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Abstract

This work shows an arbitrage-free prediction of implied volatility of a set of options
with a given maturity. The approach is to predict the parameters of the SABR parame-
terization avoiding non-linear and non-explicit no-arbitrage restrictions. Applied to the
Foreign Exchange option markets, ARMA, VAR and LSTM models are compared be-

tween different currencies.
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1 Introduction

Different from stock prices, option prices, or equivalently their implied volatilities,
have to respect non-linear and non-explicit restrictions. A function that maps strikes to
option prices has to be decreasing and convex to be arbitrage-free, otherwise it is possible
to buy and sell a set of options with the possibility of making a profit, but no possibility
of making a loss, which is an arbitrage. Niu [14] introduced a review of model-free no-
arbitrage conditions of implied volatility surface.

The main application of option prices forecast is to developed a trading strategy, like
butterfly and risk reversal. With a better forecast the expected return of the strategy is
greater. Options are also used for hedging, protecting certain position or reducing risk,
and this can be done better if there is a good prediction for the option prices.

The arbitrage-free condition means that the inputs and outputs of a predictive model
has to consist of arbitrage-free option prices only, being a theoretical and practical imped-
iment to estimate a statistical model on a time series of option prices. We can not apply
time series models such as autoregressive model, or even a neural network, directly to
option prices. If the predictions do not consist of arbitrage-free option prices, they have
no use in practice since they can not be realized.

This work is based on the solution proposed by Dellaportas and Mijatovic [1] to solve
this problem of arbitrage-free prediction. It consists in mapping implied volatilities across
strikes to parameters that do not have to satisfy such restrictions and then predicting these
parameters, mapping the predicted parameters back to implied volatilities. We first apply
the econometric model ARMA, widely used in time series forecasting, and, also, the VAR
model, testing if each time series prediction can be improved by the others time series.

Machine learning techniques, and more importantly deep learning algorithms, have
been successfully applied in many disciplines, including finance (Rasekhschaffe et al.
[17], Heaton et al. [6]), in recent years. One of these methods is the RNN which helps
incorporate non-linear effects that may be of importance to improve the forecast, catching
a possible complex behaviour of the time series. With a simple structure, such as a single
layer, a standard RNN has problems handling long-term dependencies. LSTM, first in-
troduced by Hochreiter and Schmidhuber [7], are a special kind of RNN with four layers,
being capable of learning these dependencies. LSTM has been used in time series predic-

tion (Gamboa [2], Gers et al. [3], Roondiwal et al. [18]) and compared with ARMA in



Namin [12]. Considering that, the LSTM model is also applied in this work.

All models are compared with the random walk model (i.e. parameters predicted in
time ¢ + 1 are the same value as time ¢), used as benchmark. We compare the predicted
implied volatility based on the prediction of the parameters using the aforementioned time
series model, through the mean squared error, and also the parameters forecast individu-
ally.

These technique can be used in many derivative market, and we choose four different
currencies in the Foreign Exchange (FX) derivatives market to perform an empirical study.
From our results, we see that the VAR model improves the forecast for some parameters,
having evidences that each time series prediction can be improved by the others time
series. Also, LSTM model shows a potential forecasting ability being able to identify
non-linear patterns in the time series.

This work is organized as follows. Section 2 presents what implied volatility is and its
parameterization and describe the problem and the proposed solution. Section 3 details
the econometric models used, ARMA and VAR, and the LSTM model is presented in Sec-
tion 4. The results are presented and discussed in Section 5. Section 6 draws conclusions

and proposes future work.



2 Arbitrage-Free Prediction of Implied Volatility

A derivative is a financial instrument whose payoff depends on (or derives from) the
values of other, more basic, underlying variables. Very often the variables underlying
derivatives are stock prices, commodity prices, exchange rates, but can also be the price
of corn or crude oil.

The derivative market is one of the most important markets in terms of volume of op-
erations. Derivatives are useful in the management of risk, they can be used for hedging,
speculation or arbitrage. Derivatives are also very levered instruments making them really
attractive. With a relatively small initial outlay, the investor is able to take a large position.

Options are derivative securities that gives the holder the right, but not the obligation,
to buy (call option) or sell (put option) the underlying asset in the future for a certain price
specified in the contract. There are American options that can be exercised at any time up
to the expiration date and European options that can be exercised only on the expiration
date. This work will focus on European call options on the Euro-dollar (EURUSD) ex-
change rate. This contract gives the owner the right of buy the notional N euros at expiry
time 7" for the price of K dollars per euro.

The foreign exchange (FX) derivatives market, where such contracts trade, is very
large in terms of traded volume and size of the underlying notional of the contracts. Most
currency options are traded in the over-the-counter market (it is a telephone and computer-
linked network of dealers, it is not an exchange).

A very popular technique for pricing an option involves constructing a binomial tree,
i.e. a diagram representing possible paths that the stock price might follow. In each
time step, it has a certain probability of moving up or down. In the limit, as the time
step becomes smaller, this model converges to the Black-Scholes model, a mathematical
model for the dynamics of the price of financial assets in continuous time.

The implied volatility (IV) of an option is the value of the volatility which, when input
in an option pricing model such as Black—Scholes, will return a theoretical value equal
to the current market price of the option. Typically, traders use the IV metric to refer to
option prices. This approach allows to compare them across different strikes, times to

maturity and assets.
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Figure 1: Prices of EURUSD call options

Figure 1 shows the price of call options for different strikes. As we can see, the
higher the strike the lower the price, and with a convex shape, ensuring no arbitrage
opportunities. IVs map to option prices and for that reason the dynamics of implied
volatility surfaces have to satisfy non-linear and non-explicit no-arbitrage restrictions.
To directly predict IVs with such restrictions we need to know the joint distribution of
past IVs. Since we do not have that information, we have to assume that it belongs
to a parametric family distributions indexed by a parameter 6. But as Dellaportas and
Mijatovic [1] said, it is an extremely hard problem to estimate 6 that will result in a
predicted IV with the desired no-arbitrage restrictions.

To avoid this problem, Dellaportas and Mijatovic [1] proposes a three-step approach.
They first map the implied volatility surface into parameters that do not have to satisfy
such restrictions. In the second stage, they predict the future values of these parameters
using conventional time series models. And, in the third stage, they map the predicted
future values to the predicted future implied volatility surface. We can do that with a
parametric form of the implied volatility, this is, a one-to-one non-linear transformation
from parameters to IVs. This is possible because every element in the space of those
parameters maps to an arbitrage-free set of implied volatilities across all strikes, so after
predicting the parameters, we can compute the implied volatilities using the parametric

form, ensuring that the no-arbitrage restrictions are satisfied.



2.1 Black-Scholes Model

The Black-Scholes model is a pricing model for the dynamics of the price of financial
assets containing derivative investment instruments. The idea behind the model is that
it is possible to hedge an option, having a risk-free portfolio, holding a position on the
underlying asset, by buying or selling the asset when necessary. The asset price follows

the stochastic differential equation

dSt = MStdt + O'Stth, (1)

where S is the stock price, p is the stock’s expected rate of return and o is the volatility
of the stock price.

The Black-Scholes equation is a partial differential equation that must be satisfied by
the price of any derivative, denoted here by f. From the first equation we can get to the

Black-Scholes differential equation

of Of 1 500f _
E‘FT’S%‘FéUS@—Tf, (2)
f(T,8) =g(5).

Solving this PDE for European call option, i.e. g(S) = max(S — K, 0), we can get to
a closed formula for the solution, known as the Black-Scholes formula. For a call option

with strike K and time to maturity 7" the formula is given by:
BS(S,K,T,r,0) = SN(dy) — Ke "' N(d_), (3)

where
g — In(S/K) + (r £02/2)T
+ O'ﬁ )

N is the cumulative probability distribution function for a standard normal distribution

and 7 is the risk-free rate.

The volatility of the stock price is the only parameter that cannot be directly ob-
served in the Black-Scholes model. The implied volatility is such that the model-implied
price coincides with the market price, denoted by C'(K,T). It is the unique positive

value IV (K, T) that satisfies the following equation in the variable o, since the function
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BS(S, K, T,r, o) is strictly increasing for positive o

BS(S,K,T,r,0) =C(K,T).

Although being impossible to express o as a function of the others variables, it is easy
to use a iterative search method, such as Newton-Raphson method, to find the implied

volatility to any required accuracy.

2.2 Parametric Form

The parameterization that will be used in this work is the one proposed by Hagan
et al. [5]. The stochastic-a3p model, known as the SABR model, is a two factor model
where the volatility o, in Equation (1), is a stochastic process. The two stochastic process

representing the forward price and volatility are:

dF, = o, Flaw V. Fy=F (4)
(@)
doy = EodW, ™, 09 =« 5

where the two Brownian Motions are correlated by:

dw D aw? = pdt. (6)

This model has the advantaged to be the simplest stochastic volatility model which is
homogeneous in F}, the forward price, and ;. Since S denotes the spot exchange rates
S, = Fye~(n=2)T—) where 7, and r are respectively the interest rate denominated in
currency 1 and 2, and we will work with the special case where 5 = 1, we can express

the process for the spot price S; as

dS, = (11 — 12)Sedy + oS, dW Y, (7)
doy = EodW®, oy =a, (8)
dw D aw? = pdt. 9)

To get the SABR closed formula for the IV, Hagan et al. [5] re-write 0y — €0y,

and ¢ — €&, and analyze the stochastic process in the limit € < 1. After obtaining the

11



results using singular perturbation techniques, they replace eo; — o, and € — £ to
get the closed formula in terms of the original variables (for more details about singular
perturbation expansion see appendix B.1. in Hagan et al. [5]).

In the continuation of this work we will use the stochastic log-normal model of SABR
parameterization (special case where § = 1). This approximation is given by truncating
the perturbation expansion to all higher orders, getting a solution O(e*). Doing that, we

get the simplified approximation formula:

_ Y 1 2-3p% 5

where,

y:

& (@) PV R i Tl )

Q K 1—0p

and the parameters of the model are the ATM volatility («), the volatility of volatility (&)
and the correlation (p).

Before going to the next section, in the figure below we can see the impact that each
parameter has in the IV curve. The analysis is based on plots of IV curves produced by the
SABR formula with = 0.25, £ = 1.5 and p = —0.5 as base parameters. In each plot,
two parameters keep the same and the other one has two more values, that are indicated
on the legend, to see the effects generated.

As we can see in the first plot, by increasing «, the volatility also increases, all points
are shifted upward. This is not surprising since the o parameter is the initial volatility.
We can notice on the second plot, by increasing &, that the curve tends to be more convex.

And as seen on the third plot, increasing p increases the steepness. The original p has a

negative value, in the blue line p is almost zero and in the red line p is positive.

12
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Figure 2: SABR parameters change effects

2.3 Arbitrage-Free Prediction

Our aim is to predict the implied volatility with no-arbitrage restrictions. We do that
using the SABR formula to map the daily I'Vs to the daily parameters «, £ and p, getting
three time series oy, & and p;, and predicting these parameters with econometric models.
After predicting these parameters, we can get the predicted I'Vs using the same SABR

formula.

2.3.1 Data Modeling

We want to predict parameters of implied volatility parameterization using some econo-
metric models and, for this, some transformations are considered. First transformation is

to lie all transformed parameters in the real line:

Ay = log(ay)

E¢ = log (&)
1
P, =log (pt + )
L—p

With this transformations all time series will respect the restrictions needed in the

SABR parameterization. Volatility must be a positive number and correlation must have
maximum absolute value 1, so o > 0, £ > 0and —1 < p < 1 will be respected with these
transformation. Another change considered to use all models is the time difference to get

the data stationary. Getting Aoy, = A, — A, 1, A==, — = yand Apy = P, — P,_4.

13



3 Econometric Models

In the following section, the econometric models that will be used to forecast the
SABR parameters will be described. These models will be used in the real data example

in Section 5.

3.1 Introductory Concepts

Before introducing the econometric models some important concepts will be pre-

sented.

3.1.1 Stationarity

When analysing time series we expect that realizations in different periods are related
with each other. If we are trying to forecast daily time series we expect that the value on
any given day depends on the values from previous days. This temporal dependence can
be represented by an explicit model or, in a descriptive way, by covariances and corre-
lations. Following Neusser [13], this leads us to the concept of the covariance function,

important in the derivation of forecasts and estimation of models.

Definition 3.1 (Autocovariance Function). Let {X;} be a stochastic process with finite

variance V[X,|,Vt € Z. The function, denoted by yx (t,t5) and defined as
PYX(th tQ) = COV(XtNth) = E[Xhth] - E[th]E[XtQ]

is called autocovariance function of the stochastic process { X, }.

If X, is a vector X; = (Xy¢ ... X,)', the autocovariance function is defined as

Yt t2) oo mn(ti,t2)
[(ty,ts) = :

Tn1 (tla t2) ce Vnn(th tQ)
Another important concept for econometric models is the stationarity of a stochastic

process.

Definition 3.2 (Stationarity). A multivariate stochastic process {X,} is called stationary

if for all integers r, s and t the following properties hold:

14



(i) E[X,] is constant;
(ii) E[X/X,] < oo;
(iii) I'(t,s) =T(t +r,s+7)).

If { X, } is stationary, by setting » = —s the autocovariance function becomes yx (¢, s) =
~vx(t — $,0). Thus the covariance depends only on the number of periods between ¢ and
s, i.e. t — s. The autocovariance function in this case is denoted by vx (h), h € Z.

In practice it is more convenient to look at the autocorrelation coefficients instead
of the autocovariances. The autocorrelation function (ACF) for stationary processes is

defined as px(h) = 7;((%3;

, for all integers h.

3.1.2 White Noise

One important notion in time series analysis is the simplest process with zero autocor-

relation called white noise process, which is introduced below.

Definition 3.3 (White Noise). A stationary process {Z;} is called (multivariate) white

noise process if { Z;} satisfies:
(i) E[Z,] = 0;
(ii) T'(h) = ¥ if h = 0 and 0 otherwise.

The white noise process is therefore stationary and temporally uncorrelated, i.e. the

ACEF is always equal to zero, except for h = 0 where it is equal to one.

3.2 ARMA Model
3.2.1 Autoregressive Model (AR)

An autoregressive model is a linear regression of the variable against past values of
itself, as the name indicates. An autoregressive model of order p, denoted AR(p), can be

written as

p
e =ao+ Y ayii+ e, (1)
=1

where ¢, is a white noise process.

15



3.2.2 Moving Average Model (MA)

Instead of using past values of the forecast as AR does, a moving average model
is a linear regression-like model of the variable against past forecast errors. It is not
a regression in the usual sense because we do not observe the values of €;. A moving

average model of order g, denoted MA(q), can be written as

q
ye=pn+ea+ > e, (12)

=1

where ¢, is a white noise process.

3.2.3 Autoregressive Moving Average Model (ARMA)

If we combine both previous models, autoregressive and a moving average model,
we obtain an autoregressive moving average model, denoted ARMA (p, ¢), where p is the
order of the autoregressive part and ¢ is the order of the moving average part. The model

can be written as

P q
Yy = Qg + Z ;Y + Z Oier—i + €, (13)
i=1 i=1

where €, 1s a white noise process.

3.2.4 Order Selection

To select the model’s order a algorithm based on minimisation of the Akaike informa-
tion criterion (AIC), such Hyndman-Khandakar algorithm [10], can be used. For ARMA

model, this criterion can be written as

AIC = —2log(L) + 2(p+ ¢+ k + 1), (14)

where L is the likelihood of the data, defined in next section as (16), k = 1 if ag # 0 and
0 otherwise.

This algorithm consists of fitting four initial models, choosing the model with smallest
AIC to be the current model. After that, variations on the current model are considered,
where p and q are allowed to vary by £1 from the current model, choosing the new current

model with lower AIC. This procedure is repeated until no lower AIC can be found.

16



3.2.5 Estimation

ARMA model should be applied to stationary data. Unit root testing is a nonstationar-
ity testing and should be applied before the estimation. This test consists of knowing if 1
is a root of the characteristic equation. For a AR(p) process defined as (11) the stochastic

process has a unit root if m = 1 is a root of the characteristic equation:

mP —aymP~t —agmP? — ... — a, = 0. (15)

There are several tests that can be applied, such as Dickey-Fuller test, explained in Section
7.3 of Neusser [13].

After the unit root test and selection of the order of AR and MA parts, i.e. the values
of p and ¢, we need to estimate the model’s parameters. The standard method for the
estimation of ARMA models is the maximum likelihood estimation (MLE), estimating
the parameters that maximise the probability of obtaining the observed data.

The method MLE is based on some assumption about the join distribution of y,, =
(y1,-..,yr) given the parameters 3 = (ay, ..., ap,01,...,0,) and o2, the variance of ¢;.
The most common case is given by assuming that {y,} is a Gaussian process with mean
zero, implying that y,- distributed as a multivariate normal with mean zero and variance
0?Gr, where Gt depends on 3. The Gaussian likelihood function Lz (83, o|y;) is then

given by

. 1,
Lr(B,0%yy) = (2m0%)~"/2 (det Gr) /% exp (—ﬁyTGleT) (16)

Note that, since we do not observe the values of ¢;, they must be inferred from the ob-
servations making ARMA models more complicated to estimate than regression models.
Different methods of estimation and optimization algorithms will give different answers

(for details about the estimation see Neusser [13]).

3.3 Vector Autoregression Model

A vector autoregression VAR (p) model generalizes the univariate autoregression AR(p)

model to a vector of k time series variables with lag p. The VAR(p) model is given by:

17



Y= ao + A1+ F Apyp + €, (17)

where ¢, is a white noise process. v, €; and ag are k X 1 vectors and A; is a k X k matrix.
For a VAR(2) with £ = 2 time series the equation above would be the representation of

the system of equations:

Y160 = A1,0 + A11,1Y1,0-1 T A12,1Y2,t—1 + Q112Y2t—2 + A122Y2,t—2 + €14,
Yo, = Q20 + A21,1Y1,4—1 T A22,1Y2,t—1 + A212Y2t—2 + A222Y2.¢+—2 + €2
This is useful when we want to predict multiple time series using a single model. The

structure of VAR allows to test restrictions across multiple equations together, like to test

if the coefficients on all regressors of the lag p are zero.

3.3.1 Estimation

To estimate the coefficients of a VAR (p) model, the system of equations can be written

as

y = Az, + €, (18)

where we define the (kp + 1) x 1 vector

Yt—1
T =
yt—p
and the £ x (kp + 1) matrix

A= (ag Ay .. 4).

The coefficient matrix can be also written as

A=(ar as ... ),

where a; is the vector of coefficients for the j** equation. Thus

18



Yjr = ;T + €. (19)

Estimate the coefficient matrix A is the same as estimate each column qa; at a time,
1.e. estimate the coefficients of each equation of the system. This can be done by a least

squares estimation where the estimator can be written as

n -1 n
i; = <Z xtx;> (Z xtyjt> . (20)
t=1 t=1

The least squares residual vector is

€ = Y — A'act (21)

&l (22)

3.3.2 Selection of Lag Length

The procedure to choose the lag length p in a VAR model usually is minimizing some

information criterion. An option is to minimize the AIC, defined by

AIC(p) = log det(X(p)) + %K<p)7

n

S(p) =~ @@l

t=1

K(p) = m(pm + 1),

where K (p) is the number of parameters in the model and é,(p) is the residual vector from

the model with p lags.

3.3.3 Wiener-Granger Causality

The motivation to use a vector autoregressive model instead of univariate autoregres-
sion is that one time series might be useful in forecasting another. Granger [4] introduced
the concept of causality, known as Wiener-Granger causality because his idea goes back to

the work of Wiener [19]. Taking a multivariate time series { X, }, where {X,} has {X;;}
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as a component and another variable, or group of variables, { X5}, than the test consists
of knowing if the information contained in {X>,} and its past improves the forecast of
{Xi,.} in the sense of mean-squared forecast error. Denote the mean-squared error of the
forecast of {X; 44}, for any h > 1, with {X,,;} by MSE(h), and eliminating {X,,}
by MSE (h). According to Granger, we can say that the second variable { X5} causes
{X1.+} if and only if

MSE(h) < ]\%(h), for some h > 1. (23)
Granger defined the causality relationship based on two principles:

* The future cannot cause the past. Only the past can have a causal influence on the

future.

* A specific cause contains information that is not available otherwise.

3.3.4 Impulse Response Functions

After estimating the model, its interpretation can be done by the impulse response
functions (IRF). It consists of showing the effect over time of a shock to one variable on
the response of all variables in the system. To explain the IRF, a VAR model with lag
p = 1 will be used.

Considering a first-order case VAR(1) with equation

Y = Ayr1 + €&, (24)

to find the effect of the j-th element of the vector of shocks upon the ¢-th element of the
state vector, for example,two2 periods later, a interactive process to obtain the €;_5 in the

equation is needed. Using equations of lagged periods in the original equation (24):

Y = A(Ay—2 + €1-1) + €,
Yy = AQyt—Q + Aerq + €
Y = A2(Ayt_3 + Et_g) + Aet_l + €4,

yp = Ay3 + A’eo + Aerq + 6
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From this equation, the effect of the j-th component of ¢, 5 upon the i-th component
of y, is the i, j element of the matrix A2. The same interactive process can be done for

higher orders cases.

3.3.5 Confidence Intervals

The impulse response function is important for the analysis of VAR models, but to get
a interpretation from a statistical perspective is useful not only to estimate but also to get
the confidence intervals. Neusser [13] shows two approaches to calculate the confident
intervals: an analytic and a bootstrap approaches.

Neusser [13] indicates that the analytic approach has two problems, the first one re-
lated to complexity and the second one related to a poorly approximation of the distribu-
tion of the coefficients by a normal distribution. For these reasons the analytic approach
has became less popular.

The bootstrap approach consists in four steps repeated several times: generate new
disturbances, create a new realization of the time series, estimate the VAR model to obtain
new estimates for the coefficients and generate a new set of impulse response functions.
These steps generate a whole family of impulse response functions which form the basis
for the computation of the confidence bands. This method is detailed in Neusser [13],

who said that at least 500 repetitions should be done.
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4 Long Short-Term Memory

The Long Short-Term Memory (LSTM) network in Hochreiter and Schmidhuber [7] is
a kind of Recurrent Neural Network (RNN) designed to avoid the long-term dependency
problem (remembering the values from earlier stages for the purpose of future use). In
this architecture, the inputs and outputs are controlled by gates with activation functions
inside each LSTM unit.

These activation functions are scalar-to-scalar functions used to introduce non-linearity

modeling capabilities. In LSTM there are sigmoid activation functions, defined as

1
l1+e™®

Do — , (25)

that squishes values between 0 and 1, which is useful to control if some information
is important by making the value disappears, returning 0, or not, returning 1. Another

activation function is the hyperbolic tangent, defined as

pn = tanh(z) = = (26)

er + e’

getting values between —1 and 1, to regulate the values flowing through the network,
preventing them to explode.

In the diagrams below we can see the difference between the RNN and LSTM struc-
ture. In standard RNNSs there is a very simple structure, such as a single tanh layer, having
problems to handle long-term dependencies. LSTM is a special kind of RNN with a dif-
ferent structure. Instead of having a single neural network layer, there are four, with tanh

and sigmoid activation functions, being capable of learning long-term dependencies.
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Figure 3: RNN and LSTM structure [Colah’s Blog, 2015].

Each LSTM unit is composed by a cell state, which contains the information, and three
gates, that regulate the flow of information. Each gate has a control purpose. The input
gate protects the unit from irrelevant input events, the forget gate helps forget previous
memory information, and the output gate controls how much of the value in the cell is
used to compute the output activation of each unit. The LSTM formula for each unit, for

input 7; € RY, is given by

Up (2, ai-1) = ps(Arpxy + Upa—1 + bp),

Ur (2, ai-1) = ps(Arze + Uraz—y + by),

Lo, (zt,ai-1) = ps(Aozt + Upai—1 + bo),

(27)
¢ = pn(Acxy + Ucay—q + be),
cc=Ipoc1+1' 0,

a; =To, o pr(cr),

where the operator o denotes the element-wise product and the functions I',, I'7, and ',
are, respectively, the forget, input and output gates. A € R**?, U € R**¥ and b € R*
are weight matrices and bias vector, parameters which need to be learned during training.
Also, a; € R¥ and ¢, € RF are, respectively, the output vector and cell state vector, with
initial values a_; = ¢_; = 0, and the dimension k is da number of unit’s cell.

LSTM networks use supervised learning to update the weights in the network, training
on one input at a time in a set of training sequences. For each input in the sequence,

the error is equal to the sum of the deviations of all target signals from corresponding
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activations computed by the network. An optimization algorithm, like stochastic gradient
descent, is used to minimize the error. The gradients needed during the optimization
process are computed by backpropagation through time (BPTT), changing each weight in
proportion to the derivative of the error with respect to that weight. BPTT differs from
a standard backpropagation in the sense that some gradients need to flow backward from
future time-steps to current time-steps, i.e. there is time dependence from previous time-

steps.
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S Description of the Data Set and Results in the FX Op-
tion Market

5.1 Data Set

The data set consists of daily implied volatility smile in five strikes for liquid three-
months call options of EURUSD, GBPUSD, USDCAD and USDIJPY, where the time
series of SABR parameters values («, £, p) are obtained, the FX spot rate level for all cur-
rencies and the respective interest rates, over the period from 01/01/2008 to 05/06/2016.
In Figure 4 below we can see the behavior of all three parameters generated by the EU-
RUSD call options.
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Figure 4: EURUSD SABR parameters values

In Section 2.3.1 some transformations were considered to remove existent restrictions
and get stationary data appropriate to all models described. After those transformations

the new data has the shape showed in Figure 5 ready to apply all models.
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Figure 5: EURUSD SABR parameters values transformed

Those transformations were made to get stationary data, and the autocorrelation func-

tion showed in Figure 6 shows that the new data has no trend.
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Figure 6: EURUSD SABR parameters ACF before transformations in first line and after

transformations in second line
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5.2 Results

In the following section the results for ARMA, VAR and LSTM models will be pre-
sented. They will be compared with a random walk predictor. The random walk forecast
predicts tomorrow’s implied volatilities as today’s, i.e. all parameters have zero return.

All models predict the SABR parameters that were then transformed back to predicted
implied volatilities by Equation (10). An important observation is that the IV depends,
not only on the SABR parameters, predicted by the models, but also on the future forward
rate, that has been predicted only by the random walk model.

Before showing the results for the implied volatility forecast we will analyze the
Wiener-Granger test and prediction of the SABR parameters. Table 1 shows the p-values
of a Wiener-Granger causality test to identify if a VAR model can improve the forecast
of all variables. Each column shows the p-value of the null hypothesis that the other two
variables do not Granger-cause the variable of the column. We can see from the high
p-values of «, for all currencies, that we do not have evidences to reject the null hypoth-
esis that £ and p do not Granger-cause «, showing that VAR model may not improve the
forecast of a. The same can not be said for £ and p where the small p-value indicates that

the VAR model could be useful to improve the forecast.

el § p
EURUSD | 0.2890 | 1.557e-03 | 7.747¢-03

GBPUSD | 0.2713 | 7.475e-06 | 5.442e-07
USDCAD | 0.4208 | 1.117e-01 | 2.068e-06
USDJPY | 0.2884 | 8.834e-10 | 6.428e-03

Table 1: Granger causality p-values null hypothesis: ¢ and p do not Granger-cause o; «
and p do not Granger-cause &; o and £ do not Granger-cause p

Comparing all forecasts mean squared errors in Table 2, for one day ahead prediction,
we can see that LSTM offers a better prediction for three of the four a. Supporting the
p-value result of the null hypothesis that £ and p do not Granger-cause «, the VAR model
does not have a better result than ARMA in any currency. For ¢ and p, the model with
better performance was the VAR model, also supporting the results form the Wiener-
Granger test. The LSTM model was performed for each time series, not being able to

catch a possible influence that each variable could have in the others. In Table 2 the best
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result for each parameter is in blue, as we can see the random walk forecast did not have

a better result in any parameter.

Param RwW VAR ARMA | LST™M
o 0.00265 | 0.00265 | 0.00264 | 0.00263
EURUSD 13 0.01959 | 0.01921 | 0.01928 | 0.01950
p 0.01901 | 0.01876 | 0.01899 | 0.01894
o 0.00234 | 0.00232 | 0.00232 | 0.00231
GBPUSD 13 0.03049 | 0.02891 | 0.02900 | 0.02881
p 0.02004 | 0.01959 | 0.02019 | 0.02033
o 0.00198 | 0.00197 | 0.00196 | 0.00196
USDCAD 13 0.02405 | 0.02329 | 0.02335 | 0.02340
p 0.01479 | 0.01451 | 0.01473 | 0.01484
o 0.00298 | 0.00298 | 0.00296 | 0.00293
USDJPY 13 0.02820 | 0.02785 | 0.02812 | 0.02813
p 0.02320 | 0.02285 | 0.02273 | 0.02271

Table 2: Parameters forecast mean squared error

To compare the results from all models (in terms of implied volatility) a mean squared
error of all predicted days was calculated for each strike. Every day, for all models, there
is an implied volatility calculated for each strike K = ¢S, for 0.8 < ¢ < 1.2, where S is
the spot rate on that day. After that, a mean squared error of all days is calculated for each
¢, comparing the model with the real implied volatility, i.e. for each ¢, €, = 4/ % ZINZI rizc,
where NV is the number of days and 7. is the error from the ith day.

In Figure 7 we show errors produced by the VAR model in red, the ARMA error in
green, the LSTM model in blue and the random walk error in black. All plot shows the
error for one day ahead predict for each currency. Like Dellaportas and Mijatovic [1], for
USDJPY the ARMA model clearly outperforms the random walk forecast. The random
walk has a worst result than any other model for all currencies. ARMA and LSTM have a
better result than VAR in almost every strike for EURUSD and USDJPY, but for GBPUSD

and USDCAD, all the three models have similar errors.
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Mean square errors of one day ahead prediction
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Figure 7: Errors: Red VAR prediction; Green ARMA prediction; Blue LSTM prediction;

Black random walk prediction

Different from one day ahead prediction, in Figure 8, we see that for five days ahead

prediction, all models lose its predictive power, the result is similar for the random walk.

Mean square errors of five days ahead prediction
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6 Conclusion

Prediction of implied volatility is an important task in financial markets. The method
introduced by Dellaportas and Mijatovic [1] shows a promissory method to do this task.
The models were tested in the FX market for four different currencies.

From the VAR model, we can see in this work that each parameter can improve the
prediction of the others. Moreover, LSTM model has potential forecasting ability being
able to identify non-linear patterns in the time series. Also, Deep Learning has a lot of
other structures that can be tested.

This method can be applied to other financial markets different from FX market and
other parametric forms for implied volatility can be used, like Heston model. All these
points can be seen as interest proposals for future works, as well as developing a trading

strategy using those forecasts.
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A Appendix

A.1 Data Set Graphs

In Section 5.1 the data set was describe using EURUSD as example. Here all graphs

are plotted for the other currencies.

A.1.1 GBPUSD Graphs
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Figure 10: GBPUSD SABR parameters values transformed
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Figure 11: GBPUSD SABR parameters ACF before transformations in first line and after

transformations in second line
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A.1.2 USDCAD Graphs
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Figure 13: USDCAD SABR parameters values transformed
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Figure 14: USDCAD SABR parameters ACF before transformations in first line and after
transformations in second line

A.1.3 USDJPY Graphs
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Figure 15: USDJPY SABR parameters values
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Figure 16: USDJPY SABR parameters values transformed
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Figure 17: USDJPY SABR parameters ACF before transformations in first line and after
transformations in second line
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