R.de Econometria { Rio de Janeiro | v. VI n? 1} p. 41 - 78 | abr 1986

BAYESIAN FOUNDATIONS OF NASH EQUILIBRIUM BEHAVIOUR
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ABSTRACT

This is part of a larger project to investigate the Bayesian
foundations of non-cooperative solution concepts. Elsewhere Bernheim
and Pearce prove that common knowledge of Bayesian rationality is
not enough to justify the non-cooperative solution concept defined
by Nash. Here several alternative behavioural assumptions are con-
sidered. In general the coordination required to achieve a Nash
equilibrium is very strong. Not only Bayesian rationality, but al-
so the actions taken, have to be common knowledge. For particular

kinds of games the coordination required is not as strong.
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t. INTRODUCTION

Until the mid seventies there was very little disagreement con
cerning the appropriateness of Nash equilibria as a solution con-
cept for non-cooperative games. To a large extent it was believed
that for an arbitrary game all Nash equilibria were reasonable out
comes and that any non-Nash set of actions was unreasonable. Today
the situation is very different. A literature has developed that
deals with refinements of Nash and different game theorists belie-
ve in different refinements. Also, there are those that hold that
non-Nash actions may be perfectly reasonable. In order to help to
clarify the issues involved in arguing for refinement or relaxation
of the Nash equilibrium concept one is lead to an investigation of
the logical basis for solution concepts in general. We start with
the idea that a solution concept should be based on assumptions
regarding Bayesian rationality, what is known, what is common know
ledge, and behavioural norms.

This essay is part of a larger project whose aim is to provi-
de foundations for different non-cooperative solution concepts. To
illustrate the point that the knowledge and common knowledge of
certain characteristics of the players plays a central role in the
choice of the solution concept, let us imagine that you are going
to play a given bimatrix game against two alternative partners. The
payoffs of the game are in dollar terms. The first player is an
intelligent acquaintance of yours, whom you know very well. The se
cond player is a stranger. He comes from the Himalayas, and the
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only relevant information you know about him is that he was taught
the meaning of a bimatrix game (the rules of the game) and what a
dollar can buy. For the sake of argument, let us say that: (i) the
re is a unique pure strategy Nash equilibrium, which gives you a
thousand dollars; (ii) your security level is nine hundred dollars;
and (iii) if the other player does not play his part of the Nash
eguilibrium you get at most live hundred dollars. How should you
play against the two different opponents? It seems clear to me that
everyone who is faced with this situation is much more likely to
follow the Nash strategy when facing the acquaintance, than when
facing the stranger. Thus a well defined game may be played in dif
ferent ways by the same person. This fact indicates that, in the
specification of a game, some additional information about the ba-
ckground of the players is essential for the solution of this game.
By explicitly modelling knowledge and common knowledge of different
attributes, for example, of Bayesian rationality, one obtains which

solution concept is suitable for each situation considered.

In order to get started one has to understand formally the
notion of common knowledge. Suppose that there are n players. One
saye that a statement is common knowledge if everyone knows it, e-
veryone knows that everyone knows it, ..., everyone knows (everyo-

ne knows)™!

it, and so on, for all m. The framework that is suita
ble for study of common knowledge in agame is based on the idea of
an infinite hierarchy of beliefs (Armbruster and B&ge (1979), Bbge

and Eisele (1979), Mertens and Zamir (1985)).

Section two contains a mathematical description of this for-
malism. Tan and Werlang (1985) apply this formalism to common know-
ledge.

Section three begins with a discussion of games and solution
concepts. Bernheim (1984) and Pearce (1984) show that common know-
ledge of rationality is not enough to justify Nash behaviour. They
introduce a ‘non-cooperative solution concept which is derived from
the hypothesis that Bayesian rationality is common knowledge. They
call their solution concept rationalisable strategic behaviour. The
paint I wish to emphasise is that Bernheim and Pearce derive their
solution concept for games from assumptions about the behaviour of
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the players. One can quite generally approach the analysis of solu
tion concepts in the same manner. Which are the implicit behaviou-
ral assumptions behind a given solution concept? From a Bayesian
point of view, the decision of each player in a game is determined
by this player's beliefs about the actions of other players. But,
if, in their turn, other players' beliefs about other players' ac-
tions affect their own actions, then it must be that the beliefs
one player has about the beliefs of other players also affect the
decision of this player in the game. If we carry this argument fur
ther, we see that the action taken by a player is determined by his
infinite hierarchy of beliefs about actions of other players. The
space of these infinite hierarchies of beliefs is the appropriate
space for the study of behavioural assumptions about the players.
Section three deals with this matter in detail, and poses formally
the relationship between solution concepts and behavioural assump-
tions implicit in them. As a first illustration of this framework,
Tan and Werlang (1984) discuss the solution concept given by ra-
tionalisable strategic behaviour.

The fourth section deals with Nash equilibrium behaviour. It
starts by formally stating a justification for Nash behaviour which
is closely related to the classical one. Not only rationality should
be taken as common knowledge, but also the actions to be chosen.
This allows one to see how strongly coordinated the players have
to be. When one relaxes this hypothesis slightly, everything breaks
down. Another behavioural assumption is studied: that each player
"knows" the other players. When the game has two players, Armbrus-
ter and B8ge (1979) proved that this yields Nash equilibrium be-
liefs. It is shown that this is false in the case of three (and
consequently more than two) players. Finally, we provide theorems
that generalise the results which justify Nash behaviour.

2. MATHEMATICS OF INFINITE HIERARCHIES OF BELIEFS

This section is aimed at giving the basic results on infinite
recursions of beliefs (also called hierarchies of beliefs), the
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essential mathematical tool needed in the text. Let S be a compact
metric space. From now on we will concentrate only on this case:
all our spaces are compact and metric. This topology shall, fur-
thermore, reflect the economic situation to be analysed. For exam-
ple, Milgrom and Weber (1979) derive topologies which are relevant
for games with incomplete information. Define the set of probabili
ty measures over S endowed with the Borel o¢-algebra, as A(S). A na
tural topology over this set is the weak convergence of measures
(see Billingsley (1968) and Hildenbrand (1974)). The main result is:

2.1. Theorem

S compact and metric with the Borel o-algebra. If A(S) deno-
tes the set of probability measures on S, and is endowed with the
topology of the weak convergence of measures, then A(S) is compact
and metric.

Proof. This theorem follows from Bilingsley (1968, pp. 238-240, Theo

rems 5 and 6).
Q.E.D.

The formal framework to be developed appeared before in Arm-
bruster and B8ge (1979), B8ge and Eisele (1979), Mertens and Zamir
(1985) and Myerson (1983).

Let the the set of possible states of nature, as perceived by
agent i, be represented by a compact and metric set SOi' In sec-
tions 3 and 4, since we are interested in games of complete infor-
mation, SOi =A_.. In other problems the correct specification of

i
these spaces is fundamental.

Given these sets of states of nature, agent i has subjective

beliefs about the occurrence of a state in S0 This subjective be

i
lief is the first order belief, S1i € A(sbi)' Set S.Ii = A(SOiL The
second order beliefs will be beliefs about beliefs of other agents.
However, it is also possible to consider the possibility of these
being correlated with agent i's beliefs about the states of nature

he perceives.
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Therefore Sy € A(SOi b4 Hk#is1k) = Szi' Inductively, we define the
m-th order beliefs of agent i as Smi € A(SOi X nk#ism-1,k) = Smi'

Notice that we could have modelled Smi to include correlation
among all the previous layers of beliefs. This is the approach fol
lowed by Mertens and Zamir (1985, p. 7, Th. 2.9), but given the
consistency requirements they impose (as we do below), their frame
work is equivalent to the one we use here.

Observe that an arbitrary m-th order belief contains informa-
tion about all beliefs of order less than m. An obvious requirement
that should hold is that the first order belief of agent i should
be the marginal of his second-order belief on his basic uncertain-
ty space. Given a probability distribution Q € A(C x D), one defi-
nes the marginal of Q on C, and writes margc[Q], as the following
probability defined over C: given any measurable X contained in C,
margC[Q](X) = Q(X x D). We will construct a way of determining the
lower-order beliefs, given a belief of a certain order. This is
the approach of Myerson (1983, 1984). We include Myerson's proof
for completeness. Let us impose on a agent's beliefs the minimal

consistency requirement: that if it is possible to evalue the pro-

bability of an event through his m-th order beliefs and through
his p-th order beliefs, with m # p, then both probability assess-—
ments agree. Define inductively the functions which will recover
the (m—1)-th the order beliefs, given the m-th order beliefs, by:

(i) form 2 2, ¥y q,i° Smi * Sm-1,i;

(ii) if m = 2, W1i(52i)(E) = s2i(E X nk#is1k)v’E contained in SOE
As was said before, the first order belief is simply the margi-
nal of the second;

(iii) if m > 3, by induction on m we assume (

) defined,

Wm—z,k keN

and: for all E contained in S, x nk#ism—Z,k’ Wm-},i(smi)( E ) =

= S (10050 g pdieas) © So1 ¥ FiepsSner e | Sorr ¥z 1 nn 0V aces) € BN
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We then have:

2.2 Proposition

Suppose all agents are aware that each of them satisfies the
minimum consistency requirement. Then ¥i, ¥m > 2: V¥ (s_.) =
- m-1,1 "mi

S PR
m-1,1

Proof The proof goes by induction. For m = 2, let E be contained

in SOi' Then the event E (event = measurable set) is evaluated by
S, a@s s1i(E). However E is the same as E x Hk#is1k evaluated by
Sy; Therefore, by the consistency requirement: s1i(E) =
= szi(E X Hk#is1k) = W1i (SZi)(E)‘ Thus S1; = w1i(52i)‘ Agents

also know that s wlk(52k)' because other agents are also con-

1k ~
sistent. The first step of the induction process is proved. Let us
assume it is true for m > 2. We will prove it is true for m +
If it is true for m, we know that ¥k ¢ N(N={1""'n}):wm-1JJSmk) =
X I

=s . Given the event E contained in S define
m-1.k 0

by:

i * TegiSmot,x
" . .
E* contained in SOi X Hk#ismk

E* .) £ S

= {sgyrlsy )y 01 ¥ My g3 I(SOiAW ) e £}

w1,k P Vi

By the induction hypothesis we have that

Ef = {(sGi,(s e B}.

m i) € Sop * MeyySpe | 08g50 (8 ¢ )iy

Therefore E* and E are the same events (same in the sense used be-
fore: one is true if and only if the other is). Hence by the mini

s ) (E) =

. X _ *
mum consistency requirement smi(E) = s . (E¥). ButV¥ ml i

m+1,1i mi(

. (E*), so that the result follows.

=s
m+1,1
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Given the proposition above, we will restrict ourselves to be
liefs which satisfy the minimum consistency requirement. The set
of all possible beliefs becomes, then:

s L) e I8 o | vm: Yok Bper k) = Skl -

i~ 1if Sait m>1mi

The proposition below is proved in Armbruster and Bbge (1979, p.19
Th. 4.2), Bbge and Eisele (1979, p. 196, Th. 1), and Mertens and
Zamir (1985, p. 7, Th. 2.9).

2.3 Proposition

Si is compact and metric, in the topology induced by the pro-

duct topology.

The proposition above just says that the space of characteris
tics of the agents is tractable. The proof of the proposition is
simple. One has only to show that the functions ¥ are continuous.

Notice that one can look at the space of beliefs which are
consistent and are of level up to m. By 2.2 the lower-order be-
liefs are entirely determined by those of the highest order. Then
this is the same as the space Smi' Moreover, there is an immediate
way of recovering the lowest-order beliefs: just apply successive-
ly the functions ¥. The most important result of this section sta-
tes this for the case where we consider the whole stream of be-
liefs. The result is proved in Armbruster and Bbge (1979, p. 19,
Th. 4.2), B8ge and Eisele (1979, p. 196, Th. 1), Mertens and Zamir
(1985, p. 7, Th. 2.9) and Brandenburger and Dekel (1985, p. i0,
Th. 3.2). The first proof of this result seems to have appeared in
Bbge (1974).
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2.4 Theorem

¥i there exists @i : Si > A(SOi X nj#i

morphism. Throughout the essay we will be referring to the homeo-

Sj), which is a homeo-
morphism shown in the proof below.

Sketch of the proof (essentially taken from Brandenburger and Dekel
(1985)} Let Y, = T Then Y; D s; = {(s

m>15mi - mi'm>»1 | ¥m2ts sy =

=Y .(s )}. Suppose s; = (511' Soit ...) ¢ Si' We will cons-

mi
truct ®i(si). S

m+17,1i i

0i X Hj#in = 8p; X nj#i (Hm31smj)

= SOi X Hm31(njfismj)’ by exchanging the order of the Cartesianpro
duct. First we will exhibit ¢i(si) as a probability measure in
SOi X ijin. Then we will prove that the support of ¢i(si) is

contained in S X nj#isj' To construct this measure one invokes

0i
Kolmogorov's extension theorem (see Dellacherie and Meyer (1978, p.
68, III. 51-52)). To construct a probability in a countably infini
te product of spaces, it is necessary and sufficient to give all
the finite dimensional marginals, provided these marginals are not
contradictory. Furthemore, this probability is uniquely determined

by these marginals. Given k, let dy denote a probability defined

(n

on Soi X "1£mik j#ismj)' For k=0, let d = Sq5- For k + 1>1, we
define Qy,q € A(S5; x "1£m§k+1(nj£ismj)) in the sets which are of
the form EOi X E1,—i X ... X Ek,—i X Ek+1,—i’ where EOi is an ewent
in SOi’ E1,—i is an event in Hj#is1j' and in general, Em,—i is
an event in Hj#ismj' This is enough to define the probability
Qpr- The functions wmi’ which are given above, will be used.
Gy1Bog X By g X oor X By X By g 4) =

82,1 ({S0j7 Sppq ) 3a4) € Bog X Bieq, g | (850 Wiglsiy D) su) € Bpgd®y o

(sOi'(vk-1,j o ij(sk+1,j))j#i) € Egy X Ey 9. _yr and, successively,
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i) € E X E1’“i. By

(Sgir (¥95 00000 ¥y 3,59 0 ¥ie5(S 4 q,50 054 0i

the minimum consistency requirement ay is the marginal of dy,q ©on
the first k coordinates. By Kolmogorov's theorem there exists a u-
nigue probability, which we call ¢i(si), on the space

S x I .) whose marginals are given by the qy - We now ha

m>1 52153
ve to show that the support of ¢i(si) is in S

0i

0i X Hj#isj' Let

‘%ﬁ' Skﬂ,j) be in the support of ¢, (s;) in Skj X Sk+1,j' We will

show that Spy = wkj(sk+1,j

., S )i i
ve (skj, kﬂ,]’ in the support of qk+1. Define Bkm to be the closed

). By the construction of @i(si), we ha-

ball of radius 1/m around s Analogously, let B be the clo-

kj* k+1,m

sed ball of radius 1/m around s As (s,., s .) is in the
kj k+1,

k+1,3" ]
support of Apyq’ this means that for every m>1 the joint probabili

ty of (skj' ﬁaqu)e By ¥ Bk+1,m is greater than zero. Thus, by

the definition of Q. ij(B ) N Bkm is nonempty for all m>1.

k+1,m
These sets are also compact (because ij is continuous) , so that
the intersection over all m is nonempty. But by the definition of
Bkm only one point could be in this infinite intersection: Skj'

) for

),

In the same manner the infinite intersection of ¥, . (B
kj ""k+1,m

all m>1 can consist only of ij(sk+1’j). Thus, skj = ij(sk+1,j

and the support of ¢i(si) is in the space S X I Therefore

0i ¥ Myz385-

the function ¢i can be viewed as ¢i : S, =+ A(SOi x I

i Sj). To

JAi
check that ¢i is a bijection between these two spaces, suppose we

are given a probability g on the space SOi X nj#isj' The point s;=

= (S1i' Spiv ...) € Si such that g = @i(si), can be obtained sim-
0i’ Soi * Myz3Sq15
--., for all k>1. The sequence (s1i, s

ply by taking marginals on S ceer Sﬂixﬁ

34153 ¢
5ir +--) thus obtained satis

fies the minimum consistency requirement, because the probability

g has its support on S X ijisj. Finally, we have to check that

0i

¢i is a homeomorphism. However, by 2.3 Si is compact and metric.
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Thus, by 2.1 so is A(SOi X Hj%isj)‘ Therefore it is enough to pro-

ve that either ¢i or [a’>1]_.I is continuous. The continuity of [ﬂ’i]-1

is easily checked, because it is composed of marginals, and these

are continuous (in the weak topologies, as we have in the spaces

here) .

Another way to view this result is by noting that any infini-
te stream of beliefs can be seen as a belief about the realisation
of agent i's uncertainty and the characteristics of the other a-
gents. One may interpret s; as the agent himself/herself: it is a
"psychology", or "type", of agent i. The S;'s are also know as
"psychology spaces", or as "type spaces".

-

3. FOUNDATIONS OF NON-COOPERATIVE SOLUTION CONCEPTS

We begin by repeating the example given in the introduction.
Imagine that you are going to play a given bimatrix game with two
alternative players. The payoffs of the game are in dollar terms,
The first player is an intelligent acquaintance of yours, whom you
know very well. The second player is a stranger. He comes from the
Himalayas, and the only relevant information you know about him is
that he was taught the meaning of a bimatrix game (the rules of
the game) and what a dollar can buy. For the sake of argument, let
us say that: (i) there is a unique pure strategy Nash equilibrium,
which gives you a thousand dollars; (ii) your security level is ni-
ne hundred dollars; and (iii) if the other player does not play
his/her part of the Nash equilibrium you lose at least a hundred
dollars. How should you play the same game against the two different
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opponents? It seems clear to me that everyone who is faced with
this situation is much more likely to follow the Nash strategy when

facing the acquaintance than when facing the stranger.

The fact that a well defined game may be played in different
ways by the same person indicates that in the specification of a
game some additional information about the background of the pla-
yers is essential for the solution of this game. Therefore, a solu
tion concept which depends only on the payoff matrix, as Nash equi
librium does, needs an interpretation. This points out the need for
foundational analysis of solution concepts. In this section we es-
tablish a general methodology for the analysis of solution con-
cepts. In particular, we point out which extra information the pla
yers need to play a game. In sections four and five we apply this
methodology.

A fairly widespread notion among theorists these days is the
lack of a mon-cooperative solution concept (not to speak of coopera
tive ones) which will satisfactorily describe the behaviour of
players in a game'. The main non-cooperative solution concept is
that of Nash equilibrium. The literature on non-cooperative solu-
tion concepts follows two distinct trends. One states that there
are too many Nash equilibria, and suggests alternative ways of re-
fining Nash's notion. Some of the most important refinements of
the Nash equilibrium concept are: subgame perfection, Selten (1965);
perfection, Selten (1975); properness, Myerson (1978); sequentiali
ty, Kreps and Wilson (1982); tracing procedure, Harsanyi (1975) and
Harsanyi and Selten (1980-84); persistent equilibrium, Kalai and
Samet (1982); strategic stability, Kohlberg and Mertens (1985); jus
tifiable beliefs, McLennan (1985); forward induction eguilibrium,
Cho (1985); perfect sequential equilibrium, Grossman and Perry
(1985). In the context of signalling games other refinements were
proposed: intuitive criterion, Kreps (1985); divinity, Banks and
Sobel (1985); neologism-proof, Farrell (1985). For a more complete

Binmore in two delightful recent papers, Binmore (1984, 1985) discusses is~
sues which are closely related to those dealt with here. See also Reny (1985)
and Basu (1985).
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account of the literature on refinements of Nash equilibrium, see
van Damme (1983). A discussion of the recent progress in the area
can be found in Kohlberg and Mertens (1985) and in Cho (71985).

The other trend followed by the literature is that of expan-
ding the concept of Nash equilibrium. The important contributions
in the area are: correlated equilibrium, Aumann (1974, 1985); refi
nements of correlated equilibrium, Myerson (1985); and rationalisa
ble strategic behaviour, Bernheim (1984) and Pearce (1984).

In view of the many existing suggestions, as the list above
exemplifies, which solution concept should be chosen to solve a
specific game? We will not answer this question directly. Alterna-
tively, we propose a methodology which enables us to analyse solu
tion concepts. Bernheim (1984) and Pearce (1984) show that common
knowledge of rationality is not enough to justify Nash behaviour.
They introduce a non-cooperative solution concept which is derived
from the hypothesis that Bayesian rationality is common knowledge.
They call their solution concept rationalisable strategic beha-
viour. The point I wish to emphasise is that Bernheim and Pearce
derive their solution concept for games from assumptions about the
behaviour of the players. One can generally approach the analysis
of solution concepts in the same manner. Which are the implicit

behavioural assumptions behind a given solution concept?

In order to answer this gquestion, let us be more precise. We
shall be concerned with the following complete information simulta
neous game:

3.1 Definition A game with n players, u, is a 2n-tuple

(A1 et An’ LT un), where:

(i) each Ai, the set of strategies or actions available to player

i, is a compact metric space;

(ii) let A = A1 X .. X An. Then u; ¢ A + R, is a function which

gives the payoff to player i, for each possible combination
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of strategies of all players. For each i, u, is assumed to be
continuous.

Let U mean the set of all n-tuples of payoff functions. By an
abuse of notation, we say u € U is a given game, where u represents
the n-tuple (u1, cees un).

3.2 Definition A solution concept (also called egquilibrium notion)

is a corresponderce I' : U + A.

A solution concept is a correspondence that assigns to each
game a set of prescribed action profiles. The interpretation given
to a solution of a game u, is that among the n-tuples of actionsin
T'(u), there is one which will be chosen when players play the game
u. Hence, we are allowing that different players playing the same
game could choose different n-tuples of actions, as long as these

n-tuples are in T (u).

From a Bayesian point of view, the decision of each player in
a game is determined by this player's beliefs about the actions of
other players. But, if, in their turn, other players' beliefs about
other players' actions affect their actions, then it must be that
the beliefs one player has about the beliefs of other players also.
affect the decision of this player in the game. If we carry this
argument further, we see that the action taken by a player is de-
termined by his infinite hierarchy of beliefs about actions of
other players, beliefs about beliefs about other players' actions,
and so on. The space of these infinite hierarchies of beliefs is
the appropriate space for the study of behavioural assumptions a-
bout the players. For every i, let A_;= A1 XeuoX Ai—1x Ai+1x..JcAﬁ
We follow the mathematical formalism of section 2. The set of sta-
tes of the world, as perceived by player i, is A_j. A first order
1i € A(A_i) = S;;- In general, the

m-th order belief of player i is a point Sni € A(A-iXHk#ism-T,k)

belief of player i is a point s

= Smi' As in section 2, we impose the minimum consistency require-

ment. Thus, by Theorem 2.4, the infinite hierarchy of beliefs s;

can be viewed as a joint belief about what other players play, and
which hierarchies of beliefs other players have. This is done
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through the homemorphisms Qi' As before, the infinite hierarchy of
beliefs Sy is interpreted as the "psychology" (or "type") of player
i. It embodies all relevant decision-theoretic variables which are
necessary for understanding how player will play the game u. The
space of these psychologies, Si, is the appropriate space for the
study of behavioural assumptions about player i.

We have to determine how each different psychology S will
play the game u. First we define a general Bayesian decision pro-
blem.

3.3 Definition A Bayesian decision problem for player i is given
by:

(1) Ti a compact metric probability space endowed with the Borel
o-algebra. It represents all the elements of uncertainty for
player i;

(ii) Ai a compact set of actions available to player i;
(iii) Ui : Ai xT; +~ R, his subjective utility function;
(iv) Qi € A(Ti), his subjective prior on Si‘

Given a decision problem, one can derive the structure above
from more basic facts as in Savage (1954): It is important to note
that Ui and Qi characterise player i.

Let Vi : Ai X A(Ti) + R be the expected subjective utility for
player i, when he takes an action a;., and has prior Qi: Vi(ai,Qi)=
= .fsi U; (aj, tj) dQ;(tj). To avoid unnecessary notation, we will

simply write V(aj, Q;) instead of V; (aj, Q;).
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3.4 Definition Player i is Bayesian rational when, faced with a

Bayesian decision problem, he ch»ooses an action &; € Aj such that
the expected subjective utility i1s maximised: V(éi,Qi) 2 V(ai, Qi),
va; € Aj.

To determine how a given psychology Sy plays the game u, we
have:

3.5 Definition Given a game u and psychology S;r we define

The Bayesian decision problem associated with u and s; as:

(i) Ti = A-i X S_i, where S_i = nkﬁisk;
(ii) Ai is the same as Ai for the game u;

(iii) Ui (ai, ti) = u; (ai, ProjA_i(ti)}i

(iv) Q; ¢ A(Ti) is given by ¢i(si).

The viewpoint of this approach to game theoretical situations

can be summarised by:

3.6 Axiom The decision problem player i faces in the game u when
its psychology is s;, is the same as the Bayesian decision problem
associated with u and s;. In other words: all that we need to know
about player i to determine her/his behaviour in the game II, is

given by the psychology s;.

Let us comment a little about the above. One sees that the
only relevant probability distribution for player i is the first
order belief s,. = marg, _[¢i(si)], since in the expected value func

-1

1i
tion V(ai,ti) only the the projection in the actions of the other
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players is considered relevant. This seems to tell us that the on-
ly important part of Sy is the first order belief. Ultimately that
is so. However, we cannot forget that higher order beliefs influen
ce the lower order beliefs. By an abuse in notation, one defines

V(ai, ¢i(si)) = V(ai,si).

Now we are ready to state our methodology. Let us consider a
given game u fixed. That is to say, we will concentrate on the cor
respondence ' restricted to a singleton {u} contained in U. We are
not interested in
berg and Mertens (1985). In the case of a fixed game u ¢ U, a solu
tion concept T' is simply a subset of A = A.x ... x An' Associated

1

with T, we want to find a subset B(l') contained in STX"'xsn’ a

subset of the set of psychologies of all players, such that:

(1) ¥(a;, ...,ay) €T, 3(51, ...r s;) € B(I') such that for eve-
ry i: a; is an action vJhich maximises the subjective utility
for player s (according to 3.5);

(ii) v(si, ...,sn) e B(Tl), 3(a1, ...,an) € ' such that for every
i: a; is an action which maximises the subjective utility for

player S5 (according to 3.5).

In words: the first statement says that any n-tuple of ac-—
tions in the solution set I' can be played by some psychology in
B(T'). Conversely, the second statement says that any psychology in
B(T) can play an action in T'. This means that for every solution
I' we associate a set of psychologies which corresponds to T. The
set B(I') can be interpreted as a set of behavioural assumptions
behind the solution concept I'. It is important to notice that the
set B(T) is not uniquely determined. Each different B(l') represents
a different set of behavioural assumptions under which the solu-
tion concept I' is justified. However, if B1(F) and Bz(r) both sa-
tisfy (i) and (ii), so does B1(F)\J Bz(F). Hence, there is a maxi-
mal set BM(T') satisfying (i) and (ii). This set is to be interpre-
ted as the set of all behavioural assumptions which justify the so
lution concept T.
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The ultimate aim of the methodology described here is to
obtain sets B(T') for every solution concept T. This would facilita
te the selection of the solution concept: one should see which be-
havioural assumptions apply to the economic situation being mo-
delled, and choose the solution concept accordingly. In the next

section we consider I' = Nash equilibrium.

4. NASH EQUILIBRIUM BEHAVIOUR

4.1 Coordination and Nash Behaviour

In this section we consider the foundations for Nash equili-
brium. We begin by exhibiting the result most theorists have in
mind when they try to justify the use of Nash's non-cooperative so-
lution concept. Then, using the framework of Section 3 one we will
describe the assumptions that underlie the Nash solution correspon

dence.

We will be dealing with two alternative manners of interpre-
ting the concept of Nash equilibrium. The first, the classical view,
is that the players should choose a Nash action. The second, a sub
jective interpretation, is that every player can be Bayesian ratio
nal and believe that everyone else follow their Nash actions. Some
Nash equilibria are such that the Nash actions are not unique best
responses against the beliefs that the other players follow their
Nash actions. Therefore, the subjective interpretation does not
imply the classical interpretation. This point is exepplified in
subsection 4.3. In subsections 4.1 and 4.2 we will focus on the
classical interpretation of Nash equilibrium. In subsections 4.3

and 4.4 we will focus on the subjective interpretation.

For simplicity, in this subsection we will look at a selection
(call it PN) from the Nash solution correspondence. This function
associates to every n-tuple of payoff functions a pure strategy
Nash equilibrium. Obviously for this purpose we are locking at
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games where pure strategy Nash equilibria exist. We call a function
with these properties a Nash theory.

The usual justification for the Nash equilibrium concept is
that no player has any incentive to deviate from the action pres-
cribed by the theory, if this player believes the other players
are going to fulfill their r8le. This is expressed in the classical
quote below, taken from Luce and Raiffa (1957, page 173):

"Nonetheless, we continue to have one very strong argument for
equilibrium points: if our non-cooperative theory is to lead to an
n-tuple of strategy choices, and if it is to have the property that
knowledge of the theory does not lead one to make a choice diffe-
rent from that dictated by the theory, then the strategies isola-
ted by the theory must be equilibrium poines".

As one can see, this justification is a simple restatement of
the definition of a Nash equilibrium. In this subsection we give
an alternative interpretation to Nash equilibrium points. The Nash
equilibria are the only n-tuples of actions which are consistent
with common knowledge of the actions taken, as well as of rationa-
lity. If one takes a theory to be single-valued, then the Nash e-
quilibria are the only n-tuples of actions which are consistent
with common knowledge of the theory and of rationality.

Fix a game u € U. The formalisation of the knowledge of a
theory by the players, is simply the fact that the actions this
theory predicts are the only actions which are considered possible
by the players. The notation is the same as in sections three and
four. In particular, if one wants to refer to "knowledge of a theo

ry T'", where T is contained in A = A.| X ... X An, we have:

4.1.1 Definition Given T contained in A, a theory, we say that

player i knows a theoxry T when s; € Tyy = {s; e 5 Projp ; T 2

supp margA_i[¢i(si)]]. In other words: player i knows a theory when
he thinks other players are going to fulfill their rdle in this

theory.
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4.1.2 Definition A theory I' is common knowledge in the eyes of
player i if:
s; € m31rmi, where: P1i is given above, and

vm>2: I . o= {siEFm_1'i|V k#i: s, € supp margsk[@i(si)]qsk € %mJ,k}'

The following theorem express this point in formal terms:

4.1.3 Theorem Assume that T = {(51, vy én)], that is to say, T
is a single-valued theory. Suppose there exists i € N such that ra
tionality and the theory ' are common knowlege in the eyes of player
i. Then T is a Nash theory (that is to say: (51,...,5n) is a Nash

equilibrium of the game). Moreover, any Nash theory, T is compa-

Nl
tible with common knowlege of the theory and common knowledge of

rationality.

Proof Since player i knows that player k is rational and player k
knows the theory, it follows that ak is a best response to é_w for
all kAi. To check that ai is a best response to 5—i' it is enough to
carry the same argument above one step further. Observe that it
was necessary to use only s; € K2ir‘r3i' The second part of the
theorem is immediate.

QERD

The result above gives one set of behavioural assumptions
which justifies the Nash equilibrium concept. This set of assump-
tions is the main thrust os Hash equilibrium. However, we feel
that the theorem above also shows the weakness of the concept.
In fact, the Nash equilibrium is played when the actions which are
going to be taken are common knowledge, before they have been ta-

ken. It shows the strong need for coordination in obtaining Nash
behaviour. This is the r8le played by several of the "stories" to
justify Nash equilibrium behaviour: they are mere coordination me-
chanisms. Famous examples of these stories are the "book of Nash"
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and the "gentlemen's club". The former is well known. The latteris
simply a revised version of the former: every player should belong
to the same gentlemen's club, where the club's statute tells them
how to behave in a game-~theoretic situation. As they are gentlemen
(and very possibly English), they all give their word of honour
they will follow this statute (Binmore (1984)}.

The main purpose of the rest of this section is to give alter
native sets of behavioural assumptions under which Nash equilibrium
behaviour is justified.

4.2 Common Knowledge that Players May Play Nash Equilibrium

If one restricts the <class of games to be considered,
the coordination mechanism required to achieve a Nash equili-
brium may be very reasonable. Bernheim (1984, section 5) and
Moulin (1984) give examples os classes of games for which the set
of rationalisable strategies and Nash equilibrium strategies coin-
cide. For these restricted classes of games, common knowledge of
rationality is enough to ensure that a Nash equilibrium is played.
An important game that belongs to this class is the Cournot duopo-
ly with linear demand and constant marginal costs. However, this
class of games is very restricted. If one considers the oligopoly
above with three firms, instead of two, the result is not true any
more: there is a continuum of rationalisable actions, while only

one Cournot-Nash equilibrium.

4.2.1 Example (Cournot oligopoly with linear demand and constant
marginal costs.) Let there be n identical firms, each of them with
maximum capacity 10. Suppose marginal costs are constant and equal
to 1. The market inverse demand function is given by P(Q) = max
{10-Q,0}. The firms play with quantities in the fashion of Cournot.
The strategy set of firm i is: Ai = [0, 10], with generic element
q;- The payoffs are given by the profit functions Hi(q1,...,qn) =
= P(qu).qi - 9q;- This game has a unique Cournot-Nash solutiorr all
firms produce the gquantity q; = 9/ (n+1) . When n=2 the only rationa
lisable action for a firm is the Cournot-Nash equilibrium qq = 3 =
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= 9/3 (see Bernheim (1984) and Moulin (1984)). For n=3 the set of
rationalisable actions for each “irm is the interval [0, 9/2} that
is to say, any guantity between zero and the monopoly level is ra-
tionalisable.

In this subsection we consider a weakening of the assumption
that a Nash theory is common knowlege. We will assume that it is
common knowledge that the players may play a Nash theory. At the
same time, we maintain the assumption of common knowledge of ratio
nality. Therefore, the class of games for which these two assump-
tions are a sufficient coordination mechanism to achieve Nash equi
librium, is potentially larger than the classes of games conside-
red by Bernheim and Moulin. We will show that this new class of ga

mes is indeed larger than theirs.

4.2.2 Definition Given ' contained in A = A.| X.ooX An, a theory,

we say that player i knows that other players may play the theory
I when: s; e TP, = {s; ¢ S; ProjA__il"ﬁsupp marg, . [d>i(si)];é¢ 1.

4.2.3 Definition (Knowledge and Common Knowledge that other pla-

yers may play a Nash theory). Given a game u and (51, ey én) a

Nash equilibrium (in pure strategies) of this game, we say that player i
37 (sy e85 la,
€ supp marg, i[éi(si)]}. In the same way we say that it is <Ommon

knows that other players may play it, if: s; €N

knowledge in the eyes of player i that the Nash theory (51,...,5n)
may be played by other players, if s; € M . N ., where:

Vmp2: N .= {s; € Nm_1,i|‘ik,4.i:sk £ supp margsk[¢i(si)]:> SR N

The next proposition shows that the class of games for which
the common knowledge of rationality and the common knowledge that
players may play the Nash equilibrium is a sufficient coordination
mechanism to attain Nash behaviour, is strictly larger than those
classes of games provided by Bernheim and Moulin. We do this by
showing that, in the Cournot oligopoly example seen above, when
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the number of firms is three, the common knowledge of rationality,
as well as the common knowledge of the fact that the players may
play their Cournot-Nash actions, yields the Cournot-Nash outcome.

4.2.4 Proposition Let the game be as in example 4.2.1, with n= 3.

Assume that rationality is common knowledge and that the possibili
ty of playing the Cournot equilibrium is also common knowledge
Then, the only possible action taken by a rational firm is the Cour
not-Nash equilibrium (which is q; = 9/4) .

Proof’ The requirement above is that sgoe (N KOV (O, N ) (%)
and that every player is rational (the sets Nmi are generated ac-
cording to definition 4.2.3, taking as (51, ...,én) the triple -
(9/4, 9/4, 9/4)). The first point to notice is that due to the
symmetry of the game, it is enough to concentrate the analysis in
one particular firm. We are going to show that the only action
which is compatible with rat.onal behaviour and condition (*) is
m>1(Kmir\Nm+1,i)' This allows us to
reinterpret the assumption of the theorem. For example, K1i @) NZi
means not only that player i thinks k is rational, but also that

9/4. Rearranging (*): s, €M

any action k takes may be rationalised by beliefs which contain the
Cournot actions of the other players in the support. One can easily
see that (*) is verifyied if and only if: (i) i thinks the others
may- play (9/4, 9/4); and (ii) all actions i thinks k may take have
to be rationalised by beliefs which contain the Cournot actions
in the support, and using the symmetry of the game, every actionin
this support has to be rationalised by beliefs which contain the
Cournot actions in the support, and so on. .Let us study what hap-
pens in each mental into action described above. Let q; be an ac-
tion which is a best response to a belief pu ¢ A([0,70]1x[0,70]). The
first thing to notice is that q; ¢ [9/2, 10]. In fact, suppose not.
One can check that the action 9/2 will give a higher payoff. Letus

go to the second round (notice: we still have not used the fact
that (9/4, 9/4) is in the support of u). Then [0,9/2)2 7D supp [ul,
from the analysis above. In this case the response function can

be computed and it is:
q; (1) = (1/2) . (9-E (Zy 4 qp)) .

2 . .
The symbol Kpj represents the set of psychologies of player 1, for whose ra-
tionality is known up to level m See Tan and Werlang (1984) for more details.
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Let inf sup
after the infinite recursion. By the above formula, for every g ¢
supp[ul: g<(1/2).(9-2q;,¢) (A), and q > (1/2) .(9—2qsup) (B). But

the beliefs which support g must contain (9/4, 9/4) in the support.

and g be the infimum and the supremum of the support

Thus inequality (A) must be strict if i nf 4 9/4, and inequality
(B) in case qsup # 9/4. suppose one of the strict inequalities abo
ve holds, let us say (A). One can take g to be qsup in (A) and q
to be 9inf in (B), since the support is a closed set. Hence:

qsup < 9/2 - A0t and dinf 2 9/2 - qsup' This is a contradiction.
Thus q, ¢ = qsup = 9/4, and the proposition follows.

QE D.

The result above does not generalise. For the case of four

firms we do not obtain the Cournot-Nash equilibrium as the only pos
sible outcome:

4.2.4 Example (Common knowledge of rationality and of the possibi
lity of a Nash theory being played is not enough to obtain Nash e-
quilibrium) . Consider the same game as above, with n=4. In this
case the Nash equilibrium is (9/5, 9/5, 9/5, 9/5). We show, for e-
xample, that 0 can be an outcome in this game. This follows from
the observations in the proof of the proposition above, plus the
fact that:

(i) 0 is the best response to a belief which assigns probability
18/23 to (10/3, 10/3, 10/3), and 5/23 to actions (9/5, 9/5,
9/5) ;

(ii) 10/3 is the best response against a belief which assigns pro-
bability 46/81 to (0, 0, 0) and 35/81 to (9/5, 9/5, 9/5).

From this example one sees the need to investigate further the
foundations of Nash behaviour: the mere common knowledge of the pos

sibility of a Nash theory being played does not iﬁply Nash behaviour,
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even in an example with a unique Nash equilibrium (with or without
mixtures) whose actions have the property of being unique best res
ponses given the actions of the others. The next subsection will
present another set of behavioural assumptions which will yield
Nash behaviour for any two-person game. The assumptions and the
main result are taken from Armbruster an B8ge (1979).

4.3 The Knowledge of the Other Players and Nash Equilibrium

In this subsection we will focus on an alternative justifica-
tion for the concept of Nash equilibrium. We use a subjective in-
terpretation of mixed strategy Nash equilibria.In this interpreta
tion the belief of every player about other players coincides with
the mixed strategy part of the other players in the Nash equili-
brium. It is important to note that this does not imply that the
players should play his/her part of the Nash equilibrium. The exam
ple below, due to Myerson, ilustrates the point. There are two
players, with action spaces given by A1 = {u, d} and A2 = {1, «r}.
The payoff functions are given by:

II

u (1, 1) (1, 1)

d (1, 1) (0, 0)

In this example the Nash equilibrium (u, 1)} could be the only pos-
sible belief in both players' minds. However, the two Bayesian ra-
tional players could actually play (d, r), which is not a Nash e-
quilibrium of this game. This problem arises because the Nash ac-
tions are not unique best responses. For this reason the subjective
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interpretation of Nash equilibrium is not as compelling as the clas
sical interpretation. Nevertheless, this subjective view sheds
light on some properties of Nash equilibria, as we can see in this
and the next subsections. To differentiate the subjective view
from the classical view, we will define the former as being a be-
lief that the Nash equilibrium is played.

4.3.1 Definition Let (u1, e ey un) be a mixed-strategy Nash equi-

librium for the game u, where u; € A(Ai). We say that then n-tuple
of psychologies (s1, ..., 5 ) believes the Nash eguilibrium (u1L

ced un) if for all i: margA_i[¢i(si)] = ﬂk#i“k =

= u1 e ... & u.

i-1 2] ui+ e ... @un.

1

The main result of this subsection is due to Armbruster ane
B8ge (1979). It says that for two players, if rationality is com-
mon knowledge, and if each player knows the other player, then
they play a mixed-strategy Nash equilibrium.

4.3.2 Definition Given an n-tuple (s1, e sn) of psychologies,

we say that player i knows the other players if:

sSupp marg {¢,{s.)] = {5 .}.
S_3 it -3
This definition simply says that player i thinks that the on-
ly possible (n-1)-tuple of psychologies of other players is the
actual one: S_y = (51, ceer Sy qr Siqr tees sn).

The following theorem is a characterisation of Nash equili-
bria in two-person games. The first part of the theorem below is
in Armbruster and Bdge (1979).

4.3.3 Theorem Let u be a two-person game. Suppose rationality is
common knowledge, and that player 1 knows player 2 and player 2
knows player 1. Then they believe a mixed-strategy Nash equili-

brium of the game u. Conversely, if (u1, uz) is a mixed —strategy
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Nash equilibrium of u, there are psychologies (s1, 52) such that
rationality is common knowledge, and each player knows each other,
with the property that (s1, sz) believes (u1, “2) in the sense of
definition 4.3.1.

Proof: Consider the pair b, = marg, [@2(32)1 and uy =nﬁr%ﬁ[¢1m1)h
=002 1 y

We know that ¥a, e supp uys 3y is a best response to u,, since pla
yer 2 thinks player 1 is rational, and margg [05(s,)] = {51}. Simi
1
larly, Vaz € supp Hor 25 is a best response to M- Thus (u1,u2) is
*

a mixed-strategy equilibrium of the game u. Conversely, suppose
(1149, w2) is a mixed-strategy Nash equilibrium of the game u. One
can construct the infinite hierarchies of beliefs (s1, 52) which
will believe (u1, Hp) by rationalising in each round every point
in the support of one of the mixed strategies by the mixed strate
gies of the opponent. These infinite hierarchies of beliefs will
obviously satisfy the requirements of the theorem.

Q ED
Unfortunately the result above is not true for games with
more than two players. Consider a situation with three players.

Each player has beliefs about the actions of the other players. Sup
pose these beliefs satisfy the following condition: for each player
i, the support of the beliefs about the actions of player (k#i) is
contained in the set of best responses of player k against player
k's beliefs about action of players who are not k. If there were
only two players, the condition above would imply that the two
players believed a mixed-strategy Nash equilibrium, according to
definition 4.3.1. With three players, the situation changes. It is
not necessarily true that these players have a common prior. Thus,
even when all three players know each other, it is possible that
they do not believe a Nash equilibrium: this is so because they
may hold priors about the actions of others which are not consis-
tent with a common prior. The next example will illustrate this

point in formal terms.
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4.3.4 Example (Common Knowledge of Rationality and Knowledge of
Each Other Does Not Imply Nash Beliefs in Three-person Games). The
re are three players. The pure strategy sets are: A; = {u, 4}, A,=
= {a, b} and Ay = {L, R}. The payoffs are given by the two matri-
ces below. The matrix on the left corresponds to player three play

ing L; the matrix on the right, R.

II II
a b a b
u (3,2,0) (2,4,2) u (4,-3,1) (0,-1,0)
I I
d (1,3,2) (3,2,~4) d (0,1,-3) (5,0,6)
III-L III-R

Define Wiy € A(Aj), for i#j, and i,3j = 1,2,3, by:

J
My = (1/2a, 1/2b), i3 = (1/2L, 1/2R);
Maq = (1/3u, 2/34), Moy = (1/3L, 2/3R);

= (2/3ur 1/3d)r IJ32 = (2/3ar 1/3b)~

Then, we have:

A1 = set of best responses to PP 2 Myg = Vgl
Az = set of best responses to u21 e u23 = Vai
A3 = set of best responses to M3, 2 M3q = V3.
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We now construct three infinite herarchies of beliefs (51, Sy 53)

ik for j, k#i,

with j#k. These hierarchies of beliefs will be such that rationa-

such that for every i: margijAk[¢i(si)] = uij Q u

lity is common knowledge and for all i:

supp margsixsk{¢i(si)] = {(sj, sk)} for j#k, and j, k#i (this means
that each player knows the other two players). The construction is
simultaneous. The first order beliefs, Sy9s Sqg¢ Sq3 are given by
Vs Vor Vg respectively. The higher order beliefs will be all
constructed in the same fashion as the second order beliefs. For
example,

S, € A(A,XA3xS, ;xS ) is given by: Sy =544 @ §{(s45r5¢3)}, where
§{.} is the probability measure which puts mass 1 on the set {.}.
The hierarchies of beliefs thus built are clearly consistent and
satisfy the properties required above. However,

Moy £ M3qr Hyp # H3gr M3 £ My3e Therefore the triple (s1, Sy s3)

does not believe a mixed-strategy Nash equilibrium.

This subsection presented a very intuitive set of behavioural
assumptions under which Nash equilibrium is played in a two-person
game. This same set of assumptions is not sufficient to generate
Nash belief in a three-person game (and, therefore, n-player, n>2).
The next subsection will provide sufficient conditions for Nash
equilibrium which are a generalisation of the conditions of Theorem
4.3.3 and of Theorem 4.1.3 for two-person games. Also, a set of
sufficient conditions for Nash behaviour is provided for n-person
strictly concave games which generalise Theorem 4.1.3 when applied
strictly concave games.

4.4 The Exchangeability Hypothesis and Nash Equilibrium

In this subsection we generalise Theorem 4.3.3 and Theorem

4.1.3 (in the case of two-person games or strictly concave games).
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There is an assumption about psychologies which is crucial for the

se generalisations. This is the -xchangeability hypothesis. For-
mally, we have:

4.4.1 Definition The Exchangeability Hypothesis. We say that the

exchangeability condition holds for player i if s; € Ejy =

= {si € S,

i | Vk#i: supp margAkak[¢i(si)] = Ckka for some Ck con-

tained in Ak’ and Dk in Sk}. We say it is common knowledge in the

eyes of agent i when s, ¢ [1m31Emi’ where:

vm>2: E . = {s; ¢ Bro1,i | wk#i: S) € supp margsk[¢i(%)] =
=s € Em—i,k}‘
In words: the exchangeability hypothesis means that if an

action by player k, is considered possible by player i, then

a, s
he also considers it gossible when player k is of any of the types
Sy he believes player k can be. This is certainly a very strong hy
pothesis, but it is weaker than requiring that the beliefsof player
i about actions of other players and types (or psychologies) of

other players be independently distributed.

The first result that we provide generalises Theorem 4.3.3
and Theorem 4.1.3 for the case of only two players. An additional
assumption about beliefs is needed. This assumption says that each
player considers it possible that the infinite hierarchy of be-
liefs of the other player is what it really is. That is to say,
the players are not totally wrong about each other:

4.4.2 Definition An n-tuple of players' psychologies (s1,...,sn)

is said to satisfy direct coasistency when for all i, it happens

that s_jesupp margs_i[¢i(si)].

With these two hypotheses we have, then:
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4.4.3 Theorem Let u be a two-person game. Suppose (51, 52) are
such that: (i) s; € K1ir‘E1i’ for i = 1,2; and (ii) (s1, 52) are
directly consistent. Then (51, sz) believes a Nash equilibrium Con
versely, any Nash equilibrium can be believed by psychologies which

obey (i) and (ii).

Proof Let a, € supp margA2[¢1(s1)]. By s, ¢ K11(\E11, a, is a
best response against any belief in supp margsz[¢1(s1)]. In parti-
cular, by direct consistency, a, is a best response to belief Sy-
So that a, is best response to margA2[®1(sj)]. In the same way, a,
€ supp margA1[®2(sz)] implies a, is a best response bonﬂrgAQNb(szn
Thus, (u1, ”2) given by (margA1[¢2(52)], margA2[¢1(s1)]) is a Nash
equilibrium. Hence, (51, 52) plays the mixed strategy Nash equili-
brium (u1, u2). The converse follows from the converse of Theorem

4.3.3.

QB D.

We can also generalise Theorem 4.1.3 when applied for strictly
concave games. This involves the exchangeability hypothesis, as
well as a plausible assumption: the assumption that each player
thinks that the other players may think that a Nash equilibrium is
being played.

4.4.4 Theorem Let s; € K1i(\ E,,- Suppose u is a game where
(a1, ey En) is a Nash equilibrium such that every action Ej is
the unique best response against a_. (in particular any strictly
concave game will do). Assume that s§ is an element of the set

{s; ¢ S |

Vk#i: there exists Sy € Ssupp margSk[mi(si)], such that
marg, k[¢k(sk)] = é{é—k}‘ Then, if player i is rational, he will

choose éi, the Nash action. Notice that uniqueness of Nash equili
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bria is not required. Conversely, any Nash equilibrium with the
properties above may be played by hierarchies of beliefs with the
properties above.

Proof Since there exists S) € supp margsk[¢i(si)], such that

marg, k[¢k(sk}] = 6{5—k]' and since ék is unique best response to

a_y s then supp margAk[¢i(Si)] = {ak} by K1i and Egg- But player i

is rational, and again, éi is unique best response to a i’ so that

player i chooses 51. The converse of the theorem is a direct conse

quence of the converse of Theorem 4.1.3.
Q.E.D.
It is interesting to notice that there are several instances
where Nash equilibria are believed (in the sense of definition
4.3.1) in which the exchangeability hypothesis is necessary. To
see that, suppose (s1, . sn) are psychologies of an n-person ga
me u. Assume that (u1, ey un) is a mixed-strategy Nash equili-
brium of the game u, and that (51, ey sn) believes (u1, ey un)
in the sense of definition 4.3.1, that is to say: for all i
margA-i[¢i(si)] = ék#i“k’ Two hypothesis will imply the necessity
of exchangeability. The first hypothesis assumes that every tk €

supp margSk[¢i(si)] is a such that t, thinks the Nash equilibrium

(H1, cee un) is believed. This hypothesis requires very little jus
tification: it is very unlike Nash equilibrium to suppose it is
being played without supposing other people think so also. To con
tradict it would be the same as saying that the players got to the
Nash point by mere coincidence, which sounds extremely odd. The
other assumption is less intuitive. It is a principle of a priori
ignorance. Given that a belief tk is considered possible by piayer

i, any ay which is a best response to t, must be considered possi-

ble of being played by tk’ in the eyes gf player i. Notice that
we do not require player i to consider all best responses equally
likely. We only need player i to consider that all acticns which
are best responses for tk are possible of being played by tk' We
conclude this section by stating the "necessity" of the exchangea-

bility hypothesis:
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4.4.5 Theorem Suppose (51, P sn) is such that they believe the
mixed-strategy Nash equilibrium (u1, ceer Hp)- Assume that the
players think that other players think this Nash equilibrium is be
lieved. Finally, suppose that the ignorance principle holds, that
is to say: Wi, Vk#i: t, € supp margsk[¢i(si)], and if a) is a best
response to margA_k[¢k(tk)] then (ak,tk) € SUPPBBr%%aGk(¢iSi)]-Them

Vi si € E1i‘

Proof Immediate.

5. CONCLUSION

The main point of this paper was to emphasise the fact that
the coordination required to play Nash equilibrium is very strong.
Not only Bayesian rationality has to be common knowledge, but also
the actions chosen by the players, before they are chosen. Hence,
one is led to two alternative ways of justifying Nash equilibria
as reasonable outcomes of games under consideration. It is the ca-
se that in some games the coordination required to achieve Nash
behaviours is very wild. Subsection 4.2 dealt with this case. The
second manner of justifying Nash behaviour is to try to find more
intuitive coordination mechanisms to achieve Nash behaviour. For a
two-person game we have a result by Armbruster and Btge (1979). If
rationality is common knowledge and each player knows the other
player, we obtain Nash behaviour. Thus, for two players, Nash equi
librium and rationalisability can be seen as epistemological po-
les: if the players know only that rationality is common knowledge,
they play a rationalisable action (see Bernheim (1984), Pearce
(1984), and Tan and Werlang (1984)). If, additionally, they know
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everything else about the other player, they play a Nash equili-

brium.

We showed that this does not hold for more than two players.

Finally, we provided a generalisation of this result.
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