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Abstract

This paper investigates the interaction between endogenous fertility behavior and the
distribution of income and wealth among families in a competitive market economy. We
construct a growth model in which altruistic dynasties are heterogeneous in their initial
stocks of physical capital. Dynasties make choices of family size along with decisions
about consumption and intergenerational transfers. We show that, if the rate of time
preference is increasing in the number of children and preferences over number of
children satisfy a normality assumption, all steady states are characterized by equality of
capital stocks and consumption among families. We also provide sufficient conditions for
uniqueness of the steady state. In order to illustrate these results, we present an example
in which preferences over number of children are logarithmic and the technology is
Cobb-Douglas. For this combination of preferences and technology, there exists a unique
egalitarian steady state. Moreover, the economy converges to this steady state in only one
generation.

" I thank Avner Ahituv, Fernando Alvarez, Gary Becker, Nancy Stokey, seminar participants of the Growth
and Development Workshop at the University of Chicago, and especially Robert Lucas, for comments and -
suggestions. Financial support from CAPES is gratefully acknowledged. All errors are mine.
" Graduate student, Department of Economics, University of Chicago.



1.Introduction

This paper investigates the interaction between endogenous fertility behavior and
the distribution of income and wealth in a competitive market economy. More
specifically, we examine under what conditions endogenous fertility leads to equality of
income and wealth among families in the long run. The paper is related to two strands of
literature, namely the literature on the distribution of income and wealth among
individuals in deterministic market economies and the literature on the economic
determinants of fertility behavior.

Stiglitz (1969) develops a general equilibrium model of the distribution of income
and wealth among individuals, in the context of a neoclassical growth framework. Stiglitz
analyses an economy in which agents are divided into a finite number of long-lived
families with mortal members in each generation. Different generations of a given family
are linked through intergenerational transfers. In his model, the economy-wide capital
stock is determined simultaneously with the distribution of capital among individuals.
Stiglitz shows that, under the assumption that bequests are a linear function of family
income, the steady state level of the economy-wide capital stock per capita is globally
stable and wealth and income are asymptotically evenly distributed among families'.

It has been shown, however, that the results in Stiglitz (1969) depend crucially on
the assumption that families have linear bequest rules. If one assumes that bequests are
determined endogenously by utility-maximizing agents, Stiglitz’s results on the long run
equality of income and wealth among agents do not hold’, unless additional restrictions
are imposed on preferences’.

This paper follows Stiglitz (1969) in integrating a model of family behavior into a
model of the distribution of income and wealth®. It departs from his analysis by assuming
that intergenerational transfers are the result of the maximization of a dynastic utility
function. On the other hand, the model presented in this paper differs from infinitely-
lived agent models of the distribution of income and wealth by interpreting the decision
makers as families and giving content to this interpretation by explicitly considering their
fertility decisions.

'In Stiglitz’s model, different families receive the same wage rate and differ only in their per capita wealth
holdings. The assumption that bequests are linear in income implies that an increase in per capita wealth by
a given percentage raises bequests by a smaller percentage. As a result. the wealth per capita of the poorer
families grows faster than that of the richer families.

Becker (1980) analyses a model that is similar to Stiglitz (1969) in all aspects, except for the fact that he
assumes that infinitely-lived agents maximize a time-additive utilitv function with a constant rate of time
preference. He shows that the household with the lowest discount rate owns all the capital in the long run.
If discount rates are equal between households, then the steady state distribution of income is
indeterminate.

’Lucas and Stokey (1984) study a similar model in which preferences are recursive, but not necessarily
additively separable over time. They show that, if preferences exhibit a property labeled increasing
marginal impatience, which means that the consumer’s discount factor is a decreasing function of steady
state consumption, then there will exist a unique interior stationary distribution of consumption and wealth.
“The role of the family in generating persistence of income and wealth inequality across generations has
been analysed in the context of stochastic models by Becker and Tomes (1979), Loury (1981), Becker and
Tomes (1986) and Laitner (1992), among others. In these models. limited insurance opportunities are
crucial for generating inequality among families in the long run.



Becker and Barro (1988) construct a partial equilibrium dynamic model in which
altruistic families make fertility and bequest decisions. They show that, for a specific
functional form of preferences, there exists a unique steady state and the economy
converges to the steady state in one generation, because bequests per child are
independent of wealth’. In their model, the driving force behind the stability of the steady
state is the fact that wealthier agents dilute their additional resources by having more
children.

This paper combines ideas from the papers above and analyses an economy in
which altruistic dynasties make fertility and investment decisions along the lines
developed in Becker and Barro (1988) within a competitive market framework modeled
as in Stiglitz (1969). More specifically, we consider a society divided into a finite number
of dynasties, in which individuals from different generations are altruistically linked. All
the members of a given dynasty have the same physical capital holdings, but dynasties
differ in their per capita holdings and their size (number of members). Different dynasties
interact in competitive markets for goods and factor services in each period. Parents are
assumed to derive utility from their consumption, number of children and the well-being
of each child.

In a steady state of this economy the capital stock of each dynasty is constant over
time, but not necessarily equal among dynasties. Also, all dynasties have the same
fertility rate, so the shares of each dynasty in the total population are constant. We
provide sufficient conditions on dynastic preferences and the costs of child rearing such
that, in any steady state, all dynasties have the same capital stock. This egalitarian result
follows from a normality assumption on fertility. We also provide sufficient conditions
for uniqueness of the steady state.

The paper is organized as follows. Section 2 defines the setup of the model and
defines a recursive competitive equilibrium for the economy. Section 3 defines a steady
state and an egalitarian steady state and provides sufficient conditions for uniqueness of
an egalitarian steady state. Section 4 shows that, if preferences over number of children
are logarithmic, as in Lucas (1996), and if the technology is Cobb-Douglas, then there
exists a unique egalitarian steady state, which is globally stable. Section 5 concludes and
presents some directions for future research.

2.The Model

The setup of the model is the following. Society is divided into a finite number of
dynasties. We define a dynasty or family line as a collection of agents composed of a
parent and all his descendants. We assume that the economy starts out with a finite
number of parents, who in turn define a finite number of dynasties, indexed by j=1,....M.

5 Alvarez (1994) reinterprets the household problem in Becker and and Barro (1988) as a dynamic portfolio
problem, in which the assets are the total members of the next generation and total intergenerational
transfers. In this problem, per child transfers play the role of portfolio weights. Alvarez shows that, given
the preferences postulated in Becker and Barro (1988), this reformulation of the household problem has
homogeneous utility functions, so the portfolio weights are independent of wealth.



Agents live two periods, the first as children, in which they do not make any
economic decisions, and the second as parents. Each period is taken to be a generation.
Parents are assumed to value their consumption, the number of children they have, and
the lifetime utility of each child, according to preferences given by®:

ul = W(C, ’nl ’ut+l)

where ¢, denotes parental consumption, », denotes number of children , #, is the utility of
the parent and u,,, is the utility of each child. We assume that W is strictly increasing and
strictly concave in all its arguments, twice continuously differentiable and satisfies the
following discounting condition:

0<W,(c,.n.u,)<1 (c,n,.u,,)

1970 2P 4d

We also assume that lim W(c, N, M) =0 V(n, ,u,,,)

¢, =0

Parents have identical preferences and supply inelastically one unit of labor. All
the currently alive members of a given dynasty have the same stock of physical capital
but dynasties differ in their per capita physical capital holdings. Moreover, dynasties may
differ in size (number of members).

There is a large number of firms endowed with the same constant returns to scale
technology, so we can assume, without loss of generality, that there is only one firm,
which produces the only consumption good according to an aggregate constant returns to
scale production function, described by Y=F(K,N),where K and N denote aggregate
capital and labor, respectively.’

Let y denote output per capita and k denote the capital-labor ratio. We assume
that

y=flk)=F(k,)) f(k)>0, f (k) <0, imf (k)=co, lim f'(k)=0

In each period, firms sell goods to the household sector and agents supply their
labor at a wage w and rent their capital to firms at a rental rate r. The economy is assumed
to be competitive, so both agents and firms take prices as given.

In this economy, agents are indexed by the dynasty they belong to. Let k, denote
the capital stock of a member of dynasty i and A, the number of members of dynasty i. A
typical member of dynasty i derives his income from the wage rate w and from capital %,,
which earns rent at the rate r. Capital depreciates at the rate 6 . We assume that each child
has a fixed cost ¢ in units of the consumption good, so ¢@n, is the total cost of child

SRecursive (but not necessarily time-additive) preferences over consumption have been used by Lucas and
Stokey (1984) and Dolmas (1996) in the context of optimal growth models. The formulation presented in
the text has been postulated by Alvarez (1994) and Lucas (1996) in the context of endogenous fertility
models.

"Since each agent supplies one unit of labor, the number of hours supplied is equal to the size of the

population.



rearing. Parents choose a bequest k, for each child, so total bequests equal n,k, . Parents
also spend their resources on their own consumption ¢,, so their budget constraint can be
written as®:

¢, +n(g+k/)=(1=8+r)k, +w

!

N
Let a, = denote the share of dynasty i in the population. The state of the
2N,

J
J=1
economy can  be described by the  vector s=(k,a), where
k=(k,,...k,)anda=(a,...a,).

Let V(k,,s) denote the lifetime utility of a parent with capital k,, who behaves
optimally, when the state of the economy is s. The problem of the head of dynasty i is the
following:

V(k,,s)= max W(c,,n,,V(k,',h(s)))

¢, 20,1204 20

5.t 1)
¢, +n(p+k')=(1-6 +r(s)k, +wls)

where 1(s) is the real rental rate of capital, expressed as a function of the state s and w(s)
is the real wage rate, also expressed as a function of the state s. The function h describes
the law of motion of the state, assumed to be known by the agents. Each dynasty takes
wages and rental rates as given. The solution of this problem yields optimal decision rules
described by the functions

k,‘l =b(k,,s)’ n; =n(k,,s), ¢ =C(k,,S) (2)

Competition and profit maximization by firms together imply that factors are paid
their marginal products and firms earn zero profits. These conditions define the functions

r(s)=r(k,a)=f'(ia,k,j (3)

=]

w(s) = w(k,a) = f(ia,k,]—(ia,k,jf‘(ia,k,j (4)

*This formulation of the budget constraint incorporates the interaction between quantity and quality of
children emphasized in Becker and Lewis (1973) and Becker and Barro (1988).



Definition 1. A recursive competitive equilibrium 1is a value function
V:R*™*' - R, policy functions &:R,***' - R_, mR*""" - R, c:R*""' > R, and
an economy-wide law of motion 4: R,?* — R_*" for the state s, such that:

1)V satisfies (1), given h.

2)b, n and ¢ are optimal decision rules, that is, they solve (1), for given h.

3)The law of motion h satisfies the following rational expectations condition:

( )
| k k l
|b(k,,s),...,b(k‘\,,s),ML“S)—-a,,...,Ma i (5)

Za,n(k,,s) ga,n(k,,s) MJ

Notice that (5) is a collection of functional equations, since each coordinate on the
right-hand side depends on h(s).

3.Steady State
Definition 2. A steady state is a state s* =(k",a") such that:
h(s')=s
where h is the equilibrium law of motion of the state. This definition states that, in a

steady state, the capital stocks and population shares of all dynasties are constant. Notice
that, in a steady state, the following must hold:

Dk =blk,s).  Vi=l..,M
ii)for some 1> 0,4 = n(k,',s') Vi=1,.,M .

where (b, n) are the policy functions for a recursive competitive equilibrium. Condition
(i) states that, for each dynasty, it is optimal to maintain the capital stock at its steady
state level. Condition (i1) states that, in a steady state, all dynasties grow at a common rate
A, which is the optimal fertility rate given the distribution of capital and population
shares among dynasties.

Definition 3. An egalitarian steady state is a steady state with
k'=k Vi j=1..M



In a steady state, the rental rate of capital and the wage rate will be constant at r

A
and w, respectively, since the economy-wide per capita capital stock, k"= 2 a'k’, . is
1=}

constant.

' Remark 1. Let V( k,,s')denote the lifetime utility attained by an adult member of
dynasty 1 in a steady state. Since the distribution of capital and population shares is
constant in a steady state, the optimum value function of a parent depends upon s~ only
through k°, the economy-wide per capita capital stock.” Hence, we can define a function

7 satistying V(k,.s')=V(k,.k") for all s =(k’,....k, .a ,....,a,,’) such that

_ A
K"=Da'k’ .
j=

Consider the decision problem of the head of dynasty 1 when the economy is at a
steady state. Let v( k,) = V( k., k ) Then v( k,) satisfies the following functional equation:

V(kl) = max W(C,’n,’v(kll))
S.tL. ©)
Gt § ek )= RE +

where R=1-6+r=1-6+ f (k) and w= f(k)-kf (k). The first-order conditions
corresponding to this problem are:

n,WC(cl A, ,v(k,')) = W“(c, A, ,v(k,'))v'(k,v) (7)

W, (e, n (k) = W, (k)¢ + k) (8)

Equation (7) equates the marginal cost of an additional unit of bequest to its
marginal benefit. Note that the marginal utility of consumption in the left-hand side of (7)
is multiplied by the fertility rate, because of the interaction between bequests and the
number of children in the budget constraint.

Equation (8) equates the marginal utility of children to its marginal cost. Note that
bequest per child &, increases the marginal cost of children, again because of the
interaction between quantity and quality of children in the budget constraint.

The envelope condition is:

This follows from the assumption that the production function exhibits constant returns to scale and the
fact that the population share a; does not enter the decision problem of a parent.

®Henceforth, I will drop the superscript * that has been used to denote steady state values, in order to
simplify the notation.



v'(k,.) =Wc(c,.,n,,v(k,'))R %)

Let u, =v(k,). From (6)-(9) and the definition of a steady state, we can
characterize the steady state with the following system of equations:

u, =Wc,Au) i=1,..M (10)
RW, (¢, Au;) = A i=1..M (11)
w(c,,Au)

m=¢+k, i=1,.,M (12)
¢, + Ap+k)= Rk +w i=1,.,M (13)
flk)+1-6=R (14)
w= f(k)-kf'(k) (15)
E:ia,k, (16)

2.a,=1 (17)
There are 4M+4 equations and 4M+4 unknowns. The unknowns are:

(e, ksom0a,)si = oo, M), A, K, R,

Equations (13)-(17) imply:
FE)+(1=-0)k =D ac + i+ ik (18)

Assumption 1. Assume that W(c,n.u) = W(c.n) + p(n)u"', where ¢ satisfies the
following properties'*:

""The term (o(n) converts the utility of children into that of parents, and can be interpreted as measuring
the degree of altruism of parents toward children.



)0 < @(n) <1 Vn;ii)e is strictly increasing; iii)¢ is strictly concave; iv)p € C*
We also assume W that satisfies the following properties:
v) W is strictly increasing; vi) W is strictly concave;vii)¥ e C?

Condition (iii) of assumption 1 implies that ¢(n)/n is decreasing in n, that is,
@—-@ n>0. This corresponds to the assumption that altruism per child is decreasing in
the number of children", which is captured by the altruism function postulated in Becker
and Barro (1988). This condition amounts to assuming that the effective rate of time
preference is increasing in the number of children.

Conditions (i1) and (v) imply that, for given utility per child u, parental utility is
strictly increasing in the number of children n. Conditions (ii1) and (vi) imply that, for
given u, parental utility is strictly concave in n.

Assumption 2. Assume that the production function satisfies the following
properties:

a)f (k) >0;0) 1 (k) < 0; )lim f'(k) =0 d)lim £ (k) =0

In the subsequent analysis, it will be assumed that a steady state exists (that is,
there exists a solution to (10)-(17))". We will focus on the issue of uniqueness of the
steady state.

In order to solve for the steady state, we will use the following strategy. First, we

will postulate an economy-wide capital stock per capita k. From (14) and (15), we can
express the interest rate R and the wage rate w as funtions of & :

R=R(k)=f(k)+1-5 (19)

w=w{k) = f(k)-kf (k) (20)

Using (10)-(13), we will solve for c,,k,,u, and A for a given pair (R,w). Using
(19) and (20), we will define a mapping from k to the individual capital stock
k,,k, = k,(k). Then we will use (16) and (17) to solve for the equilibrium & .

Consider a member of a dynasty i. Given the preference structure assumed above,
(10) becomes

“Benhabib and Nishimura (1993) postulate preferences of the form W(C,rz, u) =c’ + p(n)u,
0 <o <1 in their version of the neoclassical growth model with endogenous fertility and exogenous
technological progress.

3]t is important to notice that if (o(n) =f,0 € (0,1), which corresponds to the standard assumption
that the discount factor is constant, this assumption is automatically satisfied. This suggests that the
assumption of decreasing altruism per child may be less restrictive than it seems.

“In section 4, we will provide an example of a combination of preferences and technology for which a
steady state exists.



u,=Wc, )+ o(Du (21)

From (21) and using the discounting assumption 0 < ¢(n) < 1, we can solve for u,
as a function of (c, A):

Wlc,, A
( 2Eg(c,,/1) g. >0, g,>0 (22)

C
LA

The derivatives of g have the signs above because of the assumptions that W is
increasing in ¢ and Aand ¢ (1) > 0.

After substituting (22) into the left-hand side of (12) and using the functional form
for W from assumption 1, we can write the steady state marginal rate of substitution
between children and consumption as a function of steady state consumption and fertility
as follows:

Vf/"(c,.,/l) + (p'(/l)g(c,. ,/1)

m{c,,A) = e (23)
From (13), we can write &, as a function of ¢, and 4 (for given R and w):
P (24)
’ R-14
If we substitute (23) and (24) into (12), we obtain
e, 2)= F 0 (25)
Given the assumed preference structure, (11) can be rewitten as:
R= A (26)
o(2)

Since is decreasingin A , we can solve (26) for A asa function of R,

A= &(R),where &(R) satisfies:

(27)

Differentiating (27) implicitly with respect to R, we obtain



/12

— 50
Rp-9¢'A)

E(R) =

since ¢ — @' A > 0. If we use (27) to substitute for A in (25), we obtain:

__PR+c, -w
R TRET) .

We want to find restrictions on W such that (28) defines c, as a function of (R, w),

where W is defined in assumption 1. Throughout this analysis, we will keep (R,w)
constant and view both sides of (28) as functions of c,.

Remark 2. From assumption 2, there exists a k >0 such that
Esf(E) <k, forall0<k <k and f(k) <k, forall k >k . Hence, X=[O,l?] is the set
of maintainable capital stocks.

Assumption 3. Assume that ¢R(E)—w{i)>0, where & is the maximum
sustainable capital stock per capita.

Remark 3. Since w{k)/ R(k) is strictly increasing in &, assumption 2 implies
that gR(k) - w(k) >0 Vk e X.

Assumption 3 imposes a lower bound on the cost of child rearing

w k
¢, given by % One way to interpret this assumption is that it requires the net cost of
producing a descendant to be positive. An additional child costs ¢ in the current period,
which is worth R¢ next period. Since an additional descendant will earn w next period,
when he becomes an adult, the lifetime cost of an additional adult is ¢R — w, which is

positive from assumption 2.

mc(cl ’l)cl . -
Assumption 4. g(c, ,/1) =————21 forany (c, ,/1) satisfying (10)-(17).

mc,2)
Lemma 1 states that, in any steady state, ¢, = ¢, Vi,j=1,..,. M.

Lemma 1. Let assumptions 1, 3 and 4 hold. Then there is at most one ¢, that
solves (28) for given (R,w).
mc,.2)

¢
If we divide both sides of (28) by ¢, and rearrange the terms, we obtain:

Proof: Let Q(c, ,/1) =

10



. oR —w
1-0(&(R)  R(1-@(&(R))e,

Ac,,&(R)) = R( (29)

From assumption (i) and assumption 3, the right-hand side of (29) is strictly
decreasing in ;.
Differentiating Q(c, ,f(R)) with respect to c¢,, we obtain:

mc,.&(R))

C

+

Q,(c,,£(R) =(elc, £(R) 1) (30)

From assumption 4 and (30), Q(c,,ﬁ(R)) is weakly increasing in c, at the steady
state solution, so the left-hand side of (29) is weakly increasing in ¢, at any such solution.
Since the right-hand side of (29) is strictly decreasing in ¢, , there exists at most one c,
satisfying (29). QED

The derivative of Q(c, ,/1) with respect to ¢, can be related to the aggregator W as
follows:

- A . . W ‘
[ ¢ C"—(pV"+¢g) cc+ P 8 ci_"—;'f/(pg
QC(C,,Z) = 5 < (31)

c

!

where all derivatives are evaluated at steady state values.

To gain some intuition on the restriction imposed on g(c,.,/l), consider the
following problem"’:

max W(c,n)+ o(n)u

| s.t. (32)
c+nlg+k)=1

In this problem, & is held constant, so u = v(k') is a parameter'®.

Definition 4. n is normal if the maximizing value of n in (32) is increasing in I for
all values of ¢ and k. This is equivalent to the condition W.W,, — (W, + ¢ g)ch >0."

The following argument is motivated by a similar reasoning in Lucas (1996).

'“This problem is a version of the problem stated in (6), with bequests per child k taken as given.
"This condition can be obtained by differentiating implicitly the first-order conditions associated to (32)
with respect to | and by requiring the derivative of the maximizing value of n with respect to I to be

positive.

11



Definition 5. n and u are complements if the maximizing value of n in (32) is
increasing in u for all values of ¢ and & . This is equivalent to the condition W.¢ > 0.

If we assume that n is normal and n and u are complements in the sense defined
above, the first term in the numerator of (31) will be positive at the steady state solution,
since g, > 0. Yet, these conditions are not enough to guarantee the existence of a unique
¢, satisfying (29), since the second term in the numerator of (31) is also positive. Hence,

we need the stronger condition a(c, . /1) >1.

The intuition for this result is the following. Richer dynasties desire to have more
children, since children are a normal good. Yet, they also face a higher price of children,
because they invest more in each child. Hence, it might be possible to have a steady state
in which two dynasties with different capital stocks and consumption find it optimal to
have the same number of children. Assumption 3 requires ¢ to be large enough in order
to reduce the effect of a higher bequest per child on the cost of children. The condition

e(c,,l) >1 requires the income effect on fertility and the complementarity between
fertility and utility per child to be strong enough, in the sense that the numerator of (31)
has to be positive.

In light of lemma 1, we can define c, as a function of (R, w), ¢, = 7(R,w). The
following proposition states that if a steady state exists, it must be egalitarian.

Proposition 1. Let assumptions 1, 3 and 4 hold. Then, if a steady state exists, it is
egalitarian, that is, it satisfies k, =k, Vi,j=1,.... M.

Proof. Since, in any steady state, ¢, = 7(R,w) and A= &(R). we can use (24) to
obtain:

_ (R, w)+¢&(R)—w

k= R-£&(R)

From (33), itisclearthat k, =k, Vi,j=1,..,M. QED

From (19) and (26), we can define A as a function of k, X.:é‘(R(/}-))El(/;),
where /'L(E ) satisfies:

Ak)

—= R( /?) (34)
o A(k))
Differentiating (34) implicitly with respect to k , we obtain:
,aﬂ=—74if—ﬂ(ﬂ <0 (35)
R(p-¢'2)

12



since ¢ —¢ A> 0 and R'(I?) =f (E) < 0. Equation (35) states that when the economy-
wide capital stock per capita is higher, the fertility rate is lower. The reason is that a

higher k reduces the interest rate, so fertility has to be lower in order to reduce the
effective rate of time preference.

. From (19), (20) and (29), we can define c, as a function ofk, ¢ = C(E), where
C(k) satisfies:

o c(k),&(R(k))) = 1 ¢-1k) (36)

where F(E)E——).

Definition 6. ¢ is normal if the maximizing value of ¢ in (32) is increasing in I for
all  values of ¢ andk. This is equivalent to the condition

~

(7, + o ), - W.#,, +9'g)>0.

cn Hn

>

Assumption 5. (W, + ¢ g)W, ~W.(W, +¢'g) > 0.

Lemma 2. Let assumptions 1, 2, 3, 4 and 5 hold. Then C(/?) is strictly decreasing

in k.
Proof. The appendix shows that, if we differentiate (36) implicitly with respect to

k , we obtain:

r(l—qp)[f(l?)+(l—5)l;—cl]+R(o'§'[c,+(¢—1")R] 4 51
= L (l—q))zR:c, 4 J o
C k)= | 4T | R(k) <0
[ T-0)e ]

The denominator of (37) is positive, since Q20 (which follows from

assumption 4), ¢ —[ >0 (which is equivalent to assumption 3) and ¢ € (0,1), which
follows from assumption 1(i). The term €, in the numerator is the derivative of Q with
respect to A, which is equal to:

w W o)W + 0 o)W
o, - 7, +o g)c( '+ g)W, <0

'

LI



which is negative from assumption 5. From the feasibility condition (18), we have
flk)+(1-8)k >¢c,. Since £ >0 and ¢ >0, the term inside brackets in the numerator
of (37) is positive. Since R'(k)=f'(k) <0, we have established that C(k)<0.
QED

The intuition for this result is the following. A higher k is associated with lower
femllty, which raises the marginal rate of substitution between number of children and
consumption, from the assumption that ¢ is normal. The normality condition on fertility
requires consumption to decline. A change in k also affects the cost of fertility through
changes in w and R. By using the fact that, in equilibrium, R and w are related to
marginal productivities, one can observe that the net (negative) effect of an increase in the
wage rate on the cost of child rearing dominates, which reduces consumption further (this
is captured by the first term in the numerator of (37)).

From (19), (20) and (24) and substituting ¢, = C(k) and 1= A(k), we can write
k, as a function of k, k, = ¥(k), which satisfies:

() S0+ E) (]

F= R A 3

A
Since k, =k, Vi,j=1,.,M and D a, =1, (16) and (38) imply that the steady
=l

state economy-wide per capita capital stock & must satisfy the following condition:

Yk)=k (39

Equation (39) equates the desired individual capital stock to the economy-wide
capital stock per capita. The next proposition provides conditions under which (39) has a
unique solution for & .

Proposition 2. Let assumptions 1, 2, 3, 4 and 5 hold. Then, if a steady state exists,
the economy-wide capital stock per capita k is unique.
Proof. If we view both sides of (39) as functions of &, the right-hand side is just

the 45 degree line. If we differentiate (38) implicitly with respect to & and rearrange the
terms, we obtain:

k)(k - k)

o Clk)+(g+k +
() CE o+ k)AlR) </ (k )
1-6+ f(k)- 4
An increase in & reduces desired fertility and consumption, which tends to reduce
the desired individual capital stock. Yet, if k, # k , there are income effects associated to

an increase in k. Wages increase by — f k and interest income falls by f k.. If k, is large
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relative to k, the fall in interest income may outweigh the increase in w, so k, may
increase even though desired ¢ and A are smaller. When &, = k, (40) is reduced to

C(k)+(g+k)i(k)

(k)= 1-6+f(k)-2

<0 (41)

since C(k)<0 from (37), A(k)<0 from (35) and 1-& + f (k)=R(1-¢) >0, from
assumption 1. Hence, the function LI’(I?) has a negative slope when it crosses the 45
degree line, which implies that it can cross it only once, establishing the desired result.

4.Log Preferences'®

Let W(c,n,u) = (1- B)log(c) + n log(n) + fu 0<B <l 1n>0
Let f(k)= Ak*® O<a <l o=1
4.1.Steady State
: P oln) B .
For this specification of preferences, ¢@(n)= B, so ——=— s strictly
n o n

decreasing in n, as required by assumption 1. It is clear that assumption 2 is satisfied.
In this example, the function g is given by

u = g(c,.,/l) = (1- '6)10?(—0:")8*' n log(A)

(42)

The steady state marginal rate of substitution between number of children and
consumption is

i/ 7C, _
=2 pya = e 43)

m(c,.,/l)

C.

I

The function Q(c,. ,/1) = is given by

_ n
qci’l)—(l—ﬂ)/l (44)

"®The preferences used in this example have been studied in Lucas (1996).
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which does not depend on c,. From (43), g(cl,l) =1, so assumption 4 is satisfied. It is

(l—a)Al;

straightforward to verify that assumption 3 requires ¢ > Assumption 5

amounts to W, = _,11 < 0, which holds in this example.

Since assumptions 1-5 are satisfied for this example, propositions 1 and 2 imply
that there exist at most one steady state for this combination of preferences and
technology, and it must be egalitarian.

For this example, we can solve the steady state equations (10)-(17) and obtain a
closed-form solution for the steady state values of consumption, capital and fertility,
which are given by

__(1=p)4] gap(i-p+n) T
T 1-B+nln-ap(1- B +n)

o g #2818 +n)
’ n-af(1- p +n)
(n-ap(1-p+n)|”

Ml pap(1- B +7n) J

We need the additional restriction n — af (1 -p+ 77) > 0 to guarantee existence of
a steady state with positive consumption, capital and fertility. It can be easily verified that

this restriction is satisfied if 7 > S, since & € (0,1).
4.2.Stability

In this subsection, we analyse the stability of the steady state computed above. We
assume that the economy starts at time t=0. Let superscrips index dynasties and subscripts
denote the time period (assumed to be a generation). We assume that there are M
dynasties, with initial capital stock &'y, i =1,..., M. The dynamic system associated to
the recursive competitive equilibrium defined in section 2 is described by the following
equations:

= (1 - ﬂ)log(c',)+ n log(n’,) + [ (45)
C'/’+l ,BRM (46)
¢, n',
¢ _(=pls+kw) @
n', n
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coan'(p+k'm) =Rk +w, (48)

R =1-6+f(k )=adk" (49)
w, = flk)-k 7 (k)=(1-a)4k,° (50)
k=2a’'k, (51)
J=1
) n', .
aimw=—4a, (52)
ajlnjl
=1
M .
dal =1 : (53)

i=1

where u', =v(k';,s,) and s, =(k',,....k™,,a",,...,a™,). Equation (45) is derived from
the Bellman equation in (1), (46) is the first-order condition for bequests, (47) is the first-
order condition for fertility, (48) is the budget constraint, (49) and (50) relate factor prices
to the marginal productivities, (51) defines the economy-wide capital stock per capita,
(52) describes the evolution of the population shares in each dynasty and (53) states that
the sum of the shares must sum up to one.

From (46) and (47), we find that at t=1, the following holds:

i ﬂ(l—ﬂ)Rl(

1= kil 54
c . $+k') (54)

From (47) and (48), we can obtain another expression for consumption at t=1:

o (1= B)(w + REN)
S (55)

From (54) and (55), we obtain

#5(1- 4 +7) 7 {m] 56

klx = - W
n-p(1-p+n) n-p(1-4+7)\R,

Equation (56) implies that k', = K/, Vi, ;. Hence, at t=1, capital stocks are equal
among dynasties, independently of their initial capital stocks. From (45)-(53), we obtain
that this common value of the capital stock is equal to the steady state & :
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gap(1- B +n)
n-ap(1- B +n)

k'i=k'i=k= Vi,j=1,..,. M

To summarize, the economy converges to the unique egalitarian steady state in
only one generation. The intuition behind the stability of the steady state is the following.
From (46), we have

' R
LA 'B,_ ! (57)
Co No
From (47) and (54), we have
. 1- B )w, + R k'
n,o - T]( ﬂ)( 0 0 0) (58)

(1- 8)1- B +n)(¢ +k)

Equation (57) shows that high fertility dynasties discount more the utility of each
child, so their consumption grow less than the consumption of low fertility dynasties, and
so does their capital stock. From (58), it follows that richer parents (higher ko) dilute
their wealth by having more children than poorer parents. Hence, the capital stock of
poorer parents grows faster than that of richer parents, leading to convergence of the per
capita capital stock among dynasties. For log preferences and Cobb-Douglas technology,
this convergence takes only one generation.

5.Conclusion

In this paper, we construct a growth model in which altruistic dynasties are
heterogeneous in their initial stocks of physical capital. Parents make choices of family
size along with decisions about consumption and intergenerational transfers. We show
that, if the rate of time preference is increasing in the number of children and preferences
satisfy a normality assumption, then families will have the same stock of physical capital
per capita in the long run. Moreover, this common level of the capital stock is unique. If
preferences are logarithmic and the technology is Cobb-Douglas, the economy converges
to the unique egalitarian steady state in one generation.

In the model presented in this paper, the equality of wealth and income among
families in the long run is related to the fact that fertility is positively related to income. A
variety of empirical studies have documented a positive correlation between family
income and fertility'’. However, there are also several studies which find a negative
correlation between fertility and family income®. The studies that find a positive relation

"“See, for example, Becker (1960), Mincer (1963), Simon (1974) and Wahl (1985).
0Gee Willis (1973), Ben-Porath (1973) and Mulligan (1993). Simon (1974) documents a negative relatxon
between income and fertility at lower income levels and a positive relation at upper levels.
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between fertility and income usually control for variables that are related to the
productivity of the household in the marketplace, especially wages and level of education.
When these variables are not controlled for, a negative relation between fertility and
family income is usually observed.

Becker, Murphy and Tamura (1990) construct a growth model in which agents
with higher stocks of human capital have lower fertility rates and invest more in each
child than agents with low human capital. This negative relation between fertility and
human capital arises because human capital increases the time cost of raising children. In
their model, endogenous fertility behavior leads to long run inequality among families
endowed with different initial human capital stocks.”

This paper is intended to be the first step within a broader research project, which
will combine ideas from Stiglitz (1969), Becker and Barro (1988) and Becker, Murphy
and Tamura (1990) and incorporate heterogeneity in physical and human capital among
families. The goal of this research will be to investigate how the composition of wealth
between physical and human capital affects fertility decisions and how these in turn affect
inequality among families in the long run.”

The idea is that heterogeneity in physical capital will tend to be eliminated as
agents with more physical capital will have more children. On the other hand, agents with
more human capital will have fewer children and will invest more in each child, which
tends to magnify initial differences in human capital across dynasties. Hence, since
income is derived from these two stocks, there will be two forces affecting income
inequality in opposing directions. The final outcome will depend, among other factors, on
how the relative returns to physical and human capital change as the economy grows.

Appendix
Proof of Lemma 2. If we differentiate (36) implicitly with respect to &, we
obtain

[ (¢-1) | R(k)  r(k)

F**0—¢kff““=‘u-¢mz‘u-mq

+

. Rp'&[c, +(¢ -T)R|R (k)

(o) R ~Q,ER (59)

*'Using data from the PSID, Mulligan (1993) finds that the correlation between fertility choice and various
costs of rearing children, including parents’ level of education. can account for between one third and one
half of the correlation between parents’ and children’s economic status, for several measures of the latter,
including consumption, family income and education.

2Veloso (1997) shows that the introduction of human capital into the model presented in section 2 can lead
to long run heterogeneity in income among families, if human capital is assumed to increase the cost of
child rearing.
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=
x|

)
R(k)’

R'(k) = f'(k). From (20), we have w' (k) = —kR (k)

R(E)[wk) + kR(k)]

R?

w (k)R- wR (k)
R2

)

Since I'(k)= we have I (k) = . From (19), we have

—
)

This implies that I'(k) =
From (19) and (20), we obtain

(B)[ f(k)+(1-5)k]

r'(k)= (60)

*;

If we substitute (60) into the right-hand side of (59) and rearrange the terms, we
obtain

[ (¢-D 1., (- f(E)+(1-8)k=c]+Rp'Ec, +(s -D)R] .,
2T ] (1—o) e @

-Q,&R (k)

which gives the expression in the text.
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