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Abstract

Recent developments in Reinforcement Learning (RL) methods are focused on models
that can learn good policies in non stationary environments, such as multi-agent games,
where agents must learn how to react to changes in other agent’s strategies or in the
environment. Some development has been made by studying not only how one agent can
develop it’s policy, but how a population of agents can evolve from initial distributions to
stable states of strategies. Evolutionary Game Theory (EGT) is the theoretical framework
that applies mathematical and economical knowledge from game theory and biological
evolution inspiration to study how individuals from a population dynamically interact in
an environment. In this paper, we first introduce EGT concepts and show how they can be
applied to understanding a population’s learning dynamics in the context of RL. Then we
link those concepts with learning algorithms and study how one can infer the behaviour of
those methods from links with evolutionary dynamics. Finally, we study and evaluate a
recently proposed algorithm derived from policy gradient model and EGT dynamics and

discuss next steps.
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1 Introduction

RL methods have been vastly used for solving complex real-world relevant problems
like self-driving cars [15], stock prices prediction [8] and plain text classification [24]
or mastering games, such as atari games [13], DOTAZ2 [3], variants of poker [4], chess
and go [20] beyond human-level. Even with many good results, these algorithms often
rely on the stationary nature of the environment [1], the usage of expert knowledge or
tabular representations of the action-state space, constraints that may not be available in all
applications, such as some multi agent games.

In such settings, there may be no complete knowledge about the environment, the
reward R(s,a) received for playing an action « in the state s can change depending on time
and other agents actions, and at each decision an agent only knows the reward value from
the chosen action.

To address the case where all the information about agents actions is not available,
development has been made in studying how known RL methods can be modified in order
to achieve learning dynamics that are more resilient to non stationary settings and present
regret bounds [2, 10].

Evolutionary Game Theory presents a framework for studying a population of agents
interacting on a game. Each agent behaves accordingly to a strategy and a fitness value
is assigned based on the success of each agent compared to the rest of population. The
concepts of selection, mutation and evolution are then derived from fitness and strategies
dynamics can be evaluated as systems of differential equations [14].

As the optimization of an action-choice RL model based on received rewards is
analogous to EGT strategies evolution as a function of it’s frequency and fitness, RL theory
can use concepts and results from EGT in order to better understand models optimization
dynamics and possibly derive new algorithms that can enjoy well known convergence
behaviours even in non stationary settings.

In order to be able to infer information about RL algorithms dynamics, we have to
understand the EGT concepts that are closely related to these dynamics. In this paper, we
present necessary definitions from EGT, as strategy fitness evaluation and evolutionary
dynamics, the links between evolutionary dynamics and RL methods dynamics, like Q-
learning and policy gradient and evaluate a recent method developed from these links

called Neural Replicator Dynamics [6].
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2 Evolutionary Game Theory

2.1 Basic Concepts

In the EGT framework, a game can be described by it’s payoff function. Agents with
fixed strategies will compete in encounters and the resulting payoffs are interpreted as
agent’s fitness and translated into reproductive success that results in evolution to the next

generation state.

Let’s consider a population playing a two-strategy game. Agent’s encounters can be

Fii F
o Fp

When agent 1, following strategy i € {1,2}, plays against agent 2, following strategy

described by a payoff matrix F

J € {1,2}, the payoffs can be respectively calculated as:
fi=F;

fa=Fji

allowing us to evaluate agents fitness and determine what are the survival/reproductive

chances.

When studying how this population will evolve into next generations, we use the population
state x : ) ,csXs = 1 that represents the fraction of total agents that follows each possible

strategy. Using these concepts, one can calculate a strategy expected payoff:

fs= Z Jssxg = Fx

s'es

In evolution, strategies with best average payoffs will increase in frequency as agents with
these strategies will be more likely to survive and reproduce, following the Survival of
the Fittest logic. But how strategies presence in population dynamically change is not yet
determined. The way this reproductive selection is defined is with revision protocols, that

we will cover in the next section.

2.2 Revision Protocols

After evaluating fitness of individuals in the population, we must define how much each
strategy increase in frequency. In the same way there is not only one way of optimizing a

RL model parameters, there are multiple ways of determining how evolution will select
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the survivors in a population.

A revision protocol p;;(F,x) estimates the probability of an agent following strategy
i to be effectively replaced by an agent with strategy j based on expected payoffs and
population state. In evolutionary terms, this can represent the following mechanisms,

depending on the chosen dynamic:

 an agent dies and does not reproduce because of low fitness value, decreasing it’s

genome presence in population;
* more fit organisms reproduce and conquer fractions of the population;

» randomly agents with different strategies are born and evaluated by the environment

This definition leads to the differential equations that represents the growth of strategies

in presence called evolutionary dynamics:

iy =Y Pys(Fx)xy — x5 Y pyy(F,x) (1)

s'es s'es

The two terms of this equation represents the proportion of population occupied by new
agents with strategy s and the proportion of population replaced by other options. This will
happen dynamically increasing presence of strategies with better performance, resulting in

populations with higher fitness.

There is a clear analogy between evolving the fitness of a population with best strate-
gies and optimizing an RL agent’s reward by updating it’s parameters. Our goal in section
3 is to derive differential equations from RL models that determine the growth of each
action’s probability for an agent in an equivalent way of evolutionary dynamics, with the

interpretation of EGT’s state as the actions probability distribution of an agent in RL.

Now we illustrate an evolutionary dynamic with an example in the Hawks and Doves
game.

In a population of agents, there are two possible phenotypes: hawks and doves, that
differ in behaviour when contesting for food. When a hawk competes with another hawk,
both will fight for the food, potentially getting very hurt, and one of them will have the
food. We can represent this result with rewards —1 —2 = —3 for the hurt and hungry hawk,
and 1 —2 = —1 for the possibly hurt but fed one. This results in an expected reward of —2
for a hawk when facing another hawk.

On the other hand, when facing a dove, the hawk will be feared and easily satisfied with

the food. This represents a reward of 1 and —1 for the hawk and the dove, respectively.
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Dove Hawk
Dove | (0,0) | (—1,1)
Hawk | (1,—1) | (=2,-2)

Finally, when a dove encounters a dove, there is a 50% chance for each getting the

food, representing the expected outcome of O for a dove in this case.

The table above displays all possibles outcomes when playing hawks and doves. In a
population where h represents hawks frequency and d represents doves (h+w = 1), we

can calculate the expected reward for both:
fn=d—="2h

Ja=—h

From the reward equations we can conclude that hawks will dominate the population

growth when doves are twice as frequent:

fh>0>f;—d>2h

but when the hawk population grows too much, they start to fight among them for food
and the doves, even with negative payoffs, are more fif to the environment than hawks and
will reproduce:
fa>fh—h>d

and this population will find an equilibrium when the population is equally splitted

among hawks and doves:
fa=fh—h=d

Here we could define the basic rules extracted from the simple game definition and
how this environment works, but how the population state will effectively evolve depends

on the chosen revision protocol.

Examples of Revision Protocols and Evolutionary Dynamics
2.2.1 Pairwise Proportional Imitation and the Replicator Dynamics

The pairwise proportional imitation revision protocol simulates an evolutionary process
where an agent following a strategy is substituted by a randomly chosen agent with

probability proportional to the fitness difference (if positive). This is equivalent to:

pij(F,X) = xi[F; — F]y
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Evaluating this process as an expected evolutionary dynamics (eq.1) gives us the Replicator
Dynamic (RD):
Xi =) xilF = Fjl4x; —x;[Fj — F.x;

JjES
= ) xx[F-Fl- ) xxlF—F]
JES:Fi<F JES:Fi>F
=) xixj[F — Fj
jes
:xiE' ZX]‘ —Xi ZXJ'FJ'
JjeS JjeS
X = x;[F; — F) ()

Replicator dynamic is the most popular evolutionary dynamic in EGT. It has applications
on biological [19], economical [17] and social [5] simulations and variant models. Under
this dynamic, the marginal increase of a strategy is proportional to it’s current state. This
means that unknown or extinct strategies will not (re)appear and existing but unpopular

strategies can grow, but not as fast as dominant ones.

RD also states that the growth of a frequent strategy i will slow down as it becomes
more present and the average population payoff will approach F;. In our dynamics com-
parison at the end of section 3, we show that this behaviour prevents the population of

becoming too uniform in the Rock Papers Scissors (RPS) game.

Also, this dynamic is considered no-regret, as it guarantees that the regret metric evalu-
ated from this method doesn’t increase in time [6]. Regret is defined as the difference
of an agent’s strategy fitness value and the best possible fixed action value: r(s;) =
fi —maxgea f(a). As will be illustrated, this dynamic presents an evolution of states in the

population more resistant to environment changes than other learning methods.

2.2.2 Logit Choice Rule and the Logit Dynamic

In the logit model, next generation strategy distribution will be selected proportionally to

the fitness value of each strategy. The resulting equation is the following:

et
pij(F,x) = Y elf
where 11 > 0 1s called the noise level and determines how optimal the choices will be made
[16]. The logit evolutionary dynamic is
e 'Ei

Xi= ——— = —Xi 3)
Zjesen Ei
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It is important to notice that this model revision protocol doesn’t depend on the origin
strategy: p;j = px;j Vi, k. This will allow more "drastic’ immediate changes in the population

distribution.

2.2.3 Smith model

Similar to RD, Smith model’s revision protocol simulates a evolutionary process where an
agent following a strategy is substituted by a randomly chosen strategy with probability

proportional to the fitness difference (if positive):
pij(F,X) = [Fj — Fil +
and it’s dynamics are represented by the following differential equation:

%= Y xj[F—Fl+—x Y [F—Fl+
jes jes

This model decreases (but not completely removes) the dependency of evolution on current

state, allowing changes to be more directed into what is fit at each iteration.

2.3 Nash Equilibrium

A common goal when evolving a population is getting to a state that achieves the best
possible fitness for all agents. Nash equilibrium is a concept from Game Theory that
defines a group of states where no agent is rationally willing to change strategy. State x is a
Nash Equilibrium if no agent would increase it’s expected reward by unilaterally changing

strategy:
Fi(X1,X0, o0y Xi 1, Xty ooy XN) > Fi(1, %0, 0 %1, X o xy), VX € X, Vi € {1,...,N}

Nash equilibrium is not necessarily the joint strategy that outputs the most total reward.
There is a group of symmetric two-player games called The Prisoner Dilemma where
Nash equilibrium of pure strategies gives a total reward objectively worse than other
configurations, but there is no ’one-side’ action change that would alone increase the
agent’s outcome. Thus, in the context of learning, seeking for Nash equilibrium might

result in sub-optimal policies.

2.4 Evolutionary Stable Strategies

In the context of EGT, it is more natural to characterize stable states that are resistant to the

evolution selection process and not necessarily to rational agent actions. In a population
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of agents, new strategies can appear and grow among agents if it presents a better fitness
value. Evolutionary Stable Strategies (ESS) define a strategy that, once adopted by a whole
population, is resistant to small invasions by other strategies, in a way that it extincts the

invader.

Let’s define E(x;,,x;,) the fitness evaluated for an agent following strategy s, in a state
x = (xy,,X5,) where a fraction x;, of agents follow strategy 1 and x;, adopts 2. Strategy s*
is an ESS if, Vs # s*:

E (xg,x5) > E(xg,X5+)

or
E (xg,xg-) = E (x5, x5 ) and E (xg=, x5+ ) > E (%, X;)

for a sufficiently small x;.
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3 Policy Optimization Algorithms Dynamics

A parametric policy 7y : A X S — [0, 1] is a function that depends on parameters 6 and
outputs the probability of choosing an action given an observed state in the environment. A
natural way of evaluating a chosen action is to compute the future cumulative discounted
rewards u; = (¥, n=%r.) — v, where r, is the immediate reward on r and n € [0, 1] is
the discount factor. This evaluates actions not only by immediate utility but also with
future results it possibly helped to accomplish.

This section introduces existing policy optimization methods and presents analysis

about the dynamics of resulting policies.

3.1 Follow the Leader

A natural way of optimizing a simple (not parametric) policy model would be choosing
the policy that maximizes the future rewards. Follow the Leader is a family of models that

updates parameters minimizing a loss function:

Ty = argmin ) f(70)

Considering the loss function equal to minus expected cumulative rewards and our policy

represented simply by the action probabilities:
T = argmax yja [ - u; 1] “4)
where u, = Y!_ ni~1r,.

Clearly (4) results in the policy 7(a) = W la=argmax,u(a)] @nd that is not plausible even
for simple tasks. We must add a regularization factor in the Follow the Leader optimization

method for this model.

3.2 Follow the Regularized Leader

A common regularization function for policy optimization is the negative entropy function

h(x) = xlog(x) that penalizes policies excessively concentrated on few actions:

Ty = argmax i f () = argmax [T -u; 1 —km - log ()] (3)

The solution of (5) gives us the softmax function over cumulative rewards [11]:

elhi—1 (a)

- Za, etr—1 (a/) (6)

m(a)
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Now we derive the dynamics of this model. First, calculate d7(a)/du(d’):

dm(a) _ ot—1(@i)y— d ol 1@ _ g ( (Z et )
o) = (T G Y i@ )

So, in the case a = a:

dm (a) _ e”tfl(a) 62u;71(a)

dus(a’) o Yo o1 (ai) (Zai eu,,l(a,-))z

and when a # a':

dﬁt(a) eu;,I(a) . eutfl(a/) /
dul(al) T (Za,e“t—l(ai))Z - _ﬂt(a) ’ ﬂ:l(a )

Knowing du(a)/dt allow us to calculate the policy actions probability growth:

du;
dar
K L 52’521 i gf’ Waa = m(@)]-11(d)
dm(a) )
g ) EA’@ da') = m(a)[r(a) — 7] (7)

where 7; is the expected reward on iteration ¢. (7) is equivalent to the replicator dynamics.

The result shows that a model trained by this optimization method would dynamically
update action probabilities following the replicator equation. This dynamic can perform
good in lots of settings, but the Follow the Leader model is restricted, as it doesn’t directly

allows parametric models, like neural networks.

3.3 Q-Learning

Q-learning is one of the most popular RL methods and has multiple variants for many
use cases. It optimizes a value-function to determine, for each state of environment,
which is the best possible action by a value Q(a,s) and update this values using the
immediate rewards and the estimates of future accumulated rewards. Considering a simple
model mapping states to action-weights and applying a softmax function to output action

probabilities updated using Q-learning [23]:

m(a,s) = softmax(Q(.,s))(a)
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% = a(ri(a) +ymaxy[0:(d 5111 (a))] — Or(a,s))

Following the same logic as before, we can derive the policy dynamics as in [22]:

)l (8)

Equation (6) show a replicator dynamics alike term in Q-learning dynamics, combined
with a positive entropy factor. This shows Q-learning methods tend to increase entropy,
influencing the model to explore more strategies and move towards a more uniform strategy

distribution.

3.4 Policy Gradient

Like Q-learning, policy gradient (PG) methods and it’s derivatives are very popular in the
RL community and have been applied to multiple domains. In this example, the policy
will be updated directly using the calculated gradient from the rewards. Using actor-critic
algorithms [7], while one model outputs the parametric policy 7y, another one is trained
to inform an expected future reward value g(a,s). While this second model is trained
in the values outputted by the environment using the advantage values, the first uses the
chosen action probability gradient and the values g(a,s),v(s) = Y yea n(d’,5)q(d’,s). We
can calculate the dynamics in a similar way of Q-learning case, with the so ftmax function

applied to weights y. Considering the simple case where dy,/d6, = 1 [21]:

m(a,s) = softmax(y)(a)

dy—(Zf’“ =7 ). Yy 7(d)lg(s,d’) —v(s)]
aeA
7Tz+dlt(a) — nt(a)[ Z ﬁt(a')(ﬂ,(a)A(a) _ ﬂt(a/)A(a/))] (9)
a' €A

Here we can observe a square nature in the action probability value. This indicates that
policy gradient algorithm will have more tendency (than RD) to concentrate probability in
actions with high immediate rewards. This means more exploitation of actions that are

working instead of exploration for alternate actions that might perform better.

Figure 1 compares the previous shown EGT and RL dynamics in the standard RPS game.
This comparison gives good intuition on how these algorithms explore the state/action

space when trying to learn a good policy, the learning dynamics.



3 POLICY OPTIMIZATION ALGORITHMS DYNAMICS 14

Replicater Dynamics Logit Dynamics Smith

3 3 3

Q-leaming Policy Gradient

P P

R 5 R 5

Figure 1: Models dynamics represented as ternary plots. The three possible pure states
(rock, papers or scissors) are defined by the triangle vertex, meaning 100% of population
adopting the pure strategy. The black lines represent simulations of how a population
evolves from initial states to nash equilibrium (l 1 l) in some cases and repeatedly cycle

3)373
around this center in others.
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4 Neural Replicator Dynamics

As replicator dynamics has proved to work under various environment settings and for dif-
ferent problems, but is restrained to non parametric models in tabular games, it is valuable

to develop a RL function approximation approach that follows the same dynamics.

Neural Replicator Dynamics [6] presents an “one line fix” from the Actor-Critic Soft-
max Policy Gradient algorithm that relies on minimizing the distance between state of
the logits y; from an optimal moved logit state based on future accumulated discounted

rewards from the critic model:

dy:(a)

p7amiak 4 Ol

Using Euler Method and then updating parameters in order to approximate the logits to

estimated direction of solution y(a) using Euclidean distance:
y(a) = yi(a) +(¢"(a) =) (10)

1
01 =6~ X 57olv(a) ~ () 3

acA
using (10):

01 =6+ Z Voyi(a)(q" (a) —v")
acA

This model dynamics can be derived in the same way of the previous models and proved
to be the same as the replicator dynamics (under the actor-critic approximation). Different
of the more exploration Q-learning algorithm and the more exploitation Policy Gradient
dynamics, Neural Replicator Dynamics can be a great alternative to learning policies in

non stationary environments.
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Figure 2: (a) shows performance direct comparison in the non stationary game setting
between actor-critic Softmax PG and NeuRD. (b) shows the same comparison, but the PG
model was trained in the first configuration of environment 30% less.

5 Evaluation

We evaluated how both Policy Gradient and Neural Replicator Dynamics models dynamics
perform in a non stationary created environment. It is a simple 7x7 grid two agent game:
the first agent, controlled by the model, can move in four directions in the grid or stay in
the same place. His objective is to not be caught by the second agent, which is a hard
encoded script that simply follows agent 1.

The non-stationary nature is in how we encode agent 2 strategy. When following its
‘prey’, it calculates the vector V = Agent 1 Position — Agent2Position and from there has

two options:
1) moves preferably in the x axis, if V, > 0, else moves in y axis

2) moves preferably in the y axis, if V), > 0, else moves in x axis

First we fix agent 2 strategy to option 1 and after 10° episodes we change it by option
2. Our goal is to evaluate how fast and well an agent can learn a new strategy to react
from a change in the environment reward function, as agent 2 will change how it follows
him. The results in figure 2a shows that both models suffer from the reward change, but
PG didn’t show results of getting any good re-fit after 2000 more episodes, while NeuRD
rapidly recovered and learned how to react to the new configuration.

It is also visible from the results that after 1000 episodes PG got a better average score
and one could argue that this better fit causes the model to perform poorly in sequence. We
corrected that factor by training the PG network 30% less (700 episodes) than the NeuRD
and comparing the new score, this result is in figure 2b.

On both comparisons, NeuRD performs significantly better in the ’second turn’ of the
game, reacting more quickly to the change in the it’s predator moves. For each run, we

initialized a one-layer neural network with 64 hidden neurons, for separated actor and
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critic models. The learning rates were 2e-4 (actor) and 0.01 (critic) with Adam optimizer.

The plots shows average results for 10 complete runs.
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6 Conclusion

To summarize our contribution, we detailed important concepts from evolutionary game
theory and analyzed multiple EGT models dynamics. This dynamics were then compared
to RL models and a discussion about the behaviour of these methods in non stationary
environment was presented. Finally, we provided an explanation of how a new method
(NeuRD) was created from inspiration in EGT concepts to attack RL problems and
illustrated how this recently presented model can potentially overcome other RL popular
methods.

Interesting possible future work involves studying how other popular well performing
PG-based algorithms, such as A3C [12], PPO [18], DDPG [9] and others can have it’s
optimization dynamics characterized and even modified to increase performance in non

stationary environments.
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