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‘With four parameters I can fit an elephant, and with five I can make him wiggle his trunk.’

John von Neumann
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Resumo

Estudamos dois problemas matematicos distintos, mas relacionados, alcancando resultados
teoricos e aplicados. Estudamos o problema da maléria na regiao do Alto Jurué, no Acre, pro-
pondo um sistema de equagoes diferenciais (incluindo uma equagao impulsiva) como modelo
epidemiolégico levando em conta a relacao entre a falta de manutencao dos tanques de pisci-
cultura e a maléria. Para isso, foi organizada uma expedigao de campo acompanhando uma
equipe da Fundagao Oswaldo Cruz, revisaram-se artigos sobre a regiao e fez-se uma revisao
histérica da modelagem matematica da malaria. Descrevemos o nosso modelo, integrando a
dindmica vector-hospedeira da maléria, o ciclo de vida de mosquitos Anopheles darlingi e a
limpeza e crescimento da vegetacao de borda em tanques de piscicultura. Teoremas sobre o
comportamento assintotico do sistema foram deduzidos, e o sistema foi numericamente simu-
lado e analisado. Nossa anélise argumenta em favor de empregar campanhas de limpeza de
tanques de peixes e campanhas educativas como medidas de controle da maléria. Durante a
analise, percebeu-se que nosso modelo nao satisfazia as condi¢oes para aplicar o Teorema de
Smith (H. L. Smith. Cooperative systems of differential equations with concave non-linearities.
Nonlinear Analysis: Theory, Methods Applications, 1986) sobre o comportamento assintotico
de equagoes diferenciais cooperativas e concavas. Mais especificamente, o teorema assume a
continuidade de tempo da funcao dindmica, que nosso modelo nao satisfez. A fim de contornar
este problema, o background teérico do teorema foi estudado, e o resultado foi estendido para

funcoes com dindmica apenas mensuravel no tempo.

Palavras-chave: malaria, epidemiologia, sistemas dinamicos.
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Abstract

We studied two distinct but related mathematical problems, achieving both theoretical and
applied results. We studied the problem of malaria in the region of Alto Jurua, Acre, proposing
a system of differential equations (including an impulsive equation) as an epidemiological model
taking into account the relationship between the lack of maintenance of fish farming tanks and
malaria. In order to do that, a field expedition was put together with a team from Oswaldo Cruz
Foundation, articles surveying the region were reviewed and a historical review of mathematical
modelling of malaria was made. We describe our model, integrating the vector-host dynamics of
malaria, the life cycle of Anopheles darlingi mosquitoes and fish tanks border vegetation growth
and cleaning. Theorems about the asymptotic behaviour of the system were derived, and the
system was numerically simulated and analyzed. Our analysis argues in favor of employing fish
tank cleaning and educational campaigns as measures of malaria control. During the analysis,
it was noticed that our model did not satisfy the conditions to apply Smith’s Theorem (H. L.
Smith. Cooperative systems of differential equations with concave non-linearities. Nonlinear
Analysis: Theory, Methods Applications, 1986) concerning the asymptotic behaviour of coop-
erative, concave differential equations. More specifically, the theorem assumes time continuity
of the right-hand side function, which our model did not satisfy. In order to circumvent this
problem, the theoretical background of the theorem was studied, and the result was extended

to functions with merely time-measurable right-hand side.

Keywords: malaria, epidemiology, dynamic systems.
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Chapter 1

Introduction

The goal of this research is modelling the impact of fish farming ponds’ cleaning fre-
quency in the proportion of population infected with malaria in the Alto Jurua
region, giving conditions for the disease to either be eradicated or to stay endemic. In order
to achieve this goal, we propose a model which was inspired by [DT16, RHB*15, dRCD*15]

and will be studied in depth in Chapter 3.

Qualitative results about the asymptotic behaviour of the system were derived. Our main
results are Theorem 3.2 and Theorem 3.3. Both theorems provide a sufficient condition in
terms of the parameters of the system for determining its asymptotic behaviour. Theorem 3.2
concerns the total mosquito population, with respect to its convergence to a periodic solution
or convergence to 0. Conversely, Theorem 3.3 concerns the proportion of population infected

with malaria, again with respect to its convergence to a periodic solution or to 0.

Another important result, of a more Theoretical nature, is Theorem 2.22. This theorem
concerns a class of cooperative differential equations with time-measurable right-hand side.

This theorem provides the abstract backbone of both Theorem 3.2 and Theorem 3.3.
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1.1 Mathematical Modelling of Diseases

In this section we expose some of the background information on malaria and modelling of

biological phenomena.

Models are mathematical abstractions whose behaviour in some way is similar to some,
for instance, physical, economical or biological system!. The use of mathematical concepts to
describe the propagation of diseases can show the likely outcome of an epidemic, or can be used
to advise public policy. The structure of the model is associated with the simplifying assump-
tions made. It is worth noting that models cannot, and should not strive for, reproduce the
whole complexity of phenomena. Adequate modelling is an equilibrium between mathematical
tractability, attempt at verisimilitude, and the intent of the author. The assumptions made in
order to make the model are the cornerstone of this interaction. As with maps, the defining

characteristic of models are their usefulness.

We can analyze the procedure of creating models through 4 stages, adapted from |[Hes86,

Ch 9]

1. The Description Stage, in which some phenomena are chosen to be modelled. The theory

which is the backbone of the model depends on the kinds of phenomena to be modelled.

2. The Formulation Stage, in which the theory is translated to mathematical equations,

which form the basis of the model.

3. The Ramification Stage, where the properties of those equations are studied through

mathematical analysis;

4. The Validation Stage, which is concerned with comparing the results of the ramification
stage with the phenomena the model aimed to describe. The comparison can go from a

simple check on the reasonableness of numerical results to an experimental test.

IThe relation between a model and its object is similar to the relation between a metaphor and its object.
A model can’t be true, but can be useful to explain some interaction or make a comparison.
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In our work, for example, the description stage consists of the current chapter, with its
exposition of the context of the phenomenon to be modelled. The formulation stage consists in
Section 3.3, in which the actual equations of the model are presented. The ramification stage
follows with Section 3.4, where we analyze the properties of our equations. Finally, we validate
the model in Section 3.5, with numerical simulation of the equations. It is important to note
that simulations are in no way substitutes for empirical validation, they merely give us reason

to believe the model to be internally consistent.

One prevalent kind of model in mathematical modelling of diseases, or mathematical epi-

demiology is the compartmental model. A compartmental model consists in

e a state space {2 C R™ in which every axis is associated with a subset or compartment of

the population.

e a transfer function f : R x 2 — R", which determines the evolution of the system at time

t and state z(t) through the differential equation & = f (¢, z(t)).

The essential assumption of a compartmental model is that individuals inside a same compart-

ment are indistinguishable with regards to the disease.

The history of mathematical epidemiology, can be traced back to the beginning of the 20"
century. Microbiological research had recently revealed the mechanisms by which infectious
diseases spread among populations, notably in the work by Pasteur and Koch. This, together
with statistical developments with regard to epidemiological data, proved to be fertile ground
to the development of mathematical epidemiology. The Mass Action Principle?, which proposes
that the rate of spread of a disease is proportional to the product of the density of suscepti-
ble individuals times the density of infectious individuals, was the first important theoretical

contribution. This idea, due to Hammer, is central to most models of disease dynamics [And13].

Hammer, however, formulated the Mass Action Principle in a discrete time model. It

was Ronald Ross (credited with discovering the transmission of malaria by mosquitoes) who

2An idea and name probably borrowed from the theory of chemical reactions.
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introduced the principle into a continuous-time model, in his work on malaria dynamics [And13,
Ros11|. He proposed his model to support the claim that malaria could be eradicated through
reduction of the mosquito population [Bacl1]. Ross divided both the human and the mosquito
population into two compartments: the susceptible and the infected. Infected humans return to
the susceptible compartment, giving the model the SIS-SI name. Both populations are assumed
constant. We denote the human population as N}, susceptible humans as S and infected as [

As for the mosquitoes, we denote the whole population as NN,,, susceptibles as Mg and infected

as M. )
S =kl — thN o
I = ﬂvhN N, Kk,
Ms = My — Bho s 7
\MI = ﬁth Nh — M.

As S+ 1 = Ny, Mg+ M; = N,,, and considering both populations normalized to 1, we can

simplify the model to the following system of differential equations

I =BuM(1—-1)—kl,
(So)
M; = BrI(1 — M) — par My,

where [ is the infected human population, M; is the infected mosquito population, the suscep-
tible human population is represented through (1 — I') and the susceptible mosquito population
through (1 — My) [MSS11]. The biological parameters are: [,, and [, the vector to host
and host to vector transmission rates, respectively; k, the recovery rate for humans infected
with malaria; and p,s, the mortality rate for mosquitoes. Figure 1.1 shows the compartmental

diagram for System (5).

Ross” mathematical models studied malaria transmission reduction through control of its
vector. There are two possibilities for this kind of control: reduction of mosquito population,
or separation of the mosquitoes from the human host. Through his model, Ross concluded that
it was not necessary to completely eliminate the mosquito population to eradicate malaria. In

fact, below a critical density of mosquitoes, infection cannot be sustained [M57|. This was



1.1. Mathematical Modelling of Diseases 5

129.%
Mgl I
[ 77‘77 -
:MsfwM[Sw K
L o
/Bhl) ,/,/ \\
My =---- - 1 S
123.%s

Figure 1.1: Compartmental diagram for Malaria dynamics in System (Sp). With both popu-
lations normalized to 1, we can represent S as 1 — [ and Mg as M; and drop two equations.

the reason for the World Health Organization to support the use of inseticides in the control

of malaria [SLCT06].

Following this, came the work of Dietz, Molineaux and Thomas, in which different interven-
tion strategies were compared. Their investigation was framed within the context of the Garki
project [MGOT80], a research led by the World Health Organization and the Nigerian govern-
ment that collected data on the epidemiology and control of malaria in northern Nigeria. To
this date, the wealth of data collected in the Garki project has not been surpassed. Dietz et al.
[DMT74] included the effect of hosts’ immune response on transmission rates into their model.
This effect is crucial for malaria control, with regards to changing the equilibrium between host
and parasite population, specially in regions where eradication is not feasible. Their model was
the first to represent the quantitative relationship involving molecular (immune response), mi-
croscopic (parasites) and population (hosts) level phenomena as a single differential equations

system.

Some other findings of the Garki project, summarized in [MGO™80]|, were the degree to
which vector genetic diversity affects control programs based on domiciliary spraying, and the
possible loss of parasitological immunnity in the aftermath of mass drug administrations. This
latter observation was made when the prevalence of P. falciparum increased in the first wet

season following the intervention. Due to this, the authors advised against the prolonged use
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of these control measures, such as in Garki.

Motivated by attempts at the development of a malaria vaccine in the early 80’s, epidemi-
ological modelling of malaria started to consider the biological mechanisms associated with
different control strategies, changing intervention design and measurement of efficacy. The
mechanisms considered were infection blocking, disease modification and transmission block-
ing, among others. Fach mechanism corresponds to a stage in the parasite life cycle, mirroring
the search for a viable vaccine target mechanism. A vaccine model that encompass all three

mechanisms was proposed by [Ned85, HSS89|, based on Dietz” model [DMT74].

Another development in malaria research was the introduction of heterogeneous mosquito
behaviour. Kingsolver [Kin87| discriminated in his model mosquito behaviour towards malaria-
infected and non-infected humans. As it seems, humans infected with malaria attract more
mosquitoes than non-infected humans. This changes the dynamics of the disease and, conse-
quently, modifies the equilibria, showing the importance of taking biological phenomena into

consideration.

Current research started to take into account genetic phenomena, such as: genetic suitability
as vector, Plasmodium and Anopheles evolution, introduction of genetically modified vectors or
parasites into the environment. Studying the life cycle of the parasite inside the vector shows the
existence of several vector traits that are potential barriers to pathogen development [BJCO00].
Knowing which genes control those traits provides the opportunity to develop new control
strategies. With regards to evolution, understanding the selective pressures that affect both
parasite and vector can help to explain some undesirable consequences of large scale interven-
tions, such as resistance to drugs or pesticides [CF03, SLC*06]. Therefore, this knowledge can
lead to better design of control strategies. In parallel to this, techniques for genetic manipulation
of mosquitoes and parasites open the possibility of controlling the disease through introduction
of genetically altered vectors and pathogens in the environment [GS04, MLKMO05, SAHTGO3].
This idea is subject to heated debate regarding the evolutionary possibilities and constraints,

the virulence trajectory of the parasite, the impact on the environment and the actual impact

on disease morbidity and spread [Cur94, Spi94, RK94, BK02, BK03].



1.2. Cooperative Dynamical Systems 7

Some macroscopic phenomena that affect malaria dynamics are spatial heterogeneity, and
social and economic incentives. Differences in regional environment’s potential for malaria
provides a spatial dimension to modelling, which affects phenomena at great scale [LCMS03].
This spatial heterogeneity promotes permanence in host-parasite systems, forming "islands"
where the disease persists. Malaria in Brazil is an example of this, as the disease is mostly
restricted to the amazon river basin, and even in that region, highly focused in a small number
of municipalities [RHB*15, dRCD"15|. Finally, social and economics incentives are included
in the model due to the importance of population-wide measures in the control of vector-based
diseases. Such is the example of dengue fever control through the removal of potential Aedes
aegypti larvae breeding sites and malaria control through fish farming tanks management, which

is the subject matter of this thesis.

1.2 Cooperative Dynamical Systems

Differential equations are equations which relate the derivative #(t) to the value z(t) of some

function, in an equation of form

#(t) = f(t,2(t)) (1.1)

where f is a given function. The use of differential equations is widespread in science, with
applications ranging from physics and engineering to economy or biology. When ¢ represents
time, the differential equation represents the time evolution of some system, which is called a

dynamical system. System (Sp) is an example of a dynamical system.

A dynamical system given by a differential equation is characterized by:

e a set X, which is the state space of the equation,

e a function f : R x X +— X, which determines the behaviour of the system for a given

time ¢ € R and a given state x € X.

We can observe this in Figure 1.2. In this graph, a particular case of system (5) is consid-

ered. The dynamics are indicated with blue arrows. The state space is [0, 1]2. Three trajectories
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Figure 1.2: lustration of the behaviour in a dynamical system.

are plotted for different initial conditions, in red, yellow and orange, respectively. Note that at

every point the vector field is tangent to the trajectory.

An introduction to the theory of dynamical systems, with many applications can be found
in e.g. [Strl8, HSD12|, and references therein. More in-depth study of ordinary differential
equations can be found in [CL55, Har(02], and for the Carathéodory solutions that we consider

here, we refer to the introductory chapter of [BPO7].

During Chapter 2, we concern ourselves with differential equations governed by a monotone,
concave, cooperative function f, which is measurable w.r.t. t and Lipschitz continuous w.r.t.
x. We conclude Chapter 2 with Theorem 2.22, giving an algebraic criteria for the asymptotic
behaviour of this kind of system. This development is important as the model for malaria
control that we propose (introduced in next section, and analyzed in Chapter 3) has these
properties. The theory of concave, cooperative differential equations systems, continuous in
both x and ¢ was developed in [Smi86, Jif90]. Our main result is an extension of that of [Jif90]

for dynamics f that are merely measurable w.r.t. time.

Two well-known and widely used threshold values from the literature on mathematical
modelling of biological phenomena are the basic offspring number and the basic reproduction
number. Both are significant because their value determines the asymptotic behaviour of a
biological model. The basic offspring number N is a value derived from the parameters which

determines the growth of a population, and is interpreted as the average number of offspring
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that an individual produces during its lifetime[YMG'09, FG14]. When N < 1, the population
tends to go extinct, while for A/ > 1 the population persists (i.e. it is viable). The basic
reproduction number Rq for a disease is interpreted as the average amount of new infections
an infected person causes if introduced in a completely susceptible population. In standard
compartmental models (see e.g. [VADWO02]), when Ry > 1, it is possible for the disease to
become endemic. Conversely, when Ry < 1 the disease goes extinct, with the infected state

variables converging to zero. Their mathematical definitions are given in the next section.

1.3 Methodology

This work ranges from the application of mathematical theory on the real world problem of
endemic malaria in the Alto Jurué region to the theoretical problem of extending a theorem to

a larger class of functions.

In order to model the situation in Alto Jurué, tentative model structures were proposed
through discussions, with their form inspired by [MSS11, DT16]. The local phenomena to be
included in the model were selected from [dRCD*15, RHB*15|. The model evolved through
trial-and-error, by balancing the range of phenomena incorporated in it and its mathematical
tractability. Our system includes two different kinds of carrying capacities for larvae, repre-
senting two classes of fish farming ponds: those with larvae predatory fish and those without.
Both carrying capacities depend on the percentage of borders covered by vegetation, which is
modelled to obey a differential equation containing jumps or, more precisely called, 'impulses’.

Our final model is given by the following system:
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(V(t) =r(l=V); for t # nr;

AV (t) = —y(H(t))V(t), for t =nt, n € N;

Mg =v(Ly + Lp) — Brol Ms — ping Ms;

M; = Bl Mg — pipn Mr; (5)
Ly = o R (M Ms) (1= 585) = 04 e (1= V)L

o =oiim (M + Ms) (1= ghtey) = (v 4 pe) L

S = —BuSM; + KI;

k1' = BonSM; — k1.

The system variables are vegetation V', susceptible mosquito population Mg, infected mosquito
population M, larvae population on ponds with predatory fish L,, larvae population on ponds
without predatory fish L,,, proportion of susceptible population S, and proportion of infected

1. Biological meaning of the parameters is given in Table 1.1.

Our system is a composition of a population model for mosquitoes and an epidemiological
model for malaria. For System S3, the basic offspring number for the mosquito population

assumes the form

av
N=Z=— 1.2
e+ i2) 12)
while the basic reproduction number of malaria is given by
VMU M
Ry = DM (1.3)
Ktav

During the course of writing this work, a visit was made to the Alto Jurué region, together
with a team from Oswaldo Cruz Foundation. The author and the thesis advisor accompanied
the team through group activities about the problem of malaria, with local teachers and fish

farmers. During the activities, estimates of the numerical values of some parameters were made
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Parameter Biological Meaning
% Aquatic stage carrying capacity of the
environment.
Aquatic stage carrying capacity of
K, fishing ponds with predatory fish, as a

function of border vegetation.
Aquatic stage carrying capacity of
K, fishing ponds without predatory fish,
as a function of border vegetation.
Mean number of eggs per mosquito

@ which become larvae.

v Aquatic to adult transition rate.

(L1, Aquatic stage basic mortality rate.

Added mortality due to predatory

Hp fish.

13 Adult mosquito mortality rate.

K Recovery rate for infected individuals.
Bon Mosquito to human infection rate.
B Human to mosquito infection rate.

r Rate of growth of vegetation.

I Proportion of population cleaning the

vegetation as function of time.

y Proportion of vegetation removed as

function of H.

Table 1.1: Biological meaning of the parameters.

through interviews and collective activities with the fish farmers. This visit helped to improve
the form of the model with the first-hand experience of the situation in Alto Jurua, and the
exchange of ideas with the Oswaldo Cruz Foundation research team. The visit also brought to
mind the importance of this work, due to the impact the disease has in the population, and the
somewhat controversial nature of the relation between fish farming tanks and malaria to local

politics.

Numerical values for parameters of the system were taken from a review of the literature,
from works such as [IRCD*15, RHB"15, AFG12, BHA11, And13, MSS11, Ros11, Kam12|, and,
as already mentioned above, from estimates taken during the field visit. Numerical experiments
were implemented in Python using consumer grade computing equipment. The computing
language was chosen due to convenience, as the language has well-known numerical and plotting

libraries such as NumPy and Matplotlib. A computation notebook with the code used can be
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found in the url https://github.com/fjpAntunes/NB_Malaria_Acre

For the theoretical development leading to Theorem 2.22, Smith and Jifa’s article were
studied in depth. By reproducing the proofs step by step, it was possible to determine at which
point the assumption of continuity was necessary. As it happens, it was necessary to prove
existence and uniqueness of solutions of initial value problems. Therefore, using Carathéodory’s

existence theorem, it was possible to extend the theorem to time measurable functions.

1.3.1 Organization of the Thesis

The following work is divided in 4 chapters. The first one is this introduction. Chapter 2 is
dedicated to the study of cooperative systems with concave nonlinearities, Chapter 3 to the

mathematical modelling and analysis of malaria in Acre. Chapter 4 concludes the work.

The goal of Chapter 2 is to prove Theorem 2.22 that yields the convergence result included in
Chapter 3. During Chapter 2, we concern ourselves with differential equations with a periodic,
monotone, concave, cooperative dynamics f that is measurable w.r.t. t and Lipschitz continuous
w.r.t.  (The meaning of each term will be given in the introduction of Chapter 2). Theorem
2.22 provides a sufficient condition in terms of the principal minors of the Jacobian matrix at 0
of the function f for the convergence of the trajectories either to a periodic orbit (with strictly
positive components) or to zero. These conditions are applied in the qualitative analysis of the

asymptotic behaviour of our malaria model, given in Chapter 3.

Theorem 2.22 is an extension to a larger domain of functions of a result due to [Jif90] that was
applied in [DT16|. Studying [DT16], it was noted that this result does not apply to differential
equations systems with right-hand side that are merely measurable with respect to time. A
careful study of [Jif90, Smi86| led to the structure of Chapter 2. Basic properties needed for the
proof of Theorem 2.22, such as existence and uniqueness of solutions for differential equations
with the desired kind of f are derived following [BP07, Ch 2|. Some topics which play a key
part in the proof were studied in more depth as e.g. Kamke’s Theorem in [Kra68, Cop65], and
Perron-Frobenius theory in [BP94, BG59].


https://github.com/fjpAntunes/NB_Malaria_Acre

Chapter 2

Cooperative Systems with
Time-measurable Dynamics and Concave
Nonlinearities: Well-posedness and

Asymptotic Behaviour

2.1 Theoretical Framework

In this chapter, we study the limiting behaviour of periodic, cooperative, concave systems of

the form

&= F(t z), (2.1)

where I/ : RxR?} — R is a measurable function with respect to ¢, and continuous with respect
to x. The main result of this chapter is Theorem 2.22, which concerns algebraic criteria for
determining the asymptotic behaviour of systems such as (2.1). Our contribution is an extension
of a result given in [Jif90], but for dynamics F' that are merely measurable with respect to ¢,
instead of continuous. This extension is then applied to the result in Chapter 3 to study the

behaviour of System (S3), as its right-hand side is piecewise continuous in ¢. Cooperative

13
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systems are of special concern in mathematical biology, as they are used to model the dynamics
of species with multiple life-cycle stages. In order to prove Theorem 2.22, this chapter follows
the structure of works such as [Smi86, Jif90]. The overall structure of the proof and the chapter
is as follows: first, we recall some results regarding existence and uniqueness of Carathéodory
solutions, as well as some results about continuity and differentiability of solutions w.r.t. initial
conditions. This is done in Section 2.2. Afterwards, in Section 2.3 conditions for convergence
of iterated applications of a convenient class of operators are given. We finish the section by
transforming these conditions into criteria over the principal minors of the Jacobian matrix of
F'. Section 2.4 concludes the chapter, and states Theorem 2.22, which is the main result of this

chapter to an is later applied in Chapter 3.

2.1.1 Literature Review

The theory of concave, cooperative differential equations with continuous right hand side is
developed in a series of papers due to Hirsch, Smith and Jifa [Hir85, Smi86, Jif90]. Hirsch’s
[Hir85] main result concerns autonomous cooperative systems and states that for this kind
of system there is no attracting non-constant periodic solution; and, if the system is also

irreducible!, then its flow approaches the equilibrium set for almost every starting point x.

In Smith [Smi86|, a criteria for the asymptotic behaviour of the non-autonomous system of
the form & = F(xz,t), for a continuous with respect to both ¢ and z, periodic in ¢, cooperative
and concave function F' is developed. Smith’s result states that the asymptotic behaviour is
determined by the linear stability of the trivial solution z(¢) = 0. If the trivial solution is
linearly stable, then it is globally asymptotically attractive. Conversely, if it is unstable, then

there exists a periodic solution which is globally asymptotically attractive.

In [Jif90], Jifa weakens the irreducibility condition in Smith’s result from the irreducibility
of the Jacobian for every (¢,z) in R xR} to the irreducibility at (¢,0) for any ¢ € R, and gives a

sufficient algebraic condition involving the principal minors of the Jacobian matrices for global

LA system is irreducible if the Jacobian matrix of F' cannot be transformed by permutation of rows and
columns into a block upper triangular matrix.
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asymptotic convergence to 0, or for global asymptotic convergence to some periodic orbit.

Under appropriate regularity assumptions, we can still prove existence and uniqueness of
Carathéodory solutions, as well as differentiability with respect to the initial conditions. [CL55].

These properties will be enough to extend the results of Smith and Jifa to systems such as (2.1).

2.1.2 Definitions and Preliminary Results

In this section, we introduce some notation and preliminary results which will be used through-
out the chapter. We will make use of the following notation: if z,y € R"”, we write x < y and
x < y if the inequalities hold component-wise. If x and y are n X n matrices, then the inequal-
ities should hold entry-wise. We use z < y if # < y and x # y, this is, when the inequality
is strict for at least one component (or entry). If x < y, we define [z,y] = {z : z < z < y},

(x,y ={z:x<z<y}and (z,y) ={z:2 <z <y}
Let 2 be an open set in R x R™. Our objective is to study the asymptotic behaviour of
solutions to concave, cooperative, irreducible systems such as

@ = F(t,z), (2.2)

where F': ) — R" is differentiable w.r.t. x, measurable and 7-periodic w.r.t. the variable ¢.

In equation (2.2), F is called concave if 0 < z < y implies

&CF(t,x) 2 axF(tvy)a

where 0, F(t, x) denotes the Jacobian matrix of ' with respect to x at time t. Conversely, the

system is called cooperative if
OF;
(9.CCJ'

(t,z) >0,

for i # j, for (¢, z) € Q. This is equivalent to saying that 9, F' (¢, x) has non-negative off-diagonal

terms.? Informally, being cooperative means that an increase in any variable does not imply a

2 Analogously, an n x n-matrix A is cooperative if each off-diagonal term is nonnegative.
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slower growth in other variables, and may even imply faster growth, while being concave means

that the greater the variable, the less its increase accelerates growth rate.

A Cauchy problem (or initial value problem) is a differential equation such as (2.2) equipped
with an initial condition (¢y,z¢). By a Carathéodory solution to a Cauchy problem, we mean
an absolutely continuous function ¢ — x(t, to, zo) defined on some interval [t(, ¢;] which satisfies
(2.2) almost everywhere, and such that x(to, to, o) = zo. We may write x(¢) if both ¢y and z

are implicit from the context.

In the following development, we employ the mapping

T:R"—R", T(x) =x(t, to, z0), (2.3)

for a given ¢t > to. T is called a Poincaré Map for (2.2). We will delineate conditions under
which this mapping is well defined, and conditions under which this mapping is differentiable.
Following that, we will analyze the convergence of lim,, o, 7" () for z( in some given interval

[0, p], and employ these results to the study of solutions for system equation (2.2).

For a linear, T-periodic system, we call Floquet multipliers the eigenvalues of the Poincaré

map for ¢ = 7 [Kra68|.

For the mapping 7" in (2.3) to be well-defined, we require that, for each z there is a unique
T'(zp). This occurs if solutions for (2.2) are unique given an initial condition, which is the result

of Theorem 2.3. Throughout the chapter, we assume the following regularity conditions.

Basic Assumptions: F': () — R"™ satisfies the following conditions:

t — F(t,z) defined on Q, = {t: (t,z) € Q} is measurable Vz,

x+— F(t,z) defined on Q; = {z : (t,x) € Q} is continuous for a.e. t.

and, for any compact set K C €, there exist positive constants C, Lx such that:
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’F(tax” < Cka
for all (t,z), (t,y) € K. (B)

[E(t,2) = F(ty)| < Lifz =y,

Two notions that will be useful are forward invariance and global asymptotic attractiveness.

They are defined as follows. Let g : €2 +— R", and consider the Cauchy problem

#(t) = g(=(1)), (o) = o (2.4)

Definition 2.1 (Forward invariant set). If a set K C R" is such that for every xy € K, the
solution to the Cauchy problem (2.4) with x(ty) = xo has x(t) € K for every t > to for which

the solution x(-) is defined, then we say that K is a forward invariant set for g.

Remark. The definition means that trajectories that at some time ¢y are inside a forward

invariant set remain inside that set for every ¢ > .
Definition 2.2 (Globally Asymptotic Attractive). We say that a trajectory x : R +— R™ is
globally asymptotic attractive if, for every xo € €2, the solution x(-) to (2.4) satisfies

lim max |x(t) —xz(t)] = 0. (2.5)

n—00 t€[n,00)

Remark. What this means informally is that after a long period of time the system follows
the global asymptotic attractive solution, and the initial condition does not influence the "long

term behaviour" of the system.

We say that a n x n-matrix A is cooperative if its off-diagonal entries are non negative, that

is a;; > 0, for ¢ # j. The Jacobian matrix of a cooperative system is a cooperative matrix.

Any k x k-submatrix of A formed by deleting n — k rows of A, and the corresponding n — k
columns is called a principal submatriz of A, and its determinant is called a principal minor of

order k. If the n — k removed lines and columns are the last ones, we say that the resulting
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matrix is a leading principal submatriz, and the determinant is the leading principal minor.

If the retained rows and columns of A are given by
1<iy<iy<..<ip<n, (2.6)

then the principal submatrix is denoted by

A(il iy ... @k) (2.7)

Next we present some results from Perron-Frobenius theory of non-negative matrices which
will be used later on. Let p(A) denote the spectral radius of a matrix A, and s(A) := max Re),

where A runs through the eigenvalues of A.

Theorem 2.1 (Perron-Frobenius). Let A be a cooperative matriz. Then the following assertions

hold

1. s(A) is a non-negative eigenvalue of A and there exists a corresponding non-negative
eigenvector. Moreover, if A is irreducible, then to s(A) there corresponds a positive eigen-

vector.

2. If A < B then s(A) < s(B). Furthermore, if A is irreducible and A # B, then s(A) <
s(B).

3. If B is a principal submatriz of A, then s(B) < s(A). If A is irreducible, then the

imequality is strict for k < n.

4. s(A) < X if and only if all principal minors of NI — A are positive; this is equivalent to

stating that all leading principal minors of NI — A are positive.

5. s(A) < 0 if, and only if, for a positive vector r > 0, there is a vector x > 0 such that

Ax+r=20

6. If X is an eigenvalue of A, then A — 1 is an eigenvalue of A — I. From the maximality of

s(A), it follows that s(A) — 1 =s(A—1)
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Due to Perron-Frobenius Theorem, if A > 0, then p(A) = s(A). Some sources for matrix

theory and the theory of non-negative matrices are [BP94, BG59|.

We present also Kamke’s Theorem, which will be used throughout the chapter.

Theorem 2.2 (Kamke’s Theorem). Let x(t) and y(t) be solutions of
= F(t,x)

and

y=G(y)

respectively, where both systems are assumed to have the uniqueness of solutions property for
initial value problems. Assume both x(t) and y(t) belong to a domain D C R™ for [ty,t1], in

which one of the two systems is cooperative and
F(t,z) < G(t, z), for (t,z) € [to,t1] x D (2.8)

then, x(ty) < y(to) implies x(t1) < y(t1). If F = G and z(ty) < y(to), then x(t1) < y(t1).

In-depth study of the theory behind Kamke’s Theorem can be found in [Kra68, Cop65].

2.2 On Carathedédory Solutions

In this section, we recall some results which are the basic requirements for the development of
our proof. We present existence and uniqueness results for Cauchy problems with right-hand
side functions that are merely measurable with relation to time. Section 2.2.1 will employ
these results to prove that a Poincaré map T for our desired class of functions is well-defined,

continuous and differentiable.

We begin with the following theorem [Rud06, BP07, CL55].
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Theorem 2.3 (Carathéodory’s Existence Theorem). Given a mapping g: R x  — R™ satis-

fying (A) and (B), consider the Cauchy problem:
T =g(t,x), x(ty) = wo, (2.9)

for some (tg, zo) € Q. The following holds:

1. There exists an € > 0 such that (2.9) has a local solution x(-) defined for t € [to,to + €.

2. Assume that the function g is defined on the entire space R X R"™, and there exist constants

C, L such that

Then, for every t; > to, the initial value problem (2.9) has a global unique solution
xX(+, tg, o) defined on t € [to,t1]. Moreover, the solution depends continuously on the

miatial data .

Proof. We begin by proving statement 2. In what follows, the initial condition o € R™ plays
the role of a parameter. Let Ci([to,t1],R"™) be the space of all continuous functions from [to, ¢;]

into R™ with the norm:

el = max e o)), (2.11)

which is equivalent to the usual C’-norm

lz()Il = max |(t)]. (2.12)

to<t<ty

Define the mapping v : R" x C;([to, t1], R") — Ci([to, t1], R") as:

(o, w(+))(t) = xg +/ g(s,w(s))ds, t € [to,t1]. (2.13)

to



2.2. On Caratheédory Solutions 21

As g is not continuous, we need to show that the mapping s — ¢(s,w(s)) is integrable. In

order to do that, consider a sequence of piecewise constant functions {w, },>1 with:

v

(t —t i(t —t 1)t — ¢
wy(t):w<t0+‘u> ifte[t0+j(l—()),t0+(‘7+ ) —to) | for j € {0,1,2,...,v—1}
1% 1%

(2.14)
From assumption (A), the maps ¢t — g(t,w,(t)) are all measurable. From our global assumption

(2.10), we have:

lim |g(t,w(t)) — g(t, w,(t))| < lim L|w(t) —w,(t)] =0, (2.15)

V—00 v—00
which shows that the function ¢t — g(¢,w(t)) is a limit of a sequence of measurable maps, hence

measurable itself. As g is globally bounded by C|, the integral in (2.13) is well defined, and

continuous on ¢. Hence, ¢ is well defined, and its image is contained in C4([to, t1], R™).

Our next step is to show that v is a contraction in C4([to,#;], R"). From the definition of

the norm in Cj([to, t1],R"), we have:
lw(s) —w'(s)| < |Jw—w|[;e** for all s € [to, t1].

From the Lipschitz continuity condition in (2.10):

e M i (wo, w)(t) — ¥(o, w')(t)| = | /t (s, w(s)) — gls,w'(s))ds

< 6_2Lt/ Llw(s) — w'(s)|ds

to

t
S eQLt/ L62L5672Ls‘w(8) . w'(s)|ds
to (2.16)

t
§6_2Lt/ L€2Ls||w—w/||-i-d8
to
(1 _ 672L(t7t0)

==l

[|w = w'lf;
2 )
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which holds for all ¢ € [tg,?;]. Therefore, it follows that

1
19 (o, w) = (o, W)y < Fllw —w'lls. (2.17)

Applying Banach’s Contraction Mapping Theorem [BP07, A.1|, there exists a unique continuous

mapping xo — X(-, to, o) which is a fixed point for ¢:

x(t,to, o) = Y (x9,X) = 20 +/ g(s,x(s, o, x0))ds. (2.18)

to

It follows that x is the solution to (2.9), proving statement 2.

Now, in order to prove 1, consider the set
K= {(t,z) : [t —to] < e,z — x| < e}, (2.19)

where € > 0 is small enough for K C Q. Let A : R x R" — [0, 1] be a smooth function such
that h = 1 on K and h = 0 outside some larger compact set K’ such that K € K’ C 2. The

function

o) = g(t,z)h(t,x), if (t,z) € Q, (220

0, if (t,z) ¢ Q,

satisfies both (A) and (B), together with (2.10), as it vanishes outside K'. By statement 2,

there exists a solution z(+) to the Cauchy problem

() = g'(t, x(t)), @(to) = o, (2.21)

defined on an arbitraly large interval [to, ¢1].

As K is a neighborhood of (o, ), for some small ¢ > 0, the point (¢,z(t)) € K for
t € [to,to + €]. From (2.20), g and g' coincide inside K, which means that x(-) provides a
solution to the original problem (2.9) restricted to the interval [ty,to + €|. This concludes the

proof. n
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Remark. Statement 2 on Theorem 2.3 straightforwardly proves existence for every t; > t,
uniqueness and continuity at the price of a restrictive global condition. Conversely, in statement
1 we know there is some time interval [to, to + €] over which a solution is defined. The rest of
the current section concerns the situation in statement 1, with regards to

e conditions for the local solution to be unique, and

e how far can we extend the interval over which the solution is defined, i.e. for which ¢; > t,

there is a solution x(-) defined over [ty,#;].

Theorem 2.4 bellow will be used to prove uniqueness of solutions.

Theorem 2.4 (Gronwall’s lemma). Let z(-) be an absolutely continuous non-negative function
such that

z(to) <7, 2(t) < at)z(t) + B(t), for a.e. t € [to,t], (2.22)

for some integrable functions «, 3, and some constant v > 0. Then for every t € [to,t1], the

following holds

+(t) < yexp ( /t:oz(s)ds) + /t: B(s) exp ( /t a(a)da) ds. (2.23)

Proof. Consider the absolutely continuous function

B(t) = exp (— /t:oz(s)ds) [z(t) _ /t:ﬁ(s) exp ( / ta(a)da) ds} | (2.24)

After some calculations, its time derivative can be written as

b(t) = exp (— / a(s)ds) 5(0) — alt)=(t) — B, (2.25)

which, by (2.22) implies (t) < 0 for almost every t. Therefore, 1(t) < ¥(ty) = z(ty) = 7.

From the definition of ¢, we get (2.23). O

Armed with Gronwall’s Lemma, we turn to Theorem 2.5.
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Theorem 2.5 (Uniqueness of solutions). Let g : Q — R™ satisfy conditions (A) and (B), as
in Theorem 2.3. Let x1(-) and xs(-) be solutions of (2.9) defined on the intervals [ty,t1],[to, t2]

respectively. If t' = min{ty, to}, then x1(t) = x5(t) fort € [to, t'].

Proof. Consider the compact set

K= {(t.21(0), (t,22(1)) : £ € [to, ]}, (2.26)

From (B), there exist a Lipschitz constant Lx such that

lg(t, z1(t)) — g(t, 22(1)))| = |21(t) — 22(t)| < Li|x1(t) — xo(t)| for a.e t € [to,t'].  (2.27)

Consider the function z(t) = |z1(t) — x2(¢)|. Then z satisfies

2(to) =0, 2(t) < |in(t) — da(t)] < Licz(t) for ace t € [to,t]. (2.28)

Applying Gronwall’s Lemma 2.4 with « = Ly, 5 = v = 0, we have z(t) < 0 for every t € [to, ']

The conclusion follows.

Remark. Theorem 2.5 concerns uniqueness given some time interval over which the solu-
tion is defined. The problem of how far we can extend the solution, i.e. finding the maximal

time t* > to for which the solution is defined on [t,¢*] is the subject of Theorem 2.6 below.

Theorem 2.6 (Maximal Solutions). Under the hypothesis of Theorem 2.3, let t* > ty be the
supremum of all times t; such that (2.9) has a solution x(-) defined on [to,t1]. Then, either

t* =00 or

. 1
tlig% (|x(t)| + d((t,l‘(t)),aﬁ)) = 0. (2.29)

Proof. Assume t* < oco. If (2.29) does not hold, then there exists a sequence t, — t* and
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M, e > 0 such that, for every n > 1,

lz(t,)] < M, d((t,,z(t,)),00) > e (2.30)

By possibly taking a subsequence, we can assume z(t,,) converges to a point z,, with (t*,z,) €
Q). Define
K={(tz):[t-t"[<p, |z—zx|<p}, (2.31)

with p > 0 small enough for K C Q, and define g' : R x R” — R" as in (2.20), with ¢! = g on

K, and such that there exists constants C, L > 1 with

g'(t,2)| < O, g'(t, ) — g"(t,y)| < Llz —y|, forall t,z,y. (2.32)

Choose § > 0 small enough, and n large enough so that

2C+1)8 < p, |Tp— 20| <9, t"—1t, <4 (2.33)

Consider the Cauchy problem

y(t) = g'(ty(1), y(tn) = (t,). (2.34)

From statement 2 of Theorem 2.3, the latter equation has a solution y(-) defined on [¢,, t* 4 J].

We can then extend the solution z(-) by setting

z(t), if to <t <ty
z(t) = (2.35)

y(t), if t, <t <t*+0.

As |y(t)| < C, for t € [t,,t" + 0] we have

Y1) = ool < ly(t) = y(tn)| + [2(tn) = Too| SOt =] +0 <205 +6 < p. (2.36)

This implies that, for all ¢ € [t,,t* + 6], (¢,y(t)) is inside the compact K where g and g' are
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defined to be equal. The function #(-) is, therefore, a solution to (2.9) defined on a strictly

larger interval [to, t* + 0], contradicting the maximality of ¢* and proving the theorem. O

Remark. The statement of Theorem 2.6 implies a trichotomy. Solutions for Cauchy prob-
lems are either

e defined on the time interval [ty, +00),

e unbounded in some finite time interval [to, 1), or

e reach the boundary 9 of the set Q2 on which the right-hand side function is defined (This

boundary can be in time or in the state space).

2.2.1 Well-Definedness and Differentiability of Poincaré Map

Recall the definition of the Poincaré map for a differential equation given in (2.3)

T:R"—R" T(xg) = x(7,to,20).

For the mapping T" to be well-defined, we require

e that the underlying Cauchy problem have a solution at time 7, i.e. given xy there exists

T(IEO)
e that the solution is unique, i.e. given zy, T'(z¢) is unique.
Corollary 2.6.1 below uses the theorems of this section to prove that there exists an operator
T with the desired properties.

Corollary 2.6.1 (Existence and continuity of Poincaré map). Under the hypothesis of Theorem
2.8, assume that the differential equation & = g(t,x) admits a compact forward invariant set

I C R™ Then, the mapping T is well-defined and continuous.
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Proof. For a given xg, let t* > ty be a given time such that (2.9) has a solution z(-) defined
on [to,t*], guaranteed to exist due to statement 1. of Theorem 2.3. From condition (B), there
exists some constant C' such that g(t,z) < C for every (¢,z) € [to,t*] X K. From Theorem 2.4,
|z(t)| is bounded for every ¢ € [to,t*]. From the compactness of [to, t*] x K, there exists an €
such that d([to,t*] x K,0Q) > e. Therefore, it follows from Theorem 2.6 that the solution x(-)

can be extended to t* = co. Moreover, from Theorem 2.5, the solution is unique.

Continuity with respect to zy follows from a similar argument to that of statement 2. of

Theorem 2.3, using compactness of [ty, t*] x K for bounded ¢* and condition (B).

Therefore, for any given 7 > to, xy € K, the solution z(-) is unique, and the mapping

(g,t0, xo) — x(-) is continuous w.r.t. xg, from which continuity of 7" follows.

Our next step is proving the differentiability w.r.t. the initial conditions. In order to do
this, we look at the changes in the solution of the Cauchy problem under changes of the initial

condition zq, which is the subject of the following Theorem.

Theorem 2.7 (Differentiability of the Poincaré Map). Let g : Q — R™ be a function satisfying
both (A) and (B). Assume further that g is continuously differentiable with respect to x. Let
x(t,to, zg) be the solution to the Cauchy problem (2.9). Then, for all t € [ty,t1], the map

xo — Tyxg = x(t, to, xo) 1s continuously differentiable with respect to xq. Its Jacobian matriz is

D, T, = M(t,ty), (2.37)

Where M(-,-) is the fundamental matriz solution 3 to the linear problem

o(t) = B,pg(t,x(t, o, 20)) - v(t). (2.38)

3The fundamental matriz solution to a linear differential equation is a family of matrices M (t,s) such
that, for any &, the Cauchy problem
z=Alt)zx xz(s)=¢

has solution z(t) = M (¢, )¢
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In other words, given vy € R™ with ||v|| = 1, the limit

lim T(ﬂ?o + E’Uo) — T(l’g) — GM(t, to)UO

e—0t €

(2.39)

exists and is equal to 0.

Proof. Setting x(t) := x(t, to, zo + €vp), ye(t) = x(¢, to, x0) + €M (t, to)ve. Our objective is then

to show that
Xe (t) - ye(t>
€

lim
e—0t

‘ =0. (2.40)

Note that x.(-) is the fixed point for the mapping w +— ¥(zq + €vy, w) given by:

Y(zo + evg, w(+))(t) = xo + €vp + / g(s,w(s))ds. (2.41)

to

From the proof of Theorem 2.3, we know that 1 is contractive in the continuous function space

with norm || - ||;. From the Contraction Mapping Theorem, it follows that

1 2
lixe = yell < Sl + evo, 7.) - ¥ell (242

so it suffices to show that

Ty + €vp + / 9(s,¥e(s))ds —y(t)], (2.43)

to

) 1
lim sup —
e=07" to<t<T €

As g is differentiable in x, we can write
1
9(s,ye(s)) = g(s,x(s, to, x)) +/ D9 (s, % (s, to, xo) + oeM (s, to)vg)eM (s, to)vodo.  (2.44)
0

Remind that

t
x(t, to, xg) = o +/ g(s,x(s,to,xo))ds, (2.45)

to
and

¢
eM (t, to)vg = €vy —|—/ 0.9(s,x(s,to, z0))eM (s, to)vods, (2.46)
to
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giving

t t
ye(t) = zo + vy + / 9(s,x(s, to, z0))ds + / 0.9(s,x(s,to, x0))eM (s, to)vods. (2.47)
to

to
Finally, cancelling equal terms, we can write the term in (2.43) as

1
€

t o1
/ / [axg (s,x(s, to, xo) + oeM (s, to)vo) — 00,9(s,x(s, to, 3:0))] -eM (s, tg)vodods
to Jo
0 (2.48)

t pl
< / / H(‘?mg(s,x(s,to, xg) + JGM(S,tO)UO) — 00,9(s,x(s,to, z0))|| - |M(s,to)ve|dods.
to 4O

Let K C € be a compact set containing a neighborhood of the graph of x, and Lg as in
(B). Then |M(s,to)vo| is bounded by efx(=%)yy As g is in C' over z, the last term in the
r.h.s. of (2.48) converges to zero uniformly in [tg,¢;], which shows that the limit (2.39) is 0.

This completes the proof. n

Corollary 2.6.1 and Theorem 2.7 guarantee that the operator 7' is continuous and differen-
tiable, which are the regularity conditions we need for the analysis of iterated applications of

the operator.

2.3 Asymptotic Behaviour

This section is concerned with the analysis of the behaviour of cooperative, concave, periodic
systems when time ¢ goes to co. We are interested in determining conditions for the system to
assume the following behaviour: divergence to oo, convergence to 0, or to some periodic solution.
Theorem 2.14 will provide conditions for these situations, and show that those are the only
possibilities. In order to arrive at these results, we will analyze in Subsection 2.3.1 the behaviour
of iterated applications of the class of monotone, concave operators, and arrive at Theorem
2.8. Then, in Subsection 2.3.2 we will show that the Poincaré map for cooperative, concave,
periodic systems belongs to this class of operators, so we can use the results of Subsection

2.3.1 to analyze our desired class of systems. Subsection 2.3.3 finishes our analysis, providing
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sufficient conditions involving the principal minors for determining the asymptotic behaviour

of solutions.

2.3.1 Asymptotic Behaviour of Operators

This section follows through with analysis of infinitely iterated applications of an operator
U : R? — R, which is monotone, concave and differentiable. The analysis will show that the
limit of U"(x) as n goes to oo is determined by the spectral radius of DU(0) (the derivative of

U at 0) as stated in Theorem 2.8.

Theorem 2.8 (Discrete Dynamics Behaviour). Let U : R — R be continuously differentiable

in R%, and suppose DU(0) = lim,_,02~0 DU () ewists. Assume also that:

DU(0) >0 and DU(z)>0ifxz >0 (M)

and

DU(y) < DU(z) if 0<z<uy. ()

IfU(0) =0, let A = p(DU(0)). If A <1, then forx >0, U"(z) — 0 as n — +oo. If A > 1,
then either U™(x) — oo as n — oo for every x > 0, or U has a unique nonzero fized point

e

q>0, and U"(x) = q as n — 400, for x > 0.

If U(0) # 0, then either U™(z) — oo as n — oo, or U has a unique fixed point ¢ > 0, and

U™(x) = q as n — 400 for x > 0.

Remark: For U : [0,p] — [0,p], p € R}, Theorem 2.8 would be valid, without the possibility

of divergence of U™ (x) to oo.

In order to prove Theorem 2.8, we will begin by proving four lemmas. Lemma 2.9 shows
that the class of operators is order preserving over R’} , while Lemmas 2.10 and 2.11 concern
some useful inequalities. Lemmas 2.12 and 2.13 concern limiting behaviour as n goes to oo,

and make use of Perron-Frobenius Theory. In all of them, consider z,y € R, and assume (M)

and (C') are satisfied.
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Lemma 2.9. The following statements hold:

1. If 0 <z <y, then U(z) < Uly).

2. If0 <z <y, then U(z) < U(y).
Proof. From the Fundamental Theorem of Calculus, we can write
1
Uly) = Ul(x) = [/ DU((1 - s)z + sy)ds| (y — x). (2.49)
0

As (1 — s)x + sy > 0, (M) implies that DU((1 — s)x + sy) > 0 for s € (0,1). From the latter
equation, U(y) — U(z) > 0, which proves Statement 1. Statement 2. follows from Statement 1.

by continuity of the operator U.

Lemma 2.10. If x > 0, then DU(0) > DU (x).

1 1
Proof. For 0 < s < 2 (C) implies that DU (sx) > DU <§x) > DU(x). Setting s — 0, the

statement follows.

0
Lemma 2.11. Ifx > 0, then U"(z) > 0 forn > 1.
Proof. From Lemma 2.9, ¢ — 07:
U(z) > Ulex) = U(0) + ¢[DU(0)z + O(e)], (2.50)
As U(0) € R,
U(x) > e[DU(0)z 4+ O(e)]. (2.51)

From (M) and Lemma 2.9, we have DU(0) > 0, so U(x) > 0. This implies that there exists
some € > 0 such that U(z) > ex, so U*(z) > U(ex) > 0. An argument by induction finishes

the proof of the statement.
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[]

Remark. Lemma 2.11 implies that U has no non-zero fixed points on the boundary of R,

as for any fixed point ¢, we have ¢ = U(q) > 0.

Lemma 2.12. Let ¢ > 0, U(q) = q, and p(DU(q)) < 1. Then for all x > q, U™(z) — q as

n — Q.

Proof. As q is a fixed point, by Lemma 2.11, either ¢ = 0 or ¢ > 0. From (M,), we can assume
DU(q) > 0. The proof consists on analyzing the behaviour of U on the line between ¢ and
q + ee, where v is an eigenvector of DU(q) such that DU(q)v = p(DU(q))v and € > 0. We can

write

Ulg+ev) =q+ [/0 DU(s(q+ ev) + (1 — s)q)ds| ev. (2.52)

From (C), it follows that

Ulg+ev) < q+eDU(qu = g+ ep(DU(Q))v < q+ ev, (2.53)

-

SO

gt+ev > Ulg+ev) > Ug+ew) > ... > U'(g+ev) > ... >q. (2.54)

It follows that lim,_,., U"(q + ev) = p. > ¢ exists, and U(p.) = p. by continuity of U. We
have 2 cases: p. = q or p. > ¢, in which case p. = U(p.) > U(q) = ¢, by Lemma 2.9. We can

e

write

pe—q - [ / DU(spe + (1 — 5)q)ds| (p. —q). (2.55)
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Let A be the matrix inside brackets in the latter equation. Then p(A) > 1. But A < DU(q),
so Perron-Frobenius Theorem 2.1 implies p(A) < p(DU(q)) < 1. But that means 1 < p(A) < 1,

which is a contradiction. This rules out p. > ¢, so p. = q.

Finally, if x > ¢, then < ¢ 4 ee for some ¢, so

q <U"(x) <U"(q+ ee), (2.56)

for n € N, so U™(z) — q as n — oc.

Remark. Lemma 2.12 implies there can only be an unique fixed point ¢ with p(DU(q)) < 1.
For, suppose both ¢; < ¢o are fixed points with p(DU(q1)) < 1 and p(DU(gz)) < 1. Then

U™(q2) = q1, but U™(q2) = @2, 50 ¢1 = @o.

Lemma 2.13. Let ¢ > 0, U(q) = q and U™(p) — q as n — oo for some p < q. Then
p(DU(q)) < 1.

Proof. Our hypotheses, together with Lemma 2.9 imply that U™(z) — ¢ as n — oo for every
x € [p, q]. Suppose p(DU(q)) > 1, and v an corresponding non-negative eigenvector (guaranteed

to exist by Perron-Frobenius Theory): DU (q)v = p(DU(q))v. For ¢ — 0, and (C'), we have:

U(qg — ev) = q — eDU(q)v + o(e)
= q—ep(DU(q))v + o(e) (2.57)

=q— v —¢€[(p(DU(q)) — 1)v] + ofe).

As €[(p(DU(q)) — 1)v] > 0, it follows that U(q — ev) < ¢ — ev for some € > 0. This implies
that U™(q — ev) < g—ev for n = 1,2, ..., which contradicts that U"(q —ev) — ¢ as n — oo. By

contradiction, we conclude that necessarily p(DU(q)) < 1. O
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Now, we can proceed to prove Theorem 2.8

Proof. 1. Lets begin with the case U(0) = 0. If p(DU(0)) < 1, Lemma 2.12 yields the result.

For p(DU(0)) > 1, let A = p(DU(0)), and v an corresponding eigenvector. For small

enough e,

U(ev) = U(0) + eDU(0)v + o(€) = eAv + o(€) > ev. (2.58)

Iterations of Lemma 2.9 lead us to

ev < Ulev) < U(ew) < ... < U™(ev) < ... (2.59)

This implies that either lim, .., U™(ev) = oo or lim, . U"(ev) = ¢., with ¢. > 0 and
U(ge) = ge-

In the case lim, o U"(ev) = oo, for x > 0 we have U(x) > 0 by Lemma 2.11. For
sufficiently small € we have U(z) > ev, which implies lim,_,,, U"(z) = oo, as U™(z) >

U™ (ev).

In the case lim, o U"(ev) = q., by (2.59) and Lemma 2.13, we have p(DU(q.)) < 1.
As previously noted, from Lemma 2.12 there can only be an unique fixed point ¢ with
p(DU(q)) < 1. We can henceforth drop the subscript. Additionally, lim, ., U"(z) = ¢

for x > ¢, again by Lemma 2.12.

For z € [0, q] — {0} there exist € with ev < x. Together with Lemma 2.9 this inequality

implies lim,,_,, U"(x) = q.

For x ¢ [0,q] U [¢,00) — {0}, as z € Ry we have # > 0. Lemma 2.11 guarantees that
U(xz) > 0, so there exist u € [0,q], w > ¢ such that u < U(z) < w. Applying U™ and

taking the limit as n — oo shows that lim,, ., U"(z) = q.

2. Now, if U(0) > 0, by Lemma 2.9, we have

0 < U0) <U*0).. <U™0) < ... (2.60)
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Either lim,, .., U™"(0) = oo or lim, ,,, U™"(0) = ¢ > 0. In the first case, applying U™ on
the inequality 0 < z and taking the limit as n — oo shows that lim,_,., U"(x) = oo for

x> 0.

As for the second case, applying U" to the inequality 0 < x < ¢ and taking the limit as
n — oo shows that lim,_,., U™(0) = ¢ for € [0, ¢] and that p(DU(q)) < 1, by Lemma
2.13. Lemma 2.12 proves convergence to ¢ for x € [g,00]. The argument for all x > 0

goes exactly as the latter argument for situation 1.

2.3.2 Asymptotic Behaviour of Differential Equations

We now turn to the asymptotic behaviour of solutions to differential equations. Recalling

equation (2.2), we are concerned with concave, cooperative, irreducible systems such as

&= F(t,z), (3.2)

where [': {0 — R™ is continuous w.r.t. z, measurable and 7-periodic w.r.t. the variable ¢t. Let

i =0,F(t,0)z, (2.61)

be the variational equation of (2.2) about x = 0. Let A denote the Floquet multiplier [Kra68§]
of maximum modulus of (2.61). Theorem 2.14 will provide conditions for the convergence of

solutions to a periodic solution, for convergence to 0 or for divergence of solutions.

Theorem 2.14 (Periodic Solutions). Let F': Rx R} — R}, satisfying (A) and (B), T-periodic

in t for fived x. Assume that

o 0,F(t,x) exists and is continuous over x,
o if v >0 with x; =0, then Fi(t,x) >0,1<i<n,teR,

o 0.F(t,x) exists and is continuous over x,
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e 0,.F(t,0) is irreducible for any t € R,

Assume as well that the system is cooperative:

0 >0,i# 7, (t,x) € RxRY, (M)
8xj
and concave:
if 0 <z <y, then 0. F(t,x) > 0, F(t,y). (C)

Then every solution of (2.2) with x(ty) > 0 can be extended to [ty, 00). Let A = p(0,.F(t,0)).

The following assertions hold

1. If F(t,0) =0 and A < 1, then lim;_,o, x(t) = 0, for all solutions to (2.2) with x(ty) > 0.
2. If F(t,0) =0 and A > 1, then

e cither every solution of (2.2) with z(ty) > 0 satisfies lim;_, z(t) = 00,

e or there is a unique non-zero T-periodic solution q(t), q(t) > 0 for allt and lim;_, (x(t)—

q(t)) = 0 for all solutions of (2.2) with x(ty) > 0.
3. If F(t,0) # 0, then

o cither every solution of (2.2) with z(ty) > 0 satisfies lim;_, z(t) = 00,

e or there is a unique non-zero T-periodic solution q(t), q(t) > 0 for allt and lim;_, (x(t)—

q(t)) = 0 for all solutions of (2.2) with xz(ty) > 0.

Remark. We can prove an analogous result for systems bounded in an interval [0, p|] with

p € R", as in Theorem 2.8, discarding the possibility of divergence to oco.

The proof consists in verifying that the Poincaré map 7' : R} +— R’ such that T'(z,) =
x(T+1o, to, o), and x is a Carathéodory solution for (2.2), satisfies the hypotheses for Theorem
2.8.
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The proof will be broken down into four lemmas, for which the hypothesis of Theorem 2.14

are assumed:

Lemma 2.15. If z(t) is a solution to (2.2) with x(tg) > 0, then x(t) is extendable to [ty, c0)

and z(t) > 0, fort > t,.

Proof. We can write

F(t,z) = F(t,0) + ( /0 1 9, F(t, s:c)ds) z. (2.62)

From (C), we have that 0,F(t,z) < 0,F(t,0), from which follows that

F(t,z) < F(t,0) + 8,F(t, 0)z. (2.63)

Let y(t) be the solution to § = F(t,0) + 0, F'(t,0)y, with y(ty) = (o). From Theorem 2.2,
it follows that z(¢) < y(¢) on the maximal interval of existence [ty,w). As y(t) is extendable to

[to, 00), then x(t) also is.
[

Lemma 2.16. If z(t) and y(t) are solutions to (2.2) with 0 < y(ty) < x(to), then y(t) < x(t)

fort > tg.

This result is straightforward from (A/;) and Kamke’s Theorem. This implies R is positively

mvariant.

Let x(t, o, ) be the solution to (2.2) which satisfies x(to, 9, 2) = x. From Theorems 2.3

and 2.7, the Poincaré map

T(z) =x(7,0,), (2.64)
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is a well defined C* mapping T : R} — R In order to apply Theorem (2.8), it is necessary

to prove that

DT (z) = 0,x(7,0, ), (2.65)

satisfies both (M) and (C'). From Theorem 2.7, we have that

DT(z) = M(r,0,2), (2.66)

where M(-,-, x) is the fundamental matrix solution to the linear problem

X(t) = 0,F(t,x(t,0,z)) - X (1), (2.67)

and [ is the n x n identity matrix.

Lemma 2.17. If x > 0, then M(t,0,2) > 0 for t > 0. In addition, if F(t,0) = 0 then
M(t,0,z) >0 fort > 0.

Proof. Fix z > 0. As 0,F(t,x(t,0,x)) is cooperative, it follows from [Hir85] that M (¢,0,z) > 0

for t > 0. If F'(t,0) = 0, then x(¢,0,0) = 0 and M(¢,0,0) is the solution to

X(t) = 0,F(t,0)- X(t), X(0)=1. (2.68)

By (M), 0. F(t,0) is cooperative and irreducible. From [Hir85], we conclude that M (¢,0,0) > 0
for ¢ > 0. ]

We only need now to verify (C).

Lemma 2.18. If0 < z <y then DT (x) > DT (y).
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Proof. If 0 < x < y then x(¢,0,z) < x(t,0,y) for t > 0, so, from (C) of Theorem 2.14 we have
that 0, F(t,x(t,0,2)) > 0, F(t,x(t,0,y)). Setting A(t, z) = 0, F(t,x(t,0, z)), we have that

M(t,0,2) = A(t,x)M(t,0,2), M(t,0,y) = A(t,y)M(t,0,y). (2.69)

As M(0,0,z) = M(0,0,y) = I, we can apply Kamke’s Theorem, and conclude that
M(t,0,2) > M(t,0,y). Setting Y (t) = M(t,0,2) — M(t,0,y), we have that satisfies Y the

following differential equation

Y(t) = A(t, )Y (t) + [A(t, x) — A(t, y)]M(t,0,y), Y(0)=0. (2.70)

Rearranging the terms, and multiplying by an integrating term H (t):
H(t)Y (t) — H()A(t, 2)Y (t) = H($)[A(t,x) — A(t, y)| M (t,0,y). (2.71)
We want H(t) to be such that H(t) = —H(t)A(t,z). Note that M(0,t,z) satisfies this

differential equation. Setting H(t) = M (0,t, ) and using the formula for the derivative of the

product, we get

%(M(O,t,m)Y(t)) = M(0, ¢, 2)[A(t, z) — A(t, y)]M(t,0, y). (2.72)

the latter expression can be integrated from 0 to 7 and manipulated to yield

Y(1)= /OT M(7,0,2)M(0, s, x)[A(s,x) — A(s,y)|M(s,0,y)ds. (2.73)

Note that M (7,0,2)M(0,s,z) = M(7,s,x) > 0, also that both [A(s,z) — A(s,y)] > 0 and
M(s,0,y) > 0 for 0 < s < 7. This implies Y (7) > 0.
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Suppose that Y (7) = 0. From the continuity and non-negativity of each term in the integral,
we conclude that M (1,0,z)M (0, s, z)[A(s,x) — A(s,y)|M(s,y) = 0 for all 0 < s < 7. But, as
all M matrices are invertible, this implies that A(¢,z) — A(s,x) = 0, which is a contradiction.

We conclude that Y (7) > 0, that is, DT (z) > DT (y).

Theorem 2.14 follows from Theorem 2.8 because A = p(DT(0)) = p(M(7,0,0)) is the

Floquet multiplier of maximum modulus of equation (2.61).

2.3.3 Algebraic Criteria for Periodic Behaviour

Finally, we establish a criteria involving the principal minors of the Jacobian matrix for the
right-hand side function of a differential equation which determines the asymptotic behaviour

of solutions for the equation. We begin by stating Theorem 2.19.
Theorem 2.19. Suppose A is cooperative. Then s(A) > 0 if and only if there exists a principal
minor det A(iy iy ... i) such that (—1)*det A(iy iy ... i) < 0.
Proof. See Theorem 5.1 in [Jif90]. O
Theorem 2.20. Let X = R" or [0,p]. Suppose T : X — R" satisfy (A) and (B). Assume
T(0) =0, and there is a bounded orbit {T"(x)}n>o for x > 0. Then

1. If all principal minors of I — DT(0) are nonnegative, then lim, ., T"(x) = 0 for each

r e X.
2. If at least one principal minor of I — DT(0) is negative, then there exists a unique positive

fized point q of T such that lim,, . x(t) = q for each x € X — 0.

Proof. From our assumptions, all orbits {T"z},>¢ are bounded. By Theorems 2.3 and 2.8, we

only have to prove that p(DT(0)) < 1 under the condition for (1), and that p(DT(0)) > 1
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under the condition for (2) If all principal minors of A = I — DT'(0) are non-negative, we have,

for all principal minors of —A:

(—1)*det —A(iy, g, ..., 43) = (—1)* det A(iy, 49, ..., i) > 0. (2.74)

From Theorem 2.19, we have that s(—A) = s(DT'(0) — I) < 0 From (2.1), it follows that

p(DT(0)) = s(DT(0)) = s(DT(0) — I) + 1 < 1. (2.75)

If, conversely, there is at least one negative principal minor, we can follow the same argument,
and from Theorem 2.19, we have that s(DT'(0)—1) > 0. A similar calculation yields p(DT(0)) >

1 in this case.

m
Consider the following system of differential equations
&= A(t)z, (2.76)
where A(t) is measurable and bounded in every compact K C R, 7-periodic in ¢. Set
Gy = max a;(t), (2.77)
iy T Ogltigr &Z](t>7 (278)
A= (@m‘) (2.80)

Then
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A<SARt) <A for0<t<T (2.81)

Proposition 2.1. Let A(t) be a continuous cooperative matriz, T-periodic, and X be the Floquet

multiplier with mazimum modulus of (2.76). Then

exp(75(4)) < X < exp(rs(A)). (2.82)

Proof. Consider the 2 linear systems

X =AX, X(0)=1, (2.83)

and

Y =AY, Y(0)=1. (2.84)

Let ®(t) denote the fundamental matrix solution to (2.76), with ®(0) = I. It follows from

(2.81) and Kamke’s Theorem that

exp(At) < ®(t) < exp(At), fort > 0. (2.85)

This implies that

exp(TA) < &(1) < exp(TA). (2.86)

Using (2.1), we get

p(exp(TA)) < p(®(7)) < plexp(TA)), (2.87)
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and using (2.1) again, we have that p(exp(7A)) = exp(7s(A)) and p(exp(7A)) = exp(7s(A)),

which proves the proposition.

O

Theorem 2.21. Let X = R" or [0,p], and F : R x X — X, satisfying the hypothesis of
Theorem 2.14. Assume also that F(t,0) = 0 and all solutions to (2.2) are bounded. Then,

setting A(t) == 0, F(t,0), we have
1. If all principal minors of —A are non-negative, then limy o x(t) = 0 for all solutions of
(2.2).
2. If — A has at least one negative principal minor, then (2.2) has a unique T-periodic solution

which attracts all initial conditions in X — {0}.

Proof. The result follows from proposition 2.1, and Theorems 2.14, 2.19. m

2.4 Conclusion

In order to close the chapter, we rewrite Theorem 2.21 in a format which can be applied to

System (S3), in the way it is used in Chapter 3.

Theorem 2.22 (Conditions for Periodic Solutions). Let F': R xR} — R} be a function, mea-
surable over R for each fized x € RY}, and continuous over R} for each fized t € R, T-periodic
in t for a fived x, and assume its Jacobian 0,F(t,x) exists and is continuous on the whole

domain. If the following conditions are met:

e All solutions to @ = F(t,x) are bounded,
o F(1,0) = 0,

e All non-diagonal terms of 0, F(t,z) are non-negative,
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e 0,F(t,0) is irreducible for any t € R,

o if0<x <y then 0, F(t,x)> 0, F(t,y).

Setting A(t) := 0, F(t,0), it follows that

1. If all principal minors of —A are non-negative, then lim,_,.x(t) = 0 for every solution

of & = F(t,x) in [0,1]"

2. If —A has at least one negative principal minor, then © = F(t,x) possesses a unique

T-periodic solution which attracts all initial conditions in [0, 1]".



Chapter 3

Malaria and Fish Pond Cleaning: Model

Description and Analysis

3.1 Problem Description

In this chapter, we propose a mathematical model relating the dynamics of malaria, of the
Anopheles mosquitoes and of the environmental carrying capacity, the latter depending on
border vegetation which is modified by cleaning from external agents. The proposed model

consists in a system of differential equations.

Through this model, we argue that it is possible to reduce the mosquito population, and
therefore reduce the incidence of malaria, through cleaning of border vegetation in fish farming
tanks. Removal of border vegetation reduces the carrying capacity of larvae, and subsequently,

this reduction propagates to the mosquito population and the incidence of malaria.

Some simplifying assumptions are made for the model. The system dynamics is considered
spatially independent, and homogeneous for each compartment. We assume that vegetation
cleaning is synchronized, happens periodically, and its time frame is small when compared to
the time frame of the mosquito population and disease dynamics (i.e. cleaning is an event that

happens in a few hours, and after a number of days happens again; while larvae maturation,

45
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mosquito lifespan and the spread of malaria through mosquito bites are phenomena that have
a daily timescale). Therefore, we model vegetation cleaning as impulse that is applied to the
vegetation variable, this is, at the cleaning instants we apply a jump to the vegetation with the
magnitude of the proportion of vegetation cleaned at that time. A detailed description of the

model, its components and assumptions are given in Section 3.3.

Beyond structuring the model, we derive analytical and numerical results from it. In Section
3.4 we apply the theoretical results developed in Chapter 2, specially Theorem 2.22, to the study
of the asymptotic behaviour of our system of differential equations. In Section 3.5, we simulate
the system numerically in order to show its different possible asymptotic behaviours. We also
simulate different values for cleaning periodicity, in order to show the effect of increased cleaning

frequency on the incidence of malaria.

3.2 Malaria in Acre

Malaria is a disease caused by parasites of genus Plasmodium, transmited to human beings
through the bite of the female Anopheles darlingi mosquito (known locally as Carapana). This
species of mosquito is highly antropophilic, and is present throughout the whole Brazilian
Amazon river basin [RHBT15]. At least 33 other species of Anopheles inhabit the Amazon
basin, and several of them are also possible malaria vectors. Symptoms of malaria range from
fever, tiredness, shivers, vomits and headaches in mild cases to coma or even death in severe
cases. It is specially dangerous to pregnant women and small children. Of the 5 species of
Plasmodium, Plasmodium falciparum causes the most virulent malaria, and Plasmodium vivaz

is the most frequent cause of recurrent malaria.

In Brazil, 99.9% of cases of malaria are found in the Amazon region, with an annual mean of
310,390 cases between 2000 and 2014. Even inside the Amazon region, incidence of the disease
is concentrated: 37 out of 808 counties have 80% of all cases in 2013. In the state of Acre,
shown in Figure 3.1, there are 4 counties with high incidence of the disease: Cruzeiro do Sul,

Mancio Lima, Rodrigues Alves and Tarauaca [RHB™15].
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MUNICIPALITIES OF ACRE

1 - MANCIO LIMA 7 - TARAUACA 13 - BRASILEIA 19 - PORTO ACRE
2 - RODRIGUES ALVES 8 - FEINO 14 - EPITACIOLANDIA 20 - SENADOR
3 - CRUZEIRO DO SUL 9 - SANTAROSA DO PURUS 15 - XAPURI GUIOMARD

4 - PORTO WALTER 10 - MANOEL URBANO 16 - RIO BRANCO 21 - PLACIDO

5 - MARECHAL THAUMATURGO 11 - SENA MADUREIRA 17 - CAPIXABA DE CASTARO

6 - JORDAO 12 - ASSIS BRASIL 18 - BUJARI 22 - ACRELANDIA

Figure 3.1: Counties of Acre, Brazil, obtained from [RHB*15].

In this region, fish farming was stimulated as a sustainable way to develop the local economy;,
as part of the Brazilian Federal Government’s poverty alleviation program. However, works such
as [dRCD*15] give evidence that fish ponds are correlated to an increase in mosquito population,
with fish ponds having 4 times more larvae than natural water bodies. Cases of malaria are
also spatially and temporally correlated with the opening of fish ponds. The most significant
predictor of larval incidence found in [dRCD™15] was percentage of border vegetation, which
Anopheline larvae use to hide from potential predators. Overall, 10% increase of border covered
with vegetation caused a 10% increase in larval abundance. A difference in infestation levels
has been observed between commercial and non-commercial ponds. In average, fishponds that
contained fish intended for sale were 1.7 times more infested than those for family use. However,
if less than 65 % of the border had vegetation, then commercial ponds were less infested with

larvae than non-commercial ponds; this is attributed to the high amount of fishes predating on
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Figure 3.2: Pictures of Acre: (a) An operational fish farming pond; (b) Measurement of
mosquito larvae; (c¢) Interview with a fish farmer; (d) Education event organized by Oswaldo
Cruz Foundation.

the mosquito larvae.

Reduction of border vegetation depends crucially on maintenance of fish ponds. Fish farmers
keep ponds clean of vegetation due to concerns regarding production, presence of snakes and
other animals. While there is government incentive for the construction of ponds, there is no
incentive for maintenance, neither for landfilling of ponds that are no longer in use. Due to the
impact border vegetation has on larval abundance, cleaning of border vegetation can be used as
a measure of malaria control. Fish farmers were interviewed for information regarding the cost
of border cleaning and the speed of vegetation growth, during an educational event organized

by Oswaldo Cruz Foundation (see picture in Figure 3.2(d)).

3.2.1 Parameters Survey

Mancio Lima, Acre, is an important malaria hotspot. There, malaria is strongly associated with

fish farming ([ARCD*15, RHB"15]). In a survey with 55 fish farmers, 25 said that cleaning the
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border of the ponds was important to prevent mosquitoes (as well as snakes and other animals).
The frequency of cleaning varied from once a month to once a year, with median equal to 2
months. Those cleaning once a month were the ones most aware of the relation between pond

cleaning and malaria.

In this area, there are ponds with commercial fishes and ponds with natural fishes, and
natural water bodies (creeks, swamps). Aquaculture ponds had 4.4 more larvae than natural
water bodies. In fishponds, larval abundance increased proportionally to the amount of vege-
tation border. The average size of ponds was 110m (perimeter), with an average of 80% of the

border with vegetation.

3.3 The Model

In this section, we describe the system of differential equations used to model the biological
situation at the Alto Juruéa region. In subsection 3.3.1, we present a mathematical model for the
interaction between the spread of malaria and the mosquito population dynamics. Subsection
3.3.2 introduces the model for border vegetation growth and human action, that consists in
border cleaning. Finally, subsection 3.3.3 joins both models in order to study cleaning border

vegetation as a control method for malaria.

3.3.1 Malaria Model

Before studying the impact of vegetation cleaning on mosquito population and Malaria, we will
introduce a rough mosquito and malaria model, joining ideas from [MSS11]. In the area of Alto
Jurua, the prevalent malaria is due to Plasmodium vivaz, which has negligible mortality and a
high rate of reinfection [{RCD*15, RHB*15|. We therefore disregard the possibility of gaining
immunity to the disease (that is, we disconsider the inclusion of a recovered R compartment
and the use of an SIR model). The model for malaria coincides with the Ross-McDonald model

[Ros11]. As Plasmodium vivax mortality rate is negligible, we consider a constant human
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population normalized to 1.

We will combine an SIS-SI model for the disease with a two-stage population model for the
mosquitoes. This means that both the human and adult mosquito populations are divided in
two compartments, namely susceptibles and infected. The proportion of susceptible humans
is denoted by S, and the proportion of infected is denoted by I. For the adult mosquitoes,
we let Mg and M; denote the susceptibles and infected mosquitoes, respectively. In regards
to mosquito population, two main stages are considered: an aquatic stage L : R, — R,
(egg, larvae and pupae), and two adult stages, Mg and M;. Mosquitoes enter the adult stage
in the Mg : Ry — R, compartment, not infected but susceptible to become vectors of the
disease. After biting an infected individual I : R, + [0, 1], they become infected mosquitoes

My : R, — R, which infect susceptible humans S : R, — [0, 1].

Assuming initially that the carrying capacity for the larvae in the environment is a positive

constant K, the evolution of the state variables is given by the following system of differential

equations: )
S = —BnSM; + kI,
I = BunSM; — kI,
Mg =vL — Buol Mg — pip Ms, (51)

M; = BpoI Mg — ppr My,

L =a(M;+ Ms) (1-£)—(w+pu)L,

\

where the meaning of the parameters is given in Table 1.1. We next prove existence and
uniqueness results for the system (.S7) using the theoretical backbone from Chapter 2. We also
prove that the system is well-posed and biologically reasonable, in the sense that the trajectories

have nonnegative components, whenever they start from nonnegative values.

Proposition 3.1. Given a vector of initial values at time ty, there exists a unique C* solution

for the Cauchy problem associated with system (Si), defined on the time interval [to, 00).
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Furthermore, the compact set
K={(S,1,Mg,M;,L) €R®. : S+ <1;Mg+ M < (v/uy)L; L < K} (3.1)

is positively invariant under system (S).

Proof. Writing the system as # = F(z), we notice that F' is a second degree polynomial,
therefore, on every compact set K it is Lipschitz continuous with some Lipschitz constant L.
We conclude that F satisifies both Conditions (A) and (B). Therefore, Theorem 2.3 guarantees
that there is an € > 0 such that a Carathéodory solution defined for [ty, %y + €] exists. As the

right-hand side function is continuous, the solution is C*.

For any state variable X € {S,I, Mg, M;, L}, if X(t) = 0 then X (¢) > 0. This means the
flow cannot cross the coordinate hyperplanes from the positive side, so trajectories issuing from

initial conditions in R stay in RY. By the same token, and from S + I = 1, we have

L<Ofor L=K

e [<(Ofor =1
e S<0forS=1

M5+M1 <0 for Mg+ M; > (V/,uM)L.

The four conditions above guarantee that the flow at the boundary of K never points outwards,

which means the set is positively invariant.

We already know that a solution exists on an interval [ty, o + €], and that trajectories are
bounded in the compact set K. As K N OR® = &, we can conclude from Theorem 2.6 that the
time interval over which the solution is defined can be extended to [ty, 00), and from Theorem

2.5 can deduce that the solution is unique.



52 Chapter 3. Malaria and Fish Pond Cleaning: Model Description and Analysis

3.3.2 Dynamics of Vegetation

In this section, we present a model for the growth of the border vegetation of the fish tanks and
the associated cleaning effects in the form of an impulsive differential equation. Field work in
the Alto Jurué region [dRCD"15, RHB'15] established a correlation between lack of cleaning
and an increase in the number of Anopheleslarvae on fish farming ponds. We model this in such
a way that the carrying capacity of larvae is a function of the proportion of borders covered by
vegetation, and hence this proportion impacts mosquito population and malaria cases. Figure

3.3 shows some examples of ponds, with low and with high amounts of border vegetation.

()

Figure 3.3: Pictures of fish farming ponds: Row (a) shows ponds with low levels of border
vegetation. Row (b) shows ponds with high levels of border vegetation.

We assume that the proportion of border vegetation V' : R, +— [0, 1] grows in proportion
to available space 1 — V', and that some cleaning occurs every 7 days, in which a part of
border vegetation is removed. The function H : R, + [0,1] is the fraction of the human
population engaging in vegetation cleaning at a given day, and ~ : [0, 1] — [0, 1) is the fraction

of vegetation cleaned as function of H. Therefore, at day nr, the proportion of vegetation
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removed is y(H (n7)). We consider a model consisting of an ODE with jumps at given times
nt, with n € N. It seems reasonable to adopt this "discrete time" cleaning behaviour since the
time required for cleaning is small compared to the time frame of border vegetation growth,
while the interval between episodes of cleaning is comparable, ranging between every 15 days

and two months. The model will assume the following form

S =11 =V(R), t€Uyen(rn,r(n+ 1), (52)

AV (nt) = —v(H(nT))V(n7), n € N—{0},

where r > 0 is the vegetation growth rate, and the starting day of periodic vegetation cleaning

is set to O.

Proposition 3.2. Given any initial condition Vy € [0, 1] at time 0, there exists a unique solution

for system (S2), defined on |, cn(n, 7(n + 1)), taking values in [0, 1].

Proof. Our proof will follow by induction in n.

First, lets consider the interval [0, 7). It is straightforward to show by separation of variables
that

V) =1— (1 Vp)e"

is a solution for V = r(1 — V(t)) in [0, 7). Moreover, the solution is unique and takes values in

[0, 1].
Now, suppose there exists a unique solution Vyi(-) defined on (J,_, (74, 7(i+1)) taking values
in [0, 1]. Define

Viy = (1 — 7(H(n7’))> lim Vi(t).

t—kT—

As Vi (t) takes values in [0, 1], we have lim;_;,,— Vi (t) € [0,1]. Moreover, 1 —~(H(n7)) € [0,1],

so Vit € ]0,1]. Consider the initial value problem
V(t)=7r(1-V(t),fort € (kr,(k+ 1)7), V(kT) = Viy.

Separation of variables show, again, that V(t) =1 — (1 — Vi, )e™ is the unique solution for the
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latter IVP. Lets define

Vi(t), if t € U, (78, 7(1 + 1))
Vk+1(t) = (32)
1—(1—=Vp)e ift € (kr,(k+ 1)7).

The function Vi, satisfies the impulsive differential equation and the requirements of the

proposition. Besides, it is defined on | J,_, (74, 7(i+1)), which concludes the inductive step. [

3.3.3 Complete Model

We finish our construction of the model by putting together (5;) and (S3). When doing this,
we take into account the different nature of the fish in the ponds, we split the aquatic stage
L into L, and L,, namely the aquatic stage population in ponds with predatory fish and
without predatory fish, respectively. Border vegetation on fish ponds affects the complete
model (S3) below through two effects. First, both carrying capacities K, : [0,1] — R, and
K, :[0,1] = R, are functions of border vegetation. Secondly, vegetation protects larvae from
predation on ponds with predatory fish by offering hiding places for larvae [{RCD* 15|, which
leads us to add a term p,(1 — V') which decreases predation as vegetation increases. Both K,
and K, are strictly increasing function over [0,1]. The system of differential equations (55)

describes the joint dynamics of malaria, adult mosquitoes, larvae and vegetation:

(

V(t)=r(1—=V(t)):; fort #nr
AV (t) = —y(H(t)V(t), for t =n71, n € N;
Mg = v(Ly + Lp) — BroI Ms — jupr Ms;

M; = BpoI Mg — pupr My

- K, (V) L, (55)
by = g e ey M M) (1= g ) = 0+ 1 = V)L
. Ko(V) Lu

Lw - aKw(V) + Kp<V) (MI + MS) (1 - Kw(V)) - (V + ML)Lwa

S = —ﬁthM[ + HI;

j: thSM] —rl.
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Figure 3.4: Compartmental diagram for the dynamics described in System (S3).

where the biological meaning of the parameters is given in Table 3.1. The compartmental
diagram for system (S3) is shown in Figure 3.4. The functions K, and K, are fixed, so if
the only difference between p and w ponds are the predatory fish, we can take the fractions
K,/(K,+ K,) and K, /(K,+ Kw) as constants that are the proportions of pond border with
predatory fish and without predatory fish, respectively. This may lead to some simplifications.
However, we can think that the presence of predatory fish actually prevents mosquitoes to lay
theirs eggs on those ponds and, in that case, it is appropriate to consider different function laws
for K, and K,. In either case, the functions K,(V') and K,,(V') remain in the denominator of

the r.h.s, and there is no simplification for that.

We now state and prove propositions concerning existence and uniqueness of solutions to

initial value problems for system (S3), and a forwardly invariant set for the system.

Proposition 3.3. Given a vector of initial conditions at time 0, there exists a unique Caratheo-

dory solution for system (S3), defined on |, on(n7, (n +1)7). Furthermore, the compact set

]CQ = {<V7S7[7MS7MI7Lp7Lw) ERZ : VS 175+[§ 17MS+MI < (V/NM)(LP_‘_Lw)?

L, < max K,(V),L, < max K,(V)} (3.3)

T velo1] T Velo,1]

is positively invariant under System (Ss).
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Proof. Writing system (S3) as & = F(t,x) for t € (0,7), we have that ¢t — F(t,z) is piece-
wise continuous for every fixed x. Moreover, K,(V) + K,(V) > 0 for V € (0,1]. Therefore,
t — F(t,x) is measurable for every fixed z and x — F(¢,z) is continuous for almost every t.
Therefore F' satisfies conditions (A) for ¢ € (0,7). As for condition (B), the Jacobian matrix
DF of (Ss) is continuous over RY, for ¢ € (0, 7). This implies that the norm of DF is bounded

in every compact set K. We can write

|F(y) — F(x)| = /0 DF(sy+ (1 —s)x)ds- (y —z)| < Mk|(y — )] (3.4)

where M is a strict bound on DF for the compact set K. This shows that F satisfies (B).
We can then apply Theorem 2.3 to prove that there exists an interval [0, €] on which a solution

for the initial value problem for system (S3) exists.

Proof of compactness and positive invariance of K is analogous to the proof in Proposition

3.1, so we omit it.

We already know that a solution exists on an interval [0, €], and that trajectories are bounded
in the compact set Ko given in (3.3). As Ky N OR" = &, we can conclude from Theorem 2.6
that the time interval over which the solution is defined can be extended to [0, 7). As we did in
Proposition 3.2, at nT,n € N, we update the value of V' in order to obey the impulsive equation.
At every interval (n1, (n 4 1)7), our latter argument proves recursively that a solution exists.
Finally, applying Theorem 2.5 on (0, 7), then on (7, 27) and so on, we conclude that the solution

is unique. ]

Solutions for system (S3) are discontinuous at the points n7, due to the jump behaviour
in the vegetation. In fact, only the vegetation variable is undefined at these points, while the
trajectories of the other variables will be continuous, but not differentiable. Proposition 3.3
guarantees important basic properties of system (S53). Those properties will be used to prove
sufficient conditions for (S3) to asymptotically approach periodic behaviour or to converge to

0.
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Parameter Biological Meaning
% Aquatic stage carrying capacity of the
environment.
Aquatic stage carrying capacity of
K, fishing ponds with predatory fish, as a

function of border vegetation.
Aquatic stage carrying capacity of
K, fishing ponds without predatory fish,
as a function of border vegetation.
Mean number of eggs per mosquito

@ which become larvae.

v Aquatic to adult transition rate.

(L1, Aquatic stage basic mortality rate.

Added mortality due to predatory

Hp fish.

13 Adult mosquito mortality rate.

K Recovery rate for infected individuals.
Bon Mosquito to human infection rate.
B Human to mosquito infection rate.

r Rate of growth of vegetation.

I Proportion of population cleaning the

vegetation as function of time.

y Proportion of vegetation removed as

function of H.

Table 3.1: Biological meaning of the parameters.

3.4 Asymptotic Behaviour

In this section, we study the asymptotic behaviour of system (S3). We split this analysis in three
parts. In subsection 3.4.1, our focus is the vegetation system (S3). We prove in Proposition 3.4
that, under 7-periodic cleaning, border vegetation approaches a 7-periodic solution. Subsection
3.4.2 studies the behaviour of mosquito population when border vegetation is periodic, and 3.4.3
studies malaria incidence under periodic border vegetation. We derive sufficient conditions for

(S3) to converge to a periodic solution.

3.4.1 Asymptotic Behaviour of Vegetation

This subsection is focused on the vegetation model (S;). We aim to prove that, under periodic

cleaning, the vegetation converges to a periodic solution of the differential equation. This
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periodic solution is discontinuous at the cleaning time, as cleaning is modelled as an impulse.

The main result of the current subsection is the following:

Proposition 3.4 (Periodic Solutions for Vegetation). Iflimy_,., H(t) = H*, for some constant

value H*, the system (S3) admits the periodic solution:

,Y(H*)e—r(t—m‘)

IS (oA ortelnmnt ), (3.5)

%er(t) =1

and, for every solution V' of (S3) with non-zero initial value, one has

V(t) — Vier ()] — 0 — 00, 3.6
te[ngl(?im)‘ (t) = Voer(8)] as n — 0o (3.6)

Proposition 3.4 is a direct application of the following lemma:

Lemma 3.1. Let (7,)nen be a sequence such that 0 < v, < 1 for alln € N, and ~, — v > 0.

Consider the following initial value problem for ug > 0

du
pri r(1—wu(t)), forte (nt,(n+1)7)

{  Au(nt) = —vyu(nt), n €N, (3.7)
u(0) = uo.

Then there exists a periodic solution upe, given by

et 1 3.8
t)=1-— t . .
uper( ) 1 — (1 o ,Y)e_,,.,r fOT € [TLT, (TL + )T) ( )
and for any solution u of (3.7), we have

max |u(t) — uper(t)] = 0 as n — oo. (3.9)

te[nt,(n+1)7)

Proof. Let us begin by taking a constant sequence v, = vy with 0 < v < 1. The proof consists

in considering the recurrent sequence formed by the points of discontinuity, and studying its
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convergence. We shall use the notation:
= li
u(t+) Jim u(t +e),
u(t—) = lim wu(t +€).
e—0~
For n € N, the initial value problem
w(t) =r(1 —wu(t)), fortent, (n+1)7),
(3.10)
u(nt) = u(nt+),
has a unique solution that is given by
u(t) =1—[1 —u(nr4)]e """ for t € [nT, (n+ 1)7). (3.11)
Taking the limit as ¢ — (n 4 1)7_, it follows that
u((n+1)7—) =1—[1 —u(nr+)le™"". (3.12)
We can write the periodic impulse as
—qu((n+1)7—) =Au((n+ 1)7) =u((n+ )7+ ) —u((n+ 1)1 — ), (3.13)
or, more compactly,
u((n+1)7+) = (1 —y)u((n + 1)7—). (3.14)
Using (3.12) in the latter equation yields
u((n+ )74+) = (1 —7) <1 —(1- u(n7’+))e‘”>. (3.15)

Equation (3.15) gives the (n+1)-th term in the sequence (u(n7+)), oy as a function of the n-th
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term, defining a recurrence relation. Consider the function f : [0, 1] — [(1—7)(1—e™"7), (1—7)]:
fla)=(1- 7)<1 ~(1- x)e—”). (3.16)
In general, the recurrence can be written as
u((n+1)74) = f(ulnt+)),for n € N. (3.17)
The following two conditions hold:

e fis a contraction: |f'(x)] =[(1 —7)e | < |1 —~] <1,

e f([0,1]) C [0, 1], by definition.

Hence, by Banach’s Fixed Point Theorem, the sequence of points (u(n7+)), .y converges to

some u* that satisfies:

uwr=01-y{1-[1—-u"le "}, (3.18)

or, explicitly,
(1-—7d—e")
ut = . 3.19
[1—(1—7)e ] (3.19)

This means any solution u converges to e, given by:

,ye—r(t—i-m-)

tper(8) = 1 = [L = e =1 - o=,

tenr,(n+1)7); neN. (3.20)

Finally, we notice that the proof also holds for a generic sequence (v, )neny With 7, — 7 >0
asn — oo and 0 < v, < 1 for every n € N, as the recurrence relation will still be a contraction.

Thus the proposition has been proven.

Proposition 3.4 follows from Lemma 3.1 by setting v, = v(H(n71)). We conclude that,

under periodic cleaning, the border vegetation will eventually be arbitrarily close to periodic.
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0.0

0 50 100 150 200 250 300
time (days)

Figure 3.5: Behaviour of the IVP associated with System (S5), for different initial values.
Vper 1s shown in orange.

Figure 3.5 illustrates Proposition 3.4, by showing the solution to the impulsive initial value
problem for a range of initial values in [0,1]. Note that at each point of discontinuity, the

trajectories come closer together, and approach asymptotically one same function that is V..

As K,(V(t)) and K,(V(t)) are compositions of a strictly increasing functions with the
function V', both will also assume asymptotic periodic behaviour. In the following subsections,

we will consider the response of system (S53) under periodic behaviour of border vegetation.

3.4.2 Mosquito Dynamics

We now turn to the analysis of the asymptotic behaviour of the mosquito population, assuming
that border vegetation is periodic. Our aim is to derive sufficient conditions on the parameters
of the system for the mosquito population to either converge to 0, or have asymptotic periodic

behaviour.
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Recalling system (S3)

(

V=r(l-V());
AV(nt) = —y(H(nT))V(n1), n € N;
Mg = v(Ly + Lp) — Brol Mg — parMs;

My = BuoI Ms — pps My

. K,(V) L, (S3)
L,= aKw(V) K (M + Msg) (1 - Kp(V)) —(v+pp+ pp(L =V))Ly;

_— K, (V) Ly

Lw = OéKw(V) n Kp(V) (M] + Ms) (1 — Kw(V)> - (l/ + /LL)Lw7

S = —BupSM; + kI;

j: ﬁvhSMI —kl.

There are two aspects to consider. First, that vegetation behaviour only impacts the system
through the larvae compartments L,, and L,. Let V., be the periodic vegetation solution
given in equation (3.5). Then both carrying capacities K, (Vyer) and K,(Vje,) also are periodic.

Second, by setting M := Mg+ M| we can isolate mosquito population dynamics in the following

subsystem:
(. K,(Vyer) ( L )
L,=« br P M(1——L—) — W+ pn+ pp(1 = Vier)) Ly;
" Ku(Ver) + Kp(Vier) Ky (Vier) b e
r Kw(ver) ( Lw >
YLy =« a M(1———— ) — (v+ pL)Luy; (3.21)
Kw(‘/per) + Kp(‘/per) Kw(‘/;)er) -
M = v(L, + Ly) — pia M.

\

The system can be written as X (t) = F(t, X(t)). Due to the discontinuities and periodicity
of Vper, the right-hand side function F' is piecewise-continuous and 7-periodic. [ satisfies the
conditions of Theorem 2.22, so we can get Theorem 3.2. Let us first recall the formula for the

basic offspring number:
av

N=————
par (v + ir)

The basic offspring number is well known in the literature as a value that determines the growth

of a population, and it represents the average number of offspring that an individual produces
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during its lifespan [YMGT09, FG14].

Theorem 3.2 (Limit behaviour of Mosquito Population). For V., : [0,00) — [0, 1] given in

(3.5), one has
1 If

K K
1 > w p oy,
N> Lre%f}:) <—Kp n Kw(\/per(t))) - max (—Kp e (V;m(t)))} ,  (Condition 1)

then the trajectories of (3.21) are such that limy_, o X(t) = 0 for all feasible initial

conditions.

2. 1If
K, ..
1+ max —(Vper) <N, (Condition 2)

te[0,7) £y

then there exists a strictly positive periodic solution of (3.21) which attracts all initial

conditions.

Note that our conditions for convergence to 0 and convergence to periodic behaviour are

both sufficient conditions, not necessary conditions.

Proof. First, note that system (3.21) satisfies the conditions of Theorem 2.22. In order to apply
Theorem 2.22; we need to calculate the matrix A(t) = 0,F(¢,0), then find conditions for all
principal minors of —A to be non-negative, and conditions for at least one of the principal

minors of —A to be negative.

We have
—(V+ML+Mp<1_‘/;)€T(t))) 0 v
A(t) = 0 —(v+pr) v (3.22)
K Kullolt)

KuVper () + Kp(Vper () Koo (Vper (£)) + Ky (Vper (1))

1. calculating the 7 principal minors of —A:



64 Chapter 3. Malaria and Fish Pond Cleaning: Model Description and Analysis

(0 s+ (1 = 10 Vo )0+ )y — v + ) (L&U(vper(t»)

te| tel0,7) Kp +
(v + i+ (1 Vo (1)) Bo (1) ()
—(v — m er Vo 1m s s er )
oo Hy te[(z)l,i() P ate[&i() K,+ K, " '
(v + pr, + pp(1 = max Vier (1)) (v + pi1), (M>)
(v + i+ (1 Vo (1)) 5 V) (M;)
VT 1L Hp tlen[(?:f) per 12274 vo tg&f_{) Kp + Kw per ’ 3
K
_ _Tw (t M
(v + pr)par — va max <Kp n Kw(‘/}ae ( ))) , (My)
VA g+ pp(l — tggtx) Vper(1)), (Ms)
v+ mr, (MG)

Principal minors (My),(Mg),(Ms) and (M,) are trivially non-negative. Principal minor

(M) can be written as a function of (M3) and (Ms):

K
M, = Ms — —— (Voer (1)) | M,
= )M = v s (e (Wnl0) )

from which it follows that M; > 0 implies that Mz > 0.We can also write (M) as a

function of (M) and (My):

K
Ml = M5M4 - VO((I/ + NL) tggX) (ﬁ(%er(t») s
T p w

from which we conclude that M; > 0 implies My > 0. Therefore, we may restrict ourselves

to the study of the inequality M; > 0. Writing it as
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[ Kw KP
(v+ur) ((V + pp)par — va _tfeﬂ[g:f) <m(‘/}m(t))> + tlgl[éff) (m(‘/})er(ﬂ))]) +

N

-~
u

[ K
1-— Vper (t - ———— (Voer (8 >0, (3.23
0= 1 Vi (1) |+ ) = v o (25 (Vi) ) 2 0, (329

v

we can see that u < v, so if u > 0 then v > 0. A straightforward calculation shows that
u > 0 if and only if (Condition 1) is satisfied. It follows that if (Condition 1) is satisfied,
then all terms in the expression are non-negative, and M; > 0. From Theorem 2.22, all

solutions converge to 0.

2. The principal minors of —A will be the principal minors of —A with all maxima exchanged
for minima. Again, principal minors (M;),(Ms),(Ms) and (Ms) are trivially non-negative.
We can write

K
M, = M; — ' ———— (Ve (1)) | M,
= -t )= v min (5 Vi) ) M

from which we deduce that M3 < 0 implies M; < 0. Conversely, from

_ K
M, = MsMy — va(v + ur) in, (ﬁ(%eT(t))) ,
T P w

we have that M, < 0 implies M; < 0. Therefore, M; < 0 is the weaker condition, and

M, < 0 or M3 < 0 are other possible sufficient conditions. Recalling the inequality for

Mli

@+M)<@+M0MM—V@&$%<gf%?ZW@ﬁ»>+é$%(gj§?z@%ﬂﬂ0})+

N

-~
u

K,
1-— 1 t — 1 _ t .
o1 = i Vi) [0+ s = v i (5204 )) ] <0

v~
v
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We have u < v, therefore v <0 = u < 0 and M; < 0. From v < 0, it follows that
<0 (vt ) i (s (Ve 1)
v Vo up)ibp — v t1€1[1&,1T1) Kp K, per
SN < min [ =20 (v @)
tefo,r) \ K, + Ky ”

Ky

—1
SN < <Kp+Kw

(VpeT(t))) YVt € [0,7) (3.24)

K,
<1+ K_p(‘/;?er) <N7Vt € [077—)

K
<1 2 (V) < N.
 max 2, (Voer)

It follows that if (Condition 2) is satisfied, then there exist a negative principal minor
of —A and, from Theorem 2.22 there exists a strictly positive periodic solution of (3.21)

which attracts all initial conditions.

3.4.3 Disease Behaviour

Following the discussion of the previous subsection, we now analyze the behaviour of the infected
human and mosquito populations in the same manner. Assuming we are in situation 2 of
Theorem 3.2, let M., : Ry +— R be the periodic solution for the mosquito population. So,

writing the differential equations for the infected components (Mp, I) as

MI - ﬁth<Mper - MI) - ,UMMD
(3.25)

I =Bl —1)M; — &I

We can write (3.25) above as Y (t) = G(t,Y(t)) and apply Theorem 2.22 to arrive at the

following result:
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Theorem 3.3 (Limit Behaviour of Disease). 1. If

ﬁhvﬁvh maXtE[O,T) Mpe'f (t)
Kty

<1

Y

then the trajectories Y of (3.25) verify lim;_, Y (t) = 0 for all feasible initial conditions.

2. If
ﬁhvﬁvh mintE[O,T) MPeT (t>
K

> 1,

then there exists a strictly positive periodic solution of (3.25) which attracts all feasible

initial conditions.

Proof. Again, note that system (3.25) satisfies the conditions on Theorem 2.22. Tt is straight-

forward to calculate A(t) = 0,G(t,0):

Ay = | TH Orodder(®) ) (3.26)

5vh —k

Let us analyze the principal minors of —A. Since uy; and & are non-negative, if

K — BhoBon max Myer (1) >0

then, in view of Theorem 2.22 situation 1 holds. This is, lim;, Y () = 0 for all feasible initial

conditions.

Conversely, for —A, if

RUp — 6hvﬁvh tg[l(}ri) Mper(t) <0

then situation 2 holds, i.e. there exists a strictly positive periodic solution which attracts

all initial condition. O
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Parameter Biological Meaning Values Comment
r vegetation growth rate (per month) 1/2 1.
T Period of pond cleaning (1/frequency) 30 — 60 days 1.
H(t) Proportion of populahpn engaging in 5% (max) 9

cleaning at time ¢
~ efficacy of cleaning 0.65 3.
N daily mean npmber of eggs per mosquito 875 — 43 66 n
which become larvae
v aquatic to adult transition rate (per day) 1/(15.6 £ 2.86) [SCKS1]|
153 larval mortality rate on ponds 0.62 — 0.99 5.
Lp larval mortality due to predation by fish - 5.
137, adult mosquito mortality rate (per day) 0.089 — 0.476 6.
. malaria (vivazr) recovery rate for infected 111 IAFG12]
humans
Bon mosquito to human malaria infection rate 0.02 —0.25 7.
B human to mosquito malaria infection rate 0.05 —0.25 7.

Table 3.2: Biologically feasible parameter ranges

3.5 Analysis and Simulations

In this last section, we analyze our results so far and present simulations made to illustrate

our model. Our aim is threefold: observe the behaviour predicted by the preceding analysis

and results, to employ realistic parameters to simulate malaria in the Alto Jurua region, and

to simulate the effect that border vegetation cleaning has in the incidence of malaria. In Table

3.2, we expose the range of realistic values for the biological parameters in System (S3) taken

from [RHB"15, dRCD*15, Kam12, DT16]. In Subsection 3.5.1, we present some scenarios used

to illustrate the possible asymptotic behaviours of the system, as predicted by Theorems 3.3

and 3.2. Subsection 3.5.2 explores the conditions from the theorems, analyzing the effect of the

system’s parameters on its asymptotic behaviour, and Subsection 3.5.3 gives a brief analysis of

the effect of awareness on cleaning periodicity.

Comments about Table 3.2:

1. From the interview with the fish farmers, border cleaning is done between 30 to 60 days,

and costs as far as 300 reais (Brazilian currency) to hire someone to do it. Moreover, fish

should not affect the growth rate of the vegetation. Since cleaning is not done very often,
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it is natural to model it as a discrete variable, that represents a situation in which every

7 days, a certain proportion of the population cleans border vegetation.

. In the studied area, there is roughly one fishpond for every 20 households. This gives 5%

of the population engaged in fish farming. The difference between cleaning intensity of

ponds with and without fish should be a result of the economic incentives.

The median amount of larvae in ponds with less than 20% of vegetated border was
1300 larvae/m, while a pond with more than 80% vegetated border had 3700 larvae/m.
This gives an average efficacy of 0.65 for the effect of cleaning on larval abundance.

[RHB+15, dRCD*15]

Range calculated from the mean number of hatched eggs per oviposition (83+48) [SCK81],
divided by the length of the gonotropic cycle (3 - 4 days) [RATMS3|.

Pond vegetation interferes with the feeding behavior of the fish, and indirectly protects the
larvae from their predators [Kam12|. Without vegetation, larvivorous fishes can reduce

the amount of larvae in 90%.

Values taken from [BHA11] as one minus the daily survival rate. Survivability is affected

by rainfall, taking a range of values with seasonal changes in precipitation.

Values calculated from [MSS11] from man biting rate, proportion of bites that produces

infection in humans and proportion of bites that produce infection in mosquitoes.
For K,,(V) and K,(V'), we choose the following arbitrary functions:

0.8

Kp(V) = 14 o5(V=05) K, (V) =4V 4+ 0.5.

The equation for K, (V) was interpolated by taking K, (0.2) = 1300 larvae/m and
K,(0.8) = 3700 larvae/m. The equation for K,(V) is a sigmoid with arbitrary pa-
rameters such that K,(0.5) = 0.4 larvae/m. We chose two different kinds of functions so

as not to simplify the conditions on Theorem 3.2.
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3.5.1 Numerical Validation of Theorems

We aim at verifying Theorems 3.2 and 3.3 with numerical simulations, by showing that the
system of differential equations behaves as predicted by the Theorems. The following Scenarios

will be simulated:

e Scenario 1: Periodic mosquito and periodic infected populations,

e Scenario 2: Periodic mosquito population, and infected population converging to 0.

e Scenario 3: Mosquito population and infected population converging to 0

Parameter Scenario 1 Scenario 2 Scenario 3 Units
r 0.01666 0.01666 0.01666 month ™"
T 30 30 30 days
H 0.05 0.05 0.05 dimensionless
y 0.65 0.65 0.65 dimensionless
« 43.66 43.66 8.75 larvae mosquito~" day
v 0.0641 0.0641 0.0541 mosquito larvae ™ day
L 0.62 0.62 0.99 day™*
Ly 0.31 0.31 0.31 day ™
nY 0.089 0.16 0.8 day ™!
K, (1) 4 4 4 thousand larvae m™!
K,(1) 0.4 0.4 0.4 thousand larvae m™"
K 0.0909 0.0909 0.0909 day ™!
Bon 0.2 0.1 0.2 mosquito™! day !
Bho 0.2 0.1 0.2 day™!

Table 3.3: Value of parameters for each scenario.

These scenarios cover the possible combinations of conditions in Theorem 3.2 and 3.3. The

numerical values used for the simulations are given in Table 3.3.

The value for py; in scenario 3 was chosen outside of the biological feasible range in order

to force the differential equation system to assume the desired asymptotic behaviour.

System (.S3) was integrated numerically for each scenario with initial conditions

(S0, To, Ms.0, M10, Lo, Luwo) = (0.9,0.1,0.5,0,2,0.2).
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Expression 1 2 3

NT 0.021 0.039 1.762
max;co.) (%(%er(z&)gqumaxtew (%(X/,,QT(t))) 1.025 1.025 1.025

-1
(1+ maxicio) 12 (Voer)) 0.918 0918 0.918

Bhvﬁvh maXie(o,r) MPGT (t>
Kitm

ﬁhv 5’Uh minte [0,7) MpeT‘ (t)

KU p

10.453 0.842 0.000

8.567 0.621 0.000

Table 3.4: Calculated values for the conditional expression.

The value for the conditional expressions of both Theorem 3.2 and 3.3 are given in Table 3.4.
The simulations are shown in figures 3.6, 3.7 and 3.8. It is observed that the variables of the

system behave as predicted by Theorems 3.2 and 3.3.
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Figure 3.6: Behaviour of the system under Scenario 1
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Figure 3.7: Behaviour of the system under Scenario 2
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Figure 3.8: Behaviour of the system under Scenario 3
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3.5.2 Analysis

First, some comments about Theorem 3.2. Both (Condition 1) and (Condition 2) depend on the

basic offspring number A/, and they cannot be simplified further, as the maxima (or minima)
L —p(
K, + K, K, + K,

occur at the same time ¢, then the expressions in (Condition 1) reduces to 1.

of (Vper) and of Vper) may not occur at the same time ¢. If they actually

(Condition 1) and (Condition 2) do not exhaust the possibilities for system, as N'~! can
be larger than the sum of minima in (Condition 2) and smaller than the sum of maxima in
(Condition 1). Numerical simulations in the current section illustrate that in the latter case,

the mosquito population assume periodic behaviour close to 0.

For the periodic mosquito population My, we do not have an analytical expression as we
have for V., in Proposition 3.4. The periodic behaviour of the population will be illustrated
through numerical simulations along the current section. We are specially concerned with
the effects of a reduction in the period 7, which means an increase in cleaning frequency.
This reduction in period alters the value of the right-hand side in both (Condition 1) and
(Condition 2), by restricting the values of border vegetation V., to lower values (as the period
T reduces, vegetation has less time to grow between cleaning episodes). Even if the reduction in
period does not change the behaviour from asymptotical periodicity to asymptotical extinction,
it does reduce the average size of the mosquito population, which has measurable effects on the

incidence of the disease.

Using Table 3.2, we can calculate the range of biologically feasible values for A/, that gives
[0.953, 55.126]. Figure 3.9 shows the values of both (Condition 1) and (Condition 2) as a func-
tion of 7, and compares it to the feasible values of N'~1. It is possible to observe that elimination
of the mosquito population through border vegetation removal is unfeasible. However, Figure

3.9 also shows that an increase in cleaning frequency reduces the mosquito population.

We now prove the following corollary to Theorem 3.2.
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Figure 3.9: Conditional values of Theorem 3.2, as function of 7: On the left, the conditional

values (in blue) are compared with the biologically feasible range of N~ (best value in green
and worst in red). On the right, the maximum and minimum value for the mosquito popula-
tion as function of 7

Corollary 3.3.1. Assume that K,, and K, are proportional, that is

KP/KU) = P

with p constant. Then the conditions for Theorem 3.2 are simplified to

1. If N <1, then limy_, o, X(t) = 0 for all feasible initial conditions.

2. If N > 1+ p, then there is a strictly positive periodic solution which attracts all initial

conditions.

Proof. From the proportionality of K,,(V') and K,(V'), we have

K, 1 K
(V)= ——, P (V)=
K, + Ky I+p K,+ Ky I+p

As p is constant, the expression in (Condition 1) becomes



3.5. Analysis and Simulations 7

-
—

=
o

Conditional Values (range)
=] o =)
- @ w0

o
o

e
wn

10 20 30 40 50 60 70
Cleaning Periodicity (days)

Figure 3.10: Comparison of Corollary 3.3.1: The conditional threshold values for N~! as
function of cleaning periodicity are drawn for two situations. In blue, affine K, and sigmoid
K,. Inred, K,, = K.

and the expression for (Condition 2) becomes

14+p<WN,

from which the statement of the corollary follows.

Corollary 3.3.1 is exemplified in Figure 3.10, where we compare the threshold values for the

conditions over N'~! in two situations:

1. when K, is affine and K, is sigmoid (as we did in the other simulations),

2. when K,, = K, that is, p = 1.

As the corollary predicts, in situation 2. the threshold values are constant and equal to 1 and
(1+ p)~! = 0.5. For situation 1. the threshold values vary along with cleaning periodicity. In
our simulations, we chose different functions for K,, and K, so as not to fall into the particular

case of Theorem 3.2 described in Corollary 3.3.1.
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Figure 3.11: Three possible situations of Theorem 3.3: On the left, M., (in shades of blue)
in three situations: with minimum greater than the threshold value (in red), threshold
smaller than maximum and greater than minimum, and maximum smaller than thresh-
old. On the right, the corresponding I (in shades of blue) in the respective three situations:
Asymptotic periodic, indeterminate and convergent to 0.

Now, consider Theorem 3.3. In situation 1, the disease is eradicated. In situation 2, it be-
comes endemic, with varying incidence levels. Again, both conditions are sufficient conditions,

and do not exhaust the possibilities. The case where

ﬁhvﬁvh mintG[O,T) Mper (t) <1< Bhvﬁvh maXtG[O,T) Mper (t)

Rty 7230

was observed through numerical simulation to assume periodic behavior close to 0. Figure 3.11

shows the possible situations described in Theorem 3.3.

It is interesting to compare the formula for the conditions of Theorem 3.3 with the basic
reproduction number Ry for the disease, defined for a constant mosquito population M, which

is given by
. Bhvﬁth
B R .

Ro

This number is interpreted as the average amount of new infections an infected person causes
during one infective period if introduced in a completely susceptible population. In standard
compartmental models (see e.g. [VADWO02]), when Ry > 1, there is a locally asymptotically

stable endemic equilibrium. Conversely, when Ry < 1 the disease goes extinct, with the infected
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Parameter Biological Meaning Values

vegetation growth rate 0.01666
T Period of pond cleaning (1/frequency) varying
H Population engaging in cleaning 0.05
v efficacy of cleaning 0.65
Q mean number of eggs per mosquito which become larvae 26.2
v aquatic to adult transition rate (per day) 0.0641
153 larval mortality rate on ponds without fish 0.62
Iy larval mortality due to predation by fish 0.31
13y, adult mosquito mortality rate (per day) 0.16
K,(1) carrying capacity in ponds with fish if V =1 04
K, (1) carrying capacity in ponds without fish if V' =1 4
K malaria (vivax) recovery rate for infected humans (per month)  0.0909
Bon mosquito to human malaria infection rate 0.2
B human to mosquito malaria infection rate 0.2

Table 3.5: Value of parameters for the simulation of the effect of cleaning frequency change

state variables converging to zero. If we defined a time dependent reproduction number by

() = BeSthell)

which depends on the mosquito population at time ¢, our conditions would amount to

max R(t) <1
telo,7)

for convergence to 0 and to 1 < minscp,) R(t) for the disease to be endemic, with a globally

attractive strictly positive periodic solution.

From Theorem 3.3, the value
Kty

Bhv/th

is a threshold value for the mosquito population. If the maximum value of the mosquito
population is below this threshold, the disease is eradicated. Again, Table 3.2 allows us to

calculate the biologically feasible range for it, giving [0.023, 7.724].

The biological meaning of the parameters in the conditions of Theorem 3.3 are the transmis-
sion rate (both, from vector to host and from host to vector), the recovery rate, the mosquito

mortality, and the size of mosquito population. These give hints to the more effective ways
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of fighting malaria: prevention of bites, treating infected individuals quickly, and controlling
mosquito population. From the epidemiologist or the public health practitioner point of view,
the most important point is to have a grasp on the relative effects of each factor on malaria

transmission [MSS11].

We simulate the effect of an increase in the frequency of cleaning, using the set of parameters
described in Table 3.5. The values for 7 range from 70 to 5 days. In Figure 3.12, we represent
the maximum and minimum value of both the R(¢) and the size of the infected human popu-
lation(after they assume periodic behaviour) as a function of 7. The green line at 1 shows the

threshold value for R(t).

The effect of an increased frequency of cleaning is a reduction of the average mosquito
population, and consequently a reduction of the average infected population. Eventually, the
solution’s asymptotic behaviour changes from asymptotic periodic to convergence towards 0.

Even with moderate efforts, the average proportion of infected humans is significantly reduced.
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Figure 3.12: Behaviour of the disease under increasing cleaning frequency.
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3.5.3 The effect of awareness in cleaning periodicity

As the cost of cleaning is 300 reais, we can estimate the daily averaged cost of cleaning every

7 days as

Crtean(T) = —300/7.

Conversely, we can estimate the expected cost of getting sick as a function of 7 by assuming
a Bernoulli distribution for the sick state with probability equal to the asymptotic averaged
proportion of infected, and calculating the monetary cost by the number of days of work lost
due to the disease. Considering a minimum wage of 900 reais for 30 days of work, and 5 days
of work lost due to the disease, we get a disease cost of 150 reais. Denoting the asymptotic

average proportion of infected as I(7), the disease cost is

Clisease = —1501(T).

Assuming that the whole population is aware of the relation between border vegetation and
malaria, the period of vegetation cleaning 7 will be at a value such that people are indifferent
to cleaning more frequently or getting the disease, that is, the cost of cleaning as function of
T is equal to the cost of getting sick as function of 7. For a fully aware population, this would

lead to 7 < 20, as shown in Figure 3.13.

Assuming that the population is fully aware is a strong hypothesis. We can include an
awareness multiplier a in the disease cost, such that the perceived cost of the disease is given
by

C’perceived = acdisease-
For a = 0.1, we have 40 < 7 < 60 as shown in Figure 3.13, a value in the observed range.

This difference in cleaning frequency argues in favor of educational campaigns explaining the
relationship between malaria and border vegetation, as increased awareness would, in theory,
lead to an increased frequency of vegetation border cleaning and overall lower levels of malaria

incidence.
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Figure 3.13: Cost comparison of cleaning and disease. Cost of cleaning as a function of 7

is represented in blue, and the perceived expected daily cost of disease as a function of 7 is
represented in orange. In the first graph we assume the population is fully aware of the rela-
tion between cleaning and the disease. On the second graph, we assume an awareness factor
a=0.1.



Chapter 4

Conclusion

In this work, we achieved both theoretical and applied results. We studied the real world
problem of malaria in Acre through the lens of mathematical modelling, proposing a system of
differential equations as an epidemiological model. We also studied the theoretical background
of concave, cooperative differential equations, going as far as extending a classical result to

encompass the system of equations employed in the model.

In Chapter 2 we analyzed properties of cooperative systems of differential equations with
concave non-linearities and time-measurable dynamics. We reviewed classical results, such
as the Existence Theorem for Carathéodory Solutions, and the literature on the asymptotic
behaviour of cooperative systems with concave non-linearities. Our main result is Theorem
2.22, which extends the theorems in [Smi86, Jif90] to time-measurable functions. This allows

us to analyze the our epidemiological model with periodic impulses on border vegetation.

Throughout Chapter 3, an in-depth analysis of Malaria in Acre was made. Some historical
aspects of the theory of mathematical modelling of diseases was reviewed, along with the current
knowledge about malaria in Alto Jurua. We presented a model integrating malaria, mosquito

population and ponds’ vegetation evolution, and studied its asymptotic behaviour.

Our model aimed to analyze the relation between border vegetation cleaning and the inci-

dence of the disease. Some simplifying assumptions were made:
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e The system dynamics is considered spatially independent, and homogeneous for each

compartment.

e Vegetation cleaning is assumed to be synchronized, to happen periodically, and its time
frame is small when compared to the time frame of the mosquito population and disease
dynamics (i.e. As would happen in a small fish farming cooperative, where cleaning is a

coordinated activity).

e We disregard a recovered compartment that cannot be infected due to the high rate of

reinfection of Plasmodium vivaz.
e Conversely, we disregard human mortality and consider the population normalized to 1,

due to the low mortality rate of Plasmodium vivazx.

Through Theorems 3.2 and 3.3, we established conditions for determining the asymptotic
behaviour of the system. Through analysis of these sufficient conditions we can conclude that
border vegetation cleaning reduces the average mosquito population, and this in turn affects

the rate at which malaria spreads through human hosts.
Numerical simulations of the model have shown that
e climinating the mosquito population through border vegetation removal is biologically
unfeasible,
e reducing the incidence of malaria through border vegetation removal is feasible,
e increasing awareness of the relation between malaria and border vegetation may affect

human population behaviour and increase cleaning frequency.

Our results argue in favor of educational campaigns and incentives for fish ponds maintenance

as other public health measures to control malaria in Acre.
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