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I. Introduction

The theory of incomplete markets economies has obvious importance. It is simply
more general than the fully equipped Arrow-Debreu general equilibrium model. However
it lacks a well developed equilibrium existence theory. The first important work was
made by Radner in 1972 for the finite dimensional case. He proved the existence of
equilibrium in incomplete markets economies with a finite number of assets and a lower
bound on uncovered sales. This unpleasant hypothesis is needed as Hart showed in 1975
by means of a counter-example. The realm of validity of Hart's example is satisfactorily
determined. In Duffie and Shafer (1985) it was shown that the set of initial endowments
and asset returns for which, without a lower bound on short sales equilibrium does no:
exist in a null set. Also Werner (1985) and Geanakoplos-Polemarchakis (1986) proved
that. respectively, for the nominal returns and for the “gold” returns case equilibrium
exists in general without a lower bound on asset trades. Thus in conclusion the finite
dimensional theory is well understood.

The case with a continuum of states was studied by Mas-Colell and Monteiro
(1990) and then by Hellwig (1991) and Mas-Colell and Zame (1991). To fix the ideas
let me suppose the consumption set to be the positive octant of the commodity space
(the last two works include this case and the first can be modified to cover it and then
the comment that follows is true). Hence in this situation, in the three works, the
assumption of non-negativity of ex-post endowments is needed. This assumption imply
a limit on short sales and is much stronger than this. However its necessity was settled
by a counter-example in Mas-Colell a- d Zame (1991). This counter-example shows
that a lower bound on short sales is not a hypothesis strong enough to prove incomplete
markets equilibrium existence even in sequence spaces. The countable number of states
case was studied by Green and Spear (1987) and by Zame (1988).

In this paper I prove an incomplete markets equilibrium existence theorem with
hypotheses similar to Hellwig (1991) and Mas-Colell and Zame (1991) papers. The
main novelty of my work is its proof. I use finite-dimensional truncations of utilities,
endowments and asset returns. This finite-dimensional economy has an equilibrium

and each consumer maximization problem satisfy Slater’s condition. Therefore. to each
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budget constraint there is a Lagrange multiplier. The consumer’s set of Lagrangean
multipliers can be thought as truncations of infinite dimensional multipliers of the limit
economy (i.e. the original economy).

In the second section I present the model and enunciate the main theorem. In
the third section 1 present some preliminary mathematical work. The fourth section
contains some lemmas and the main theorem's proof. In the fifth section I discuss the

works of Hellwig. Mas-Collel and Zame.

II. The model and the main theorem

The economy has I agents and two periods. The state space is a complete
atomless probability space (T, A, P).

There are G commodities and J assets. In the first period each agent choose
a consumption vector T € Rf and a portfolio of assets § € R’ and second period
consumption y: 1 — Rf. There are no initial endowments of securities. The assets
returns are given by a measurable function 4: T — (R€)7. There is a lower bound on

short sales v;, v; << 0.

For a fixed p, 1 < p < oc the consumption set of consumer 7, 1 <1 < Iis
X' = RS x Lﬁ,(T;RG) and his endowment is (w',W?*) € X. The utility function

[": X' — R is separable:
Ui(z,y) : / uiez,y)dP(t)  (z,y) € X*
T

where the function u;y: RE X Rf — R is continuous, concave and increasing.
It may be useful to explicity conditions that ensure U'* to be well defined and

finite. This will be done in the next section.

¢
If B C R! 1 define S(B) as the set {r € B; )_ |z¢| = 1}.
t=1

An equilibrium for the economy € = (X*,1"". wi, Wi, 4). ., isavector (P, 7,q, 6.7,9)

such that



a) (7)€ SRS xRY)
b) §T — S(RS) is measurable

) 8=(8....8)€®), T8=0
i<l

), (3,9 € X for every 1

max U(z,y) (r.y) € X'. f¢ R’ subject to
6 Z Uy
pr+ 70 <p-u’

gr -yt < (j,(ﬂ'f + 6A,) for almost every t inT.

Theorem 1. Suppose that (T, A, P) is a complete atomless probability space. Suppose
also that
i) for every 6 > v,
H"} + 64, > 0 for almost every t in T
ii) there is a ¢ > 0 such that
Wi >¢(1,...,1) for almost every t inT
jii) w' is a strictly positive vector

Then for any p, 1 < p < oc. there is an incomplete markets equilibrium for €.

Remarks

1. Note that the measure space does not need to be separable

2. To add, in theorem 1, an atomic part in P is possible. The main steps to do
that are the same as in Hellwig (1991) and Mas-Colell and Monteiro (1990). I refer the
interested reader to these papers.

3. Hypothesis (i) is strong. It implies 4 > 0 and A < nW?! for some n. 1

commented in the introduction about its necessity.
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4. Despite the appearance of generality, the set defined by (ii) is a first category
subset of L2 (T; R). I refer the reader to Araujo-Monteiro (1991) for more information

on non-genericity in equilibrium models.

II1. Mathematical preliminaries

Before going into the preparatory work for the main theorem’s proof I will ex-
plain its idea. First I truncate the endowments, asset returns and utilities with respect
to the net A7, (defined in lemma 2 below). The pointwise convergence of the truncations
is proved in lemma 2. With these truncations in hand a finite dimensional economy is
naturally defined. This economy has by Radner’s (1972) an equilibrium. The existence
of Lagrange multipliers, corresponding to each consumer's budget constraints, is easily
verified. Next considering the multipliers so obtained as functions on the whole probabi-
lity space I prove that they converge to Lagrangean multipliers of the original economy.
To prove the multipliers convergence and the existence of a limit the multi-dimensional
Fatou’s lemma is used.

I begin the preparatoy work by giving necessary and sufficient conditions for U*

to be well defined and finite. The continuity of each u; is supposed.

Proposition 1. U' is well defined if and only if for every (z.y) € R_Cf X Rf the
function t — uj(z,y) is measurable.

Proof: The proof is easy and will not be done.

Proposition <. Suppose P atomless and 1 < p < oc. Suppose also that U is finite

everywhere. Then for everv r € Rf there are an a € L'(P) and a ¢ > 0 such that
uit(z,y) < alt) + cly|s for every y € Rf and almost every t.

The numbers |y|s is the sum norm of y.

Proof: This proposition is an easy consequence of theorem 2.3 in Krasnoselskii (1964)

pp. 27-28,32.
Q.E.D.
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I need some results on differentiation in abstract spaces. This topic was introdu-

ced by R. de Possel in 1936. In the following I use Zaanen (1967).

Definition 1:
i) A net A is a countable and measurable partition of T
ii) A sequence of nets (A;) is monotone if each element of A+ 1s contained in

some element of A7,.

Lemma 1. Suppose (A,) is a monotone sequence of nets. Then for any M C

Ao AL = U'M"’ there is a sequence {I,:n € L}, L C N, of pairwise disjoint sets such

n

that | J I, = U{M; M € M}.
nel

Proof: This is lemma 1 in page 268 in Zaanen (1967).

Definition 2. Suppose (A7), is a sequence of netsin T and N, = U.’Vn. This sequence

n

is regular with respect to the measure P if whenever is given an ¢ > 0 and a measurable

set E, there exists a sequence (I,) of sets from N, such that P(E — UI,,) =0 and

P(|JI.-E)<e

Proposition 3 (Differentiation of an indefinite integral).
Suppose (N, ), is a monotone sequence of nets in T, regular with respect to P

and f € L}(P). Then for almost every ¢ in T

) 1
f(t)=nl£1;c P(In,)/;n'fdp

where n' = n'(t,n) is (uniquely) defined by t € I, In € Na.

Proof: This is theorem 3, page 272 in Zaanen (1967).
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Definition 3. A function f = (fi,...,ft):T — R’ is integrable if each f;:T — R is
integrable, 1 < k < £. The integral of f in this case is the vector (J;f1dP, ... , J7 ftdP)
and is denoted by [, fdP.

Corollary 1. For every integrable f: T — R’ define E(f|A3): T — Réby E(fIAR)() =
By J; fdPiftel, ITeAMN,.
Then:
a) nlirrgc E(f|AR)(t) = f(t) for almost every ¢t in T

b) (E(f|A")), is uniformly integrable.

Proof: Define f, = E(f|A%).

a) This is just a rephrasing of proposition 3 for vector valued functions.

[fdP

Define A" = {I € A%:|f, fdP|s > r- P(I)}. So we have that

/1fdP

But fI |flsdP > If]fdPIS > rP(I) for every I € A", so fUN’ |fisdP >
rP(UN"). Therefore P(UN') < [, |f|sdP/r and this ends the proof.

b) Suppose r > 0

P({|fals > ] N 1)
nlsdP =
[, tlsap = 3 SR

S

[ ifalsdp= 3
Ifn|5>"'

TIeA”

<> [insip= [ ifisap

S IeAr'l

Q.E.D.

Example: Suppose F = {f;;7 < J} is a family of functions fi € L¥(T; R%). And
define B to be the smallest o-algebra such that each f; is measurable. Then using that
f; is the pointwise limit of simple functions it is easy to see that there is a countable
family {An;n > 1} = A’ such that B = o(A’). Without loss of generality we can
suppose A’ to be a ring of sets [since the ring generated by a countable set is countable:

Halmos (1950) p. 23].
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Now define the nets N; = {41, A5}, A2 = {A1A4;, A1 A}, A Aq, ATAS} and so

on. Then since a(UNn) = B the monotone sequence of nets (A,) is regular.

n

Now I apply the above example to the initial endowments and the assets returns

of the economy.

Lemma 2. There is a monotone sequence of nets (A};) in (T.A. P) such that W, =
E(W* A7) and A, = E(A|\}) satisfy:
1) lim W,,(t) = W(t) for almost every t in T

1) lim An(t) = A(t) for almost every t in T.
n—oc

Proof: Choose the nets (A, ) as in the above example for F = {4, Wt ..., W/}. Then
the sequence of nets (A7) is regular for o(F). Now (i) and (ii) follows directly from

Corollary 1 (a).

IV. The main theorem’s proof

From now on a sequence of nets as in lemma 2 is fixed. For each N define
M = M(XN\) as the number of elements of the net ANy ={I,... . Iyn}. Define Winn =
ﬁx—) f]m_\_ WidP, Anpn = P_(Ilm_N_)- fImN AdP and define X,,n as the characteristic
function of I,,n, 1 < m < M. Define the utility function

LriN(lﬁyla oo *y]W) = Lvi I. Z ym/ym.’\'
m<M

Thus a finite dimensional economy £ N = (U N Wimn s AmN) is defined.
m<M

Theorem 2. For each N the economy £V has an equilibrium ( P, TN TN Yim N @m N OiN)
and there are Euler-Lagrange multipliers (un. Aimn ) such that for every £ 2 0. ym 2 0,
6>v;,,1<m<M,1<:<1

UN(z,y1,. .. vym) — win(pN(x —w') + 7 6)—

- Z NimANgmN(Ym — Wimn — 04mN) < U™ (zin . yin)
m<M



where y;v = Y YimNXmnN.

m<M

Moreover the inequalities below are true:

phNrin+ 70N < plu (PN TN + 70N ) = pnp™ w!

6:!\' > vy, Zezl\' =

TN 2 0. ZIxN = Z wi~ YimN 2 0~ Zyzm.’\' = Z“me‘\'

1 1
gm~ - YimN < gmN(Wimn +0ixAmn) MmN gmAN(YimN = Wimn —~0inAmn) =0

(p™. 7)) >0, |V, 7N)s=1

Proof: The finite dimensional economy £ has by Radner (1972) an incomplete markets
equilibrium (pN, 7N, gmn.0in,Tin.yimn). The Slater’s condition for the consumer’s

maximization problem of this economy is satisfied. Therefore there are multipliers as

above.
Q.ED.
Lemma 3. The sequence hy = ["* (Z wl, ) Wk;\r> is bounded.
] k
Proof: First I consider the case p = oc.
In this case Win(t) < |[W*|_(1,...,1) for almost every t. So it is true for every

N that

hy <UD w, Y el 1) | < cc
J

k<I
Now I consider the case p < oo. By proposition 2 for z = 3w’ there is an
J

a € L'(p) and a ¢ > 0 such that

Uy ij, 2l <alt)+ c|:|’_’g for every = € Rf forae. tinT.
J
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Therefore

hN-/Ta(k) /
: P(ImA"l_p<

c mgw N) /;m

e % 1| (i ( [z
m<M Imn |k

p

dP_cZPm\”’

m< M

/ W" dP(t)

Imﬁ

P
T 5
Lemma 4. (g~ ), is bounded.
Proof: Since v; << 0 there is a number a < 0 such that v; < a(1,...,1). De-

fine 6§, = a(1,....1). Now make z = 0 and choose §, > 0 such that gmnym
gm N (Wimn + 0; A n). Substituting those values in theorem 2: pin(pwt +a|7Ns) <

UN(zin T1s. - 2 T21) (Z wl, EWM> = hx. From lemma 3 (hy) is bounded.
Since ix‘%f(p'\'u”. + Al="]s) > 0 the proof is done.
Q.E.D.

The next propostion is an easy consequence of theorem 2.

Proposition 4. The inequalities below are true for r > 0.y 2 0. 2 v;.
1) E f]m\-[uit(‘rvym)_uzt( tNaysz)]dP<}l,\p (.T—I,I\,)
m<M ’

+ Z /\im,\'QmN(ym"yimN)'
m<M

1) ( Z AimNgmNAmN — #iNWN) (6 - 6;n) <0

m<N

Proof: (i) make # = §;n in theorem 2.
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(ii) make z = z;5 and y, = yim~, 1 < n < M in theorem 2.
Q.E.D.

In order to obtain Euler-Lagrange multipliers for the limit economy it will first
be necessary to obtain subgradients of the instantaneous utility u,; at the “equilibrium”.

The next lemma is an important step in this direction.

Lemma 5. There is a sequence (pL) ), .y, in RY such that
i) X uh = pinp”
m<M
i) forevery (r,y)>20,1<m<M

/ u;e(x,y)dP(t) - / Uit(Tin, Yimn JAP(1) < pim (2 — TiN)+
I

Imn

+ /\imN(Im.'\"(y - yxm.\')-
Proof: Define for each 1 < m < M
gy = [l ym)dP(O)
ImN

and f = fi+ -+ fu.
So it is true by proposition 4(i) that the vector (fin P~ (AimNgmN)pcay) 15 @
subgradient of f at (zin, (YimN ), car) = 2N

Hence from the continuity of f;. 7 < M we conclude by a result of Moreau (1964)
that there are, for each m, a vector (;1',,:‘ (/\,'-‘m)n<M) such that

a)  fm(T, U1y e yM) = fm(zin) S phy(z —zin) + ;u AR (Yn = YimN)

b) S o =pnpY. X AR = AimNgmN-
m<M n<Af

The first part of (b) proves (i). Now fix m' < M and define yn = Yinn if
n#m', Yym =y > 0. So from (a) it follows that

fm (T, 91y yM) — fmr(zin) < Nz = 2in) + A (Y = YimN)-
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-

Also (a) implies for m # m' that 0 < A™ (y = Yim'n ). Therefore

MY = i N) S Y AT (Y — Yim'N) = MmN gmA (Y = YimeN)
m<M

and this proves (i1).

Q.E.D.

In the following I use Hellwig's adaptation of Hildenbrand-Mertens (1971) proof
of the multi-dimensional Fatou's lemma. The next lemma is the fundamental building

block of this adaptation.

Lemma 6 (Hildenbrand and Mertens (1971))

Suppose (T, A, P) is a complete atomless probability space and ( fn), is a se-

quence of integrable functions T — R..

Suppose also that lim [ fp dP exists. Then:

n—oc
i) there is a vector valued measure y: A — R¢ such that g is a limit (in the product

topology o‘(ba, L)) of (Py),_, Pn is defined by:
P,,(E)z/f,,dP Ee A
E

ii) u=gdP+uyP, whereg:T — RY is integrable and p? is purely finitely additive.
Moreover

lim fndP—/ gdP = p¥(T)
T

m—2oc T

and there is a sequence of E, 2 En4) decreasing to the empty set such that
uP(T) = pP(E,) for every n
iii) for almost every t in T there are sequences (6i"), and (z'"), 0 <7 < ( and

numbers é' such that

£
6" > 0. Zéi" =1, ¢ = nlin;céi". e {f"T™(t).m > 0} for every n
1=0
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and (6"‘2"‘)ﬂ is convergent (2'" may be not).

[4
iv)  g(t)= Y Lhm(6M2").

=0 "

Proof: For a proof I refer the reader to pages 151-153 of Hildenbrand and Mertens
(1971).

In the next lemma the integrability conditions needed to apply Fatou's lemma

are proved.

Lemma 7. The following sequences of functions are integrable and the sequence of
integrals is bounded.
1) gn:T = RO,
gh(t) = gmnN ft EInny 1 Em < M
i) yin:T = RE
yin(t) = Yimn it € Imy 1 Sm <M
i) AingNAN
where A;n(t) = 'H—II;T)' Mimn ft €Iy, 1Sm< M
iv)  Aingn and Ain
v) ONM:T-R
O'N(t) = WIIT&_) fImN Ui TN Yimy )AP(t) tE€Imn.1Sm < M
vi)y M T-R
PN = iy Hm tE€Imy. 1Sm < M

vii ) the sequence in (v) is pointwise bound 4 and uniformly integrable.

Proof: (i) is obvious

(ii) From the feasability of (yin) we have 0 < yin <2 Win. Now fryWin =
j )

J7 217 dP proves (i1).
J

To prove (iii) use that (g N)y 18 bounded (lemma 4) in the inequality:

/ AingNAN dP = Z AimNgmNAmN < pint™.
T m< M
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The inequality above is a consequence of proposition 4(i1). To prove (iv) I will first

prove that Y. AimnNgmn is bounded. From hypothesis (iii) in theorem 1 it 1s true that
m<M

Z /\tmNQmN
m

c

< Z AimNgmANWimN = Z AimNgmNYimN —

- Z AimANGmN AmNOiN S/u,-,(r.x.y,,\-)dP-k
T

m< M

+ Z Aim;\"]m.’\'—‘lm;’\'lvil'
m<M

The last term of the last inequality is by (iii) above, bounded. The integral is bounded
by lemma 3. This proves the first part of (iv). The equalities that follows proves the

second part:

/ AiNndP = / Aingn(1,... . 1)dP = (/ Az’NQN) (1.....1).
T T T

Now (v) is a consequence of lemma 3
/ ONdP = / uik(zin yin)JdP < hy.
T T

Item (vi) follows from lemma 5(1)

/ﬁi'\. dP = Z pom = pinp’

T m<M

Finally I will prove that (O*N) is pointwise bounded and uniformly integrable. The
case p = oc is easy and will not be done. Suppose now p < oc. From proposition 2 for

r = S w'it’s true that
;

Uiy (Z w', :) <alt)+ clzlg for every z € Rg and a.e. t€T.
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Hence fort € I,y 1<m<M

/ Ui e(TiN, YimN )AP <

iIN 1
O = BT

) 4
1 1
< dP =
-Pumm/,mf “pu,,m)/, Z”ﬂ"” P
S

1 1
= -r J Z
P(IM)[/ ~adP+cP(luy) /IMXJ:H dP }_
1 P
< adP + cP(Ian)"? / w3l dP ] <
P(ImN)[/ImN () ( TN ZJ: ) -
S

1 p=1
< dP + cP(Inn)' 7P | PUmn)? /
| [ adpcPUan) | PlInx) (M >

|P
1
= + dP
S

Now using corollary 1 we finish the proof.

J

Q.ED.

From now on I suppose, without loss of generality, that (z;n, pN . 7N in, piN) &

(%;.P.7,0;, g;). It is clear that E (%;,60;) = Z w',0) and |(p,7)}s = 1. The items (3)

and (4) below are based on Heilwig’s adaptation of Hildenbrand ¢ '1d Mertens (1971)

proof of Fatou’s lemma.

Theorem 3. Define the sequence f~ = (f°V, f 'JA) , by the equality
51

(foN,fijN)j<5 = (QNsAiN,AiNQNANaﬁiN\yiNaO,N)iSI-
i<l
The lemma 7 permits to suppose, without loss of generality, that lim J fn dP exists.

Then there is a function f: T — R! (it is not necessary to specify €) such that.
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1)  f(t) € limsup fN(t) for almost every t in T

/fdPslim/deP
T T

b~

. 2) Deﬁning Ki = fil./ ‘L.li = j-‘iB, g, = fTM‘ 0 = f_is’ g = f_o 1<

that

o

?

<

f=(g.X.AgA.2".9.0 )<y for almost every tin T

3) for every 8 > v,

(lim / AingvAx dP — / AqA dP) (6-6;)>0
T

T

4) for every z > 0

(nm/ﬁf“'dp-/,z*dP) (x—7;)>0
T T

T it is true

Proof: We can apply lemma 6 since its hypotheses are true by lemma 7. We have that:

i) there are a purely finitely additive measure y? = (u°P. pkir) 4<s Such that gdP +

1<1
pP is a weak limit of (P‘N)N, where PN(E) = fE fNdP

ii) for almost every t in T there are sequences (67™) and (=7)

N = (zjn _]n) < g <{
z Tk ) k<s 0<7=

such that

. &' >0, Zéj" =1. § =1limé’™, 22" € {f*T™(t);n > 0} for every n

. J

i) g(t) = T lim(67".27").
j<e ™
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Define the sets
Hy = {(t,(z1,74:)) < (8, 9(1)); (gai(t) — z3:)(0 — 6,)>0
and  (gq,(t) — 74;)(z — F,) > 0 for every (2.6) > 2,v,)}

Hy = {(t,(z1,24:) € T x R* (2, 7k ) € conlimsup £ (1)}

and C = H] N Hg.

Both sets above belongs to A x B(R') (for this see Hildenbrand and Mertens (1971) p
153).

Claim: P(projrC)=1.

Proof of the claim: Fix t in T and (2'.6) > (0,v;). For each N and j there is an
N’ = m(N,j) such that z3N = f¥'(t). Substituting in lemma 4(iv) and choosing ymn

so that gmAYmN = gmA(Wimn +64mnN) and dividing by P(Inn)
—0™N' (1) < BN (t)(&' — zine) + (Ain.gnr Ane(t)(6 — bin')

or
—ON' () < N (@ —zin )+ 2 (6—8in) 0SSl 1<i<T

Therefore multiplying by &’ N" and summing for those j. & =0

—Z(SJN OzN (Z:bJ’\I .1”> ‘T — IiN' )+<26]\ “'31 ) 9 9’\)

61=0 §)=0 67 =0

In the limit with N — oc we have by lemma 7

0< Y lim(&8N 2 ) (}:hm CAFA )(0-5,-)

§/ =0 & =0

Now since Y, lim(:j‘\'éjN) =), 87 lim =7 € conlimsup (1)
5 >0 8 >0

It is true that g(t) = 3 Lm(6/Vz/N)+ 3 lim(&67™ z7N) is such that
8 >0 8 >0

by = (¢, Y lim(6’~z7N)) € H,. Now it is clear that the first term above belongs to
6 >0
con limsup f¥(t). Hence b, € C. This proves the claim.
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By the measurable choice theorem (see Hildenbrand p. 54) there is a g: T — R!

such that §(t) € comlimsup fN(t). Now from grafg C H, it follows that

0< (/ g3, dP — / g;,,dP) (§ — 8,) for every 6 > v, and
T T

(/ g4:dP — / §4idP> (z' = 7,)>0 forevery z' 2>0.
T T

Also it is clearly true that fT gdP < fT g dP. Finally to end the proof of (1) using theo-

rem 4 p. 64 of Hildenbrand (1971) there is a g:T — R such that g(t) € limsup (1)
for almost every t in T and szdP = ngdP. Define f = g. Obviously f satisfy (1)
since ngdP + uP(T) = hm fT fadP. Now (2) is a simple consequence of (1) for the
third coordinate and for the others it is by definition. To verify (3) and (4). first note

that since graf§ C H, it suffices to prove that for any (',6) > (0,v;)

lim (/ AmqﬁANdP - / g;;,(t)dP) (8 - @,—) >0 and
T T

(lim/ ﬂiN(t)dP - / g4,'(f)dp> (:17' -z;)20.
T T

To prove this first note that by lemma 5(i) there is a sequence E, D E,., decreasing

to the empty set such that p?(T) = pP(E,) for every n. From lemma 4(iv) dividing by
P(I,,~) wheret € I;pn
—ON(t) < @V’ — 2in) + AingN (¥m = Yemn)-
Now choose ym such that gmaym = gmx(Wimn + 0Amn). Therefore

—O'N(t) < AN (t)(a' = 2ix) + (Avan AN N6 — 6ux).

Integrating in E,

_ / O'N(t)dP < / N (t)dP(z' - zin) + / Aingn An(t)dP(6 — 6,x)
E. E, n
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or

'/ O'N(t)dP < Pl(En)(z' — zin) + Pi(En)(6 — bix)  for every N

n

Now make N — oc.

- sup/ OV (t)dP < / gai(t)dP(z' — ;) + / g3i(t)dP(8 — 8:)+
N JE, E, E,
+ 5 (T)6 - 6,) + ph(T)(a" = T,).

Now making n go to infinity ends the proof of (3) and (4).

Only one more lemma is needed to prove theorem 1.
Lemma 8. For almost every t in T for every (y.z) > (0,0)

wier,y) < wad &0 Git) + () — i) + Aiede(y — Bi(t))-

Proof: 1 first prove that ai(t) < u;(Zi,5i(t)) for almost every t. Note that from

propositon 3, 1 =(1,....1)

1 B 1 _ 1 ) 1 _ 1
& P(Imn) /IM. wul® <?> Lui(t)+ (;) 1)dP = uu(Z; + (;) L.(t)+ (;> 1)

lim
for almost every t. Now for almost every t,

(#'.0".3:)(t) € limsup(a™, 0", yin )(1).

Hence there is a subsequence (one for each t) k, — oo such that

Lm0 yox )(t) = (&, 0", §:)(t) and t € Iy, for every n.

Hence eventually

. 1
0 () = 5 [ il vim)dP <

n

1
<
P(Iknn)

/ Uit(i‘i+('1')1,17it+(l)1)dp
Ixon $ s
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and therefore a'(t) < up(z; + (%)1,37,, + (%)1).
Making s go to infinity D_‘(t) < uiy(Z;,7ir) almost every t in T. Now using for each

(z.y) the proposition 3 implies it is true for almost every t that

1
P(Iknn)

/ a2, y)dP = wie(z, ).
]knn

Therefore this is true for a countable dense set D. For each (z.y) € D
win(2,y) < w20 §i(1)) + (1) = 20) + Radly — 5:(2)).

Now the continuity of u;; and the density of D proves the result.

Q.ED.

Finally I can prove theorem 1.

Proof of theorem 1: I will prove that (1-‘,',5,’,6, P, %, 7;) is an equilibrium. The only
point that is not obvious is that (f,-,?.—,g,-) maximize utility. Therefore suppose pr+#6 <

put. 6> v Gy < G(Wi + 04d)

/u,-t(.r.y,)dPS / u,-t(a’fg,gi,)dP+/ ﬁ‘(t)dP(x—f.-)+/K,-tq,Ath(é)—@,-).
T T T T

Hence from theorem 3 (3) and (4)
Ul(z.y) S UNEi,§t) + (7 - f,-)um/Tp"“'(t)dP +(8— Ei)lim/TA,-Nq,\vA,,dP.
Using proposition 3(ii) and lemma 4(iv) we have
Ui(z.yi — UNZ:, §i) < maplz — Zi) + (lim/TA,-NqNANdP - [L,-T?) (6 —6,)+
+ 376 - 8;) < pa(plz — T:) + 7(6 - 6:)) <0

and this ends the proof.
Q.E.D.
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V. Related works

In this section I discuss the relationship between this paper and Mas-Colell and
Monteiro (1990), Hellwig (1991) and Mas-Colell and Zame (1991).

In my joint work with Mas-Colell (1990) we prove the incomplete markets exis-
tence theorem for a general state space. We suppose the utility function to be separable.
This is basic to our proof (and the other’s as well). The special tractability of separable
utilities for equilibrium existence was explored by Araujo and Monteiro (1989) where
a complete markets equilibrium existence theorem is proved with assumption of pro-
perness at only one point. Besides separability, it is supposed that for any asset trade,
almost every non-atomic state has a regular spot equilibrium. This condition allows
we to construct self-fulfilled conditional on any asset trades price expectations with a
strong continuity property. After this the argument runs along usual routes.

The next work I discuss is Mas-Colell and Zame (1991). They don’t need the
above regularity hypothesis, however they need strong restrictions on the utilities which
precludes for example Inada’s type of conditions. Their methodology is based on re-
cursivity: they solve the equilibrium at each state at the terminal date as a function
of earlier choices. This enables them to construct a finite-dimensional range correspon-
dence which is convex by Lyapunov’s theorem. Then an induction process allows them
to prove the theorem for the multiple period case.

The last work I discuss is Hellwig’s. In his work he does not make any special
assumptions on the utilities or endowments (besides separability or strictly positivity
respectively). The initial steps are as in Mas-Colell and Monteiro (1990). The maxi-
mum instantaneous utility is parametrized (for fixed prices) by the asset trades. Since
he doesn’t make the regularity assumption as in Mas-Colell and Monteiro he cannot
parametrize the prices in the same fashion. Here Fatou’s lemma is essential to guaran-
tee some convexity. However several problems appear and in their solution the need
for a modification of Hildenbrand-Mertens Fatou’s lemma proof appears. In the final
steps he approximates the economy by means of atomic measures, then a key closedness
property ensures the limit to be an equilibrium. The only discomfortable hypothesis

Hellwig does is the continuity in the euclidean topology of the asset returns.
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In this work in terms of hypotheses I, essentially, eliminate the above continuity
assumption. Also the approximation that I use is in terms of partitions. I also need
to combine Hellwig's adaptation of Hildenbrand and Mertens Fatou's lemma proof and

their proof since the sequence I have is a combination of both.
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