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Abstract

We show that for a large class of competitive nonlinear pricing games with
adverse selection, the property of better-reply security is naturally satisfied -
thus, resolving via a result due to Reny (1999) the issue of existence of Nash
equilibrium for a large class of competitive nonlinear pricing games.

1 Introduction

In his paper on the existence of Nash equilibria in discontinuous games, Reny (1999)
introduced the notion of better-reply security, and showed that any game with com-
pact, convex strategy spaces and payoffs at least quasiconcave in each player’s strate-
gies possess Nash equilibria if in addition, the game is better-reply secure. A game
is said to be better-reply secure if for every nonequilibrium strategy, z*, and every
payoff vector limit u*, generated by strategies approaching x* some player has a strat-
egy yielding a payoff strictly above ;] even if other players deviate slightly from z*.
The main contribution of this paper is to show that for a large class of competitive
nonlinear pricing games with adverse selection, the property of better-reply security
is naturally satisfied - thus, resolving the issue of existence of Nash equilibrium for a
large class of competitive nonlinear pricing games.

The question of existence of Nash equilibria for competitive nonlinear pricing
games with adverse selection is particularly difficult for two reasons: (1) the com-
plicated nature of each firm’s strategy space, and (2) payoff discontinuities. In a
nonlinear pricing game, each firm’s strategy has two components: a product line
and a pricing function (i.e., a mapping from the product line into prices). Thus,
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each firm’s strategy space consists of a set of product line-pricing function pairs. In
addition, the presence of adverse selection requires that each product line-pricing
function pair be incentive compatible. Our approach to the Nash equilibrium exis-
tence question consists of three steps: First, we construct the product-price catalog
game strategically equivalent to the nonlinear pricing game. Second, we prove exis-
tence of a Nash equilibrium for the mixed extension of the catalog game via Reny’s
(1999) result by showing that the catalog game is better-reply secure. Third, invok-
ing the competitive taxation principle (Page (1999) and Page and Monteiro (2003))
which establishes the equivalence of catalog games and nonlinear pricing games, we
deduce existence of Nash equilibrium for the mixed extension of the nonlinear pricing
game from existence of Nash equilibrium in the mixed catalog game.

By considering the catalog game rather than the nonlinear pricing game we are
able to avoid many of the strategy space complications which arise in nonlinear
pricing games and to rid the analysis of incentive compatibility constraints altogether.
Moreover, by moving to catalog games we are able to show that a large class of
nonlinear pricing games possess the property of better-reply security. This fact, in
turn, allows us to apply Reny’s result to deduce the existence of a Nash equilibrium -
and thus to get around the problems caused by discontinuities. In the catalog game,
rather than each firm offering the agent an incentive compatible product line-pricing
function pair, each firm simply offers the agent a catalog of product-price pairs and
delegates choice from the catalog to the agent. By the competitive taxation principle,
this move from product line-pricing function pairs to catalogs involves no loss of
generality.

We shall proceed as follows: In Section 2, we define the primitives of the compet-
itive nonlinear pricing model we shall consider, define the notion of a catalog, and
specify the agent’s contracting problem under delegated competitive contracting via
catalogs. Also, in Section 2 we deduce the agent’s best response mapping and specify
each firm’s expected profit function. In Section 3, we specify the catalog game and its
mixed extension and we define the notions of Nash equilibrium for catalog games and
mixed catalog games. Also, in Section 3, we state our main result on the existence
of Nash equilibrium for the mixed catalog game. Also, in Section 3, we demonstrate
the existence of Nash equilibrium for any mixed catalog game corresponding to our
primitives by showing that all such games are better-reply secure.

2 The Catalog Model

2.1 Primitives
2.1.1 Agent Types and Sales Contracts
We shall assume that
(A-1) the set of agent types is given by a probability space, (T, B(T), i), where T

is a Borel space, B(T) is the Borel o -field in 7', and p is a probability measure
defined on B(T).



Recall that a Borel space is a Borel subset of a complete separable metric space.
Under (A-1), multidimensional type descriptions are allowed.
Suppose now that there are m firms indexed by i and j ( =1,2,...,m ) and let
X be a subset of RL representing the set of products firms can offer the agent and
let D be a subset of the real numbers R representing the prices firms might charge.
Now let
K:=XxD.

Elements of K, denoted by (z,p), can be viewed as describing the relevant charac-
teristics of the sales contracts offered by firms. For example, given sales contract
(z,p) € K, the vector x = (x1,...,21) € X describes the product characteristics
such as quantity, quality, and location, while p € D gives the price. For each firm ¢

=1,2,...,m, let K; be a subset of K containing all the sales contracts that firm ¢
can offer to the agent. The set Kj;, then, is the i*" firm’s feasible set of products and
prices.

We shall assume that,

(A-2) (i) X is closed and bounded and contains the zero vector, (ii) D is closed and
bounded and contains zero, and (iii) for each firm i =1,2,...,m, the feasible
set of contracts K is a closed subset of K containing (0, 0).

In order to take into account the possibility that the agent may wish to abstain
from contracting altogether, we include in our list of feasible contract sets the set Ky
given by

Ko :={(0,0)} . (1)

Letting I = {0,1,2,...,m}, define the set
K:={(i,z,p) € [ x X x D : (z,p) € K;}. (2)

A firm-contract pair (i,z,p) € K indicates that the agent has chosen sales contract
(z,p) € K; from firm ¢, while (i,z,p) = (0,0,0) € K indicates that the agent has
chosen to abstain from contracting altogether. Note that the set K is a closed subset
of the compact set I x X x D. ! Thus, K is a compact set.

2.1.2 The Agent’s Utility Function

We shall assume that
(A-3) the agent’s utility function v(¢,-,-,-) : K — R is given by

'U(t,’i,ﬂ?,p) :U(t,Z,LI?) - D (3)
'"Equip I with the discrete metric dr(-,-) given by

1 i
di(i, 7)) = { 0 otherwise.



where, (i) for each t € T, u(t,-,-) is continuous in (i,z) and for each (i,z) €
I x X, u(-i,2) is B(T)-measurable, (i) u(t,7,0) < u(¢,0,0) for all ¢t € T
and ¢ = 1,2,...,m, and (iii) for each ¢ € [ the family of functions U; :=
{u(t,i,-) : t € T} is equicontinuous (i.e., for any ¢ > 0 there is a 6 > 0 such
that if |2/ — x| < 6 then |u(t,4,2") — u(t,i,2')| < e for all t € T').

Note that we allow the agent’s utility to depend not only on the sales contract
(z,p) but also on brand name i (i.e., the name of the firm with which the agent
contracts). However, by (A-3)(ii) if the agent is to derive any utility from a firm’s
brand name beyond the reservation level, v(t,0,0,0), then the agent must enter into
a contract with the firm. Allowing utility to depend on brand names does not rule
out the possibility that some (or all) types of the agent are completely indifferent to
brand names. Also, note that assumption (A-3)(iii), equicontinuity, will be satisfied
automatically if the set of agent types T is compact and for each i € I, u(-,1,-) is con-
tinuous on 7' x X. Finally, note that given the way we have set up the agent’s choice
set, K, and the agent’s utility function, we are assuming that the agent contracts
with one and only one firm.

2.1.3 The Firm’s Profit Function
We shall assume that
(A-4) the jth firm’s profit function, 7;(-,-,-) : K — R is given by
m;(i, 2, p) == (p — ¢j(x)) L; (i), (4)

4 1ifi = j,
I;(i) = { J

0 otherwise,

where

and where the cost function ¢;(-) : X — Ry is nonnegative and lower semicon-
tinuous.

Under (A-4) the j®* firm’s profit function 7;(-,-,-) : K — R is upper semicon-
tinuous on the compact set I x X x D. Note that each firm’s profit function does
not depend directly on the agent’s type. Also note that if the agent chooses not to
contract with firm 7, then firm j’s profit is zero.

2.2 Catalog Games
2.2.1 Catalogs

For each firm ¢ = 1,2,...,m, let C; be a nonempty, closed subset of K;. We can
think of the subset C; as representing a catalog of contracts that the i*" firm might
offer to the agent. For i = 0,1,2,...,m, let P¢(kK;) denote the collection of all
possible catalogs, that is, the collection of all nonempty, closed subsets of K;.> Since

*Note that since Ko = {(0,0)}, Py(Ko) consists of a one nonempty, closed subset, namely the set

{(0,0)}.



K; C X x D is a compact subset of RY x R, the collection of catalogs, Py(K;),
equipped with the Hausdorff metric A is automatically compact (see Aliprantis and
Border (1999) for the definition of the Hausdorff metric and a discussion).

If firms compete via catalogs, then their strategy choices can be summarized via
a catalog profile,

(01,...,Cm). (5)

Here, the i*" component of the m-tuple (C1, ..., C,,) is the catalog offered by the "
firm to the agent. Let
P = Pf(Kl) X oo X Pf(Km)

denote the space of all catalog profiles. If P is equipped with the metric hp given by
he ((C1,...,Cn), (C1,...,Cy)) = max{h(C;,C}) : i =1,2,...,m}, (6)
then the space of catalog profiles (P, hp) is a compact metric space.

2.2.2 The Agent’s Catalog Choice Problem

Given catalog profile,

(C1y...,Cn),s

the agent’s choice set is given by

[(Cy,...,Cn) ={(,z,p) e K: (z,p) € C;}, (7)
and the agent’s choice problem is given by

max {v(t,i,x,p) : (i,z,p) € T(C1,...,Cn)}. (8)

Recall that Ko := {(0,0)}. Thus, Pr(Ko) = {(0,0)} and the agent can choose
to abstain from contracting altogether by choosing from Cy = {(0,0)} - and thus,
participation is endogenously determined.

Under assumptions (A-1)-(A-3), for each ¢ the agent’s choice problem has a solu-
tion. Let

v (t,Ch,...,Ch) :=max {v(t,i,z,p) : (i,2,p) € T(C1,...,Cn)} 9)
and
O(t,Cy,...,Cp) :={(i,z,p) € T(C1,...,Cp) : v(t,i,x,p) = v*(¢,C1,...,Cn)}.
The set-valued mapping
(C1,...,Cn) = ®(t,Cy,...,Cp)
is a type t agent’s best response mapping. For each catalog profile

(Cl,...,Cm)GPf(Kl)X"'XPf(Km),



®(t,C1,...,Cp) is a nonempty closed subset of K.

The following Proposition summarizes the continuity and measurability properties
of the mappings, I' and @, and the optimal utility function, v*.

Proposition (Continuity and measurability properties): Suppose assumptions (A-1)-
(A-8) hold. Then the following statements are true. (a) The choice correspondence
L(-, ..., ) is hp-continuous on the space of catalog profiles P (i.e., is continuous
with respect to the metric hp, (b) The function v*(-,-,...,-) is hp-continuous on
P for each t € T, and is B(T')-measurable on T for each (C1,...,Cy) € P. (c)
For each t € T, ®(t,-,...,) is hp -upper semicontinuous on P and ®(-,-,... ) is
B(T) x B(P) -measurable on T x P.3

The proof of the Proposition above follows from Propositions 4.1 and 4.2 in Page
(1992). It is easy to show that if X and D are finite, then for each t € T', ®(¢,-,...,")
is hp-continuous on P.

2.2.3 Catalogs and Nonlinear Pricing Schedules

If we model firms as competing via nonlinear pricing schedules, then their strategy
choices are given by a profile of nonlinear pricing schedules,

((Xlapl('))v"'a(Xmapm(')))a (11)

where Xj is the 4t firm’s product line and p;(-) is the 4t firm’s pricing function
(i.e., a mapping from the product line into prices). A close relationship exists be-
tween catalogs and nonlinear pricing schedules and this relationship is summarized
in the competitive taxation principle (Page (1999) and Page and Monteiro (2003)
stated below. We begin with a definition of implementable nonlinear pricing sched-
ules, followed by a discussion of the agent’s choice problem under nonlinear pricing
schedules..

Definition (Implementable Nonlinear Pricing Schedules)
An implementable nonlinear pricing schedule is a pair, (X;,p;(-)), where X; is a
nonempty, closed subset of X representing the j** firm’s product line, and pj(-) is
a real-valued, lower semicontinuous function, defined on X; taking
values in the set of prices D such that
graph{p;(-)} :={(z,p) € X x D : p=p;(x)} C Kj.
3Here B(P) denotes the Borel o-field in the compact metric space (P, hp). Moreover,

B(P) = B(P;(K1)) x -+ x B(Py(Km)),

where B(Py(Kj)) denotes the Borel o-field in the compact metric space (Ps(Kj), h) (see Aliprantis
and Border (1999) Theorem 4.43, p. 146).




Agent Choice Under Nonlinear Pricing Schedules In order to take into ac-
count the possibility that the agent may wish to abstain from contracting altogether,
we include in our list of schedules the schedule,

(Xo,p0(+))
where (12)
Xo := {0} and po(0) := 0.

Given m + 1-tuple of nonlinear pricing schedules,

((X0,20(-)), (X1,21()); -+ 5 (Xim, P (1))

the agent’s choice set is given by
A(Xo,Xl,...,Xm) = {(’L,ﬂ?) EIXX:J?GXZ‘}, (13)

where I = {0,1,2,...,m}.* Given choice (i,z) € A(Xo, X1,..., Xm), a type t agent’s
utility is given by
’U(t, iv z, pz(x)) = u(tv iv LI?) - pl(x)

The Competitive Taxation Principle For the convenience of the reader, we
restate below the competitive taxation principle from Page and Monteiro (2003). This
principle makes clear the close relationship between catalogs and nonlinear pricing
schedules. We begin by recalling the notion of a direct mechanism. Within the
context of competitive nonlinear pricing considered here, a direct mechanism,

t — (i(t), 2(2), (1),

is a function defined on the set of agent types specifying for each agent type t the
firm i(t), the product z(t), and the price p(t) the mechanism intends the type t agent
to choose. Letting

X(Cyy...,Cp)

denote the set of all measurable selectors from the best response mapping
t— (p(t, Cl, e ,Cm),

(i.e., the set of all functions (i(-), z(-), p(+)) such that (i(¢), z(t), p(t)) € ®(¢,C1,...,Cn)
for all t), it is possible to show that a direct mechanism (i(-), z(-),p(+)) is incentive

compatible and individually rational (and therefore to show that the choices intended

by the mechanism can be realized) if and only if (i(-),z(-),p(-)) € X(C4,...,Cy,) for

some catalog profile (Cy,...,Cy,) € P (see Theorem 1 in Page and Monteiro (2003)).

By the Kuratowski-Ryll-Nardzewski Selection Theorem, ¥(C4, ..., Cy,) is nonempty

for any catalog profile (C1,...,Cy,) (see Aliprantis and Border (1999), p. 567).

* Again, recall that firms are indexed by i and j.



Theorem 1 (The Competitive Tazation Principle)
Suppose assumptions (A-1)-(A-4) hold. Then the following statements are true:

1. For each catalog profile,
(Cla"'vcm)a

there exists a unique profile of implementable nonlinear pricing schedules,

((lepl('))a ) (vapm())) )
such that for each firm j € I

X; =projxCj
and
pj(x) =min{p € D : (z,p) € C;} for all x € Xj,

and such that for all direct contracting mechanisms,

(Z()’ LU(),p()) € X (Cla cee aCm) 3
and for agent typest € T
i(t) € I, 2(t) € Xy, and

p(t) = piy(x(2)).
2. For each profile of implementable nonlinear pricing schedules,

((lepl('))a AR (mepm('))) )

there exists a unique catalog profile,

(C1,...,Cn),
such that for each firm j € I
X; = projxCj
and

pj(z) =min{p € D : (z,p) € C;} for all x € Xj,
and such that for all direct contracting mechanisms,

(i(-),z(-),p()) € B(Cy,...,Cm),
and for agent typest € T
i(t) € I, x(t) € Xy, and

p(t) = pis (z(1)).

By the competitive taxation principle, the pairing between nonlinear pricing
schedules and catalogs is unique. Thus, in modeling problems of competitive nonlin-
ear pricing, no loss of generality is introduced by focusing on catalogs rather than
nonlinear pricing schedules.



2.2.4 The Firm’s Expected Catalog Profit
For t € T and (C4,...,Cp) € P, let
ﬂ-;(tv Cla o aCm) = Imnax {ﬂ-J(Z’ xvp) : (Zv xvp) € (p(tv Cla ) Cm)} ) (14)

where 7;(-,-,-) is the profit function specified in assumption (A-4). The quantity,
W}f (t,Ch,...,Cn), is the maximum profit attainable by firm j given agent type ¢ and
catalog profile (Cy,...,Cp,). Given assumption (A-4) and given the upper semiconti-
nuity and measurability properties of the best response mapping (see the Proposition
above), it follows from Proposition 4.3 in Page (1992) that the potential catalog profit
function defined in expression (14) is upper semicontinuous on P and B(T') x B(P)-
measurable on T' x P (see Page (1992), p. 275).

Given catalog profile, (Cy,...,Cyp,) € P, the jt* firm’s expected maximal catalog
profit is given by

I (Ch,.. ., ) = /ij(t, Ch, ..., Co)dp(t). (15)

It follows from Fatou’s Lemma (see Aliprantis and Border (1999), p. 407), that each
firm’s expected maximal catalog profit function, II% (+y...,) is hp-upper semicontin-
uous on P.

If we take as the firm’s payoff function the expected maximal catalog profit func-
tion, I (+y...,), then we are implicitly assuming that each firm behaves as if all ties
will be broken in the firm’s favor - that is, we are assuming that whenever the agent
is indifferent between sales contracts of two or more firms each firm assumes that the
agent will choose the firm’s contract. While the expected maximal catalog profit func-
tion has desirable properties, including upper semicontinuity, here we wish to make a
more realistic assumption concerning tie breaking. Thus, here we shall assume that
if the agent is indifferent between the sales contracts of two or more firms, then the
agent will choose one of the firms randomly with equal probability. Given the equal
probability tie-breaking rule, we shall then assume that for each (¢,C4,. .., Cy,), each
firm computes its payoff by weighting its maximal profit, 7r}'f (t,C1,...,Cn), by the
probability that it receives its maximal profit. To begin, let

H(t,Ch,...,Cp):={i€l:3 (z,p) € X x D such that (i,z,p) € ®(¢t,C1,...,Cp)}.

(16)
Thus, if i € H(t,C1,...,Cy,), then there is a sales contract, (x,p) € C;, offered by
the 7t" firm that is optimal for a type t agent. The set H(t,C1,...,Cy,) is the set of
firms over which a type ¢ agent is indifferent given catalog profile (C1, ..., C,,). Now
let

|H(t,C1,...,Cp)| = the number of firms contained in H(t,C1,...,Cp).

For each (t,C1,...,Cy,) such that W;f(t, Cy,...,Cp) # 0, the firm’s maximal profit,
75 (t,C1,.. ., Cp), weighted by the probability that it receives its maximal profit is
given by
’7Tj; (t, Cl, ..
|H(t,Ch, ..

Y m)

Ol

(17)



With these details in hand, we can write the j** firm’s expected profit as

0. (C tCl,...,C)d . 18
J( 1,”’5 |Ht01,..., )| H’() ( )
Note that it follows from the definition of the maximal profit function W;f(-, eeey)

given in expressions (4) and (14) and the definition of the set H(-,-,...,-) given in
expression (16) that for any agent type t and catalog profile (Cy,...,Cy,),

|H(t,C1,...,Cp)| > 1 implies that 7} (¢,C1,...,Cp) > 0 for all j,
or conversely that (19)
ﬁ;(t,C’l, ..., Cp) <0 for some j implies that |H(t,C1,...,Cn)| = 1.

We shall use this fact later on in our proofs.”

2.2.5 Catalog Games and Nash Equilibrium

Given the catalog model specified in assumptions (A-1)-(A-4), the corresponding
catalog game is given by (Pf(Kj),Hj)Tzl where the set of catalogs, P¢(Kj), is the
4t firm’s contracting strategy set and II; is the 4t firm’s expected catalog profit
function, given in expression (18).

Definition (Nash Equilibrium for Catalog Games)

A catalog profile
(Cik, e Cr*n) S Pf(Kl) X e X Pf(Km)

is a Nash equilibrium for the catalog game (Pf(Kj),Hj);n:l if forall j =1,2,...,m
H]‘(C;, Cij) > Hj(Cj, C’ij)for all C € Pf(Kj).

2.2.6 Mixed Catalog Games and Nash Equilibrium

Because the space of catalog profiles, Pf(K) x -+ x P¢(K,y,), is not a vector space,
the usual method of proving existence via a fixed point argument is not available for
catalog games. Thus, in order to address the existence question, we must introduce
mixed strategies (or probabilistic strategies) over catalogs and consider the mixed
extension of the catalog game. For each firm j = 1,2,...,m, let A(Pf(K;)) denote
the set of all probability measures defined on the fea81ble set of catalogs, Pr(Kj).
The strategy set A(Py(K;)) is the 5 firm’s mixed (or probabilistic) catalog strategy
set. A mixed catalog strategy for firm j is a probability measure \; € A(Pf(Kj))

’If j€ H(t,C4,...,Cpm) and |H(t,C4,...,Cm)| = 2, so that the agent is indifferent between firm
7 and some other firm j’, and if firm j’s profit is negative if chosen by the agent, then it is optimal
for firm j to send the agent to the other firm, j'. Given the definition of firm profit in expression
(4), this would imply that
7 (¢, C1,...,Cm) =0.

Thus, 7} (t,C1,...,Cm) < 0 for some j implies that |H(t,C1,...,Cn)| = 1.

10



having the following interpretation: if firm j chooses strategy A\; € A(Py(kK;)), then
given any Borel measurable subset of catalogs, E €B(Pf(Kj)), the probability that a
catalog contained in E will be selected under strategy A; is Aj( E). Since the feasible
set of catalogs, Pr(Kj), equipped the Hausdorff metric, is a compact metric space,
the mixed catalog strategy set A(Py(K;)) is convex, compact, and metrizable for the
topology of weak convergence of measures (see Aliprantis and Border (1999), Chapter
14).
If firms choose mixed strategy profile

(A, Am) € A(Pr(Kq)) x -+ x A(Pr(Kp)),

then the j* firm’s expected payoff is given by

Fj ()\1, .. ,)\m) = H]’ (Cl, e ,Cm) Al(dCl) R )\m(de) (20)

/mel)x---xpf(Km)

Following the terminology of Reny (1999), the game (A(Pf(Kj)),Fj);nzl repre-
sents the mixed extension of the underlying catalog game (Py(Kj), Hj);.n:l . We shall

refer to the game (A(Py(Kj)), FJ)T:1 as the mixed catalog game. Note that for each

firm j the expected payoff function,
Aj = Fj (Aj, A—j)

is linear on the strategy space A(Py(kK;)) for each A_j € A_;(Pf(K_;)) (see Alipran-
tis and Border (1999), Theorem 14.5, p. 479).°

Definition (Nash Equilibrium for Mixed Catalog Games)

A strategy profile
ALy A) € A(Pr(K1)) X -+ X A(Pp(Kim))

18 a Nash equilibrium for the mixed catalog game

(A(Pf(Kj))v Fj);'n:1

if forall j=1,2,...,m
Fj (X5, %) > Fy (M, X) for all \j € A(Pp(Kj)).

3 The Existence of Nash Equilibrium for Mixed Catalog
Games

3.1 Main Result

Theorem 2 (Existence of Nash Equilibrium for Mized Catalog Games):
Under assumptions (A-1)-(A-4), the mized catalog game, (A(Ps(Kj;)), Fj)?zl, has
a Nash equilibrium.
‘Here, A_;(Py(K—;)) = [1,z; A(Pr(K:)).

11



By the competitive taxation principle, each nonlinear pricing schedule, (X;, p;(-)),
is uniquely indexed by a product-price catalog C; € Py(Kj;). Thus, the mixed catalog
game, (A(Pf(Kj5)), Fj);ﬂ:l , played over product-price catalogs can be viewed as the
mixed extension of the nonlinear pricing game played over the index set, Py(K7) X
-++ X Py(Ky,). If under the Nash equilibrium profile of mixed strategies,

(AL, A,

product-price catalog profile (C1, ..., C,,) is chosen, then this is equivalent to choos-
ing the profile of nonlinear pricing schedules,

((Xlapl('))v AR (Xmapm())) )

uniquely indexed by (C1,...,Cp).

4 Proofs

By Theorem 3.1 and Corollary 5.2 in Reny (1999), it suffices to show that under as-
sumptions (A-1)-(A-4) the mixed catalog game, (A(P¢(Kj)), FJ')T:v is better-reply
secure. We shall proceed by first proving a series of three propositions. These propo-
sitions will then allow us to easily establish the better-reply security of mixed catalog
games.
To begin, let
graphF () :={(\,F): F=F(\)},

={
where A = (Ar,..., Am) € [[; A(Pf(Kj)) and F = (Fy,..., F,) € R™, and where
FA)=F(N),...,Fn(N),
and for j =1,2,...,m,

Fj (/\) = Fj (/\1, e ,)\m)

Letting ¢l denote closure, we have
(N, F) € cl{graphF(-)},

if and only if there exists a sequence of mixed strategy profiles, {\"} 7 ; contained in
[1; A(Pf(Kj)) such that A" converges to A in metrizable topology of weak convergence
of measures, and F' (A") converges to F' in R™.

Better-reply Security (Mixed Strategies): We say that the mixed catalog game,
(A(Pf(Kj)), Fj);.nzl , s better-reply secure if for every mixed strateqy profile

X:( /17"'7)‘;71) GA(Pf(Kl))X"'XA(Pf(Km))a

12



and every

F' = (F{,,F,'n) € R™,
such that

(X, F') € cl{graphF(-)},

and X\ is not a Nash equilibrium, then there exists some firm j € {1,...,m}, a
6 > 0, and mized strategies \; € A(Py(Kj;)) such that

Fy (A5, h—y) > FL.
for all (m — 1)-tuples of mived strategies A\_; € Bs(\_;).

Here, Bs (X_j) is an open ball of radius § centered at X_j in the metric space of
probability measures, A_;(Pr(K_j)).
Thus, the mixed catalog game, (A(Pf(Kj)), Fj);.”zl , is better-reply secure if start-
ing at any pair
(X, F') € cl{graphF(-)},

where \' = ( 1. .,)\;n) is not a Nash equilibrium, there is a firm j which has a

mixed strategy, X]*-, it can move to in order to secure an expected payoff greater than
F ]’ if other firms begin to deviate from their mixed strategies, )x’_j, to other mixed
strategies in a neighborhood of X,j.

4.1 Proposition 1: Catalog Games Are Uniformly Payoff Secure
We begin by showing that under assumptions (A-1)-(A-4), the catalog game,

(Pr(K5), 15)3

is uniformly payoff secure in pure catalog strategies. Uniform payoff security, a notion
introduced in Page and Monteiro (2003), is critical to showing that catalog games
are better-reply secure. The formal definition of uniform payoff security is as follows:

Uniform Payoff Security (Pure Strategies): We say that the catalog game,
(Pf(Kj)ij);n:p is uniformly payoff secure if for every firm j € {1,...,m},
every catalog C]’-‘ € Pr(Kj), and every € > 0, there exists a 6 > 0 and a catalog
@» € Pr(Kj;) such that

I1;(Cy, C' ;) > I;(C},Cy) — ¢

for all (m —1)-tuples of catalogs C”_; and C_; such that hp_,(C’;,C_;) < ¢

Here, hp_,(C” ;,C_;) is given by

!/
7‘7'7

hp_,(C";,C_;) :== max{h(C},Cs) : i # j},

_j,
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and defines a metric on the space of partial catalog profiles,
Pr(K_j) = Pp(Ky) x - X Pp(Kj1) X Pp(Kj1) < -+ X Pr(Kp).

Thus, the catalog game, (Pf(Kj), Hj);'n:1 , is payoff secure if for each firm j and

each starting catalog strategy C]’-‘ there is a defensive catalog strategy, éj, that firm
j can move to in order to secure an expected payoff of at least Hj(C';f, C_j) —e given
any starting strategy profile, C_;, of other firms and any deviation by other firms to
strategies, C"_ j» in a neighborhood of C;. Note that under uniform payoft security,
the neighborhood size ¢ of other firms’ deviations is invariant with respect to other
firms’ starting strategies, C_;.

Proposition 3 (Catalog Games Are Uniformly Payoff Secure):
Under assumptions (A-1)-(A-4), the catalog game, (Pf(Kj),Hj)?zl, is uniformly
payoff secure.

Proof. : Let
X(Cyy...,Cp)

denote the set of all measurable selectors from the best response mapping
t— ®(t,C1,...,Chn).

By the Kuratowski-Ryll-Nardzewski Selection Theorem, ¥(C4, ..., Cy,) is nonempty
for any catalog profile (C1,...,Cy,) (see Aliprantis and Border (1999), p. 567).
Let (Cf,Cy,...,Cp) be given and let

(z*(),x*(),p*()) € E(Cikv Ca, ..., Cm)

be such that
I (C o, Co) = /T (07 () — ex (2™ (1)) 1 (£)) ().

Thus, (7*(-),z*(:),p*(+)) is an optimal measurable selector for firm 1. Let € > 0 be
given and fix 6 > 0 so that for each j € {1,2,...,m}, d((z;,p;), (27, p};)) < 6, implies
that |(u(t, j, z;) — pj) — (u(t,j, x5) — p;)‘ < e forall t € T. Given € > 0, we can now
define a defensive catalog, (', corresponding to starting catalog C7. In particular,

let

Ch:={(z,p—e): (z,p) € Cf and (p—c1(z)) > e}.
Also, let

T ={teT:i*(t)=1and p*(t) — c1(z*(t)) > ¢ }.

T} is the set of agent types choosing from firm 1’s catalog C} and generating profit
of p*(t) — c1(2*(t)) > e. Now consider the catalog deviation (C,...,C] ) by other
firms such that for each 7 = 2,3,...,m, h(C’]'-,C'j) < 6, where (Cy,...,Cy,) is the
starting catalog profile of other firms. By the properties of the Hausdorff metric

14



h, for each j = 2,3,...,m and (z},p}) € C; there exists (z;,p;) € C; such that
d((«%, p}), (zj,p;)) < 6. Thus, by equicontinuity (A-3)(iii), we have for each j =
2,3,...,mandallt eT,

u(taja J};) _p;' < u(t,j,%j) —Dj +e= u(taja J}j) - (pj - E)a
and for each j =2,3,...,m and t € T}, we have

U(t,j, LI?;) _p;' < u(tajax]') - (pj - 6) < u(tvi*(t)vx*(t)) - (p*(t) - 5),

where, by the definition of T, (z*(t),p*(t) — ¢) € C4.
Now let R ~
be such that

15(Cy, G, .., Cl) = /T (B(t) - er (@) LG(0))du().

Since for each ¢ € T, (z*(t),p*(t) — ¢) € 61, we have for each j = 2,3,...,m and
te Ty, i(t) =1 and

ult, j,2) — 7
u(t, j, ;) — (pj —€)
u(t,i*(t), z*(t)) — (p*(t) —€)
< u(t,i(1), (1)) — B(t)-
Inequality (*) implies that for ¢ € T} and catalog profile (61, Ch,...,Cl),
H(t,C1,C,...,C ) ={1}.

We have therefore,

(t,C7,C2,....Cm
Hl(Cik,Cg,..., E_fTﬂ-|lH(té1—,2,Cm)|)du(t)_€

] tC ,Ca,.. 7Cm)
< Jr e du()

c1(x I —
—fT (p*(t |HIEC§,))?C}7EL)‘(1‘/)) =du(t)

() —e—c(x* ()1 (i (¢))
< fT* ‘HtCl,C’Q, ,C’ )| dlu(t)

)1 @)1 (i(t))
< fT* |Ht01,Cé, .l )| dﬂ(t)

< Jr e P au) =T(CrCh.....Cr).

15



|

Theorem 5 in Page and Monteiro (2003) established that, under assumptions
(A-1)-(A-4), the catalog game,

£\ M

where expected catalog profit, II7, is given by expression (15) is uniformly payoff
secure. Here we have established uniform payoff security for the more difficult case
where expected catalog profit, I1;, is given by expression (18). It follows by observa-
tion that any game that is uniformly payoff secure is automatically payoff secure.

By Proposition 3.2 in Reny (1999), if in addition to being payoff secure the catalog
game is reciprocally upper semicontinuous (u.s.c.), then it is better-reply secure.
A catalog game, (Pp(K. j),Hj);.n:l, is reciprocally upper semicontinuous if whenever
(C",I1') € el {graphIl(-)} and

IL;(C") < for all j = 1,2,...,m,
then

I;(C") = H;- forall j =1,2,...,m.
Here

graphll(-) :={(C,II) : I =1I(C)},

where C' = (C1,...,Cy) € Pr(Ky) X --+ X Pf(Ky,). and IT = (I, ...,II,;,) € R™,
and where

() := (IL (C),...,Iu(C)).

Reciprocal u.s.c. was introduced by Simon (1987) under the name complementary
discontinuities. It requires that some firm’s expected catalog profit jump up whenever
some other firm’s catalog profit jumps down. For the catalog game where expected
catalog profit given by

I (Cl,...,Cm):/w;f(t,Cl,...,Cm)du(t),
T

reciprocal u.s.c. is satisfied automatically because H;‘f (+...,-) is upper semicontinu-
ous in catalog profiles. However, as the following example will illustrate, for catalog
games where expected catalog profit is given by

0 (. Oy = [ GG
3 & Cm) = TG o o Y

reciprocal u.s.c. fails to hold in general.

Example 1 (The Failure of Reciprocal u.s.c.): Suppose there are two firms and con-
sider the sequence of catalogs given by

[e.9]

werepyz ={(1o-5) .00}

n=1
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Also, suppose that firm 1 has profit r ( — %) when chosen by the agent while firm 2
has zero profit when chosen by the agent. Finally, suppose that the agent has utility
function given by

v(t,i,z,p) =1—p.

For all n, the agent chooses from firm 1. Thus,
I (C},C3) =7 (p—7) =D

while
Iz (CT, C%) = 0 for all n.

In the limit o
(C{La C;L) - {(Clv 02)} = {(Lp) ’ (Lp)} )

and the agent is izldi]j‘erent between firms 1 and 2. Thus, in the limit 111 (C’l, C’g) =
=2 < rp and Iy (C’l, 02) =0 - and thus, reciprocal u.s.c. fails.

In light of this example, we cannot use Reny’s Proposition 3.2 to establish better-
reply security for catalog games (Pf(Kj),Hj);n:l with II; given by expression (18).
Nor can we use Reny’s Proposition 3.2 to establish better-reply security for mixed
catalog games (A(Pf(Kj)), F. j);n:l. However, using uniform payoff security and meth-
ods used in the proof of our Proposition 1, as well as our next proposition establishing
the payoff security of mixed catalog games, we will be able to establish better reply
security for catalog games and their mixed extensions.

4.2 Proposition 2: Mixed Catalog (Games Are Payoff Secure

We begin by formally stating the notion of payoff security introduced by Reny (1999).
This condition is crucial to proving that mixed catalog games are better-reply secure
- even without reciprocal u.s.c. and Reny’s Proposition 3.2.

Payoff Security (Mixed Strategies): We say that the mized catalog game,
(A(Pr(Ky)), Fj);.”zl , 18 payoff secure if for every mized strateqy profile
(M- A) € A(Pp(K1)) x -+ X A(Pr(Kp)),

r'm

and every € > 0 there exists a 6 > 0 and mized strategies \; € A(Py(Kj)),
j=1,...,m, such that

Fy (Xj, Aj) = By (N, Xj) —e.
for all (m — 1)-tuples of mized strategies A_; € Bs(\_;).

Here, Bs (X,j) is an open ball of radius § centered at X,j in the metric space of
probability measures,

A_j(Pr(K-j)) == A(Pr(K1)) x - X A(Pp(Kj—1)) X A(Pp (K1) X - X A(Py(Km)).

17



Proposition 4 (Mized Catalog Games Are Payoff Secure):
Under assumptions (A-1)-(A-4), the mized catalog game, (A(Pf(Kj)),Fj)Tzl, is
payoff secure.

Proof. Let
(AT, Am) € A(Py(KY)) x -+ x A(Py(Km)),

be any mixed strategy profile and consider firm 1. Firm 1’s expected payoff is given
by

/];f(Kl)XXPf(Km)

Let €* > 0 be given, We will show that there exists a mixed strategy \] and a
6 > 0 such that if

g = fo X ... X l,, € Bs(A\%)
then
Fir (N iy e i) > Fr (M, ) — €5

As before, Bs(A* ;) is an open ball of radius é centered at A* ; in the metric space of
probability measures,

AL (Py(K-1)) i= A(PH(K)) % -+ x A(Py(Kr)).
First let ¢ > 0 be given and choose catalog C} € P(K;) so that

FiL(CT A 0, n) > sup F1(CLA;, ..., \,) —€.

C1€Ps (K1)
Since
sup  F1(C1, A ..., 0) —e > Fi(A],..., ) — ¢,
C1€Py (K1)
we have
Fl(cikv ;av)‘;kn)ZFl(Tva)‘:n)_g (21)

By the UPS (uniform payoff security) property of the catalog game, given C7 and
e > 0, there exists § > 0 and C} such for all ¢’ ; and C_; with C"; € Bs(C_1)

I, (Cy,C" ) > I, (CF,C_y) —e.

Now observe that the collection of open balls,

{B%@fl)}c,lepfuﬂn ’

where each open ball, Bs(C_1), has radius g > 0 and is centered at C_1, forms an
2

open cover of the compact metric space P¢(K_1). Thus, there is a finite subcover of
P¢(K_1), denoted by
{B

CN)

[VS9)

heH
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where H = {1,2,...,h*}.
Because \* is a finite measure on Py(K_1), for each h we can choose a radius
rp, such that

1)
— 1)
2<7’h< s

such that
A1 (0B, (C"))) = 0 for all h.

Here, B,, (C";) denotes the boundary of the open ball B,, (C",).
By UPS we have for each h

I (61, 0’_1) > I1,(CF, C1) — ¢ for all €', and C_; contained in By, (C*;). (22)
For each h € H, choose C*" so that

m(Cr,ch) > swp L (CF,Ch) - (23)
C—IEBrh (Cil)

Therefore, by (22) and (23) we have
I (61, 0’_1) > I (CF, C*h) — & for all O, € By, (C1). (24)

Define
p— J— J— J— h* p—
Dl = Brl(cil)a D2 = Brg(czl) \Brl (Cll)a R Dh = Brh* (Cﬁl) \ U BT’h(Cﬁl)‘
h=1

Thus,
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fpf(Kfl) Hl (617 Cl_l) d,LL,l (Cl_l) = Z}}i*:l Dh H1 (617 Cl—l) dﬂf1 (Cl—l)
> S0 fon (IL(CF,CR) — &) du_y (C—y)
= S L (CF, Oy (DY) — e

= S0 TL(CY, C)p_y (DP)
+(F1( Tv)‘za“'a)‘;m)_2€_(F1( Ta)‘zaa)‘:w) _E))

> 3 (CF, C )y (D)
+(F1( 9167)5,,)\;1)—25—511(0167 ;avA;m))

= S IL(Cy, Ch )y (DN
(B 0 X A) = 22 = 05 [ T (G, ) dA 4 (C-))

= 22;1 IL (€1, Ci}i)ﬂ—l (Dh)
+ (FL OG5, X5) =32 = X004 fpn (I (CF,C1) =€) dAT (C))

> Yo Ih(CF, Oy (D)
(P4 X W) = 82 = S0, fn T (G5, €% ) dA 4 ()

= Y h L (CF, Oy (D)
+ (FL O 2,5 N) = 82 = S07 I (CEL )X, (D7)

> Fl( Ta ;7' 7)‘:;1) —3e—N* |H1|oomaxh {lufl (Dh) - )\*—1 (Dh){ :

Since the boundary of D" has measure zero for all h, for any ¢ > 0 we can choose

a v, > 0 such that if 4_; € B,_(\*), then

I, max (u,l (Dh) N, (Dh)( <

(see Ash (1972), Theorem 4.5.1(c), p. 196). Here, |II;|,, = sups II1(C). Thus, we
have for all u_; € B,_(\"4),

Fi(Cr,py) :/

H1 (61,OL1) dﬂ—l (CLl) > Fl ( T) .- 7)‘¢n) —4de.
Ps(K_1)

Let N} € A(Pf(K1)) be such that

M{G) = 1.
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Then we have
Fu(NL sy i) = FL (AT, Ay,) —de for all p_y € By (A%).

|
Theorem 6 in Page and Monteiro (2003) established that, under assumptions
(A-1)-(A-4), the mixed catalog game,
(AP(E). 7).
with underlying expected catalog profit, 1I%, given by expression (15) is payoftf secure.
The proof above is modified version of the proof of Theorem 6 in Page and Monteiro
(2003) - where the modifications made are those needed to accommodate the change

from expected catalog profit being given by, H’]*-, expression (15) to expected catalog
profit being given by, II;, in expression (18).

4.3 Proposition 3: Catalog Games Are Better-Reply Secure

Before proving our main result - that mixed catalog games are better-reply secure -
we will show that catalog games are better-reply secure. We shall then use this result
and some parts of the method of proof to establish our main result.

Proposition 5 (Catalog Games Are Better-Reply Secure):
Under assumptions (A-1)-(A-4), the catalog game, (Pf(Kj;), Hj);.n:l, is better-reply
secure.

Proof. Let {C"}, be a sequence of catalog profiles hp-converging to catalog profile
C that is not a Nash equilibrium and suppose that

I1;(C™) — II; for all j.

For all 5 we have,
H]‘ = limn H](Cn)

. % (t,C™)
= hmn fT “}w—cmdu(t)

. % (¢,C™)
< [plimsup, o ddt)

< [plimsup, 7% (t, C™)du(t)

< [p it C)du(t).

The last inequality holds by the upper semicontinuity of 7r}‘f (t,-), the second to last
inequality holds due to the observations given in expression (19).
Let
TS ={teT:x}(tC)>0}.
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Case 1: Suppose that for some j =1,2,...,m, ,u(T\Tf) > 0. We have then

1, < /T Tt C)du(t) < /T (6 C)du(t).

J

Thus, for some ¢ > 0, we have

I, < / 73t C)dp(t) — e.
T+

J

Let
(i(-),2(-),p()) € B(C) = X(C1, C, ..., C)
be such that

We have
II5(C1, Ca, ..., Cm) — € = [ (p(t) — ¢j(x(t))) L;(i(t))dp(t) — &
< Jrr (0(t) = ¢(@(8))) 1;(i(t))dpa(t) — &
< Jr (p(8) =& = ¢5((8))) L (i(8))du?)
Let
C5 =A{(z,p—e): (x,p) € Cj and (p —¢;(x)) > ¢},
and

T; :={teT:i(t) =jand p(t) — cj(z(t)) > ¢ }.
We have T]‘-E - TjJr and
| 0 =& = @) L@ < [ 00— = e (e0) LE0)auo),
i J
Given ¢ > 0, fix § > 0 so that for each j € {1,2,...,m}, d((z},p)), (z},p})) < ¢,
implies that ‘(u(t,j,xj) —pj) — (u(t,j, %) —p})‘ < ¢ for all t € T. Now consider
catalog deviations C” ; by firms other than j such that for each j' # j, h(Cj,, Cyr) < 6.
By the properties of the Hausdorff metric h, for each j' # j, and (2%, p),) € Cj, there
exists (v;:,pj) € Cy such that d((z,p}), (x5, py)) < 6. Thus, by equicontinuity
(A-3)(iii), we have for j' # j and all t € T,
u(t,j', &) = ply < ult,j',xp) —py +e =ult,j', x5) — (pjy —€),
and for each j' # j and ¢ € T}, we have
u(tvjlvx_,j/) _p;’ < U(t,j/,l‘j/) - (p]/ - 6) < U(t,l(t), x(t)) - (p(t) - 6)’
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where, by the definition of 77, (z(t),p(t) —¢) € Cs.
Now let
(#°(-),2%(-), p° (")) € B(C5, CL))
be such that

H}f(cf-,(?'j)Z/T(ps(t)—Cj(xs(t)))Ij(is(t))du(t)-
Since for each t € T5, (z(t),p(t) —€) € C5, we have for each j' # j and t € T
i¢(t) = j and
u(t,j',x;,) - p;/ )
U(t,j,,ﬂ?j/) - (p]’ - E)
< uti(t), x(t) — (p(t) —€)

< wu(t,i=(t),z°(t)) —p°(t). )
Inequalities (+*) imply that for ¢ € 7% and catalog profile (C5,C" ),

H(tv (05:7 CL])) = {j} :

(%)

We have therefore,

Jrr (p(t) =& = ¢;(2(t))) L;(i())du(t)
< Jrs (p(t) =& = ¢j(2(2))) Z;(i())du(t)

w1 (t,C5,CL,)
< [ o =E Ty (t
<, |H (1,050 )] ()

(102,07 ) w3 (t,C5,C" )
< Jrs htecs o0 + I g cs o)

1(£,05.C7 )
_fT tCEC’ )|d:u’()
= Hj(C’JE-,C'_j).
Thus, we have
II; < TI;(C5, CLy),

and thus, firm j can secure an expected catalog profit greater than II;.
Case 2: Suppose that for all j = 1,2,...,m, ,u(T\T]*) = 0, so that for all 7,

mi(t,C) > 0 ace.[pu]. I T < [, 75(t, C)dpu(t) for some j, then we are back to Case 1
above and thus better-reply security holds. Suppose then that

1, — / 73 (t, C)dp(t) for all j.
T
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We will show that this implies that |H(¢,C)| = 1 a.e.[u]. We have
> 1 =limy, 3, 11;(C™)
= timy, f (50, FHESH) it
< [rlimsup, (maxj Ti(t, C”)) du(t)
< Jpmax; wi(t, O)du(t)

< [ 0wt C)dplt) = 3,1,

Since 7} (¢, C) > 0 a.e.[u], >, 7r}‘f(t,C') > max; 75 (¢, C) a.e.[u]. Thus, the equality,

/maxw (t,C)du(t) /Zw (t,C)du(t)

implies that >, 77(t,C) = 77 (t,C) a.e.[u]. This in turn implies that either
|H(t,C)| =1 a.e.[u ] ry ;T ( ) max; 7 (t,C) = 0 a.e.[u]. In either case,

wi(t, C .

% = Wl(t, C) ae[u]

Finally, since catalog profile C' is not a Nash equilibrium, there exists a firm j and a
catalog C7 such that

H]’(CJI-,CL]') > Hj(Cj,ij) = H;(Cj, C,j) = H]’,

and we are back to Case 1 above. B
From the proof of Proposition 3 above, we can conclude that for any catalog
profile (Cy,...,Cy,) and any firm j

I13(Cy, C—j) — e < I (C5,CL)).

for
Cs = {(z,p—¢): (x,p) € Cj and (p —cj(z)) > €},
and catalog deviations C’Lj by firms other than j such that for each j' # j, h(C’;.,, Cjy) <
6. We shall use this fact in the proof of our main result.
4.4 Proof of Main Result: Mixed Catalog Games Are Better-Reply

Secure

Let {\"}, be a sequence of mixed strategies converging to a mixed strategy

A= (AL AL) € A(PHEY)) X -+ x A(Pp(Kpm)).
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that is not a Nash equilibrium and suppose that

F;(\") — Fj for all j.

We have for each j

= limy, [p [fT |H((fg))\d (t)] dx"(C)

< lim,, [, [ Jpmit, C)d,u(t)] A" (C)
= lim,, [, [ Jp 73 (2, C)d)\”(C)] dp(t)
</, [nm sup, [p 3 (1, C)d)\”(C)] dp(t)

<[ [ Jp (5, C) dA*(O)] dp(t)

We have two cases:

Case 1: For some firm j, Fj < [pII5(C)

that

= Jo [Jr (6. O)u)] dr(C) =

Jp IL(C)aN*(C).

d\*(C). Then there is a catalog, C such

Fj</ I (C), C_j) X", (C).

J

From the proof of Proposition 3, we know that we can choose C']’-E so that

HT(C}, C_j) —e< Hl(CJ/-E, C_j) for all C_j S P_j,

and we can choose € > 0 so that

F, <L (I(C), Cy) — ) dA*,(C).

—Jj

Thus, we have

Fy< / I (CFF, C_)dN" ().

J

By the payoff security on mixed catalog games (Proposition 2), firm j can secure a
payoff greater than F};. Hence, for case 1, better-reply security holds.

Case 2: For all ﬁrms J, Fj = [pOf(C

1 X A* and let o™ be the product measure g X A".

converges to o*. Also, let

Hiy={(t,0) e T xP:|H

C)dX*(C). Let o* be the product measure
Since A" converges to \*, o

(t,C) > 1},

and
H=TxP.

We have

/P IT: (C)dA*(C) = /P [ /T wj(t,C)dp(t)] AN (C) = /H 7(t,C)do*(C)



For case 2 we have

> Fi= fH\HJrl > mi(t,C)do*(C) + fHﬂ > mi(t,C)do*(C) )

= fH\HJrl > ™5 (¢, C)do™(C) + fHH max; 75 (¢, C')do*(C)
(ko)

> limsup,, [fH\HH > it C)da™(C) + fH+1 max; 77 (¢, C’)dgn(C’)]

. W;(tvc) n ﬂ—;(t’c) n —
> limsup,, [fH\H+1 > mda () + fH+1 > 7‘H(t7c)‘da (C)} =>; Fj

Inequalities (***) imply that

L >_mi(t:C)do*(C) = [ maxi(t, C)do™(C).

Hyw

7

Since 7} (¢, C) > 0 for all (¢, C) € Hy1 (see expression (19), >, 7} (¢, C) > max; (¢, C).
Thus,
fH+1 5(t, C)do*(C) = fH+1 max; 75 (t, C)do*(C)
implies that
> T3 (t,C) = max; 73 (t,C) a.e.[o"] on Hyq.
Thus, either |H(t,C)| = 1 a.e[o”] or > ;75 (t,C) = max; 7;(¢,C) = 0 a.e.[o”] on
H, 1. In either case,

it C) =] a.e.[o”
HLO) 1(t,C) ae.lo™].

or) ;mi(t,C) = max; 73(t,C) = 0 a.e.[0*] on Hyq. Thus, we have

i(t, C)
|H(t,O)]

We have, therefore, for all j,

=7(t,C) a.e.[u].

. W;(t,C) n
Fj = limy, [, [ I mdu(t)] A\ (C)

= Jo [Jr 3. O)du)] dr(c)

(t,C) * *
= Jo [Jr Thaondu(®)] ax () = F(),
Since \* is not Nash, for some firm j’, there exists a mixed strategy, )\ , such that

Choose € > 0 so that
E]’(A;”)\ijl) —& > Ejl()\*)

By Proposition 3 (payoff security in mixed strategies), firm j' can secure the payoff
Fy ()\’,,)\* /) — . Thus, better-reply security holds for case 2. B
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