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dx(t) = f (t, x(t))dt +
m

∑
j=1
gj (t, x(t))dw

j
t

x 2 Rd

wt = (w 1t , . . . ,wmt ) m�dimensional Brownian Motion,

f : [0,T ]�Rd �! Rd

gj : [0,T ]�Rd �! Rd
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semi-linear SDE

dx(t) = (Ax(t) + f (x(t))) dt +
m

∑
j=1
gj (x(t))dw

j
t
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biochemical reaction system, BIT, 10.1007/s10543-014-0485-1 (2014)

C. Shi, Y. Xiao, C. Zhang, The convergence and MS stability of Exponential Euler
method for semilinear SDEs, Abstract and Applied Analysis, 10.1155/2012/350407 (2012)
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By Ito formula to f , L0f , Lj f :

f (t , x (t)) = f (tn , x (tn)) +

tn+1Z
tn

L0f (s , x (s))ds +
m

∑
j=1

tn+1Z
tn

Lj f (s , x (s))dw jt

= f (tn , x (tn)) + L0f (tn , x (tn))

tn+1Z
tn

ds +
m

∑
j=1
Lj f (tn , x (tn))

tn+1Z
tn

dw jt + R

where

L0f =
∂f
∂t
+ Jf f +

1
2

m

∑
j=1
(I
g |j ) fxx gj

Lj f = Jf gj ,
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Then:

f (t , x (t)) = f (tn , x (tn)) +

"
∂f
∂t
+ Jf f +

1
2

m

∑
j=1
(I
g |j ) fxx gj

#
(tn ,x (tn ))

(t � tn)

+
m

∑
j=1
[Jf gj ](tn ,x (tn )) (w

j
t � w jtn ) + R1

Also

x (t) = x (tn) + f (tn , x (tn))(t � tn) +
m

∑
j=1
gj (tn , x (tn))(w

j
t � w jtn ) + R2

thus,

Jf (x (t)� x (tn)) = Jf f (tn , x (tn))(t � tn) +
m

∑
j=1
[Jf gj ](tn ,x (tn )) (w

j
t � w jtn ) + R̄2
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Then:

f (t , x (t)) � f (tn , x (tn)) + Jf (x (t)� x (tn)) +
"

∂f
∂t
+
1
2

m

∑
j=1
(I
g |j ) fxx gj

#
(tn ,x (tn ))

(t � tn)

H. de la Cruz (FGV-EMAp) Sept/2015 6 / 27



dx (t) =

0@Jf (x (t)� xn) +
"

∂f
∂t
+
1
2

m

∑
j=1
(I
g |j ) fxx gj

#
(tn ,xn )

(t � tn) + f (tn , xn)

1A dt
+

m

∑
j=1
gj (t , xn)dw

j
t

= (An (x (t)� xn) + bn(t � tn) + f (tn , xn)) dt + G (t , xn)dWt
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Let Z(t) = (x (t)� xn , t � tn , f (tn , xn), 1)> 2 R2d+2 then

dZ(t) =M Z(t)dt +

0@G (t , xn)0
0

1A dWt

Z(tn) = [01�d 0 f (tn , xn) 1]>,

where

M =

0BB@
An bn Id�d 0d�1
01�d 0 01�d 1
0d�d 0d�1 0d�d 0d�1
01�d 0 01�d 0

1CCA .
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Solution:

Z(t) = eM(t�tn ) Z(tn) +
tR
tn
eM(t�s)

0@G (t , xn)0
0

1A dWs

-Looking at the �rst component of Z(t), it follows that x (t), can be computed by

x (t) = xn +
h
Id�d 0d�(d+2)

i
eM(t�tn ) [0d�d 0 f (tn , xn) 1]

>

+
h
Id�d 0d�(d+2)

i tR
tn
eM(t�s)

0@G (t , xn)0
0

1A dWs

= xn +
h
Id�d 0d�(d+2)

i
eM(t�tn ) [0d�d 0 f (tn , xn) 1]

> +
tR
tn
eAn (t�s)G (t , xn)dWs

Thus, in particular

x (tn+1) = xn +
h
Id�d 0d�(d+2)

i
eMh [0d�d 0 f (tn , xn) 1]

> +
tn+1R
tn
eAn (tn+1�s)G (t , xn)dWs
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Let

tR
tn
eAn (t�s)G (s , xn)dWs = eAn tη(t)

where

η(t) =
m

∑
i=1

Z t

tn
e�Anugi (u, xn)dw

i
u

is the solution of the SDE

dη(t) =
m

∑
i=1
e�An tgi (t , xn)dw

i
t

η(tn) = 0
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- We need to compute eAn tn+1η(tn+1)

- The application of the Ito formula to U(t , η) = ρ(t) = eAn tn+1η(t) yields

dρ(t) =
m

∑
i=1
eAn (tn+1�t)gi (t , xn)dw

i (t)

ρ(tn) = 0

- By the order-1.5 strong Taylor scheme we have the approximation

ρ(tn+1) = eAnh
m

∑
i=1

�
gi (tn , xn)∆w in + (�Angi (tn , xn)∆z in +

dgi (tn , xn)
dt

)(∆w inh � ∆zin)
�

where ∆w in = w itn+1 � w
i
tn =

p
hu i1 and ∆z in =

R tn+1
tn

R s2
tn
dw is1ds2 =

1
2 h

2
3 (u i1 +

1p
3
u i2)
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xn+1 = xn +
h
Id�d 0d�(d+2)

i
eMh [0d�d 0 f (tn , xn) 1]

>

+eAnh
m

∑
i=1

�
gi (tn , xn)∆w in + (�Angi (tn , xn)∆z in +

dgi (tn , xn)
dt

)(∆w inh � ∆zin)
�
,
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Implementation

The Padé algorithm with scaling-squaring strategy for computing eC [Golub-Van Loan]:

1 Determine the minimum integer k such that



 C2k 


 < 1

2

2 Compute

Nq (
C
2k
) =

q

∑
j=0

(2q � j)!q !
(2q)!j !(q � j)!C

j

Dq (
C
2k
) =

q

∑
j=0

(2q � j)!q !
(2q)!j !(q � j)! (�C)

j .

3 Compute Pq ( C2k ) = [Dq (
C
2k
)]�1Nq ( C2k ), (solving the system Dq ( C2k )Pq (

C
2k
) = Nq ( C2k ))

4 Compute [Pq ( C2k )]
2k by squaring Pq ( C2k ) k times
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The Adapted Padé algorithm for computing exp(Mh)

C =Mh. Denote A = Anh and b = bnh, then

�
C
2k

�
=

0BB@
A b Id�d 0d�1
01�d 0 01�d 1
0d�d 0d�1 0d�d 0d�1
01�d 0 01�d 0

1CCA h
2k

and, for any j � 2

�
C
2k

�j
=

0BB@
Aj Aj�1b Aj�1 Aj�2b
01�d 0 01�d 0
0d�d 0d�1 0d�d 0d�1
01�d 0 01�d 0

1CCA� h
2k

�j
.
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The Adapted Padé algorithm for computing exp(Mh)

Nq (
C
2k
) =

0BB@
I+A (α1I+AS) (α1I+AS) b (α1I+AS) Sb

01�d 1 01�d α1
0d�d 0d�1 Id�d 0d�1
01�d 0 01�d 1

1CCA ,

and

Dq (
C
2k
) =

0BBB@
I+A

�
�α1I+AŜ

� �
�α1I+AŜ

�
b

�
�α1I+AŜ

�
Ŝb

01�d 1 01�d �α1
0d�d 0d�1 Id�d 0d�1
01�d 0 01�d 1

1CCCA ,

where

S =
�
α2I+ α3A+ ...+ αq (A) q�2

�
,

Ŝ =
�
α2I� α3A+ ...+ (�1)q�2αq (A) q�2

�
,

and αj = cj
�
h̄
2k

�j
, (cj =

(2q�j)!q !
(2q)!j !(q�j)! )
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The Adapted Padé algorithm for computing exp(Mh)

Padé Approximation

Dq (
C
2k
)Pq (

C
2k
) = Nq (

C
2k
)

Pq ( C2k ) has the form:

Pq (
C
2k
) =

0BB@
U1 U2 U3 U4
01�d 1 01�d α1
0d�d 0d�1 Id�d 0d�1
01�d 0 01�d 1

1CCA

and U1, U2, U3, U4 satisfy:

h
I+A

�
�α1I+AŜ

�i
U1 = [I+A (α1I+AS)]h

I+A
�
�α1I+AŜ

�i
U3 = (α1I+AS)�

�
�α1I+AŜ

�
h
I+A

�
�α1I+AŜ

�i
U4 =

h
S�2α1

�
�α1I+AŜ

�
� Ŝ

i
b

U2 = (U3)b
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Squaring the scaled Padé Approx.

Once we have U1, U2, U3, U4, we can compute
�
Pq ( C2k

)
�2k

:

�
Pq (

C
2k
)

�2k
=

0BBBBB@
(U1)2

k
 
2k�1

∑
i=0

(U1)i
!
U2

 
2k�1

∑
i=0

(U1)i
!
U3

 
2k�1

∑
i=0

(U1)i
!
U4+ α1

 
2k�2

∑
i=0

(m � 1� i ) (U1)i
!
U2

01�d 1 01�d 2k α1
0d�d 0d�1 Id�d 0d�1
01�d 0 01�d 1

1CCCCCA .

Thus,

xn+1 = xn +
h
Id�d 0d�(d+2)

i �
Pq (

Mh
2k
)

�2k
[0d�d 0 f (tn , xn ) 1]

>

+

�
Pq (

Anh
2k

)

�2k m

∑
i=1

�
gi (tn , xn )∆w

i
n + (�Angi (tn , xn )∆z in +

dgi (tn , xn )
dt

)(∆w inh � ∆zin )
�

= xn+Lf (tn , xn )+Q

+R
m

∑
i=1

�
gi (tn , xn )∆w

i
n + (�Angi (tn , xn )∆z in +

dgi (tn , xn )
dt

)(∆w inh � ∆zin )
�
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�
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�
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The Proposed Integrator

xn+1 = xn+Lf (tn , xn)+Q

+R
m

∑
i=1

�
gi (tn , xn)∆w in + (�Angi (tn , xn)∆z in +

dgi (tn , xn)
dt

)(∆w inh � ∆zin)
�

where

L =

 
2k�1

∑
i=0

(U1)i
!
U3,

Q =

 
2k�1

∑
i=0

(U1)i
!
U4+ α1

 
2k�2

∑
i=0

(m � 1� i ) (U1)i
!
(U3) b

R = (U1)2
k
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Convergence and Stability
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Let
xn+1 = xn +φ(tn , xn ; h) + ξ(tn , xn ; h)

the order-γ method, and exn+1 = exn + eφ(tn , exn ; h) + eξ(tn , exn ; h)
a numerical implementation of xn+1 , where eφ and eξ denote numerical algorithms to compute φ and ξ. And suppose that

�������E
0B@φ(tn , exn ; h)� eφ(tn , exn ; h)jFtn

1CA
������� � K1 (1+ jexn j2 )1/2 hk1

(E

0B@��φ(tn , exn ; h)� eφ(tn , exn ; h)��2 jFtn
1CA)1/2 � K1 (1+ jexn j2 )1/2 hk2+1/2

�������E
0B@ξ(tn , exn ; h)� eξ(tn , exn ; h)jFtn

1CA
������� � K2 (1+ jexn j2 )1/2 hp1

(E

0B@���ξ(tn , exn ; h)� eξ(tn , exn ; h)���2 jFtn
1CA)1/2 � K2 (1+ jexn j2 )1/2 hp2+1/2

for some positive numbers k2 , p2 � 1/2, k1 � k2 + 1, p1 � p2 + 1, then

0B@E
0B@jx (tn )� exn j2 jFt0

1CA
1CA
1
2

= O (hminfγ,k2 ,p2g)
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Note that we have

eφ (tn , exn ; h) =
h
Id�d 0d�(d+2)

i �
Pq (

Mh
2k
)

�2k
[0d�d 0 f (tn , xn ) 1]

>

eξ (tn ,eyn ; h) =

�
Pq (

Anh
2k

)

�2k m

∑
i=1

�
gi (tn , xn )∆w

i
n + (�Angi (tn , xn )∆z in +

dgi (tn , xn )
dt

)(∆w inh � ∆zin )
�

and by using that ����eX � (Pq (2�kX))2k ���� � cq (k , jXj) jXjp+q+1 ,
where cq (k , jXj) = α2�k (2q)+3e (1+εp,q )jXj and α =

(q !)2

(2q)!(2q+1)! , εq = α( 12 )
2q�3

The scheme exn+1 = exn + eφ(tn , exn ; h) + eξ(tn , exn ; h)
satis�es 0B@E

0B@jx (tn )� exn j2 jFt0
1CA
1CA
1
2

= O (hminf
1
2 ,q�1g)
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Numerical Experiments

Example
Two connected oscillators

dx1 = x2

dx2 = (
1
2
x2 (1� x21 )� x1 + 0.1x3 )dt + 10�3x1dw 1

dx3 = x4

dx4 = (5x4 (1� x23 )� x3 + 0.1x1 )dt + 10�3x3dw 2

(x01 , x
0
2 , y

0
1 , y

0
2 ) = (1, 1, 0, 0).
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phase space second V. der Pol oscillator

Click me!
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Numerical Experiments

Example
Stochastic Van der Pol equat.

dx1 = x2dt ,

dx2 = E
��

1�
�
x1
�2�

x2 � x1
�
dt + σdWt

E = 10, [t0 ,T ] = [0, 12], x (t0 ) = (2, 0).
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