence, for —a” to have the single-crossing property, —g'(¢q)/g(g) would have to have the
single-crossing property as well. Moreover, —(Ing(1 — ¢))’ and (Ing(g))’ must satisfy the signed-ratio

monotonicity. This will be the case for g log-concave, as lemma 4.2 demonstrates.

Lemma 3.2. If the private belief density g is log-concave, then & is convex-concave on (q,q).

Profiting from lemma 4.2, theorem 4.1 characterizes the optimality of the single disclosure policy
in terms of the private information structure solely, provided that the private belief density is log-concave.
More specifically, social learning is not valuable to the principal if and only if there is a high mass

concentration of belief at the right tail of the density.

Here is the intuition for this result. Suppose that the private information structure is boundedly
revealing. Recall that private beliefs close to § mean higher beliefs about the state being L. If higher
private beliefs are likely, this acts against the principal’s interest. If he allows agents to follow private
beliefs, even if he induces a high posterior belief, a private realization of ¢ near g could drive down the
public belief process. Thus, outside Cj, the ex-ante expected probability ¢ is higher under the single
disclosure policy than under any other policy. Note that single disclosure achieves the highest value

cav[o] in this case.

However, if higher private beliefs about the state being L are not likely, then the principal can
expect that agents will follow a recommendation to choose action & with a high probability. Behavior
contrary to the principal’s recommendation is possible, but relatively unexpected. Thus, outside Cy, there

is a strategy that leads to a higher expected probability ¢ than the single disclosure one.

Theorem 3.1. Assume that private beliefs are bounded and that the density of private beliefs is log-
concave in (q,q). Single disclosure is optimal if and only if the right tail of the private belief density is
sufficiently fat. Formally, for any é € (0,1),

1
VP (p) =V (p) & limg(q) > ————= Yp<q.
5 (P) (p) mg(q)_4(1_q)q2 p<q

17 A function f satisfies this if £(s') > 0= f(s”) > 0 whenever s”" > s’ and f(s') > 0 = f(s') > 0 whenever s” > s'.

18 A5 Quah and Strulovici (2012) defines it, two functions f and f satisfy the signed-ratio monotonicity if (i) at any
Y f(F) <0and f(r) >0, (—f(F)/f() > (=F(")/f(r")) whenever " > /5 (ii) at any ¥ : f(+') <0 and f(r') >0,
(—f()/F()) = (—f(") /] (1)) whenever ' > 1.
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Proof. Suppose that single disclosure is optimal, that is, @ < p/g for every p < g. Then

1—a(p)
g—p

<

Q| =

Taking the left limit of the right side of the inequality at g - the limit exists because o is con-
cave near g - leads to o/(g—) > 1/g. In Appendix A, I show that this left limit equals 4G(1 — g)g(g-).
Rearranging the inequality, it follows that

1
41-9)q*

Now assume that the above inequality is reversed. I need to show that this leads to single dis-

g(g-) >

closure not being optimal. From the computation of @'(-), one can show that a/(g_) < 1/G. Because
Q is concave on an interval near g, there exists some p close enough to g (but below g) such that
o/(g-) < a'(p) < 1/q. Also, it must be that

a(p)+d'(p)(p'—p)>a(p) vp'

In particular, for p’ = ¢, %;p) < a/(p). Therefore,
-« 1
_7@<*_ or Ot(p)>£i
q—p q q

O]

Let me stress one final remark regarding the log-concavity assumption. Log-concave densities
have exponential tails (An, 1997; Cule and Samworth, 2010). This means that the right tail goes to
zero fast as g goes to 1 and the threshold inequality for single disclosure being optimal does not hold.
Therefore, for the log-concave class, single disclosure will never be optimal when private beliefs are

unbounded, as corollary 4.3 evidences.

Corollary 3.3. Assume that private beliefs are unbounded and that the density of private beliefs is log-
concave in (0,1). Single disclosure is never optimal: there is always some public belief above which
vor V‘Yd.

Collecting results, social learning is valuable to the principal whenever the expected investment
probability at some public belief near his preferred cascade set is higher than the expected investment
probability from single disclosure. If this is the case, the principal can come up with a better split at
this public belief to maximize & and resort to single disclosure at a later time. With log-concave private
belief density, this condition can be characterized in terms of the right tail of g only. Social learning is
valuable if and only if private beliefs unfavorable to action 4 are rare. With unbounded private beliefs,
this is always the case because, although private information can be fully revealing, the probability of a

contrarian agent in public beliefs near 1 is small.
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An example with log-concave private belief density

Discrete private belief distributions cannot be log-concave, so the illustrative example fails to
capture the results in this section. Let me introduce another example to fix ideas'®. Let q:=(1/2)(1-o0)
and g == (1/2)(1 + o) where o € [0,1]. As in the first example, the parameter ¢ controls to which
extent the private beliefs can be unbounded. The unconditional density is uniform over [g,g]. Under this
uniform density, I compute the the expected probability of taking action 4 and the transition functions in
appendix 3.8. Here, I provide a visual representation of these functions as well as the single disclosure
policy in figure 4.8, for different values of o. Specifically, the first line shows the functions for ¢ = .4

and the second line shows the functions for ¢ = 8.

In this example, the single disclosure strategy is optimal whenever 6 < ¢* ~ 0.54. In this case,
depicted in the figures of the first line, the value of a one-shot concavification and the single disclosure
policy coincide, so at p; = 1/2, V{” =1/(20). Whenever ¢ > ¢*, one can see that a(p) > p/ for any
p < g above a threshold p*, represented in the graphs. Therefore, at py, it is safe to say that Vg P> ysd,

that is, some social learning is valuable to the principal.
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Figure 3.8 — Expected probability vs. single disclosure value function for different values of o. Figures
4.8 (a) and 4.8 (b) represent relevant functions with o = .4, and figures 4.8 (c) and 4.8 (d) show the same
functions with o = .8. The blue lines in figures 4.8 (b) and 4.8 (d) show the investment probabilities, and
the orange lines show the value of a single disclosure policy.

19This example comes from Herrera and Horner (2012).
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3.4.3 The role of patience

In the case that single disclosure is not the optimal policy for the second example, then what
policy is? The greedy one? It turns out that an explicit computation of the value function for continuous
private signals is a daunting task. This is most often true whenever « is concave or convex outside Cy or
when there is only one law of motion that is exogenous to agents’ action. However, with multiple laws and
expected investment probability being convex-concave, it will not necessarily be the case. Nevertheless,

I will have a few things to say about the long-run value of information.

As the principal becomes infinitely patient, the optimal value function converges pointwise to the
single disclosure value function. This does not depend on the private information structure - and it can be
seen from the policy derived in the illustrative example. The result follows mainly from the stationarity
of the optimal policy. Intuitively, the more patient he is, the more he cares about the stationary probability
of herds. As he always has informational power to induce herd behavior, the short-run value of social
learning is less important to him. Thus, for high values of J, the simplest strategy - not caring about
social learning - might be reasonably close the highest possible payoff the principal can receive in the

long run.

Let me present this result formally. Any optimal policy 7 - given the initial prior - induces a
sequence of probability measures {i,”},eN over the induced belief space. Therefore, I can write the

principal’s value from an optimal policy as a function of the induced belief process:

Vsl =Y (1-8)8"'E;s[a.
teN

Moreover, because the public belief process converges to the new cascade sets (from proposition
3.3), so does the induced one. This means that informative communication must eventually settle down.
Indeed, if p = 0 with positive probability in the long-run, the principal cannot split beliefs further; if
p € Cy, there is no reason to split beliefs. Therefore, in the limiting case (that is, as the discount factor
goes to 1), I can interchangeably talk about either the laws of induced beliefs {i,”}teN or public beliefs
{A }+en. Lemma 4.3 then follows.

Lemma 3.3. Ler w be an optimal policy. The associated value function must converge to the stationary

value of the public belief process hitting Cj, under &. Precisely,

(%Ln} Vgp = ,ILH;EZ” [a] = AZ(Cy).
Define now the belief pT = [,z [p|p € C;]. Because the public belief process is a martingale and
C} = {0}, it must be that pTAZ(Cy) = p1. Clearly, the split of p; in pJ with probability AZ(C;) and 0
with probability 1 — AZ(Cy,) is Bayes plausible at t = 1. Moreover, it places posteriors at cascade sets
from the outset, undermining any necessity of disclosing additional information at t+ = 2. Note that this
strategy yields the same long-run value limg_,; Vg P Moreover, it has to give principal a lower value than
the single disclosure strategy, because the latter is the best strategy among those that disclose informative

messages only at the beginning. Thus lims_,; V5? < V*7.
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Reverse inequality must also be true. Indeed, by definition, Vg P > v for every discount factor

0 < 1; in particular, it must hold for & close to one. In summary, I have proved the following theorem.

Theorem 3.2. The value of an optimal policy approaches the value of the single disclosure one, as

principal becomes increasingly patient:

lim Vy¥ = V.
6—1

3.5 Private communication

Suppose the principal still can publicly commit to an information policy, but now can restrain
current agents from observing past realizations of messages. In this sense, communication is private.
Because agents’ strategy will only depend on the observation of the action history - not message histories
and current messages, it is without loss to consider information rules that are maps from action histories
to a distribution over messages. As in the previous sections, along with agents’ strategies and the prior
belief, the policy generates a probability measure over the set of public outcomes (the set of action

histories).

For a given information policy and a given strategy for the agents, upon the observation of a
history a’, Ms. t + 1 will have an interim belief p, | about the state being H. However, because she does
not observe what message Ms. ¢ received, she needs to average out all possible realizations of induced
beliefs p; that led 7 to take the observed action a,, given that ¢ observed history a'~!. Therefore - and by
law of total expectation - it is conditionally and unconditionally expected that ¢ takes action & with the

probabilities below, respectively.

& (pr, %) = Bgn,[a(pr)] for 6 € {H,L}; (3.7)
a(pi, %) = p&" (pr, 1) + (1= pr) & (pr, ). (3.8)

After observing action a; = a, agent ¢ + 1 updates her public belief according to

H )
508l e
Pr+1 = @u(pr, %) = 3.9)
—al .
P g ita=t.

The simplifications discussed in previous subsections still hold here. Specifically, it is without

loss to focus on direct (the message space is the belief space and principal tells agents exactly what their
beliefs should be) and Markov (information rule only depends on public history through the realization

of interim beliefs) information policies.
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Because these simplifications hold, I can reformulate the principal’s problem in terms of Markov
decision problem, same way as before. However, the realization of a current public belief does not have
a direct effect on the next period’s belief. The principal must consider the average effect a given current
distribution over messages will have on the next agent’s inference about the state of the world. Thus, the

value of an optimal policy must satisfy for every p € [0, 1]

Vi (p) = mar [(1-8)a(p.)+ (&0 (Ou(p D) + (1= p, DV @ilp ) ) | 310

The equation above is an operator and satisfies Blackwell’s sufficient conditions for a contraction.
However, the fact that the value function is still concave is not straightforward, as this is not a dynamic
concavification operator the same way as in previous sections. Nevertheless, lemma 4.4 below proves

that concavity is preserved in a private persuasion mechanism.

Lemma 3.4. With private communication, the function Vg P is concave in (0,1).

Lemma 4.4 implies that one of the essential features of the results in the previous sections is pre-
served under a private communication mechanism. Namely, the concavity of the value function. Recall
that concavity ensures that the principal’s expectation of future continuation values is weakly lower than
his continuation value under the expected value of future beliefs. The second crucial feature - principal’s
best prediction of the next public belief given a current p is exactly p - also holds. Under private com-
munication, the public belief process evolves according to a new transition kernel that still equals p on
average, for every p. As such, the public belief process continues to converge almost surely to the same

(induced) cascade sets as before. All the results from the previous section are valid.

3.6 Conclusion

People rely on the wisdom of the crowds to make decisions. Because they do, using information
disclosure to induce or avoid herd behavior is the goal of many professionals and institutions. This
study investigates the optimal ways to persuade crowds. Specifically, I consider an observational learning
model and add a non-benevolent information designer who can commit to an information disclosure
strategy, but cannot censor public information in society nor observe each agent’s private information.
The designer’s problem then is basically when to be strategically vague - thus letting agents follow their

own signals to some extent - and when to be strategically clear - thus triggering informational cascades.

This paper has two main results. First, the features of agents’ private information structure de-
termine when it is optimal to persuade a single agent - single disclosure case - and when it is optimal
to allow some social learning dynamics. For a well-known class of private belief distributions - the log-
concave class, I give a characterization in terms of one of the tails of the unconditional private belief
density (theorem 3.1). Some social learning is optimal if and only if private information unfavorable to
the principal’s most preferred action is sufficiently rare. With unbounded private beliefs, this possibility

can never be too significant, so single disclosure is never optimal.
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Second, social learning is less valuable to a more patient principal. In the limiting case - that is, as
the designer’s discount factor goes to one - the optimal policy has the same value as the single disclosure
policy (theorem 3.2). This means that whenever designer does not heavily discount current payoffs from

persuasion, avoiding agents from learning through actions might be in his best interest.

An auxiliary result is worth mentioning. For bounded private beliefs, under any optimal policy,
conditional on the state being high, there can be no herds toward the worst action for agents. Without an
information intermediary, there is also a chance of society getting trapped in the bad herd. Conditional on
state being low, complete learning occurs with positive probability. Again, this could not happen without
intervention. Thus, the information policy from the selfish designer benefits society, as it eliminates

informationally inefficient outcomes.

As an extension, I also prove that allowing the principal to censor past messages to current agents
does not provide him with any additional benefit. This happens because agents know the information rule
in every period, even though they might not be sure about the realization of past messages. As such, the

public belief process is still a martingale and the principal’s value function is still concave in those beliefs.

3.7 Appendix A: technical details and omitted proofs

A model of crowds

This subsection reproduces key results about private beliefs and the public belief process in a
standard observational learning model, for the sake of completeness. All claims are adaptations from
results that have already appeared in the literature. Claims 3.1, 3.2 and 3.3 are taken from Smith and
Sgrensen (1996) and Rosenberg and Vieille (2019). Claim 3.4 is taken from Cao, Han and Hirshleifer
(2011).

I have said that private beliefs come from the observation of a private signal, but I have remained
silent about what those signals might be. Let me give now a detailed description of the private inference
process and let me explain why it is sufficient to impose assumptions directly on the unconditional dis-
tribution of private beliefs. First, let me summarize all possible outcomes from this repeated interaction
by the sample space Q := @ x (A x S)N. The § is a space of private signals. Agent ¢’s set of public
histories is A’~'; the first agent’s public history is the null set. A strategy profile for the agents and the
common prior belief over the states generates a probability measure P over .%, the c-algebra generated
by Q. The sample space admits the partition Q7 := {H} x (A x S)N and QF := {L} x (A x )Y with
P(QF) = P(QF) = 1/2. 1 also refer to P? as the conditional probability measure over (€,.%) given 6.

Every agent observes the realization of a measurable function §; : (Q,.#) — (S,.¥). The condi-
tional law of §; is thus F® =P% o5, for 6 € {H,L}. The assumption of signals being conditionally i.i.d.
means that F? = [F9 for every ¢ € N. To ensure that no private signal perfectly reveals the state, T impose
F and L to be mutually absolutely continuous. This means that every subset of . has measure zero
under F if and only if it has measure zero under F*. The Radon-Nikodym theorem ensures the existence
of a non-negative measurable function { such that F¥ = {IFE. This function is almost surely unique, po-
sitive and finite. For every agent ¢, consider now the measurable function g, : (S,.%) — ((0,1],%) such
that
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1
Gi(s) = ma

where % is the Borel o-algebra of the unit interval. Note that §; is the conditional probability
of 8 = L given the (o-algebra generated by the) private signals. That is why I refer to g, as the private
belief variable. Because {5, };cn is conditionally i.i.d., so it will be {§; };en. The associated conditional
measures are G = F% 0 5!, Because F and FZ are mutually absolutely continuous, G* and G* will
also have this property. Therefore, there exists a non-negative measurable function 1 such that G- =
nG*. Observe that

|
GL(B :/ dIFL:/ CdFH — /[ ]dGH
®) q(B) ' ¢ 1—

This means that the density 1 equals ¢/(1 — g) almost surely. In particular, it is true for the
conditional cumulative distribution functions G and G. This is called the no introspection condition
in Smith and Sgrensen (1996). Now, consider only the assumptions that private signals are conditionally
i.i.d and that the unconditional distribution over private beliefs G is absolutely continuous with density
g. Then G and G* will be mutually absolutely continuous with each other and will have densities g
and g* respectively. If it holds that g& /g’ = ¢/(1 — q) almost surely, then the whole private information
structure is determined by g. This is so because I can set g7 (q) :=2(1 —q)g(q); g“(q) = 2qg(q) and
define conditionally i.i.d. distributions of private signals that generates G: just set F® = G® for every
6 c{H,L}.

Let me show that g&'/g" = q/(1 — q) indeed. Set n = gl/g. If an agent could see directly a
private belief ¢, her inference about state L would be

N (/) I/ (7))
W)= ) el Ton(a)

But g(s) =E[14_, |s]. It follows that §(q) = E[15_,|q] = E[E[14_,|s]|q] = E[§ = g] = q. Thus,

n(g) =y
Claim 3.1. The difference a(p) — o (p) is non-decreasing in p € [1/2,1] and strictly increasing in p €
(1/2,q). Likewise, it is non-increasing in p < [0, 1/2] and strictly decreasing in p € (q,1/2). Moreover,
a’(p) > aX(p) for every p € (4,4).

Proof. Recall that it is possible to rewrite conditional densities in terms of g only: g (q) = 2(1 —q)g(q)
and g*(q) = 2qg(q). Integrating by parts, I can rewrite o/ (p,) and o*(p;) as

a”@ozszqu@o+A”G@M4,

Pt

at(p) =2 [ptG(pt) - G(Q)dQ] :
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The difference between o and off is

Dr
o ()~ ") =2[ 2~ 1G(p) 2 [ Gla)da]
q
Suppose p, > 1/2. Take any p, > p,. Because G(q) < G(p}) for every g € (py, p;], it follows that

i

(a"(p}) — o (p))) — (o (pr) — & (p1)) =2 [Z(Pﬁ —p)G(p) +(G(p1) — Glpr)) (2pr —1) — 2/17

[G(p1) = G(p:)](2p — 1),
0.

G(q)dq} ;

v

v

This means that the difference o — a? is non-decreasing for beliefs above 1/2. The difference is
strictif g > p, > 1/2, because G is strictly increasing in its support (recall that G is continuous). Suppose

now that p, < 1/2. Take any p} < p,. It follows that

2|20 — P)Gpr) + (G(pl) — Gp)) (1 —2p1) —2 ,,,G(q)dq}

p
[G(P;) = G(p))(1-2py),
0.

(a"(pr) = & (p1)) = (" (p1) — & (p1))

IN I

IN

This means that the difference o — ¢! is non-increasing for beliefs above 1/2. Again, the diffe-
rence is strict if g < p, < 1/2. Let me now show that al stochastically dominates . From the difference
al —all, it is possible to see that this is certainly true for p, < 1/2. Suppose now p, > 1/2. Because
g—1/2= jq‘? G(q)dg = [; G(q)dq + j;? G(q)dgq, another way of writing the difference is

o (pr) — " (pr) =2 [<2pz ~1)G(p) +1-20+2 [ qG(q)dq] .

Because G(q) < G(g) = 1, it follows that

o (p) — a(p) <2 [<2p— DG(p)+ 1 —24 7

2(1-2p)(1-G(p)),
0

IN

Note that whenever p < ¢, a”’(p) = a*(p) = 0; whenever p > g, a’(p) = a*(p) = 1. This
proves that o*(p) < a*(p) for every p € (¢,9). O

Claim 3.2. For every p € (q,q), the laws of motion @;(p) and @y(p) for public beliefs given the past
observation of actions satisfy @,(p) > max{1/2,p} and ¢;(p) < min{1/2, p}.
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Proof. That @,(p) > p and @;(p) < p for every p € (¢,q) follows from claim 3.1. Let me show that
on(p) > 1/2 > @u(p) as well. Since (g-/g") = q/(1 —q) and q/(1 — q) is a strictly increasing function,
it follows that

a"(p) =2/(]ng(q)dq=/qp (13() Hdg < (ip) /qu”dqz <lfp> o (p).

This implies that ¢;,(p) > 1/2, because

o (p)p 1 1
p)= = - > .
W)= S o+ (p) (1= p) 1+ g ise ™ 2
Similarly,
1OCL(p)=2/lgL(61)dq=/l (q> Hdgq > (p> /lngqZ <p)(106H(p))-
p p \1—¢ IL—=p)Jp I—p

Implying that ¢;(p) < 1/2, because

- (1—-a"(p))p _ 1 :
o) = it (a1 —p) 1+ R

O]

To proceed, let me formally argue that the public belief process is a martingale. Recall that
each public belief is a random variable p, : Q — [0, 1] measurable with respect to .%. Let .« be the
sigma-algebra generated by A’~!, for every ¢ (at t = 1, agent 1 does not observe any history). Each j,
is measurable with respect to <7 and (% ),ey is an increasing family of sub-c-algebras of .%. Thus,
(Pr)ren is adapted. Moreover, because it is a version of the conditional probability of Qf given events in
<, and of; C <1, it follows that E[p,1|<%| = E[E[lg_gy| 11| = E[lg—y| <] = p; almost surely.

The belief process is a martingale indeed.

Being a martingale, it must converge almost surely to a random variable p.. (see for instance
Williams, 1991, section 11.5). The proof here - an almost exact reproduction of theorem B.1 and B.2 in
Smith and Sgrensen (1996) - relies on a(-) and @,(-) being continuous functions outside cascade sets,

but this is not crucial, as it can be see in the proofs of the theorems in the referred paper.

Claim 3.3. The limiting public belief p.. has all points of its support belonging to cascade sets.
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Proof. First, I need to prove the following. If an open interval I C [0, 1] has the property that there
exists a number € > 0 such that, ¥V p € [, either (i) ot(p) > € and |@u(p) —p| > € or (i) o(p) <1—¢
and |@;(p) — p| > €, then I cannot contain any point in the support of p.. Indeed, assume by way of
contradiction that this is not the case. Consider any point p% € I Nsupp(p«) and define the set I’ :=
(ps,—€/2,pt+¢€/2)NI. For any p in I, either (i) a(p) > € and @,(p) ¢ I’ or (ii) a(p) < 1 —¢ and
@¢(p) €I'. On the one hand, p, € supp(pw), so it must be that there is a positive probability that the event
{p: € I'} occurs for infinitely many ¢. On the other hand, conditional on the event {p; € I'}, the event
{Pr+1 €I'} has probability at least €. Thus, ¥';en P[pi11 € I'| p; € I'] = oo. The (conditional) second Borel-
Cantelli lemma (see for instance Williams, 1991, section 12.15) implies then that {p;| & I'} happens
infinitely often, conditional on {f;, € I'} infinitely often. But then probability of the event {p; € I'}

happening for infinitely many ¢ is zero, a contradiction.

With the above claim, I can continue with the proof that the support of p.. contains only points in
C,UCy,. Assume by way of contradiction that there exists some point in the support of p.. - say, pZ - such
that p%, & CyUC},. Then there exists € > 0 s.t. either a(pk,) > € and |@,(pL) — pi| > €ora(pl) <1—¢
and |@y(pL) — pL| > €. Without loss, suppose the first case holds. Because o(-) is continuous at pZ, there
exists an open neighborhood around pZ - call it I - such that a(p) > € and |¢@,(p) — p| > € for every
p € 1. But then I cannot contain any point in the support of p., a contradiction. O

To prove the last claim in this subsection, let {A,""},cy be a sequence of probability measures,
each r giving the probability of the public belief process belonging to any event at t. Because {p; };en
converges almost surely o pe, it must be the case that Ejw[f] converges almost surely to E;»[f],
for every bounded, continuous function f. Because supp(p.) C C;UCy, it must also be the case that
supp(A2P) C CyUCy. The function « is continuous, so lim; e Eym [a] = AZP(Cy,). It remains to show
that lims_,; V" = lim; e |y v [ct].

Claim 3.4. lims_,; V5" = lim,_,.. E;m[al]

Demonstragdo. Let V* = lim, . E;w[a]. Because Eyw[a] — V*, for all (€/2) > 0, there exists some
N € N such that for# > N, |Ew[a] —V*| < /2. This leads to

Vi =V =Y (1-8)8" (Epmla] - V)|,
teN

<Y (1-8)8""[Eym(o] —V*|+ 8" "e/2.

t<N

Now consider V := ¥,y [Epmw[0] —V*| and & := 1 —¢/(2V). Then, for any 1 > &' > 6,

Y (1-8)8" " |Emla] -V + 8™ e/2<e/2+e/2=¢.
t<N

As the choice of & was arbitrary, this means that limg_,; V" = lim; . £y [at]. O
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Persuading crowds

In this subsection, the set of all possible outcomes of the infinite interaction is Q = @ x (A x § X
M)N. To simplify notation, I set X := A x M. A strategy profile for the agents, the common prior belief
over the states, the prior information structure and the information policy generate a probability measure

over .7, the o-algebra generated by Q.

Lemma 3.1. Consider any stochastic processes {p; };en and {p; }1en - with initial prior belief py given
- such that (i) for every realization of a public belief p;, the law of the induced belief p, conditional on
p: equals p; in expectation; (ii) for every realization of an induced belief p;, there exists some action a
taken with positive probability such that next period’s public belief is p;+1 = @,(p;). Therese processes
can be generated by an information policy for which the message space is the belief space [0, 1] and the

information rules depend only on the current public belief.

Demonstragdo. Consider any stochastic processes {p; }reny and {p; }en s.t. the expected value of the
conditional law of p, given a realization p, equals p,, for each ¢. Call this conditional law t(-; p;). Let the
message space be M = [0, 1] and let the associated c-algebra be the Borel o-algebra % of M. Consider

the .# -measurable mappings:

if p, € (0,1), . py) = i if pr e (0,1),
yHt) «—

«f(m,p,) =

= 33

Consider as well the following set functions on .Z,

WBp) = [ mpyeamp), kB = [k p)tdmp)
I claim that they are probability measures, given p,. Suppose that p, € (0,1) (otherwise this
is trivially true). That they are non-negative is immediate. Moreover, u®(M; p,) = 1. Finally, they are

o-additive. Indeed, for any sequence (Bj,),cn of pairwise disjoint subsets of .# with B = U,enBy,

wOBp) = [ Kmpetdmp),
-1 T #mp0)- 1, ()| elai .
= n% [/M K% (m, p,;) - 1g, (m)f(dm;p,)] )
= %ue(Bn;pz)-

The value 15, (m) above represents an indicator function, equal to one whenever m € B,, and zero
otherwise. Observe that, from the point of agent 7 that does not know 6 but observes the information
policy and the realization p, € (0,1) (again, if p; € {0,1} the proof is trivial), the probability of any
B € ./ is given by
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W(B;p;) = pild (B pi)+(1 _Pt).u (B:p1)s
=pt/ff(dm pi)+(1—pr) /1 T(dm; py),

= 17(B; p1).

The information policy generates the same conditional probability measure over induced pos-
teriors. Let me now show that under this policy, the realization of posterior beliefs coincide with the
posterior beliefs p; € supp(7(p;)). To do so, suppose first that p, € (0, 1). If the principal sends p; to the
agent, her posterior belief is

ptKH(p,;pt)
Pk (pr; po) 4 (1= po) kL (pr; pi

P (P pr) = ) = Pr-

If p, =0, then E[p;|p;] = 0 implies that the only possible p, is 0. Then trivially p(B; p;) induces 0
for any message B that has positive probability. Similar analysis holds for p;, = 1. Note as well that under
this information policy the expected value of induced beliefs conditional on the realization of belief p,

equals p;:

E[p:|p:] = /p;u(dp,;pt) = /PtT(dPt§Pt) =Dt

O]

In what follows, it will be convenient to review some results about the concave closure of a
bounded function f: X — Y, with X C R convex and ¥ C R. This is given by

cav[f](x) = sup{y: (x,y) € co(hyp(f))},

where co(hyp(f)) is the convex hull of the hypograph of f. The concave closure of a bounded
function is concave. Indeed, let hyp(cav[f]) be the hypograph of cav[f]. Take any (x,7),(x',¢') in it.
There exists probability weights 7 and 7/, both over X, such that E;[¥] = x and E/[X] = x" as well as
E.[f(%)] =t and E¢[f(X)] =¢ < f('). Consider now an arbitrary A € [0, 1]. Define x” := Ax+ (1 —A1)x
as well as 77 := A7+ (1 — A)7’. There exists probability weights such that E./[%] = x", E¢[f(%)] =
At+ (1 —=A)t" ==1" < cav[f](x"). That implies hyp(cav[f]) is convex and cav[f] is concave.

It will be convenient as well to recast the problem in terms of a Markov chain over the belief
space. Define a transition probability P : [0,1] x #8 — [0,1] such that for every p € [0,1] and every
Bec %,

P(p,B) = H{eu(p) € Bta(p) + L{ei(p) € B}(1—a(p)).
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Note that, for every p, the expected value of P(p) is exactly p:

[ PPp.dp) = alp)ou(p) + (1 = a(p) () = p

Associated with it, there is a transformation mapping the space of bounded functions f on the
belief space to the same space, defined as below. This is the expected value of a function f given that the

current belief is p.

/f(P')P(p,dp’) = a(p)f(en(p)) + (1= a(p)) f(9u(p))-

Associated with this operator, there is an adjoint operator P* mapping the space of probability
measures vV over the belief space to this same space, defined as below. This is the probability of next

belief belonging to B if the current belief is drawn according to v.

(Pv)(B) = [ P(p.B)v(dp)

One can show?’ that P and P* are connected trough the following relation:

[@nwvian = [ 1)@ viap).

Using the above notation, I can define another transformation 7 from the space of bounded
functions V to itself. This transformation is the concave closure of the function (1 — a)(p) + 6(PV)(p).

The transformation is given below. From it, a series of claims follow.

V)= swp Be|(1-8)a(p) +8(PV)(P)| = sup {(1-OBslap)]+8 [Vip(Poan) ),
€7 (p) €7 (p)

Claim 3.5. For every p and every bounded, continuous function V, there exists a solution T € . (p) to
the problem:

sup B:|(1-8)a(p) +3(V)(7)]
€7 (p)

Proof. The assumption of an absolutely continuous unconditional distribution of private beliefs imply
that both o and PV will be bounded and continuous, if V is bounded and continuous. In particular, the
expression in brackets will be upper semi-continuous, so its hypograph is convex. Therefore, any element

on the convex hull of the hypograph of will be attainable, and I can interchange the sup by the max.

O

208ee for instance Stokey and Lucas, 1989, theorem 8.3.
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Claim 3.6. For every every bounded function V, the transformation function TV is concave in beliefs.

Proof. TV is the concave closure of a bounded function. From previous discussion, the concave closure

of a bounded function is concave. O]

Claim 3.7. The transformation T is a contraction.

Proof. First note that (TV)(p) is equivalent to cav[(1 — d)o + 6(PV)](p). From Blackwell suffici-
ent conditions, to show that the operator is a contraction, it suffices to show that it satisfies conti-
nuity?! and discounting?®. Continuity follows from (PV’) > PV" for every V' > V" and cav being
itself a operator that satisfies continuity. Discounting follows from (Pf +d)(p) = (Pf)(p) +d and
cav[f +d](p) = cav[f] +d. Therefore, (T f+d)(p) = (T f)(p)+ dd. O

Claim 3.8. The optimal value function Vg P(p) is continuous in beliefs.

Proof. The transformation T maps the space of bounded functions to itself. Because it is a contraction,
it suffices to observe that for every continuous function, the image of the operator will be continuous as
well. O

Claim 3.9. For every p, any optimal policy with associated optimal probability measure over posteriors

at p places positive probability on at most two induced beliefs p~,p" s.t. p~ < p < p™.

Proof. This is a straightforward application of Carathéodory’s theorem on any point of the convex hull
of graph of Zg" : [0,1] — Ry with Z3"(p) := (1 —8)a(p) + 8(PVs")(p). See for instance Rockafellar,
1970, corollary, 17.1.5. OJ

Valuable social learning

Lemma 3.2. If the private belief density g is log-concave, then a. is convex-concave on (q,q).

Proof. The function ¢ (gq) := —(Ing(1 — ¢))’ satisfies the single-crossing property. Likewise, if the den-
sity g is log-concave, then ¢;(q) = —(Ing(q))’ satisfies it as well: the log-concavity implies that ¢, mono-
tonically increases in (g, 7). Following Quah and Strulovici (2012), say that two functions f and f satisfy
signed-ratio monotonicity if (i) at any ' : f(') < 0 and f(+') > 0, (—f()/f(¥)) > (=F ")/ f("))
whenever ¥ > r'; (ii) at any 7 : f(r') <0 and f(r') >0, (—f(*)/F (")) > (—f(")/f (")) whenever

r" > 1. Let me show that ¢; and c; satisfy the signed-ratio monotonicity.

Pick any ¢’ : c2(¢') < 0 and ¢;(¢q’) > 0. As remarked, ¢, is monotonically increasing because
g is log-concave, so —c2(q¢') > —ca2(q”) whenever ¢” > ¢'. Likewise, because the function ¢y is incre-
asing, 1/c1(q") > 1/c1(q") whenever ¢” > ¢'. Therefore, (—c2(q’)/c1(¢")) > (—c2(q")/c1(q")) whe-
never ¢ > ¢/, as required. Now pick any ¢’ : ¢;(q) < 0 and c,(¢') > 0. Because ¢ is increasing,
—c1(q") > c1(q") whenever ¢” > ¢'. Similarly, because c; is decreasing, (1/c2(q")) > (1/c2(¢”) whene-
ver ¢ > ¢'. Therefore, (—ci(q')/c2(q")) > (—c1(¢")/c2(q")) whenever ¢" > ¢/, as required.

21 That is, for any V’, V" in the space of bounded functions and s.t. V/ < V", (TV') < (TV").
22That is, there exists a discount factor y € (0,1) such that (TV +d)(p) < (T'V)(p) + yd for every d > 0.
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Because those functions satisfy the signed-ratio monotonicity, I can apply proposition 1 from
Quah and Strulovici (2012) to conclude that —o” satisfies the single-crossing property as well. That

means there exists a value m € (g,q) such that ¢¢(p) is convex for p < m and concave for p > m. O

The role of patience

Lemma 3.3. Let @ be an optimal policy. The value of the optimal value function must converge to the

stationary value of the public belief process hitting Cj, under &. Precisely,

lim V¥ = lim E; . [a] = AZ(Cy,).
s S P )L[n[ ] oo( h)
Demonstra¢do. Because informative communication eventually stops, A, converges to A, as ¢ goes to

infinity. Claim 3.3 then implies

lim V¥ = lim E = [a].
Sl 8 e N [
Because the public belief process converges almost surely to the new cascade sets, the above

limiting expected probability must equal

lim Eltﬂ [(X] = )ug(Ch)

1—o0

Private communication
Lemma 3.4. With private communication, the function Vg}p is concave in (0,1).

Demonstracdo. Because we have a contraction algorithm, it suffices to show that equation 3.10 is
concave for any function V concave. To do so, pick any belief p € (0,1), any two interior beliefs
p' < p" and any value & € (0, 1) such that p = &p” + (1 — &)p’. Consider 7 := 7" + (1 — &)1’ where
7" (') is the Bayes plausible distribution solving equation 3.10 at p” (p’) for V. Moreover, consider
’L'?(B) = Jp(p/p)Te(dp) if state is H as well as ‘L'é = [pl(1=p)/(1 = p)]te(dp) if state is L, for any
B C [0,1]. This splitting satisfies Bayes plausibility and 7z = prg +(1— p)r‘gL. Observe that under T,

the laws of motion as in equation 3.9 satisfy

~H
u(p5s) = G
L [E ], NN
_é[ &(p, ) }p + )[&(Pafg) ]p’
—¢ |G o a-0 | 50T e o
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_ AH
o= |
_ 1— dH(P//a TN) " 1— dH(p,’ T/) !
“¢[ et 700 e |7
—¢ {%} G(p", 7"+ (1-8) [%] ¢u(p', )

Because V is concave, it follows that

a(p, 7 )V(eu(p,7e)) = Ea(p” . "WV (Gu(p", 7")) + (1= E)a(p', T )WV(eu(p', 7)),
(1= &(p,w))V(Pelp, 7)) = E(1—a(p", 7))V (Pe(p”,7")) + (1 = &) (1 = a(p", 7))V (e(p', 7).

Combining the above results with the fact that &(p,7¢) = &(p”,7")& + &(p', 7')(1 - &), we get

o [ +5< (v >v<¢>h<p,r>>+<1—a<p,r>>v<¢e<p,r>>)}
> (1-8)& (Pﬂ';)+5<A(P7T.§)V(¢h(l77fé))+(1—&(Pﬂg))v(‘f’é(l?vfg)))v

é[( §)a(p" r>+6(a<p",r">v<<ph<p">>+<1—a(p”»v«pf(p")))}
+<15>{<16>a<p'>+6<a<p'>v<<ph<p’>>+(1a(p’>>v<<pg<p'>>)],

Il
[Ta)
S
o
—~
[—
|

(o7
SN—
o)

<p“,r>+6(a<p“,r>v<¢h<p",r>>+<1 —a<p”,r>>v<¢e<p”,r>>)]+

3.8 Appendix B: calculations for the examples

lllustrative example

Recall that the private signal space is S = {s,5} and the probability distributions are f7(5) =
fE(s) =0, for o € (1/2,1). Therefore, the belief space is {1 — o, 6’} with unconditional prob. g(1—c) =
g(o) = 1/2. The cascade sets are C; = [0,1 — o) and Cj, = [0, 1]. The conditional and unconditional

probabilities of action / (investment) given p are
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0 ifpec, 0 if peCy,
a(p)=q0 ifpgCUC, adl(p)={(1—-0) ifpdCUC,
1 ifpeC. 1 if p € Cp.
0 if p e Cy,
a(p)=< po+(1—p)(1—0) ifp¢C/UC,
1 if p € Cp.

The system moves to another public belief according to the transition functions

p if p € Cy, p if p € Gy,

on(p) = | olp) =37 |
WZ}(]*G) lfpgéCgUCh % lfpgéC[UCh

Let me compute the probability measures (A;"’);cn over public beliefs in each period in this
example. Recall that P(p, B) refers to the transition kernel from p to a public belief within B. Att = 1,
AP(1/2) = 1. At = 2, there are two possible public beliefs 1 — ¢ and ©. Their probabilities are

MP(1—0)=P(1/2,1-0)=1—-0a(1/2)=1/2,
MP(o)=P(1/2,0)=a(l1/2)=1/2.
At =3, there are three possible public beliefs: ¢;(1 — &), 1/2 and o, because ¢, (1 —0c) =1/2.

The probabilities over beliefs are

A7 (@(1-0)) =P(1-0,0/(1-0))4,"(1-0) = (1/2)(1 - a(1 —0)) = (1/2)[(1 - 6)* + 7],
AP (1/2) = P(1 - 6,1/ (1 — &) = (1/2)a(1 — &) = o(1 - o),
AP (o)=P(o,0)A,"(0) =1/2.

Att = 4, there are three possible beliefs : ¢;(1 — 0), 1 — 0 and o with probabilities
A7 (pi(1-0)) =1 (u(1-0)) = (1/2)[(1 - 0)* + 07,
MP(1—0)=P(1/2,1-0)A"(1/2) = (1/2)0(1 —0),

M (o) =P(1/2,0)A7(1/2) + A" (o) = 1/2[1+ (1 - 0)].

Att =5, there are three possible beliefs: ¢;(1 — &), 1/2 and ¢ with probabilities
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257 (@o(1-06)) = P(1—0,¢(1 - 0)) 1" (1= &) + 44" (91— 0)) = (1/2)[(1 - 6)* + 67| (1 + 6 (1 - 0)),
AP(1/2)=P(1-0,1/2)2,7(1 - 0) = 6*(1 - 0)?,
2P (0) =1 (0) =1/2[1+0(1—0)).

By now a pattern is clear. For ¢ > 2 even, there are three possible public beliefs: ¢;(1 —05), 1 — o
and o with probabilities

n _an o N2 2 3 T NT L (1—0)2+02 B % B %
WP (o(1=0) = 2% (9:1-0)) = (1/2](1 =0 +*) T o*(1-07 = 5| =TI 1 -0F (1-0)F)
MP(1=0)=P(1/2,1=0)2"(1/2) = (1/2)0'F (1-0) 7,

(o) - : o) — (1) ¥ o1 )= L[t =)}

K@) = P/2. 00 (1/2) 3% (0) = (1/2) Y o*(1=0) _2{ oot }

For ¢ > 1 odd, there are three possible beliefs: ¢;(1 — &), 1/2 and ¢ with probabilities

_~\2 2 i 1
WP (1= 0)) = K(1 = 0,011~ DA, (1 ~0)+ 4% (o1 - ) = 5 | L=t -6 (1) T,

AP(1/2)=K(1—0,1/2A" (1-0) =67 (1-0)'7,

=1 1—1

M) =4 (0)=(1/2) T 6"1-0) =3 el o]

The probabilities A,"” (o) and A"’ (¢;(1 — ©)) for each period ¢ are represented in figure 1(b) for
o = .8, together with the limiting probability measures (red and blue lines). Figure 1(a) represents the
possible interim beliefs in each period together with the values a(p;) for each p;. Let me compute prin-
cipal’s average discounted payoff without any information policy. Let 45" (p') = ¥,en(1 —6)d" (),
for p’ € {@/(1 —0),1/2,0}. The value V" satisfies

Vi” = a(@i(1= )" (9u(1 — 0)) + a(1/2)257(1/2) + a(0) A" (o).

Note that lims_,; V" = lim e, Bz [a] = A2P(Cp,) = (1/2)/[(1 - 0)?+ o]. Let me now compute
the value of greedy policy ngp . Suppose first that 1/2 < ¢ < 1/+/2. Then whenever p < &, principal splits
posteriors between 0 and ¢ with probabilities 1 — (p/0o) and p/o respectively; otherwise, he does not
disclose any additional information. Suppose now 1 > ¢ > 1/4/2. Whenever p € [0,1 — &), principal
splits posterior between 0 and 1 — ¢ and places weight p/(1 — o) on 1 — 6. Whenever p € [1 — 0,0),
principal splits posterior between 1 — o and o and places weight (p— (1 —0))/(20 —1) on ©. Therefore,

the concave closure of « is
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2 ifpd Gy, | 1
cavlal(p) =17 PO for L co< L,
1 ifpeC,. 2 V2
20'p lfpecfu
_ 1
cav[a](p) = [(1 Zz)ZTUZLH- [22‘;211}(1—6) if pg CoUCy, for%<6< 1.
| if p € Cy.

If 1/2 < 6 < 1/+/2, the greedy policy dictates that the principal should induce beliefs on the
extreme of the cascade sets for every initial belief p; ¢ C,UCj, and he should not say anything for
p1 € Cy,. Thus, the value of a greedy policy and the value of a one-shot concavification coincide for every
initial prior: V§” (p) = cav[a](p). As this is actually the upper bound of every optimal policy, the greedy

strategy reaches the optimal value.

If 1/ V2 < 6 < 1, it is not immediate to observe that the greedy policy is optimal, for every
initial prior belief p;. I prove this is the case in the next proposition. Letting p; = 1/2 leads to the value

function given in proposition 1 in the the persuading crowds section.

Proposition 3.1. In the illustrative example, the value of an optimal policy for ¢ > % is

p (1?532;(;22) lfp € CZ?
_ 1-8+852—0(1-0)(2-5) 22-8)-(1-8+502)\ .
Vs(p)=1qp ( (20:71)(1675&02) ) +(1-o0) <6(2071)(175+aog) ) if p & CeUCh,
1 if peCy.

This value function is achieved through a greedy policy, that is, a policy that induces posteriors
beliefs to generate cav|a|(p) at every public belief p. This means that whenever p < 1 — &, principal
induces posteriors 0 and 1 — 6 and whenever p € (1 — o, 0), principal induces posteriors 1 — ¢ and ©.

For beliefs p > o, principal does not disclose any additional information.

Proof. First note that this value function is concave. Second, I need to show that the the greedy strategy

actually leads to Vs or E1ep(,)[Z5] = V5(p) for every p, where Zs is defined below.

Zs(p) = (1=08)a(p)+ 6| a(p)Vs(en(p)) + (1 —a(p))Vs(@u(p))|-

To do so, let me define two compositions of the value function:
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r(i%55e) ifpec,
V(ou(p)) = 3 @u(p) (%5750 ifpell-o,1/2)

1-84802—0(1—0)(2—8) 20-86)-(1-64662)) -
?(p) < (20'70-1)(16754:;50'2) ) +(1-o0) (6(2071)(17&65?) ) if pe(l/2,0),

1-6+862—(1-0)(2-8) 20-8)-(1-6+86>)\ -
‘Ph(l’)< (del)(1675+6562) >+(1_G)<G(2671)(175+56(;) ) ifpell-o,1/2),

1 if pe1/2,1],

Vs(on(p)) =

and the expected continuation value:

[
P (M) o (Shatirae )| ) —o) [T itreli—o1/2),
p(1—0) (22020000 4 (1 - a(p)) (1 - ) [ (gi - gigﬁ;’) Nalp) ifpel/2o),
1 if p € Cp.
Let me rearrange this expression to evidence the terms multiplying p:
p (%) if peCy,
P[(FE2) +o (Shtmiten ) + (1 - o) (T )|+
-] R o irei-oun
p|0-0) (FLtts g ) — (-0 (T )+ 20— 1]+
+o(1-0) [%]H—c if p e [1/2,0),
1 if peCy.
Finally, Zs(p) is given by
<1666(<2+5‘c$72 if p € Cy,
(PR 00 (S titasan ) + (1003 (FEEs ) + 2o - 1)1 -9)
Zy(p)— | HA=ON—0) e D o) 2 2 itpell—o,1/2),
p[8(1-0) (2 s e ) ~ 81— o) (FESI ) 2o - 1)+
(1-0)+80(1—0) [ZE2H200) | itpe[l/2,0),
1 if p € Cy,.

Consider first p € C;. The greedy splitting implies inducing beliefs 0 and 1 — o with probabilities
1—p/(1—0)and p/(1 — o), respectively. Because Z5(0) = 0, this leads to (pZs(1 —0))/(1 —0) =
Vs(p) and consequently E¢»(,)[Z5(p)] = Vs(p). Indeed,
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Zs(1—o dc(1-0)2-6 1-8+802—0c(1—-0)2-6 02(2—8)—(1-8+6802
61(—6)_< 1(—5+)5352 ))“’5( (20—1)(1—(6+6)()('2) ))Hl*")‘s( : (1)_5(+5c;2) ))
5(1—0)[0%(2—8)— (1— 5 +502)]
(20— 1)(1-8+502) ’
§o(1-0%)(2-9)
1-86+80%2

F2o—1)(1-8)+(1-8)+

=(1-8)26-8(1—0)+5+

_ 62-9)
T 1-8+802

Similar analysis holds for p > 1 — ¢. This shows that the greedy strategy generates Vs(p). It
remains to show that the greedy policy leads to the concave closure of Zg or cav[Zs|(p) = Vs((p).
Again, suppose first that p € C;. Principal could either set p* =1—0, p" =1/2 or p*™ = o (those are
the possible kinks of the optimal value function). He would choose p* to maximize Zs(p™*)/p*. Each

ones leads to

Zﬁ(l—G) _ 0(2—6)
l-o 1-8+6802’
Zs(1/2) (26 —1-80)(1—-8+802)+8053(2—9)
1/2 41*6)( 2026 —1)(1— 8+ 602) )+
2(1-8+80%)20(1-0)8+ (20 —1)!]-2(2—-8)d06(1 —0)(1 —20 +20?)
+< 220 —1)(1-6+602) )

Zs(o) 1
c o

With some algebra, it follows that

Zs(1—0) Zs(o)
1—-0 o
Zs(o) Zs(1/2)
c 1/2

>0&<207>1.

>0=0(1+28)—0c*(14+28)+36—-1>0.

The first inequality is true by assumption; the second is true for every § because ¢ > 1/2. The-
refore, whenever p € Cy, it is optimal to split beliefs according to the greedy strategy. Now suppose that
p € [1 —0,1/2). Principal could set p~ =0,p" =1/2, p~ =0,p" =0,p =1—0,p" =1/2 0or
p~ =1—0,p" = 0. The splitting between p~ = 1 — ¢ and p* = o is better than the splitting between
p~ =0and p™ = o, because

l—-o
Zs(0)
c

(1-0) [;__”1] Z(1-9) , & [P ;c(:_‘f)} Zlo), ((1 _o) [2‘;‘_”1} o [P; él_—lw]) 24(0)
[
_%s(0)

Because Z5(0)/0 > Z5(1/2)/(1/2), the splitting between p~ =1 —0 and p ™ is also better than
the splitting between p~ = 0 and p* = 1/2. Moreover, the splitting between p~ =1 —c andp™ =0 is
better than the splitting between p~ = 1—0 and p* = 1/2, because
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L [T R =P (ST P

< OB () [Zs],
< Eger(p) [Zs]-

Finally, suppose p € [1/2,0). In this case, principal could set p~ =1—0,p " =0;p =1/2,
pt=0corp =0, p" =o0.1have already showed that the splitting between p~ =1—oc and p* = 0o
is better than the splitting between p~ = 0 and p™ = o. It remains to show that is also better than the
splitting between p~ = 1/2 and p™ = o. Indeed,

2| 2=t 2o+ |32 2oy < (1-0) | 22| 2st1- 0+ 5 | 25052 | 2aton,
1

> Eeer(p)Zs),

< Eer(p)Zs)-

IN

O]

Finally, let me compute the stationary distribution of public beliefs under the greedy strategy and
p1=1/2. Att = 1, principal induces two posteriors ¢ and 1 — ¢ with probabilities 787 (1 —o;1/2) =1/2
and 787 (0;1/2) = 1/2. Thus, 787(0;1/2) is the probability of a cascade towards action 2 starts by = 1.

Att = 2, there are two possible interim beliefs: ¢y(1 — ©), 1/2 and o with probabilities

P(1—0,0,(1—0))t*?(1—0;1/2) = (1/2)[(1 — 6)> + 7],
P(l1—0,1/2)18?(1—-0;1/2) = o(1 — o),
P(o,0)t%"(0;1/2) =1/2.

A" (u(1- o))
AP (1/2)
23" (0)

Principal induces possible beliefs 0, 1 — o and o with probabilities:

ASP(0) = 187 (0; 1 (1 — 0))A5" (@ (1 — ©)) = (1/2)0[20 — 1],
A7 (1-0) =17 (1 - 03.00(1 — 0) A" (e(1 - 0)) + T8 (1 — 03 1/2) A5 (1/2) = (1/2)(1 - 6?),
157 (0) = ¥ (6:0)A57 (0) + 7% (0:1/2)A57(1/2) = (1/2)[1 + 6(1 - o).

If agent 2 has interim belief ¢, she will take action 2 no matter the private signal. All other agents
will do the same. Thus, ifp (o) is the probability of a cascade towards action 2 has started at # = 2. Same

reasoning leads to A5”(0) being the probability of a cascade towards action 1 starts by t = 2.

Are t = 3, there are three possible interim beliefs: 0, ¢y(1 — o) and 1/2, ¢ with probabilities
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27(0)

257 (@u(1-0))
A5 (1/2)
2(0)

P(0,0)457(0) = (1/2)5(20 — 1),
P(1—0,p1(1-0)A"(1-0) = (1/2)[(1-0)*+ (1 -c?),
P(1-0,1/2)A8(1-0)=0(1 —0)(1 —c?),

A5 (0) = (1/2)[1+0(1-0)].

Principal induces beliefs 0, 1 — o and ¢ with probabilities

ASP(0) = 257(0) + 77 (0: @1 (1 — ) A" (@e(1 — 0)) = (1/2)0(20 — 1)[1 + (1 - 67)]
MP(1=0) =1 (1= 0101 (1 = 0)) A" (91 (1 — 0)) + 7% (1 - 031/2)257 (1/2) = (1/2)(1 — 6°)?,

~

AP (0) = 8 (0,0) A" (0) + 1% (031 /2)A57(1/2) = (1/2)[1 + 6(1 — 6) + o (1 — o) (1 — 67)].

If agent + = 3 has induced belief o, she will take action 2 no matter the private signal and other
all agents will do so as well. So jl,»fp (o) is the probability of a cascade towards action 2 has started by

t = 3. Same reasoning holds for )Alégp (0) being the probability of a cascade towards action 1 has started
byt =3.

At t = 4, the possible interim beliefs are 0, @y(1 — ©), 1/2, ¢ with probabilities

A57(0) = P(0,0)A57(0) = (1/2)0(26 — 1)[1 + (1 - 6?)],
A (@u(1-0)) = P(1—0,01(1 - 0))A{" (1 - 0) = (1/2)[(1 - 6)* + 67](1 — 67,
A8 (1/2) = P(1-0,1/2)A87(1 —6) = 6(1 — 6)(1 — 62)?,
2§ () =25 (o) = (1/2)[1+0(1-0)+o(1—0)(1—0?)].

Principal then induces beliefs in 0, 1 — ¢ and o with probabilities

AZP(0) = 257 (0) + 757 (0; 91 (1 — 0)) A" (@1 (1 - 0)) = (1/2)0(20 — D)[1 + (1 = 6%) + (1 - 0°)?],
A1 —0)=1(1— 0301 (1 — o)A (91 (1 —6)) + 17 (1 — 051 /2)AF (1/2) = (1/2)(1 — 62)3,

A

A{"(0) =17 (0,0) A" (0) + 7 (0:1/2)A§7 (1/2) = (1/2)[1 + 6 (1 — o) [1 + (1 — 0?) + (1 — 6°)?].

By now a pattern is clear. Att > 1, principal induces beliefs 0, 1 — ¢ and o with probabilities

S eprm =2 . 1[20-1 .
10 = (/2020 -1 L (1-0%7 = 3| 22| 1- -0y ),
AP0 —0) = (1/2)(1 ~ 0,
=2

A (o) =(1/2)[1+0(1-0) ) (1-0°)] =

=0

{1+(1—o)<1_(1;"2)1_1>].

N =
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The probabilities 127 (0) and A7 (o) represent the probabilities of a cascade towards action 1

and action 2 starting by ¢, respectively. The probabilities of interim beliefs at # + 1 are

MO =3 |2 - o,

A (91(1-0)) = (1/2)[(1-0)* +0%)(1-0?)",

A (1/2)=0(1-0)(1-0%)",

28, (0) = % [1+(1—c)<1_(1;"2)”)].

Note that the limiting probability of having a cascade towards action 2 is given by iﬁf’(c) =
lim; .. AS”(6) = 1/(20). Likewise, the limiting probability of having a cascade towards action 1 is
given by A&7(0) = lim, .. A*”(0) = (1/2)[(206 — 1)/0].

Example with uniform distribution

The private belief space is [¢, 4] where g := (1/2)(1 —0) and ¢ := (1/2)(1+0). The parameter &
thus governs how revealing private information can be, just as it was the case in the illustrative example.
The unconditional density is g(¢) = 1/ for g € [g,4]; the conditional densities are g" = 2(1—g)(1/0)

and g& = 2¢(1/0). The cascade sets are C; = [0,1(1 — ©)) and C; = [§(1 + ©), 1]. That leads to the

following expected probabilities of action h:

0 if p € Cy, 0 if p € Cy,
a(p)={ L2p—p*—(2q-)] ifp¢CUC, o (p)={L[pP—¢] ifp¢Cua,
1 if pe G 1 if pe G,
0 if peCy,
a(p) =1 b2p—p* — (2q- )+ L~ 4] ifpg UG,
1 if pe G,

The system moves to another public belief according to the transition functions

V4 iprCh,

on(p) = p(2p—p*—24+4%) :
P2 1?24+ +(1—p) (P>~ %) if p & CLUG.

p if pe Cy,

@u(p) = p[1-(2p—p*~2¢+4%) .
p[1=5@p—p-24+4*)|+(1-p)[1- 5 (1*~4*)] ifp ¢ CLUC,
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From theorem 3.1, single disclosure is optimal if and only if 4(1 — §)g*g(g) > 1. When the

distribution is uniform, this comes down to

G—q<4(1-9)7.

Because § — g = o and § = (1/2)(1 + o) in this example, single disclosure will be optimal iff

6<(1-0)(1+0)* <0 <0"~0.54.

The cut-off p* above which & > V*¢ is given by

o+1

4

10 +02-8
* B —

2,
p 4

1
2
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