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I. THEORETICAL FRAMEWORK 

I.I. Schooling and Earnings 

In this section we present the schooling model 

and derive the so-called earnings function, when only schooling 

is taken into account. This model is the simplest form of h~ 

capital models which deal with the problem of earnings distribut­

ion. The basic idea behind it is that the lenght of training in 

terms of formal education at school is the main source of hetero 

geneity of labor incomes. IndividuaIs undertake investments 1n 

education because they expect that in the future the returns will 

compensate for the costs of those investments . 

In setting up the model we assume that the costs 

of investments in formal education are restricted to foregone 

earnings. We also assume that after leaving school the indiv~ 

enters immediately into the labor market, and does not undertake 

any further investment in human capital. Moreover, it lS assumed 

that after school the individual receives a constant flow of &rrn 

ings throughout his working life . 

At the time the investment is undertaken, the 

present value of the flow of future earnings of an individual 

(after - investment earnings) is only equal to the present value 

of the flow of earnings in the case of no investment at a certain 

rate of discount. This rate is the internaI rate of discount to 

such an investment . 

In the graph below Y represents the assumed 
o 

constant leveI of earnings of an individual who does not investin 

education, and YI stands for the leveI of earnings of anindividual 

who invests one year in education: 

--------------------~) YI 

~------~--------------------~~ Yo 

o I 

Figure I 
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The present value of the flow of earnlngs of 
the first individual, evaluated at time O, is given by: 

(P V ) 
o o = 

Yo ( 1 + r ) 

r 

and the present value of the second individual, evaluated at 
time 1 , is 

Yl ( 1 + r ) 

r 

Now, if we discount this value back to period 
O, we obtain: 

r (1 + r) r 

where (P Vl)O stands for the present value of individual 1 
evaluated at time o. 

As mentioned above, to estimate the internaI 

rate of return to the additional year of investment in educat­
ion we make 

which leads to: 

ment we have: 

Therefore, 

YO (1 + r) 

r 
= 

r 

In an analogous way, for two years of invest-

Y2 = Yl (1 + r) = YO (1 + r)(l+r)= Yo(1+r)2 

and in a general way,for S years: 

(1) 

Taking logs, we get: 

In YS = In Yo + s. In (1 + r) 

that: (2) 
Since In (l+r) - r' for small r(l) , it follows 

(2) 

(1) Notice that for values of r above 0.15 this oeases to be a good approxi­
rnation, anel we rnay nm into specification problems. 
(2) Here we add a subsc:ript S to the rate of return, standing for rate of 
return to schooling, in arder to distinguish i t fran rates of return to on­
-the-job training, which will appear later on. 
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Therefore, proportional differences in earnings 

are directly proportional to absolute differences in time spent 

at school, and the rate of return is the coefficient of propor -
tionality. 

One must now notice that in usual studies of 
returns to education one can calculate as many rates of returnas 

one wishes (OI' as many as data availability allows). For example, 

one can calculate rates of return to each additional year spent 

at school, at primary, secondary, OI' university leveIs. (One 

can also conceive of rates of return to both private and public 

education). If one is willing to simplify things, one can estim~ 

te rates of return to primary, spcondary and university. In the 

case discussed above, however, what we have is a still simpler / 

model, in which we are interested in only one rate of return,for 

schooling in general. In other words, we are dealing with a 

constant rate of return, which independs from the educational le 

velo For our purposes, this does not seem to be a too drastic 

assumption. 

assumlng that 

and that each 

earnlngs YO• 

following way: 

where i stands 

In addition, ln 

the rate of return 

worker starts out 

this 

does 

from 

simplest 

not vary 

the same 

model, we are 

among individuaIs 

initial leveI of 

Therefore, equation (2) can be rewritten ln the 

In YS . In YO. + rs S. 
= 1 

1 1 
OI' 

In Y. 
1 = a + r 

S 
S. 

1 (3) 

for individuaL 

However, Slnce ln reality individuaIs differ 

among themselves ln terms of rates of return and initial leveI 

of earnings, we may impound these differences in a statistical 

residual, which may contain differentials in school quality as 

well. One must observe that to the extent that individual diffe 

rences in rates of return dominate the other types of diff~ces 

we may have a problem of correlation between the variable S and 
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the residual. (1) 

above, we get: 

Therefore, 

In y. = a + rs S. + u. 111 

- 4 -

( 4 ) 

If we take the variances 1n the equation 

222 
cr = var ( ln Y ) = cr (u) + r s 

2 
cr (S) ( 5 ) 

for constant Yo and rs. The second part of the right-hand side 

of equation (5) is the portion of total variance which lS 

explained by the variable formal education. As one knows, the 

var1ance of (log of) earn1ngs lS an index of inequality of the 

earn1ngs distribution. From above we observe that the degree 

of inequality in the distribution is a positive function of the 

inequality in the schooling distribution and of the magnitude 

of the rate of returno 

Equation (4) generally represents the school­

ing modelo The estimation of such a function will allow us to 

see to what extent the schooling distribution explains the e~ 

ings distribution in Brazil. For estimation purposes we make 

the hypothesis that u is independent from S and ln YO. 

Schooling, however, is j ust one way of investing 

in human capital (and hence of acquiring power) and the model 

can be expanded to include post-school investments. The idea is 

that individuals continue to improve their skills and earnings 

capacity after formal education at school, through further inv~st 

ments in themselves. In what follows we take account of this. 

(1) Stated more 

In y. = a + 
1 

clearly, what we have is: 

(r + b.) S., where r is the "common" rate of 
1 1 

return and b. 
1 

lS a component which varies among individuaIs. 

Therefore, 

ln y. = a + r S. + b. S. = a + r S. + U. 1 111 1 1 
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1.2. Post-School 1nvestments and Earnings 

The need to incorporate post-school investments 

into the framework indicates that the assumption we made earlier 

regarding the constancy of the flow of earnings after completion 

of school is not realistic. In fact, we may expect earnings to 

increase with work experience, as the empirical evidence ind~ates. 

To introduce post-school investments into the I 

analysis, let us define Y. as the net earnings of a typical 
s] 

worker in the group with S years of schooling and j years of 

work experience. In the case discussed earlier, in which the I 

individual does not undertake any kind of training besides formal 

education at school, net earnings will be constant throughoutthe 

working period and equal to what we define as potential earnings 

or gross earnings, or earnings capacity Esj ' neglecting the fact 

that human capital depreciates over time . 

Therefore, 1n that case we had: 

Y . = E . = Yo ( I + r )s 
S] SJ S 

IndividuaIs, however, continue to invest in them 

selves after leaving school, and we may assume that an amount 

c . is 
S] 

invested in period j. The cost incurred in this invest -

ment, Csj ' is either 

opportunity costs of 

or elsewhere, or to 

of an individual 1n 

due to foregone earnings, that is, to 

time devoted to the investment, on the job 

direct outlays. In other words, net earnings 

year j, Y., is smaller by C. than his gross 
] ] 

earnings or earnings capacity Ej' which he could earn if he did 

not continue to invest in himself through training. Thedifference 

E . - Y . is the actual cost of additional investment, 
S] S] 

and we 

can write: 

C. E. 
S] = S] 

Y . 
S] ( 6 ) 

Hence, when C. lS only foregone earnings, ob-
] 

served earnings is equal to net earnings (Y). The importance of 

foregone earnings in the case of on-the-job training (compared 

to investments in formal education) implies that observed earn 

ings is closer to y. than to E .. Obviously, the existence of 
] J 

direct costs would lead this procedure to overstate net earnings 

(Y). 
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We must now notice that the investment C . also 
sJ 

has a rate of return, which we may call r .. 
J 

If we suppose that 

the individual invests only for one year (year O), we have: 

However~ if in year 1 he also invests, we have 

In more general terms, net earnlngs in year J 

can be written in the following way: 

j-l 
Y sj - Y + L: rt Ct - C . = E sj - C ( 7 

s t=O sJ sJ 

where, from equation ( I ) ~ Ys YO (1 s 
= + rs) , 

) 

Now, if we define k Sj as the fraction of poten­

tial earnings which is devoted to additional investments, we can 

write: 

k C 
sj C . K E . - or = sj ( 8 ) sJ E . sJ sJ 
sJ 

Consequently, 

C j-l = k. I . E j-l s J- s 

and 

E . = E j-l + r . C j-l sJ s ~ s , 

E sj = E j-I + r. k. 1 E j-l s, J- s, 

E sj = E j-l 
( I + r . k. 1) ( 9 ) 

s ~ J-

j-I 
E sj- EsO TI ( 1 + rt kt ) 

t=O 

Now', 

post-school investment 

ing group and equal to 

if we assume that the rates of return to 

in alI periods are the same for êny school­

r., we have: 
J 

( 10) 
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and uS1ng equations ( 6 ) and ( 8 ) above, it comes 

Y . = E . 
SJ SJ 

c . = E . 
SJ SJ 

k . 
S] 

E . 
S] 

Y .= E . ( 1 - k .) 
S] S] sJ ( 11) 

Substituting equation (10) into (ll),we have: 

i j-l 
I TI 
t t=O 

and, taking logarithms: 

j-l 
ln Y .= ln Yo + ln (l+rs)'S + í ln (l+r .. k t) + ln (l-k .) 

SJ t=O J S SJ 

and Slnce ln (1 + À) ~ À , 
, j-l 

ln Y . ln YO + S + I í kst I + ln (1 k ) ( 12) r I r j 
- sj S] = s t=O 

, 1 - -

So far we have abstracted from the depreciation 

phenomenon. This, however, can be incorporated into the model, 

in the following way, 

Let us decompose net investment into gross inves! 

ment in period j -1, and that ó stands for the rate of depreciation 

of the human capital stock (hence of earn1ngs E(l) 
t-l 

Then , gross earn1ngs 1n period J lS glven by: 

(1) The rate ó affects both the stock of human capital and 

earn1ngs because a crucial assumption of the model is that 

the latter is proportional to the level of the former. 
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E. 
J 

E. 1 J- ...... 

E. 
J 

C"' n-;_l 
J - Ô 

E. 1 J-

= 1 + r. k*j_1 - Ô 

where k~j_1 may be ca11ed the gross investment ratio . 

From equation (9) , we observe that: 

E. 
J = 1 + r . k. 1 J-

Therefore, 

1 + r . k*j_1 - ê = 1 + r . k j _1 

and, since the expresslon above lS true for any period, 

Ô or, more genera11y, 

- 8 -

( 13) 

r kt = r k*t - Ô , where t = (o,l, ... ,j) 

One must now observe that our procedure in 

dea1ing with post-schoo1 investments cou1d just as we11 have 

b d f . f 1 d . ( 1 ) Th een use or lnvestments on orma e ucatlon . ere -

fore, we can rewrite equation (12) in the fo11owing manner: 

1 n 

(1) 

s-l 
y. = 1n Yo + L 

J i=O 
r . s k. + 

l 
( 14) 

One must note that we assumed C = E during schoo1 years, 

l. e. , k. is equa1 to unity for that period. 
l 



-
-
.. .. 

.. 
-.. .. .. 
.. 
.. .. .. ---
.. .. 
---.. .. .. 
.. .. 
.. .. .. .. .. .. .. -.. 
-----
--

- 9 -

Substituting equation (13) into (14) , it 

comes: 
s-l j-I 

ln Yj = In YO + L (r k*. - ô ) + L (r .. k*t - o) + ln(l-k.) 
i=O s 1 t=O J J 

(15) 

Since k*i is approximately equal to unity during 

schooI years, that is, net earnings is close to zero during that period, 

we ma.y wri te: 
j-I 

ln YO + (r - 6 ) S + L ln y. 
J = s t=O 

(r. k*t -6 ) + L~ (l-k.) 
J J 

(16) 

Thcrefore, if we take depreciation of human 

capital into aCC01.1nt, we need equation (16) . If we do not 

consider depreciation, we need equation (12) . Evidently,none 

of these equations ca!1 be used directly for empirical estima-

tions; they require some adaptations, which we shall carry out, 

for simpIicity's sake, for equation (12) only. Later on we 

shall indicate how depreciation can be introduced. 

ln y. 
J 

Lct us repeat equation (12): 

= ln YO + rs 
j-l 

S + r. L 
J t=O 

(12) 

We must recall at this point that k. lS the 
J 

fraction of potential earnings which is investsd in eachperiod 

after leaving school. We may then assume that k. decJines' 
J 

with J. The reason for supposing this is that as the individual 

gets older, the working period which is left over for him to 

recover the costs of investments in training diminishes, making 

these investments less atractive. Moreover, the opportunity 

costs 1ncrease as the worker gets more and more experience . 

Therefore, if we assume that k. declines linearly with j, we 
J 

obtain: 

T 
j , (17) 

where T lS the period of positive net investment . 
(1) 

(1) Note that when j = T the net investment ratio lS zero, 

that is, the individual stops investing. 
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o ta1n: 

arithmetic 

comes: 
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In equation (12) we need, first, to deve10p the 

j-l 
r. L kt J t=O 

Applying express10n (17) to such a term, we 

r. 
J 

= 

= 

In 

ser1es:) 

r. 
J 

j-1 
L 

t=O 

j-1 
L 

t=O 

r .. k 
J o 

(k -
O 

k o 

J 

-

-

parenthesis 

whose va1ue 

2 

App1ying this 

rj.koc j - r .. 
J 

r .. k , j = - r· 
J o J 

r. 
r .. k . j J = -

J o 

T t ) = 

j-1 k 
L o t r. --T- = 

J t=O 

k o (O + 1 2 3 + •• tj-l) r .. -",- + + 
J 1 

we have the sum of a finite 

lS given by 

. n 

to the express10n above, it 

k O + 1) o ( J - j 1'" = 
2 

~ 
. 2 (t- +) = 

. ko r. . k 
.2 J o 
J + . J 

2 T 2T 

(2) Recall that r. lS assumed constant. 
J 
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Then, equation (12) becornes (1) 

r .. k r .. k 
J o _J o 

In Y. = In Y + rs S + r .. k j + j - + ln(1-k.) (18) 
J o J o 2T 2T J 

Let us now ITk3ke an addi tional adaptation to the 

equation above, and use a quadratic approxirnation in a Taylor 

expansion for the term ln(l-k.). 
J 

The Taylor expansion lS as follows:(2) 

2 3 
In (l+x) = x-~ + -1-- 4 

___ x ___ + "'+ (_l)n-l 
4 

wri«h quadratic approxirnation, ln our case, lS 

k 2 . 
J 

In (1-1<.) = -k. -
J J 2 

n x ------n + o. o 

(19) 

Substituting equation (19) into (18), and add­

ing a residual terrn we get: 

(20) 

( 1) Compare our equation (18) wi th Mincer' s equation (9P), in Mincer 

1974b, page 13, or with equation (2b), in Vrincer 1974a, page 3-7. 

In his forrnulation Mincer disregards the term 

r. 
___ .....;:J'--____ J 

2 T 

( 2) See Allen, R.G.D. - Mathernatical Analysis for Econornists, St. 

M::irtin's Press, New York, 1967, page 456. 
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where : k o 
a = In Yo - k (1 + -2- ) 

o o 

b 1 = r s 

r. k k 
b 2 k J o o = r· + + (1 k ) J o + 

2 T T 
o 

r" r. k k 2 I 
I 

b 3 I J o + o I = 2T 2T 2 J 
In order to incorporate depreciation 

picture, we just repeat the procedure, but instead of 

out from equation (12) we begin from equation (16). 

efficients would then be: 

k~~ 

In Yo 
k'" (1 o ) ao = - .. + o 2 

b 1 = rs - <5 

r. k~': k'" .. 
b 2 k* + J o +~+ Cl+k;'; ) = r. -

J o 2T 2T-'; o 
-

k* 2-1 b 3 
r. k~': 

= J o o + 2T~'; 2\ 2T~'; 
-' 

- 12 -

into the 

starting 

The co-

ê 

We must notice here that equation (20) was 

derived based on the assumption that the invest:Jrent ratio declines li 
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near1y with j. Alternativc1y, we may now assume a geometric 

decline in the investment profi1e, i. e., 

k. = k • e -ej 
J o ( 21 ) 

when e is the annua1 percent rate of decline in the investment 

ratio k. 

the terrn 

Under this hypothesis, we have first to substitute 

j-1 
r. E kt 

J t=O 

in equation ( 12 ) by r· 
J 

times equation ( 21 ). 

Deve10ping that terrn we obtain 

r. 
J 

j-1 
E 

t=O 

j -1 
kt = r. E 

J t=O 

= r .. k 
J o 

j-1 
E 

t=O 

We then note that the sum indicated above is the sum 

of a geornetric series whose rate is e-S. Since the sum of such 

a series can be expressed as 

S = n 

where aI and an are the first and the 1ast terrns, respecti­

vely, it fo11ows that: 
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j-l 
r. k E 
J O t=O 

r .• k 
J O 

1 - e- e(j-l) e-e 

1 - e- e 

1 - e-ej 
=r .• k ( ) 

J o 1 _ e-e 

= 

Let us now develop the denominator, in series, 

MacLaurin's formula: 

- e e 02 
e = 1 - --rr++.-

Since e is relatively small, we may abandon 

quadratic and the subsequent terms: 

e-e = 1 - B 

Then, the denominator becomes: 

The term 

j-l 

14. 

by 

the 

r. E kt then becomes: 

j-l 
r· E 

J t=O 

J t=O 

= r. k ( 
J o 

1 - e-ej 
-8 1 - e 

) = 
r. k 

J o 
8 

and, substituting this into equation ( 12 ), it follows: 

lnY=lnY + o 

r. k ] o 
8 

( 22 ) 
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15. 

Deve10ping it further, we obtain: 

ln y. = In Y + 
J o 

r. k r. k ~-~j 
J o + r • S __ J,,--~o __ _ 
~ 5 13 

and, making 

r. k 
ln Y. = In Y + J o + r S-

J o S 5 

r. k 
J o 

S 
X. + In ( 1 - k x.) 

J o J • 

App1ying the quadratic approximation (Taylor series) to 

gives 

In Y. 
J 

In (1 

Hence, 

= In Y + o 

In (1 - k 

- ko x. ) 
J-

= - k 

r .• k 
J o + r S-

S 5 

o x. ) 
J 

k2 x~ o J 
x. o J 2 

r .• k 
J o 

S x j 

k 2 

k .x.- -20 
• x~ 

o J J 

Then, another equation to be estimated is a Gompertz 

function type of equation: ( 1 ) 

In y. 
J 

+ u ( 23 ) 

( 1) 
Note that for estimation purposes we have to impute a value for S, 

like 0.10 or 0.15. 
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where( I ) 

x. = 
J 

e -ej 

r. . k 
ao = In Y + ~ o 

o a 

b1 = rs 

r. . k 
bZ = J o - k 

B o 

k 2 

b
3 = o 

2 

As one can observe not alI parameters of the model 

are determined directly from the estimation of equations ( 20 ) 

or ( 23 ). Although the estimated average rate of return to 

schooling is equal to the coefficient of S, the post-school 

investment parameters are not directly identifiable. However. 

in equation ( 20), for example, imputing a value for the va-

riable T (the period of positive net investment). and once we 

have b 2 and b3 , we can estimate ko and r j , since we are 

left with a system of two equations and two unknowns. 

Therefore, the parameters of the equation derived 

from the model have an economic interpretation. As a matter of 

fact, this is why it is useful to work within the frarnework of 

a theoretical modelo 

( I ) * 
Introducing depreciation, k rep!aces Ko and -~ is an additio-

na! term in the coefficients b1 aRd bZ . 
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Addi tional insights can be obtained if we add the 
2 quadratic term S to allow for different rates of return to 

schooling at different leveIs of schooling. A negative coeffi­

cient for S2 would suggest that the rate of return to school~ 

ing diminishes at higher leveIs of schooling. In other words , 

if the coefficient is significant we have an indication that 

there exists a correlation between rs. and S. across indi-
l. 1. 

viduals. The marginal rate of return at each leveI is then cal-

culated as 

= d In y 
r s a S = ( 24 ) 

where rI is the coefficient of S, and r 2 the coefficient 
2 of S • 

We proceed now to the application of this model 

to the Brazilian case . 
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