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Abstract

Under perfect market equilibrium, option prices are determined as if the
economic agents were risk neutral. This paper develops a simple two-period
model to analyze the impact of imperfect hedging on the equilibrium pricing
of derivatives in the presence of a monopolistic market-maker. In a partial
equilibrium analysis, we shown how a bid-ask option price spread is generated.
In particular, we show how the equilibrium bid and ask prices depend on the
market-maker’s risk aversion and also on the demand and supply curves for
options. Neither inventory costs nor asymmetric information are considered.

1 Introduction

Among the traditional assumptions on which option pricing is based, markets are
perfect and the underlying asset can be transacted at any point in time. Under the
absence of arbitrage opportunities the value of an option can be computed as the value
of a portfolio on the underlying risky asset and risk-free bonds that exactly replicates

the payoffs of the derivative. This portfolio can be rebalanced in a self-financing way
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until the maturity of the option, by continuously transacting the underlying asset and
the bonds. Under these assumptions, the calculated value of the initial portfolio can
be shown to be the equilibrium price of the option. In this paper we assume that the
underlying asset cannot be transacted at every point in time and study the impact
of this constraint on the equilibrium pricing of options.

The fact that the underlying asset can be transacted only at some points in time
can be described as a lack of liquidity of the market for the underlying asset as
in Longstaff (2001). This illiquidity implies that the markets become incomplete
in the sense that perfect hedging of the option in all states of nature is no longer
possible. However, for any given option, portfolios can be found that have the same
payoff as the option in some states of nature and higher payoffs in the other states.
Such portfolios are said to be superreplicating. Holding one such portfolio should be
worth more than the option itself and therefore, the value of the cheapest of such
portfolios should be seen as a bound on the value of the option. The nature of the
superreplicating bounds is well characterized in the context of incomplete markets in
the papers by El Karoui and Quenez (1991) and (1995), Edirisinghe, Naik and Uppal
(1993) and Karatzas and Kou (1996). As stressed by these authors, under market
incompleteness the hedging of the market-maker is different depending on whether
he is in a long or a short position. This results in a lower and an upper bound for
the option prices.

We introduce a two-period binomial model where the underlying asset cannot be
transacted in the intermediate point in time. The superreplicating bounds for a short
and long position in an option are derived. These values, however are not necessarily

the market price of the options. They are the bounds for the price consistent with



non-negative profits for the seller or the buyer of an option. We introduce in our
model a risk-averse monopolist market-maker willing to accept some negative profits
when setting bid and ask prices. We characterize the equilibrium behavior of the
intermediary under this type of market incompleteness and show how it generates a
bid-ask spread for the market prices at which options are transacted.

Our work is related to the failure of the continuous hedging portfolio rebalancing
hypothesis. This hypothesis has been dropped in several previous studies, mainly
because of the existence of transaction costs!'. In the presence of transaction costs, the
assumption of continuous rebalancing is no longer reasonable because the replicating
strategy would be extremely costly. In order to take the impact of this imperfection
on the price into account, most authors assume that trading takes place only between
discrete time intervals. This approach also generates market incompleteness, leading
naturally to bounds for equilibrium option prices, although of a different nature of
those described here.

The superreplicating bounds establish the limits of the interval for the prices
outside which the market-maker has a positive profit with probability one. In other
words, an arbitrage opportunity exists if the market-maker sells options above the
upper bound or buys options below the lower bound. Clearly, this approach does
not determine equilibrium prices. Considering the possibility of transacting within
the superreplicating bounds, the market-maker can no longer replicate exactly the

payoff of the option and there are no arbitrage opportunities. In particular, there is

Leland (1985), Merton (1990), Boyle and Vorst (1992) and Toft (1996), among others, have
examined the impact of transaction costs on option valuation by studying the construction of hedging
strategies that replicate the outcomes from options. Hodges and Neuberger (1989), Davis, Panas
and Zariphopoulou (1993) and Constantinides and Zariphopoulou (1999) also studied the problem
of transaction costs via a utility maximization approach.



some risk involved. For this reason, the attitude towards risk of buyers and sellers
must be considered. Hodges and Neuberger (1989), Davis, Panas and Zariphopoulou
(1993), Rouge and El Karoui (2000) and Frittelli (2000), among others, also studied
some aspects of the equilibrium pricing of options in the framework of incomplete
markets. Their models assume the existence of small investors with the opportunity
to transact a derivative asset. The option prices are obtained by comparing maximized
utilities with and without the opportunity to transact the option. However, none of
these papers studies the interaction between incompleteness and the structure of the
market. Here, the presence of a monopolistic market-maker and the risk-aversion of
the agents involved play a central role.

The explanation for the existence of a bid-ask spread? for options in this work is
quite different from the explanations in the traditional market microstructure litera-
ture. Microstructure models can be broadly classified as inventory models and asym-
metric information models. Inventory models® consider risk-averse market-makers
who set a bid-ask spread to compensate intermediaries for bearing undesired inven-
tory. When there is an order imbalance that moves the market-maker away from his
desired inventory position, he adjusts the bid-ask spread to attract orders to move

back to his optimal inventory position. Information asymmetry models* assume that

2 Although there is much work on stock bid-ask spreads, the spread of options has been in-
vestigated by fewer researchers. Biais, Foucault and Salanié¢ (1998) analyze three different market
structures and the ways that the associated restrictions lead to differences in prices, bid-ask spreads,
trades and risk-sharing. There are also a few empirical studies that examine bid-ask spreads in the
option markets, such as, George and Longstaff (1993), Chan, Chung and Johnson (1995) and Etling
and Miller, jr (2000).

3 Among others, Stoll (1978) and Amihud and Mendelson (1980) studied bid-ask spreads and
stock inventory. More recently, Lee, Mucklow and Ready (1993), Hasbrouck and Sofianos (1993),
Madhavan and Smidt (1993) and Manaster and Mann (1996) also found some evidence on the
relationship of bid-ask spreads to dealer inventory control costs.

4Some authors discussing this topic: Copeland and Galai (1983), Glosten and Milgrom (1985),
Admati and Pfleiderer (1992) and Foster and Viswanathan (1994).



an adverse selection problem exists because the market-maker is at an informational
disadvantage to the informed traders. In this case spreads must be kept wide enough
to ensure that gains from trading with the uninformed agents exceed the losses asso-
ciated with trading with informed agents.

Our model assumes neither asymmetric information nor optimal inventory strat-
egy and still explains the existence of an equilibrium bid-ask spread. It assumes an
intermediary with monopolistic market power and also assumes that all transactions
of options should be made through the market-maker. The monopolistic nature of
the market-maker can be justified in some markets or, at least, in some trading pe-
riods. For example, in markets such as the NYSE there are monopolist specialists.
On the other hand, authors such as Brock and Kleidon (1992) show that demand at
the opening and closing of markets is greater and less elastic than at other times of
the trading day. In markets where a single specialist market-maker has monopolistic
power, these authors provide evidence that during the opening and closing of the
markets the specialist uses his market power in order to charge higher spreads.

Another interesting point is that we consider a market-maker with no optimal
inventory policy. In general, intermediaries hold inventories of goods on hand and
stand ready to sell to costumers. They also have cash on hand and stand ready to
buy from suppliers. This avoids the problem of coincidence of wants. However, when
talking about options there is not the problem of holding inventories. If the quantity
of options sold is different from the quantity bought, the market-maker constructs
some hedging portfolio to cover this difference and there is no need to hold a physical
inventory of options.

Our results are as follows. (1) Equilibrium prices are within the superreplicating



bounds. (2) The bid-ask spread is shown to depend on (a) the degree of the market-
maker’s risk aversion and (b) the elasticities of both the demand and supply curves
for options. (3) Finally, in the specific case of a negative exponential utility function
we characterize the necessary conditions for prices to coincide with the bounds. These
conditions are more likely to be satisfied as the rigidity of the demand and supply
market curves increases. On the other hand, when the market-maker is infinitely
risk-averse, the market-maker prefers not to hold any hedging portfolio, selling and
buying exactly the same number of option contracts.

This article is organized as follows. Section 2 introduces incompleteness in the two-
period model driven by illiquidity, i.e., by the fact that the underlying asset cannot
be transacted at some points in time. In Section 3 the superreplicating portfolios
are derived and the corresponding options pricing bounds are obtained. Section 4
considers a risk-averse market-maker who is willing to accept some negative profits
in the future, and we also study how the market-maker decides between complete or
partial hedging. As expected, the cost of the hedging portfolios that do not cover all
states of nature are less expensive, allowing for a lower ask price and higher bid price.
Finally, Sections 5 and 7?7 consider the demand and supply curves and the behavior
of a monopoly market-maker, characterizing the equilibrium bid and ask prices. The
last section presents the main conclusions. All proofs that are not in the text are

presented in the appendix.

2 An Incomplete Two-Period Model

This work is based on the well-known binomial option pricing model developed by

Cox, Ross and Rubinstein (1979). In this model the stock price follows a binomial



process over discrete periods. Let the initial value of the stock be denoted by S.
After each period the value of the stock can assume two possible values as compared
to the beginning of the period: it can be multiplied either by a rate U or by a rate
D, where U > R > D and R denotes the riskless total return over each time period.

In this simplified model there are three relevant dates: ¢t = 0,1,2. At ¢ = 2 there
are three possible states of nature, depending on how many times the original value
of the underlying asset has been multiplied by D after two time periods. Then, the
three possible states of nature are labeled by i = 1,2,3 and for each i, the state is

characterized by the value
Sy; = SU* D!

for the stock at time t = 2.
Consider a European call option with exercise price K and two periods to maturity.
At t = 0 the option is traded for a value C, and at ¢ = 2 the option matures. Its

value at maturity is given by
Cs,; = max(0, Sy; — K),

for the three possible states of nature i = 1, 2, 3.

2.1 The Complete Two-Period Model

If there are no arbitrage opportunities, a call option must be worth the same as
the cheapest portfolio that exactly replicates the value of the call at each point in
time. Considering a simplified economy with one risky asset (the underlying) and
one-period riskless bonds, such a portfolio may be constructed. At each point in time

this portfolio consists of A shares of the stock and an amount B in riskless bonds. As
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time changes, the portfolio is adjusted to continue replicating the values of the call
option. Then, at t = 0, a portfolio of Ay shares and an amount By in the riskless asset
is built such that it replicates the value of the call at t = 1. At t = 1 the portfolio
is adjusted to replicate the option at maturity. For longer maturities, this implies
that every time the price changes, there may be transactions in the market of the
underlying stock and in the market of bonds to adjust the hedging portfolio.

If there are no arbitrage opportunities, the value of the call option at each point
in time and at each possible state of nature must be the same as the value of this
corresponding hedging portfolio, since both the call and the portfolio have exactly
the same payoffs at the next point in time.

For this two-period model, it is well known that the value of the call is

C = [r?Cop 4 2m(1 = m)Caa + (1 — m)°Co3) /R?

_ R-D . _ U-R
where m = =5 and 1 — 7 = 7=5.

2.2 Modeling Incompleteness

At this point we introduce the notion of incompleteness. For this purpose let us
assume that at ¢ = 1 trading in the underlying asset is not possible. In other words,
it is not possible to convert money into the asset, or vice-versa, in every period. In
this specific case, it will take two periods of time to achieve these conversions. This
trading restriction will give rise to an incomplete market, as shown below. It is also
consistent with the characteristics of actual financial markets where it may take an
extended period of time to transact an asset.

Liquidity has traditionally been measured in terms of bid-ask spreads or transac-

tion costs. However, in this work, as in Longstaff (2000), liquidity is more related to
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the quantity of trades that can be executed than with the costs of trading. Hence,
illiquidity exists because the ability to buy or sell securities, at any price, is restricted.
In our model, this restriction occurs at time ¢ = 1 since it is imposed that it is im-
possible to transact at this date. The point of this paper is to understand how this
fact affects the pricing of the option.

To introduce the above trading restriction in the pricing model, it is assumed
that at ¢ = 1 there is no trading in the underlying stock. This implies that the initial
portfolio (Ag, By) made at t = 0 will not be adjusted after one period. An investor
who buys this portfolio (Ag, By) and keeps it until maturity is not fully hedged
because this portfolio does not consider the evolution of the stock price until time
t = 2. On the other hand, another portfolio could have been computed considering
the three states of nature at ¢ = 2. Once again, a portfolio computed as in Section
2.1 would not replicate all the payoffs of the call option at maturity since it could
have the same payoffs as the call option only in two of the three alternative states of
nature. It follows that the usual approach to compute replicating portfolios may lead
to a future situation where the market-maker may have to support some negative
profits. The evolution of the underlying asset now follows a trinomial tree as can be

seen in Figure 1.

3 The fully hedged position

3.1 The minimum selling price of a call option

In this section we consider that financial institutions trading options construct su-
perreplicating portfolios, that is, portfolios that give the institution a null or positive

payoft at maturity. The cost of the superreplicating portfolios corresponds to the
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Figure 1: The trinomial tree for the underlying asset prices

maximum and minimum prices for an option consistent with a non-negative profit.
Consider a financial institution selling a call option while wishing to be hedged.
Today, the objective of the institution is to minimize the cost of replicating the
exercise value of the option at maturity. It is expected that the buyer of the call
option exercises it, at maturity, whenever the value of the stock is greater than the
exercise price. The replicating portfolio is built in such a way that at t = 2 its
value always exceeds, or equals, the exercise value of the option. In other words,
the financial institution must be prepared for the exercise of the option. If this
happens, the institution will certainly need to hold an instrument that is worth at
least as much as the exercise value of the option. Therefore, the profit function of

the financial institution is given by

M = C—(AS+B), att=0

5; = (ASy;+ BR?)— Gy at t =2, fori=1,2,3.

The problem of the intermediary is to minimize the cost of this initial portfolio, that
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is, the following optimization problem must be solved

min AS + B
{A,B}

subject to the terminal conditions:
ASy; + BR? > Oy, for i =1,2,3.

where Sy ; and Cy; have the meanings explained at the beginning of Section 2.
Notice that these terminal restrictions are inequalities. It follows that the solution
of this problem will clearly be superreplicating, since there cannot be found a unique
solution for (A, B) satisfying the three conditions as equalities. In at least one of the
three states of nature, the portfolio will have a strictly higher payoft than the exercise
value of the option. With a portfolio guaranteeing these restrictions, the institution
is simultaneously maximizing its profits while being fully hedged against the exercise

of the option.

Proposition 1 The solution to this problem is obtained with a portfolio of A shares

and an amount B invested in the risk-free asset given by

Z _ C’2,1 - C’2,3
S(U? — D?)’
E _ U20273 — D20271
RZ(U2 _ D2> )

. - 2__ 12 2_ p2
leading to a cost C' = % %02,1 + %0273 )

Proof. See the Appendix. m
It is easy to check that the cost of the superreplicating portfolio (Z, E) is always

greater than or equal to the cost of a hedging portfolio when the stock market is

liquid. In other words, the financial institution has a lower bound on its selling price

11



that is higher than in the case of full liquidity. Finally, the profit of the institution

at maturity is given by

II; =0
H22———(K—D25)>0 if UDS > K > SD?
’ D+U ’ -
L 2
= — K if U2 K > S5DU
i D(US )>0,ifUS>K>S

= 0, otherwise.

ﬁg’g - O

In order to construct such a hedging portfolio, the intermediary must sell the call
option at a price C* > C. Otherwise, the institution does not have enough resources
to build the portfolio. Notice that having once chosen this portfolio, the profit at
time ¢t = 2 is positive and constant, that is, it is not a function of the call option
price at t = 0. The profit at time ¢ = 0 is null when C* = C and strictly positive if
ce>C.

3.2 The maximum buying price of a call option

The financial institution is also concerned about the cost of replicating a long call
option on the same underlying asset. The problem now is analogous but quite differ-
ent. The financial institution buys a call option and, to be hedged, sells a hedging
portfolio. This is different from the previous case since it corresponds to short selling
the underlying asset while investing in the riskless asset. At maturity, the institution
must buy the shares in the market and receives the results from the investment in the
riskless asset. At the same time, it holds a call option that is exercised if the payoff

is positive.
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The profit function of the institution is now given by

I = (AS+B)—C, att=0

M, = Ch;—(ASy, + BR?) att=2, andi =123,

To be fully hedged against the probability of exercising the option, it must be imposed
that the call option’s payoff be equal to at least as much as the value of the portfolio.
At the same time, and to maximize its profits, the financial institution searches
today for the maximum value of the portfolio that it is selling. This corresponds to

the following problem

max AS + B
{A,B}

subject to the terminal conditions:
Cgﬂ' Z ASQ’i + BRZfOT’i = 1, 2, 3.

where S;; and Cy; have the meanings explained at the beginning of section 2.

Once again, these terminal conditions are inequalities. The replicating portfolio
will satisfy the restrictions as equalities only for two of the three states of nature. This
problem has two different solutions, depending on whether (R? — UD) is positive or

negative’. We then have the following.

Proposition 2 The solution of this problem, when R* > UD, is obtained for a

portfolio (A, B) given by

A — Co1 — Oy

- S(UZ—UD)’
B— U20272 — UDCQJ
- R2(U? - UD) ’

For simplicity, the case R? < UD is presented in the appendix since the results are similar.
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_ 1 |R*-UD U2_R?
and costs Q = 53 [ng,l + mog’g .

Proof. See the Appendix. m

Choosing this portfolio, the financial institution is fully hedged in the sense that,
at maturity, the payoff of the option will be greater than or equal to the cost of buying
the hedging portfolio. Denoting by II the profit resulting from this hedging portfolio,

it is easy to verify that at time t = 2

ﬂ2,1 =0
I, =0

;=K —D>S>0, if UDS > K > SD?

D

- U+_D(U2S—K) >0, if U?S > K > SDU

= 0, otherwise.

>From these results, one can say that if financial institutions wish to be fully hedged,
they sell options at a price C* > C and buy options at a price C* < C. The difference
C® — C" is called the bid-ask spread, and C and C are, respectively, called the ask
and bid bounds.

The next section analyzes the situation of incomplete hedging, that is, situations

when profits at time ¢ = 2 may be negative in some states of nature.

4 Incomplete Hedging

The previous section followed the superreplication approach, that is, a positive profit
in all three states of nature at maturity was imposed. Suppose now that the financial
institution is willing to accept negative profits in one of the three states of nature at

time t = 2. The hedging portfolio is expected to be less expensive, allowing to sell
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(buy) the call option for a lower (higher) price than C' (C) while keeping a null or
positive profit at time ¢t = 0. In the simple two-period model, the negative payoft will
occur only in one state of nature at time ¢t = 2. To study these situations we assume
that financial institutions do not take into account the profit from trading options but
the utility derived from the profit at each date. In this way, we may now incorporate
the risk-averse behavior of financial institutions.

The rest of this work assumes that a financial institution has a utility function

characterized as
U(I1y, IIy) = I + v(I1y)

where v is continuous, differentiable, strictly increasing and strictly concave. Prefer-
ences are represented by time-additive and state independent von Neumann-Morgenstern
utility functions. In Section 3, the hedging portfolio was computed imposing a posi-
tive value for Iy, in all states of nature. In this section, we consider the construction

of a hedging portfolio covering only two of the three states of nature.
4.1 The selling price

Let the financial institution construct a portfolio covering only the states of nature
i = 1 and ¢ = 2. These two states of nature represent the highest losses that the
institution can have since Cy3 > Cy9 > (5. Covering only the states of nature
corresponding to ¢ = 1 and i = 2 is equivalent to imposing that profits in these states
will be zero, allowing II, 3 to be negative. The problem to solve is to choose A and

B such that

ASy1 + BR? = Cy,

AS272 + BR2 == 0272.
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This problem is solved for a portfolio with A = A and B = B defined above in
Proposition 2. The cost of the portfolio is the value C given in the same Proposition
and, as expected, it can be shown® that C < C. The use of this hedging portfolio
leads to a negative profit if the state of nature corresponding to ¢ = 3 occurs at
maturity. However, this partial hedging strategy allows one to sell the option at a
price C* lower than C. Also, and since the cost of building this portfolio (A, B) is
C, the transaction value of the call must satisfy C* > (', so that there are resources
to build the hedging strategy. Notice that the profits at time ¢ = 2 depend only on
the hedging portfolio and are simply given by I1* = —I1.

As a hedging alternative, the institution could decide to construct a different
portfolio covering only the states of nature ¢ = 1 and ¢ = 3. The relevant portfolio
can be easily seen to be the same (A, B) described in Proposition 1. In that case,
the selling price C* must be higher than the portfolio’s cost C. This last alternative
is the same thing as having a complete hedging.

The decision between hedging portfolios can thus be mapped into a decision be-
tween regions for the selling price C'*. Either the institution hedges with portfolio
(A, B) and the selling price then satisfies C > C® > C, or the institution prefers to
be fully hedged with portfolio (A, B), leading to C* > C. In order to fully charac-
terize this decision, the expected utility driven from each of the alternatives must be

compared.

6In fact, we can obtain C = C, although this occurs only in less interesting cases. It occurs when
the option is either deep in the money (DS > K) or deep out of the money (K > U2S). In the
former case A equals one, meaning that the impossibility of transacting in the underlying asset is
not relevant. In the latter, the value of the option is trivially zero. In that case, there is only one
price for the option which is C = C.
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The expected utility from a complete hedging is given by

Eucom(Hg, H2> = H[) + E’U(Hg)

= C" = C+p*v(0) +2p(1 = p)v(Ilzz2) + (1 — p)*v(0), (1)

with C* > C and where p is the true probability of the stock price being multiplied by
the rate U at time ¢ = 1. On the other hand, the expected utility from the portfolio

(A, B) providing a partial hedging is given by
EU™ (Ily, II,) = C* — C + p*v(0) 4 2p(1 — p)v(0) + (1 — p)*v(—1L, ),

in the domain C < C* < C.
A sufficient condition for choosing full hedging is that the worst possible value of

EU™P(T1y, Iy) is still better than the best possible value of EU™(T1y, 1) or
EU“™ (T, 1T, C* = C) > EU™(Iy, [, C* = C). (2)
Since EU (11, I15) is monotonic in C'*, this is also a necessary condition leading to

Proposition 3 The financial institution chooses to sell the option at a price C > C

if and only if
C—-C<(1-p)[(1-3p)v(0) — (1 —po(-Iy;) + 2pv(Tlz2)] . (3)

Proof. The result follows directly from inequality (2) and the fact that profits
are monotonic in C*. W
Consider a risk-neutral institution, such that v (x) = z, thinking of a partial

hedging. Noticing that the time ¢t = 0 profit C* — C is less than C' — C, the above
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sufficient condition to give up partial hedging and set prices higher than C' simplifies

to
C-C < (1_p)(K—D2S) 1+p—->r),ifUDS > K > SD?
= - R D+U)’ -
— < — > K
C-C < = (UPS = K) D5, if UPS > K > SDU

This means that if the profit at time ¢ = 0 is low, it is better to set the price at or
above the upper bound. In other words, a necessary condition for the institution to
choose prices in the interval [C, C) is that profits at time ¢ = 0 are large enough to

compensate for the expected losses at time ¢t = 2.

4.2 The buying price

The analysis of the buying position is not as straightforward as the previous one. In
Section 3 the bid bound price was obtained when R? > UD. In that case, profit at
time ¢t = 2 is null in states ¢ = 1 and ¢ = 2 and positive in state ¢« = 3. However, when
R? < UD the bound would be a different one, denoted by C, and characterized in
the appendix. In this last case, profit would be positive only in the state of nature
1 =1.

Incomplete hedging corresponds to accepting a negative profit in one of the three
states of nature. In this way, it is possible to compute the price that the institution
is willing to pay to buy an option which is certainly higher than each of the bound
prices. As above, we focus here only on the case R? > UD and leave the other
situation for the appendix. It can be shown that when R? > UD one obtains C' > C.
Then, C' does not correspond to the portfolio that we are looking for in the sense that

its cost is lower than C'. In fact, it is now relevant to consider only the construction
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of a portfolio covering the states of nature ¢ = 1 and ¢ = 3, since this is the only way
that the market-maker can buy the option for more than C.

The problem to solve is to choose A and B such that

ASy, + BR? = Oy,

ASQ’:), + BR2 == 02’3.

In this simple two-period model, the problem is solved for a portfolio with A = A and
B = B, and the cost of the portfolio is C', which was first introduced in Subsection 3.1.
Constructing this portfolio gives the institution selling the option a profit II® = —II.

If the financial institution decides to buy the call option at the price of the hedging
portfolio (C) it will have a zero profit at time ¢ = 0. However, since C < C, it will have
an incentive to buy the option at a price C? lower than C as long as C < C® < C' is
satisfied. Once again, profits at time ¢ = 2 are a function only of the hedging portfolio.
After deciding upon the hedging portfolio to construct, the financial institution will
maximize its utility function choosing the selling price of the call option.

Again, it is relevant to understand the conditions under which the institution
chooses to be fully hedged, buying the option at a price C® < C, or taking the chance
of a negative profit at time ¢ = 2. The expected utility under a fully hedged position

is given by
EU*™ (I, 1) = C — C° + p*0(0) + 2p(1 — p)v(0) + (1 = p)*v(ly5),  (4)

On the other hand, when the financial institution buys the option at a price C® such
that C < C® < C and constructs the hedging portfolio (Z, E) , the expected utility

is given by
EUi”c(Ho, II,) = C—C° +p2v(0) +2p(1 — p)v(—ﬁm) + (1 - p)zv(O).
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A sufficient condition for selling below C' and being fully hedged is then easily found

by imposing that
EU ™Iy, 1Ty, C° = C) > EU™ (1o, I, C* = C). (5)

Again, Since EU (I1y, IIy) is monotonic in C?, this is also a necessary condition leading

to

Proposition 4 The financial institution chooses to buy the option at a price C° < C

if and only if
C—C<(1-p)[-2po(~Tha2) + (1 = p)v(,5) — (1 = 3p)u(0)] . (6)
Proof. The result follows” directly from inequality (5). m

4.3 TIllustration

In this work it is not possible to use the usual utility functions, such as power or
logarithmic functions since portfolios may have non-positive terminal values. For

simplicity, we use here the negative exponential type:
U:x— \— aexp(—odx)

for given constants o, A > 0. The parameter 6 is the constant coefficient of risk
aversion. Fixing a = 1 without loss of generality, the utility function of the financial

institution U (11, I1,) is given by

EU(HO, Hg) = H[) + Z]/?\Z [)\ — eXp (—51_[271)] s

"The case R? < UD is studied in the appendix.
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where p; is the true probability of each state ¢ = 1,2,3. In the simple two-period
model, p; = p*, pi = 2p(1 — p) and p3 = (1 — p)*.

Consider first the case R? > UD. For an institution selling options, a super-
replicating portfolio is prefered if and only if condition (3) holds. Assuming the
negative exponential utility function, this condition simplifies to

% + (1 =3p) < [(1 = p)exp(éIl,3) — 2pexp(—6Tly)] . (7)

A similar preference for a superreplicating portfolio occurs when an institution is buy-
ing options and condition (6) holds. With the negative exponential utility function,

this condition simplifies to
c-cC _
aipt (3p —1) < [—(1 — p) exp(—61L, ) + 2pexp (6TMaz)] , (8)

Notice that II, ; > 0 and ﬁ2,2 > 0. Let 6, denote the unique value of ¢ that satisfies

(7) as an equality and let 8, denote the unique value of § that satisfies (8) also as an

equality. Then the following holds.

Proposition 5 The minimum level of risk aversion that leads a financial institution
with a negative exponential utility function to prefer simultaneously to sell options at

price C* > C and to buy options at price C* < C is
6™ = max {64, 3}

Proof. Uniqueness of ¢, and 6§, follow trivially from the right-hand side of both
conditions (7) and (8). Preference for selling above C' means, therefore, that & >
0q. Similarly, preference for buying below C' means that 6 > §,. Finally, for both
Smin

conditions to be satisfied simultaneously, we require that 6 > as given in the

statement and the result is proved. m
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When the risk-aversion coefficient increases, the right-hand sides of both condi-
tions above increase. This means that the conditions are more easily satisfied for
more-risk-averse than for low-risk-averse instituitions. In other words, the more-risk-
averse the institution is, the more likely it is that it prefers to be fully hedged. In the

limit where intermediaries are infinitely risk averse, the following result holds.

Proposition 6 Infinitely risk-averse intermediaries will always choose to be fully

hedged and the bid and ask prices for options are at or outside the bounds.

Proof. In the limit 6 — oo, the right-hand side of conditions (7) and (8) diverge.

Therefore, in this limit the intermediary will prefer to be fully hedged. m
5 Utility Maximization

The problem facing the financial institution is now divided into two stages. First, the
institution must choose the level of hedging or, equivalently, the domain on which
the transaction price should be established. After deciding on the price region, the
institution determines the price by maximizing its utility function. Since the variable
price is found only in the first argument of the utility function, the one that refers to
t = 0, this problem looks relatively simple.

For a given hedging portfolio, the institution maximizes utility by choosing the
highest price in the allowed range of values. In particular, this means that if conditions
(3) and (6) hold, the financial institution maximizes its utility by choosing an infinite
price when selling, and a zero price when buying. Of course, there would be no one
interested in transacting at these price values. The point is that we did not consider

the demand and supply of call options that institutions face in the market.?

80r that we assumed that the demand and supply curves were infinitely elastic.
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In this section we introduce the demand and supply of options that financial
institutions face. The next section studies the problem of a monopolist institution.
In this situation the institution knows the demand and supply curves exactly, as well

as the impact of prices on quantities demanded and supplied.

5.1 The demand curve

Assume that investors buy call options with two periods to maturity. Each investor
is exogenously endowed with a vector of resources e = (e, €315 €39, 6(2173) where ef
denotes the endowment at time ¢ = 0 and e5;,7 = 1,2,3 denotes the endowment at
time ¢ = 2 for the three states of nature. Investors buy call options at price C* and
at time t = 2, the options’ payoff is simply given by Cy; = max(0,Sy; — K), for
i =1,2,3. Let Q? denote the number of options purchased by an investor.

At date t = 0, the investor decides upon the number of units of the security to
buy and his wealth is given by W¢ = e — Q?C?. Then, at time ¢t = 2, and in each
state of nature i = 1,2, 3, the investor will have wealth W3, = €5, + QCy,.

Assuming that investors are risk averse, the simplest class of utility functions that
can be considered is the so-called additively-separable utility functions

3
F(Wg, Wg) = W + > pif (W)
i=1
where f is continuous, twice differentiable, strictly increasing, and strictly concave,
and p; is, as before, the true probability of each state of nature’. Each agent max-
imizes his utility function on @, believing that he can buy as many options as he

wants without affecting the option price.

9The vector p can either represent a vector of commonly agreed upon probabilities or a vector of
subjective probabilities, in which case it should be indexed by the investor. It is here assumed that
P is the same among investors, but results do not depend on this assumption.
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One must also consider that investors can trade also in the underlying asset mar-
ket'". The point is that investors can also construct the portfolio (Z, E) that super-
replicates the payoff value at maturity. It is expected that investors will not be willing
to pay more than C' in order to buy an option. Then, the demand of call options is
given by the solution to

I%adx et —QC+ >, pif (e%,i + QdCZ,i)
s.t. C < C.
The first order condition, which in this case is necessary and sufficient for an optimum,

implies that the amount Q% of call options demanded satisfies

CHQY = > piCaif'(€5; + Q*Cay) when C < T

Q? = 0 when C >C.

One must now construct the aggregate market demand of call options. The aggre-
gate demand is defined as a suitable sum of the demands arising from all investors.
This work considers only one market, the market for call options with the properties
described above. In this market, each investor is a price taker, that is, each investor
takes the price as given and thinks that the quantity that he wishes to transact will
not have an impact on market prices. In such a simple case, the aggregate demand
is given by the aggregation of each individual demand curve. Therefore, the market
demand will be zero for call option prices C* > C, and will be the horizontal sum of

the demand curves of individual consumers.

0Here it is assumed that the cost of constructing the superreplicating portfolio is equal to all
agents in the economy. This is a simplistic assumption, since there is some literature considering
that investors may incur higher costs that financial intermediaries.
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5.2 The supply curve

The supply side of the market is obtained in an analogous way. It is also considered
that investors are risk averse. The main difference between buyers and sellers comes
from their exogenous endowment. It is now assumed that each investor is exogenously
endowed with a vector of resources e’ = (68,6371, 637276373) , where €} denotes the
endowment at time £ = 0 and eg’i,z’ = 1,2, 3 denotes the endowment at time ¢ = 2 for
the three states of nature. Investors sell call options at price C® at time ¢t = 0. Let
(Q° denote the number of units of options sold by an investor.

At date t = 0, the investor decides upon the number of units of the security to
sell and his wealth is given by W¢ = e + Q*C®. Then, at time ¢t = 2, and in each
state of nature i = 1,2, 3, the investor will have wealth WQI’Z

As before, one must also consider that investors can trade in the underlying asset
market. Therefore, investors are able to construct the portfolio (A, B) that super-
replicates the payoff value at maturity. It is expected that investors will not be willing

to sell the option for less than €. Then, the supply of call options is given by the

solution to

rrclg%xeg +QC* + Yoibif (eg,i - QSCN’)
s.t. C>C.

The first order condition, which in this case is necessary and sufficient for an optimum,

implies that the supplied amount Q)* of call options must satisfy
C(Q°) = > piCaif'(eh; — Q°Cy;) when C* > C
Q° = Olwhen ct<C.
As in the case of the market demand, the market supply is simply given by the
horizontal sum of each individual supply curve. Then, the market supply is positively
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sloped for bid prices higher than C, and zero otherwise. Figure 2 represents a generic
demand curve and supply curve of options faced by financial intermediaries. We
define the limiting minimum amount of options the intermediary can buy at price

C* > C,
s’ s1—1
Q° =1C°1 (O,
and the minimum amount of options the intermediary can sell at price C* < C,

QY =[c"]' (0).

6 A Monopolist Market-Maker

The monopolist market-maker’s problem consists of choosing the bid and ask prices
to maximize utility. The problem can also be solved choosing the optimal quantities
to transact and the optimal hedging strategies. We assume that the market-maker
must satisfy all market demand and supply at the ask and bid prices he sets. Let Q¢
denote the quantity of options to sell, Q° the quantity to buy, Q™ the quantity to
hedge incompletely and Q°™ the quantity to hedge completely. The problem of the
market-maker is

o U= CHQHQ" - C*(Q)Q

+C«1jQinc + Z@U(Qincalj) + C«2chom + Z@U(Qcoma%)
S QT QT — (@ - Q)i+ (@ - Q%) (1))

Q" > 0,Q°">0,Q">0,Q">0
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C*(Supply)

C4( Demand)

Q" Q7 Q

Figure 2: Market demand and supply of call options.

where
67 J = 0 Q: J = 0
Cl] = C2j_
_Qu J= 1 _Cu J=
_ﬁ2,i7 J=0 E2,i7 J=0
alj —_= a2j =
_H217]_1 H2z>]_1

0 when Q° > Q¢

1 when Q* > Q".
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The utility function v(Ily), where Il is the profit at maturity, is continuos and dif-
ferentiable with ¢'(IIy) > 0 and v”(Il3) < 0. This characterizes a risk-averse market-
maker. We assume that v(Il;) > 0 for II, > 0 and v(Ily) < 0 for IIy < 0. The total
revenues of selling Q® options and total costs of buying Q° options are respectively

denoted by

TRd — Cd(Qa)Qa
TC = QR
When j = 1 the market-maker is selling more options that he is buying and Q¢ = Q°+
Q™ 4 Q™. The total cost of the incomplete hedging portfolio to hedge Q¢ options
and the total cost of the complete hedging portfolio to hedge QQ°™ are respectively
given by
Tcrinc (Qinc) _ QQZTLC _ Z@U(_QincEZi)a
TO™ — UQcom - Zﬁﬂ}(QcomﬁZi)'
When j = 0 the market-maker is buying more options that he is selling and Q° =
Q* + Q™ + Q™. The total revenue of the incomplete hedging portfolio to hedge

Q™ options and the total revenue of the complete hedging portfolio to hedge Q®™

are respectively

TRinc _ Uch + Zﬁiv(_ﬁZich)a

TR™ = CQ™™+ 3 pw(Q7"Iy).

To solve the maximization problem it is necessary that all functions be diferentiable.

However, agQ’Ed is defined only for Q% > Q% and 88TQC; is defined only for Q* > Q¥
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On the other hand, we verify that

TCm(Q¥) > TC*(Q¥) and

TRYQY) > TC™(Q").

The optimal decision of the market-maker is to buy at least Q¥ options and to sell
Q% options. Hence, we solve the maximization problem restricting Q* > Q¢ and
Q" > Q. We are assuming that optimal transacted quantities of options are equal
or higher than min {Qd', QS'} .

The solution of the maximization problem is obtained for {Q“, Qb, Q"e, Qcom}

such that
clQ)+Q 85 Cr@)+MES
(25-1) o (25-1) o
— (Chj + X Piongv (Qmany)) = — (Coj + X, Biayv' (Q ;) (9)

Qa > Qd/, Qb > Qs” Qinc > 0 and Qcom >0
When j = 0 condition (9) simplifies to

d s
CUQN+ Qo = O+ @ - (10)

C - Z@ﬁzivl(—ﬁ%@m) = C+ Z@EZivl(meEZ,i) (11)

which may be written as
MRd(Qa) —_ MCS(Qb) — MRznc(anc) —_ MRcom(Qcom).

When j = 1, condition (9) simplifies to

d a aaod _ s b baCS _
CUQ)+ Q55 = C@)+Q55 = (12)
C+ Zﬁiﬂu”,(_ﬂzich) = C— Zﬁiﬁzivl(@wmﬁzi) (13)
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and may be written as
MRd(Qa) — MCS(Qb) — MCinc(Qinc) — Mcrcom(Qcom)‘

The market-maker is maximizing utility when marginal revenues equal marginal costs.
For example, when Q¢ > Q° the market-maker is selling more options that he is buy-
ing. The difference Q% — Q" in options is hedged constructing Q™ incomplete hedging
portfolios and Q°°™ complete hedging portfolios. The marginal cost of Q°, Q¢ and
Q™ must equal. Otherwise the market-maker could lower costs by switching quan-
tities between the hedging alternatives. They must also equal the marginal revenue
of sellling Q* options.

It is shown in the appendix that

1. Conditions (10) and (12) cannot be verified simultaneously. If the optimal
decision of the market-maker requires the construction of complete and incomplete
hedging portfolios then he must be either a net seller or a net buyer of options.

2. The market maker may be maximizing utility without constructing complete

hedging portfolios if and only if

MC™(0) > MRYQ") = MC*(Q") = MC™(Q™), when j =1 or

MR“™0) < MRYQ") = MC*(Q") = MR™(Q™), when j = 0.

In this situation, the intermediary must decide between being a net seller or a net
buyer. We will see in the illustration that follows how these conditions depend on the
level of risk-aversion of the market-maker. In the appendix we present a graphical
example of the determination of bid and ask prices when Q“™ = 0 for both j = 0

and j = 1.
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3. It is always optimal for the intermediary to buy and sell a different quantity.

It means that the traditional solution of a monopolist firm characterized by
MRY(Q) = MC*(Q)
is never optimal.

6.1 Illustrations

As in Subsection 4.3, one can study the specific case of a constant risk-averse utility
function. We use the negative exponential type utility function: U : x — A—exp(—dx)
where )\ is a positive constant taken as equal to one and ¢ is the constant coefficient
of risk aversion. For this utility function the marginal costs of construction of a

complete and an incomplete hedging portfolio are respectively given by

MOcomp  — 6 _ H2721/9\25 eXp(—5QH2,2):
C

MO = + ﬂ273ﬁ35 eXp((SQEZg,),

and the marginal revenues of construction of a complete and an incomplete hedging

portfolio are respectively given by

MRe™ = (C+ E2’3ﬁ35 eXp(—5Qﬂ2,3>a

MRinc = U — Hg}gf)\g(s exp(&QHm).

The market-maker does not construct incomplete hedging portfolios, when j = 0, if

MRe™(0) < MR™(Q™) = C + I 3p36 < C — Ilz2D26 exp(8QTLs2).

Let @ satisfiy the condition C + I, 3p36 — C + Tl 2P0 exp(6QTl,5) = 0. It is easy to

see that % < 0. On the other hand, when j = 1 the market-maker does not construct
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incomplete hedging if
MC™0) > MC™(Q™) = C — Ty 90 > C + I, 3P0 exp(5QLL, ).

Let @ satisfy C' — Ip P26 — C — 11, 3p36 exp(6QIL, 3) = 0. It follows % < 0. We can
conclude that as ¢ increases, the intermediary moves from incomplete to complete
hedging for a smaller quantity of options to hedge.

We can study the effect of a small variation of delta, all other things being equal,
in the bid and ask prices. Consider the situation where the market-maker is selling
more options than buying, and constructing an incomplete hedging portfolio. Optimal
quantities must satisfy the following conditions

MCne (Qiney — MC* (Qb) -0
Qe 1 Qb = Q°
MC* (Q") = MRY(Q") = 0.

The variation in the ask price is given by 80(;(5@) = BC;C(??G)%. The first term

is the slope of the demand curve and is negative; the second term is shown in the

appendix to be negative. Then, %%Qa) > 0. On the other hand, 80;(6Qb) = 8656(2?) a%

which is also positive. Both equilibrium prices increase but we cannot conclude about
the size of the spread, since it depends on the characteristics of both the demand and

supply curves. The increase in the coefficient of risk aversion has an opposite effect

9C(Q%)
38

< 0 and o] < 0. It is clear that

on prices when Q” > Q°. In this case 25

in both cases the number of options to hedge decreases as the market-maker is more
risk averse.
Consider the case of an infinitely risk-averse market-maker. As lim MC™ = co

6—00

and (Slim M R™ = —o0, an infinitely risk-averse market-maker would never choose to
—00
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be partially hedged. On the other hand, 6151010 MCe™ = C and 611_%10 MR®“™ = (.
Then, the market-maker would sell options at C' and would buy options at C. How-
ever, this would happen only if the demand and supply curves were infinitely elastic
at C and O, respectively. When the demand and supply curves are not infinitely
elastic the market-maker maximizes his profits by choosing to sell and buy the same
quantity Q* satisfying

L0C(Q")
Q

In this situation the market-maker buys and sells the same quantity of options and

L0C* (Q7)

Q") +@Q 0 CUQR") +Q

does not construct any hedging portfolio. We studied the case of an infinite risk-
averse market-maker in Section 4.3 and, consistently with the results of this section,
we concluded that such a market-maker would never construct an incomplete hedging
portfolio. However, we also concluded that prices would be equal to the bounds, which
is different from the result that we have obtained in this section. The point is that in
Section 4.3 we were assuming that demand and supply curves were infinitely elastic.

Finally, the necessary and sufficient conditions to obtain both prices at the bounds

are:

MRd<Qd/) < 6 - f)\gﬁg’g(s eXp((SHg,ngc) = Q + ﬁ3ﬂ2735 eXp(-éQcomﬂ273) < MCS(Qf’Dé’t)

Qinc + Qcom — Qsl o le

MRd(Qd’) < C+ Z/)\3E273(S exp((Schﬂw) =C - ﬁgﬁz’g(s exp(—éQc"mﬂm) < MC*(@1H)
Qinc + Qcom — Qd/ . QS/-
In both cases it must be true that
aCd(Qd/) aCs(Qs/)

Cd(Qd/) +Qd,W < Cs(Qs/) _{_QSIW‘ (16)

33



(@!

= N g

Notice that C*(Q) + %—%S = C*(Q) [1 + $} where £(s) = 880%23 is the supply

elasticity and C%(Q) + Q%—%d = CYQ) [1 — @] where e(d) = % is the demand
elasticity. Then, conditions (16), (14) and (15) are more likely to be satisfied as the
elasticity of both curves decreases. Conditions (14) and (15) also limit the values that
6 may assume. These are necessary and sufficient conditions to obtain the equilibrium
prices C%[e(d),e(s),6] = C and C®[e(d),e(s),6] = C. In figure 3 we present an

example of a situation where prices equal bounds. The monopolist market-maker

buys Q° options in the market at price C and sells Q¢ options at price C.
C MC® C?

Cd
._\_\
™

Q=0 Q" =Q" @

Figure 3: The monopoly case with prices equal to bounds

7 Conclusions

This paper studies the impact on option pricing of the impossibility of rebalancing

the hedging portfolio. Since it is no longer possible to perfectly replicate the payoffs
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of an option, the traditional equilibrium valuation is no longer applicable. In this
work, discrete rebalancing is not a result of transactions costs or wealth restrictions.
The difficulty in rebalancing the hedging portfolio is a consequence of the reduced
transaction in the underlying asset. Following Longstaff (2000), this expresses the
asset’s illiquidity.

First, we have shown that there is a range of non-arbitrage prices. This range is
bounded from above by the value of the cheapest portfolio superreplicating a short
position in the option. The lower bound corresponds to the value of the cheapest
portfolio superreplicating a long position.

However, these bounds do not reflect equilibrium bid and ask prices for the options.
An intermediary may be willing to accept the risk of having a negative profit at
maturity and transact options at prices within the bounds. When market-makers do
not cover all possible states of nature, the cost of the hedging portfolio is lower. It
follows that market-makers may be willing to transact options at prices inside the
bounds. To develop this analysis, we introduced market-makers that maximize their
utilities, which are functions of the present and future profits.

We study a specific monopolistic market structure. The monopolist market-maker
faces the market demand and supply curves for options and decides upon the bid and
ask prices. He can hedge his position by transacting options in the market or by
constructing a hedging portfolio. Moreover, the hedging portfolios may cover his
position completely or incompletely. A utility maximizer market-maker will choose
the cheapest among the three alternatives.

The impact of risk aversion on the pricing of options is analyzed for the specific

case of a negative exponential utility function. We derive necessary conditions to
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observe the ask and bid prices at the bounds. These necessary conditions are related
to the elasticity of the market demand and supply and the risk aversion of the market-
maker. Prices are more likely to be at the bounds the less elastic the market curves
are. We also show that as risk-aversion increases the rational decision of the market-
maker is to move from an incomplete hedging strategy to a complete hedging strategy.
In the limit, when the market-maker is infinitely risk averse, we show that he would
never construct a partial hedging portfolio. In fact, as the cost of complete hedging
turns out to be higher than transacting options in the market, an infinite risk-averse
market-maker does not have open positions, that is, he buys and sells exactly the
same quantity of options in the market.

In conclusion, in this monopolistic model for the market of options, the illiquidity
of the underlying asset makes the equilibrium bid and ask price dependent on (1) the
market-maker’s risk aversion and (2) the elasticity of the demand and supply curves

for options.

A Appendix

A.1 Proof of Proposition 1

The problem is given by min AS + B, choosing {A, B} subject to the terminal con-
ditions: ASy; + BR?* > Cy; for i = 1,2, 3. The solution follows from the Lagrangian:
3
L=AS+ B+ X\(Cyi— ASy; — BR?)
i=1
Alternatively, the problem can be solved following El Karoui and Quenez (1991)
and (1995). To value a contingent claim in an incomplete market, these authors

introduce the notion of auxiliary complete markets. In our case, each auxiliary market
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is characterized by only two active restrictions out of the three given above. Thus,
there are three auxiliary complete markets in this problem. Each auxiliary market
must satisfy the illiquidity restriction that no trade is possible at ¢ = 1 and the
additional restriction that the terminal wealth always exceeds or equals the payoff
of the call option at maturity. It then follows that the value of the portfolio in the
constrained market is given by the supremum of all portfolio values resulting from the
auxiliary (complete) markets. In this two-period model it can be checked that only

the auxiliary market resulting from A; > 0, A = 0 and A3 > 0 satisfies the wealth

C31—Ca3

SOTDY) and

restriction. The solution to the problem leads to a portfolio with A =

m _ U202’3*D202,1

= ~ge(z_p% - Lhe result follows.

A.2 Proof of Proposition 2

The problem is given by max AS + B, choosing {A, B} subject to the terminal con-
ditions: Cy; > ASs; + BR? for i = 1,2, 3. The solution follows from the Lagrangian:
3
L=AS+B+Y M(ASy+ BR* — Cyy)
i=1
Once again, the problem is solved following Karatzas and Kou (1996). In this case,
Karatzas and Kou’s main result is that the value of the call option in the constrained
market is given by the infimum of all call option prices resulting from the auxiliary
(complete) markets. In this two-period model there are three auxiliary markets sat-
isfying the illiquidity restriction, but it can be checked that only two of them satisfy
the wealth condition, that is, that the value of the portfolio at maturity is always less
than or equal to the payoff of the call option. These markets are the ones resulting
from \; < 0, Ay <0, A3 =0and \; = 0, \y < 0, \3 < 0. When R? > UD, the

problem is solved with A = % and B = %. It follows that the cost
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of the hedging portfolio is the same as that given in the statement of this Proposition.

Ca2—Cs3

SCD-DY and

When UD > RZ?, the problem is solved with the different values of A=

B = % and the cost of the portfolio is C' = ég [UD 77C22 + UD’gz Cas| .

A.3 Analysis of Section 4.1 when R? < UD.

When the hedging portfolio replicates only states ¢ = 2 and ¢ = 3 the portfolio is

constructed with

A — Cr2 — Co3

=~ S(UD - D?)’

5 _ UDCas — DGy
=" "RAUD - D?)

and costs C' = R2 %02 5+ WC’Q 3| . The resulting profit at time t = 2 is

U 2 2
E21 D(DS K)<0,ifUDS>K > SD
=K -U?*S <0, if US> K > SDU

= 0, otherwise
22,220
22,320

This situation is interesting to study when R? < UD since it can be shown that, in
such a case, C < (. The point now is to understand the conditions under which the
institution chooses to set prices above or below C'. To do this, one must compute the

expected utility obtained in the case of complete hedging

EU“™ (I, ITy) = C — C* + p*o(, ) + 2p(1 = p)v(0) + (1 — p)*v(0).
and incomplete hedging

EU™(Tly,11y) = C — C° + p*v(0) + 2p(1 — p)v(—TIlys) + (1 — p)?v(0).
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A sufficient and necessary condition for selling below C and being fully hedged is

then easily found by imposing that
EUC™ (I, Iy, C° = C) > EU™ (11,15, C* = O)

which simplifies to

C—C <p™(ll,,)+p(2—3p)v(0) — 2p(1 — p)v(~Thp).
A.4 Proof of proposition 5 when R? < UD.

Proposition 5 is also valid for the case where R? < UD. In the presence of negative

utility functions conditions (7) and (8) are now given by

c—-C _
=t (-2 < [—2(1 — p) exp(—6,TTss) + pexp(&agm)]

and

c-C
= +(2-3p) < [2(1 — p)exp (6pllz2) — PeXp(_‘SbEQ,l)} :

One can determine the unique values for 6, and ¢, satisfying these conditions. It

follows the same proof as in the text.

39



A.5 The market-maker’s problem

The maximization problem is

o™ EU = CHQIHQ" — C*(Q")Q"

+Cleinc + Z@U(Qincalj) + C2chom + Z@U(Qcoma%)
st QM+ Q™ = (@ —-Q") i+ (Q"—Q%) (1—))

Q" = 0,Q"20,Q">2Q". Q"> Q"

The Lagrangean function is

L = CYQRHQ" - C*(Q"Q°
+0;Q™ + Z Piv(Qay)
+C5 Q%™ + Z@U(meazj)
+A (™ + ch’m - (@ -Q)i-(Q-Q") (i -1)
where ) is a positive Lagrange multiplier for j = 1 and negative for j = 0.

A.5.1 First Order Conditions

The first order conditions of the problem are
MRIQY-A2—1)<0  Q'>Q"  (MRYQY)—A2j —1) (Q"— Q%) =0
—MCHQ") + A2 — 1) <0 Q' =Q"  (-MC(@Q")+ A2 -1)(Q-Q) =0

Clj + Zi@auv’(QmCaU) + A S 0 ch Z 0 (Clj + Zi@aljv’(chalj) + )\) Qinc =0

ng + ZZ @agjv/(Q“’magj) + )\ S 0 Qcom 2 0 (ng + Ziﬁiagjv’(Qc"magj) + )\) Qcom =0
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Qinc + Qcom _ (Qa _ Qb) ] _ (Qb _ Qa) (1 _]) =0
Case 1 -
Q—QY>0, Q*—Q¥ >0, Q™ >0, Q" >0 . The first order conditions

simplify to

MR Q%) MC*(Q° PO ~  Acom
2/ j%) e E%) = - <C1j + ;piauv (@ Oéu)) = - <02j + ;piazﬂ (@ azj)) :

When j = 0 it simplifies to

MRYQ") = MC*(Q") = C = Y il (—T1p,Q") = C+ > pill, v/ (Q“"1L, )

and when j =1

MRY(Q") =A=MC* Q") =C+ ) pillyv'(-1L,,Q"™) = C = ) pillyv'(Q"IL,).

Notice that by the first order condition the optimal quantity
Q7 =0) <(Q*j =1)

which implies that MR (Q¢|j = 0) > M R4 (Q*|j = 1) by monotonicity of M RQ).

It follows from the first order conditions that

C- Zﬁiﬁzivl(—ﬁzich) j=0| > |[C- Z@‘ﬁzw/(Qcomﬁu) l7 = 1] =

[@ Y AL )] =0| > |- Y A0 = 1]

which is false. Also by the first order conditions follows that

C+ Zﬁiﬂz,ivl(meﬂz,i) j=0 > |C+ Zﬁiﬂz,ivl(_ﬂz,ich) J = 1] =

C+ Zﬁiﬂzﬂ/(o) j=0| > |C+ Z@ﬂzﬂ/(()) j = 1]
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which is false. We conclude that there is only one optimal solution either when j = 0
or when j = 1.
Case 2 -
Q*—QV>0, Q*-Q¥>0 Q" >0, Q=0 . The first order conditions

simplify to

~ MR Q") — MC*(Q") S e
- (CZj + ;piazjv (0)> > (2j — 1) = (2j — 1) = - (Clj + ;pialjv (Q Oé1j)>

When j = 0 these conditions simplify to

MRY(Q") = MCY(Q") = C = 3 _pillo/(-T5h,Q™) > C+ 3 pilly v/(0)
and when j = 1 these conditions simplify

C =2 bill/(0) > MRYQ") = MC*(Q") = C+ 3 il (~11,Q™).

The market-maker chooses between being a net seller or a ner buyer of options.
Case 3 -
Q*—QV>0, Q*-Q¥Y>0 Q" =0, Q=0 . The first order conditions

simplify to

2i-1) &=

o MRYQ")  MC*(Q)
— (02]‘ + zi:pi(mjv (O>> > (25 — 1) B (2§ —1)

- (CU + Z@Oéuv/(o)) L MR MO

and Q% = Q® = . When j = 0 these conditions simplify to

C — Z pill0'(0) = MR™(0) < MRYQ) = MC*(Q), (17)

C+)Y pll,v'(0) = MR“™0) < MRYQ) = MC*(Q),
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and when j = 1 these conditions simplify to

C+ Y Pl (0) = MC™(0) > MRY(Q) = MC*(Q), (18)

C =) pll'(0) = MC*™(0) > MRYQ) = MC*(Q).

Notice that these conditions cannot be verified simultaneously. Suppose (17) is true.
Then MC™¢(0) = MR™(0) < MRYQ) = MC*(Q) which contradicts (18). But if
MC™(0) < MRYQ) = MC*(Q) it is not optimal to choose Q™ = 0. On the other
hand suppose (18) is true. Then, (17) is false and it is not optimal to have Q¢ = 0.
It follows that it is never optimal to transact the same quantity on both sides of the
spread.
Case 4 -
Q- Q¥ >0, Q*—QY >0, Q™ =0, Q" >0 . The first order conditions

simplify to

d a S b
- (Clj + ;@aljv'(chau)> > lej—(% ) ]\427_(? ) _ <C2j + ;@awvl(cfomam)) :

These conditions simplify when j = 0 to
C =3 pTh'(0) < MRYQ") = MC*(Q") = C+ ) | pilly o'(Q"" 1)
and when j = 1 simplify to
C+ Z pill, v'(0) > MRY(Q") = MC*(Q") =C — Z Pilly v’ (Q°™,,).
Case 5 -

Q—Q¥=0, Q®—Q7 =0, Q" >0, Q>0 . The first order conditions
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simplify to

MRd<Qd/) < — (Clj + Z@aljv/(Qi”Calj)> (2] — 1) = — (ng + Z@-agjv/(Q“’magj)> (2] — 1) <

and Qinc + Qcom — (Qd/ o Qs/) ] + (Qd/ o Qs/) (] _ 1) ~ When ] =0

MR Q") < C = pllv'(-TQ™) = C + Zp@ oV (Q ML) < MCH(QY)

and when j =1

MRYQY) < C + Z Pl ' (—Q™IL,,) = C = > pill v (Q" ) < MCH(Q).

Case 6 -
Q*—Q¥=0, Q*—QY=0, Q™ >0, Q" =0 . The first order conditions

simplify to

MR Q) < — (Clj + Z@alﬂ/( i"calj)> (25 — 1) < MC*(Q*)

<C2j + Z@%J‘U'(mewg‘)) < <Clj + Z@‘aljvl(@mcalj))
and Qinc + Qcom — (Qd/ . Qs/) j + (Qd/ . Qs/) (] . 1)‘ When j =0
MRYQ") < C=> pilln'(-1L,Q™) < MC*(Q")

<Q + Z@ﬂ27ivl(0)> < <U — Z@ﬁz’iv/(Qincﬁgﬂ')>

and when j =1

MRY Q") < C+ Z@&,w’(—@imﬂz,i) < MC*(Q)

=Y plha/(0) > 0+szn2l ~IL,,Q™).
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A.5.2 Second Order Conditions

The first order conditions are necessary and sufficient to the determination of the
maximum when the objective function is concave. The second derivative of the ob-

jective function is given by

O’EU  OMR' 9MC® OMR™ QMR™"

=7 _ _ hen7=0

20° 20 00 Tag T Tag Whemi=h

’EU OMR* OMC® OMC™ 9MC™ ,

- = — — — when j = 1.

0Q? 0Q 0Q oQ 0Q
Notice that 8Magmc + aMBIgom < 0 and —8Magnc 8Ma%wm < 0. Then, the sufficient
conditions for 8852[] <0is azgé% < 0 and 8](\945 = > 0.

A.6 Graphical illustrations

Figure 4 characterizes a situation with Q™ = 0 and Q°® < Q% MC is the marginal
cost curve of the market-maker and is given by the horizontal sum of each individual
marginal cost curves. In this case the market-maker buys Q* — Q° portfolios (A, B)

and has the expected utility given by

EU = C*(QM)Q" — C*(Q"Q" — |C(Q Z Py Q) I1,,)

Figure 5 characterizes a situation where j = 0 and Q“™ = 0. Optimal quantities
satisfy Q” > Q. MR is the marginal revenue curve of the market-maker and is given
by the horizontal sum of each individual marginal revenue curves. The market maker

is selling Q° — Q* portfolios (Z, E) and has the expected utility
EU = Ca(Qa)Qa . Cb(Qb)Qb . U (Qb . Qa) o Z@U(_ (Qb . Qa) ﬁ2,i)

The market-maker will choose the situation that gives him the highest expected

utility. In both cases the equilibrium is characterized by
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Figure 4: The bid and ask prices when Q% — Q° > 0.

the ask price is lower than C;

the bid price is higher than C;

the quantity sold by the market-maker is different from the quantity bought;

the market maker hedges his position buying the hedging portfolio (A, B) or

selling the portfolio (Z, E) .
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Figure 5: The bid and ask prices when Q% — Q° < 0.

A.7 Analysis of changes in prices when the coefficient of risk
aversion changes.

When the market-maker is selling more options than he is buying and hedging in-
completely, the optimal quantitites Q® and @Q° satisfy the following conditions:
Mcinc (anc) —MC* (Qb) =0
Qinc + Qb — Qa

MC* (QY) = MRYQ*) =0
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We want to compute the variations in Q” and Q® when the coefficient of risk aversion

6 changes. Then, we must solve the following:

Q Qinc 8Mcinc _ oMCs O - aMcinc
8(?9 X 8Q2nc 8Qb —85
= Q = — 1 1 -1 0
o Qa 0 OMC*® __OMR? 0
06 oQb 0Qs
__ OMR? + OMCs
oQ? oQb
— A OMR?
(‘?\?s
oMCs
oQb
where
oM Cine
A= 08 <0.

OMCinc M R M Cinc 9MCs OMCs OM R4

aQinc 8Qa annc 8Qb + 8Qb 8Qa
Then, £Q™ < 0; %Q" > 0 and ZQ" < 0.

When the market-maker is buying more options than he is selling, the optimal

quantitites Q% and Q° satisfy the following conditions:
MRinc (anc) o MRd (Qa) =0

Qinc + Qa — Qb

MC* (QY) — MRYQ") =0

We want to compute the variations in Q? and Q* when the coefficient of risk aversion

6 changes.
9 (yine aMRre o _oMRL O\ "1 ppppine
B_%Q 8anc aQa 96
20 = — 1 —1 1 0
o Qe 0 oMCs  OMR? 0
06 aQb Q-
_ OMR¢ 4+ oM
oQe Qb
A __ OMR?
??a
_oMC*
aQP
where
o OM Rinc
_ a5
A= __ OMRine 9M R4 + dMRinc 9MC's + AMRE OMC's <0.
8Qinc aQa 8Q2nc aQb aQa aQb
0 _ryinc . 0nNb 0. Ma
Then, 5=Q™° < 0; 5:Q° < 0 and 75:Q* > 0.
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