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Devwudfw

Xqghu shuihfw pdunhw htxloleulxp/ rswlrq sulfhv duh ghwhuplqhg dv li wkh
hfrqrplf djhqwv zhuh ulvn qhxwudo1 Wklv sdshu ghyhorsv d vlpsoh wzr0shulrg
prgho wr dqdo|}h wkh lpsdfw ri lpshuihfw khgjlqj rq wkh htxloleulxp sulflqj
ri ghulydwlyhv lq wkh suhvhqfh ri d prqrsrolvwlf pdunhw0pdnhu1 Lq d sduwldo
htxloleulxp dqdo|vlv/ zh vkrzq krz d elg0dvn rswlrq sulfh vsuhdg lv jhqhudwhg1
Lq sduwlfxodu/ zh vkrz krz wkh htxloleulxp elg dqg dvn sulfhv ghshqg rq wkh
pdunhw0pdnhu*v ulvn dyhuvlrq dqg dovr rq wkh ghpdqg dqg vxsso| fxuyhv iru
rswlrqv1 Qhlwkhu lqyhqwru| frvwv qru dv|pphwulf lqirupdwlrq duh frqvlghuhg1

4 Lqwurgxfwlrq

Dprqj wkh wudglwlrqdo dvvxpswlrqv rq zklfk rswlrq sulflqj lv edvhg/ pdunhwv duh

shuihfw dqg wkh xqghuo|lqj dvvhw fdq eh wudqvdfwhg dw dq| srlqw lq wlph1 Xqghu wkh

devhqfh ri duelwudjh rssruwxqlwlhv wkh ydoxh ri dq rswlrq fdq eh frpsxwhg dv wkh ydoxh

ri d sruwirolr rq wkh xqghuo|lqj ulvn| dvvhw dqg ulvn0iuhh erqgv wkdw h{dfwo| uhsolfdwhv

wkh sd|r>v ri wkh ghulydwlyh1 Wklv sruwirolr fdq eh uhedodqfhg lq d vhoi0?qdqflqj zd|

úFruuhvsrqglqj dxwkru*v frqwdfw= dpdwrvCih1xqo1sw1
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xqwlo wkh pdwxulw| ri wkh rswlrq/ e| frqwlqxrxvo| wudqvdfwlqj wkh xqghuo|lqj dvvhw dqg

wkh erqgv1 Xqghu wkhvh dvvxpswlrqv/ wkh fdofxodwhg ydoxh ri wkh lqlwldo sruwirolr fdq

eh vkrzq wr eh wkh htxloleulxp sulfh ri wkh rswlrq1 Lq wklv sdshu zh dvvxph wkdw wkh

xqghuo|lqj dvvhw fdqqrw eh wudqvdfwhg dw hyhu| srlqw lq wlph dqg vwxg| wkh lpsdfw

ri wklv frqvwudlqw rq wkh htxloleulxp sulflqj ri rswlrqv1

Wkh idfw wkdw wkh xqghuo|lqj dvvhw fdq eh wudqvdfwhg rqo| dw vrph srlqwv lq wlph

fdq eh ghvfulehg dv d odfn ri oltxlglw| ri wkh pdunhw iru wkh xqghuo|lqj dvvhw dv

lq Orqjvwd> +5334,1 Wklv looltxlglw| lpsolhv wkdw wkh pdunhwv ehfrph lqfrpsohwh

lq wkh vhqvh wkdw shuihfw khgjlqj ri wkh rswlrq lq doo vwdwhv ri qdwxuh lv qr orqjhu

srvvleoh1 Krzhyhu/ iru dq| jlyhq rswlrq/ sruwirolrv fdq eh irxqg wkdw kdyh wkh vdph

sd|r> dv wkh rswlrq lq vrph vwdwhv ri qdwxuh dqg kljkhu sd|r>v lq wkh rwkhu vwdwhv1

Vxfk sruwirolrv duh vdlg wr eh vxshuuhsolfdwlqj1 Kroglqj rqh vxfk sruwirolr vkrxog eh

zruwk pruh wkdq wkh rswlrq lwvhoi dqg wkhuhiruh/ wkh ydoxh ri wkh fkhdshvw ri vxfk

sruwirolrv vkrxog eh vhhq dv d erxqg rq wkh ydoxh ri wkh rswlrq1 Wkh qdwxuh ri wkh

vxshuuhsolfdwlqj erxqgv lv zhoo fkdudfwhul}hg lq wkh frqwh{w ri lqfrpsohwh pdunhwv lq

wkh sdshuv e| Ho Ndurxl dqg Txhqh} +4<<4, dqg +4<<8,/ Hglulvlqjkh/ Qdln dqg Xssdo

+4<<6, dqg Ndudw}dv dqg Nrx +4<<9,1 Dv vwuhvvhg e| wkhvh dxwkruv/ xqghu pdunhw

lqfrpsohwhqhvv wkh khgjlqj ri wkh pdunhw0pdnhu lv gl>huhqw ghshqglqj rq zkhwkhu

kh lv lq d orqj ru d vkruw srvlwlrq1 Wklv uhvxowv lq d orzhu dqg dq xsshu erxqg iru

wkh rswlrq sulfhv1

Zh lqwurgxfh d wzr0shulrg elqrpldo prgho zkhuh wkh xqghuo|lqj dvvhw fdqqrw eh

wudqvdfwhg lq wkh lqwhuphgldwh srlqw lq wlph1 Wkh vxshuuhsolfdwlqj erxqgv iru d vkruw

dqg orqj srvlwlrq lq dq rswlrq duh ghulyhg1 Wkhvh ydoxhv/ krzhyhu duh qrw qhfhvvdulo|

wkh pdunhw sulfh ri wkh rswlrqv1 Wkh| duh wkh erxqgv iru wkh sulfh frqvlvwhqw zlwk
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qrq0qhjdwlyh sur?wv iru wkh vhoohu ru wkh ex|hu ri dq rswlrq1 Zh lqwurgxfh lq rxu

prgho d ulvn0dyhuvh prqrsrolvw pdunhw0pdnhu zloolqj wr dffhsw vrph qhjdwlyh sur?wv

zkhq vhwwlqj elg dqg dvn sulfhv1 Zh fkdudfwhul}h wkh htxloleulxp ehkdylru ri wkh

lqwhuphgldu| xqghu wklv w|sh ri pdunhw lqfrpsohwhqhvv dqg vkrz krz lw jhqhudwhv d

elg0dvn vsuhdg iru wkh pdunhw sulfhv dw zklfk rswlrqv duh wudqvdfwhg1

Rxu zrun lv uhodwhg wr wkh idloxuh ri wkh frqwlqxrxv khgjlqj sruwirolr uhedodqflqj

k|srwkhvlv1 Wklv k|srwkhvlv kdv ehhq gursshg lq vhyhudo suhylrxv vwxglhv/ pdlqo|

ehfdxvh ri wkh h{lvwhqfh ri wudqvdfwlrq frvwv41 Lq wkh suhvhqfh ri wudqvdfwlrq frvwv/ wkh

dvvxpswlrq ri frqwlqxrxv uhedodqflqj lv qr orqjhu uhdvrqdeoh ehfdxvh wkh uhsolfdwlqj

vwudwhj| zrxog eh h{wuhpho| frvwo|1 Lq rughu wr wdnh wkh lpsdfw ri wklv lpshuihfwlrq

rq wkh sulfh lqwr dffrxqw/ prvw dxwkruv dvvxph wkdw wudglqj wdnhv sodfh rqo| ehwzhhq

glvfuhwh wlph lqwhuydov1 Wklv dssurdfk dovr jhqhudwhv pdunhw lqfrpsohwhqhvv/ ohdglqj

qdwxudoo| wr erxqgv iru htxloleulxp rswlrq sulfhv/ dowkrxjk ri d gl>huhqw qdwxuh ri

wkrvh ghvfulehg khuh1

Wkh vxshuuhsolfdwlqj erxqgv hvwdeolvk wkh olplwv ri wkh lqwhuydo iru wkh sulfhv

rxwvlgh zklfk wkh pdunhw0pdnhu kdv d srvlwlyh sur?w zlwk suredelolw| rqh1 Lq rwkhu

zrugv/ dq duelwudjh rssruwxqlw| h{lvwv li wkh pdunhw0pdnhu vhoov rswlrqv deryh wkh

xsshu erxqg ru ex|v rswlrqv ehorz wkh orzhu erxqg1 Fohduo|/ wklv dssurdfk grhv

qrw ghwhuplqh htxloleulxp sulfhv1 Frqvlghulqj wkh srvvlelolw| ri wudqvdfwlqj zlwklq

wkh vxshuuhsolfdwlqj erxqgv/ wkh pdunhw0pdnhu fdq qr orqjhu uhsolfdwh h{dfwo| wkh

sd|r> ri wkh rswlrq dqg wkhuh duh qr duelwudjh rssruwxqlwlhv1 Lq sduwlfxodu/ wkhuh lv

4Ohodqg +4<;8,/ Phuwrq +4<<3,/ Er|oh dqg Yruvw +4<<5, dqg Wriw +4<<9,/ dprqj rwkhuv/ kdyh
h{dplqhg wkh lpsdfw ri wudqvdfwlrq frvwv rq rswlrq ydoxdwlrq e| vwxg|lqj wkh frqvwuxfwlrq ri khgjlqj
vwudwhjlhv wkdw uhsolfdwh wkh rxwfrphv iurp rswlrqv1 Krgjhv dqg Qhxehujhu +4<;<,/ Gdylv/ Sdqdv
dqg ]dulskrsrxorx +4<<6, dqg Frqvwdqwlqlghv dqg ]dulskrsrxorx +4<<<, dovr vwxglhg wkh sureohp
ri wudqvdfwlrq frvwv yld d xwlolw| pd{lpl}dwlrq dssurdfk1
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vrph ulvn lqyroyhg1 Iru wklv uhdvrq/ wkh dwwlwxgh wrzdugv ulvn ri ex|huv dqg vhoohuv

pxvw eh frqvlghuhg1 Krgjhv dqg Qhxehujhu +4<;<,/ Gdylv/ Sdqdv dqg ]dulskrsrxorx

+4<<6,/ Urxjh dqg Ho Ndurxl +5333, dqg Iulwwhool +5333,/ dprqj rwkhuv/ dovr vwxglhg

vrph dvshfwv ri wkh htxloleulxp sulflqj ri rswlrqv lq wkh iudphzrun ri lqfrpsohwh

pdunhwv1 Wkhlu prghov dvvxph wkh h{lvwhqfh ri vpdoo lqyhvwruv zlwk wkh rssruwxqlw|

wr wudqvdfw d ghulydwlyh dvvhw1 Wkh rswlrq sulfhv duh rewdlqhg e| frpsdulqj pd{lpl}hg

xwlolwlhv zlwk dqg zlwkrxw wkh rssruwxqlw| wr wudqvdfw wkh rswlrq1 Krzhyhu/ qrqh ri

wkhvh sdshuv vwxglhv wkh lqwhudfwlrq ehwzhhq lqfrpsohwhqhvv dqg wkh vwuxfwxuh ri wkh

pdunhw1 Khuh/ wkh suhvhqfh ri d prqrsrolvwlf pdunhw0pdnhu dqg wkh ulvn0dyhuvlrq ri

wkh djhqwv lqyroyhg sod| d fhqwudo uroh1

Wkh h{sodqdwlrq iru wkh h{lvwhqfh ri d elg0dvn vsuhdg5 iru rswlrqv lq wklv zrun lv

txlwh gl>huhqw iurp wkh h{sodqdwlrqv lq wkh wudglwlrqdo pdunhw plfurvwuxfwxuh olwhud0

wxuh1 Plfurvwuxfwxuh prghov fdq eh eurdgo| fodvvl?hg dv lqyhqwru| prghov dqg dv|p0

phwulf lqirupdwlrq prghov1 Lqyhqwru| prghov6 frqvlghu ulvn0dyhuvh pdunhw0pdnhuv

zkr vhw d elg0dvn vsuhdg wr frpshqvdwh lqwhuphgldulhv iru ehdulqj xqghvluhg lqyhq0

wru|1 Zkhq wkhuh lv dq rughu lpedodqfh wkdw pryhv wkh pdunhw0pdnhu dzd| iurp klv

ghvluhg lqyhqwru| srvlwlrq/ kh dgmxvwv wkh elg0dvn vsuhdg wr dwwudfw rughuv wr pryh

edfn wr klv rswlpdo lqyhqwru| srvlwlrq1 Lqirupdwlrq dv|pphwu| prghov7 dvvxph wkdw

5Dowkrxjk wkhuh lv pxfk zrun rq vwrfn elg0dvn vsuhdgv/ wkh vsuhdg ri rswlrqv kdv ehhq lq0
yhvwljdwhg e| ihzhu uhvhdufkhuv1 Eldlv/ Irxfdxow dqg Vdodqlì +4<<;, dqdo|}h wkuhh gl>huhqw pdunhw
vwuxfwxuhv dqg wkh zd|v wkdw wkh dvvrfldwhg uhvwulfwlrqv ohdg wr gl>huhqfhv lq sulfhv/ elg0dvn vsuhdgv/
wudghv dqg ulvn0vkdulqj1 Wkhuh duh dovr d ihz hpslulfdo vwxglhv wkdw h{dplqh elg0dvn vsuhdgv lq wkh
rswlrq pdunhwv/ vxfk dv/ Jhrujh dqg Orqjvwd> +4<<6,/ Fkdq/ Fkxqj dqg Mrkqvrq +4<<8, dqg Hwolqj
dqg Ploohu/ mu +5333,1

6Dprqj rwkhuv/ Vwroo +4<:;, dqg Dplkxg dqg Phqghovrq +4<;3, vwxglhg elg0dvn vsuhdgv dqg
vwrfn lqyhqwru|1 Pruh uhfhqwo|/ Ohh/ Pxfnorz dqg Uhdg| +4<<6,/ Kdveurxfn dqg Vr?dqrv +4<<6,/
Pdgkdydq dqg Vplgw +4<<6, dqg Pdqdvwhu dqg Pdqq +4<<9, dovr irxqg vrph hylghqfh rq wkh
uhodwlrqvkls ri elg0dvn vsuhdgv wr ghdohu lqyhqwru| frqwuro frvwv1

7Vrph dxwkruv glvfxvvlqj wklv wrslf= Frshodqg dqg Jdodl +4<;6,/ Jorvwhq dqg Plojurp +4<;8,/
Dgpdwl dqg S hlghuhu +4<<5, dqg Irvwhu dqg Ylvzdqdwkdq +4<<7,1
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dq dgyhuvh vhohfwlrq sureohp h{lvwv ehfdxvh wkh pdunhw0pdnhu lv dw dq lqirupdwlrqdo

glvdgydqwdjh wr wkh lqiruphg wudghuv1 Lq wklv fdvh vsuhdgv pxvw eh nhsw zlgh hqrxjk

wr hqvxuh wkdw jdlqv iurp wudglqj zlwk wkh xqlqiruphg djhqwv h{fhhg wkh orvvhv dvvr0

fldwhg zlwk wudglqj zlwk lqiruphg djhqwv1

Rxu prgho dvvxphv qhlwkhu dv|pphwulf lqirupdwlrq qru rswlpdo lqyhqwru| vwudw0

hj| dqg vwloo h{sodlqv wkh h{lvwhqfh ri dq htxloleulxp elg0dvn vsuhdg1 Lw dvvxphv dq

lqwhuphgldu| zlwk prqrsrolvwlf pdunhw srzhu dqg dovr dvvxphv wkdw doo wudqvdfwlrqv

ri rswlrqv vkrxog eh pdgh wkurxjk wkh pdunhw0pdnhu1 Wkh prqrsrolvwlf qdwxuh ri

wkh pdunhw0pdnhu fdq eh mxvwl?hg lq vrph pdunhwv ru/ dw ohdvw/ lq vrph wudglqj sh0

ulrgv1 Iru h{dpsoh/ lq pdunhwv vxfk dv wkh Q\VH wkhuh duh prqrsrolvw vshfldolvwv1

Rq wkh rwkhu kdqg/ dxwkruv vxfk dv Eurfn dqg Nohlgrq +4<<5, vkrz wkdw ghpdqg dw

wkh rshqlqj dqg forvlqj ri pdunhwv lv juhdwhu dqg ohvv hodvwlf wkdq dw rwkhu wlphv ri

wkh wudglqj gd|1 Lq pdunhwv zkhuh d vlqjoh vshfldolvw pdunhw0pdnhu kdv prqrsrolvwlf

srzhu/ wkhvh dxwkruv surylgh hylghqfh wkdw gxulqj wkh rshqlqj dqg forvlqj ri wkh

pdunhwv wkh vshfldolvw xvhv klv pdunhw srzhu lq rughu wr fkdujh kljkhu vsuhdgv1

Dqrwkhu lqwhuhvwlqj srlqw lv wkdw zh frqvlghu d pdunhw0pdnhu zlwk qr rswlpdo

lqyhqwru| srolf|1 Lq jhqhudo/ lqwhuphgldulhv krog lqyhqwrulhv ri jrrgv rq kdqg dqg

vwdqg uhdg| wr vhoo wr frvwxphuv1 Wkh| dovr kdyh fdvk rq kdqg dqg vwdqg uhdg| wr

ex| iurp vxssolhuv1 Wklv dyrlgv wkh sureohp ri frlqflghqfh ri zdqwv1 Krzhyhu/ zkhq

wdonlqj derxw rswlrqv wkhuh lv qrw wkh sureohp ri kroglqj lqyhqwrulhv1 Li wkh txdqwlw|

ri rswlrqv vrog lv gl>huhqw iurp wkh txdqwlw| erxjkw/ wkh pdunhw0pdnhu frqvwuxfwv

vrph khgjlqj sruwirolr wr fryhu wklv gl>huhqfh dqg wkhuh lv qr qhhg wr krog d sk|vlfdo

lqyhqwru| ri rswlrqv1

Rxu uhvxowv duh dv iroorzv1 +4, Htxloleulxp sulfhv duh zlwklq wkh vxshuuhsolfdwlqj
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erxqgv1 +5, Wkh elg0dvn vsuhdg lv vkrzq wr ghshqg rq +d, wkh ghjuhh ri wkh pdunhw0

pdnhu*v ulvn dyhuvlrq dqg +e, wkh hodvwlflwlhv ri erwk wkh ghpdqg dqg vxsso| fxuyhv

iru rswlrqv1 +6, Ilqdoo|/ lq wkh vshfl?f fdvh ri d qhjdwlyh h{srqhqwldo xwlolw| ixqfwlrq

zh fkdudfwhul}h wkh qhfhvvdu| frqglwlrqv iru sulfhv wr frlqflgh zlwk wkh erxqgv1 Wkhvh

frqglwlrqv duh pruh olnho| wr eh vdwlv?hg dv wkh uljlglw| ri wkh ghpdqg dqg vxsso|

pdunhw fxuyhv lqfuhdvhv1 Rq wkh rwkhu kdqg/ zkhq wkh pdunhw0pdnhu lv lq?qlwho|

ulvn0dyhuvh/ wkh pdunhw0pdnhu suhihuv qrw wr krog dq| khgjlqj sruwirolr/ vhoolqj dqg

ex|lqj h{dfwo| wkh vdph qxpehu ri rswlrq frqwudfwv1

Wklv duwlfoh lv rujdql}hg dv iroorzv1 Vhfwlrq 5 lqwurgxfhv lqfrpsohwhqhvv lq wkh wzr0

shulrg prgho gulyhq e| looltxlglw|/ l1h1/ e| wkh idfw wkdw wkh xqghuo|lqj dvvhw fdqqrw

eh wudqvdfwhg dw vrph srlqwv lq wlph1 Lq Vhfwlrq 6 wkh vxshuuhsolfdwlqj sruwirolrv

duh ghulyhg dqg wkh fruuhvsrqglqj rswlrqv sulflqj erxqgv duh rewdlqhg1 Vhfwlrq 7

frqvlghuv d ulvn0dyhuvh pdunhw0pdnhu zkr lv zloolqj wr dffhsw vrph qhjdwlyh sur?wv

lq wkh ixwxuh/ dqg zh dovr vwxg| krz wkh pdunhw0pdnhu ghflghv ehwzhhq frpsohwh ru

sduwldo khgjlqj1 Dv h{shfwhg/ wkh frvw ri wkh khgjlqj sruwirolrv wkdw gr qrw fryhu doo

vwdwhv ri qdwxuh duh ohvv h{shqvlyh/ doorzlqj iru d orzhu dvn sulfh dqg kljkhu elg sulfh1

Ilqdoo|/ Vhfwlrqv 8 dqg BB frqvlghu wkh ghpdqg dqg vxsso| fxuyhv dqg wkh ehkdylru

ri d prqrsro| pdunhw0pdnhu/ fkdudfwhul}lqj wkh htxloleulxp elg dqg dvn sulfhv1 Wkh

odvw vhfwlrq suhvhqwv wkh pdlq frqfoxvlrqv1 Doo surriv wkdw duh qrw lq wkh wh{w duh

suhvhqwhg lq wkh dsshqgl{1

5 Dq Lqfrpsohwh Wzr0Shulrg Prgho

Wklv zrun lv edvhg rq wkh zhoo0nqrzq elqrpldo rswlrq sulflqj prgho ghyhorshg e|

Fr{/ Urvv dqg Uxelqvwhlq +4<:<,1 Lq wklv prgho wkh vwrfn sulfh iroorzv d elqrpldo
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surfhvv ryhu glvfuhwh shulrgv1 Ohw wkh lqlwldo ydoxh ri wkh vwrfn eh ghqrwhg e| 71

Diwhu hdfk shulrg wkh ydoxh ri wkh vwrfn fdq dvvxph wzr srvvleoh ydoxhv dv frpsduhg

wr wkh ehjlqqlqj ri wkh shulrg= lw fdq eh pxowlsolhg hlwkhu e| d udwh L ru e| d udwh

(/ zkhuh L : - : ( dqg - ghqrwhv wkh ulvnohvv wrwdo uhwxuq ryhu hdfk wlph shulrg1

Lq wklv vlpsol?hg prgho wkhuh duh wkuhh uhohydqw gdwhv= | ' fc �c 2é Dw | ' 2 wkhuh

duh wkuhh srvvleoh vwdwhv ri qdwxuh/ ghshqglqj rq krz pdq| wlphv wkh ruljlqdo ydoxh

ri wkh xqghuo|lqj dvvhw kdv ehhq pxowlsolhg e| ( diwhu wzr wlph shulrgv1 Wkhq/ wkh

wkuhh srvvleoh vwdwhv ri qdwxuh duh odehohg e| ð ' �c 2c ô dqg iru hdfk ðc wkh vwdwh lv

fkdudfwhul}hg e| wkh ydoxh

72cð ' 7L
ô3ð(ð3�

iru wkh vwrfn dw wlph | ' 2é

Frqvlghu d Hxurshdq fdoo rswlrq zlwk h{huflvh sulfhg dqg wzr shulrgv wr pdwxulw|1

Dw | ' f wkh rswlrq lv wudghg iru d ydoxh ä/ dqg dw | ' 2 wkh rswlrq pdwxuhv1 Lwv

ydoxh dw pdwxulw| lv jlyhq e|

ä2cð ' 4@ Efc 72cð ýgäc

iru wkh wkuhh srvvleoh vwdwhv ri qdwxuh ð ' �c 2c ôé

514 Wkh Frpsohwh Wzr0Shulrg Prgho

Li wkhuh duh qr duelwudjh rssruwxqlwlhv/ d fdoo rswlrq pxvw eh zruwk wkh vdph dv

wkh fkhdshvw sruwirolr wkdw h{dfwo| uhsolfdwhv wkh ydoxh ri wkh fdoo dw hdfk srlqw lq

wlph1 Frqvlghulqj d vlpsol?hg hfrqrp| zlwk rqh ulvn| dvvhw +wkh xqghuo|lqj, dqg

rqh0shulrg ulvnohvv erqgv/ vxfk d sruwirolr pd| eh frqvwuxfwhg1 Dw hdfk srlqw lq wlph

wklv sruwirolr frqvlvwv ri { vkduhv ri wkh vwrfn dqg dq dprxqw î lq ulvnohvv erqgv1 Dv

:



wlph fkdqjhv/ wkh sruwirolr lv dgmxvwhg wr frqwlqxh uhsolfdwlqj wkh ydoxhv ri wkh fdoo

rswlrq1 Wkhq/ dw | ' fc d sruwirolr ri{f vkduhv dqg dq dprxqw îf lq wkh ulvnohvv dvvhw

lv exlow vxfk wkdw lw uhsolfdwhv wkh ydoxh ri wkh fdoo dw | ' �é Dw | ' � wkh sruwirolr

lv dgmxvwhg wr uhsolfdwh wkh rswlrq dw pdwxulw|1 Iru orqjhu pdwxulwlhv/ wklv lpsolhv

wkdw hyhu| wlph wkh sulfh fkdqjhv/ wkhuh pd| eh wudqvdfwlrqv lq wkh pdunhw ri wkh

xqghuo|lqj vwrfn dqg lq wkh pdunhw ri erqgv wr dgmxvw wkh khgjlqj sruwirolr1

Li wkhuh duh qr duelwudjh rssruwxqlwlhv/ wkh ydoxh ri wkh fdoo rswlrq dw hdfk srlqw

lq wlph dqg dw hdfk srvvleoh vwdwh ri qdwxuh pxvw eh wkh vdph dv wkh ydoxh ri wklv

fruuhvsrqglqj khgjlqj sruwirolr/ vlqfh erwk wkh fdoo dqg wkh sruwirolr kdyh h{dfwo|

wkh vdph sd|r>v dw wkh qh{w srlqw lq wlph1

Iru wklv wzr0shulrg prgho/ lw lv zhoo nqrzq wkdw wkh ydoxh ri wkh fdoo lv

ä '
û
Z2ä2c� n 2ZE�ý Zää2c2 n E�ý Zä2ä2cô

ú
*-2

zkhuh Z ' -3(
L3( dqg �ý Z ' L3-

L3( 1

515 Prgholqj Lqfrpsohwhqhvv

Dw wklv srlqw zh lqwurgxfh wkh qrwlrq ri lqfrpsohwhqhvv1 Iru wklv sxusrvh ohw xv

dvvxph wkdw dw | ' � wudglqj lq wkh xqghuo|lqj dvvhw lv qrw srvvleoh1 Lq rwkhu zrugv/

lw lv qrw srvvleoh wr frqyhuw prqh| lqwr wkh dvvhw/ ru ylfh0yhuvd/ lq hyhu| shulrg1 Lq

wklv vshfl?f fdvh/ lw zloo wdnh wzr shulrgv ri wlph wr dfklhyh wkhvh frqyhuvlrqv1 Wklv

wudglqj uhvwulfwlrq zloo jlyh ulvh wr dq lqfrpsohwh pdunhw/ dv vkrzq ehorz1 Lw lv dovr

frqvlvwhqw zlwk wkh fkdudfwhulvwlfv ri dfwxdo ?qdqfldo pdunhwv zkhuh lw pd| wdnh dq

h{whqghg shulrg ri wlph wr wudqvdfw dq dvvhw1

Oltxlglw| kdv wudglwlrqdoo| ehhq phdvxuhg lq whupv ri elg0dvn vsuhdgv ru wudqvdf0

wlrq frvwv1 Krzhyhu/ lq wklv zrun/ dv lq Orqjvwd> +5333,/ oltxlglw| lv pruh uhodwhg wr
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wkh txdqwlw| ri wudghv wkdw fdq eh h{hfxwhg wkdq zlwk wkh frvwv ri wudglqj1 Khqfh/

looltxlglw| h{lvwv ehfdxvh wkh delolw| wr ex| ru vhoo vhfxulwlhv/ dw dq| sulfh/ lv uhvwulfwhg1

Lq rxu prgho/ wklv uhvwulfwlrq rffxuv dw wlph | ' � vlqfh lw lv lpsrvhg wkdw lw lv lp0

srvvleoh wr wudqvdfw dw wklv gdwh1 Wkh srlqw ri wklv sdshu lv wr xqghuvwdqg krz wklv

idfw d>hfwv wkh sulflqj ri wkh rswlrq1

Wr lqwurgxfh wkh deryh wudglqj uhvwulfwlrq lq wkh sulflqj prgho/ lw lv dvvxphg

wkdw dw | ' � wkhuh lv qr wudglqj lq wkh xqghuo|lqj vwrfn1 Wklv lpsolhv wkdw wkh lqlwldo

sruwirolr E{fc îfä pdgh dw | ' f zloo qrw eh dgmxvwhg diwhu rqh shulrg1 Dq lqyhvwru

zkr ex|v wklv sruwirolr E{fc îfä dqg nhhsv lw xqwlo pdwxulw| lv qrw ixoo| khgjhg

ehfdxvh wklv sruwirolr grhv qrw frqvlghu wkh hyroxwlrq ri wkh vwrfn sulfh xqwlo wlph

| ' 21 Rq wkh rwkhu kdqg/ dqrwkhu sruwirolr frxog kdyh ehhq frpsxwhg frqvlghulqj

wkh wkuhh vwdwhv ri qdwxuh dw | ' 21 Rqfh djdlq/ d sruwirolr frpsxwhg dv lq Vhfwlrq

514 zrxog qrw uhsolfdwh doo wkh sd|r>v ri wkh fdoo rswlrq dw pdwxulw| vlqfh lw frxog

kdyh wkh vdph sd|r>v dv wkh fdoo rswlrq rqo| lq wzr ri wkh wkuhh dowhuqdwlyh vwdwhv ri

qdwxuh1 Lw iroorzv wkdw wkh xvxdo dssurdfk wr frpsxwh uhsolfdwlqj sruwirolrv pd| ohdg

wr d ixwxuh vlwxdwlrq zkhuh wkh pdunhw0pdnhu pd| kdyh wr vxssruw vrph qhjdwlyh

sur?wv1 Wkh hyroxwlrq ri wkh xqghuo|lqj dvvhw qrz iroorzv d wulqrpldo wuhh dv fdq eh

vhhq lq Iljxuh 41

6 Wkh ixoo| khgjhg srvlwlrq

614 Wkh plqlpxp vhoolqj sulfh ri d fdoo rswlrq

Lq wklv vhfwlrq zh frqvlghu wkdw ?qdqfldo lqvwlwxwlrqv wudglqj rswlrqv frqvwuxfw vx0

shuuhsolfdwlqj sruwirolrv/ wkdw lv/ sruwirolrv wkdw jlyh wkh lqvwlwxwlrq d qxoo ru srvlwlyh

sd|r> dw pdwxulw|1 Wkh frvw ri wkh vxshuuhsolfdwlqj sruwirolrv fruuhvsrqgv wr wkh

<
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Iljxuh 4= Wkh wulqrpldo wuhh iru wkh xqghuo|lqj dvvhw sulfhv

pd{lpxp dqg plqlpxp sulfhv iru dq rswlrq frqvlvwhqw zlwk d qrq0qhjdwlyh sur?w1

Frqvlghu d ?qdqfldo lqvwlwxwlrq vhoolqj d fdoo rswlrq zkloh zlvklqj wr eh khgjhg1

Wrgd|/ wkh remhfwlyh ri wkh lqvwlwxwlrq lv wr plqlpl}h wkh frvw ri uhsolfdwlqj wkh

h{huflvh ydoxh ri wkh rswlrq dw pdwxulw|1 Lw lv h{shfwhg wkdw wkh ex|hu ri wkh fdoo

rswlrq h{huflvhv lw/ dw pdwxulw|/ zkhqhyhu wkh ydoxh ri wkh vwrfn lv juhdwhu wkdq wkh

h{huflvh sulfh1 Wkh uhsolfdwlqj sruwirolr lv exlow lq vxfk d zd| wkdw dw | ' 2 lwv

ydoxh dozd|v h{fhhgv/ ru htxdov/ wkh h{huflvh ydoxh ri wkh rswlrq1 Lq rwkhu zrugv/

wkh ?qdqfldo lqvwlwxwlrq pxvw eh suhsduhg iru wkh h{huflvh ri wkh rswlrq1 Li wklv

kdsshqv/ wkh lqvwlwxwlrq zloo fhuwdlqo| qhhg wr krog dq lqvwuxphqw wkdw lv zruwk dw

ohdvw dv pxfk dv wkh h{huflvh ydoxh ri wkh rswlrq1 Wkhuhiruh/ wkh sur?w ixqfwlrq ri

wkh ?qdqfldo lqvwlwxwlrq lv jlyhq e|

á@f ' ä ý E{7 nîäc dw | ' f

á@2cð ' E{72cð nî-
2äý ä2cð dw | ' 2c iru ð ' �c 2c ôé

Wkh sureohp ri wkh lqwhuphgldu| lv wr plqlpl}h wkh frvw ri wklv lqlwldo sruwirolr/ wkdw
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lv/ wkh iroorzlqj rswlpl}dwlrq sureohp pxvw eh vroyhg

4ð?
t{cîå

{7 nî

vxemhfw wr wkh whuplqdo frqglwlrqv=

{72cð nî-
2 è ä2cð iru ð ' �c 2c ôé

zkhuh 72cð dqg ä2cð kdyh wkh phdqlqjv h{sodlqhg dw wkh ehjlqqlqj ri Vhfwlrq 51

Qrwlfh wkdw wkhvh whuplqdo uhvwulfwlrqv duh lqhtxdolwlhv1 Lw iroorzv wkdw wkh vroxwlrq

ri wklv sureohp zloo fohduo| eh vxshuuhsolfdwlqj/ vlqfh wkhuh fdqqrw eh irxqg d xqltxh

vroxwlrq iru E{c îä vdwlvi|lqj wkh wkuhh frqglwlrqv dv htxdolwlhv1 Lq dw ohdvw rqh ri wkh

wkuhh vwdwhv ri qdwxuh/ wkh sruwirolr zloo kdyh d vwulfwo| kljkhu sd|r> wkdq wkh h{huflvh

ydoxh ri wkh rswlrq1 Zlwk d sruwirolr jxdudqwhhlqj wkhvh uhvwulfwlrqv/ wkh lqvwlwxwlrq

lv vlpxowdqhrxvo| pd{lpl}lqj lwv sur?wv zkloh ehlqj ixoo| khgjhg djdlqvw wkh h{huflvh

ri wkh rswlrq1

Sursrvlwlrq 4 Wkh vroxwlrq wr wklv sureohp lv rewdlqhg zlwk d sruwirolr ri { vkduhv

dqg dq dprxqw î lqyhvwhg lq wkh ulvn0iuhh dvvhw jlyhq e|

{ '
ä2c� ý ä2cô
7EL2 ý(2ä

c

î '
L2ä2cô ý(2ä2c�
-2EL2 ý(2ä

c

ohdglqj wr d frvw ä ' �
-2

k
-23(2

L23(2ä2c� n
L23-2
L23(2ä2cô

l
é

Surri1 Vhh wkh Dsshqgl{1

Lw lv hdv| wr fkhfn wkdw wkh frvw ri wkh vxshuuhsolfdwlqj sruwirolr E{c îä lv dozd|v

juhdwhu wkdq ru htxdo wr wkh frvw ri d khgjlqj sruwirolr zkhq wkh vwrfn pdunhw lv

oltxlg1 Lq rwkhu zrugv/ wkh ?qdqfldo lqvwlwxwlrq kdv d orzhu erxqg rq lwv vhoolqj sulfh
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wkdw lv kljkhu wkdq lq wkh fdvh ri ixoo oltxlglw|1 Ilqdoo|/ wkh sur?w ri wkh lqvwlwxwlrq

dw pdwxulw| lv jlyhq e|

á2c� ' f

á2c2 '
L

( n L

ý
g ý(27

ü
: fc li L(7 : g è 7(2

'
(

L n(
EL27 ýgä : fc li L27 : g è 7(L

' fc rwkhuzlvh1

á2cô ' f

Lq rughu wr frqvwuxfw vxfk d khgjlqj sruwirolr/ wkh lqwhuphgldu| pxvw vhoo wkh fdoo

rswlrq dw d sulfh ä@ è äé Rwkhuzlvh/ wkh lqvwlwxwlrq grhv qrw kdyh hqrxjk uhvrxufhv

wr exlog wkh sruwirolr1 Qrwlfh wkdw kdylqj rqfh fkrvhq wklv sruwirolr/ wkh sur?w dw

wlph | ' 2 lv srvlwlyh dqg frqvwdqw/ wkdw lv/ lw lv qrw d ixqfwlrq ri wkh fdoo rswlrq

sulfh dw | ' f1 Wkh sur?w dw wlph | ' f lv qxoo zkhq ä@ ' ä dqg vwulfwo| srvlwlyh li

ä@ : äé

615 Wkh pd{lpxp ex|lqj sulfh ri d fdoo rswlrq

Wkh ?qdqfldo lqvwlwxwlrq lv dovr frqfhuqhg derxw wkh frvw ri uhsolfdwlqj d orqj fdoo

rswlrq rq wkh vdph xqghuo|lqj dvvhw1 Wkh sureohp qrz lv dqdorjrxv exw txlwh gl>hu0

hqw1 Wkh ?qdqfldo lqvwlwxwlrq ex|v d fdoo rswlrq dqg/ wr eh khgjhg/ vhoov d khgjlqj

sruwirolr1 Wklv lv gl>huhqw iurp wkh suhylrxv fdvh vlqfh lw fruuhvsrqgv wr vkruw vhoolqj

wkh xqghuo|lqj dvvhw zkloh lqyhvwlqj lq wkh ulvnohvv dvvhw1 Dw pdwxulw|/ wkh lqvwlwxwlrq

pxvw ex| wkh vkduhv lq wkh pdunhw dqg uhfhlyhv wkh uhvxowv iurp wkh lqyhvwphqw lq wkh

ulvnohvv dvvhw1 Dw wkh vdph wlph/ lw krogv d fdoo rswlrq wkdw lv h{huflvhg li wkh sd|r>

lv srvlwlyh1
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Wkh sur?w ixqfwlrq ri wkh lqvwlwxwlrq lv qrz jlyhq e|

áKf ' E{7 nîäý äc dw | ' f

áK2cð ' ä2cð ý E{72cð nî-
2ä dw | ' 2c dqg ð ' �c 2c ôé

Wr eh ixoo| khgjhg djdlqvw wkh suredelolw| ri h{huflvlqj wkh rswlrq/ lw pxvw eh lpsrvhg

wkdw wkh fdoo rswlrq*v sd|r> eh htxdo wr dw ohdvw dv pxfk dv wkh ydoxh ri wkh sruwirolr1

Dw wkh vdph wlph/ dqg wr pd{lpl}h lwv sur?wv/ wkh ?qdqfldo lqvwlwxwlrq vhdufkhv

wrgd| iru wkh pd{lpxp ydoxh ri wkh sruwirolr wkdw lw lv vhoolqj1 Wklv fruuhvsrqgv wr

wkh iroorzlqj sureohp

4@ 
t{cîå

{7 nî

vxemhfw wr wkh whuplqdo frqglwlrqv=

ä2cð è {72cð nî-
2sJoð ' �c 2c ôé

zkhuh 72cð dqg ä2cð kdyh wkh phdqlqjv h{sodlqhg dw wkh ehjlqqlqj ri vhfwlrq 51

Rqfh djdlq/ wkhvh whuplqdo frqglwlrqv duh lqhtxdolwlhv1 Wkh uhsolfdwlqj sruwirolr

zloo vdwlvi| wkh uhvwulfwlrqv dv htxdolwlhv rqo| iru wzr ri wkh wkuhh vwdwhv ri qdwxuh1 Wklv

sureohp kdv wzr gl>huhqw vroxwlrqv/ ghshqglqj rq zkhwkhu E-2 ý L(ä lv srvlwlyh ru

qhjdwlyh81 Zh wkhq kdyh wkh iroorzlqj1

Sursrvlwlrq 5 Wkh vroxwlrq ri wklv sureohp/ zkhq -2 : L(c lv rewdlqhg iru d

sruwirolr E{c îä jlyhq e|

{ '
ä2c� ý ä2c2
7EL2 ý L(ä c

î '
L2ä2c2 ý L(ä2c�
-2EL2 ý L(ä

c

8Iru vlpsolflw|/ wkh fdvh U5 ? XG lv suhvhqwhg lq wkh dsshqgl{ vlqfh wkh uhvxowv duh vlplodu1
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dqg frvwv ä ' �
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Surri1 Vhh wkh Dsshqgl{1

Fkrrvlqj wklv sruwirolr/ wkh ?qdqfldo lqvwlwxwlrq lv ixoo| khgjhg lq wkh vhqvh wkdw/

dw pdwxulw|/ wkh sd|r> ri wkh rswlrq zloo eh juhdwhu wkdq ru htxdo wr wkh frvw ri ex|lqj

wkh khgjlqj sruwirolr1 Ghqrwlqj e| á wkh sur?w uhvxowlqj iurp wklv khgjlqj sruwirolr/

lw lv hdv| wr yhuli| wkdw dw wlph | ' 2

á2c� ' f

á2c2 ' f

á2cô ' g ý(27 : fc li L(7 : g è 7(2

'
(

L n(
EL27 ýgä : fc li L27 : g è 7(L

' fc rwkhuzlvh1

:Iurp wkhvh uhvxowv/ rqh fdq vd| wkdw li ?qdqfldo lqvwlwxwlrqv zlvk wr eh ixoo| khgjhg/

wkh| vhoo rswlrqv dw d sulfh ä@ è ä dqg ex| rswlrqv dw d sulfh äK é äé Wkh gl>huhqfh
ä@ ý äK lv fdoohg wkh elg0dvn vsuhdg/ dqg ä dqg ä duh/ uhvshfwlyho|/ fdoohg wkh dvn

dqg elg erxqgv1

Wkh qh{w vhfwlrq dqdo|}hv wkh vlwxdwlrq ri lqfrpsohwh khgjlqj/ wkdw lv/ vlwxdwlrqv

zkhq sur?wv dw wlph | ' 2 pd| eh qhjdwlyh lq vrph vwdwhv ri qdwxuh1

7 Lqfrpsohwh Khgjlqj

Wkh suhylrxv vhfwlrq iroorzhg wkh vxshuuhsolfdwlrq dssurdfk/ wkdw lv/ d srvlwlyh sur?w

lq doo wkuhh vwdwhv ri qdwxuh dw pdwxulw| zdv lpsrvhg1 Vxssrvh qrz wkdw wkh ?qdqfldo

lqvwlwxwlrq lv zloolqj wr dffhsw qhjdwlyh sur?wv lq rqh ri wkh wkuhh vwdwhv ri qdwxuh dw

wlph | ' 21 Wkh khgjlqj sruwirolr lv h{shfwhg wr eh ohvv h{shqvlyh/ doorzlqj wr vhoo
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+ex|, wkh fdoo rswlrq iru d orzhu +kljkhu, sulfh wkdq ä Eää zkloh nhhslqj d qxoo ru

srvlwlyh sur?w dw wlph | ' fé Lq wkh vlpsoh wzr0shulrg prgho/ wkh qhjdwlyh sd|r> zloo

rffxu rqo| lq rqh vwdwh ri qdwxuh dw wlph | ' 2é Wr vwxg| wkhvh vlwxdwlrqv zh dvvxph

wkdw ?qdqfldo lqvwlwxwlrqv gr qrw wdnh lqwr dffrxqw wkh sur?w iurp wudglqj rswlrqv exw

wkh xwlolw| ghulyhg iurp wkh sur?w dw hdfk gdwh1 Lq wklv zd|/ zh pd| qrz lqfrusrudwh

wkh ulvn0dyhuvh ehkdylru ri ?qdqfldo lqvwlwxwlrqv1

Wkh uhvw ri wklv zrun dvvxphv wkdw d ?qdqfldo lqvwlwxwlrq kdv d xwlolw| ixqfwlrq

fkdudfwhul}hg dv

XEáfcá2ä ' áf n ñEá2ä

zkhuh ñ lv frqwlqxrxv/ gl>huhqwldeoh/ vwulfwo| lqfuhdvlqj dqg vwulfwo| frqfdyh1 Suhihu0

hqfhv duh uhsuhvhqwhg e| wlph0dgglwlyh dqg vwdwh lqghshqghqw yrq Qhxpdqq0Prujhqvwhuq

xwlolw| ixqfwlrqv1 Lq Vhfwlrq 6/ wkh khgjlqj sruwirolr zdv frpsxwhg lpsrvlqj d srvl0

wlyh ydoxh iru á2c lq doo vwdwhv ri qdwxuh1 Lq wklv vhfwlrq/ zh frqvlghu wkh frqvwuxfwlrq

ri d khgjlqj sruwirolr fryhulqj rqo| wzr ri wkh wkuhh vwdwhv ri qdwxuh1

714 Wkh vhoolqj sulfh

Ohw wkh ?qdqfldo lqvwlwxwlrq frqvwuxfw d sruwirolr fryhulqj rqo| wkh vwdwhv ri qdwxuh

ð ' � dqg ð ' 2é Wkhvh wzr vwdwhv ri qdwxuh uhsuhvhqw wkh kljkhvw orvvhv wkdw wkh

lqvwlwxwlrq fdq kdyh vlqfh ä2cô è ä2c2 è ä2c�1 Fryhulqj rqo| wkh vwdwhv ri qdwxuh

fruuhvsrqglqj wr ð ' � dqg ð ' 2 lv htxlydohqw wr lpsrvlqj wkdw sur?wv lq wkhvh vwdwhv

zloo eh }hur/ doorzlqj á2cô wr eh qhjdwlyh1 Wkh sureohp wr vroyh lv wr fkrrvh { dqg

î vxfk wkdw

{72c� nî-
2 ' ä2c�

{72c2 nî-
2 ' ä2c2é
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Wklv sureohp lv vroyhg iru d sruwirolr zlwk { ' { dqg î ' î gh?qhg deryh lq

Sursrvlwlrq 51 Wkh frvw ri wkh sruwirolr lv wkh ydoxh ä jlyhq lq wkh vdph Sursrvlwlrq

dqg/ dv h{shfwhg/ lw fdq eh vkrzq9 wkdw ä ÷ äé Wkh xvh ri wklv khgjlqj sruwirolr

ohdgv wr d qhjdwlyh sur?w li wkh vwdwh ri qdwxuh fruuhvsrqglqj wr ð ' ô rffxuv dw

pdwxulw|1 Krzhyhu/ wklv sduwldo khgjlqj vwudwhj| doorzv rqh wr vhoo wkh rswlrq dw d

sulfh ä@ orzhu wkdq ä1 Dovr/ dqg vlqfh wkh frvw ri exloglqj wklv sruwirolr E{c îä lv

äc wkh wudqvdfwlrq ydoxh ri wkh fdoo pxvw vdwlvi| ä@ è äc vr wkdw wkhuh duh uhvrxufhv
wr exlog wkh khgjlqj vwudwhj|1 Qrwlfh wkdw wkh sur?wv dw wlph | ' 2 ghshqg rqo| rq

wkh khgjlqj sruwirolr dqg duh vlpso| jlyhq e| á@ ' ýáé
Dv d khgjlqj dowhuqdwlyh/ wkh lqvwlwxwlrq frxog ghflgh wr frqvwuxfw d gl>huhqw

sruwirolr fryhulqj rqo| wkh vwdwhv ri qdwxuh ð ' � dqg ð ' ôé Wkh uhohydqw sruwirolr

fdq eh hdvlo| vhhq wr eh wkh vdph E{c îä ghvfulehg lq Sursrvlwlrq 41 Lq wkdw fdvh/

wkh vhoolqj sulfh ä@ pxvw eh kljkhu wkdq wkh sruwirolr*v frvw äé Wklv odvw dowhuqdwlyh

lv wkh vdph wklqj dv kdylqj d frpsohwh khgjlqj1

Wkh ghflvlrq ehwzhhq khgjlqj sruwirolrv fdq wkxv eh pdsshg lqwr d ghflvlrq eh0

wzhhq uhjlrqv iru wkh vhoolqj sulfh ä@1 Hlwkhu wkh lqvwlwxwlrq khgjhv zlwk sruwirolr

E{c îä dqg wkh vhoolqj sulfh wkhq vdwlv?hv ä : ä@ è äc ru wkh lqvwlwxwlrq suhihuv wr

eh ixoo| khgjhg zlwk sruwirolr E{c îäc ohdglqj wr ä@ è äé Lq rughu wr ixoo| fkdudf0

whul}h wklv ghflvlrq/ wkh h{shfwhg xwlolw| gulyhq iurp hdfk ri wkh dowhuqdwlyhv pxvw eh

frpsduhg1

9Lq idfw/ zh fdq rewdlq F @ F> dowkrxjk wklv rffxuv rqo| lq ohvv lqwhuhvwlqj fdvhv1 Lw rffxuv zkhq
wkh rswlrq lv hlwkhu ghhs lq wkh prqh| +G5V A N, ru ghhs rxw ri wkh prqh| +N A X5V,1 Lq wkh
iruphu fdvh ü htxdov rqh/ phdqlqj wkdw wkh lpsrvvlelolw| ri wudqvdfwlqj lq wkh xqghuo|lqj dvvhw lv
qrw uhohydqw1 Lq wkh odwwhu/ wkh ydoxh ri wkh rswlrq lv wulyldoo| }hur1 Lq wkdw fdvh/ wkhuh lv rqo| rqh
sulfh iru wkh rswlrq zklfk lv F @ F=
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Wkh h{shfwhg xwlolw| iurp d frpsohwh khgjlqj lv jlyhq e|

.X SJ6Eáfcá2ä ' áf n .ñEá2ä

' ä@ ý ä n R2ñEfä n 2RE�ý RäñEá2c2ä n E�ý Rä2ñEfäc +4,

zlwk ä@ è ä dqg zkhuh R lv wkh wuxh suredelolw| ri wkh vwrfn sulfh ehlqj pxowlsolhg e|

wkh udwh L dw wlph | ' �é Rq wkh rwkhu kdqg/ wkh h{shfwhg xwlolw| iurp wkh sruwirolr

E{c îä surylglqj d sduwldo khgjlqj lv jlyhq e|

.X ð?SEáfcá2ä ' ä@ ý ä n R2ñEfä n 2RE�ý RäñEfä n E�ý Rä2ñEýá2côäc

lq wkh grpdlq ä é ä@ ÷ äé
D vx!flhqw frqglwlrq iru fkrrvlqj ixoo khgjlqj lv wkdw wkh zruvw srvvleoh ydoxh ri

.X SJ6REáfcá2ä lv vwloo ehwwhu wkdq wkh ehvw srvvleoh ydoxh ri .X ð?SEáfcá2ä ru

.X SJ6Eáfcá2c ä@ ' ää è .X ð?SEáfcá2c ä@ ' ääé +5,

Vlqfh .XEáfcá2ä lv prqrwrqlf lq ä@c wklv lv dovr d qhfhvvdu| frqglwlrq ohdglqj wr

Sursrvlwlrq 6 Wkh ?qdqfldo lqvwlwxwlrq fkrrvhv wr vhoo wkh rswlrq dw d sulfh ä è ä
li dqg rqo| li

ä ý ä é E�ý Rä ûE�ý ôRä ñEfäý E�ý RäñEýá2côä n 2RñEá2c2ä
ú
é +6,

Surri1 Wkh uhvxow iroorzv gluhfwo| iurp lqhtxdolw| +5, dqg wkh idfw wkdw sur?wv

duh prqrwrqlf lq ä@1

Frqvlghu d ulvn0qhxwudo lqvwlwxwlrq/ vxfk wkdw ñ E%ä ' %c wklqnlqj ri d sduwldo

khgjlqj1 Qrwlflqj wkdw wkh wlph | ' f sur?w ä@ ý ä lv ohvv wkdq ä ý ä/ wkh deryh
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vx!flhqw frqglwlrq wr jlyh xs sduwldo khgjlqj dqg vhw sulfhv kljkhu wkdq ä vlpsol?hv

wr

ä ý ä é E�ý Rä
-2

ý
g ý(27

üë
� n R

L ý(
( n L

ê
c li L(7 : g è 7(2

ä ý ä é E�ý Rä
-2

ý
L27 ýgü( � n R

( n L
c li L27 : g è 7(Lé

Wklv phdqv wkdw li wkh sur?w dw wlph | ' f lv orz/ lw lv ehwwhu wr vhw wkh sulfh dw ru

deryh wkh xsshu erxqg1 Lq rwkhu zrugv/ d qhfhvvdu| frqglwlrq iru wkh lqvwlwxwlrq wr

fkrrvh sulfhv lq wkh lqwhuydo däcää lv wkdw sur?wv dw wlph | ' f duh odujh hqrxjk wr

frpshqvdwh iru wkh h{shfwhg orvvhv dw wlph | ' 2é

715 Wkh ex|lqj sulfh

Wkh dqdo|vlv ri wkh ex|lqj srvlwlrq lv qrw dv vwudljkwiruzdug dv wkh suhylrxv rqh1 Lq

Vhfwlrq 6 wkh elg erxqg sulfh zdv rewdlqhg zkhq -2 : L(é Lq wkdw fdvh/ sur?w dw

wlph | ' 2 lv qxoo lq vwdwhv ð ' � dqg ð ' 2 dqg srvlwlyh lq vwdwh ð ' ôé Krzhyhu/ zkhq

-2 ÷ L( wkh erxqg zrxog eh d gl>huhqw rqh/ ghqrwhg e| ä/ dqg fkdudfwhul}hg lq

wkh dsshqgl{1 Lq wklv odvw fdvh/ sur?w zrxog eh srvlwlyh rqo| lq wkh vwdwh ri qdwxuh

ð ' �1

Lqfrpsohwh khgjlqj fruuhvsrqgv wr dffhswlqj d qhjdwlyh sur?w lq rqh ri wkh wkuhh

vwdwhv ri qdwxuh1 Lq wklv zd|/ lw lv srvvleoh wr frpsxwh wkh sulfh wkdw wkh lqvwlwxwlrq

lv zloolqj wr sd| wr ex| dq rswlrq zklfk lv fhuwdlqo| kljkhu wkdq hdfk ri wkh erxqg

sulfhv1 Dv deryh/ zh irfxv khuh rqo| rq wkh fdvh -2 : L( dqg ohdyh wkh rwkhu

vlwxdwlrq iru wkh dsshqgl{1 Lw fdq eh vkrzq wkdw zkhq -2 : L( rqh rewdlqv ä : äé

Wkhq/ ä grhv qrw fruuhvsrqg wr wkh sruwirolr wkdw zh duh orrnlqj iru lq wkh vhqvh wkdw

lwv frvw lv orzhu wkdq ä1 Lq idfw/ lw lv qrz uhohydqw wr frqvlghu rqo| wkh frqvwuxfwlrq
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ri d sruwirolr fryhulqj wkh vwdwhv ri qdwxuh ð ' � dqg ð ' ôc vlqfh wklv lv wkh rqo| zd|

wkdw wkh pdunhw0pdnhu fdq ex| wkh rswlrq iru pruh wkdq äé

Wkh sureohp wr vroyh lv wr fkrrvh { dqg î vxfk wkdw

{72c� nî-
2 ' ä2c�

{72cô nî-
2 ' ä2côé

Lq wklv vlpsoh wzr0shulrg prgho/ wkh sureohp lv vroyhg iru d sruwirolr zlwk { ' { dqg

î ' îc dqg wkh frvw ri wkh sruwirolr lv äc zklfk zdv ?uvw lqwurgxfhg lq Vxevhfwlrq 6141

Frqvwuxfwlqj wklv sruwirolr jlyhv wkh lqvwlwxwlrq vhoolqj wkh rswlrq d sur?w áK ' ýáé
Li wkh ?qdqfldo lqvwlwxwlrq ghflghv wr ex| wkh fdoo rswlrq dw wkh sulfh ri wkh khgjlqj

sruwirolr Eää lw zloo kdyh d }hur sur?w dw wlph | ' f1 Krzhyhu/ vlqfh ä ÷ äc lw zloo kdyh

dq lqfhqwlyh wr ex| wkh rswlrq dw d sulfh äK orzhu wkdq ä dv orqj dv ä ÷ äK ÷ ä lv

vdwlv?hg1 Rqfh djdlq/ sur?wv dw wlph | ' 2 duh d ixqfwlrq rqo| ri wkh khgjlqj sruwirolr1

Diwhu ghflglqj xsrq wkh khgjlqj sruwirolr wr frqvwuxfw/ wkh ?qdqfldo lqvwlwxwlrq zloo

pd{lpl}h lwv xwlolw| ixqfwlrq fkrrvlqj wkh vhoolqj sulfh ri wkh fdoo rswlrq1

Djdlq/ lw lv uhohydqw wr xqghuvwdqg wkh frqglwlrqv xqghu zklfk wkh lqvwlwxwlrq

fkrrvhv wr eh ixoo| khgjhg/ ex|lqj wkh rswlrq dw d sulfh äK é äc ru wdnlqj wkh fkdqfh
ri d qhjdwlyh sur?w dw wlph | ' 21 Wkh h{shfwhg xwlolw| xqghu d ixoo| khgjhg srvlwlrq

lv jlyhq e|

.X SJ6Eáfcá2ä ' ä ý äK n R2ñEfä n 2RE�ý RäñEfä n E�ý Rä2ñEá2côäc +7,

Rq wkh rwkhu kdqg/ zkhq wkh ?qdqfldo lqvwlwxwlrq ex|v wkh rswlrq dw d sulfh äK vxfk

wkdw ä é äK ÷ ä dqg frqvwuxfwv wkh khgjlqj sruwirolr
ý
{c î

ü
c wkh h{shfwhg xwlolw|

lv jlyhq e|

.X ð?SEáfcá2ä ' ä ý äK n R2ñEfä n 2RE�ý RäñEýá2c2ä n E�ý Rä2ñEfäé
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D vx!flhqw frqglwlrq iru vhoolqj ehorz ä dqg ehlqj ixoo| khgjhg lv wkhq hdvlo| irxqg

e| lpsrvlqj wkdw

.X SJ6Eáfcá2c äK ' ää è .X ð?SEáfcá2c äK ' ääé +8,

Djdlq/ Vlqfh .XEáfcá2ä lv prqrwrqlf lq äKc wklv lv dovr d qhfhvvdu| frqglwlrq ohdglqj
wr

Sursrvlwlrq 7 Wkh ?qdqfldo lqvwlwxwlrq fkrrvhv wr ex| wkh rswlrq dw d sulfh äK é ä
li dqg rqo| li

ä ý ä é E�ý Rä ûý2RñEýá2c2ä n E�ý RäñEá2côäý E�ý ôRäñEfä
ú
é +9,

Surri1 Wkh uhvxow iroorzv: gluhfwo| iurp lqhtxdolw| +8,1

716 Looxvwudwlrq

Lq wklv zrun lw lv qrw srvvleoh wr xvh wkh xvxdo xwlolw| ixqfwlrqv/ vxfk dv srzhu ru

orjdulwkplf ixqfwlrqv vlqfh sruwirolrv pd| kdyh qrq0srvlwlyh whuplqdo ydoxhv1 Iru

vlpsolflw|/ zh xvh khuh wkh qhjdwlyh h{srqhqwldo w|sh=

X G %$ bý k i TEýB%ä

iru jlyhq frqvwdqwv kc b : fé Wkh sdudphwhu B lv wkh frqvwdqw frh!flhqw ri ulvn

dyhuvlrq1 Il{lqj k ' � zlwkrxw orvv ri jhqhudolw|/ wkh xwlolw| ixqfwlrq ri wkh ?qdqfldo

lqvwlwxwlrq XEáfcá2ä lv jlyhq e|

.XEáfcá2ä ' áf n
[
ð

eRð dbý i T EýBá2cðäo c

:Wkh fdvh U5 ? XG lv vwxglhg lq wkh dsshqgl{1
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zkhuh ÷Rð lv wkh wuxh suredelolw| ri hdfk vwdwh ð ' �c 2c ôé Lq wkh vlpsoh wzr0shulrg

prgho/ ÷Rð ' R2c ÷Rð ' 2RE�ý Rä dqg ÷Rô ' E�ý Rä2é
Frqvlghu ?uvw wkh fdvh -2 : L(é Iru dq lqvwlwxwlrq vhoolqj rswlrqv/ d vxshu0

uhsolfdwlqj sruwirolr lv suhihuhg li dqg rqo| li frqglwlrq Eôä krogv1 Dvvxplqj wkh

qhjdwlyh h{srqhqwldo xwlolw| ixqfwlrq/ wklv frqglwlrq vlpsol?hv wr

ä ý ä
E�ý Rä n E�ý ôRä é ûE�ý Rä i TEBá2côäý 2R i TEýBá2c2ä

ú
é +:,

D vlplodu suhihuhqfh iru d vxshuuhsolfdwlqj sruwirolr rffxuv zkhq dq lqvwlwxwlrq lv ex|0

lqj rswlrqv dqg frqglwlrq ESä krogv1 Zlwk wkh qhjdwlyh h{srqhqwldo xwlolw| ixqfwlrq/

wklv frqglwlrq vlpsol?hv wr

ä ý ä
E�ý Rä n EôRý �ä é ûýE�ý Rä i TEýBá2côä n 2R i T

ý
Bá2c2

üú
c +;,

Qrwlfh wkdw á2cô è f dqg á2c2 è fé Ohw B@ ghqrwh wkh xqltxh ydoxh ri B wkdw vdwlv?hv

+:, dv dq htxdolw| dqg ohw BK ghqrwh wkh xqltxh ydoxh ri B wkdw vdwlv?hv +;, dovr dv dq

htxdolw|1 Wkhq wkh iroorzlqj krogv1

Sursrvlwlrq 8 Wkh plqlpxp ohyho ri ulvn dyhuvlrq wkdw ohdgv d ?qdqfldo lqvwlwxwlrq

zlwk d qhjdwlyh h{srqhqwldo xwlolw| ixqfwlrq wr suhihu vlpxowdqhrxvo| wr vhoo rswlrqv dw

sulfh ä@ è ä dqg wr ex| rswlrqv dw sulfh äK é ä lv

B4ð? ' 4@ iB@c BKj

Surri1 Xqltxhqhvv ri B@ dqg BK iroorz wulyldoo| iurp wkh uljkw0kdqg vlgh ri erwk

frqglwlrqv +:, dqg +;,1 Suhihuhqfh iru vhoolqj deryh ä phdqv/ wkhuhiruh/ wkdw B è
B@é Vlploduo|/ suhihuhqfh iru ex|lqj ehorz ä phdqv wkdw B è BKé Ilqdoo|/ iru erwk

frqglwlrqv wr eh vdwlv?hg vlpxowdqhrxvo|/ zh uhtxluh wkdw B è B4ð? dv jlyhq lq wkh

vwdwhphqw dqg wkh uhvxow lv suryhg1
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Zkhq wkh ulvn0dyhuvlrq frh!flhqw lqfuhdvhv/ wkh uljkw0kdqg vlghv ri erwk frqgl0

wlrqv deryh lqfuhdvh1 Wklv phdqv wkdw wkh frqglwlrqv duh pruh hdvlo| vdwlv?hg iru

pruh0ulvn0dyhuvh wkdq iru orz0ulvn0dyhuvh lqvwlwxlwlrqv1 Lq rwkhu zrugv/ wkh pruh0ulvn0

dyhuvh wkh lqvwlwxwlrq lv/ wkh pruh olnho| lw lv wkdw lw suhihuv wr eh ixoo| khgjhg1 Lq wkh

olplw zkhuh lqwhuphgldulhv duh lq?qlwho| ulvn dyhuvh/ wkh iroorzlqj uhvxow krogv1

Sursrvlwlrq 9 Lq?qlwho| ulvn0dyhuvh lqwhuphgldulhv zloo dozd|v fkrrvh wr eh ixoo|

khgjhg dqg wkh elg dqg dvn sulfhv iru rswlrqv duh dw ru rxwvlgh wkh erxqgv1

Surri1 Lq wkh olplw B $4c wkh uljkw0kdqg vlgh ri frqglwlrqv +:, dqg +;, glyhujh1

Wkhuhiruh/ lq wklv olplw wkh lqwhuphgldu| zloo suhihu wr eh ixoo| khgjhg1

8 Xwlolw| Pd{lpl}dwlrq

Wkh sureohp idflqj wkh ?qdqfldo lqvwlwxwlrq lv qrz glylghg lqwr wzr vwdjhv1 Iluvw/ wkh

lqvwlwxwlrq pxvw fkrrvh wkh ohyho ri khgjlqj ru/ htxlydohqwo|/ wkh grpdlq rq zklfk

wkh wudqvdfwlrq sulfh vkrxog eh hvwdeolvkhg1 Diwhu ghflglqj rq wkh sulfh uhjlrq/ wkh

lqvwlwxwlrq ghwhuplqhv wkh sulfh e| pd{lpl}lqj lwv xwlolw| ixqfwlrq1 Vlqfh wkh yduldeoh

sulfh lv irxqg rqo| lq wkh ?uvw dujxphqw ri wkh xwlolw| ixqfwlrq/ wkh rqh wkdw uhihuv wr

| ' fc wklv sureohp orrnv uhodwlyho| vlpsoh1

Iru d jlyhq khgjlqj sruwirolr/ wkh lqvwlwxwlrq pd{lpl}hv xwlolw| e| fkrrvlqj wkh

kljkhvw sulfh lq wkh doorzhg udqjh ri ydoxhv1 Lq sduwlfxodu/ wklv phdqv wkdw li frqglwlrqv

Eôä dqg ESä krog/ wkh ?qdqfldo lqvwlwxwlrq pd{lpl}hv lwv xwlolw| e| fkrrvlqj dq lq?qlwh

sulfh zkhq vhoolqj/ dqg d }hur sulfh zkhq ex|lqj1 Ri frxuvh/ wkhuh zrxog eh qr rqh

lqwhuhvwhg lq wudqvdfwlqj dw wkhvh sulfh ydoxhv1 Wkh srlqw lv wkdw zh glg qrw frqvlghu

wkh ghpdqg dqg vxsso| ri fdoo rswlrqv wkdw lqvwlwxwlrqv idfh lq wkh pdunhw1;

;Ru wkdw zh dvvxphg wkdw wkh ghpdqg dqg vxsso| fxuyhv zhuh lq?qlwho| hodvwlf1
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Lq wklv vhfwlrq zh lqwurgxfh wkh ghpdqg dqg vxsso| ri rswlrqv wkdw ?qdqfldo

lqvwlwxwlrqv idfh1 Wkh qh{w vhfwlrq vwxglhv wkh sureohp ri d prqrsrolvw lqvwlwxwlrq1

Lq wklv vlwxdwlrq wkh lqvwlwxwlrq nqrzv wkh ghpdqg dqg vxsso| fxuyhv h{dfwo|/ dv zhoo

dv wkh lpsdfw ri sulfhv rq txdqwlwlhv ghpdqghg dqg vxssolhg1

814 Wkh ghpdqg fxuyh

Dvvxph wkdw lqyhvwruv ex| fdoo rswlrqv zlwk wzr shulrgv wr pdwxulw|1 Hdfk lqyhvwru

lv h{rjhqrxvo| hqgrzhg zlwk d yhfwru ri uhvrxufhv e@ '
ý
e@fc e

@
2c�c e

@
2c2c e

@
2cô

ü
zkhuh e@f

ghqrwhv wkh hqgrzphqw dw wlph | ' f dqg e@2cðc ð ' �c 2c ô ghqrwhv wkh hqgrzphqw dw

wlph | ' 2 iru wkh wkuhh vwdwhv ri qdwxuh1 Lqyhvwruv ex| fdoo rswlrqv dw sulfh ä@ dqg

dw wlph | ' 2c wkh rswlrqv* sd|r> lv vlpso| jlyhq e| ä2cð ' 4@ Efc 72cð ý gäc iru

ð ' �c 2c ôé Ohw '_ ghqrwh wkh qxpehu ri rswlrqv sxufkdvhg e| dq lqyhvwru1

Dw gdwh | ' fc wkh lqyhvwru ghflghv xsrq wkh qxpehu ri xqlwv ri wkh vhfxulw| wr

ex| dqg klv zhdowk lv jlyhq e| ` @
f ' e@f ý '_ä@é Wkhq/ dw wlph | ' 2c dqg lq hdfk

vwdwh ri qdwxuh ð ' �c 2c ôc wkh lqyhvwru zloo kdyh zhdowk ` @
2cð ' e

@
2cð n'

_ä2cð1

Dvvxplqj wkdw lqyhvwruv duh ulvn dyhuvh/ wkh vlpsohvw fodvv ri xwlolw| ixqfwlrqv wkdw

fdq eh frqvlghuhg lv wkh vr0fdoohg dgglwlyho|0vhsdudeoh xwlolw| ixqfwlrqv

8 E` @
f c`

@
2 ä '`

@
f n

ô[
ð'�

eRðsE` @
2 ä

zkhuh s lv frqwlqxrxv/ wzlfh gl>huhqwldeoh/ vwulfwo| lqfuhdvlqj/ dqg vwulfwo| frqfdyh/

dqg eRð lv/ dv ehiruh/ wkh wuxh suredelolw| ri hdfk vwdwh ri qdwxuh<1 Hdfk djhqw pd{0

lpl}hv klv xwlolw| ixqfwlrq rq '@c eholhylqj wkdw kh fdq ex| dv pdq| rswlrqv dv kh

zdqwv zlwkrxw d>hfwlqj wkh rswlrq sulfh1

<Wkh yhfwru es fdq hlwkhu uhsuhvhqw d yhfwru ri frpprqo| djuhhg xsrq suredelolwlhv ru d yhfwru ri
vxemhfwlyh suredelolwlhv/ lq zklfk fdvh lw vkrxog eh lqgh{hg e| wkh lqyhvwru1 Lw lv khuh dvvxphg wkdwes lv wkh vdph dprqj lqyhvwruv/ exw uhvxowv gr qrw ghshqg rq wklv dvvxpswlrq1
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Rqh pxvw dovr frqvlghu wkdw lqyhvwruv fdq wudgh dovr lq wkh xqghuo|lqj dvvhw pdu0

nhw431 Wkh srlqw lv wkdw lqyhvwruv fdq dovr frqvwuxfw wkh sruwirolr
ý
{c î

ü
wkdw vxshu0

uhsolfdwhv wkh sd|r> ydoxh dw pdwxulw|1 Lw lv h{shfwhg wkdw lqyhvwruv zloo qrw eh zloolqj

wr sd| pruh wkdq ä lq rughu wr ex| dq rswlrq1 Wkhq/ wkh ghpdqg ri fdoo rswlrqv lv

jlyhq e| wkh vroxwlrq wr

4@ 
'_

e@f ý'_ä n
S

ð ÷Rðs
ý
e@2cð n'

_ä2cð
ü

v1wé ä é äé

Wkh ?uvw rughu frqglwlrq/ zklfk lq wklv fdvh lv qhfhvvdu| dqg vx!flhqw iru dq rswlpxp/

lpsolhv wkdw wkh dprxqw '_ ri fdoo rswlrqv ghpdqghg vdwlv?hv

ä_E'_ä '
[
ð

÷Rðä2cðs
âEe@2cð n'

_ä2cðä zkhq ä ÷ ä

'_ ' f zkhq ä è äé

Rqh pxvw qrz frqvwuxfw wkh djjuhjdwh pdunhw ghpdqg ri fdoo rswlrqv1 Wkh djjuh0

jdwh ghpdqg lv gh?qhg dv d vxlwdeoh vxp ri wkh ghpdqgv dulvlqj iurp doo lqyhvwruv1

Wklv zrun frqvlghuv rqo| rqh pdunhw/ wkh pdunhw iru fdoo rswlrqv zlwk wkh surshuwlhv

ghvfulehg deryh1 Lq wklv pdunhw/ hdfk lqyhvwru lv d sulfh wdnhu/ wkdw lv/ hdfk lqyhvwru

wdnhv wkh sulfh dv jlyhq dqg wklqnv wkdw wkh txdqwlw| wkdw kh zlvkhv wr wudqvdfw zloo

qrw kdyh dq lpsdfw rq pdunhw sulfhv1 Lq vxfk d vlpsoh fdvh/ wkh djjuhjdwh ghpdqg

lv jlyhq e| wkh djjuhjdwlrq ri hdfk lqglylgxdo ghpdqg fxuyh1 Wkhuhiruh/ wkh pdunhw

ghpdqg zloo eh }hur iru fdoo rswlrq sulfhv ä@ : ä/ dqg zloo eh wkh krul}rqwdo vxp ri

wkh ghpdqg fxuyhv ri lqglylgxdo frqvxphuv1
43Khuh lw lv dvvxphg wkdw wkh frvw ri frqvwuxfwlqj wkh vxshuuhsolfdwlqj sruwirolr lv htxdo wr doo

djhqwv lq wkh hfrqrp|1 Wklv lv d vlpsolvwlf dvvxpswlrq/ vlqfh wkhuh lv vrph olwhudwxuh frqvlghulqj
wkdw lqyhvwruv pd| lqfxu kljkhu frvwv wkdw ?qdqfldo lqwhuphgldulhv1
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815 Wkh vxsso| fxuyh

Wkh vxsso| vlgh ri wkh pdunhw lv rewdlqhg lq dq dqdorjrxv zd|1 Lw lv dovr frqvlghuhg

wkdw lqyhvwruv duh ulvn dyhuvh1 Wkh pdlq gl>huhqfh ehwzhhq ex|huv dqg vhoohuv frphv

iurp wkhlu h{rjhqrxv hqgrzphqw1 Lw lv qrz dvvxphg wkdw hdfk lqyhvwru lv h{rjhqrxvo|

hqgrzhg zlwk d yhfwru ri uhvrxufhv eK '
ý
eKfc e

K
2c�c e

K
2c2c e

K
2cô

ü
c zkhuh eKf ghqrwhv wkh

hqgrzphqw dw wlph | ' f dqg eK2cðc ð ' �c 2c ô ghqrwhv wkh hqgrzphqw dw wlph | ' 2 iru

wkh wkuhh vwdwhv ri qdwxuh1 Lqyhvwruv vhoo fdoo rswlrqv dw sulfh äK dw wlph | ' fé Ohw

'r ghqrwh wkh qxpehu ri xqlwv ri rswlrqv vrog e| dq lqyhvwru1

Dw gdwh | ' fc wkh lqyhvwru ghflghv xsrq wkh qxpehu ri xqlwv ri wkh vhfxulw| wr

vhoo dqg klv zhdowk lv jlyhq e| ` K
f ' eKf n '

räKé Wkhq/ dw wlph | ' 2c dqg lq hdfk

vwdwh ri qdwxuh ð ' �c 2c ôc wkh lqyhvwru zloo kdyh zhdowk ` K
2cðé

Dv ehiruh/ rqh pxvw dovr frqvlghu wkdw lqyhvwruv fdq wudgh lq wkh xqghuo|lqj dvvhw

pdunhw1 Wkhuhiruh/ lqyhvwruv duh deoh wr frqvwuxfw wkh sruwirolr E{c îä wkdw vxshu0

uhsolfdwhv wkh sd|r> ydoxh dw pdwxulw|1 Lw lv h{shfwhg wkdw lqyhvwruv zloo qrw eh zloolqj

wr vhoo wkh rswlrq iru ohvv wkdq ä1 Wkhq/ wkh vxsso| ri fdoo rswlrqv lv jlyhq e| wkh

vroxwlrq wr

4@ 
'r
eKf n'

räK n
S

ð ÷Rðs
ý
eK2cð ý'rä2cð

ü
v1w1 ä è äé

Wkh ?uvw rughu frqglwlrq/ zklfk lq wklv fdvh lv qhfhvvdu| dqg vx!flhqw iru dq rswlpxp/

lpsolhv wkdw wkh vxssolhg dprxqw 'r ri fdoo rswlrqv pxvw vdwlvi|

ärE'rä '
[
ð

÷Rðä2cðs
âEeK2cð ý'rä2cðä zkhq äK : ä

'r ' f zkhq äK é äé

Dv lq wkh fdvh ri wkh pdunhw ghpdqg/ wkh pdunhw vxsso| lv vlpso| jlyhq e| wkh

krul}rqwdo vxp ri hdfk lqglylgxdo vxsso| fxuyh1 Wkhq/ wkh pdunhw vxsso| lv srvlwlyho|
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vorshg iru elg sulfhv kljkhu wkdq äc dqg }hur rwkhuzlvh1 Iljxuh 5 uhsuhvhqwv d jhqhulf

ghpdqg fxuyh dqg vxsso| fxuyh ri rswlrqv idfhg e| ?qdqfldo lqwhuphgldulhv1 Zh

gh?qh wkh olplwlqj plqlpxp dprxqw ri rswlrqv wkh lqwhuphgldu| fdq ex| dw sulfh

äK : äc

'r
â
' däro3� Eää c

dqg wkh plqlpxp dprxqw ri rswlrqv wkh lqwhuphgldu| fdq vhoo dw sulfh ä@ ÷ äc

'_
â
' däro3�

ý
ä
ü
é

9 D Prqrsrolvw Pdunhw0Pdnhu

Wkh prqrsrolvw pdunhw0pdnhu*v sureohp frqvlvwv ri fkrrvlqj wkh elg dqg dvn sulfhv

wr pd{lpl}h xwlolw|1 Wkh sureohp fdq dovr eh vroyhg fkrrvlqj wkh rswlpdo txdqwlwlhv

wr wudqvdfw dqg wkh rswlpdo khgjlqj vwudwhjlhv1 Zh dvvxph wkdw wkh pdunhw0pdnhu

pxvw vdwlvi| doo pdunhw ghpdqg dqg vxsso| dw wkh dvn dqg elg sulfhv kh vhwv1 Ohw '@

ghqrwh wkh txdqwlw| ri rswlrqv wr vhoo/ 'K wkh txdqwlw| wr ex|/ 'ð?S wkh txdqwlw| wr

khgjh lqfrpsohwho| dqg 'SJ6 wkh txdqwlw| wr khgjh frpsohwho|1 Wkh sureohp ri wkh

pdunhw0pdnhu lv

4@ 
i'@c'Kc'ð?Sc'SJ6j

.L ' ä_E'@ä'@ ý ärE'Kä'K

nä�æ'
ð?S n

[
ð

eRðñE'ð?Sk�æä n ä2æ'SJ6 n
[
ð

eRðñE'SJ6k2æä
ré|é 'ð?S n'SJ6 '

ý
'@ ý'Kü æ n ý'K ý'@ü E�ý æä

'ð?S è fc 'SJ6 è fc '@ è fc 'K è f
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á

!

F

7ä

ärE7üRR,+ä

'r
â

ä_E(e6@?_ä

'_
â

ä

Iljxuh 5= Pdunhw ghpdqg dqg vxsso| ri fdoo rswlrqv1

zkhuh

ä�æ '

;?= äc æ ' f

ýäc æ ' �
ä2æ '

;?=
äc æ ' f

ýäc æ ' �

k�æ '

;?= ýá2cðc æ ' f

ýá2cðc æ ' �
k2æ '

;?=
á2cðc æ ' f

á2cðc æ ' �

æ '

;?= f zkhq 'K : '@

� zkhq '@ : 'Ké

5:



Wkh xwlolw| ixqfwlrq ñEá2äc zkhuh á2 lv wkh sur?w dw pdwxulw|/ lv frqwlqxrv dqg gli0

ihuhqwldeoh zlwk ñâEá2ä : f dqg ñââEá2ä ÷ fé Wklv fkdudfwhul}hv d ulvn0dyhuvh pdunhw0

pdnhu1 Zh dvvxph wkdw ñEá2ä : f iru á2 : f dqg ñEá2ä ÷ f iru á2 ÷ fé Wkh wrwdo

uhyhqxhv ri vhoolqj '@ rswlrqv dqg wrwdo frvwv ri ex|lqj 'K rswlrqv duh uhvshfwlyho|

ghqrwhg e|

A-_ ' ä_E'@ä'@

Aär ' ärE'Kä'Ké

Zkhq æ ' � wkh pdunhw0pdnhu lv vhoolqj pruh rswlrqv wkdw kh lv ex|lqj dqg '@ ' 'Kn

'ð?Sn'SJ61 Wkh wrwdo frvw ri wkh lqfrpsohwh khgjlqj sruwirolr wr khgjh 'ð?S rswlrqv

dqg wkh wrwdo frvw ri wkh frpsohwh khgjlqj sruwirolr wr khgjh 'SJ6 duh uhvshfwlyho|

jlyhq e|

Aäð?S
ý
'ð?S

ü
' ä'ð?S ý

[
ð

eRðñEý'ð?Sá2cðäc
AäSJ6 ' ä'SJ6 ý

[
ð

eRðñE'SJ6á2cðäé
Zkhq æ ' f wkh pdunhw0pdnhu lv ex|lqj pruh rswlrqv wkdw kh lv vhoolqj dqg 'K '

'@ n 'ð?S n 'SJ61 Wkh wrwdo uhyhqxh ri wkh lqfrpsohwh khgjlqj sruwirolr wr khgjh

'ð?S rswlrqv dqg wkh wrwdo uhyhqxh ri wkh frpsohwh khgjlqj sruwirolr wr khgjh 'SJ6

duh uhvshfwlyho|

A-ð?S ' ä'ð?S n
[
ð

eRðñEýá2cð'ð?Säc
A-SJ6 ' ä'SJ6 n

[
ð

eRðñE'SJ6á2cðäé
Wr vroyh wkh pd{lpl}dwlrq sureohp lw lv qhfhvvdu| wkdw doo ixqfwlrqv eh glihuhqwldeoh1

Krzhyhu/ YA-
_

Y'@
lv gh?qhg rqo| iru '@ è '_

â
dqg YAär

Y'K
lv gh?qhg rqo| iru 'K è 'r

â
é

5;



Rq wkh rwkhu kdqg/ zh yhuli| wkdw

Aäð?SE'r
â
ä : AärE'r

â
ä dqg

A-_E'_
â
ä : Aäð?SE'_

â
äé

Wkh rswlpdo ghflvlrq ri wkh pdunhw0pdnhu lv wr ex| dw ohdvw 'r
â
rswlrqv dqg wr vhoo

'_
â
rswlrqv1 Khqfh/ zh vroyh wkh pd{lpl}dwlrq sureohp uhvwulfwlqj '@ è '_

â
dqg

'K è 'râ1 Zh duh dvvxplqj wkdw rswlpdo wudqvdfwhg txdqwlwlhv ri rswlrqv duh htxdo

ru kljkhu wkdq 4ð?
õ
'_

â
c 'r

âô
é

Wkh vroxwlrq ri wkh pd{lpl}dwlrq sureohp lv rewdlqhg iru
õ
'@c 'Kc 'ð?Sc 'SJ6

ô
vxfk wkdw

ä_E'@än'@ Yä
_

Y'@

E2æ3�ä '
ärE'Kän'K Yä

r

Y'K

E2æ3�ä '

ý Eä�æ n
S

ð eRðk�æñâE'ð?Sk�æää ' ý Eä2æ n
S

ð eRðk2æñâE'SJ6k2æää
'@ : '_

â
c 'K : 'r

â
c 'ð?S : f dqg 'SJ6 : f

+<,

Zkhq æ ' f frqglwlrq +<, vlpsol?hv wr

ä_E'@ä n'@
Yä_

Y'@
' ärE'Kä n'K

Yär

Y'K
' +43,

ä ý
[
ð

eRðá2cðñâEýá2cð'ð?Sä ' ä n
[
ð

eRðá2cðñâE'SJ6á2cðä +44,

zklfk pd| eh zulwwhq dv

�-_E'@ä '�ärE'Kä '�-ð?SE'ð?Sä '�-SJ6E'SJ6äé

Zkhq æ ' �c frqglwlrq +<, vlpsol?hv wr

ä_E'@ä n'@
Yä_

Y'@
' ärE'Kä n'K

Yär

Y'K
' +45,

ä n
[
ð

eRðá2cðñâEýá2cð'ð?Sä ' ä ý
[
ð

eRðá2cðñâE'SJ6á2cðä +46,
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dqg pd| eh zulwwhq dv

�-_E'@ä '�ärE'Kä '�äð?SE'ð?Sä '�äSJ6E'SJ6äé

Wkh pdunhw0pdnhu lv pd{lpl}lqj xwlolw| zkhq pdujlqdo uhyhqxhv htxdo pdujlqdo frvwv1

Iru h{dpsoh/ zkhq '@ : 'K wkh pdunhw0pdnhu lv vhoolqj pruh rswlrqv wkdw kh lv ex|0

lqj1 Wkh gl>huhqfh '@ý'K lq rswlrqv lv khgjhg frqvwuxfwlqj 'ð?S lqfrpsohwh khgjlqj
sruwirolrv dqg 'SJ6 frpsohwh khgjlqj sruwirolrv1 Wkh pdujlqdo frvw ri 'Kc 'ð?S dqg

'SJ6 pxvw htxdo1 Rwkhuzlvh wkh pdunhw0pdnhu frxog orzhu frvwv e| vzlwfklqj txdq0

wlwlhv ehwzhhq wkh khgjlqj dowhuqdwlyhv1 Wkh| pxvw dovr htxdo wkh pdujlqdo uhyhqxh

ri vhooolqj '@ rswlrqv1

Lw lv vkrzq lq wkh dsshqgl{ wkdw

41 Frqglwlrqv +43, dqg +45, fdqqrw eh yhul?hg vlpxowdqhrxvo|1 Li wkh rswlpdo

ghflvlrq ri wkh pdunhw0pdnhu uhtxluhv wkh frqvwuxfwlrq ri frpsohwh dqg lqfrpsohwh

khgjlqj sruwirolrv wkhq kh pxvw eh hlwkhu d qhw vhoohu ru d qhw ex|hu ri rswlrqv1

51 Wkh pdunhw pdnhu pd| eh pd{lpl}lqj xwlolw| zlwkrxw frqvwuxfwlqj frpsohwh

khgjlqj sruwirolrv li dqg rqo| li

�äSJ6Efä è �-_E'@ä '�ärE'Kä '�äð?SE'ð?Säc zkhq æ ' � ru

�-SJ6Efä é �-_E'@ä '�ärE'Kä '�-ð?SE'ð?Säc zkhq æ ' fé

Lq wklv vlwxdwlrq/ wkh lqwhuphgldu| pxvw ghflgh ehwzhhq ehlqj d qhw vhoohu ru d qhw

ex|hu1 Zh zloo vhh lq wkh looxvwudwlrq wkdw iroorzv krz wkhvh frqglwlrqv ghshqg rq wkh

ohyho ri ulvn0dyhuvlrq ri wkh pdunhw0pdnhu1 Lq wkh dsshqgl{ zh suhvhqw d judsklfdo

h{dpsoh ri wkh ghwhuplqdwlrq ri elg dqg dvn sulfhv zkhq 'SJ6 ' f iru erwk æ ' f

dqg æ ' �é
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61 Lw lv dozd|v rswlpdo iru wkh lqwhuphgldu| wr ex| dqg vhoo d gl>huhqw txdqwlw|1

Lw phdqv wkdw wkh wudglwlrqdo vroxwlrq ri d prqrsrolvw ?up fkdudfwhul}hg e|

�-_E'ä '�ärE'ä

lv qhyhu rswlpdo1

914 Looxvwudwlrqv

Dv lq Vxevhfwlrq eéôc rqh fdq vwxg| wkh vshfl?f fdvh ri d frqvwdqw ulvn0dyhuvh xwlolw|

ixqfwlrq1 Zh xvh wkh qhjdwlyh h{srqhqwldo w|sh xwlolw| ixqfwlrq= L G %$ býi TEýB%ä
zkhuh b lv d srvlwlyh frqvwdqw wdnhq dv htxdo wr rqh dqg B lv wkh frqvwdqw frh!flhqw

ri ulvn dyhuvlrq1 Iru wklv xwlolw| ixqfwlrq wkh pdujlqdo frvwv ri frqvwuxfwlrq ri d

frpsohwh dqg dq lqfrpsohwh khgjlqj sruwirolr duh uhvshfwlyho| jlyhq e|

�äSJ6R ' ä ý á2c2eR2B i TEýB'á2c2äc
�äð?S ' ä ná2côeRôB i TEB'á2côäc

dqg wkh pdujlqdo uhyhqxhv ri frqvwuxfwlrq ri d frpsohwh dqg dq lqfrpsohwh khgjlqj

sruwirolr duh uhvshfwlyho| jlyhq e|

�-SJ6R ' ä ná2côeRôB i TEýB'á2côäc
�-ð?S ' ä ý á2c2eR2B i TEB'á2c2äé

Wkh pdunhw0pdnhu grhv qrw frqvwuxfw lqfrpsohwh khgjlqj sruwirolrv/ zkhq æ ' f/ li

�-SJ6Efä é�-ð?SE'ð?Sä, ä ná2côeRôB é ä ýá2c2eR2B i TEB'á2c2äé
Ohw ' vdwlv?| wkh frqglwlrq ä ná2côeRôB ýä ná2c2eR2B i TEB'á2c2ä ' fé Lw lv hdv| wr

vhh wkdw Y'
YB
÷ fé Rq wkh rwkhu kdqg/ zkhq æ ' � wkh pdunhw0pdnhu grhv qrw frqvwuxfw
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lqfrpsohwh khgjlqj li

�äSJ6Efä è�äð?SE'ð?Sä, ä ýá2c2eR2B è ä ná2côeRôB i TEB'á2côäé
Ohw e' vdwlvi| ä ý á2c2eR2B ý ä ý á2côeRôB i TEB'á2côä ' fé Lw iroorzv Y e'

YB
÷ fé Zh fdq

frqfoxgh wkdw dv B lqfuhdvhv/ wkh lqwhuphgldu| pryhv iurp lqfrpsohwh wr frpsohwh

khgjlqj iru d vpdoohu txdqwlw| ri rswlrqv wr khgjh1

Zh fdq vwxg| wkh h>hfw ri d vpdoo yduldwlrq ri ghowd/ doo rwkhu wklqjv ehlqj htxdo/

lq wkh elg dqg dvn sulfhv1 Frqvlghu wkh vlwxdwlrq zkhuh wkh pdunhw0pdnhu lv vhoolqj

pruh rswlrqv wkdq ex|lqj/ dqg frqvwuxfwlqj dq lqfrpsohwh khgjlqj sruwirolr1 Rswlpdo

txdqwlwlhv pxvw vdwlvi| wkh iroorzlqj frqglwlrqv;AAAA?AAAA=
�äð?S E'ð?Säý�är ý'Kü ' f

'ð?S n'K ' '@

�är
ý
'K
üý�-_E'@ä ' fé

Wkh yduldwlrq lq wkh dvn sulfh lv jlyhq e| Yä@E'@ä
YB

' Yä@E'@ä
Y'@

Y'@

YB
é Wkh ?uvw whup

lv wkh vorsh ri wkh ghpdqg fxuyh dqg lv qhjdwlyh> wkh vhfrqg whup lv vkrzq lq wkh

dsshqgl{ wr eh qhjdwlyh1 Wkhq/ Yä
@E'@ä
YB

: fé Rq wkh rwkhu kdqg/ Yä
KE'Kä
YB

' YäKE'Kä
Y'K

Y'K

YB

zklfk lv dovr srvlwlyh1 Erwk htxloleulxp sulfhv lqfuhdvh exw zh fdqqrw frqfoxgh derxw

wkh vl}h ri wkh vsuhdg/ vlqfh lw ghshqgv rq wkh fkdudfwhulvwlfv ri erwk wkh ghpdqg dqg

vxsso| fxuyhv1 Wkh lqfuhdvh lq wkh frh!flhqw ri ulvn dyhuvlrq kdv dq rssrvlwh h>hfw

rq sulfhv zkhq 'K : '@1 Lq wklv fdvh Yä@E'@ä
YB

÷ f dqg YäKE'Kä
YB

÷ f1 Lw lv fohdu wkdw

lq erwk fdvhv wkh qxpehu ri rswlrqv wr khgjh ghfuhdvhv dv wkh pdunhw0pdnhu lv pruh

ulvn dyhuvh1

Frqvlghu wkh fdvh ri dq lq?qlwho| ulvn0dyhuvh pdunhw0pdnhu1 Dv *ð4
B<"

�äð?S ' 4
dqg *ð4

B<"
�-ð?S ' ý4c dq lq?qlwho| ulvn0dyhuvh pdunhw0pdnhu zrxog qhyhu fkrrvh wr
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eh sduwldoo| khgjhg1 Rq wkh rwkhu kdqg/ *ð4
B<"

�äSJ6R ' ä dqg *ð4
B<"

�-SJ6R ' äé

Wkhq/ wkh pdunhw0pdnhu zrxog vhoo rswlrqv dw ä dqg zrxog ex| rswlrqv dw äé Krz0

hyhu/ wklv zrxog kdsshq rqo| li wkh ghpdqg dqg vxsso| fxuyhv zhuh lq?qlwho| hodvwlf

dw ä dqg äc uhvshfwlyho|1 Zkhq wkh ghpdqg dqg vxsso| fxuyhv duh qrw lq?qlwho|

hodvwlf wkh pdunhw0pdnhu pd{lpl}hv klv sur?wv e| fkrrvlqj wr vhoo dqg ex| wkh vdph

txdqwlw| 'W vdwlvi|lqj

ärE'Wä n'W
Yär E'Wä
Y'

' ä_E'Wä n'W
Yä_E'Wä
Y'

é

Lq wklv vlwxdwlrq wkh pdunhw0pdnhu ex|v dqg vhoov wkh vdph txdqwlw| ri rswlrqv dqg

grhv qrw frqvwuxfw dq| khgjlqj sruwirolr1 Zh vwxglhg wkh fdvh ri dq lq?qlwh ulvn0

dyhuvh pdunhw0pdnhu lq Vhfwlrq 716 dqg/ frqvlvwhqwo| zlwk wkh uhvxowv ri wklv vhfwlrq/

zh frqfoxghg wkdw vxfk d pdunhw0pdnhu zrxog qhyhu frqvwuxfw dq lqfrpsohwh khgjlqj

sruwirolr1 Krzhyhu/ zh dovr frqfoxghg wkdw sulfhv zrxog eh htxdo wr wkh erxqgv/ zklfk

lv gl>huhqw iurp wkh uhvxow wkdw zh kdyh rewdlqhg lq wklv vhfwlrq1 Wkh srlqw lv wkdw lq

Vhfwlrq 716 zh zhuh dvvxplqj wkdw ghpdqg dqg vxsso| fxuyhv zhuh lq?qlwho| hodvwlf1

Ilqdoo|/ wkh qhfhvvdu| dqg vx!flhqw frqglwlrqv wr rewdlq erwk sulfhv dw wkh erxqgv

duh=

�-_E'_âä ÷ ä ý eR2á2c2B i TEBá2c2'ð?Sä ' ä n eRôá2côB i TEýB'SJ6á2côä ÷ �ärE'râäc+47,

'ð?S n'SJ6 ' 'râ ý'_â

�-_E'_âä ÷ ä n eRôá2côB i TEB'ð?Sá2côä ' ä ý eR2á2c2B i TEýB'SJ6á2c2ä ÷ �ärE'râä/+48,

'ð?S n'SJ6 ' '_â ý'râé

Lq erwk fdvhv lw pxvw eh wuxh wkdw

ä_E'_âä n'_â
Yä_E'_âä
Y'

÷ ärE'râä n'râ
YärE'râä
Y'

é +49,
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Qrwlfh wkdw ärE'ä n 'Yär

Y'
' ärE'ä

k
� n �

0Erä

l
zkhuh 0Erä ' Y'*'

Yär*är
lv wkh vxsso|

hodvwlflw| dqg ä_E'än'Yä_

Y'
' ä_E'ä

k
�ý �

�0E_ä�
l
zkhuh 0E_ä ' Y'*'

Yä_*ä_
lv wkh ghpdqg

hodvwlflw|1 Wkhq/ frqglwlrqv +49,/ +47, dqg +48, duh pruh olnho| wr eh vdwlv?hg dv wkh

hodvwlflw| ri erwk fxuyhv ghfuhdvhv1 Frqglwlrqv +47, dqg +48, dovr olplw wkh ydoxhv wkdw

B pd| dvvxph1 Wkhvh duh qhfhvvdu| dqg vx!flhqw frqglwlrqv wr rewdlq wkh htxloleulxp

sulfhv ä@ d0E_äc 0Eräc Bo ' ä dqg äK d0E_äc 0Eräc Bo ' äé Lq ?jxuh 6 zh suhvhqw dq

h{dpsoh ri d vlwxdwlrq zkhuh sulfhv htxdo erxqgvé Wkh prqrsrolvw pdunhw0pdnhu

ex|v 'r
â
rswlrqv lq wkh pdunhw dw sulfh ä dqg vhoov '_

â
rswlrqv dw sulfh äé

'

á

!

F ' äK

7ä ' ä@

�är är

�-_

ä_

'K ' 'r
â
'@ ' '_

â

�ä

ä

Iljxuh 6= Wkh prqrsro| fdvh zlwk sulfhv htxdo wr erxqgv

: Frqfoxvlrqv

Wklv sdshu vwxglhv wkh lpsdfw rq rswlrq sulflqj ri wkh lpsrvvlelolw| ri uhedodqflqj

wkh khgjlqj sruwirolr1 Vlqfh lw lv qr orqjhu srvvleoh wr shuihfwo| uhsolfdwh wkh sd|r>v
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ri dq rswlrq/ wkh wudglwlrqdo htxloleulxp ydoxdwlrq lv qr orqjhu dssolfdeoh1 Lq wklv

zrun/ glvfuhwh uhedodqflqj lv qrw d uhvxow ri wudqvdfwlrqv frvwv ru zhdowk uhvwulfwlrqv1

Wkh gl!fxow| lq uhedodqflqj wkh khgjlqj sruwirolr lv d frqvhtxhqfh ri wkh uhgxfhg

wudqvdfwlrq lq wkh xqghuo|lqj dvvhw1 Iroorzlqj Orqjvwd> +5333,/ wklv h{suhvvhv wkh

dvvhw*v looltxlglw|1

Iluvw/ zh kdyh vkrzq wkdw wkhuh lv d udqjh ri qrq0duelwudjh sulfhv1 Wklv udqjh lv

erxqghg iurp deryh e| wkh ydoxh ri wkh fkhdshvw sruwirolr vxshuuhsolfdwlqj d vkruw

srvlwlrq lq wkh rswlrq1 Wkh orzhu erxqg fruuhvsrqgv wr wkh ydoxh ri wkh fkhdshvw

sruwirolr vxshuuhsolfdwlqj d orqj srvlwlrq1

Krzhyhu/ wkhvh erxqgv gr qrw uh hfw htxloleulxp elg dqg dvn sulfhv iru wkh rswlrqv1

Dq lqwhuphgldu| pd| eh zloolqj wr dffhsw wkh ulvn ri kdylqj d qhjdwlyh sur?w dw

pdwxulw| dqg wudqvdfw rswlrqv dw sulfhv zlwklq wkh erxqgv1 Zkhq pdunhw0pdnhuv gr

qrw fryhu doo srvvleoh vwdwhv ri qdwxuh/ wkh frvw ri wkh khgjlqj sruwirolr lv orzhu1 Lw

iroorzv wkdw pdunhw0pdnhuv pd| eh zloolqj wr wudqvdfw rswlrqv dw sulfhv lqvlgh wkh

erxqgv1 Wr ghyhors wklv dqdo|vlv/ zh lqwurgxfhg pdunhw0pdnhuv wkdw pd{lpl}h wkhlu

xwlolwlhv/ zklfk duh ixqfwlrqv ri wkh suhvhqw dqg ixwxuh sur?wv1

Zh vwxg| d vshfl?f prqrsrolvwlf pdunhw vwuxfwxuh1 Wkh prqrsrolvw pdunhw0pdnhu

idfhv wkh pdunhw ghpdqg dqg vxsso| fxuyhv iru rswlrqv dqg ghflghv xsrq wkh elg dqg

dvn sulfhv1 Kh fdq khgjh klv srvlwlrq e| wudqvdfwlqj rswlrqv lq wkh pdunhw ru e|

frqvwuxfwlqj d khgjlqj sruwirolr1 Pruhryhu/ wkh khgjlqj sruwirolrv pd| fryhu klv

srvlwlrq frpsohwho| ru lqfrpsohwho|1 D xwlolw| pd{lpl}hu pdunhw0pdnhu zloo fkrrvh

wkh fkhdshvw dprqj wkh wkuhh dowhuqdwlyhv1

Wkh lpsdfw ri ulvn dyhuvlrq rq wkh sulflqj ri rswlrqv lv dqdo|}hg iru wkh vshfl?f

fdvh ri d qhjdwlyh h{srqhqwldo xwlolw| ixqfwlrq1 Zh ghulyh qhfhvvdu| frqglwlrqv wr
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revhuyh wkh dvn dqg elg sulfhv dw wkh erxqgv1 Wkhvh qhfhvvdu| frqglwlrqv duh uhodwhg

wr wkh hodvwlflw| ri wkh pdunhw ghpdqg dqg vxsso| dqg wkh ulvn dyhuvlrq ri wkh pdunhw0

pdnhu1 Sulfhv duh pruh olnho| wr eh dw wkh erxqgv wkh ohvv hodvwlf wkh pdunhw fxuyhv

duh1 Zh dovr vkrz wkdw dv ulvn0dyhuvlrq lqfuhdvhv wkh udwlrqdo ghflvlrq ri wkh pdunhw0

pdnhu lv wr pryh iurp dq lqfrpsohwh khgjlqj vwudwhj| wr d frpsohwh khgjlqj vwudwhj|1

Lq wkh olplw/ zkhq wkh pdunhw0pdnhu lv lq?qlwho| ulvn dyhuvh/ zh vkrz wkdw kh zrxog

qhyhu frqvwuxfw d sduwldo khgjlqj sruwirolr1 Lq idfw/ dv wkh frvw ri frpsohwh khgjlqj

wxuqv rxw wr eh kljkhu wkdq wudqvdfwlqj rswlrqv lq wkh pdunhw/ dq lq?qlwh ulvn0dyhuvh

pdunhw0pdnhu grhv qrw kdyh rshq srvlwlrqv/ wkdw lv/ kh ex|v dqg vhoov h{dfwo| wkh

vdph txdqwlw| ri rswlrqv lq wkh pdunhw1

Lq frqfoxvlrq/ lq wklv prqrsrolvwlf prgho iru wkh pdunhw ri rswlrqv/ wkh looltxlglw|

ri wkh xqghuo|lqj dvvhw pdnhv wkh htxloleulxp elg dqg dvn sulfh ghshqghqw rq +4, wkh

pdunhw0pdnhu*v ulvn dyhuvlrq dqg +5, wkh hodvwlflw| ri wkh ghpdqg dqg vxsso| fxuyhv

iru rswlrqv1

D Dsshqgl{

D14 Surri ri Sursrvlwlrq 4

Wkh sureohp lv jlyhq e| 4ð?{7 n îc fkrrvlqj i{c îj vxemhfw wr wkh whuplqdo frq0
glwlrqv= {72cð nî-2 è ä2cð iru ð ' �c 2c ôé Wkh vroxwlrq iroorzv iurp wkh Odjudqjldq=

O ' {7 nî n
ô[
ð'�

bðEä2cð ý{72cð ýî-2ä

Dowhuqdwlyho|/ wkh sureohp fdq eh vroyhg iroorzlqj Ho Ndurxl dqg Txhqh} +4<<4,

dqg +4<<8,1 Wr ydoxh d frqwlqjhqw fodlp lq dq lqfrpsohwh pdunhw/ wkhvh dxwkruv

lqwurgxfh wkh qrwlrq ri dx{loldu| frpsohwh pdunhwv1 Lq rxu fdvh/ hdfk dx{loldu| pdunhw
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lv fkdudfwhul}hg e| rqo| wzr dfwlyh uhvwulfwlrqv rxw ri wkh wkuhh jlyhq deryh1 Wkxv/

wkhuh duh wkuhh dx{loldu| frpsohwh pdunhwv lq wklv sureohp1 Hdfk dx{loldu| pdunhw

pxvw vdwlvi| wkh looltxlglw| uhvwulfwlrq wkdw qr wudgh lv srvvleoh dw | ' � dqg wkh

dgglwlrqdo uhvwulfwlrq wkdw wkh whuplqdo zhdowk dozd|v h{fhhgv ru htxdov wkh sd|r>

ri wkh fdoo rswlrq dw pdwxulw|1 Lw wkhq iroorzv wkdw wkh ydoxh ri wkh sruwirolr lq wkh

frqvwudlqhg pdunhw lv jlyhq e| wkh vxsuhpxp ri doo sruwirolr ydoxhv uhvxowlqj iurp wkh

dx{loldu| +frpsohwh, pdunhwv1 Lq wklv wzr0shulrg prgho lw fdq eh fkhfnhg wkdw rqo|

wkh dx{loldu| pdunhw uhvxowlqj iurp b� : fc b2 ' f dqg bô : f vdwlv?hv wkh zhdowk

uhvwulfwlrq1 Wkh vroxwlrq wr wkh sureohp ohdgv wr d sruwirolr zlwk { ' ä2c�3ä2cô
7EL23(2ä

dqg

î ' L2ä2cô3(2ä2c�
-2EL23(2ä

é Wkh uhvxow iroorzv1

D15 Surri ri Sursrvlwlrq 5

Wkh sureohp lv jlyhq e| 4@ {7 nîc fkrrvlqj i{c îj vxemhfw wr wkh whuplqdo frq0
glwlrqv= ä2cð è {72cðnî-

2 iru ð ' �c 2c ôé Wkh vroxwlrq iroorzv iurp wkh Odjudqjldq=

O ' {7 nî n
ô[
ð'�

bðE{72cð nî-
2 ý ä2cðä

Rqfh djdlq/ wkh sureohp lv vroyhg iroorzlqj Ndudw}dv dqg Nrx +4<<9,1 Lq wklv fdvh/

Ndudw}dv dqg Nrx*v pdlq uhvxow lv wkdw wkh ydoxh ri wkh fdoo rswlrq lq wkh frqvwudlqhg

pdunhw lv jlyhq e| wkh lq?pxp ri doo fdoo rswlrq sulfhv uhvxowlqj iurp wkh dx{loldu|

+frpsohwh, pdunhwv1 Lq wklv wzr0shulrg prgho wkhuh duh wkuhh dx{loldu| pdunhwv vdw0

lvi|lqj wkh looltxlglw| uhvwulfwlrq/ exw lw fdq eh fkhfnhg wkdw rqo| wzr ri wkhp vdwlvi|

wkh zhdowk frqglwlrq/ wkdw lv/ wkdw wkh ydoxh ri wkh sruwirolr dw pdwxulw| lv dozd|v ohvv

wkdq ru htxdo wr wkh sd|r> ri wkh fdoo rswlrq1 Wkhvh pdunhwv duh wkh rqhv uhvxowlqj

iurp b� ÷ fc b2 ÷ f/ bô ' f dqg b� ' fc b2 ÷ f/ bô ÷ fé Zkhq -2 : L(c wkh

sureohp lv vroyhg zlwk { ' ä2c�3ä2c2
7EL23L(ä dqg î ' L2ä2c23L(ä2c�

-2EL23L(ä é Lw iroorzv wkdw wkh frvw
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ri wkh khgjlqj sruwirolr lv wkh vdph dv wkdw jlyhq lq wkh vwdwhphqw ri wklv Sursrvlwlrq1

Zkhq L( : -2c wkh sureohp lv vroyhg zlwk wkh gl>huhqw ydoxhv ri { ' ä2c23ä2cô
7EL(3(2ä dqg

î ' L(ä2cô3(2ä2c2
-2EL(3(2ä dqg wkh frvw ri wkh sruwirolr lv ä ' �

-2

k
-23(2
L(3(2ä2c2 n

L(3-2
L(3(2ä2cô

l
é

D16 Dqdo|vlv ri Vhfwlrq 714 zkhq -5 ÷ L(é

Zkhq wkh khgjlqj sruwirolr uhsolfdwhv rqo| vwdwhv ð ' 2 dqg ð ' ô wkh sruwirolr lv

frqvwuxfwhg zlwk

{ '
ä2c2 ý ä2cô
7EL( ý(2ä

c

î '
L(ä2cô ý(2ä2c2
-2EL( ý(2ä

dqg frvwv ä ' �
-2

k
-23(2

L(3(2ä2c2 n
L(3-2
L(3(2ä2cô

l
é Wkh uhvxowlqj sur?w dw wlph | ' 2 lv

á
2c�

'
L

(
E(27 ýgä ÷ fc li L(7 : g è 7(2

' g ý L27 ÷ fc li L27 : g è 7(L

' fc rwkhuzlvh

á
2c2

' f

á
2cô

' f

Wklv vlwxdwlrq lv lqwhuhvwlqj wr vwxg| zkhq -2 ÷ L( vlqfh lw fdq eh vkrzq wkdw/ lq

vxfk d fdvh/ ä é ä1 Wkh srlqw qrz lv wr xqghuvwdqg wkh frqglwlrqv xqghu zklfk wkh

lqvwlwxwlrq fkrrvhv wr vhw sulfhv deryh ru ehorz äé Wr gr wklv/ rqh pxvw frpsxwh wkh

h{shfwhg xwlolw| rewdlqhg lq wkh fdvh ri frpsohwh khgjlqj

.X SJ6Eáfcá2ä ' ä ý äK n R2ñEá2c�ä n 2RE�ý RäñEfä n E�ý Rä2ñEfäé

dqg lqfrpsohwh khgjlqj

.L ð?SEáfcá2ä ' ä ý äK n R2ñEfä n 2RE�ý RäñEýá2c2ä n E�ý Rä2ñEfäé
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D vx!flhqw dqg qhfhvvdu| frqglwlrq iru vhoolqj ehorz ä dqg ehlqj ixoo| khgjhg lv

wkhq hdvlo| irxqg e| lpsrvlqj wkdw

.X SJ6Eáfcá2c äK ' ää è .X ð?SEáfcá2c äK ' ää

zklfk vlpsol?hv wr

ä ý ä é R2ñEá
2c�
ä n RE2ý ôRäñEfäý 2RE�ý RäñEýá2c2äé

D17 Surri ri sursrvlwlrq 8 zkhq -5 ÷ L(é

Sursrvlwlrq 8 lv dovr ydolg iru wkh fdvh zkhuh -2 ÷ L(1 Lq wkh suhvhqfh ri qhjdwlyh

xwlolw| ixqfwlrqv frqglwlrqv +:, dqg +;, duh qrz jlyhq e|

ä ý ä
R

n EôRý 2ä é
k
ý2E�ý Rä i TEýB@á2c2ä n R i TEB@á2c�ä

l
dqg

ä ý ä
R

n E2ý ôRä é
k
2E�ý Rä i T EBKá2c2äý R i TEýBKá2c�ä

l
é

Rqh fdq ghwhuplqh wkh xqltxh ydoxhv iru B@ dqg BK vdwlvi|lqj wkhvh frqglwlrqv1 Lw

iroorzv wkh vdph surri dv lq wkh wh{w1

6<



D18 Wkh pdunhw0pdnhu*v sureohp

Wkh pd{lpl}dwlrq sureohp lv

4@ 
i'@c'Kc'ð?Sc'SJ6j

.L ' ä_E'@ä'@ ý ärE'Kä'K

nä�æ'
ð?S n

[
ð

eRðñE'ð?Sk�æä n ä2æ'SJ6 n
[
ð

eRðñE'SJ6k2æä

ré|é 'ð?S n'SJ6 '
ý
'@ ý'Kü æ n ý'K ý'@ü E�ý æä

'ð?S è fc 'SJ6 è fc '@ è '_âc 'K è 'râ

Wkh Odjudqjhdq ixqfwlrq lv

O ' ä_E'@ä'@ ý ärE'Kä'K

nä�æ'
ð?S n

[
ð

eRðñE'ð?Sk�æä
nä2æ'

SJ6 n
[
ð

eRðñE'SJ6k2æä
nb
ý
'ð?S n'SJ6 ý ý'@ ý'Kü æ ý ý'@ ý'Kü Eæ ý �ä

ü
zkhuh b lv d srvlwlyh Odjudqjh pxowlsolhu iru æ ' � dqg qhjdwlyh iru æ ' fé

D1814 Iluvw Rughu Frqglwlrqv

Wkh ?uvw rughu frqglwlrqv ri wkh sureohp duh
�-_E'@äý bE2æ ý �ä é f '@ è '_â ý

�-_E'@âäý bE2æ ý �ä
ü ý
'@ ý'_âü ' f

ý�ärE'Kä n bE2æ ý �ä é f 'K è 'râ ýý�ärE'Kâä n bE2æ ý �ä
ü ý
'K ý'râü ' f

ä�æ n
S

ð eRðk�æñâE'ð?Sk�æä n b é f 'ð?S è f Eä�æ n
S

ð eRðk�æñâE'ð?Sk�æä n bä'ð?S ' f

ä2æ n
S

ð eRðk2æñâE'SJ6k2æä n b é f 'SJ6 è f Eä2æ n
S

ð eRðk2æñâE'SJ6k2æä n bä'SJ6 ' f
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'ð?S n'SJ6 ý ý'@ ý'Kü æ ý ý'K ý'@ü E�ý æä ' f

Fdvh 4 0

'@ ý'_â : fc 'K ý'râ : fc 'ð?S : fc 'SJ6 : f é Wkh ?uvw rughu frqglwlrqv

vlpsoli| wr

�-_E'@ä

E2æ ý �ä
'
�ärE'Kä

E2æ ý �ä
' ý

#
ä�æ n

[
ð

eRðk�æñâE'ð?Sk�æä$ ' ý
#
ä2æ n

[
ð

eRðk2æñâE'SJ6k2æä$ é
Zkhq æ ' f lw vlpsol?hv wr

�-_E'@ä '�ärE'Kä ' ä ý
[
ð

eRðá2cðñâEýá2cð'ð?Sä ' ä n
[
ð

eRðá2cðñâE'SJ6á2cðä
dqg zkhq æ ' �

�-_E'@ä ' b '�ärE'Kä ' ä n
[
ð

eRðá2cðñâEýá2cð'ð?Sä ' ä ý[
ð

eRðá2cðñâE'SJ6á2cðäé
Qrwlfh wkdw e| wkh ?uvw rughu frqglwlrq wkh rswlpdo txdqwlw|

E'@ mæ ' fä ÷ E'@ mæ ' �ä

zklfk lpsolhv wkdw�-_ E'@ mæ ' fä : �-_ E'@ mæ ' �ä e| prqrwrqlflw| ri�-_E'äé

Lw iroorzv iurp wkh ?uvw rughu frqglwlrqv wkdw%
ä ý

[
ð

eRðá2cðñâEýá2cð'ð?Sä mæ ' f

&
:

%
ä ý

[
ð

eRðá2cðñâE'SJ6á2cðä mæ ' �

&
,%

ä ý
[
ð

eRðá2cðñâEfä mæ ' f

&
:

%
ä ý

[
ð

eRðá2cðñâEfä mæ ' �

&
zklfk lv idovh1 Dovr e| wkh ?uvw rughu frqglwlrqv iroorzv wkdw%
ä n

[
ð

eRðá2cðñâE'SJ6á2cðä mæ ' f

&
:

%
ä n

[
ð

eRðá2cðñâEýá2cð'ð?Sä mæ ' �

&
,%

ä n
[
ð

eRðá2cðñâEfä mæ ' f

&
:

%
ä n

[
ð

eRðá2cðñâEfä mæ ' �

&
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zklfk lv idovh1 Zh frqfoxgh wkdw wkhuh lv rqo| rqh rswlpdo vroxwlrq hlwkhu zkhq æ ' f

ru zkhq æ ' �é

Fdvh 5 0

'@ ý'_â : fc 'K ý'râ : fc 'ð?S : fc 'SJ6 ' f é Wkh ?uvw rughu frqglwlrqv

vlpsoli| wr

ý
#
ä2æ n

[
ð

eRðk2æñâEfä$ : �-_E'@ä

E2æ ý �ä
'
�ärE'Kä

E2æ ý �ä
' ý

#
ä�æ n

[
ð

eRðk�æñâE'ð?Sk�æä$

Zkhq æ ' f wkhvh frqglwlrqv vlpsoli| wr

�-_E'@ä '�ärE'Kä ' ä ý
[
ð

eRðá2cðñâEýá2cð'ð?Sä : ä n
[
ð

eRðá2cðñâEfä
dqg zkhq æ ' � wkhvh frqglwlrqv vlpsoli|

ä ý
[
ð

eRðá2cðñâEfä : �-_E'@ä '�ärE'Kä ' ä n
[
ð

eRðá2cðñâEýá2cð'ð?Säé
Wkh pdunhw0pdnhu fkrrvhv ehwzhhq ehlqj d qhw vhoohu ru d qhu ex|hu ri rswlrqv1

Fdvh 6 0

'@ ý'_â : fc 'K ý'râ : fc 'ð?S ' fc 'SJ6 ' f é Wkh ?uvw rughu frqglwlrqv

vlpsoli| wr

ý
#
ä�æ n

[
ð

eRðk�æñâEfä$ :
�-_E'@ä

E2æ ý �ä
'
�ärE'Kä

E2æ ý �ä

ý
#
ä2æ n

[
ð

eRðk2æñâEfä$ :
�-_E'@ä

E2æ ý �ä
'
�ärE'Kä

E2æ ý �ä

dqg '@ ' 'K ' 'é Zkhq æ ' f wkhvh frqglwlrqv vlpsoli| wr

ä ý
[
ð

eRðá2cðñâEfä ' �-ð?SEfä ÷ �-_E'ä '�ärE'äc +4:,

ä n
[
ð

eRðá2cðñâEfä ' �-SJ6Efä ÷ �-_E'ä '�ärE'äc

75



dqg zkhq æ ' � wkhvh frqglwlrqv vlpsoli| wr

ä n
[
ð

eRðá2cðñâEfä ' �äð?SEfä : �-_E'ä '�ärE'äc +4;,

ä ý
[
ð

eRðá2cðñâEfä ' �äSJ6Efä : �-_E'ä '�ärE'äé

Qrwlfh wkdw wkhvh frqglwlrqv fdqqrw eh yhul?hg vlpxowdqhrxvo|1 Vxssrvh +4:, lv wuxh1

Wkhq �äð?SEfä ' �-ð?SEfä ÷ �-_E'ä ' �ärE'ä zklfk frqwudglfwv +4;,1 Exw li

�äð?SEfä ÷ �-_E'ä ' �ärE'ä lw lv qrw rswlpdo wr fkrrvh 'ð?S ' fé Rq wkh rwkhu

kdqg vxssrvh +4;, lv wuxh1 Wkhq/ +4:, lv idovh dqg lw lv qrw rswlpdo wr kdyh 'ð?S ' fé

Lw iroorzv wkdw lw lv qhyhu rswlpdo wr wudqvdfw wkh vdph txdqwlw| rq erwk vlghv ri wkh

vsuhdg1

Fdvh 7 0

'@ ý'_â : fc 'K ý'râ : fc 'ð?S ' fc 'SJ6 : f é Wkh ?uvw rughu frqglwlrqv

vlpsoli| wr

ý
#
ä�æ n

[
ð

eRðk�æñâE'ð?Sk�æä$ : �-_E'@ä
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'
�ärE'Kä
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' ý

#
ä2æ n

[
ð

eRðk2æñâE'SJ6k2æä$ é
Wkhvh frqglwlrqv vlpsoli| zkhq æ ' f wr

ä ý
[
ð

eRðá2cðñâEfä ÷ �-_E'@ä '�ärE'Kä ' ä n
[
ð

eRðá2cðñâE'SJ6á2cðä
dqg zkhq æ ' � vlpsoli| wr

ä n
[
ð

eRðá2cðñâEfä : �-_E'@ä '�ärE'Kä ' ä ý[
ð

eRðá2cðñâE'SJ6á2cðäé
Fdvh 8 0

'@ ý'_â ' fc 'K ý'râ ' fc 'ð?S : fc 'SJ6 : f é Wkh ?uvw rughu frqglwlrqv
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vlpsoli| wr
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dqg 'ð?S n'SJ6 '
ý
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ð
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dqg zkhq æ ' �
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Fdvh 9 0

'@ ý'_â ' fc 'K ý'râ ' fc 'ð?S : fc 'SJ6 ' f é Wkh ?uvw rughu frqglwlrqv

vlpsoli| wr
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eRðá2cðñâEýá2cð'ð?Säé
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D1815 Vhfrqg Rughu Frqglwlrqv

Wkh ?uvw rughu frqglwlrqv duh qhfhvvdu| dqg vx!flhqw wr wkh ghwhuplqdwlrq ri wkh

pd{lpxp zkhq wkh remhfwlyh ixqfwlrq lv frqfdyh1 Wkh vhfrqg ghulydwlyh ri wkh re0

mhfwlyh ixqfwlrq lv jlyhq e|
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n Y�-SJ6
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frqglwlrqv iru Y2.L
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÷ f lv Y�-_
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: fé

D19 Judsklfdo looxvwudwlrqv

Iljxuh 7 fkdudfwhul}hv d vlwxdwlrq zlwk 'SJ6 ' f dqg 'K ÷ '@é �ä lv wkh pdujlqdo

frvw fxuyh ri wkh pdunhw0pdnhu dqg lv jlyhq e| wkh krul}rqwdo vxp ri hdfk lqglylgxdo

pdujlqdo frvw fxuyhv1 Lq wklv fdvh wkh pdunhw0pdnhu ex|v '@ ý'K sruwirolrv E{c îä
dqg kdv wkh h{shfwhg xwlolw| jlyhq e|
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ð

eRðñEý ý'@ ý'Küá2cðä
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Iljxuh 8 fkdudfwhul}hv d vlwxdwlrq zkhuh æ ' f dqg 'SJ6 ' fé Rswlpdo txdqwlwlhv

vdwlvi| 'K : '@é �- lv wkh pdujlqdo uhyhqxh fxuyh ri wkh pdunhw0pdnhu dqg lv jlyhq

e| wkh krul}rqwdo vxp ri hdfk lqglylgxdo pdujlqdo uhyhqxh fxuyhv1 Wkh pdunhw pdnhu

lv vhoolqj 'K ý'@ sruwirolrv ý{c îü dqg kdv wkh h{shfwhg xwlolw|

.L ' ä@E'@ä'@ ý äKE'Kä'K ý
%
ä
ý
'K ý'@üý[

ð

eRðñEý ý'K ý'@üá2cðä& é
Wkh pdunhw0pdnhu zloo fkrrvh wkh vlwxdwlrq wkdw jlyhv klp wkh kljkhvw h{shfwhg

xwlolw|1 Lq erwk fdvhv wkh htxloleulxp lv fkdudfwhul}hg e|
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Iljxuh 7= Wkh elg dqg dvn sulfhv zkhq '@ ý'K : fé

î wkh dvn sulfh lv orzhu wkdq ä(

î wkh elg sulfh lv kljkhu wkdq ä(

î wkh txdqwlw| vrog e| wkh pdunhw0pdnhu lv gl>huhqw iurp wkh txdqwlw| erxjkw(

î wkh pdunhw pdnhu khgjhv klv srvlwlrq ex|lqj wkh khgjlqj sruwirolr E{c îä ru

vhoolqj wkh sruwirolr
ý
{c î

ü
é
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Iljxuh 8= Wkh elg dqg dvn sulfhv zkhq '@ ý'K ÷ fé

D1: Dqdo|vlv ri fkdqjhv lq sulfhv zkhq wkh frh!flhqw ri ulvn
dyhuvlrq fkdqjhv1

Zkhq wkh pdunhw0pdnhu lv vhoolqj pruh rswlrqv wkdq kh lv ex|lqj dqg khgjlqj lq0

frpsohwho|/ wkh rswlpdo txdqwlwlwhv '@ dqg 'K vdwlvi| wkh iroorzlqj frqglwlrqv=

�äð?S E'ð?Säý�är ý'Kü ' f

'ð?S n'K ' '@

�är
ý
'K
üý�-_E'@ä ' f
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Zh zdqw wr frpsxwh wkh yduldwlrqv lq 'K dqg '@ zkhq wkh frh!flhqw ri ulvn dyhuvlrq
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Zkhq wkh pdunhw0pdnhu lv ex|lqj pruh rswlrqv wkdq kh lv vhoolqj/ wkh rswlpdo

txdqwlwlwhv '@ dqg 'K vdwlvi| wkh iroorzlqj frqglwlrqv=
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Zh zdqw wr frpsxwh wkh yduldwlrqv lq 'K dqg '@ zkhq wkh frh!flhqw ri ulvn dyhuvlrq
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Uhihuhqfhv

^4` Dgpdwl/ D1 dqg S1 S hlghuhu/ 4<<5/ D Wkhru| ri Lqwudgd| Sdwwhuqv= Yroxph dqg

Sulfh Yduldelolw|/ Uhylhz ri Ilqdqfldo Vwxglhv/ 4/ 6073

^5` Dplkxg/ \1 dqg K1 Phqghovrq/ 4<;3/ Ghdohuvkls Pdunhw= Pdunhw0Pdnlqj zlwk

Lqyhqwru|/ Mrxuqdo ri Ilqdqfldo Hfrqrplfv/ ;/ 640861

^6` Eldlv/ E1/ W1 Irxfdxow dqg I1 Vdodqlì/ 4<<;/ Iorruv/ Ghdohu Pdunhwv dqg Olplw

Rughu Pdunhwv/ Mrxuqdo ri Ilqdqfldo Pdunhwv/ 4/ 58605;71

^7` Er|oh/ S1 dqg W1 Yruvw/ 4<<5/ Rswlrq Uhsolfdwlrq lq Glvfuhwh Wlph zlwk Wudqv0

dfwlrq Frvwv/ Mrxuqdo ri Ilqdqfh/ 7:/ 5:405<61

^8` Eurfn/ Z1 dqg D1 Nohlgrq/ 4<<5/ Shulrglf Pdunhw Forvxuh dqg Wudglqj Yroxph=

D Prgho ri Lqwudgd| Elgv dqg Dvnv/ Mrxuqdo ri Hfrqrplf G|qdplfv dqg Frqwuro/

49/ 78407;<1

^9` Fkdq/ N/ \1 Fkxqj dqg K1 Mrkqvrq/ 4<<8/ Wkh Lqwudgd| Ehkdylru ri Elg0Dvn

Vsuhdgv iru Q\VH Vwrfnv dqg FERH Rswlrqv/ Mrxuqdo ri Ilqdqfldo dqg Txdq0

wlwdwlyh Dqdo|vlv/ 63/ 65<06791

^:` Frqvwdwlqlghv/ J1 dqg W1 ]dulskrxsrorx/ 4<<</ Erxqgv rq Sulfhv ri Frqwlqjhqw

Fodlpv lq dq Lqwhuwhpsrudo Hfrqrp| zlwk Sursruwlrqdo Wudqvdfwlrq Frvwv dqg

Jhqhudo Suhihuhqfhv/ Ilqdqfh dqg Vwrfkdvwlfv/ 6/ 678069<1

^;` Frshodqg/ W1 dqg G1 Jdodl/ 4<;6/ Lqirupdwlrq H>hfwv rq wkh Elg0Dvn Vsuhdg/

Mrxuqdo ri Ilqdqfh/ 6;/ 478:0479<1

7<



^<` Fr{/ M1F1/ V1D1 Urvv dqg P1 Uxelqvwhlq/ 4<:</ 3Rswlrq Sulflqj= D Vlpsol?hg

Dssurdfk4/ Mrxuqdo ri Ilqdqfldo Hfrqrplfv/ :/ 55<05961

^43` Gdylv/ P1/ Y1 Sdqdv dqg W1 ]dulskrsrxorx/ 4<<6/ Hxurshdq Rswlrq Sulflqj zlwk

Wudqvdfwlrq Frvwv/ VLDP Mrxuqdo ri Frqwuro dqg Rswlpl}dwlrq/ 64/ 7:307<61

^44` Hglulvlqjkh/ F1/ Y1 Qdln dqg U1 Xssdo/ 4<<6/ Rswlpdo Uhsolfdwlrq ri Rswlrqv

zlwk Wudqvdfwlrq Frvwv dqg Wudglqj Uhvwulfwlrqv/ Mrxuqdo ri Ilqdqfldo dqg Txdq0

wlwdwlyh Dqdo|vlv/ 5;/ 44:046;1

^45` Ho Ndurxl/ Q1 dqg P1F1 Txhqh}/ 4<<4/ Surjudpdwlrq G|qdpltxh hw ìydoxdwlrq

ghv dfwliv frqwlqjhqwv hq pdufkì lqfrpsohw/ Frpswhv Uhqgxhv gh o* Dfdghp| ghv

Vflhqfhv gh Sdulv/ Vìulh L/ 646/ ;840;87

^46` Ho Ndurxl/ Q1 dqg P1F1 Txhqh}/ 4<<8/ G|qdplf surjudpplqj dqg sulflqj ri

frqwlqjhqw fodlpv lq dq lqfrpsohwh pdunhw/ VLDP Mrxuqdo ri Frqwuro dqg Rswl0

pl}dwlrq/ 66/ 5<0991

^47` Hwolqj/ F1 dqg W1 Ploohu/ mu/ 5333/ Wkh Uhodwlrqvkls ehwzhhq Lqgh{ Rswlrq Prq0

h|qhvv dqg Uhodwlyh Oltxlglw|/ Mrxuqdo ri Ixwxuhv Pdunhwv/ 53/ <:40<;:1

^48` Irvwhu/ I1 dqg V1 Ylvzdqdwkdq/ 4<<7/ Vwudwhjlf Wudglqj zlwk Dv|pphwulfdoo|

Lqiruphg Wudghuv dqg Orqj0Olyhg Lqirupdwlrq/ Mrxuqdo ri Ilqdqfldo dqg Txdq0

wlwdwlyh Dqdo|vlv/ 5</ 7<<084;1

^49` Iulwwhool/ P1/ 5333/ Wkh Plqlpdo Hqwurs| Pduwlqjdoh Phdvxuh dqg wkh Ydoxdwlrq

Sureohp lq Lqfrpsohwh Pdunhwv/ Pdwkhpdwlfdo Ilqdqfh/ 43/ 6<0851
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^4:` Jhrujh/ W1 dqg I1 Orqjvwd>/ 4<<6/ Elg0Dvn Vsuhdgv dqg Wudglqj Dfwlylw| lq wkh

V)S 433 Lqgh{ Rswlrqv Pdunhw/ Mrxuqdo ri Ilqdqfldo dqg Txdqwlwdwlyh Dqdo|vlv/

5;/ 6;406<:1

^4;` Jorvwhq/ O1 dqg S1 Plojurp/ 4<;8/ Elg/ Dvn dqg Wudqvdfwlrq Sulfhv lq d Vshfldo0

lvw Pdunhw zlwk Khwhurjhqhrxvo| Lqiruphg Wudghuv/ Mrxuqdo ri Ilqdqfldo Hfr0

qrplfv/47/ :404331

^4<` Kdveurxfn/ M1 dqg J1 Vr?dqrv/ 4<<6/ Wkh Wudghv ri Pdunhw0Pdnhuv= Dq Hpslu0

lfdo Dqdo|vlv ri Q\VH Vshfldolvwv/ Mrxuqdo ri Ilqdqfh/ 7;/ 4898048<61

^53` Krgjhv/ D1 dqg Qhxehujhu/ D1/ 4<;</ Rswlpdo Uhsolfdwlrq ri Frqwlqjhqw Fodlpv

xqghu Wudqvdfwlrq Frvwv/ Uhylhz ri Ixwxuhv Pdunhwv/ ;/ 555056<1

^54` Ndudw}dv/ L1 dqg V1 J1 Nrx/ 4<<9/ Rq wkh Sulflqj ri Frqwlqjhqw Fodlpv zlwk

Frqvwudlqhg Sruwirolrv/ Dqqdov ri Dssolhg Suredelolw|/ 9/ 654069<1

^55` Ohh/ F1/ E1 Pxfnorz dqg P1Uhdg|/ 4<<6/ Vsuhdgv/ Ghswkv dqg wkh Lpsdfw ri

Hduqlqjv Lqirupdwlrq= Dq Lqwudgd| Dqdo|vlv/ Uhylhz ri Ilqdqfldo Vwxglhv/ 9/

67806:71

^56` Ohodqg/ K1/ 4<;8/ Rswlrq Sulflqj dqg Uhsolfdwlrq zlwk Wudqvdfwlrqv Frvwv/ Mrxu0

qdo ri Ilqdqfh/ 73/ 45;6046341

^57` Orqjvwd>/ I1/ 5334/ Rswlpdo Sruwirolr Fkrlfh dqg wkh Ydoxdwlrq ri Looltxlg Vh0

fxulwlhv/ Uhylhz ri Ilqdqfldo Vwxglhv/ 47/ 73:07641

^58` Pdgkdydq/ D1 dqg V1 Vplgw/ 4<<6/ Dq Dqdo|vlv ri Fkdqjhv lq Vshfldolvw Lqyhq0

wrulhv dqg Txrwdwlrqv/ Mrxuqdo ri Ilqdqfh/ 7;/ 48<80495;1
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^59` Pdqdvwhu/ V1 dqg V1 Pdqq/ 4<<9/ Olih lq wkh Slwv= Frpshwlwlyh Pdunhwpdnlqj

dqg Lqyhqwru| Frqwuro/ Uhylhz ri Ilqdqfldo Vwxglhv/ </ <860<:91

^5:` Phuwrq/ F1/ 4<<3/ Frqwlqxrxv Wlph Ilqdqfh/ Edvlo Eodfnzhoo/ vhf1 47151

^5;` Urxjh/ U1 dqg Q1 Ho Ndurxl/ 5333/ Sulflqj yld Xwlolw| Pd{lpl}dwlrq dqg Hqwurs|/

Pdwkhpdwlfdo Ilqdqfh/ 43/ 58<85:91

^5<` Vwroo/ K11/ 4<:;/ Wkh Vxsso| ri Ghdohu Vhuylfhv lq Vhfxulwlhv Pdunhwv/ Mrxuqdo ri

Ilqdqfh/ 66/ 4466044841

^63` Wriw/ N1/ 4<<9/ Rq wkh Phdq0Yduldqfh Wudghr> lq Rswlrq Uhsolfdwlrq zlwk Wudqv0

dfwlrq Frvwv/ Mrxuqdo ri Ilqdqfldo dqg Txdqwlwdwlyh Dqdo|vlv/ 64/ 56605961
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