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Resumo

Estudamos a dinâmica da economia brasileira usando um modelo DSGE com
mudanças de regime Markoviana. Isso nos permite explorar as implicações da Teoria
Fiscal do Nível de Preços quando a economia está sob Dominância Monetária, mas
existe um risco de migrar para a Dominância Fiscal. Partimos de um modelo Novo-
Keynesiano canônico com um bloco fiscal e adicionamos uma Cadeia de Markov
exógena para guiar possíveis mudanças de regime. Nossos principais resultados
são: (i) estimamos que há uma probabilidade de 5% de migrar para uma situação
de Dominância Fiscal, considerando dados entre 2004 e 2018; (ii) quando essa
probabilidade é levada em conta, a dinâmica após choques muda consideravelmente
quando comparada aos modelos de regime fixo: a política monetária perde potência
e as taxas de juros sobem significativamente após estímulos fiscais; (iii) finalmente,
mostramos que um Banco Central mais hawkish pode aumentar o bem-estar neste
ambiente. Esses ganhos de bem-estar são exacerbados quando a autoridade fiscal
é mais responsável, ou seja, quando responde fortemente a desvios da dívida em
relação ao seu valor de estado estacionário.

Palavras-chave: Mudança de Regime, DSGE, Dominância Fiscal, Teoria
Fiscal do Nível de Preço.



Abstract

We study the dynamics of the Brazilian economy using a Markov Switching
DSGE framework. This allows us to explore the implications of the Fiscal Theory
of the Price Level (FTPL) when the economy is under Monetary Dominance but
there is a risk of Fiscal Dominance lurking around. We depart from a textbook
New-Keynesian model with a fiscal block and add a Markov Switching structure to
incorporate the possibility of regime shifts. Our main findings are: (i) we estimate
there is a 5% probability of switching to Fiscal Dominance in Brazil, using data from
2004 up to 2018; (ii) when we take account of this probability in the model, the
dynamics after shocks change dramatically when compared to fixed regime models:
monetary policy loses strength and interest rates are pushed upwards after a fiscal
stimulus; (iii) finally, we show that a hawkish Central Bank can be welfare-enhancing
in this environment. Welfare gains are exacerbated when the fiscal authority is more
responsible, i.e., responds strongly to debt deviations from its steady-state value.

Keywords: Regime Switching, DSGE, Fiscal Dominance, Fiscal Theory of
the Price Level.
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1 Introduction

Imagine you are the president of the Brazilian Central Bank and the Copom1

meeting is today. The interest rate decision is in your hands. The scenario you face is the
following: inflation is on the rise and the country is undergoing a fiscal distress, with rising
debt and consecutive deficits. Some market participants believe the economy may head
into Fiscal Dominance (FD, henceforth) shortly. You ask yourself: what will happen to
inflation in the next 12 months if I increase interest rates by 50 basis points? What about
output? Should I be more dovish or hawkish given that a FD threat is lurking around?

This article aims to answer these questions using a Markov Switching DSGE
framework (MS-DSGE, henceforth). I depart from a textbook New-Keynesian model
with a fiscal block and add a Markov Switching structure to incorporate the possibility
of a regime shift - from Monetary to Fiscal Dominance, and vice-versa - in the future.
The model is calibrated for the Brazilian economy and regime change probabilities are
estimated using Bayesian techniques. We focus our attention on the case when the economy
is under Monetary Dominance (MD, henceforth) but households and firms believe there
is a probability of switching to FD. Implicitly, we assume that the fiscal distress can be
thought of as a perennial, widespread and exogenous perception that the economy is on
the brink of FD, but not there yet2.

The MS-DSGE framework allows us to explore the implications of the Fiscal
Theory of the Price Level (FTPL) even when the economy is under MD. As explained in
Davig et al. (2006), the FTPL is always operative when there is a positive regime change
probability. Indeed, this seems to be a reasonable assumption to model the Brazilian
economy. The country experienced several episodes of hyperinflation and fiscal distress
over the last decades. Garcia et al. (2018) show that these hyperinflation episodes were
characterized, among other things, by a combination of fiscal deterioration and monetary
policy passiveness. Rational agents know these events can reoccur and form expectations
taking into account the uncertainty about monetary/fiscal policy mix in the future. If one
wants to do policy analysis in this environment, the MS-DSGE framework is a handy tool.

The regime-switching structure imposes challenges to finding the policy functions
and estimating the transition probabilities. The broadly used Dynare package for Matlab
does not handle MS-DSGE models. Therefore, we recur to algorithms developed by Maih
(2015) to find solutions and carry out the estimation. The computational implementation
is done in RISE, a Toolbox for Matlab also introduced by Maih (2015).

1Monetary Policy Committee
2Monetary Dominance, Regime M and MD are exchangeable terms used throughout this work to

express the same concept. Similarly, Fiscal Dominance, Regime F and FD are perfect substitutes.
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The estimation procedure also allows us to determine in each point of time the
prevailing regime and the associated probability. We show that the Brazilian economy
has always been under MD during the considered sample (2004-2018). Yet, we find that
there have been some moments in which the probability of being under FD increases.
This corroborates our hypothesis that the relevant case of study is MD with a positive
transition probability.

Our main findings are:

• We estimate there is a positive probability of FD hovering over Brazil. We find that
the regime-switching probability from MD to FD is around 5%, using data from
2004 up to 2018.

• When this probability is taken into account, the dynamics after shocks change
significantly. Monetary policy loses strength, i.e., the sacrifice ratio increases. Also,
fiscal stimulus induces higher inflation, higher interest rates and requires stronger
fiscal adjustments in the future.

• A hawkish Central Bank can be welfare enhancing in this environment. Welfare gains
are exacerbated when the fiscal authority is more responsive to debt deviations from
the steady-state level.

The role of fiscal policy for price determination is often neglected in traditional
New Keynesian models. Yet, the importance of monetary and fiscal policy coordination
is well known at least since the seminal contribution of Sargent & Wallace (1981). The
underlying assumption is usually that the fiscal authority levies lump-sum taxes to balance
government debt. When the government does not follow this principle, Leeper (1991)
shows that determinacy of equilibrium in rational expectations models depends on the
parameters of monetary and fiscal policy rules. These papers are the foundation on which
the FTPL has developed.

Another branch of the literature has explored the combination of traditional DSGE
models with the FTPL. Among these we highlight Leeper & Sims (1994) and Leeper &
Leith (2016). The latter explores how different debt maturity structures impact prices
under FD and discuss the optimal Ramsey problem under different circumstances. One
major limitation of these papers (and other DSGE models) is their inability to handle
structural breaks. Therefore, these models may not be suited to evaluate economies subject
to significant regime uncertainty.

Since the seminal paper by Hamilton (1989), in which he presents a handy way
to model discrete shifts in policy, time series models have been used to do empirical
analyses in regime-switching environment. More recently, thanks to the development of
sophisticated solution techniques, the regime-switching literature was integrated into the
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traditional DSGE models, allowing expectations of future regimes to affect the current
equilibrium. Some references on this strand are Davig, Leeper & Walker (2011), Bianchi
(2012) and Azevedo (2018).

A few things distinguish our work from that of other authors. First, we seem to
be the first to employ an MS-DSGE framework to analyze the FTPL implications in the
Brazilian economy. The baseline model presented here is simple, but capable of providing
insights on how the dynamics after shocks changes. Second, few papers estimate the regime
transition probabilities inside the model using Bayesian techniques. Other papers, such as
Davig et al. (2006), usually estimate switching policy rules and probabilities separately
from the structural model. Finally, we perform welfare simulations under different policy
combinations to initiate a discussion of optimal policy under regime uncertainty.

The rest of the article is organized as follows. Section 2 presents the canonical New-
Keynesian model with an additional fiscal block and a Markov Switching structure. Section
3 explains the solution method, as well as the calibration and the estimation strategy.
Section 4 discusses the results through empirical distributions and Impulse Response
Functions (IRFs). Section 5 performs simulations to evaluate welfare under different policy
mixes. Section 6 concludes recognizing the virtues and weaknesses of the present article.
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2 The Markov Switching DSGE Model

2.1 A New-Keynesian Model with Fiscal Block
In this section, we present the canonical New-Keynesian model developed by Galí

(2015) and explain the additional fiscal block and the Markov Switching structure. Since
the setup features standard blocks that have been extensively explored by the literature,
the exposition in this chapter will be succinct. All equilibrium conditions are listed in
Appendix A and cumbersome calculations are relegated to Appendix B.

Households

The economy consists of many identically, infinitely-lived households, with measure
normalized to one. We solve the representative agent problem, which consists in maximizing
life-time expected utility

𝐸0

∞∑︁
𝑡=0

𝛽𝑡𝑈 (𝐶𝑡, 𝑁𝑡) (2.1)

where 𝑁𝑡 denotes hours of work or employment3, 𝐶𝑡 is defined as the Dixit-Stiglitz
aggregation of a continuum of goods 𝐶𝑡(𝑖) represented by the interval [0, 1]:

𝐶𝑡 :=
(︂∫︁ 1

0
𝐶𝑡(𝑖)1− 1

𝜀𝑑𝑖
)︂ 𝜀

𝜀−1
(2.2)

where 𝜀 is the elasticity of substitution between varieties. The period budget constraint is
given by

𝑃𝑡𝐶𝑡 +𝑄𝑡𝐵𝑡 ≤ 𝐵𝑡−1 +𝑊𝑡𝑁𝑡 + 𝑇𝑡 (2.3)

where 𝑃𝑡 =
(︁∫︀ 1

0 𝑃
1−𝜀
𝑖𝑡 𝑑𝑖

)︁ 1
1−𝜀 and 𝑃𝑡(𝑖) is the price of the consumption good 𝑖. See Appendix

B for the complete definition of the price index. 𝑊𝑡 denotes the nominal wage, 𝐵𝑡 represents
the quantity of one-period, nominally riskless discount bonds purchased in period 𝑡 and
maturing in period 𝑡+ 1. Each bond pays one unit of money at maturity and its price is 𝑄𝑡.
𝑇𝑡 are lump-sum income components, such as taxes and dividends from firm ownership,
and are expressed in nominal terms. The assumption that taxes are levied lump-sum is
unrealistic, but simplify calculations. This assumption means that the amount of tax an
agent pays is orthogonal to any intra or inter-temporal choice it makes.

Assume that the period utility takes the form

𝑈 (𝐶𝑡, 𝑁𝑡) = 𝑍𝑡
𝐶1−𝜎

𝑡

1 − 𝜎
− 𝑁1+𝜙

𝑡

1 + 𝜙
(2.4)

3As noted in Galí (2015), 𝑁𝑡 can represent the number of household members employed.
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where 𝜙 is the inverse of Frisch elasticity that measures the substitution effect of a change
in the wage rate on labor supply and 𝜎 is the inverse of the elasticity of intertemporal
substitution. 𝑍𝑡 is a preference shock4 and its 𝑙𝑜𝑔 follows an AR(1) process,

𝑙𝑜𝑔 (𝑍𝑡) = 𝜌𝑍 𝑙𝑜𝑔 (𝑍𝑡−1) + 𝜖𝑍
𝑡 where 𝜖𝑍

𝑡 ∼ 𝑁
(︁
0, 𝜎2

𝑍

)︁
(2.5)

As shown in Appendix B, the household’s decision problem can be solved in two
stages. We only present here the optimality conditions implied by the maximization of
(2.1) subject to (2.3):

Labor Supply: 𝑊𝑡

𝑃𝑡

= 𝐶𝜎
𝑡 𝑁

𝜙
𝑡

Euler Equation: 𝑄𝑡 = 𝛽𝐸𝑡

{︃
𝑍𝑡+1

𝑍𝑡

(︂
𝐶𝑡+1

𝐶𝑡

)︂−𝜎 𝑃𝑡

𝑃𝑡+1

}︃ (2.6)

which must hold for 𝑡 = 0, 1, 2, . . .

Firms

Assume a Cobb-Douglas technology

𝑌𝑡(𝑖) = 𝐴𝑡𝑁𝑡(𝑖)1−𝛼 for all 𝑖 ∈ [0, 1] (2.7)

where 𝑌𝑡(𝑖) is the output produced by firm 𝑖 in period 𝑡, 𝑁𝑡(𝑖) is the labor force used as
input by the firm and 𝐴𝑡 is the technology level, whose 𝑙𝑜𝑔 follows an AR(1) process

𝑙𝑜𝑔 (𝐴𝑡) = 𝜌𝐴 𝑙𝑜𝑔 (𝐴𝑡−1) + 𝜖𝐴
𝑡 where 𝜖𝐴

𝑡 ∼ 𝑁
(︁
0, 𝜎2

𝐴

)︁
(2.8)

Each firm maximize profit taking the aggregate price level and aggregate consump-
tion as given. They also face the same demand curve5, which is given by

𝐶𝑡(𝑖) =
(︃
𝑃𝑡(𝑖)
𝑃𝑡

)︃−𝜀

𝐶𝑡 for all 𝑖 ∈ [0, 1] (2.9)

To introduce price rigidity in the model, we assume that in each period, only a
fraction (1 − 𝜃) can optimally reset their price, while the remaining 𝜃 is stuck with the
price they had last period. The parameter 𝜃 synthesises the degree of price stickiness in
the economy and is often referred to as the “Calvo parameter”, due to Calvo (1983).

4The preference shock is not present in the original model developed in Galí (2015), but its introduction
is helpful for parameter identification during the estimation.

5See Appendix B for derivation
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Aggregate Price Dynamics

Define the aggregate gross inflation rate between period 𝑡− 1 and 𝑡 as Π𝑡 := 𝑃𝑡

𝑃𝑡−1

and let 𝑃 *
𝑡 be the price set by firms allowed to reset their price in that period. We show in

Appendix B that inflation dynamics can be described by the equation

Π1−𝜀
𝑡 = 𝜃 + (1 − 𝜃)

(︃
𝑃 *

𝑡

𝑃𝑡−1

)︃1−𝜀

(2.10)

As in Galí (2015), the steady-state is characterized by zero inflation, which implies
Π𝑡 = Π = 1 and 𝑃 *

𝑡 = 𝑃𝑡 = 𝑃𝑡−1. The following subsection investigates the factors
underlying firms’ optimal price-setting behaviour. This will allow us to understand inflation
over time.

Optimal Price Setting

When a firm is drawn to set the optimal price in period 𝑡, it takes into account that
this price determines the profits the firm will have in future periods, since the probability
of remaining stuck with this price in the next 𝑘 period is 𝜃𝑘. Formally, a firm willing to
maximize the expected current market value of profits solves

max
𝑃 *

𝑡

∞∑︁
𝑘=0

𝜃𝑘𝐸𝑡

{︁
𝑄𝑡,𝑡+𝑘

(︁
𝑃 *

𝑡 𝑌𝑡+𝑘|𝑡 − Ψ𝑡+𝑘

(︁
𝑌𝑡+𝑘|𝑡

)︁)︁}︁
(2.11)

subject to the sequence of demand schedules

𝑌𝑡+𝑘|𝑡 =
(︃
𝑃 *

𝑡

𝑃𝑡+𝑘

)︃−𝜀

𝐶𝑡+𝑘 for 𝑘 = 0, 1, 2, . . . (2.12)

where 𝑄𝑡,𝑡+𝑘 := 𝛽𝑘 (𝐶𝑡+𝑘/𝐶𝑡)−𝜎 (𝑃𝑡/𝑃𝑡+𝑘) is the stochastic discount factor for nominal
payoffs in period 𝑡+ 𝑘, Ψ𝑡(·) is a function representing the cost of production and 𝑌𝑡+𝑘|𝑡 is
the output in period 𝑡+ 𝑘 of a firm that last adjusted its price in period 𝑡.

Let 𝜓𝑡+𝑘|𝑡 := Ψ′
𝑡+𝑘

(︁
𝑌𝑡+𝑘|𝑡

)︁
be the the nominal marginal cost in period 𝑡+ 𝑘 for a

firm last resetting its price in period 𝑡 and define ℳ := 𝜀
𝜀−1 as the desired markup in the

absence of price rigidity. The first-order condition of the optimal price setting problem
described above can be written as

∞∑︁
𝑘=0

𝜃𝑘𝐸𝑡

{︁
𝑄𝑡,𝑡+𝑘𝑌𝑡+𝑘|𝑡

(︁
𝑃 *

𝑡 − ℳ𝜓𝑡+𝑘|𝑡
)︁}︁

= 0

=⇒
∞∑︁

𝑘=0
𝜃𝑘𝐸𝑡

{︁
𝑄𝑡,𝑡+𝑘𝑌𝑡+𝑘|𝑡𝑃

*
𝑡

}︁
=

∞∑︁
𝑘=0

𝜃𝑘𝐸𝑡

{︁
𝑄𝑡,𝑡+𝑘𝑌𝑡+𝑘|𝑡ℳ𝜓𝑡+𝑘|𝑡

}︁
(2.13)

Next, we insert 𝑄𝑡,𝑡+𝑘 and 𝑌𝑡+𝑘|𝑡 and solve for the optimal price 𝑃 *
𝑡 :

𝑃 *
𝑡 = ℳ

𝐸𝑡

∞∑︀
𝑘=0

𝜃𝑘𝛽𝑘𝐶1−𝜎
𝑡+𝑘 𝑃

𝜀
𝑡+𝑘𝜓𝑡+𝑘|𝑡

𝐸𝑡

∞∑︀
𝑘=0

𝜃𝑘𝛽𝑘𝐶1−𝜎
𝑡+𝑘 𝑃

𝜀−1
𝑡+𝑘

(2.14)
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The intuition behind this equation is that the optimal price is the weighted average of
present and future marginal costs, with the weights being proportional to the probability
of the price remaining effective at each horizon 𝜃𝑘. This equation is usually written in
recursive form so that it can be read by computer programs (see equilibrium equations in
Appendix A).

Finally, consider the particular case with flexible prices (𝜃 = 0). Then,

𝑃 *
𝑡 = ℳ𝜓𝑡|𝑡 (2.15)

This equation allows us to interpret ℳ as the desired markup in a flexible price environ-
ment.

Policy Rules

New Keynesian models typically feature infinite steady-states for the price level. In
our setup, there is also an infinite number of steady-states for government spending, taxes
and nominal debt6. Therefore, we need to set up the model in terms of inflation rates and
set policies such that real debt do not explode.

The steady-state of the inflation rate is not endogenously determined but follows
from the inflation target of the monetary authority. To close the model, we will explicitly
determine how the nominal interest rate evolves and describe debt dynamics and the
accompanying fiscal rule.

We assume the government is composed by two institutions: the Central Bank,
responsible for choosing the policy rate, 𝑅𝑛

𝑡 , and the Treasury, responsible for the fiscal
policy. The behavior of each institution will depend on the current regime. We allow
the economy to be in two different regimes (MD or FD), each associated with a set of
parameters. This will become clear in the next subsections.

Central Bank: Monetary Policy

As in Galí (2015), we assume the central bank targets a zero inflation path for
prices and desire not to deviate from the natural output (𝑌 𝑛):

𝑅𝑛
𝑡 = 1

𝛽

(︃
𝑃𝑡

𝑃𝑡−1

)︃𝜑𝜋(𝑟𝑡) (︂
𝑌𝑡

𝑌 𝑛

)︂𝜑𝑌

𝑒𝑥𝑝
(︁
𝜀𝑅

𝑡

)︁
(2.16)

where 𝜑𝜋(𝑟𝑡) and 𝜑𝑌 are the non-negative Taylor Rule feedback parameters, the term 1/𝛽
imposes the nominal interest rate to be equal the real interest rate in the steady-state,

6Indeterminacy of fiscal variables levels arise because we are assuming that taxes are lump sum and
government spending is exogenously determined. This point is explained in Woodford (2011) and Leeper
& Leith (2016).
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𝑟𝑡 denotes the current regime and 𝜀𝑅
𝑡 is a monetary policy shock, that follows an AR(1)

process:
𝜀𝑅

𝑡 = 𝜌𝑅𝜀
𝑅
𝑡−1 + 𝜖𝑅

𝑡 where 𝜖𝑅
𝑡 ∼ 𝑁

(︁
0, 𝜎2

𝑅

)︁
(2.17)

Note that 𝜑𝜋(𝑟𝑡) is regime-dependent.

Treasury: Fiscal Policy

At the end of period 𝑡− 1 the Treasury issues nominal one-period bond 𝐵𝑡−1. Each
unit of bond costs 𝑄𝑡−1 and promises to pay one monetary unit in the next period. In
the next period, the Treasury pays off the outstanding debt and issues new bonds 𝐵𝑡 at
price 𝑄𝑡. The consumer’s first order conditions and the smoothing consumption 𝑐𝑡 = 𝑐

equilibrium implies that 𝑄𝑡 = 1
𝑅𝑛

𝑡
= 1

𝑅𝑟
𝑡
𝐸𝑡

(︁
𝑃𝑡

𝑃𝑡+1

)︁
. Therefore, the debt dynamics is directly

connected to the policy rate defined by the Central Bank.

Let 𝑠𝑡 be the primary fiscal surplus in period 𝑡 expressed in real terms and define
the government’s flow budget identity:

𝐵𝑡

𝑅𝑛
𝑡 · 𝑃𝑡

= 𝐵𝑡−1

𝑃𝑡

− 𝑠𝑡 (2.18)

Define 𝑏𝑡 := 𝐵𝑡

𝑃𝑡
. The fiscal rule for the primary surplus is defined in real terms:

𝑠𝑡 = 𝜑𝑠 · 𝑠𝑡−1 + (1 − 𝜑𝑠) · [𝑠+ 𝛿𝑏(𝑟𝑡)(𝑏𝑡 − 𝑏) + 𝛿𝑌 (𝑌𝑡 − 𝑌 )] − 𝜀𝑠
𝑡 (2.19)

where 𝑠 is the exogenously determined primary fiscal target and variables without time
subscript denote the steady-state value of the respective variables. The fiscal shock 𝜀𝑠

𝑡

follows an AR(1) process:

𝜀𝑠
𝑡 = 𝜌𝑠𝜀

𝑠
𝑡−1 + 𝜖𝑠

𝑡 where 𝜖𝑠
𝑡 ∼ 𝑁

(︁
0, 𝜎2

𝑠

)︁
(2.20)

This fiscal rule for the real primary surplus implicitly assumes that government
spending in the steady-state is zero and lump-sum taxes are collected to pay the service
from the existing stock of debt (exogenously determined). The exact level of taxes and
debt is both indeterminate and irrelevant for the equilibrium dynamics. These values will
be set such that there is consistency with data for estimation purposes.

Finally, note that the parameter 𝛿𝑏(𝑟𝑡) is regime-dependent and determines how, if
at all, the Treasury reacts to deviations of debt from its steady-state level.

2.1.1 Budget Valuation Equation

In addition to the Euler equation (2.6), we also assume that the representative
household is subject to a solvency constraint that prevents him from engaging in a
Ponzi-game scheme:

lim
𝑘→∞

𝑚𝑡,𝑡+𝑘 ·𝐵𝑡+𝑘

𝑃𝑡+𝑘+1
= 0 (2.21)
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where 𝑚𝑡,𝑡+𝑘 := ∏︀𝑘
𝑗=1(𝑅𝑟

𝑡+𝑗−1)−1 is the compounded real discount factor for 𝑘 > 0 and
𝑚𝑡,𝑡 = 1.

As shown in Cochrane (2001), this no Ponzi condition, together with the Treasury
flow budget constraint (2.18) allows us to obtain the “equilibrium valuation equation” by
forward iteration:

𝐵𝑡−1

𝑃𝑡

= 𝐸𝑡

∞∑︁
𝑘=0

𝑚𝑡,𝑡+𝑘 · 𝑠𝑡+𝑘 (2.22)

The complete derivation is in Appendix B. This equation is the centerpiece of the
Fiscal Theory of the Price Level and tells us that the price level can be interpreted as
a stock price, going up or down to bring the real value of nominal debt in line with the
discounted sequence of expected primary surpluses.

2.1.2 Equilibrium and Steady-State

In the model described by equations (2.1) - (2.20), a competitive equilibrium is
defined as a sequence of prices {𝑃𝑡, 𝑅

𝑛
𝑡 ,𝑊𝑡}∞

𝑡=0, allocations {𝐶𝑡, 𝑌𝑡, 𝑁𝑡, 𝐵𝑡, 𝑇𝑡}∞
𝑡=0 and a

sequence of shocks {𝐴𝑡, 𝑍𝑡, 𝜀
𝑅
𝑡 , 𝜀

𝑠
𝑡}∞

𝑡=0 such that

• Households maximize the objective function subject to the budget constraint taking
the current regime and the transition probabilities as given;

• Firms maximize profit subject to the resource constraint taking the current regime
and the transition probabilities as given;

• The Central Bank abide by the Taylor rule;

• The Treasury abide by the fiscal rule;

• The labor and good markets clear.

Regarding the last item, let the aggregate output be defined as 𝑌𝑡 :=
(︁∫︀ 1

0 𝑌𝑡(𝑖)1− 1
𝜀𝑑𝑖
)︁ 𝜀

𝜀−1 .
Then, the market clearing in the goods market requires:

𝑌𝑡 = 𝐶𝑡 − 𝐹𝐸𝑡 (2.23)

where 𝐹𝐸𝑡 is the fiscal effort in period 𝑡, defined as 𝐹𝐸𝑡 := 𝑠𝑡 − 𝑠. Finally, market clearing
in the labor market requires

𝑁𝑡 =
∫︁ 1

0
𝑁𝑡(𝑖)𝑑𝑖 (2.24)

Steady-State

We drop all time subscripts, set all shocks to zero and solve for the deterministic
steady-state with zero inflation. For clearness, assume that variables without the time index
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denote the steady-state counterpart of the dynamic variables. Note that the deterministic
steady-state is the same across both regimes, i.e., it does no depend on 𝜑𝜋(𝑟) and 𝛿𝑏(𝑟).
All steady-state equations are described on Appendix A.

2.2 Regime Switching Exogenous Process
Assume that the economy may be in two different regimes, each associated with

a set of parameters. As mentioned before, the Taylor rule parameter, 𝜑𝜋(𝑟𝑡), and the
fiscal rule parameter, 𝛿𝑏(𝑟𝑡), are regime-dependent. In our setup, the economy is allowed
to transition between regimes following an exogenous stochastic Markov chain. More
formally, let 𝜋𝑖𝑗 = Prob (𝑟𝑡+1 = 𝑖|𝑟𝑡 = 𝑗) where 𝑖, 𝑗 ∈ {𝑀,𝐹} and 𝑀 stands for Monetary
Dominance (Regime M) while 𝐹 stands for Fiscal Dominance (Regime F). Then, the
exogenous Markov-Chain driving the switching can be defined as:

P :=
⎡⎣ 𝜋𝑀𝑀 1 − 𝜋𝑀𝑀

1 − 𝜋𝐹 𝐹 𝜋𝐹 𝐹

⎤⎦ (2.25)

The main implication of this regime-switching structure is that economic agents
are aware that such transitions may occur and take this into account when making their
decisions. This, in turn, introduces additional non-linearities that should be accounted for,
especially if one wants to perform welfare analysis.

The introduction of such a Markov process also has implications for the solution
method. Traditional methods, such as those implemented in Dynare, are not suited for
MS-DSGE models. We explain how we circumvent this problem in section 3.1.

Finally, we note that assuming that the Markov chain is exogenous is unrealistic, but
is a good starting point. In future work, our goal is to make it somehow endogenous, allowing
the government to optimally choose what regime to follow in each period, depending
on the state of the economy. A possible middle ground between these possibilities is to
allow for the probabilities of the Markov chain to depend on state variables, as done in
Barthélemy & Marx (2019). We have tried to estimate probability rules that depend on
the debt level, but we ended up with many identification problems.
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3 Solution, Determinacy and Estimation

3.1 Solution Method
The presence of switching parameters in MS-DSGE models makes the usual solution

methods for constant DSGE models inapplicable. Namely, the perturbation techniques
developed by Klein (2000) and Sims (2002) and efficiently implemented in Dynare (see
Villemot et al. (2011)) does not handle regime-switching models. To tackle this issue, a
large part of the MS-DSGE literature is focused on solving these models. In this work,
we employ the solution algorithm described in Maih (2015). Before we explain it, a brief
discussion on solution methods is in order.

One strand of the literature developed global solution methods for MS-DSGE
models. Among these, we cite Davig, Leeper & Walker (2011) and Bi & Traum (2014). The
main problem of this method is the curse of dimensionality: as the number of state variables
grows, more grids are required and the computational burden increases exponentially.
Constant-parameter DSGE models share the same curse.

A second body of the literature focuses on solving linearized MS-DSGE models.
The main reference for this technique is Farmer, Waggoner & Zha (2011). In contrast to
global solutions, this approach can handily handle large models. Yet, one needs to assume
the structural model is linear. This is not true for most DSGE models, which are full of
non-linearities coming from risk aversion, adjustment costs and shock variances, to name
a few. A first-order approximation of the policy functions may not accurately approximate
the nonlinear dynamics implied by the true non-linear model.

A third strand of the literature tries to alleviate the issues arising from the first two
groups’ techniques. The solution embeds switching parameters in perturbation methods.
This approach allows for higher-order approximations, improving the accuracy of the
solution and accounting for important non-linearities. Papers in this class include Foerster
et al. (2014) and Maih (2015). We follow the latter to solve our model using first and
second-order approximations. The paper also provides a Matlab toolbox named RISE7 to
implement all the algorithms described in the paper.

The general MS-DSGE problem can be stated as:

𝐸𝑡

ℎ∑︁
𝑟𝑡+1=1

𝜋𝑟𝑡,𝑟𝑡+1 (ℐ𝑡) 𝑓𝑟𝑡(𝑣) = 0 ∀𝑟𝑡 ∈ {𝑀,𝐹} (3.1)

7The toolbox can be download free of charge in this link. Documentation is not available yet, but the
examples can guide you through the main commands and routines.

https://github.com/jmaih/RISE_toolbox
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where 𝐸𝑡 is the expectation operator conditional on all information available up to period
𝑡, 𝑓 : R𝑛𝑣 −→ R𝑛𝑑 is a 𝑛𝑑 × 1 vector of possibly nonlinear functions of their argument
𝑣, 𝑟𝑡 = 1, 2, .., ℎ is the regime in period 𝑡 and 𝜋𝑟𝑡,𝑟𝑡+1 is the probability of transitioning
from regime 𝑟𝑡 in period 𝑡 to 𝑟𝑡+1 in the next period. This probability can depend on the
information set ℐ𝑡 at time 𝑡. In this work, we assume the probabilities are completely
exogenous and do not depend on ℐ𝑡.

The 𝑛𝑣 × 1 vector 𝑣 is defined as

𝑣 := [𝑏𝑡+1 (𝑟𝑡+1)′ 𝑓𝑡+1 (𝑟𝑡+1)′ 𝑠𝑡 (𝑟𝑡)′ 𝑝𝑡 (𝑟𝑡)′ 𝑏𝑡 (𝑟𝑡)′

𝑓𝑡 (𝑟𝑡)′ 𝑓𝑡 (𝑟𝑡)′ 𝑝′
𝑡−1 𝑏′

𝑡−1 𝛿′
𝑡 𝜀′

𝑡 𝜃′
𝑟𝑡+1 ]′

where

• 𝑠𝑡 is a 𝑛𝑠 × 1 vector of static variables, which appear in the model at time 𝑡 only.

• 𝑓𝑡 is a 𝑛𝑓 × 1 vector of forward-looking variables, which appear in the model at time
𝑡 and 𝑡+ 1

• 𝑝𝑡 is a 𝑛𝑝 × 1 vector of predetermined variables, which appear in the model at time 𝑡
and 𝑡− 1.

• 𝑏𝑡 is a 𝑛𝑏 × 1 vector of “both” variables. This group encompasses variables that are
both predetermined and forward-looking.

• 𝜀𝑡 is a 𝑛𝜀 × 1 vector of shocks with 𝜀𝑡 ∼ 𝑁 (0, 𝐼𝑛𝜀)

• 𝜃𝑟𝑡+1 is a 𝑛𝜃 × 1 vector of switching parameters denoted in forward looking way.

Let 𝑧𝑡 be the vector of state variables. We allow this vector to include shocks 𝑘 ≥ 0
periods ahead. This is important, as we will explore the dynamics of the model after an
anticipated fiscal shock. Also, let 𝜅 be the perturbation parameter. Then, we define the
𝑛𝑧 × 1 state vector as

𝑧𝑡 :=
[︁
𝑝′

𝑡−1 𝑏′
𝑡−1 𝜅 𝜀′

𝑡 𝜀′
𝑡+1 · · · 𝜀′

𝑡+𝑘

]︁′
(3.2)

whose dimension is 𝑛𝑧 = 𝑛𝑝 + 𝑛𝑏 + (𝑘 + 1)𝑛𝜀 + 1.

A solution to the problem described in 3.1 is a set of policy and transition functions,
contingent on each regime. Formally, denote by 𝑦𝑡 (𝑟𝑡) , the 𝑛𝑦 × 1 vector of endogenous
variables, where 𝑛𝑦 = 𝑛𝑠 + 𝑛𝑝 + 𝑛𝑏 + 𝑛𝑓 . We want to find solutions of the type:

𝑦𝑡 (𝑟𝑡) = 𝒯 𝑟𝑡 (𝑧𝑡) ∀𝑟𝑡 ∈ {𝑀,𝐹} (3.3)
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where 𝒯 𝑟𝑡 is a vector stacking all policy and transition functions. As in fixed parameter
DSGE models, a closed form solution to 3.1 is usually not available. Therefore, we rely on
perturbations methods described in Maih (2015) to find a Taylor approximation of the
policy vector 𝒯 𝑟𝑡 .

In this work, we use first-order approximations to study the dynamics after shocks
and second-order approximations to do welfare analysis. We describe the second-order
solution here, since the first is basically the same without higher order terms. A second-order
approximation to the solution takes the form

𝒯 𝑟𝑡(𝑧𝑡) ≃ 𝒯 𝑟𝑡 (𝑧𝑟𝑡) + 𝒯 𝑟𝑡
𝑧 (𝑧𝑡 − 𝑧𝑟) + 1

2𝒯 𝑟
𝑧𝑧 (𝑧𝑡 − 𝑧𝑟)⊗2 (3.4)

where 𝒯 𝑟𝑡
𝑧 (·) is a vector of gradients and 𝒯 𝑟𝑡

𝑧𝑧 (·) is a vector stacking Hessian matrices. 𝑧𝑟 is
the point around which the approximation is done. The notation 𝐴⊗𝑘 is a shorthand for
𝐴⊗ 𝐴⊗ . . .⊗ 𝐴, 𝑘 times.

Note that the approximation is done around a particular point, 𝑧𝑟. In a fixed
parameter DSGE context, we typically approximate the system of equations around the
deterministic steady-state. In a switching environment, the choice of approximation point
is not obvious. The technique developed in Maih (2015) proposes to approximate the
system around regime-specific steady-states. We do that but recall that our steady-state is
the same across regimes, i.e., it does not depend on the regime-switching parameters (see
2.1.2). This need not be the case.

The reader is referred to Maih (2015) for the details on how to find 𝒯 𝑟𝑡
𝑧 (·) and

𝒯 𝑟𝑡
𝑧𝑧 (·) for each regime. The computational implementation is done in Matlab, using the

routines of the RISE Toolbox. Appendix E depicts the codes we used to input the model
and solve it using RISE routines.

3.2 Equilibrium Determinacy and Leeper’s Taxonomy
This subsection examines the implications of different parameter values in the

monetary (𝜑𝜋(𝑟𝑡)) and fiscal (𝛿𝑏(𝑟𝑡)) rules for existence and uniqueness of a bounded
equilibrium, which is often called determinacy. Based on the determinacy regions, we will
define the regions encompassing Regime M and Regime F.

One can point out a few reasons for doing determinacy analysis. The first reason is
obvious: we need to map the determinacy region to check whether the baseline calibration
delivers existence and uniqueness. Second, it is useful to see if our model is in accordance
with the FTPL literature. We want to check whether policies simultaneously active or
passive yield indeterminacy. Finally, it is useful to obtain local determinacy conditions for
a first-order approximation solution of the model before turning to solve for higher orders
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(to perform welfare analysis, for example). Local determinacy can help to confirm when
one can expect the higher-order approximations to converge.

We will only discuss determinacy for the fixed regime case, which can be easily
implemented in Dynare. This means that we “turn OFF” the Markov chain when solving the
model. Recent papers discuss how to establish determinacy for MS-DSGE models, but this
discussion requires tools that go beyond the scope of this work. For instance, Barthélemy
& Marx (2019) provide a fruitful discussion on conditions for the existence of a unique
rational expectations equilibrium in a monetary policy switching economy. Furthermore,
Barthélemy & Marx (2017) establish determinacy conditions allowing for parameters to
switch across multiple regimes according to endogenous transition probabilities.

The procedure to implement the determinacy analysis starts by building two grids
of 200 points, one for each monetary and fiscal policy parameters (𝜑𝜋 and 𝛿𝐵, respectively).
We then try to solve the model for each parameter combination (200×200 = 40.000 models)
using a first-order perturbation and evaluate whether the Blanchard-Kahn conditions are
met or not (see Blanchard & Kahn (1980)). Figure 1 plot the results.

The figure shows that the two policies must interact in particular ways to deliver a
determinate equilibrium with bounded debt and stable prices. Also, two distinct groups of
monetary-fiscal policy mixes can accomplish these tasks. Following Leeper & Leith (2016),
we will use this determinacy exercise to categorize these policy mixes in terms of “active”
or “passive” policy behavior. We say an authority is active if it pursues its objectives
unconstrained by the state of government debt. Accordingly, the other authority must
behave passively to stabilize real debt, constrained by the active authority’s actions. A
determinate bounded equilibrium must feature one active and one passive policy.

The policy mix usually found in New Keynesian models is called Monetary
Dominance - a combination of active monetary and passive fiscal policies. The region
that accommodates this policy mix can be seen in the upper-right blue area in Figure 1.
In that region, the Central Bank reacts strongly to inflation by adjusting the nominal
interest rate more than one-for-one in response to inflation. Accordingly, the Treasury sets
the primary surplus so that real debt is stable. For simplicity, we will refer to this regime
as Regime M.

The other regime runs diametrically contrary to the previous one and is called
Fiscal Dominance, or Regime F. It is characterized by passive monetary and active
fiscal policies. The region that accommodates this policy mix can be seen in the lower-left
red area in Figure 1. This is the region of interest of the FTPL. This article concerns a
situation when the economy is in the blue region, but there is a probability of going to the
red region.
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Figure 1: Determinacy and Indeterminacy Regions for Monetary and Fiscal Rules

Note: This figure examines the implications of different parameter combinations for the determinacy
of equilibrium in the baseline model. Red region denotes active fiscal/passive monetary policies. Blue
region denotes passive fiscal/active monetary policies. White region denotes policy mixes in which
the Blanchard-Khan conditions are no met due to unstable equilibrium or no equilibrium at all.

3.3 Calibration and Estimation
We calibrate all parameters for Brazil, leaving just the transition probabilities in

matrix 2.25 for estimation. Next, we describe the calibration and the estimation strategy.

3.3.1 Calibration

We use values similar to those found in the literature for Brazil to calibrate the
model in quarterly frequency. The discount factor 𝛽 is set to 0.985, implying a real interest
rate of approximately 6.00% per year in steady-state.

We borrow from Carvalho & Valli (2011) to set the inverse elasticity of substitution,
𝜎, the inverse Frisch elasticity, 𝜙, the capital share, 𝛼, and the fiscal rule AR(1) parameter,
𝜑𝑠. We also make use of the widely known SAMBA model, developed by Castro et al.
(2015), to calibrate the output gap parameter in the Taylor rule, 𝜑𝑦. Also from SAMBA,
we calibrate all AR(1) shock parameters and variances. The only exception is the monetary
policy shock AR(1) parameter, calibrated as in Galí (2015).

They Calvo parameter 𝜃 was set at 0.67, which corresponds to an average price
duration of three quarters, a value that is in line with the average price rigidity in Brazilian
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firms (see Correa, Petrassi & Santos (2018)).

Fiscal parameters, such as the primary fiscal target, 𝑠, and the output gap feedback
parameter in the Fiscal Rule were set to match Brazilian fiscal data. At the end, the
implied debt-over-GDP in steady-state is close to 65%, consistent with the last 15 year
average.

Table 1 summarizes the calibration.
Table 1: Calibration

Symbol Description Value Source/Observation
(Regime M/F)

Preference Parameters
𝛽 Discount Factor 0.985 Real interest rate of 6% p.a.
𝜎 Inverse consumption EoS 1.0 Carvalho & Valli (2011)
𝜙 Inverse Frisch Elasticity 2.0 Carvalho & Valli (2011)

Technology and Nominal Rigidity Parameters
𝛼 Capital Share 0.30 Carvalho & Valli (2011)
𝜃 Calvo Rigidity 0.67 Average price duration of 3Q
𝜀 Demand Elasticity 5.00 Galí (2015)

Policy Parameters
𝜑𝑦 𝑦𝑡 Feedback Taylor Rule 0.16 SAMBA

𝜑𝜋(𝑟𝑡) Π𝑡 Feedback Taylor Rule 1.5 / 0.0 Switching Parameter
𝛿𝑏(𝑟𝑡) 𝑏𝑡 Feedback Fiscal Rule 0.2 / 0.0 Switching Parameter

𝛿𝑦 𝑦𝑡 Feedback Fiscal Rule 0.20 Fiscal Data
𝜑𝑠 𝑠𝑡 AR parameter 0.55 Carvalho & Valli (2011)
𝑠 Fiscal Surplus Target 1% Average from data

AR(1) Shocks Parameters
𝜌𝐴 Technology 0.90 SAMBA
𝜌𝑍 Preference 0.13 SAMBA
𝜌𝑅 Monetary Policy 0.50 Galí (2015)
𝜌𝑠 Primary Surplus 0.76 SAMBA

Shocks Standard Deviations
𝜎𝐴 Technology 1.13 SAMBA
𝜎𝑍 Preference 8.89 SAMBA
𝜎𝑅 Monetary Policy 0.32 SAMBA
𝜎𝑠 Primary Surplus 0.29 SAMBA

3.3.2 Data and Estimation

As mentioned before, we propose to estimate the transition probabilities in matrix
2.25 using Bayesian techniques. As it couldn’t be different, the estimation of MS-DSGE
parameters involves additional difficulties when compared to a fixed parameter environment.
We will first describe the data and then dig in the estimation procedure.

Data

We collected quarterly data for four variables from 2004Q1 to 2018Q4. Data sources
include the Brazilian Central Bank website and the Brazilian Institute of Geography and
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Statistics website.

In order to have data in accordance with the model, some series were transformed.
Next, we describe each variable and the respective transformation:

• GDP: Seasonally adjusted real GDP Index. We applied the 𝑙𝑜𝑔 to the series and
detrended using the one-sided version of the HP-Filter (𝜆 = 1600). As noted in
Hamilton (2018), the one-sided version of the HP filter reduces the end-of-sample
spurious cycle problem. Formally, the data was transformed as follows:

𝑦obs
𝑡 = log

(︁
𝑦data

𝑡

)︁
− log

(︁
𝑦trend

𝑡

)︁
• Inflation: Seasonally adjusted consumer price index IPCA. Raw data was logged,

differenced and demeaned to accommodate the zero inflation steady-state implied
by the model:

𝜋obs
𝑡 = log

(︃
𝐶𝑃𝐼𝑡

𝐶𝑃𝐼𝑡−1

)︃
− mean

(︃
log

(︃
𝐶𝑃𝐼𝑡

𝐶𝑃𝐼𝑡−1

)︃)︃

• Real Interest Rate: Ex-ante real interest rate measured as the nominal interest
rate (Selic) minus inflation expectations for the next quarter (Brazilian Central Bank
FOCUS survey of expectations). No transformation was needed and the variable was
used in level.

• Debt: Gross Domestic Debt as percentage of GDP from Brazilian Central Bank
(old methodology). No transformation was needed and the variable was used in level.

Figure 9 on Appendix D depicts the time series of each variable.

Estimation

The estimation was carried out using Bayesian methods. In a nutshell, the procedure
consists in assuming a prior distribution on the parameters to be estimated and combining
it with the likelihood function. This yields the posterior distribution, which is simulated
through a Markov-Chain Monte Carlo algorithm. We used the broadly known Metropolis-
Hastings algorithm for posterior simulation.

The estimation is not as straightforward as in the fixed-parameter case. The
difficulty arises in the calculation of the likelihood function, which in a switching context
is dependent on the history of the regimes (states). The Kalman filter is not directly
applicable since the number of possible likelihoods grows exponentially with the number
of data points.

To overcome this issue we use the Kim’s filter (Kim, Nelson et al. (1999), Chapter
5). We explain the filter on Appendix C. The method consists in mixing the Kalman
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Filter with the Hamilton filter to collapse the likelihood function at each iteration and
keep the computation tractable. The intuition of Kim’s Filter is the following. If we were
to use the Kalman filter, in each iteration we would need to calculate the likelihood for
each possible regime. Since we have two possible regimes, the number of likelihoods to be
calculated after 𝑡 iterations is 2𝑡. As the number of observations grows, the computational
burden increases rapidly. The idea of Hamilton’s filter is to evaluate, in each iteration, the
transition probabilities across all possible regime paths and use them as weights for doing
a weighted average of all likelihoods. This procedure simplifies matters and enables us to
carry out the estimation.

We impose a uniform distribution on the off-diagonal elements of matrix 2.25. They
are the probabilities of a regime switch in the next period. We allow the probabilities to
vary from 1% to 40%. Different starting points were tested to make sure the convergence
does not depend on the initial state.

The prior and posterior distributions are depicted in figure 10 on Appendix D. The
estimation procedure delivers an average probability of transitioning from Regime M to
F of 5%. Also, once the economy is in Regime F, the average probability of returning
to Regime M is 5% too. We did not impose any symmetry in the model so that these
probabilities were the same. This is just a coincidence.

As explained above, the estimation procedure involves collapsing the likelihood
using regime probabilities as weights. These weights are called filtered and smoothed
probabilities. The procedure to obtain them is explained in Appendix C. In short, filtered
probabilities refer to one-step-ahead (𝑡+ 1) forecasts given the information set available
up to 𝑡. Smoothed probabilities refer to the final estimates conditional on all available
information (full sample). These probabilities are depicted in figure 2.

Figure 2: Filtered and Smoothed Regime Probabilities

According to our model, our calibration and the data set we used for estimation,
Regime M prevailed in Brazil in the last 15 years. Yet, we observe some periods where
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the probabilities jump, suggesting an increase in the probability of being under Regime F.
This was somewhat expected, but at the same time comforting, because it corroborates
our hypothesis that it is relevant to study the dynamics of the Brazilian economy under
Monetary Dominance but accounting for the possibility of a relevant fiscal distress, modeled
here as the possibility of Fiscal Dominance.
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4 Results

In this section, we analyze the distributions of relevant endogenous variables implied
by the model under different regimes and study the dynamics after shocks. For clearness,
consider the following legend pattern for all subsequent figures:

Figure 3: Labels and Patterns

4.1 Empirical Distributions
To asses the long-run properties of endogenous variables implied by the model,

figure 11 on Appendix D plots the histogram from 250.000 simulations using a second-order
approximation. In each period, a vector of shocks is randomly drawn. The black solid line
represents unconditional distributions when the Markov Chain is ON and regimes are free
to switch. Dashed lines are conditional (on each regime) distributions with the Markov
Chain ON. Finally, solid blue and red lines are conditional distributions of the usual fixed
parameters DSGE.

The first thing to note is that all regimes deliver finite first and second moments for
all endogenous variables. Also, the distributions are not symmetric since we are simulating
the model with a second-order approximation. The simulations are conducted around the
stochastic steady-state rather than around the deterministic steady-state. This explains
why variables are not centered around the values calculated in subsection 2.1.2.

Inflation and output are more volatile under the “Fixed - Regime F” when compared
to all other cases. On the other hand, both the debt-over-GDP and the fiscal surplus are
less volatile. This is somewhat expected in an economy under FD. More on this will be
discussed in the next subsection.

It is also informative to compare the blue lines. When the Markov Chain is turned
ON, the distributions move somewhat closer to the red line. Regarding the non-linearities of
the model, note that, under “MS - Regime M”, inflation, interest rates and debt-over-GDP
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are right-skewed while output is left-skewed.

4.2 Impulse Response Functions
In this section, we explore the dynamics of our model after shocks through Impulse

Response Functions (IRFs). We hit the economy with monetary and fiscal shocks. Regarding
the latter, we consider two types of shocks: anticipated and non-anticipated. IRFs are
computed conditional on the regime being fixed over the shock horizon. We break this
hypothesis on subsection 4.2.3 and consider the case in which the regime change from M
to F a few periods after the shock.

The main finding is that when there is a FD threat lurking around, monetary
policy becomes less potent, i.e., the sacrifice ratio increases. Regarding the fiscal shock,
we show that the dynamics of the economy changes significantly when regime uncertainty
is accounted for. More interesting, when the fiscal deterioration is anticipated, the Central
Bank must increase the policy rate before the shock hits to fight inflation arising from
FTPL mechanisms.

We propose to compare three cases for each shock. These cases are: “Fixed - Regime
M”, “Fixed Regime F”, and “MS - Regime M”. The comparison will clarify the mechanisms
behind the dynamics.

Finally, it is worth mentioning that our plots have a slightly different timing than
those produced automatically by commonly used packages, such as Dynare. We include
in the first period of each plot the steady-state value, which is zero (no deviation from
steady-state). In other words, we assume the economy is in the deterministic steady-state
in period 𝑡 = 1 and the shock hits at 𝑡 = 2.

4.2.1 Monetary Policy Shock

Figure 4 depicts the dynamics after a 1% monetary policy shock in annualized
terms. This means that the Central Bank decided to deviate from its Taylor Rule and
increased the annual interest rate by one percentage point.

The solid blue line, labeled as “Fixed - Regime M”, denotes the Regime M with
the Markov Chain turned OFF. Following the traditional New-Keynesian literature, the
policy shock induces an increase in the real rate and a decline in both output and inflation.
Despite the 1% exogenous shock, the nominal interest rate increase by around 0.6% because
the drop on inflation and output gap have contemporaneous effects on the interest rate.

On the fiscal side, higher interest rates make debt service more costly, leading to
an increase in the nominal debt stock. Since the fiscal policy is passive, debt stabilization
is carried out through an increase in the fiscal surplus, i.e., the Treasury cuts expenditures
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until real debt returns to the steady-state level. Initially, the surplus drops due to the
decline in output (see equation (2.19)), but eventually turns positive, delivering stable real
debt. This fiscal adjustment policy completely offsets the wealth effect stemming from
higher interest payments to households. The budget valuation equation (2.22) is satisfied
through higher expected fiscal surpluses. This will not be true under FD.

Consider now the solid red line, labeled as “Fixed - Regime F”. The economy is
under FD and the Markov Chain is turned OFF. The dynamics here is similar to that in
Leeper & Leith (2016). After the policy shock, inflation increases immediately, reaching
0.25% in annualized terms, despite the initial decline in output. The debt valuation
equation (2.22) is satisfied through higher prices today rather than higher surpluses in
the future. Because future fiscal surpluses do not adjust to stabilize real debt, monetary
policy has wealth effects by increasing households’ interest receipts. This, in turn, increases
aggregate demand and expected inflation. Finally, expectations have crucial effects on
output: higher expected inflation leads to a decline in real interest rates, which in turn
increases consumption and output. In short, passive monetary policy (𝜑𝜋 = 0) prevents
interest payments on outstanding debt from exploding, allowing for surprise inflation to
stabilize real debt.

We can now turn to the case in which the economy is under Regime M, but the
Markov Chain is ON, i.e., agents believe there is a 5% probability of jumping to Regime F
in the next period. This case is labeled as “MS - Regime M” in the figure and is depicted in
dashed blue line. After the shock, inflation declines but not as much as when the Markov
Chain is OFF, becoming a little bit positive after a few periods. We interpret this result as
a loss of Central Bank credibility: agents anticipate that there is a probability the Central
Bank will become passive, causing inflation expectations to rise, which in turn raises
current inflation. But since the economy is under Regime M, the Central Bank responds
strongly to inflation. The consequences are higher nominal and real rates, higher debt
services and higher fiscal effort to stabilize debt. Also, note that output and consumption
do not change much compared to the solid blue line. This happens because the wealth
effect of higher interest payments is compensated by the higher fiscal effort throughout
the shock horizon.

4.2.2 Fiscal Shock

We now evaluate the dynamics after an exogenous decline of 10% in the primary
fiscal surplus (in real terms). Assume that this fiscal deterioration is due to government
higher expenditure. We study two cases: the first is the standard unanticipated shock,
while the second is an anticipated shock.
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Figure 4: IRFs - Monetary Policy Shock (+1%)

Note: These plots include the regime switching case under Regime M (dashed blue line) as
well as the baseline IRFs under fixed regimes for comparison. The regime change probability is
symmetric: 5% (estimated in section 3.3.2). “MS” stands for “Markov Switching”. The economy
is hit by a 100 basis points (annualized) increase in the Taylor Rule shock (𝜀𝑅

𝑡 ) in period 2. All
variables are expressed as deviations from their steady-state value. The title of each subplot
tells if the deviation is in absolute or percentage terms.

Unanticipated

Figure 5 depicts the dynamics after an unanticipated fiscal shock. Under the “Fixed
- Regime M” case, the increase in government expenditure increases debt and immediately
increases output. But the mechanism behind this increase can not be interpreted as a
stimulus to demand, but rather as a consequence of a wealth effect. When government
expenditure increases, agents anticipate they will have to pay more taxes in the future.
As a consequence, agents consume less and work more, leading to an increase in output.
Since the shock is transitory, consumption does not change much, which is also true for
inflation. Low inflation and a small positive output gap make interest rates to increase
moderately. The fiscal adjustment is carried out up until real debt stabilizes.

When the economy is under FD (“Fixed - Regime F”), the fiscal expansion leads to
a significant spike on inflation and GDP. The first increases to satisfy the budget valuation,
while the forces driving output increase are twofold: (i) since fiscal policy is active, higher
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deficits today will not be compensated by higher taxes in the future, making agents fell
richer and consume more; (ii) high inflation makes real interest rates to drop immediately.
Consequently, consumption and output increase even more. The real debt stabilization is
carried out through inflation and lower real interest rates.

These results were expected and are in line with the literature about the FTPL.
The interesting case arises when the economy is under MD, but the Markov Chain is ON.
Now, the fiscal expansion is accompanied by higher inflation, due to the loss of credibility
of the Central Bank. But since monetary policy is active, nominal and interest rates go
up. Higher interest rates increase the debt service burden. But, once again, this positive
wealth effect is compensated by higher taxes in the future. This explains the behavior of
output and consumption, which is virtually the same as when the Markov Chain is OFF.

Figure 5: IRFs - Negative Fiscal Shock (−0.10%) - Unanticipated

Note: These plots include the regime switching case under Regime M (dashed blue line) as
well as the baseline IRFs under fixed regimes for comparison. The regime change probability is
symmetric: 5% (estimated in section 3.3.2). “MS” stands for “Markov Switching”. The economy
is hit by a decrease in the Fiscal Rule shock (𝜀𝑠

𝑡 ) at period 2. The shock magnitude is adjusted
so that the primary surplus-over-GDP declines 10%. All variables are expressed as deviations
from their steady-state value. The title of each subplot tells if the deviation is in absolute or
percentage terms.
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Anticipated

It is reasonable to expect that fiscal policy shocks are sometimes announced in
advance by fiscal authorities. Since agents are rational, they anticipate the effects of this
shock, producing variations on current economic variables. In the vein of Juillard & Maih
(2010), we now consider that agents are informed on period 𝑡 = 2 that a negative shock
on surplus will hit on period 𝑡 = 5. I call this interregnum the “news period”, which is
depicted with a shaded gray area in the chart. This timing was chosen arbitrarily and
is sufficiently long to facilitate the visualization. Shorter news periods deliver a similar
dynamics. Assume the news information is credible and the shock always materialize. The
solution to the Markov Switching DSGE model under this assumption is obtained by
simply expanding the information set of the agents to include anticipated shocks (see the
state vector definition on equation 3.2).

Figure 6 depicts the IRFs. Under the “Fixed - Regime M” case, the dynamics do
not change much. The announcement is accompanied by a small decrease in consumption
and output, a timid increase in inflation and, consequently, a higher interest rate. When
the shock hits, the same mechanisms of adjustment of the unanticipated case act. This is
not true under “Fixed - Regime M”. As expected, inflation immediately spikes as news
arrives. This is consistent with the budget valuation equation 2.22, which postulates that
price level today is determined by the discounted flow of expected surpluses. It does not
make much difference if the shock is today or 5 periods from now; inflation rises today to
satisfy the valuation equation.

An important result of this article is depicted by the “MS - Regime M” case. It
shows that FTPL is always operative when the threat of FD is present. The announcement
of a fiscal stimulus immediately rises inflation by more than 20 basis points. This happens
because agents anticipate there is a probability the Central Bank may turn passive, leading
to higher inflation expectations and higher inflation today. But the economy is under
Regime M. This means the Central Bank strongly fights inflation by increasing nominal
interest rates by almost 40 basis points, 8 times higher than the fixed regime case. Naturally,
this requires a more severe fiscal effort in the future. On the real side, consumption and
output do not change much when compared to “Fixed - Regime M”, similar to what
happened in the unanticipated shock.

4.2.3 Regime Switch After a Shock

We now study what would happen if, after a shock, the government (exogenously)
decide to switch from Regime M to Regime F. We will assume that the Markov Chain is
always turned ON in this simulation.

This exercise was inspired by Gertler, Gilchrist & Natalucci (2007). The authors
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Figure 6: IRFs - Negative Fiscal Shock (−0.10%) - Anticipated

Note: These plots include the regime switching case under Regime M (dashed blue line) as
well as the baseline IRFs under fixed regimes for comparison. The shaded gray area corresponds
to the interregnum in which the news is circulating. On period 𝑡 = 5, the economy is hit by a
decrease in the Fiscal Rule shock (𝜖𝑠

𝑡 ) at period two. The shock magnitude is adjusted so that
the primary surplus-over-GDP declines 10%.

study the connection between the exchange rate regime and financial distress using the
Korean experience during the Asian financial crisis of 1997-98 as a particular case. During
the crisis, the Bank of Korea attempted to defend an exchange rate peg but eventually
switched to a free-float regime, which was somewhat expected by economic agents.

Let the economy start at Regime M, switching to Regime F three periods after a
fiscal shock. This timing was chosen because nominal debt reaches a peak on period 𝑡 = 5.
Figure 7 shows the IRFs after a fiscal policy shock of the same magnitude as before. The
case of a monetary policy shock is relegated to Appendix D, Figure 12.

It is interesting to note that right after the regime switch, all mechanisms predicted
by the FTPL are activated: inflation rises, real interest rate declines, output accelerate
and no fiscal effort is done to stabilize debt.
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Figure 7: IRFs - Negative Fiscal Shock (−0.10%) - Switch after Shock

Note: These plots include the regime switching case under Regime M and F (dashed blue line
and dashed red line, respectively). The shock hits on 𝑡 = 2. On period 𝑡 = 5, the Government
decides to switch to Regime F, remaining in FD thereafter.
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5 Welfare Analysis

A natural question of a central banker facing regime uncertainty might be: should I
be more hawkish or more dovish? Does my decision depend on what the Treasury is doing?
This section proposes to answer, at least in part, these questions. For clearness, a hawkish
Central Bank means that its Taylor rule features a large inflation feedback parameter, 𝜑𝜋.

Galí (2015) carefully explain the welfare implications of price rigidity and inflation
in the basic New-Keynesian model under MD. In short, staggered price adjustment causes
relative price distortions and implies that average firms’ markups vary over time in response
to shocks, which in turn distance the economy from the efficient allocation. In this context,
the welfare-enhancing policy is to respond strongly to inflation (high 𝜑𝜋) to minimize price
dispersion.

Under FD, Leeper & Leith (2016) show that a strong response of monetary policy
to inflation (still consistent with FD), amplifies the inflationary effects predicted by the
FTPL. They also examine the Ramsey optimal policy in a fixed regime environment.

We saw on subsection 4.2 that inflation dynamics change significantly when the
economy is on the brink of fiscal dominance. Therefore, it is not obvious what value for 𝜑𝜋

is best from a welfare point of view.

We propose the following exercise:

1. Fix the economy on Regime M during all simulations.

2. Build a 40 × 40 grid on policy parameters 𝜑𝜋 and 𝛿𝑏.

3. For each pair (𝜑𝜋,𝛿𝑏), simulate 10.000 periods using a 2𝑛𝑑 order approximation8,
taking draws from all shocks.

4. For each period in each simulation, calculate the expected discounted utility (our
measure of welfare).

5. Store the average welfare across each simulation.

6. Do this procedure for two cases: Markov-Chain ON and OFF.

7. Build heatmaps to better visualize the results.

8Simulating the model with a first-order approximation and averaging the welfare does not generally
lead to correct rankings of welfare across alternative policy parameters. This problem can be even worse
in a regime-switching environment. Higher than first-order approximation is generally required.
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Figure 8 depicts our findings. The red dot pins down the baseline calibration. As
expected, the fixed-parameter case delivers the policy prescription described in Galí (2015),
i.e., a strong reaction to inflation increases welfare (left panel). This is true regardless
of the fiscal parameter 𝛿𝑏. Surprisingly, when the risk of fiscal dominance is considered
(middle panel), a hawkish Central Bank is also welfare improving. This welfare effect is
enhanced when the Treasury reacts strongly to debt deviations from steady-state (high
𝛿𝑏).

The right panel calculates the welfare difference between the two previous cases. It
is comforting to see that welfare is higher when the Fiscal Dominance risk is not present,
regardless of the parameter mix.
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Figure 8: Welfare Analysis - All Shocks are Active

Note: Red dots indicate the baseline calibration described on table 1 under MD. Left panel: simulated welfare conditional on being on Regime M
and turning the Markov Chain OFF. Middle panel: simulated welfare conditional on being on Regime M and turning the Markov Chain ON.
Right panel: computes the difference between the previous two in percentage terms. Since welfare is negative, we multiplied each data point by
(-1).
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6 Conclusion

We now sum up the main results and point out a few limitations of the framework
adopted in this article.

We investigated the dynamics of the Brazilian economy using the Markov Switching
DSGE framework. We turned our focus to the case when the economy is under MD but
agents believe there is a probability of switching to FD.

We argued that the FD threat is real; we estimate there is a 5% regime change
probability lurking around the Brazilian economy. When this probability is taken into
account, the dynamics after shocks change significantly when compared to constant
parameter models: monetary policy loses strength and interest rates jump up considerably
after a fiscal stimulus.

The main finding of the article concerns the welfare implications of the switching
structure. We showed that a Central Bank willing to increase welfare, but facing regime
uncertainty, must be hawkish under MD. More interestingly, welfare gains can be ex-
acerbated when the fiscal authority is more responsible, i.e., responds strongly to debt
deviations from its steady-state level.

Naturally, this article has some limitations, some of which we recognize now.
We intend to leave the door opened for future work to tackle them. First, we calibrate
the model borrowing from constant parameter DSGE models estimated for Brazil. In
a switching environment, these parameters may not be the same. It would be more
coherent to estimate all the parameters together, including the probabilities. Yet, this
poses further difficulties in the estimation procedure. Second, the assumption that transition
probabilities are exogenous is not realistic. In future work, our goal is to make it somehow
endogenous, allowing the government to optimally choose what regime to follow in each
period, depending on the state of the economy. Third, our model is very simple and
abstracts from important features of the real economy, such as adjustment costs, financial
constraints and volatility shocks. A more realistic (and complicated) model may provide
further insights into the implications of the FTPL in a switching environment. Finally,
we work with the non-linear regime-switching model which is good for higher-order
approximations, but bad for tractability. A more profound understanding of the dynamics
of the model could be obtained if a closed-form solutions for the model was available.
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APPENDIX A – Equilibrium Conditions and
Steady-State

Equilibrium Conditions
The following equations characterize the equilibrium. Note that they are in non-

linear form. They are exactly what we use as an input in RISE to find the solutions.

Labor demand:
𝑊𝑡

𝑃𝑡

= 𝐶𝑡
𝜎 𝑁𝑡

𝜙 (A.1)

Euler equation:

𝑄𝑡 =
𝛽
(︁

𝐶𝑡+1
𝐶𝑡

)︁(−𝜎) 𝑍𝑡+1
𝑍𝑡

Π𝑡+1
(A.2)

Definition nominal interest rate:
𝑅𝑛

𝑡 = 1
𝑄𝑡

(A.3)

Aggregate output:

𝑌𝑡 = 𝐴𝑡

(︂
𝑁𝑡

𝐷𝑡

)︂1−𝛼

(A.4)

Definition Real interest rate:
𝑅𝑛

𝑡 = Π𝑡+1 𝑅
𝑟
𝑡 (A.5)

Monetary Policy Rule:

𝑅𝑛
𝑡 = 1

𝛽
Π𝑡

𝜑𝜋(𝑟𝑡)
(︂
𝑌𝑡

𝑌

)︂𝜑𝑦

𝑒𝑥𝑝
(︁
𝜀𝑅

𝑡

)︁
(A.6)

Debt Dynamics:
𝐵𝑡

𝑅𝑛
𝑡 · 𝑃𝑡

= 𝐵𝑡−1

𝑃𝑡

− 𝑠𝑡 (A.7)

Fiscal Rule:

𝑠𝑡 = 𝜑𝑠 · 𝑠𝑡−1 + (1 − 𝜑𝑠) · [𝑠+ 𝛿𝑏(𝑟𝑡)(𝑏𝑡 − 𝑏𝑠𝑠) + 𝛿𝑌 (𝑌𝑡 − 𝑌 𝑠𝑠)] − 𝜀𝑠
𝑡 (A.8)

Market Clearing:
𝐶𝑡 = 𝑌𝑡 − 𝐹𝐸𝑡 (A.9)

Fiscal Effort:
𝐹𝐸𝑡 = 𝑠𝑡 − 𝑠 (A.10)

Technology shock:
𝑙𝑜𝑔 (𝐴𝑡) = 𝜌𝐴 𝑙𝑜𝑔 (𝐴𝑡−1) + 𝜖𝐴

𝑡 (A.11)
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Preference shock:
𝑙𝑜𝑔 (𝑍𝑡) = 𝜌𝑍 𝑙𝑜𝑔 (𝑍𝑡−1) + 𝜖𝑍

𝑡 (A.12)

Monetary policy shock:
𝜀𝑅

𝑡 = 𝜌𝑅𝜀
𝑅
𝑡−1 + 𝜖𝑅

𝑡 (A.13)

Fiscal policy shock:
𝜀𝑠

𝑡 = 𝜌𝑠𝜀
𝑠
𝑡−1 + 𝜖𝑠

𝑡 (A.14)

Definition marginal cost:

𝑚𝑐𝑡 =
𝑊
𝑃 𝑡

𝑆𝑡
𝑌𝑡 (1−𝛼)

𝑁𝑡

(A.15)

Aggregate prices:
1 = 𝜃Π𝑡

𝜀−1 + (1 − 𝜃) Π*
𝑡
1−𝜀 (A.16)

Price dispersion:
𝐷𝑡 = (1 − 𝜃) Π*

𝑡

(−𝜀)
1−𝛼 + 𝜃Π𝑡

𝜀
1−𝛼 𝐷𝑡−1 (A.17)

FOC price setting:

Π*
𝑡
1+𝜀 𝛼

1−𝛼 =
𝜀 𝑥1𝑡

𝑥2𝑡

𝜀− 1 (A.18)

Auxiliary price setting recursion 1:

𝑥1𝑡 = 𝑚𝑐𝑡 𝑌𝑡 𝐶𝑡
(−𝜎) + 𝛽 𝜃Π𝑡+1

𝜀+ 𝛼 𝜀
1−𝛼 𝑥1𝑡+1 (A.19)

Auxiliary price setting recursion 2:

𝑥2𝑡 = 𝑌𝑡 𝐶𝑡
(−𝜎) + 𝛽 𝜃Π𝑡+1

𝜀−1 𝑥2𝑡+1 (A.20)

Definition Inflation:
Π𝑡 = 𝑃𝑡

𝑃𝑡−1
(A.21)

Steady-State Equations

𝐴 = 1 𝑍 = 1 Π* = 1

𝑃 = 1 𝜓 = 𝜀− 1
𝜀

𝑅𝑛 = 1
𝛽

𝑄 = 1
𝑅𝑛

Π = 1 𝑅𝑟 = 𝑅𝑛

𝑊

𝑃
= 𝐶𝜎𝑁𝜙 𝐶 = 𝐴𝑁1−𝛼 𝑁 = [(1 − 𝛼)𝜓]

1
(1−𝜎)𝛼+𝜙+𝜎

𝑌 = 𝐶 𝜀𝑅 = 0 𝜀𝑠 = 0

𝑠 = 𝑠 𝑆 = 𝑠 · 𝑃 𝐵 = 𝑆

𝑅𝑛 − 1
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APPENDIX B – Model Derivations

Demand Function for Good 𝑖 and Price Index 𝑃𝑡
The representative household’s maximization problem can be solved in two stages.

The first consists in finding the demand for good 𝑖. Intuitively, for any given level of
expenditure, it will be optimal to purchase the consumption vector that maximizes total
consumption 𝐶𝑡. Additionally, the calculations associated with the solution can be used to
derive an aggregate price index.

Fix a level of consumption
∫︀ 1

0 𝑃𝑖𝑡𝐶𝑖𝑡𝑑𝑖 = 𝑍𝑡. The maximization problem is

max
𝐶𝑖𝑡

(︂∫︁ 1

0
𝐶

𝜀−1
𝜀

𝑖𝑡 𝑑𝑖
)︂ 𝜀

𝜀−1
s.t.

∫︁ 1

0
𝑃𝑖𝑡𝐶𝑖𝑡𝑑𝑖 ≤ 𝑍𝑡 (B.1)

The Lagrangian is

ℒ =
(︂∫︁ 1

0
𝐶

𝜀−1
𝜀

𝑖𝑡 𝑑𝑖
)︂ 𝜀

𝜀−1
− 𝜆𝑡

(︂∫︁ 1

0
𝑃𝑖𝑡𝐶𝑖𝑡𝑑𝑖− 𝑍𝑡

)︂
(B.2)

FOC:
𝐶

1
𝜀
𝑡 𝐶

− 1
𝜀

𝑖𝑡 = 𝜆𝑡𝑃𝑖𝑡 (B.3)

Since this holds for all varieties of goods, it must be true that

𝐶𝑖𝑡 = 𝐶𝑗𝑡

(︃
𝑃𝑖𝑡

𝑃𝑗𝑡

)︃−𝜀

∀𝑖, 𝑗 (B.4)

Plug this into the constraint and solve for 𝐶𝑖𝑗 to get:

𝐶𝑗𝑡 =
𝑍𝑡𝑃

−𝜀
𝑗𝑡∫︀ 1

0 𝑃
1−𝜀
𝑖𝑡 𝑑𝑖

(B.5)

Insert this result into the definition of 𝐶𝑡 and evaluate the result for 𝐶𝑡 = 1:

𝐶𝑡 =
(︂∫︁ 1

0
𝐶

𝜀−1
𝜀

𝑖𝑡 𝑑𝑖
)︂ 𝜀

𝜀−1
=
⎡⎣∫︁ 1

0

(︃
𝑍𝑡𝑃

−𝜀
𝑖𝑡∫︀ 1

0 𝑃
1−𝜀
𝑖𝑡 𝑑𝑖

)︃ 𝜀−1
𝜀

𝑑𝑖

⎤⎦
𝜀

𝜀−1

= 𝑍𝑡

⎡⎢⎢⎣∫︁ 1

0

𝑃 1−𝜀
𝑖𝑡(︁∫︀ 1

0 𝑃
1−𝜀
𝑖𝑡 𝑑𝑖

)︁ 𝜀−1
𝜀

𝑑𝑖

⎤⎥⎥⎦
𝜀

𝜀−1

=𝑍𝑡

⎡⎣(︂∫︁ 1

0
𝑃 1−𝜀

𝑖𝑡 𝑑𝑖
)︂1− 𝜀−1

𝜀

⎤⎦ 𝜀
𝜀−1

= 𝑍𝑡

(︂∫︁ 1

0
𝑃 1−𝜀

𝑖𝑡 𝑑𝑖
)︂ 1

𝜀−1
≡ 1

(B.6)
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Define the price index 𝑃𝑡 as the required expenditure to purchase one unit of 𝐶𝑡. We can
use this definition to solve the equation above for the price index:

𝑃𝑡 =
(︂∫︁ 1

0
𝑃 1−𝜀

𝑖𝑡 𝑑𝑖
)︂ 1

1−𝜀

(B.7)

We now find the optimal consumption vector. Plug B.4 in the expenditures level equation.
Also, insert the price index definition and solve for 𝐶𝑖𝑡:

𝑍𝑡 =
∫︀ 1

0 𝑃𝑖𝑡𝐶𝑖𝑡𝑑𝑖 =
∫︀ 1

0 𝑃𝑖𝑡𝐶𝑗𝑡

(︁
𝑃𝑖𝑡

𝑃𝑗𝑡

)︁−𝜀
𝑑𝑖 =

∫︀ 1
0 𝑃

1−𝜀
𝑖𝑡 𝑑𝑖𝑃 𝜀

𝑗𝑡𝐶𝑗𝑡

⇒ 𝑍𝑡 =
[︂(︁∫︀ 1

0 𝑃
1−𝜀
𝑖𝑡 𝑑𝑖

)︁ 1
1−𝜀

]︂1−𝜀

𝑃 𝜀
𝑗𝑡𝐶𝑗𝑡 = 𝑃 1−𝜀

𝑡 𝑃 𝜀
𝑗𝑡𝐶𝑗𝑡 = 𝑃𝑡

(︁
𝑃𝑗𝑡

𝑃𝑡

)︁𝜀
𝐶𝑗𝑡 ∀𝑖, 𝑗

(B.8)

⇒ 𝐶𝑖𝑡 =
(︂
𝑃𝑖𝑡

𝑃𝑡

)︂−𝜀 𝑍𝑡

𝑃𝑡

(B.9)

Insert this last equation in the definition of 𝐶𝑡, rearrange terms and use
∫︀ 1

0 𝑃𝑖𝑡𝐶𝑖𝑡𝑑𝑖 =
𝑍𝑡 = 𝑃𝑡𝐶𝑡 to get the desired result:

𝐶𝑖𝑡 =
(︂
𝑃𝑖𝑡

𝑃𝑡

)︂−𝜀

𝐶𝑡 (B.10)

Inflation Dynamics
The derivation of the aggregate price level dynamics is based on Galí (2015),

Appendix 3.2.

Let 𝑆(𝑡) ⊂ [0, 1] be the share of firms not allowed to reset their price in a given
period 𝑡. Use the definition of the price index 𝑃𝑡 and the fact that all re-optimizing firms
will set the same price 𝑃 *

𝑡 to write

𝑃𝑡 =
[︃∫︁

𝑆(𝑡)
𝑃𝑡−1(𝑖)1−𝜀𝑑𝑖+ (1 − 𝜃) (𝑃 *

𝑡 )1−𝜀

]︃ 1
1−𝜀

=
[︁
𝜃 (𝑃𝑡−1)1−𝜀 + (1 − 𝜃) (𝑃 *

𝑡 )1−𝜀
]︁ 1

1−𝜀

(B.11)

Divide both sides by 𝑃𝑡 to get the desired result:

Π1−𝜀
𝑡 = 𝜃 + (1 − 𝜃)

(︃
𝑃 *

𝑡

𝑃𝑡−1

)︃1−𝜀

(B.12)

As the Central Bank persues a zero inflation target, we will have in steady state that
𝑃 *

𝑡 = 𝑃𝑡−1 = 𝑃𝑡 and Π𝑡 = 1 (gross inflation) for all 𝑡.
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Budget Valuation Equation
Depart from the debt flow budget constraint 2.18 expressed in nominal terms:

𝐵𝑡−1 = 𝑄𝑡 ·𝐵𝑡 + 𝑆𝑡 (B.13)

Iterate forward and use the fact that 𝑄𝑡 = 1
𝑅𝑛

𝑡
= 1

𝑅𝑟
𝑡
𝐸𝑡

(︁
𝑃𝑡

𝑃𝑡+1

)︁
:

𝐵𝑡−1 = 𝑄𝑡(𝑄𝑡+1𝐵𝑡+1) +𝑄𝑡𝑆𝑡+1 + 𝑆𝑡

𝐵𝑡−1 = 𝑄𝑡(𝑄𝑡+1(𝑄𝑡+2𝐵𝑡+2)) +𝑄𝑡𝑄𝑡+1𝑆𝑡+2 +𝑄𝑡𝑆𝑡+1 + 𝑆𝑡

𝐵𝑡−1 = 𝑄𝑡(𝑄𝑡+1(𝑄𝑡+2(𝑄𝑡+3𝐵𝑡+3)) +𝑄𝑡𝑄𝑡+1𝑄𝑡+2𝑆𝑡+3 +𝑄𝑡𝑄𝑡+1𝑆𝑡+2 +𝑄𝑡𝑆𝑡+1 + 𝑆𝑡

𝐵𝑡−1 = 1
𝑅𝑟

𝑡

𝑃𝑡

𝑃𝑡+1

(︃
1

𝑅𝑟
𝑡+1

𝑃𝑡+1

𝑃𝑡+2

(︃
1

𝑅𝑟
𝑡+2

𝑃𝑡+2

𝑃𝑡+3

(︃
1

𝑅𝑟
𝑡+3

𝑃𝑡+3

𝑃𝑡+4
𝐵𝑡+3

)︃)︃)︃

+
(︃

1
𝑅𝑟

𝑡

𝑃𝑡

𝑃𝑡+1

)︃(︃
1

𝑅𝑟
𝑡+1

𝑃𝑡+1

𝑃𝑡+2

)︃(︃
1

𝑅𝑟
𝑡+2

𝑃𝑡+2

𝑃𝑡+3

)︃
𝑆𝑡+3

+
(︃

1
𝑅𝑟

𝑡

𝑃𝑡

𝑃𝑡+1

)︃(︃
1

𝑅𝑟
𝑡+1

𝑃𝑡+1

𝑃𝑡+2

)︃
𝑆𝑡+2 +

(︃
1
𝑅𝑟

𝑡

𝑃𝑡

𝑃𝑡+1

)︃
𝑆𝑡+1 + 𝑆𝑡

...
𝐵𝑡−1

𝑃𝑡

= lim
𝑘→∞

𝑚𝑡,𝑡+𝑘 ·𝐵𝑡+𝑘

𝑃𝑡+𝑘+1
+

∞∑︁
𝑘=0

𝑚𝑡,𝑡+𝑘 · 𝑠𝑡+𝑘

where 𝑚𝑡,𝑡+𝑘 := ∏︀𝑘
𝑗=1(𝑅𝑟

𝑡+𝑗−1)−1 is the compounded real discount factor for 𝑘 > 0 and
𝑚𝑡,𝑡 = 1. Also, 𝑆𝑡 := 𝑃𝑡 · 𝑠𝑡. Impose the no Ponzi condition 2.21 on agents choice and apply
the conditional expectation operator to get the desired result:

𝐵𝑡−1

𝑃𝑡

= 𝐸𝑡

∞∑︁
𝑘=0

𝑚𝑡,𝑡+𝑘 · 𝑠𝑡+𝑘 (B.14)
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APPENDIX C – Kim’s Filter

We follow the notation of Kim, Nelson et al. (1999) as close as possible. Some
changes were required to not mix up model notation with the filter notation.

Define ℛ as the set of possible regimes. Let Ψ𝑡−1 denote the vector of observed
variables as of time 𝑡− 1 and let 𝛽𝑡 be the state vector. In a fixed parameter state space
environment, the goal of the Kalman Filter is to make forecasts about the state of the
system, based on Ψ𝑡−1, denoted 𝛽𝑡|𝑡−1. Formally,

𝛽𝑡|𝑡−1 = 𝐸 [𝛽𝑡|Ψ𝑡−1] (C.1)

Analogously, the 𝑃𝑡|𝑡−1 matrix that tracks the mean square error of the forecast is given
by:

𝑃𝑡|𝑡−1 = 𝐸
[︂(︁
𝛽𝑡 − 𝛽𝑡|𝑡−1

)︁ (︁
𝛽𝑡 − 𝛽𝑡|𝑡−1

)︁′
|Ψ𝑡−1

]︂
(C.2)

When we turn to a Markov switching environment, the goal is to make inference about 𝛽𝑡

based not just on Ψ𝑡−1 but also conditional on the regime 𝑟𝑡 being 𝑗 and on 𝑟𝑡−1 being 𝑖
where 𝑖, 𝑗 ∈ ℛ:

𝛽
(𝑖,𝑗)
𝑡|𝑡−1 = 𝐸 [𝛽𝑡|Ψ𝑡−1, 𝑟𝑡 = 𝑗, 𝑟𝑡−1 = 𝑖] (C.3)

Similarly, the mean square error of the forecast matrix is given by

𝐹
(𝑖,𝑗)
𝑡|𝑡−1 = 𝐸

[︂(︁
𝛽𝑡 − 𝛽𝑡|𝑡−1

)︁ (︁
𝛽𝑡 − 𝛽𝑡|𝑡−1

)︁′
|Ψ𝑡−1, 𝑟𝑡 = 𝑗, 𝑟𝑡−1 = 𝑖

]︂
(C.4)

The usual Kalman Filter algorithm requires the calculation of |ℛ|2 forecasts for
each period 𝑡, corresponding to every possible value of 𝑖 and 𝑗.

Conditional on 𝑟𝑡−1 = 𝑖 and 𝑟𝑡 = 𝑗, the Kalman algorithm consists in the following
steps:

1. Forecast the state and the associated variance:

• 𝛽
(𝑖,𝑗)
𝑡|𝑡−1 = �̃�𝑗 + 𝐹𝑗𝛽

𝑖
𝑡−1|𝑡−1

• 𝑃
(𝑖,𝑗)
𝑡|𝑡−1 = 𝐹𝑗𝑃

𝑖
𝑡−1|𝑡−1𝐹

′
𝑗 +𝐺𝑗𝑄

*
𝑗𝐺

′
𝑗

2. Calculate forecast error and the associated variance:

• 𝜂
(𝑖,𝑗)
𝑡|𝑡−1 = 𝑦𝑡 −𝐻𝑗𝛽

(𝑖,𝑗)
𝑡|𝑡−1 − 𝐴𝑗𝑧𝑡

• 𝑓
(𝑖,𝑗)
𝑡|𝑡−1 = 𝐻𝑗𝑃

(𝑖,𝑗)
𝑡|𝑡−1𝐻

′
𝑗 +𝑅𝑗
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3. Update the estimate of the state and the corresponding variance:

• 𝛽
(𝑖,𝑗)
𝑡|𝑡 = 𝛽

(𝑖,𝑗)
𝑡|𝑡−1 + 𝑃

(𝑖,𝑗)
𝑡|𝑡−1𝐻

′
𝑗

[︁
𝑓

(𝑖,𝑗)
𝑡|𝑡−1

]︁−1
𝜂

(𝑖,𝑗)
𝑡|𝑡−1

• 𝑃
(𝑖,𝑗)
𝑡|𝑡 =

(︂
𝐼 − 𝑃

(𝑖,𝑗)
𝑡|𝑡−1𝐻

′
𝑗

[︁
𝑓

(𝑖,𝑗)
𝑡|𝑡−1

]︁−1
𝐻𝑗

)︂
𝑃

(𝑖,𝑗)
𝑡|𝑡−1

where 𝛽𝑖
𝑡−1|𝑡−1 is an inference about 𝛽𝑡−1 conditional on information up to time 𝑡− 1 and

𝑟𝑡−1 = 𝑖. 𝛽(𝑖,𝑗)
𝑡|𝑡−1 is a forecast of 𝛽𝑡 based on information up to time 𝑡 − 1, conditional on

𝑟𝑡 = 𝑗 and 𝑟𝑡−1 = 𝑖. 𝑃 (𝑖,𝑗)
𝑡|𝑡−1 is the mean squared error matrix of 𝛽(𝑖,𝑗)

𝑡|𝑡−1 conditional on 𝑟𝑡 = 𝑗

and 𝑟𝑡−1 = 𝑖. 𝜂(𝑖,𝑗)
𝑡|𝑡−1 is the conditional forecast error of 𝑦𝑡 based on information up to time

𝑡− 1, assuming 𝑟𝑡−1 = 𝑖 and 𝑟𝑡 = 𝑗. Finally, 𝑓 (𝑖,𝑗)
𝑡|𝑡−1 is the conditional variance of forecast

error 𝜂(𝑖,𝑗)
𝑡|𝑡−1.

As explained on section 3.3.2, the number of likelihood calculations grow exponen-
tially as the number of observations increase. The key idea of Kim’s Filter is to collapse
the likelihoods using approximations at each iteration. To make the filter operable, Kim,
Nelson et al. (1999) propose the following approximations:

𝛽𝑗
𝑡|𝑡 =

∑︀𝑀
𝑖=1 Pr [𝑟𝑡−1 = 𝑖, 𝑟𝑡 = 𝑗|Ψ𝑡] 𝛽(𝑖,𝑗)

𝑡|𝑡

Pr [𝑟𝑡 = 𝑗|Ψ𝑡]
(C.5)

and

𝑃 𝑗
𝑡|𝑡 =

∑︀𝑀
𝑖=1 Pr [𝑟𝑡−1 = 𝑖, 𝑟𝑡 = 𝑗|Ψ𝑡]

{︂
𝑃

(𝑖,𝑗)
𝑡|𝑡 +

(︁
𝛽𝑗

𝑡|𝑡 − 𝛽
(𝑖,𝑗)
𝑡|𝑡

)︁ (︁
𝛽𝑗

𝑡|𝑡 − 𝛽
(𝑖,𝑗)
𝑡|𝑡

)︁′
}︂

Pr [𝑟𝑡 = 𝑗|Ψ𝑡]
(C.6)

To complete the filter, we need to make inference about the probabilities that show
up in equations C.5 and C.6. This will allow us to obtain filtered and smoothed regime
probabilities, used as inputs for figure 2.

The procedure is carried out in 3 steps:

Step 1: At the beginning of the t-𝑡ℎ iteration, given Pr [𝑟𝑡−1 = 𝑖|Ψ𝑡−1], calculate

Pr [𝑟𝑡 = 𝑗, 𝑟𝑡−1 = 𝑖|Ψ𝑡−1] = Pr [𝑟𝑡 = 𝑗|𝑟𝑡−1 = 𝑖] Pr [𝑟𝑡−1 = 𝑖|Ψ𝑡−1] (C.7)

where 𝑖, 𝑗 ∈ ℛ and Pr [𝑟𝑡 = 𝑗|𝑟𝑡−1 = 𝑖] is the transition probability on matrix 2.25.

Step 2: Calculate the joint density of 𝑦𝑡, 𝑟𝑡, and 𝑟𝑡−1:

𝑓 (𝑦𝑡, 𝑟𝑡 = 𝑗, 𝑟𝑡−1 = 𝑖|Ψ𝑡−1) = 𝑓 (𝑦𝑡|𝑟𝑡 = 𝑗, 𝑟𝑡−1 = 𝑖,Ψ𝑡−1) Pr [𝑟𝑡 = 𝑗, 𝑟𝑡−1 = 𝑖|Ψ𝑡−1]
(C.8)

where 𝑖, 𝑗 ∈ ℛ. We use this to obtain the marginal density of 𝑦𝑡:

𝑓 (𝑦𝑡|Ψ𝑡−1) =
𝑀∑︁

𝑗=1

𝑀∑︁
𝑖=1

𝑓 (𝑦𝑡|𝑟𝑡 = 𝑗, 𝑟𝑡−1 = 𝑖,Ψ𝑡−1) Pr [𝑟𝑡 = 𝑗, 𝑟𝑡−1 = 𝑖|Ψ𝑡−1] (C.9)



APPENDIX C. Kim’s Filter 52

Step 3: Once data on period 𝑡 is observed, we can update the probability on C.7:

Pr [𝑟𝑡−1 = 𝑖, 𝑟𝑡 = 𝑗|Ψ𝑡] = 𝑓 (𝑦𝑡|𝑟𝑡−1 = 𝑖, 𝑟𝑡 = 𝑗,Ψ𝑡−1) 𝑓 (𝑟𝑡−1 = 𝑖, 𝑟𝑡 = 𝑗|Ψ𝑡−1)
𝑓 (𝑦𝑡|Ψ𝑡−1)

(C.10)
with

Pr [𝑟𝑡 = 𝑗|Ψ𝑡] =
𝑀∑︁

𝑖=1
Pr [𝑟𝑡−1 = 𝑖, 𝑟𝑡 = 𝑗|Ψ𝑡] (C.11)

Finally, we can define the filtered and smoothed probabilities:

Filtered Probability: At the beginning of the 𝑡− 𝑡ℎ iteration, given Pr [𝑟𝑡−1 = 𝑖|𝜓𝑡−1],
where 𝑖, 𝑗 ∈ {𝑀,𝐹}, we define the filtered probability as:

Pr [𝑟𝑡 = 𝑗|Ψ𝑡−1] :=
∑︁

𝑖∈{𝑀,𝐹 }
Pr [𝑟𝑡 = 𝑗, 𝑟𝑡−1 = 𝑖|Ψ𝑡−1]

=
∑︁

𝑖∈{𝑀,𝐹 }
Pr [𝑟𝑡 = 𝑗|𝑟𝑡−1 = 𝑖] Pr [𝑟𝑡−1 = 𝑖|Ψ𝑡−1]

(C.12)

Smoothed Probability: Given a vector of parameters, we can get inference about the
regime 𝑟𝑡 on each 𝑡 given the all the information in the sample. Formally, we define the
smoothed probability as:

Pr [𝑟𝑡 := 𝑗|Ψ𝑇 ] =
∑︁

𝑘∈{𝑀,𝐹 }
Pr [𝑟𝑡 = 𝑗, 𝑟𝑡+1 = 𝑘|Ψ𝑇 ] (C.13)

The complete calculation requires an approximation:

Pr [𝑟𝑡 = 𝑗, 𝑟𝑡+1 = 𝑘|Ψ𝑇 ] = Pr [𝑟𝑡+1 = 𝑘|Ψ𝑇 ] × Pr [𝑟𝑡 = 𝑗|𝑟𝑡+1 = 𝑘,Ψ𝑇 ]
≈ Pr [𝑟𝑡+1 = 𝑘|Ψ𝑇 ] × Pr [𝑟𝑡 = 𝑗|𝑟𝑡+1 = 𝑘,Ψ𝑡]

= Pr [𝑟𝑡+1 = 𝑘|Ψ𝑇 ] × Pr [𝑟𝑡 = 𝑗, 𝑟𝑡+1 = 𝑘|Ψ𝑡]
Pr [𝑟𝑡+1 = 𝑘|Ψ𝑡]

= Pr [𝑟𝑡+1 = 𝑘|Ψ𝑇 ] × Pr [𝑟𝑡 = 𝑗|Ψ𝑡] × Pr [𝑟𝑡+1 = 𝑘|𝑟𝑡 = 𝑗]
Pr [𝑟𝑡+1 = 𝑘|Ψ𝑡]
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APPENDIX D – Additional Figures

Figure 9: Data used in the Estimation
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Figure 10: Prior and Posterior Distributions
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Figure 11: Conditional and Unconditional Distributions

Note: Conditional (on regime) and unconditional distributions. Black solid lines are unconditional distributions, taking draws from policy shocks and regimes.
All other lines are conditional on regimes. Solid blue and red lines condition on Regime M and F, respectively, and are simulations from fixed parameters DSGE
(Markov chain OFF). Blue dashed lines are conditional on Regime M when the Markov Chain is ON.
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Figure 12: IRFs - Monetary Policy Shock (+1%) - Switch after Shock

Note: These plots include the regime switching case under Regime M and F (dashed blue line
and dashed red line, respectively). The shock hits on 𝑡 = 2. On period 𝑡 = 5, the Government
decides to switch to Regime F, remaining in Fiscal Dominance thereafter.



57

APPENDIX E – RISE Codes

The computational implementation of the model is not straightforward. It is not
possible to use Dynare for solving Markov Switching DSGE models. Therefore, we dedicate
this Appendix to explain how equations and parameters should be declared in RISE and
what are the main commands to solve, simulate and estimate the model. Hopefully, this
Appendix will help those trying to replicate this article or just seeking to learn a new (and
fun) tool.

These codes are not exhaustive in the sense that other Matlab files are required to
fully replicate the article. The replication package can be made available upon a simple
request9. Finally, it is important to note that some variables in the codes have a different
notation from what was exposed in the article.

Model Declaration

Just like Dynare reads .mod files, RISE reads .rs files. To declare the model, do
as follows:

1 % * Master Thesis - FGV-EESP
2 % * Author: Otavio de A. J. Teixeira
3 % * This file implements a Markov Switching version of the baseline
4 % * New Keynesian model of Jordi Gali (2008): Monetary Policy, ...

Inflation, and the Business Cycle, Princeton University Press, ...
First Edition, Chapter 3, with an additional FISCAL BLOCK and ...
Welfare Functions

5
6 %----------------------------------------------------------------
7 % Declare Variables
8 %----------------------------------------------------------------
9

10 endogenous
11
12 C "Consumption"
13 W_real "Real Wage"
14 Pi "Inflation"
15 N "Hours worked"
16 R "Nominal Interest Rate"
17 R_real "Real Interest Rate"
18 Y "Output"
19 Q "Bond price"
20 S "Price dispersion"
21 Pi_star "Optimal reset price"
22 x_aux_1 "Aux. var. 1 recursive pricesetting"
23 x_aux_2 "Aux. var. 2 recursive pricesetting"
24 MC "Real marginal costs"
25 P "Price level"
26
27 % ANNUALIZED AND LOG VARIABLES

9otavio1teixeira@gmail.com
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28 i_ann "Annualized nominal interestrate"
29 pi_ann "Annualized inflation rate"
30 r_real_ann "Annualized real interest rate"
31
32 log_y "log output"
33 log_W_real "log real wage"
34 log_N "log hours"
35 log_P "log price level"
36 log_A "log technology level"
37 log_Z "log preference shock"
38
39 % SHOCKS AR(1) VARIABLES
40 A "AR(1) technology process"
41 Z "AR(1) preference shock process"
42 nu "AR(1) monetary policy shock process"
43 f_shock "AR(1) fiscal policy shock process"
44
45 % FISCAL VARIABLES
46 B "Real Debt"
47 SP "Primary Surplus"
48 FE "Fiscal Effort"
49 b "Debt/GDP"
50 sp "SP/GDP"
51 B_nominal "Nominal Debt"
52
53 % WELFARE VARIABLES
54 Utility "Period Utility"
55 Welfare "Welfare - Discounted Utility"
56
57 % Aux for estimation:
58 output_gap "log_y - steady_state(log_y)"
59 interest_rate "(R-1)"
60 inflation "(Pi-1)"
61
62 %----------------------------------------------------------------
63 % Define Shock Variables
64 %----------------------------------------------------------------
65
66 exogenous
67
68 eps_a "Technology shock"
69 eps_z "Preference shock"
70 eps_nu "Monetary policy shock"
71 eps_f_shock "Fiscal policy shock"
72
73 %----------------------------------------------------------------
74 % Define Parameters
75 %----------------------------------------------------------------
76
77 parameters
78
79 alppha "Capital share"
80 betta "Discount factor"
81 siggma "Inverse EIS"
82 varphi "Inverse Frisch elasticity"
83 phi_y "Output feedback Taylor Rule"
84 epsilon "Demand elasticity"
85 theta "Calvo parameter"
86 tau "Labor subsidy"
87 Delta_Y "Output feedback Fiscal Rule"
88
89 % AR SHOCKS PARAMETERS
90 rho_a "Autocorrelation technology shock"
91 rho_nu "Autocorrelation monetary policy shock"
92 rho_z "Autocorrelation monetary demand shock"
93 rho_f_shock "Autocorrelation fiscal shock"
94
95 % FISCAL PARAMETERS
96 sp_target "Surplus target"
97 rho_sp "Surplus target parameter"
98
99 % SHOCKS VARIANCES PARAMETERS

100 sigma_a "Technology shock variance"
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101 sigma_nu "Monetary policy shock variance"
102 sigma_z "Preference shock variance"
103 sigma_f "Fiscal shock variance"
104
105 % SWITCHING PARAMETERS SHOULD NOT BE DECLARED HERE!
106 % Delta_B "Surplus feedback Fiscal Rule"
107 % phi_pi "Inflation feedback Taylor Rule"
108
109 %----------------------------------------------------------------
110 % Markov Switching Structure
111 %----------------------------------------------------------------
112
113 parameters(abc,2) Delta_B phi_pi
114
115 @#if msmodel==1
116 parameters abc_tp_1_2 abc_tp_2_1
117 @#elseif msmodel==2
118 parameters abc_tp_1_2 abc_tp_2_1
119 @#end
120
121 %----------------------------------------------------------------
122 % Model
123 %----------------------------------------------------------------
124
125 model
126
127 % 1. [name='Labor demand']
128 W_real=C^siggma*N^varphi;
129
130 % 2. [name='Euler equation']
131 Q=betta*(C(+1)/C)^(-siggma)*(Z(+1)/Z)/Pi(+1);
132
133 % 3. [name='Definition nominal interest rate)']
134 R=1/Q;
135
136 % 4. [name='Aggregate output']
137 Y=A*(N/S)^(1-alppha);
138
139 % 5. [name='Definition Real interest rate']
140 R=R_real*Pi(+1);
141
142 % 6. [name='Monetary Policy Rule']
143 R=1/betta*Pi^phi_pi*(Y/steady_state(Y))^phi_y*exp(nu);
144
145 % 7. [name='Market Clearing']
146 Y = C - FE;
147
148 % 8 e 9. [name='Technology shock']
149 log(A)=rho_a*log(A(-1))+eps_a*sigma_a;
150
151 % 10 e 11. [name='Preference shock']
152 log(Z)=rho_z*log(Z(-1))-eps_z*sigma_z;
153
154 % 12 e 13. [name='Monetary policy shock']
155 nu=rho_nu*nu(-1)+eps_nu*sigma_nu;
156
157 % 14. [name='Definition marginal cost']
158 MC=W_real/((1-alppha)*Y/N*S);
159
160 % 15. [name='Aggregate prices']
161 1=theta*Pi^(epsilon-1)+(1-theta)*(Pi_star)^(1-epsilon);
162
163 % 16. [name='Price dispersion']
164 S=(1-theta)*Pi_star^(-epsilon/(1-alppha))...
165 +theta*Pi^(epsilon/(1-alppha))*S(-1);
166
167 % 17. [name='FOC price setting']
168 Pi_star^(1+epsilon*(alppha/(1-alppha)))=...
169 x_aux_1/x_aux_2*(1-tau)*epsilon/(epsilon-1);
170
171 % 18. [name='Auxiliary price setting recursion 1']
172 x_aux_1=C^(-siggma)*Y*MC+...
173 betta*theta*Pi(+1)^(epsilon+alppha*epsilon/(1-alppha))*x_aux_1(+1);



APPENDIX E. RISE Codes 60

174
175 % 19. [name='Auxiliary price setting recursion 2']
176 x_aux_2=C^(-siggma)*Y+betta*theta*Pi(+1)^(epsilon-1)*x_aux_2(+1);
177
178 % 20. [name='Definition price level']
179 Pi=P/P(-1);
180
181 % ANNUALIZED AND LOG VARIABLES
182
183 % 21. [name='Definition log output']
184 log_y = log(Y);
185
186 % 22. [name='Definition log real wage']
187 log_W_real=log(W_real);
188
189 % 23. [name='Definition log hours']
190 log_N=log(N);
191
192 % 24. [name='Annualized inflation']
193 pi_ann=4*log(Pi);
194
195 % 25. [name='Annualized nominal interest rate']
196 i_ann=4*log(R);
197
198 % 26. [name='Annualized real interest rate']
199 r_real_ann=4*log(R_real);
200
201 % 27. [name='Definition log price level']
202 log_P=log(P);
203
204 % 28. [name='Definition log TFP']
205 log_A=log(A);
206
207 % 29. [name='Definition log preference']
208 log_Z=log(Z);
209
210 % Aux for estimation:
211 output_gap = log_y - steady_state(log_y);
212 interest_rate = (R-1);
213 inflation = (Pi-1);
214
215 % ADDITIONAL FISCAL BLOCK
216
217 % 30. [name='Debt Level Constraint']
218 % B = R_real(-1)*B(-1) - SP; % debt is expressed in real terms here
219 B/R = B(-1)/Pi - SP;
220
221 % 31. [name='Fiscal Rule']
222 SP = rho_sp*SP(-1) + (1-rho_sp)*(sp_target*steady_state(Y)) + ...

Delta_B*(B(-1) - steady_state(B))+Delta_Y*(Y-steady_state(Y)) ...
- f_shock;

223
224 % 32. [name='Fiscal Shock']
225 f_shock = rho_f_shock*f_shock(-1) + eps_f_shock*sigma_f;
226
227 % 33. [name='Fiscal Effort']
228 FE = Y*(sp-sp_target);
229
230 % [name='Debt/GDP']
231 b = B/Y;
232
233 % [name='Debt/GDP']
234 sp = SP/Y;
235
236 % [name='Nominal Debt']
237 B_nominal = B*P;
238
239 % WELFARE
240
241 % 34. [name='Utility']
242 Utility=(Z*C^(1-siggma)/(1-siggma)-N^(1+varphi)/(1+varphi));
243
244 % 35. [name='Welfare']
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245 Welfare=Utility+betta*Welfare(+1);
246
247 @#if msmodel==3
248 % ENDOGENOUS PROBABILITIES
249
250 ! abc_tp_1_2 = (exp(-1.385 + 3*B))/(1+exp(-1.385 + 3*B));
251 ! abc_tp_2_1 = (exp(-1.385 - 3*B))/(1+exp(-1.385 - 3*B));
252
253 @#end
254
255 %----------------------------------------------------------------
256 % Steady State
257 %---------------------------------------------------------------
258
259 steady_state_model
260
261 A=1;
262 Z=1;
263 S=1;
264 Pi_star=1;
265 P=1;
266 MC=(epsilon-1)/epsilon/(1-tau);
267 R=1/betta;
268 Pi=1;
269 Q=1/R;
270 R_real=R;
271 N=((1-alppha)*MC)^(1/((1-siggma)*alppha+varphi+siggma));
272 C=A*N^(1-alppha);
273 W_real=C^siggma*N^varphi;
274 Y=C;
275 nu=0;
276 x_aux_1=C^(-siggma)*Y*MC/(1-betta*theta*Pi^(epsilon/(1-alppha)));
277 x_aux_2=C^(-siggma)*Y/(1-betta*theta*Pi^(epsilon-1));
278 log_y = log(Y);
279 log_W_real=log(W_real);
280 log_N=log(N);
281 pi_ann=4*log(Pi);
282 i_ann=4*log(R);
283 r_real_ann=4*log(R_real);
284 log_P=log(P);
285 log_A=0;
286 log_Z=0;
287
288 % Fiscal ss
289 sp = sp_target;
290 SP = sp_target*Y;
291 B=SP/(1-(1/R));
292 b=B/Y;
293 sp = SP/Y;
294 B_nominal = B*P;
295
296 % Welfare
297 Utility=(Z*C^(1-siggma)/(1-siggma)-N^(1+varphi)/(1+varphi));
298 Welfare=1/(1-betta)*Utility;
299
300 %----------------------------------------------------------------
301 % Parametrization
302 %---------------------------------------------------------------
303
304 parameterization
305
306 % Transition Probabilities
307 @#if msmodel==1
308 abc_tp_1_2, 0.0;
309 abc_tp_2_1, 0.0;
310 @#elseif msmodel==2
311 abc_tp_1_2, 0.05;
312 abc_tp_2_1, 0.05;
313 @#end
314
315 % Switching Parameters - Monetary Dominance
316 phi_pi(abc,1), 1.5;
317 Delta_B(abc,1), 0.2;
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318
319 % Switching Parameters - Fiscal Dominance
320 phi_pi(abc,2), 0.0;
321 Delta_B(abc,2), 0.0;
322
323 % Fixed Parameters
324 siggma, 2;
325 varphi, 1;
326 phi_y, 0.16;
327 theta, 2/3;
328 sp_target, 0.01;
329 betta, 0.985;
330 alppha, 1/3;
331 epsilon, 6;
332 tau, 0;
333 Delta_Y, 0.2;
334 rho_sp, 0.2;
335
336 % Shocks parameters
337 rho_nu, 0.5;
338 rho_z, 0.31;
339 rho_a, 0.90;
340 rho_f_shock, 0.76;
341
342 % Shock variance/stdev parameters
343
344 @#if varmodel==1
345 sigma_a, 0.01;
346 sigma_nu, 0.01;
347 sigma_z, 0.01;
348 sigma_f, 0.01;
349 @#elseif varmodel==2
350 sigma_a, 1;
351 sigma_nu, 1;
352 sigma_z, 1;
353 sigma_f, 1;
354 @#end

Solution and IRFs

To solve the model and obtain IRFs, run the following:

1
2 %% load the RISE paths
3 addpath('C:\Users\Otavio ...

Teixeira\OneDrive\Documents\MATLAB\RISE_toolbox-master\...
4 RISE_toolbox-master')
5
6 % Load RISE. Run this only once.
7 rise_startup();
8
9 %%

10
11 % Choose shock variance. If solution order = 1, high_var is ok.
12 label_1={1,'low_var'
13 2,'high_var'};
14
15 % Choose eogenous switching, endogenous switching or fixed regimes.
16 label_2={1,'fixed_regimes'
17 2,'ms_regimes'
18 3,'ms_endog_regimes'};
19
20 % Read the models and their calibrations. Change labels as disired!
21 m1=rise('gali_nl_ms',...
22 'rise_flags',struct('varmodel',label_1{2,1},...
23 'msmodel', label_2{2,1}),...
24 'irf_anticipate',false);
25 % solve the model
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26
27 m1=solve(m1,'solve_shock_horizon',0);
28
29 % check the stability of the system
30 m1.is_stable_system % Stability is denoted by 1 (0 would mean unstable)
31
32 % print solution and steady state values
33 m1.print_solution() % for all variables
34 % print solution for a subset of variables only
35 m1.print_solution({'Pi','Y','C','B','R','sp','Welfare','SP'});
36
37 %% IRFs
38
39 % Shocks can be either ANTICIPATED or NON ANTICIPATED
40 % Use IRF(...'irf_horizon',3...) and RISE(...'irf_anticipate',false...)
41 % Use solve(...'solve_shock_horizon',3);
42 % See ...\examples\VariousModels\KaijiTutorial for details
43
44 myirfs1=irf(m1,'irf_periods',24,'irf_shock_sign',1);
45
46 save('myirfs1.mat','myirfs1')
47
48 %% Auxiliar Variables and add '0' in IRFs
49
50 load('IRF_baseline.mat');
51
52 var_aux = {'log_y','C','pi_ann','B_nominal','B','sp',...
53 'i_ann','r_real_ann','P'};
54
55 var_aux2 = {'log_y_eps_nu','C_eps_nu','pi_ann_eps_nu',...
56 'B_nominal_eps_nu','B_eps_nu','sp_eps_nu','i_ann_eps_nu',...
57 'r_real_ann_eps_nu','P_eps_nu'};
58
59 var_aux3 = {'log_y_eps_f_shock','C_eps_f_shock','pi_ann_eps_f_shock',...
60 'B_nominal_eps_f_shock','B_eps_f_shock','sp_eps_f_shock',...
61 'i_ann_eps_f_shock','r_real_ann_eps_f_shock','P_eps_f_shock'};
62
63 irf_mon = struct();
64 irf_fisc = struct();
65
66 % Change here for the desired shock: var_aux2 or var_aux3
67 for i = 1:numel(var_aux)
68 irf_mon.(var_aux{i}) = [0,IRF_baseline{1,1}.(var_aux2{i})]';
69 irf_fisc.(var_aux{i}) = [0,IRF_baseline{1,2}.(var_aux2{i})]';
70 end
71
72 %% IRFs subplots loop - FISCAL SHOCK
73
74 load('c.mat') % Colors aux
75 TMax=25; % Maximun period on the irf charts. Must ...

be consistent with IRFs periods
76 t=1:TMax; % Auxiliar vector to X axis
77
78 var_list={'log_y','C','pi_ann','B_nominal','B','sp','i_ann','r_real_ann','P'};
79 Title_list={'GDP (\%)','Consumption','Inflation (\% Ann.)','Nominal ...

Debt','Real Debt','Surplus/GDP (\%)','Nominal Interest (\% ...
Ann.)','Real Interest (\% Ann.)','Price Level'};

80
81 figure(1);
82 set(1,'Color','w')
83 for ii=1:numel(var_list)
84 subplot(3,3,ii)
85 v=var_list{ii};
86 plot(t,myirfs1.eps_f_shock.(v).data(:,1)/10,'Color',c(10,:),...
87 'linewidth',0.7,'LineStyle','--');
88 title(Title_list{ii},'interpreter','latex')
89 hold on
90 plot(t,irf_mon.(v)/10,'Color',c(10,:),'linewidth',0.7,'LineStyle','-')
91 hold on
92 plot(t,irf_fisc.(v)/10,'Color',c(1,:),'linewidth',0.7,'LineStyle','-')
93 line([1 25], [0 0],'Color','k','LineStyle','-')
94 set(gca,'TickLabelInterpreter','latex') % check
95 if ii==1
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96 legend({'MS - Regime M','Fixed - Regime M','Fixed - Regime ...
F'},'FontSize',7,'Location','northeast','interpreter','latex')

97 end
98 axis tight
99 hold off

100 grid on
101 set(gca,'fontsize',9)
102
103 xlim([-inf inf])
104 ylim([-inf inf])
105
106 end
107 end

Simulations

Simulations can be easily done in RISE. The code below was used to simulate data
under different regimes. Outputs were used in figure 11.

1 %% Housekeeping
2 clc
3 clear
4 close all
5
6 % Choose shock variance. If solution order = 1, high_var is ok.
7 label_1={1,'low_var'
8 2,'high_var'};
9

10 % Choose exogenous switching, endogenous switching or fixed regimes.
11 label_2={1,'fixed_regimes'
12 2,'ms_regimes'
13 3,'ms_endog_regimes'};
14
15 % SWITCH OFF
16 m1=rise('gali_nl_ms',...
17 'rise_flags',struct('varmodel',label_1{1,1},...
18 'msmodel', label_2{1,1}));
19
20 % SWITCH ON
21 m2=rise('gali_nl_ms',...
22 'rise_flags',struct('varmodel',label_1{1,1},...
23 'msmodel', label_2{2,1}));
24
25 m1=solve(m1,'solve_order',2,'solve_derivatives_type',...
26 'automatic','solve_shock_horizon',0);
27 m2=solve(m2,'solve_order',2,'solve_derivatives_type',...
28 'automatic','solve_shock_horizon',0);
29
30 %% Simulation
31
32 simdata1 = simulate(m1,'simul_regime',1,...
33 'simul_order',2,...
34 'simul_pruned',true,...
35 'simul_periods',250000,...
36 'simul_burn');
37
38 simdata2 = simulate(m1,'simul_regime',2,...
39 'simul_order',2,...
40 'simul_pruned',true,...
41 'simul_periods',250000,...
42 'simul_burn',0);
43
44 simdata3 = simulate(m2,'simul_regime',1,...
45 'simul_order',2,...
46 'simul_pruned',true,...
47 'simul_periods',250000,...
48 'simul_burn',0);
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49
50 simdata4 = simulate(m2,'simul_order',2,...
51 'simul_pruned',true,...
52 'simul_periods',250000,...
53 'simul_burn',0);

Estimation and Posterior Simulation

The estimation procedure requires an Excel file with time series already transformed.
With that on hand, the estimation code can be written as follows:

1 %% Housekeeping
2
3 clear
4 close all
5 clc
6
7 % read the data
8 [datta,names]=xlsread('BZ_DATA_2004_B_RREAL.xlsx');
9

10 % create variables and put them into the RISE time series format
11 names=names(1,2:5);
12
13 full_names = names;
14 full_names{1,1} = 'Output Gap (\%, one-sided HP-Filtered)';
15 full_names{1,2} = 'IPCA (\%, SA, quarterly)';
16 full_names{1,3} = 'Real Interst Rate (\%, ex-ante, quarterly)';
17 %full_names{1,4} = 'Primary Surplus (SA)';
18 full_names{1,4} = 'Gross Debt (Percentage of GDP)';
19
20 start_date='2004q1';
21
22 mydata=struct();
23 for ii=1:4
24 mydata.(names{ii})=ts(start_date,datta(:,ii));
25 end
26
27 %% Solve the model
28 m1=rise('gali_est_exo'); % Change the file name to estima the ...

desired model!
29 m1=solve(m1)
30 m1.print_solution({'Pi','Y','C','B','R','sp','Welfare',...
31 'output_gap','inflation','interest_rate'});
32 m1=set(m1,'data',mydata);
33
34 %% Estimation
35 [m1,filtration]=estimate(m1)
36
37 %% Do posterior simulation
38 [objective,lb,ub,x0,SIG]=pull_objective(m1);
39 SIG=utils.cov.nearest(SIG);
40 draws_mcmc = 1000000;
41 ndraws_burnin = floor(0.2*draws_mcmc);
42 mcmc_options=struct('burnin',ndraws_burnin,'N',draws_mcmc,'thin',1,...
43 'nchain',2);
44 Results=mh_sampler(objective,lb,ub,mcmc_options,x0,SIG);


	Folha de rosto
	Folha de aprovação
	Agradecimentos
	Resumo
	Abstract
	List of Figures
	List of Tables
	Contents
	Introduction
	The Markov Switching DSGE Model
	A New-Keynesian Model with Fiscal Block
	Budget Valuation Equation
	Equilibrium and Steady-State

	Regime Switching Exogenous Process

	Solution, Determinacy and Estimation
	Solution Method
	Equilibrium Determinacy and Leeper's Taxonomy
	Calibration and Estimation
	Calibration
	Data and Estimation


	Results
	Empirical Distributions
	Impulse Response Functions
	Monetary Policy Shock
	Fiscal Shock
	Regime Switch After a Shock


	Welfare Analysis
	Conclusion
	Equilibrium Conditions and Steady-State
	Model Derivations
	Kim's Filter
	Additional Figures
	RISE Codes

