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dx(t) = f(t, x(t))dt + igj(t,x(t))dw{

Jj=1

x € RY
’") m—dimensional Brownian Motion,
f:00,T] x RY — R?

g [0, T] x RY — R?
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semi-linear SDE

Jj=1
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By Ito formula to f, LOf, Lif:

X = n, X(th "Ho s,x(s))ds "+l/ 5, X W{
F(t,x(t) F(tn, x(tn)) + Ju( <>d+j§JLf (s))d
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By Ito formula to f, LOf, Lif:
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By Ito formula to f, LOf, Lif:

f(t,x = f(t,, x(t, "+1L°fsxs )ds "+1L/fsx dW{
(t,x(1)) (£, x(ta)) + / (s, x(s)) +121J ())
= Ftn x(tn)) + LOF (tn, x(tn)) / ds+2Lff tn x(tn)) / dwl + R
tn = tn

where

0, Of e
Jj=1

Ljf = _/f 8j»
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Then:

f(t,x(t)) = f(tax(ts))+ of +Jr f+ % i(l@gf) hex & (t—tn)
j=1

ot
(tn,x(tn))

m . .
+ E [Jf gj](tnvx(tn)) (W{ - Wi{") + Rl
j=1
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Then:

of 1 &
f(t.x(t)) = f(tn,x(tn)) + o +Jr f+ 2 Z(l®ng) fox &) (t—tn)
j=1
(tn,x(tn))
+ E [Jf gj](tnvx(tn)) (W{ B W{") + R
=1
Also m
x(£) = x(ta) + £ (ta, x(t0))(t = ta) + Y &j(ta, x(ta)) (Wl — Wh,) + Rs
j=1
thus,

Jr (x(t) = x(tn)) = Jr f(tn, x(tn))(t — tn) + i [Jr &1ty x(t)) (Wl —wl)+R,
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Then:

f(t,x(t)) = f(tn, x(tn)) + Jr (x(t) —x(tn)) + %i I % i(l@gj ) fix & (t—tn)

=t (tnx(tn))
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dx(t) = (Jf (x(t) — xn = %i (12g]) fu g

(t—ts) + f(t",x,,)) dt

(tn.xn)

m .
+ Z gi(t Xp)dw}
=
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dx(t) = (Jf (x(t) — xn = %i I®ng) ez & (t— t,,)+f(t",x,,)) dt
J=1 (tn.xn)
—+ y gj(t,x,,)dw{
j=1
= (A, (x(t) = xn) +bn(t — tn) + f(tn, xn)) dt + G(t, xn)dW,
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Let Z(t) = (x(t) — xn, t — tpn, F(tn, Xa), 1) T € R?¥+2 then

G(t, xn)
dZ(t) = M Z(t)dt + ( 0 ) dW,
0

Z(tn) = [01><d 0 f(t,,,Xn) l]T,

where
A, b, laxa  Ogx1
M = olxd 0 01><d 1
O0uxd  Ogx1 Ogxg Ogx1
olxd 0 01><d 0

H. de la Cruz (FGV-EMAp)

Sept/2015



Solution:
¢ G(t, xn)
Z(t) = eME=t) Z(¢,) + [M(E=9) 0 dW,
tn 0
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Solution:

¢ G(t, xn)
Z(t) = eME=t) Z(¢,) + [M(E=9) 0 dWs
tn 0

-Looking at the first component of Z(t), it follows that x(t), can be computed by

X(t) = Xp + {Idxd 0d><(d+2)] eM(tit” [odxd 0 f(tn,Xn) ”T

G(t, xn)
+ [Idxd 0,. d+2]fe t=s) 0 dws
0

t
= Xp+ {Idxd de(dﬂ)] eM(t—tn) [0gxq O F(tn xn) 1}T n feA"(t’s)G(t,Xn)dWs
th
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Solution:

¢ G(t, xn)
Z(t) = eME=t) Z(¢,) + [M(E=9) 0 dWs
tn 0

-Looking at the first component of Z(t), it follows that x(t), can be computed by

x(t) = xn + [Idxd 0dx<d+2)] M=) 04,4 0 F(tn, xn) 1]

G(t, xn)
+ ['dxd Oy (d+2 ] fe (t=) g dWs

t
=X, + [Idxd odx(m)] eME=t) [0, 4 0 F(tn, x0) 1] + [P G (2, x,)dWs
th

Thus, in particular

tht1
X(tn+1) = xn + [laxd 0d><(d+2)] M [0gxd O f(tn, xn) 1]T + f eA"(t"Jrrs)G(thn)dWs
tn
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Let

¢
[eAt=5)G (s, x,)dWs = ePrty(t)

tn

where

ot
7(t) = /t e’A"”g,-(u,x,,)dWL’,

™

Il
—

is the solution of the SDE

e Pitgi(t, x,)dw]

s

dy(t) =

i=1

7(ta) =0
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- We need to compute efrtniiy(t, 1)
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- We need to compute efrtniiy(t, 1)

- The application of the Ito formula to U(t,5) = p(t) = efntatig(t) yields

dp(t) = ) M=, (¢, x)dw (t)
i=1

p(tn) =0
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- We need to compute efrtniiy(t, 1)

- The application of the Ito formula to U(t,5) = p(t) = efntatig(t) yields

dp(t) = ) M=, (¢, x)dw (t)
i=1

p(tn) =0
- By the order-1.5 strong Taylor scheme we have the approximation

Anh \- i i, dgi(tn, xn) i i
p(tns1) = " Y ( gi(tn, xn)Aw) + (—Angi(tn, xn) Az} + T)(Awnh — Az))
i=1

. . . . . t s . 2 .
where Awj = w{  —w| =+Vhuj and Az}, = [["" [ dwl ds; = 3h3 (u] +
n n
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Xp+41 = Xxp+ [Idxd 0d><(d+2)] th [ded 0 f(tn,Xn) 1]T

i ; . dgi(ty, ; ;
+efh Y- (gf(tnvxn)AwA + (—Angi(tn, xa)AZ) + %)(Awgh - Az'n)) ,
i=1
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Implementation

The Padé algorithm with scaling-squaring strategy for computing e [Golub-Van Loan]:

@ Determine the minimum integer k such that H H < 5

@ Compute

© Compute Pq(57) = [Dq(5)] "Ng(5). (solving the system Dq(57)Pq(5z) = Ng(57))
@ Compute [P (%)]2 by squaring P (%) k times

H. de la Cruz (FGV-EMAp) Sept/2015 13 / 27



The Adapted Padé algorithm for computing exp(Mh)

C =Mh. Denote A = A,h and b = b,h, then

A b lyxa  Ogx1
<£>: 01 x4 0 014 1 i
2k Ouxd Ogxi  Ogxd Ogx1 | 2K
014 0 01xqg 0

and, for any j > 2

AN Al AT AT

(E)j: 01><d 0 01><d 0 (i)l
2k Ouxg Ogx1  Ogxg  Ogx1 2k ) -

(U] 0 014 0
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The Adapted Padé algorithm for computing exp(Mh)

I+ A (a1 +AS) (vl +AS)b (a1l +AS)  Sb

N (E) _ 01 x4 1 0154 ay
9%k 04xd 041 lgsd 041
01><d 0 01><d 1

and
I+A(—4x1I+AS> (—ml—i—AS)b (—oql—i—AS) Sb
Dq(%) = 0154 1 0144 —o
2 04xd 041 lyxd 041
01><d 0 01><d 1
where
S = (wal+asA+..+ag(A)T7?),
S = (wl-asA+..+(-1)7 2, (A)77?),

P\ 2g—j)!q!
and a; = ¢ (%k) » (g = (z(q)cij!(J;,qj)l)
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The Adapted Padé algorithm for computing exp(Mh)

Padé Approximation

Pq(2£k) has the form:

Ul u2 u3 U4

Oixd  Ouxi  loxa Odxi
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The Adapted Padé algorithm for computing exp(Mh)

Padé Approximation

Pq(2£k) has the form:

Ul

C 01><d
P‘7(2“) ~ | Ogxa
014

del

U4

del

and U1, U2, U3, U4 satisfy:

[14A (—aal+AS) | UL = 14+ A (a1 + AS)]

[1+A (—w11+AS) | U3 = (@11 + AS) — (—asl +AS)

[1+A (—as1+AS)| U4 = [s—20 (~asl +AS) — 8] b
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Squaring the scaled Padé Approx.

Once we have U1, U2, U3, U4, we can compute (Pq(?c,;))

ok 2k ) 2k—1 ] 2k_1 ) 2k_2 )
& [y Y (u1) | u2 Y (u1)|u3 Y (U1 | Ustay (T8 (m—1-1i)(U1) | u2
c =0 i=0 i=0 =0
(Pq(27)> | Oixd 1 014 2kay
Ogxd 04x1 laxd Ogx1
01xqg 0 01%qg 1
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Squaring the scaled Padé Approx.

ok
Once we have U1, U2, U3, U4, we can compute (Pq(?c,;))
ok 2k_1 . 2k_1 . 2k_1 2k _2 .
& [y Y (u1) | u2 Y (u1)|u3 Y (U1 | Ustay (T8 (m—1-1i)(U1) | u2
[¢ i=0 i= i=0 i=0
(Pq(27>> | Oixd 1 014 2kay
04d 041 lisd 0451
014 014 1
v
Thus,
R
Xn41 = Xnt [Idxd 0d><(d+2)} (Pq( ok )) [0a O f(tn,xa) 1]
Anh w i dgi(tn, § §
+ (Pq(%”) L < tn, xn)Awj + (—Ang; (tn, xn)Azj + wmwh - Az’,,))
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Squaring the scaled Padé Appro

ok

Once we have U1, U2, U3, U4, we can compute (Pq(?c,;))

ok 2k_1 ; ok—1 ; ok _1 ; 2k_2 ; ;
N (u1) L (') Y (u1)|us L (U Ut (L (m-1-) (U1)|u2
1=\ 1= 1= 1=\
(Pq(27>> | Oixa 1 014 2kay
Ogxd 04x1 laxd Ogx1
01xqg 0 01%qg 1
V.
Thus,
Mh 2
Xptl = Xnt ['dxd 0d><(d+2)} (Pq( o )) [0gsq 0 F(tn,xa) 1T

(Pq(A"h)> i( tn, Xn) AW}, + (— Ang,'(tn,Xn)Az,,+W)(Awﬁh—Azﬂ,))

= xp+Lf(tn, xn)+Q
m . . dgi(tn, . .
4R (a1t )0+ (o0 x0) 02 + 020Dy iz )
i=1

Sept/2015
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The Proposed Integrator

Xp+1 = Xn+Lf(tann)+Q
) : o dgi(tn, x : :
AR Y (it )]+ (~Aoi (502 + 020 (au — a)) )
i=1
where

2k—1 .
L = (Z (U1)’> U3,
i=0

2k—1 . 2k_2 .
Q = ( Eo (Ul)‘) U4 + a; ( ;0 (m—1—1) (U1)’> (U3)b

Sept/2015 18 / 27
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Convergence and Stability

H. de la Cruz (FGV-EMAp) Sept/2015 19 /27



Let
Xnt+1 = Xn + @(tn, xn; h) + &(tn, xn: h)

the order-y method, and
Xn+1 = Xn + @ (tn, Xni h) + &(tn, Xn; h)

a numerical implementation of x,, 1, where 177 and E denote numerical algorithms to compute ¢ and . And suppose that
E | ¢(tn,%n; h) — P(tn, Xn; h) ’Ft,, < Ky (1+ [%a]?)1/? kL
- ~ ~ 2 -
(E | |@(tn,%ni h) — @ (tn, %n: h)| ’]:tn Y2 < Ky (1+ |5 |?)1/2 plat1/2
A A = . < % 12y1/2 ppy
E | &(tn,Xni h) = &(tn, Xni h) [ Fr, || < Ka(1+[Xa|)*/ % A
= 2
(€ | [&(tn, %ns 1) = &(tn, i )| ’}‘t,, /2 < Ko(1+ [%n[2)1/2 hP2F1/2
for some positive numbers ko, pp > 1/2, ky > ko +1, py > po + 1, then

1
2

E | Ix(tn) = %n[? Fry :O(h’"i"{”YkavPZ})

Sept/2015

H. de la Cruz (FGV-EMAp)



Note that we have

o Mh 2

¢ (tn Xnih) = [Idxd 0d><(d+2)] (H(y)) [0g5q O F(tn xa) 1]T

E(toymih) = (Pg(Buhy zk)f (o0 )WL+ (— g (to, x0) Az} + FEE 0y 7 agiy
. Yni = a( Sk L gi(tn, xn)Aw}, n&i(tn, xn)Az) pr . ;
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Note that we have

o Mh 2

¢ (tn Xnih) = [Idxd 0d><(d+2)] (H(y)) [0g5q O F(tn xa) 1]T

E(toymih) = (Pg(Buhy zk)f (o0 )WL+ (— g (to, x0) Az} + FEE 0y 7 agiy
. Yni = a( Sk L gi(tn, xn)Aw}, n&i(tn, xn)Az) pr . ;

and by using that

_ k 1
X — (Pg(27%X))%"| < cq(k, X]) [X[PTIHT,

"2
where cq(k, |X|) = a2~ k(29)+3 o (1+€p,q) X 5nd 5 = 4(2‘7)(!‘(72”1)! ,€q = a(%)Zq—S
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Note that we have

k
L Mh )2
¢ (tn,Xn;h) = ['dxd 0d><(d+2)] (Pq(?)) [0gxa O (ta,xn) 1]7
3 Anh N2 : L dgitnm)
S(tn,Ynih) = (%(%k)) Y (g;(rn,Xn)AwA + (—Angi(tn, xn)Az)) + %)(Awgh—m;))
i=1
and by using that
_ k
X — (Pg(27X))2" | < cqk, [X]) X[PTIHE,
2
where cq(k, |X|) = a2~ k(29)+3 o (1+€p,q) X 5nd 5 = 4(2‘7)(!‘(72”1)! ,€q = a(%)Zq—S
The scheme _ ~
Xn+1 = Xn + @(tn, Xni h) + §(tn, Xn: h)
satisfies
1
2
Ll
E [ Ix(tn) = %al? | 7, — o(amin{z.9-1}
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Numerical Experiments

Two connected oscillators

dx; = xp

1
do = (51~ x2) —x1 +0.1x3)dt + 10 3x; dw?!
dx3 = x4

dxg = (5x4(1 — x3) — x3 +0.1x1 )dt + 10~ 3x3 dw?

(9,59, y9,¥9) = (1,1,0,0).
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phase space second V. der Pol oscillator

Click me!

H. de la Cruz (FGV-EMAp) Sept/2015 23 /27



Numerical Experiments

Stochastic Van der Pol equat.

dxt e xzdt,
2
dx? = E((l*(xl) >x2—x1)dt+z7th

E=10, [to, T]=[0,12], x(to) = (2,0).
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