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Abstract 

The paper analyzes a two period general equilibrium model with individual 
risk and moral hazard. Each household faces two individual states of nature in 
the second period. These states solely differ in the household's vector of initial 
endowments, which is strictly larger in the first state (good state) than in the second 
state (bad state). In the first period households choose a non-observable action. 
Higher leveis of action give higher probability of the good state of nature to occur, 
but lower leveIs of utility. Households have access to an insurance market that 
allows transfer of income across states of oature. I consider two models of financiaI 
markets, the price-taking behavior model and the nonlínear pricing modelo 

In the price-taking behavior model suppliers of insurance have a belief about 
each household's actíon and take asset prices as given. A variation of standard 
arguments shows the existence of a rational expectations equilibrium. For a generic 
set of economies every equilibrium is constraíned sub-optímal: there are commodity 
prices and a reallocation of financiaI assets satisfying the first period budget con­
straint such that, at each household's optimal choice given those prices and asset 
reallocation, markets clear and every household's welfare improves. 

In the nonlinear pricing model suppliers of insurance behave strategically offering 
nonlinear pricing contracts to the households. I provide sufficient conditions for the 
existence of equilibrium and investigate the optimality properties of the modeI. If 
there is a single commodity then every equilibrium is constrained optimaI. Ir there 
is more than one commodity, then for a generic set of economies every equilibrium 
is constrained sub-optimaI. 

"Preliminary. Do not quote. 
I]: thank Stephen Morris for many discussions and comments during the elaboration of this paper . 

Hervé eres, Atsushi Kajii, Miguel Molico and PaoIo Siconolfi provided many comments on an ear1y 
version. As always, to Magda . 
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1. Introd uction 

The standard Walrasian general equilibrium model has remarkable optimality properties 
summarized in the fundamental theorems of welfare. While requiring surprisingly few 
assumptions, the Pareto optimality of a competi tive equilibrium rely strongly on the 
existence of complete financial markets. One could conjecture, however, that once 
markets are incomplete a weaker version of this theorem should remain true; a version 
that would take into account precisely the available financial assets. 

An optimality definition that takes into account the available financiaI assets was 
proposed by Diamond (1967). An equiIibrium is constrained optimal if there are no 
commodity prices and reallocation of financial assets satisfying households' first period 
budget constraint such that, at every household's optimal choice given those prices and 
assets realIocation, markets clear and every household gets strictIy better off. An equi­
librium is constrained su~optimal if it is not constrained optimal. Stiglitz (1981) and 
Greenwald and Stiglitz (1986) argue that in economies with more than one commodity 
and incomplete financiaI markets, every equilibrium must be constrained su~optimal. 
This claim is formally proved by Geanakoplos and Polemarkachis (1986). They show 
that in the numéraire asset model with incompIete markets generically every equili~ 
rium is constrained su~optimal, provided the existence of more than one commodity 
and a upper bound on the number of households.1•2 

The incompleteness of financiaI markets is usually attributed in the general equili~ 
rium literature to market imperfections such as moral hazard.3 In a typical exampIe, 
which will be exploited in this paper, there are two periods and a household face two 
states of nature in the second period. The household's vector of endowments in the 
first state is strictIy Iarger than in the second state. In the first period the household 
chooses an action leveI. Higher leveIs of action imply a higher probability of the first 
state, but Iower utility for the household.4 For an extreme parameterization of this 
example, financiaI markets must be incomplete in equilibrium. Let the probability of 
the first state be zero when the household chooses the lowest leveI of action. Suppose 

lGenerically means for an open and dense set of economies, where the set or economies is parame­
terized by utility functions and the allocation or initial endowments. 

2The inefficiency or the comPeti tive equilibrium when markets are incomplete was already noticed 
by Hart (1975). He constructed an example showing that the introduction of a new financial asset 
may result in ao equilibrium that reduces every household's welrare. Cass and Citanna (1994) and Elul 
(1995) show that Hart's result hold for a generic set or economies. 

3For a survey on the literature or general equilibrium models with incomplete financiaI markets, see 
Geanakoplos (1990) and Magill and Shaffer (1991). 

4This example corresponds to a variation of the moral hazard model, that has been developed during 
the last 20 years. See Tirole (1988, chap.l) for a presentation of the model and further references. 
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there are complete financiaI markets in equilibrium. Then, the household can get ar­
bitrarily large amounts of Arrow securities with payoff contingent on the second state, 
which will happen for sure, and finance this position by selling Arrow securities with 
payoff contingent on the first state, a zero probability evento But this corresponds to 

an arbitrage opportunity, and thus one cannot have equilibriUID with complete financiaI 
markets. 

Despite the existence of motivating examples for endogenously incomplete financial 
markets, market imperfections are usually not explicitly incorporated into the standard 
incomplete markets mode1.5 The relevan<:e of the sub-optimality property in the in­
complete markets model has been frequently questioned precisely on the grounds that 
in a general equilibrium model the existent financiaI assets should be an endogenous 
variable, determined in equilibrium, and not a primitive of the model. 

One may argue that the standard general equilibrium models with incomplete mar­
kets are simply a reduced form of a more general model in which the markets imper­
fection are actually taken into account and the financial assets are endogenously deter­
mined. This argument, however, does not lead to a generalization of the constrained 
suboptimality result for a model with endogenous financiaI markets. The difficulty 
lies in the functional dependence between asset payoffs and the remaining equilibrium 
variables that this more general framework may imply. It is possible that once finan­
ciaI markets are endogenized, a competitive equilibrium may be constrained, or even 
Pareto, optimal. The investigation of this question requires a model that endogenizes 
the financiaI structure or at least a model that explicitly takes into account the market 
imperfections that lead to the existence of incompIete financiaI markets. 

This paper presents a general equilibrium modeI with moral hazard and strategic be­
havior in financiaI markets. The available financiaI assets are determined endogenously 
in equilibrium. Contrarily to the example presented above, in equilibrium households 
have access to as many assets as states of nature in the second period. They face, 
however, endogenous constraints on the amount of insurance they can buy. The pa­
per investigates the optimality properties of an equilibrium, and in particular it shows 
that the constrained suboptimality properties of economies with incomplete financiaI 
markets generalizes to this model, provided there is more than one commodity. 

I consider an extension of Malinvaud's model of individual risk.6 I analyze a general 
equilibrium model with two periods, C commodities in the second period, finitely many 

5There are few exceptions. Allen and Gale (1988, 1991) proposed a model with endogenous financiaI 
assets. Their model, however, assumes a single commodity, which precludes a discussion about the 
constrained suboptimality property of equilibrium in the incomplete markets model. Bisin (1994) aIso 
endogenizes the financiaI assets in order to investigate indeterminacy of equilibria in models with nominaI 
assets. 

6See Malinvaud (1972, 1973). An extension of Malinvaud's model with emphasis on financiaI markets 
is provided by Cass, Chichilnisky and Wu (1995). 
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types of households and a large number of identical households of each type. Each 
household faces an individual risk in the second period. With probability 7f'th in the 
second period household h of type t faces an individual state s:h (good state) and with 
probability 1 - 7f'th the household will face state S~h (bad state). The only difference 
between both states is the amount of endowments received by the household. In state 
s~ the household receives eI, while in state s~ the household receives e~, eI » e~. Since 
preferences are assumed to be monotonic, in the absence of insurance the household 
strictly prefers the good state to the bad state. 

Contrary to Malinvaud's model, it is assumed that the probability of the good state 
depends on an action chosen by the household in the first period, ath E [O, 1). This action 
is non-observable by any of the remaining agents. As in the moral hazard literature, 
higher leveIs of action imply a higher probability of the good state to occur, but lower 
utility for the household. Under standard assumptions of risk aversion, households 
wouId rather smooth consumption across states of nature, provided that the price of 
transferring income across states is not much higher than the fair price. If actions 
were observable, in any equilibrium households would get full insurance and the price 
of transferring income would be precisely the fair price. 

If households' actions are not observable what should the asset prices be? As an 
example, suppose there are countably many identical households, and the individual 
risk is independent across households. Therefore, there is no aggregate risk. A natural 
agreement between households would be to find the optimal leveI of consumption and 
action that maximizes the representative household welfare. It is simple to verify that 
at such an agreement households get full insurance in the second period. However, 
since the action leveIs are not observable, this agreement is not enforceable, except if 
the optimal leveI of action correspond to at = O. In fact, any agreement that requires 
at > O with fuII insurance in the second period is not enforceable: choosing at = O 
increases the household utility in the first period with no individual cost in the second 
period. Therefore, any enforceable agreement that involves action leveIs at > O must 
be associated with partial insurance. But this immediately implies that any enforceable 
agreement cannot be Pareto optimal. One may refer to an enforceabIe agreement that 
maximizes households welfare as constrained sub-optimal, second best or optimal given 
the informational constraints. 

In a model with moral hazard there is an obvious motivation for introducing strategic 
behavior in the trade of in~urance: a seller of insurance can aIways use the amount of 
insurance bought by a household as a signal of the action chosen by the household. 
In this case, it seems natural to allow sellers of insurance to set either asset prices or 
borrowing constraints as a way of providing incentives to the household to take higher 
leveIs of action when there is a net gain from it. While I allow for strategic behavior 
in the financiaI markets, I keep the standard price-taking behavior assumption in the 
commodity markets. However, if there are finitely many households, equilibrium prices 
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depend on the aggregate state of nature, which in turn depends on the action chosen 
by each household. Therefore, price-taking behavior assumption on commodity markets 
implies bounded rationality for the households. In this case one does not know if the 
equilibrium properties obtained depend on the bounded rationality assumption for some, 
but not alI, agents, or if it results uniquely from the moral hazard assumption. 

In order to differentiate between the consequences of introducing moral hazard and 
of imposing bounded rationality, I assume the existence of countably many identical 
households of each type, and finitely many types.7 This modeling has the advantage of 
preventing the well known problem of using the law of large number with a continuum 
of random variables and, at the same time, it makes precise the argument that the 
aggregate values do not depend on an individual household behavior.8 

The introduction of financiaI assets with payoffs contingent on the individual state 
of nature presents some problems in this framework. Since the number of households is 
infinite, and there are two individual states per hou.sehold, if financiaI markets are com­
plete then the number of financiaI assets is also infinite. This creates several additional 
technical probleros in analyzing the household's problem. Each household now can po­
tentially trade infinitely many assets. However, precisely because there are countably 
many households of each type, each one facing an individual risk, there is no aggregate 
uncertainty. Each household, then, really on1y cares about obtaining insurance against 
her individual risk. Nevertheless, in order to buy sucb an insurance, the household must 
buy assets from infinitely many distinct households of the same type. 

In order to avoid these difficulties, I introduce a pooling risk technology. I assume the 
existence of finitely many firms (insumnce companieJJ) that offer the following contract 
to each household of each type t: if the good state S!h happens then the household 
pays bq units of numéraire to the fum, if the bad state s~h happens then the firm pays 
b units of numéraire to the household. This contract is equivalent to the household 
trading Arrow securities contingent on the individual risk, the relative price between 
those securities being q. I assume that furos maximize expected profits. If each fum seUs 
the same amount of contract to countably many households of each type then the fum 
faces no uncertainty in the second period. Firros are equally owned by the households. 
Since, as I show below, in equilibrium furos always make zero profits, this assumption is 
without loss of generality. I consider two alternative models for the insurance market, 
the price-taking behavior model and the nonlinear pricing modeL 

In the price-taking behavior model furos behave competitively, taking asset prices 

71n this paper, a set is said to have countably many elements ir there is a bijection between this set 
and the set of natural numbers. Therefore, a countable set ia, necessarily, ao infinite set. 

8 Judd (1985) and Feldman and Giles (1985) present the basic problems of using the law of large 
numbers in models with a continuum ofhouseholds. The alternative ofusing countably many households 
was proposed in the literature of random matching. Gilboa 8Ild Matsui (1992) present a model in this 
spirit and also provide further references. 
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as given. Each finn also has an expectation about the action leveI chosen by each 
type of household. Expectations are required to be fulfilled in equilibrium. A variation 
of standard arguments show existell(~ of equilibrium. At equilibrium households get 
fu1l insurance and choose the minimum leveI of a.ction, Clt = o. For a generic set 
of economies, parameterized by initial endowments, every equilibrium is constrained 
sulH>ptimal: there is a reallocation of assets' demand and relative prices such that 
commodities markets clear and every household gets strictly better off.9 

The result changes, however, once one allows strategic behavior in the supply of 
insurance. In the nonlinear pricing macIel for the financial market firms behave strate­
gically, choosing a contract to offer to a household of eacb type. This contract specifies 
the household's transfer to the finn in case the good state happens to occur, and the 
firm's transfer to the household otherwise. Each firm has a belief about the other firms' 
offers and the households' behaviors, and chooses its own offer in order to maximize ex­
pected profits. A household of type t then chooses the contract that maximizes utility. 
An equilibrium requires every belief to be fulfilled and markets to clear. Under suit­
able assumptions, there is a nonlinear pricing equilibrium for every economy. Moreover, 
if there is a unique commodity in the second period, every equilibrium is constrained 
optimal. If there is more than one commodity, however, for a generic set of economies 
every equilibrium is constrained sub-optimal. 

2. The Basic Model 

Consider an exchange economy with 2 periods and C commodities in the second period. 
There are finitely many types of households indexed by t E {I, ... , T}, and countably 
many identical households of each type.10, 11 In the first period each household h of type 
t chooses an action ath E [O, 1). I assume that this action is not observable by any other 
agent in the economy. In the second period each household of type t faces two individual 
states of nature, and in each state she receives a bundle of endowments e~ E ~~+. The 
probability associated with these states of nature depends on the action chosen by the 

IlThe equilibrium properties of the price-taking behavior model is well known in the partial equilib­
rium literature. See, for example, Stiglitz (1993), and the references given there. Iam not aware of a 
formulation of this model in the general equilibrium framework. In any case, the only role of this model 
in the paper is to serve as a benchmark to analyze the nonlinear pricing model. 

l°RecalI that in this paper a set has countably many elements Ü there is a bijection between this set 
and the set of natural numbers. 

llThis construction implies a uniform distribution of households across types. One can easily relax 
this assumption by introducing an additive (but not CT-additive) measure as in Gilboa and Matsui (1992). 
The relative size of each type is then taken as a primitive of the model. This additive measure has the 
advantage of attributing measure zero for each individual household and being defined for every subset 
of households. All results remain unchanged if this measure is introduced and types of different sizes 

are allowed . 
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household in the first period and it is independent across households of the same type.12 

Each household is characterized by a utility function Ut : ~~~ x [O, 1) - ~ E coe, an 
initial distribution of endowments et E ~~+ x ~~+ and a function that for each action 
taken in the first period gives the probability of state 1 happening in the second period 
1rt : [0,1) - (0,1) E Coe. It is assumed that for every type t the following holds: 

(H1) Ut(x, a) = 1rt(a)Ut (xl) + (1 -1rt(a)) Ut (x2) - vt(a). For alI (x, a) E ~~+ x [0,1) : 
i) D:cUt(x) » Oi 
ii) Davt(O) = O, Davt (a) > O for a > O, lima-+l Davt(a) = 00; 
iii) D2Ut is negative definite and D2Vt is strictly positive; 

iv) cl {Y E ~~+/ Ut(Y) ~ Ut(x)} C ~~+; 
v)D1rt(a) > O, D21rt(a) < O; 

.) 2 I V1, eh « eh. 

Assumptions (i), (iii)-(v) are standard. The first part of assumption (ii) guarantees 
that higher leveIs of action reduces the household utility. Assumption Davt(O) = O 
prevents discontinuities on the household optimal choice. The second part of assumption 
(ii) can be relaxed if instead one assume at E [O, 1J. The separability of utility function 
can be relaxed as well. The onIy cost is a significant increase in the complexity of the 
computations. 

There are 2 financiaI assets avaiIable in this economy for each household. These 
asset's payoffs are contingent on the realization of the household individual state of 
nature in the second period. To simplify the analysis, I assume that all assets pay in 
units of the first commodity. Let yf be the asset that pays one unit of commodity 1 if 
state s happens for a household of type t and O otherwise. Let qf be the first period 
asset price, and b: be the household demand for the asset. Suppose there is no aggregate 
uncertainty, and household expect second period commodity prices p.13 Let pC denote 
the price of the c-th commodity. In this case, the budget constraint of a household of 
type t can be written as follows 

qlb1 + q2b2 
t t t t = O 

(1 1) 1 b1 p Xt - et - p t = O 

p(x~-eO-plb~ = O 

Therefore, without any loss of generality, we can restrict the analysis to commodity 

12The independence assumption is strong and can be significantly relaxed. The arguments presented 
in the paper only require the individual risk to satisfy De Finnetti's notion of exchangeability. See 
Kingman (1978). 

13For purp08eS of computatioos, I treat prices and Lagrangian multipliers as row vectors. 
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prices in the set 

p = {p E !l~+/ pl = 1 } 

Q = {qt E ~+/ ql = 1 } 

With some abuse of notation, I will use the notation fJt E ~++ for the price of the second 
asset, bt; for b~ and write the budget constraint in following, equivalent way 

p (xl - el) + qtbt - O 

p (x~ - en - bt; - O 

Notice that by strict concavity of the utility function, alI househoIds of the same type 
have the same decision rules. Let 

denote a househoId of type t's optimal decision when facing commodity prices p and 
asset prices qt. In this case, commodity market clearing is given by 

L [7rt{ adp, qt)) (x1 (p, qt) - e:) + (1 - 7rt (ae(p, qt))) (x~ (p, qt) - eO] = O 
t 

By Walras' law, one can drop the market clearing equation for the first commodity. lf 
z E ~c we write z\ E ~C-l for vector with the same components as z but the first one. 
Therefore, the market clearing equation can be written as 

L [7rt (at (p, qt)) (x!\ (p, qt) - e!\) + (1 - 7rt (at (p, qt))) (x~\ (p, qt) - e~\)] = O 
t 

What is the equivalent of market clearing equation for financiaI assets in this modeI? 
If in the second period individual risks are perfectly shared across households of the same 
type then we must have in the second period 

7rt (at (p, qt)) qtbt (p, qt) = (1 - 7rt (at (p, qt))) bt (p, qe) 
, 

which gives, provided bt; (p, qe) > O, 

I refer to this asset price as Jair price. Notice that in the nonlinear pricing modeI where 
suppliers of insurance behave strategically I cannot restrict the analysis to asset prices 
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satisfying the above conditions. Agents in this model cares about their profit function 
and not about aggregate feasibility. I will show, however, that even in this model 
competition willlead sellers of insurance to set asset prices equal to the fair prices. This 
result will be equivalent to a non-profit condition for a supplier of insurance that trades 
with countably many households of the same type. 

Finally, I need an extra assumption relating household primitives and feasible al­
locations. This assumption is necessary in order to characterize the solutions of the 
household's problem by the Kuhn-Thcker equations and it guarantees the concavity of 
households' utility function on the feasible set. Consider the compact set 

_ { x E 3l~Cf / Ut (xl) ~ 1Lt (x2) , Ut (Xt, at) ~ Ut (et, O) and } 
A - Lt {1I't (at) (xl- el) + (1 -1I't (at» (x~ - en} = O for some at for ali t 

At = Pr A, where Pr: A - Atis given by Pr(x) = Xt 
t t t 

(H2) Ut : At x [0,1) - 3l has negative definite Hessian. 

Simple computations give the following prop05ition, which guarantees the existence 
of utility functions satisfying (Hl) - (H2): 

Let (Ut, Vt, et) satisfy (i) - (iv) and (vi) in assumption (Hl). There is e > O such 
that ifaprobabilityfunction 1I't satisfies (v) in (Hl) and Da1l't(a) $ eforevery a E (0,1) 
then Ut satisfies (H2). 

3. Price-Taking Behavior Model 

In the price-taking behavior model I assume the existence of potentially infinitely many 
firms. Each firm has a expectation of each type's choice of action, a~, and take as given 
the asset price q. The firm then supplies an amount of insurance for each household in 
order to maximize profits. That is, when deciding how much to trade with an household 
of type t the finn cho05es b in order to solve the problem 

max 1I't (aD qb - {I - 1I't (af)} b 
b 

The firm's optimal supply is any point in the real line if 

1 -1I't (an 
q = ----,-....;.,.-'--

1I't (an 

The firm's problem has no solution if 

=F 1 -1I't{an 
q 1I't (ar) 
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Suppose a fum trades with finitely many households of a certain type. Then, with 
positive probability the firm makes non-zero profits. We restrict the analysis to equi­
libria such that if a fum trades with a household of a certain type then the fum trade 
with countably many households of that type. This is equivalent to introducing Arrow 
securities contingent on the number of households of a certain type that are in the good 
state, and allowing the fums to trade those assets in order to insure themselves against 
the possibility of negative profits. 

Given commodities prices p and asset prices qt, a household of type t solves the 
following problem 

Definition: An equilibrium in the price-taking model is a collection (Xt, at, bt , qt)'{'=l ,p) 
such that: 

i) (Xt, at, bt ) solves a household t 's problem, given prices (p, qt); 
ii) bt solves the firm 's problem when trading with a household of type t, given asset 

prices qt and that firms expect a household of type t to take action a~ = at; 
iii) commodity markets clear. 

Proposition 3.1: Let (H1) - (H2) hold. There is an equilibrium in the price-taking 
modelo Moreover, at any equilibrium at = O for every t. 

Proof: Suppose there is an equilibrium. In particular we must have a~ = at and 

By the Kuhn-Thcker theorem, the solutions to the household's problem is completely 
characterized by the following system of equations 

Therefore, we get 

Da1rt (at) {Ut (xI) - Ut (x~)} - Davt (at) 
1rt (at) DUt (xl) - ).lp 

.,(1 - 1rt (at)) DUt (~) - ).~p 
-).lqt +).1 

p (xl - ef) + fltbt 
P (x1- e1) -bt 

10 
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But then the first equation gives DVt(a) = O. Thus, by assumption (H1) we must have 
a = O, which is the desired resulto 

In order to show existence of an equilibrium it is sufficient to show the existence of 
a solution to the following system of equations 

=0 

which can be alternatively written as 

DUt (Xt) - ÀtP 
p{Xt -et} = O 

Lt (Xt - et) 

where et := 7rt(O)el + (1 - 7rt(O)) er But then we have reduced the problem to showing 
existence of an equilibrium in a smooth Walrasian economy, where equilibrium always 
exist. l4 O 

The properties of equilibrium in the price-taking behavior model contrasts with the 
properties of equilibrium when actions are observable. In this case, for each t, the asset 
price can be taken as a function of the actual action leveI chosen by the household 

( ) 
_ 1 - 7rtC at) 

qtat- () 7rt at 

Proposition 3.2: Let (H1) - (H2) hold and suppose actions are obseroable. Then, 
at every competitive equilibri.um we have 

xl = X~ and at > O for all t 

14 A existence argument for the smooth Walrasian model can be found in Balasko (1988), Mas-Colell 
(1985) or Smale (1974) 
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This proposition follows immediately from the Kuhn-Thcker equations characterizing 
the solution of the household's problem. It shows, in particular, that the equilibrium 
in the pric~taking behavior rnodel does not satisfy Pareto optimality. This shouId 
not carne as a surprise since in this model households' action cannot be observed. A 
natural extension to the notion of Pareto optimality would allow a Planner to allocate 
commodities to households, but not to choose households' actions, in order to maximize 
households welfare. Following Oiamond (1967), Stiglitz (1981) and Geanakoplos and 
Polemarchakis (1986), a weaker notion of optimality will be used in this paper. I will 
show that equilibrium does not satisfy this weaker notion of optimality, and hence it 
does not satisfy the natural generalization of Pareto optimality. 

Fix {p, (bt, qt)} be a given set of commodity prices p and for each type t an asset 
price qt and an asset holding bt. Let a household of type t solve the following problem 

{ 
p (xl - e1) + qtb = O 

maxUt(x,a) s.t. (2 2) b-O a,:!: p X -e - _ 

Notice that asset holding is not a type t household's choice variable. Let 

be the household's optimal choice, given {p, (bt , qt)}. 

Definition: An equilibrium {(Xt, at, bt)ttp} is constrained optimal if there is no 
asset holding for every household, commodity prices and asset prices {p/, (b~, tft)} such 
that: 

i) if households optimize in the second period, given the asset holding ~, commodity 
prices p, and asset prices qt then commodity and asset markets clear 

ii) at least one household gets strictly better 0lJ, and no household gets worse of! . 
A n equilibrium is constrained sub-optimal íf ít is not constrained optimal. 

I will prove below that for ''most'' of the economies, a price-taking behavior model 
is constrained sub-optimal. In order to make this statement precise, I need to introduce 
the space of economies. Fix a profile of utility functions U := (UI, ... , UT) and let 

E := {e E ~!7 / ef'» e~ for every t and (e, U) satisfies (Hl) - (H2)} 

It is simple to verify that E is an open subset of ~!ST. A property holds for a generic 
set of economies if there is an open, fuII measure set E* C E such that the property 
holds for every economy (e, U), e E E·. 

12 
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Proposition 3.3: There is a generic set E* C E such that for any economy (e, U), 
with e E E*, every equilibrium is constmined sub-optimal. 

This proposition should not come as a surprise. Recall that I have assumed DVt(O) = 
O and D7rt(O) > o. Moreover, at equilibrium we must have at = O for every t. Therefore, 
there is a Pareto improvement if each type cllOOSes at > O small enough. The problem 
is to provide incentives so that each type's optimal choice is precisely at > o. This 
can be achieved by providing partial insurance in the second period. A formal proof is 
presented in the appendix. 

4. Nonlinear Pricing Model 

In the nonlinear pricing model there are I> 1 firms in the insurance market. The choice 
variables for each firm is the pair (bL qD E ~~, corresponding to the quantity b! and 
the price q~ of the asset firm i is going to offer to a household of type t. A household 
may accept or reject the offer. However, a household cannot accept more than one 
offer. I assume that each type's utility function and initial endowments are common 
knowledge. Each household has a belief about second period commodities prices, p. 
Given this belief if a household of type t decides to accept the offer of firm i then she 
solves the problem: 

In this case I write the solution of the household's problem as 

Given every firm offers {(bL qÜ:=l} a household of type t chooses the offer that solves 

the problem 

Let {Xt (p, (bL qDi) ,at (p, (b1, qDJ} denote a solution to the problem of a household of 
type t. 

Each firm i has a belief about each other firm offer { (bf, qf) i
l
;6J and a common 

expected second period commodity prices, p. I assume that if a household of type t is 
indifferent between the offers of two firms then a fair random device is used to determine 
which firm is going to supply insurance to the household. Given these beliefs, firm i 

13 



expected. profits in trading with a household of type t are given by 

provided. that 

Ut (", b~, q:) ~ Ut (1', bf, qf) for ali i' 1: i 

where l' := {i' / Ut (p, bL q;) = Ut (1', bf, qf)}. In the case 

Ut (PI b~, qO < Ut (1'1 bf 1 qf) for some i' "# i 

then 

Ui { (b~, q:) , (bf, qf)il#i ,p} = O 

A collection of strategies {(bi, qn;=l} is a Nash equilibrium in the supply of as­
set for households of type t given commodity prices p if for every i the pair 
(b~, qÜ solves each firm i problem, given that i expects the remaining firms to charge 

{ (bf, qf)il#i}' and a household oftype t to solve her problem given commodity prices p. 

Definition: An equilibrium in the nonlinear pricing model is a collection 

((xt , at):=l , (bL qO:=l ,p) 
such that: 

i) (xt,at) solves the household oftype t probIem, given {PI (bf, qÜ;=l}i 
ii) {(bl, qÜ{=I} is a Nash equilibrium in the supply of asset for type t, given com­

modity prices Pi 
iii) Gommodity markets clear. 

In order to analyze an equilibrium in the nonlinear pricing model, I consider an 
alternative (and artificial) model, which I refer to as auxiliary-model. This model rely 
strongly on the next leI11Iru!-, and requires an additional assumption. Let 

{
X E ~~S-T / Udxl, x;, at) ~ Udel, e;, at) and } 

X := Lt [7rt (at) (xl - el)' + [1 - 7rt (at)) (x; - el) '] = O for some at for alI t 

Let xl be the projection or X into type t first period commodities, p E P and 

btt (p, a) := 7rt (at) l' (e: -en 
14 
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Let xl (p, YI) be a type t household's first state optimal choice when fscing relative 
prices p and income YI in the first state of nature. 

(H3) For every t and p E P, we have 

sup {(Da1l"t(a))2 Du~DlIIX~btt (p, a) - 1I":(a)D~vt (a)} < O 
:l:l EXl,a,1I1 E(pe~,pel) 

Lemma 4.1: Let (Hl) - (H3) hold. Fix p E P, t and b ~ O. There is a unique qt 
such that 

1 - 1I"t (at (p, b, qtl) 
qt= 1I"dat(p,b,qt)) 

Moreover, the function qt : P X ~+ -+ ~++ defined implicitly by the above equation is 
Coe for every pair (p,b) such that b E [O, br(p)] , where 

btt (p) := 1I"t(0)p (el - en 
The lemma is proved in the appendix. 
Given commodities prices p and the asset price function qt : P x ~+ -+ ~+, a 

household of type t in the auxiliary model solves the following problem 

T'( ) t {p(xl-el)+qt(P,b)b=O 
max Ut x, a s.. (2 2) b O 
a,z,b p X - e - = 

Definition: An equilibrium in the auxiliary model is a collection (xt , at, bt);=1 , p) 
such that: 

i) (Xt, at, bt ) solves a type t household's problem, given prices (p, qt (.)); 
ii) markets clear. 

Lemma 4.2: Fiz an economy (e, U) satisfying (Hl) - (H3) and a vector of relative 
prices p. .' 

i) Suppose a collection (Xt, bt , at) is a solution to a type t household's problem in the 
auxiliary modelo Let (q1, bD := (qt (p, bt ) ,bt ) for every i. Then the collection (Xt, at) is a 

solution of a type t household's problem in the nonlinear pricing model and { (bL qn:=l} 
is a Nash equilibrium in the supply of asset for type t, given commodity prices p. 

ii) Suppose the collection (Xt, at) is a solution of a type t household's problem in the 

nonlinear pricing model and {(bL qÜ:=l} is a Nash equilibrium in the supply of asset 

15 
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for type t, given commodity prices p. Let 

(bt, qt) := arg ~~ Ut (p, b:' q:) 
{ (b:,Q:).=l} 

Then the collection (Xt, bt , at) is a solution to a type t household' problem in the auxil­
iary model. 

Lemma 4.2 (ii) should be obvious. If any firm that is actually selling insurance for 
a household of type t charge a price qt larger than the fair price 

l-lI't(at) 
lI't (at) 

then the firm must make positive profits. As in the standard Bertrand duopoly model, 
any fum different from i then can make higher profits by charging an asset price slightly 
smaller. This show that at equilibrium at the offer accepted by a household of type t 
the asset price must be the fair price. Given that households trade at the fair price, 
Bertrand competition once more ensure that firms should offer the contract that maxi­
mizes the consumer welfare. Lemma 4.2 (i) is not as immediate as Lemma (ii), and in 
fact it exploits basic properties of the household's problem. A formal proof is given in 
the appendix. 

Proposition 4.1: For every economy (e, U) satisfying (Hl) - (H3) there is a non­
linear pricing equilibrium. 

The proof of proposition 4.1 rely strongly on lemma 4.2. I use the equivalence be­
tween the auxiliary model and the nonlinear pricing model to show that the household's 
problem is well defined and it has a uni que solution for each vector of commodity prices. 
Notice that the household's problem in the auxiliary model may not be convexo How­
ever, in the proof it is shown that in the nonlinear pricing model there is at most one 
solution to a household's problem. Therefore, also in the auxiliary mode} the house­
hold's problem can have at most one solution. The argument then concludes by showing 
the existence of an equilibrium in the auxiliary model. This essentially follows from a 
variation of the standard proof of existence of a competi tive equilibrium using excess 
demand functions. A detailed argument is provided in the appendix. 

The next proposition establish the constrained optimality of a nonlinear pricing 
equilibrium, provided that there is a unique commodity in the second period. Once 
more, the proof exploits the equivalence between the auxiliary-model and the nonlinear 
pricing mode!. 

16 



". 

Proposition 4.2: Every nonlinear pricing equilibrium is constmined optimal, PTO­
vided C = 1. 

Proof: The proof proceeds by contradiction, and it is an immediate variation of the 
standard proof of the first welfare theorem. Suppose there is a equilibrium (x·, b·, a·) in 
the auxiliary model which is not constrained optimal. Therefore, there is an allocation 
of assets holding for each type in each individual state of nature, (bl, bl), such that if 
Xt (bl, bl) and at (bl, bl) are the optimal solution of the consumer problem given (bl, bn 
then markets c1ear 

1I"t (at (b!, bn) bl = (1 - 1I"t (at (bL bn ) ) b: 

no household gets worse off and some household gets strictly better off 

Let 
._ (1 -1I"t{at{bl, bn)) "._ bl b2 _ I. 

qt .- «b1 b2)) , vt .- ~ t - ut 
1I't at t, t qt 

Inequality (*) implies that the pair (Xt (bl, bn ' at (bl, bn) cannot be a feasible solution 
for a type t = t'. Since the type faces no restriction on choosing Clt, we must have 

(xl (bl, bn - e:) + qt (bt ) (x~ (bl, bn - en > O for ali t 

(xl, (bl" b~,) - el,) + * (bt ,) (x~, (bl" b~,) - e~, ) > O for t' 

By assumption 

qt (b) -_ 1 - 1I"t (at(qdb), b)) b d (L ) for every an qt IIt = qt 
1I"t (~(qt (b) ,b)) 

Therefore 

L [7rt (at (qt (bt) ,bt)) (x: (b!, bn - eD + [1 - 7rt (at (qt (bt} ,bt ))] (x'f (bL bn - enJ > O 
t 

which contradicts the feasibility of the Pareto improving equilibriwn, and completes the 
proof. O 
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The previous proof of constrained optimality rely strongly on the existence of a 
single commodity. A closer investigation of the proof shows in fact that the argument 
requires only that at the candidate Pareto improving allocation households face the same 
commodity prices as in the original equilibrium. If relative prices change, however, as 
they may in the many commodities case, then the argument does not hold. In order 
to show this point, suppose we try to generalize the above argument to the many 
commodities case. 

Let (x·, a*, b·, p.) be an equilibrium in the nonlinear pricing model and suppose 
there is an allocation of assets holding for each type in each individual state of nature, 
(bl, b1), and commodity prices p such that if Xt (bl, b1,p) and at (bL b1,p) are the optimal 
solution of the consumer problem given (bL b1, p) then markets clear, no household gets 
worse off and some household gets strictly better off. Following the same arguments 
used in the proof of proposition 4.2, we get 

p* (x~ (bLbn - e:) + qt (p, bt)p* (x~ (bL b~,p) - en > O for alI t 

p. (xl, (bl"bn -e~,) + qt{p,bt,)p. (x~, (b:"b~"p) -en > O for some t' 

By assumption 

and 

Therefore 

qtCP, b) = 1 - 7rt (at (qt (p, b) , b, p)) for every b and p 
7rt (at (qt (p, b), b,p)) 

( b) (1 - 7rt{at (bl, b~))) where bt := bl 
qt p, t = qt := ((b1 b2)) , 

7rt at t, t qt 

L [7rt (aD p' (x: (b:'b~,p) - eD + [1 - 7rt (amp' (x~ (b:, b~,p) - enl > O 
t 

where 
a~ := at (qt (p, bt), bt, p) 

The above inequality, however, does not violate feasibility since, at relative prices p. 
households in general would not choose at{qt (p, bt), bt, p). A trivial case in which 
households choose this action leveI is when p = p •. This equality must hold in the one 
commodity case, but not io the general case. Therefore, it is not possible to generalize 
to the proof of the constrained optimality of a nonlinear pricing equilibrium to the 
multi-commodity case. In fact, I will show that for "most" of economies with at least 
two commodities every nonlinear pricing equilibrium is constrained sub-optimal. This 
result, however, requires a the space of economies to include the specification of utility 
functions as well. Let 

Ut := {Ut : ~~+ x [0,1) -4 al E C oo 
/ Ut satisfies (Hl)} 
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I endow this set with the compact-open topology.15 Let U := xJit be the space of 
utility functions, endowed with the product topology. Finally, the space of economies 
is defined with 

E x U:= {(e, U) E E x UI e: »e~, (e, U) satisfies (H2) - (H3)} 

once more endowed with the product topology. 

Proposition 4.3: There is an open and dense set of economies (E x U)* C E x U 
such that for all economies in this set every nonlinear pricing equilibrium is constmined 
sub-optimal, provided C > T. 

Proposition 4.3 says that for a large set of economies every constrained optimal alIo­
cation cannot be supported as a nonlinear pricing equilibrium in the multi-commodity 
case. Why does the introduction of many commodities matter? In the multi-commodity 
case neither households nor firms take into account the effect of their optimal choice on 
the equilibrium commodity prices. The vector of equilibrium prices is not affected by a 
single household's behavior and thus each household takes prices as given when choos­
ing among the firms' offers. Competition among firms then lead to the offering of the 
contract that maximizes household utility for a given vector of reIative prices. 8ince alI 
households of a same type choose the same contract, there might be another contract, 
and the proposition says that in general there will be, whose introduction leads to a 
change in the vector of relative prices and in the household's optimal choice such that 
markets clear and ever household gets strictly better off. This contract, however, do not 
maximize firms' profits. Therefore, it is a Iack of coordination, and not of rationality, 
that leads to the constrained optimality property of equilibrium in the nonlinear pricing 
model. 

5. Appendix 

5.1. Proof of Proposition 3.3 

For every t, let 1rf : (ê, 1) - [0,1] E coe and vf : (ê, 1) - !R E eco such that 

DS1rHti) = U1rt(a) for all s and a ~ O 

D1rHa) > O for all a E (ê, 1), 7rf(ê) E (0,1) 

DSv~(a) = D"vt(a) for all s and a ~ O 

Dvf(a) > O for all a :F O 

D2vHa) < O for all a 

15800 Mas-Colell (1985) . 
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and € < o is large enough 50 that 

U: (X, a) : 'Ir; (a) Ui (Xl) + (1 - 'Ir; (a)) Ut (X2) - v; (a) 

satisfies (H2). 

Let E := « €, 1) x !R!~x 3( X P. If ~ is a generic element or E then I also write 

By the Kuhn-Tucker theorem, an equilibrium must satisry F (~, e, U) = O, where F : E x E xU _ 
(~2CX4)T X ~C-I is defined by 

F(~,e,U)= 

where 

An economy is said to be regular ir DeF is non-singular. Suppose we have a regular equilib­

rium (C I e, U). constrained optimality is equivalent to showing the existence or (pl I (b~, cft):=l) 
such that ir households solve the problem 

{ 
p(xl_el) +qtb=O 

maxUt(x,a)s.t. (2~) b-O 
11,% P X - e - -

then markets clear and households get strictly better ofr. Therefore, it is sufficient to show the 
existence or ~ with at ~ O for ali t such that 

where 

FP (~,e,U) = O 

G(~,e,U)-G(C,e,U) »0 
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D .. 7r~ (a,) {Ui (xl) - u, ~xn} - D .. vf(a,) 
7r~ (a,) Du, (x: - ÀJ.p 

(l-7rt (ae» Du, xn - ÀiP 
-p (x: - eO - b,qe(a) 
-p(x~ -eO +b, 

L, [7r' (ae) (x: - e:)' + fI -7r, (a,)] (x~ - en '] 

It is simple to verify that at any solution of the above problem we must have at ~ O for every 
t. In fact, by Kuhn-Tucker sufficient conditions, any solution to the above system of equations 
must solve in particular 

maxU[(a,x) B.t. { p(xl ~en;= -bqt(b) 
a,% p(Xt-et}=ht 

By the Kuhn-Tucker equations we must have Ut (xn < Ut (x:). Ir at < O then the household 
can improve her total utility by choosing a~ = O, which is an absurdo For notational simplicity, 
I will drop the superscript "e" in the rest of this proof. 
Following the same procedure used in Lisboa (1995), we have to show that the following system 
of equations 

F(€,e,U) = O 

d}D( F P + i[;D(G = O 

dT d-l = O 

does not have a solution for a generic set of economies.16 It is a standard argument to show 

that the set of economies that does not satisfy this system is open.17 The proof that this set 
has full measure will be done in two steps. 

Step 1: There is a full measure set of economies E* C E such that if e E E' and 
F(€,e,U) = O then D(F is non-singular. 

Fix an economy (e, U). I c1aim D(,eF is surjective at equilibrium. Computing D(,eF 

16This approach to analyze optimality of equilibrium was proposed by Smale (1974) and 
developed by Geanakoplos and Polemarkachis (1986), Cass and Citanna (1994) and Citanna, 
Kajü and Villanacci (1994). I follow Cass aod Citanna (1994) and Citanna, Kajii and Villanacci 
(1994) approaches more c1osely. 

l1Lisboa (1995) presents this argument in detail. 
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gives 

[ a, x: x: 6, >.: >.: ~ e: p\ 

D2'1rtll.Ut - D2vr D1rtDu~ -D1rtDul O O O O O O 

D1rt (Dul)T 'lrtD2U~ O O _pT O O O ->.: [ ~ ] 

-D1r1 (DunT O 'lr1D2u1 O O _pT O O ->.1 [ ~ ] 
O O O O -ql 1 O O 
O -p O -q, O O P O Z:' 
O O -p 1 O O O P Z2\ 

I 

D'lrl (zl - z1) \ Il Il O O O -I: -Il O 

where 

I: := 'Ir~ [O I], Z:' := (z:2, . .. ,z:C) , .1.Ut := {u: - un, u::= Ut (x:) , 'Ir~ := 1 - 'lrt 

Pre-multiplying this matrix by a vector 

d ·- ( (da ..3_1 ..3_2 db dd d\2) d ,) m(4+2C)T+C-1 .- ••. , t,u;.(;t, u;.(;t , to At, At , •.. , P E:I\ 

and using the fact that at equilibrium at = O and x: = x~ for every t gives 

(D2'1rILlul - D~vl) da, + D1r,Dutdx: - D'IrIDu,dx~ = O (t.l) 

D'lrIDuldal + 'IrID2
u,dx: - pT d>': + 'lrt [ d~' ] = O (t.2) 

-D1rtDutda, + (1-'lrI) D2uldx~ - pT d>': + (1 - 'lrl) [ d~\ ] = O (t.3) 

-q,d>.: + d>': = O (t.4) 

-pdx: - qtdb, = O (t.5) 

pdx~ +dbt O (t.6) 

T 1 [O] P d>'t - 'lrt dp\ = O (t.7) 

T 2 [ O"] P d>', - (1 - 'lrt) dp\ = O (t.8) 

.-2: (>':dX!\ + >'~dx:\ + d>': z:\ + d>'~z:\) = O (M) 
I 

From (t.7) - (t.S) we get d>': = d>'~ = O and dp\ = O. From the differentiably strict concavity 
of Ut, (dat, dxt ) = O for every t and from (t.6), clbt = O. Therefore, De.eF is surjective. 

By the transversality theorem (Hirsch 1975, chap. 3), for almost every e the derivative DeF 
is surjective at any solution of the system F ({, e, U) = O, which is the desired resulto 
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Using the same notation as in the previous step and da := (00., ... ,OOT), the system 
4D(FP + '{;D(G = O gives 

(D211't~Ut - D!Vt) dat + D1I'tDut (dx! - dxn +d>"!Doqt = O (t.I) 

D1I'tDutdat + 1I'tD2utdx! - pT d>": + 1I't [ d:' ] + OOt1l'tDut = O (t.2) 

-D1I'tDutdat + (1- 1I't) D2Utdx~ - pT d),,~ + (1 -1I't) [ d:' ] + dClt (1 - 1I't) DUt = O (t.3) 

-qtd>..! +d>"~ = O (tA) 

pdx! = O (t.5) 

pdx~ = O (t.6) 

L (>":dx!' +>"~dx~' +d>":z:' +d>"~Z~') = O (M) 
t 

From first order conditions and (t.5) - (t.6) we get DUtdx: = O for every t and s = 1,2. 
Dividing equation (t.2) by 11'" equation (t.3) by - (1 - 1I't), and adding them up gives 

D Ut dxt - dxt + D1I'tnutdat - + -- = O 2 (1 2) ( 1 1) 
1I't 1 + 1I't 

and thus 
(dx: - dxn T V 2Ut (dx: -~) = O=>( dx: - dxn = O, dat = O 

From (t.l) we get d>": = O which immediately gives, d>"~ = O. 
From equations (t.2) and (M) we get 

dx1TV 2u dx1 +dx1T 
[ O ] = O t t t t dp\ 

L>": (1 +qt)dx:\ = O 

which gives 

L>": (1 + qt) dx:T D2u.edx: = O => dx: = O for all t 
t 

since D2ut is negative definite and >..: (1 + qt) > O for every t. This immediately gives dxr = O 
and dp\ = O, which completes the proof. O 

5.2. Proof of Lemma 4.1 

Fix p E P, t and b. Let 
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Notice that 

at (p, b, qt') 

at (p, b, q~) < 

Solving a household type t problem facing asset holding b and prices p and q gives that q; (.) is 
a non-d.ecreasing function. In fact, the optimal solution of the household's problem is given by 
the Kuhn-Tucker equations 

Ft (x1 ,x',a,.>.,p,q,b):= =0 

A variation of the standard proof of differentiability of the demand of a Walrasian household 
shows that Dz.o..>.Ft is non-singular. Therefore, by the implicit function theorem, the household's 
optimal choice, Xt (.) and at (-) E Coo. Applying the chain rule theorem to the identity 

Do.1rt (ae(p, qt, b» {ue (x: (p, qt, b» - Ut (~ (p, qe, b»)} - Do.Vt (aeep, qt, b» = O 

gives 

Therefore, q; (.) is an increasing function. Moreover, the previous computations show that under 
(H3) we have 0< Dqq; < 1. Therefore, q: (q) - q is a decreasing function, positive at q = q;n 
and negative at q = qtt. Therefore, there is q' such that q; (q') = q'. 

Let { : P x !R+ -+ !R be gi)'en by 

c (b) 1 - 1re (at (p, b, qt» 
.. p, = 1rt (ae(p, b, qt» - qt 

For any b E (O, bt' (p) ), { E Coo. Taking derivatives at a solution of the system { (p, b) = O we 
get 
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wbere 
Do,1rtDqat 1 

2 < 
1rt 

by assumption (H3). Tberefore, by the Implicit Function Theorem, we can locally write qt = 
çt (p, b) E coa wbere 

ç (p b) _ 1- 1re(ae(p,b, çe(p, b})} 
t , - 1rdat{p,b,{t{p,b» 

Since for each (p,b) tbere is a unique qt such that {{P,b) = O and tbe domain of qt is connected, 

tbe function (t is globally well defined and Coa on (0, bP (p) ). O 

5.3. Proof of Lemma 4.2 

Let (Xt,be,at) be a solution to a type t household's problem in the auxiliary model given prices 

q and (bLqÜ := (bt,qt{be» for every i. It is sufficient to show that {(bLqÜ:=l} is a Nash 
equilibrium in the supply of asset for households of type t given commodity prices p. We prove 
it by contradiction. Suppose there is a profitable deviation (b~, qD for some firmo It must be the 
case tbat 

and 

Tbe inequality (i.I) implies 
I {I -1I"t [at (p,~, bD]) 

qt > 1rdadp,~,bm 
Using tbe previous lemma's proof notation, recall tbat q; (qt) - qt is a decreasing function. Since 

and q; > q; (qD we must have q; > qt (p, bD and hence 

wbere the second inequality from the fact that b~ = bt solves the problem 

11 ( b {I - 1rdae(p, qe(.»)]}) 
maxUt p, , [( (»I .. 11" t at p, qt . 

wbere qt (p,bt ) = q!. But this contradicts (i.2). 
To prove the otber direction, let (Xt,ae) be a solution to a type household's problem in 

tbe nonlinear pricing model facing prices p and firms' offers { (bL qÜ:=l} and assume that this 

collection of strategies is a Nash equilibrium in tbe supply of asset for households type t given 
p. We bave to show tbat if 
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then 

and b~ solves the problem 

where 

If this is not the case then either 

i {1-1I"t [at (p,qLbD]) 
qt> [(" O)] (e.l) 1I"t at p, q;, b~ 

or there is b such that 
Ut (p, b, qt (p, b)) > Ut (p, b~, q;) (e.2) 

Suppose (e.l) happens. Then if firm j =I i charges q{ 

i > .J > {l- 1I"t [at (p, qL bD)) 
qt '1t [ ( . ')] 1I"t at p, q:, b~ 

then by taking q{ as close to q; as necessary firm j can make larger expected profits, which 
contradicts the definition of a Nash equilibrium in the supply of asset. Therefore, it must be 
the case that 

q; = {l-? [(t (p:qi:;P)) ~ q; = qt (p,bD 
1I"t at p,qt, t 

and hence no firm is making profits in this Nash equilibrium. 
If (e.2) happens there is e > O small enough such that 

But then by offering the pair (bt , qt (p, bt) + e) a firm j can make larger profits, which contradicts 
the definition of Nash equilibrium in the supply of asset and completes the proof. O 

5.4. Proof of Proposition '4.1 

By lemma 4.2, it is sufficient to show existence of equilibrium in the auxiliary modelo For each 
p E P, a type t household is solving the following problem in the auxiliary model 

U ( ) t {
p (x: - en + qf (p, be) bt = O 

max t Xt, at s. (2 2) b - O P X t - et - t-
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Standard arguments show that we can restrict the housebold's problem to the compact set 

{(x,b,a)/ Ue(x,a) ~ Ut(et,O), bE [O,b;"(p)]} 

This show existence of a solution to the household's problem. 
Suppose there are two solutions to the household's problem 

By the lemma 4.2 both solutions {(bt." qt.' (bt.,»~ ... I} must aIso solve the firm problem in the 
nonlinear pricing model. Let 

b - o:b + (l)b - o:bt •1 qt.l + (1 - o: )bt.2qt.2 o: E (O, 1) t,a - t,l - o: t,2, qt,a - b ' 
t,a 

By strict concavity of the utility function, 

Moreover, (Hl) - (H3) implies that, using the Kuhn-'Thcker equations, 

On the other hand 

Which gives, since Qt,l < Qt.2 Ç::> bt•1 < bt.2, 

~ (1-1I"t (o:a (bt ... Qt.1} +(1- 0:) a (bt.2, Qt.2») 
1I't (o:a (bt•1, Qt • .) + (1- o:)a (bt.2, Qt.2» 

< o: (1-1I'e(a(bt,t.Qt'I») +(1-0:) (1-1I"e(a(bt.2,Qt.2») 
1I't (a(bt•1 ,qt,l» 1I"t (a (bt•2,Qt.2)} 

= O:Qt.l + (1 - 0:)Qt.2 < qt.a 

Therefore, if a firm set asset price and demand 

then the household strictly prefer this contract and the firm makes positive profits, which con­
tradicts { (Xt., (p), bt.,(p), at,,(p»~=l} being solutions to tbe nonlinear pricing model. 

Let Xt(p) denote the optimal choice of commodities for a household of type t facing com­
modity prices p. It is immediate that Xt(p) satisfies bouodary behavior and that the aggregate 
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excess demand function is bounded below. By the standard existence theorem, it is sufficient to 
show that Xt(p) is continuous. 

Let pft _ P E P, and (xft,bft,aft ) solve the household t problem at prices pft and (x,b,a) 
solve the problem at prices p. Suppose (xft , bft ) does not converge to (x, b). Therefore, there is 
e > o such that, taking a subsequence if neces;;ary, 

\I (xft,bft ) - (x,b) \I> e 

for every n. Since bft E [O, bt' (pft)] , and q~ E [qr', qt'], taking a subsequence if necessary, there 
is (b*, q*) such that (bft , qft) - (b*, q"). Since qr' > O, taking another subsequence if necessary, 
by the Kuhn-Tucker equations there is x* such tbat xft - x" and aft - a" for some a" E [0,1). 
By continuity, (x", b") is a feasible solution at p. Therefore, we must bave 

U (x, b, a) > Udx" , b", a") 

There is (x', b, a) with x' «x" which still satisfies tbe inequality. But tben (or n large enough 
x' is feasible and strict1y better than x ft , which is the desired contradiction. The proo( is then 
complete. O 

5.5. Proor or Proposltlon 4.3 

Let q : E x U x P x !R+ -!R! be the mapping that satisfies 

q (p, b, e, U) = ( ... , qt (p, be, ee, U,), ... ) 

= ( 1-1I"c(at(b"p,et,Ut ,qdp,b"ee,Ut ))) ) 
... , 7rda,(b,p,et,U"qc(p,b"et,Ut ))) , ... 

By lemma 4.1 we know that such a mapping is well defined and q, (.) E Coo for every t. Using 
the same notation as in proposition 3.3, since households restrictions satisfy the constraint 
qualification condition, an equilibrium must satisfy F ({, e, U) = O, where 

F({,e,U) = 

D .. 7r1 (aI) {UI (xl) - UI ~xn} - D .. lI,(a,) 
11", (a,) Du, (x: - >.~p 

(I -11", (a,» DUI xn - >'!p 
->.1 (q, (p,b"e"U,) + bDt.qc) + >.2 
-p (x: - eO - b,q, (p, bc, Cc, UI) 

-p (x: - eO + b, 

.' E, [11"' (ai) (x1 - eO \ + [1 -11", (ai») (x~ - eO \] 
Suppose we have a regular equilibrium (C, e, U). Following the same argument used in 

section 3, I have to show that the system of equations 

F({,e,U) = O 

d~D~FP + d~D~G = O 

dT d-I = O 
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does not have a solution for a generic set of economies. In fact, since the household t problem 

for a given choice of asset holding satisfy the Kuhn-Tucker sufficient conditions theorem, a solu­
tion of the Kuhn-Tucker equations is also a household's optimal choice. Openness is a standard 

argumento The proof that this set is dense will be done in four steps. By the price-taking 
behavior model it suffices to show that if a := (aI, a2, ... ,aT) > O then a nonlinear equilibrium 
is constrained sub-optimal. 

Step 1: There ia adense set of economies E* C E such that if e E E* and F (ç, e, U) = O 
then D( F ia non-singular. 

The argument follows from an immediate generalization of the first step in the proof of 
proposition 3.3. 

Step 2: For adense set of econornies the following rnatrix has full colurnn rank if a > O 

Fix a regular economy such that at any equilibrium we have a > O. Consider the system by 

F({,e,u) O 
T-I 

L Ot (.À:z;' + D"qtbt + À~z~') O (*) 
t=1 

T-I 

L (0:)2 -1 O 
t=1 

Computing derivatives gives 

at I 
Xt x~ bt À: À; e; 

2 
et p\ 

D 27rtÂut - D2Vt D7rtDu: -D7rtDu~ O O O O O O 

D7rt (Du:f 7rtD
2
u: O O _pT O O O -À: [ ~ ] 

- D7rt (Du~f O 7r~D2U~ O O _pT O O -À~ [ ~ ] 
O O· O À:DbQt Qt -1 O O * O -p O -Qt O O P O * 
O O -p 1 O O O P Z;' 

D7rt (z;- zO' Il Il O O O -Il -Il O 
O Ot [O I] Ot [O I] O O O Ot [O I] Ot [O I] Dp 
O O O O O O O O O 
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where Qt := qt + btDqt, Dp = Lt a: (btDbpqt). Since there is t such that at #- O, if dat' = O 
for some t' it is simple to verify that the above matrix is surjective. Suppose at #- O for every t. 
Pre-multiply this matrix by a vector 

d ·- ( (d 1 dx2 db ,.1\1 d\2) d \ d \ dl) m(4+2C)T+C-l .- .•. , ato X t , t' t, UAt, At , ••• , p , r, E ;n. 

I have to show that d = o. From the columns corresponding to (xt,et) we get 

d ,8 8 [ O ] d \8 [ O] O d\8 1 - 7rt 7rt "tP - 7rt d \ + at"t d \ = => "t = O, --2- = .. 
p r Àt Àt 

But, from the Kuhn-Tucker equations characterizing the solutions of the consumer problem, 
this implies x: = x~, and hence at = O for every t, which is a contradiction. Therefore, the 
derivative ofthe system (*) with respect to (~, a, e) is surjective. By the transversality theorem, 
for almost every e E E, at any solution ofthe system (*), the derivative with respect to (~,a) 
is also surjective, which is impossible since this matrix has more rows than columns. Therefore, 
for almost every e the system (*) has no solution. Since F(~,e) = O always has a solution, this 
means that at any equilibrium the system 

T-l 

Lat(À:z:\+Dpqtbt+À~z~\) = O 
t=1 

T-l 
L (a:)2 -1 = O 
t=1 

does not have a solution, which is equivalent to the desired matrix having fuU column rank. The 
proof of this step is then complete. 

Step 3: If F (~, e, U) = O, a> O, d~DFP + DaDG = O and (dF, da) #- O then it rnust be 

the case that dx: #- O for every (t, s). 

Consider the system 

F(~,e,U) = O 

d~DFP + DaDG = O 

dT d-I = O 

Taking derivatives, the system dFDçF + daDçG = O, using the same notation as in propo­
sition 3.3, gives 

(D27rt~Ut - D~Vt) dat + D7rt (z: - zZ) \ dpT = O (t.I) 

D7rtDutdat + 7rtD2Utdx: - pT dÀ: + 7rt [ d~\ ] + dat7rtDut = O (t.2) 
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22 2 T 2 2[ O ] 2 -D7rtDUtdat + 7rt D Utdxt - P dÀt + 7rt dp\ + OOt7rt DUt = O (t.3) 

(-qt - btDqt) dÀ~ + d>..~ = O (t.4) 

pdx~ = O (t.5) 

pdx~ = O (t.6) 

L (À1dx1
\ 2 2\ 1 (1\ b D ) d 2 2\) t t + Àt dxt + dÀt Zt + t pqt + Àt Zt = O (M) 

t 

Suppose dx} = O for some t. From equation (t.2) we get 

Using the first order conditions this equations gives 

and hence 
À~ [D7rtdat + dat7rtl = 7rtdÀ~ (*) 

But this implies dp\ = O. Using (t.3), (t.6) and once more the first order eonditíons we get 

(1 - 7re) dx~ D2u~dx~ = O ==- dx~ = O 

Following the last argument for every t we get dx: = dx~ = O and, using (t.I), dat = O for every 
t. From (*) we get dÀ: = datÀ: for every t and s. But then equation (M) gives 

By step 2, it must be the case that dat = O for every t,which immediately gives d = O and 

is the desired contradiction. 

Let \11 ({, e, u) = O denote the system of equations (t.I) - (t.6), (M) and 

do:dx:dx~ = O (t.7) 

for every t, where da := Et do:~. 

Step 4: For adense set of economies the following system has no solution 

F({,e,U) = O 

\11 ({, e, U) = O 
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Let (C, e, U) be a regular equilibriu01 satisfying the previous steps, t satisfy a; > O and 

Vt
8 := {x E !R~+/ 11 Xt -x:'II< ê} 

Choose ê > O s01a11 enough so that cl\'tl(ê) n cl\'t2(ê) = 0. Let ~: : !R~+ - [0,1] E Coo satisfy 

~3(X) = { 1 if x E \'ts (ê/2) 
t O if x ~ \'t-(ê) 

Hirsch (1975, p.41) shows the existence ofthis function. Consider the fo11owing perturbation of 
the households utility functions 

Ut (Xt, at,H:' H; ,ht) : = 7I"t (ad (Ut (xD + ~UXt)(x: - x:') T Hl (x: - x~')) 

+ (1 - 7I"t (at)) (Ut {xn + ~~ (Xt) (x~ - x~,) T H; (x~ - x~')) - Vt (ad 

It is simple to verify that for H: and ht s01a11 enough, Ut (-,Hl,Hl,ht ) satisfy (Hl) - (H3). 
Notice that the household's Kuhn-Tucker conditions at Xt = x t are still satisfied for every Ht 
s01all enough. 18 

Pre-multiplying the matrix D [ ~ ~~::: ~~ 1 hy 

gives 

~X: dx:'c 
- O for ali c, dx: i= O :::;. 6.x: = O 

(D271"t~Ut - D2vt) ~at - O:::;. ~at = O 

~ltdx~T dx~dx;T dx; - O, dx: i= O for all s :::;. ~lt = O 

LJ.>'1 pT + >4 [ LJ.~\ l-o" LJ.>'1 = o .. LJ.p\ = O 

~qtDqt - O, Dqt > O :::;. ~qt = O 

This how that for every t such that at > O we must have 

(~at,~xL·~x;,~qt,~ÀL~À;,~lt) = O and dp\ = O 

The same computations used in step 2, proposition 3.3 show that for every t such that 
at = O we also must have 

( ~at, ~x;, ~x;, ~qt, ~À;, ~)..;, 6.l t ) = O 

18This computations are done in detail in Lisboa (1995) . 
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Therefore, the derivative 

D(,d,H [ : 1 
is surjective. By the Transversality Theorem, for adense choice of H, if the system 

has a solution then the derivative 

F(ç,e,u) - O 

W(ç,e,u) - O 

is also surjective, which is impossible since this matrix has more rows than colwnns. 
The proof is then complete. O 
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