
Bertrand, Cournot and Monopolistically Competitive Equilibria 

RrCHARD KIHLSTROM 

Revised, August, 1999 

ABSTRACT. U sing an example, we study the analogs, for the differentiated 
product case, of the Cournot and Bertrand equilibria. These equilibria can be 
shown to exist and be uni que if we impose a sim pie and natural restriction on 
the elasticities of the demand functions for the differentiated products. Our 
characterizations of these equilibria make it possible to compare them and to 
determine how they are affected by the size of the market and the number of 
firms. We are also able to prove the existence of Cournot free-entry equilibria 
in which the number of firms is determined endogenously. In addition, we 
are able to prove that, in a large market, the Cournot free-entry equilibria 
approximate the Dixit-Stiglitz monopolistically competitive equilibria. The 
free-entry equilibrium concept we study is an analog of the one studied by 
Novshek for the case of firms selling products that are perfect substitutes. Our 
results are extensions of Novshek's. While we were unable to establish a general 
existence result for Bertrand free-entry equilibria, we were able to prove that, 
when these equilibria exist, they are unique and that in large markets they also 
approximate the Dixit-Stiglitz equilibria. 
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1. INTRODUCTION 

The aim of this paper is to study a market for differentiated products. In the model 
employed, the demands for the differentiated goods are derived using the same ap­
proach as that taken by Dixit and Stiglitz in their analysis [2] of Chamberlin's mo­
nopolistically competitive equilibrium [1]. Our purpose, however, is to study these 
markets when the number of firms is finite and may be small. Thus, we are interested 
not only in the Chamberlinian equilibrium, but also in the analogs, for the differen­
tiated product case, of the Cournot and Bertrand equilibria. These equilibria can be 
shown to exist and be uni que if we impose a simple and natural restriction on the elas­
ticities of the demand functions for the differentiated products. Under this demand 
function restriction, it is aIs o easy to compare the Bertrand and Cournot equilibria 
and to show that the Bertrand prices and profits are lower and the Bertrand sup­
plies are higher than those arising in the Cournot equilibria. The demand restriction 
imposed to obtain these results is simply that the elasticity of demand in the Dixit­
Stiglitz monopolistically competitive equilibrium is higher than in the monopoly case 
in which only one firm produces. This turns out to be a condition that Chamberlin 
and Dixit-Stiglitz also imposed. In particular, Dixit and Stiglitz refer to "Cham­
berlin's DD and dd curves." The dd curve is the Dixit-Stiglitz demand curve faced 
by each firm in the monopolistically competitive equilibrium. The DD curve is the 
demand curve each firm would face if the firms colluded to charge the same price. Fol­
lowing Chamberlin, Dixit and Stiglitz assume that the dd curve is more elastic than 
the DD curve, a condition that is easily seen to be identical to the one we impose. 

For the purpose of comparing the per firm profits obtained in the Bertrand and 
Cournot equilibria it is convenient to compare them both to the collusive outcome 
that arises when firms choose a common price and maximize per firm profits which 
are computed using the fact that, at any common price, each firm's sales will be 
given by the DD curve. As expected, the collusive prices and profits are higher and 
the collusive output leveIs are lower than those arising in the Cournot and Bertrand 
equilibria. 

We also study Cournot and Bertrand analogs of Novshek's version [3] of the 
Cournot equilibrium in which the number of firms is determined by free entry. Novshek 
studied the case in which a typical potential firm produced with a technology that 
gave ris e to a "U-shaped" average cost curve. While simply assuming that the de­
mand curve sloped down, he was able to prove that if a typical potential firm's average 
cost minimizing output leveI is "small" relative to market demand when price equals 
minimum average cost, then the total amount supplied in the free entry Cournot 
equilibrium is approximately the "competitive output" and the price is, therefore, 
approximately the "competitive price;" i.e., the price is approximately equal to mini­
mum average cost. Novshek's result demonstrated that even if firms don't take prices 
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as given, entry will drive the noncompetitive Cournot equilibrium price to the com­
petitive price if the typical firm's efficient scale is small relative to the size of the 
market. 

Like the competitive equilibrium, the monopolistically competi tive equilibrium, 
is commonly viewed as an approximation to a noncompetitive equilibrium in which 
entry drives price down to average cost. Dixit and Stiglitz also argue that, in their 
formalization of the monopolistically competi tive model, the presence of a large num­
ber of firms drives the elasticity of demand to a finite limiting value that they derive. 
Our aim is follow Novshek's approach and to provi de a formalization of a natural 
noncompetitive equilibrium in which entry does, indeed, drive price to average cost 
and the demand elasticity to its Dixit-Stiglitz limito For this purpose we define, for 
the differentiated products case, Cournot and Bertrand analog's of Novshek's free­
entry equilibrium. Under the above mentioned restriction on the demand elasticity, 
we are then able to establish analogs of Novshek's result for the case of monopolistic 
competition. In particular, we can demonstrate that, if the market demand is large 
and if the Cournot and Bertrand free-entry equilibria exist, then in both of these 
equilibria, there will be a large number of firms producing differentiated products 
at approximately the Chamberlinian output leveIs and supplying them at approxi­
mately the Chamberlinian price. We are also able to demonstrate that, if the market 
is large enough to guarantee profits when only two firms produce at their Cournot 
duopoly output leveIs, then there will always exist a Cournot free-entry equilibrium. 
We are not able to demonstrate that this equilibrium is unique, however. We are 
also unable to demonstrate that a Bertrand free-entry equilibrium always exists even 
if the market is large. It seems that for some market sizes a Bertrand free-entry 
equilibrium will exist and for some it will noto We do demonstrate, however, that 
if a Bertrand free-entry equilibrium does exist, it is unique. We can also show that 
when a Bertrand free-entry equilibrium exists, there is always a Cournot free-entry 
equilibrium in which the number of firms producing is at least as large as in the 
Bertrand free-entry equilibrium. 

While we do not extensively analyze the Cournot and Bertrand equilibria for 
the case in which our demand elasticity condition fails, we do show that, in the 
borderline case in which the Dixit-Stiglitz elasticity equals the monopoly elasticity, 
entry has no effect on firm profits. In that case, profits may or may not be positive 
depending on the size of the market. If profits are positive they remain positive 
even if there are many firms. As a consequence, the Dixit-Stiglitz monopolistically 
competitive equilibrium cannot be approximated by either a Cournot or Bertrand 
free entry equilibria because these equilibria must fail to existo In this border line 
case, there is no reason to expect market forces, in particular, the possibility of entry, 
to lead to equilibria that approximate monopolistic competition. 

Finally, it should be mentioned that our analysis is restricted to an example. It 
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is specifically the case in which the monopoly elasticity of demand is constant. The 
constancy of the monopoly elasticity of demand complements the constancy the Dixit­
Stiglitz elasticity of demand to yield not only a tractable example but also a canonical 
one. Because the example is canonical in this sense, there is hope for supposing that 
the arguments developed in the analysis of this example can be extended. In the 
summary, we briefly discuss the possibility of obtaining such extensions. 

2. OUTLINE OF THE PAPER 

The demand functions and the inverse demand functions faced by the sellers of dif­
ferentiated products in the Bertrand and Cournot equilibria are described in Section 
2.1. The inverse demand functions are introduced in the subsection on "The Cournot 
Case" and the demand functions in the subsection on "The Bertrand Case." A series 
of remarks describing some features of the demand and inverse demand functions fol­
lows their introductions. These remarks also relate the demand and inverse demand 
functions to the Chamberlinian dd and DD curves mentioned in the introduction. In 
addition, the remarks form the basis for the discussion in the subsection that follows 
in which the parameters are interpreted and the elasticity restriction mentioned in 
the introduction is discussed formally. Next is a subsection in which we discuss the 
derivation of the demand and inverse demand functions from utility maxirnization. 
The final subsection of section 2.1 derives expressions for the elasticities of demand 
from both the demand and inverse demand functions. These expressions are discussed 
and interpreted in another series of remarks. The cost assumptions are described in 
Section 2.2. 

The Dixit-Stiglitz equilibrium is defined and characterized in Section 3. Since 
we make quite specific assumptions about demand we are able to go farther than 
Dixit and Stiglitz were in describing their equilibrium. In particular we are able to 
determine the equilibrium number of firms and relate the number of firms to the size 
of the market. That relationship is discussed in Section 3.2. Section 3.3 presents two 
remarks that contain a comparative static analysis describing the relationship between 
the Dixit-Stiglitz equilibrium and the Dixit Stiglitz demand elasticity. Section 3.3 
represents a detour from a our main purpose but is included since the relationship 
between the equilibrium number of firms and the Dixit Stiglitz demand elasticity is 
somewhat surprising. 

For a fixed number of firms, the Cournot equilibrium is defined and characterized 
in the beginning of Section 4. The symmetric Cournot equilibrium is described in 
Proposition 1 of Section 4.1. In Proposition 2 of Section 4.2, the symmetric equilib­
rium is shown to be the unique Cournot equilibrium. Proposition 3 of Section 4.3 
presents comparative static results relating the Cournot equilibrium price and output 
leveIs to the size of the market and the number of firms. Corollary 4 to Proposition 
3, which begins Section 4.4, describes the effect of market size and the number of 
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firms on the Cournot profits. Proposition 5 demonstrates that, for any number of 
firms, if the market is large enough, the Cournot profits will be positive. Proposition 
6, which concludes Section 4.4 shows that, for any market size, Cournot profits will 
be negative if there are many firms. 

A Cournot free-entry equilibrium is defined at the beginning of Section 5, and 
Proposition 8 demonstrates that for virtually any market size, such an equilibrium 
exists. Proposition 9 demonstrates, that when the market is large the Cournot free­
entry equilibrium approximates the Dixit-Stiglitz equilibrium. 

The Bertrand equilibrium is defined, for a fixed number of firms, in the beginning 
of Section 6. A general characterization follows in Remark 39. Proposition 10 of 
Section 6.1 describes the symmetric Bertrand equilibrium which is shown to be the 
unique Bertrand equilibrium in Proposition 11 of Section 6.2. 

Proposition 12 of Section 6.3 is the Bertrand analog of Proposition 3. It presents 
the comparative static results relating the Bertrand price and output leveIs to the 
size of the market and the number of firms. Corollary 13 to Proposition 12 which 
begins Section 6.4 shows that Bertrand profits increase with the size of the market. 
Proposition 15 demonstrates how entry and the number of firms affect the Bertrand 
profits. Proposition 16 is the Bertrand analog of Proposition 5. It demonstrates that, 
for any number of firms, if the market is large enough, the Bertrand profits will be 
positive. 

The discussion of the Bertrand free-entry equilibrium, is facilitated by a com­
parison of the Cournot and Bertrand equilibria, and in making this comparison it 
is useful to compare each of these equilibria with the collusive outcome discussed in 
the introduction. The collusive outcome is defined in Section 7 and characterized in 
Proposition 17 of that section. Proposition 18 of Section 8 presents the comparison 
between the collusive outcome and the Cournot and Bertrand equilibria. For the 
discussion of the Bertrand free-entry equilibrium, the most important result is that 
the Bertrand profits are lower than the Cournot profits. This gives us Corollary 19 to 
Propositions 6 and 18 which asserts that, for any market size, Bertrand profits will 
negative if there are many firms. 

A Bertrand free-entry equilibrium is defined at the beginning of Section 9. AI­
though we are unable to show that such an equilibrium exists we are able to demon­
strate that, if it exists, it is unique. This is done in Proposition 20. Proposition 21 
demonstrates, that when the market is large and a Bertrand free-entry equilibrium 
exists it approximates the Dixit-Stiglitz equilibrium. 

Section 10 discusses a case in which our equilibrium condition fails and shows that, 
in that case, we will typically fail to have existence of either a Cournot or Bertrand 
free-entry equilibrium in which firms produce. 
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3. INTRODUCTION TO THE MODEL 

3.1. Demand. 

The Cournot Case. Analysis of the Cournot Equilibrium begins with a de­
scription of the inverse demand function faced by each firmo We assume that when 
there are n firms, the inverse demand function faced by firm s is 

where 

and 

( 

n ) (12a )b-(l-o)J 

mx-o "\""' Xl-o 
s L t 

t=l 

( 

n ) C~a)-l 
mx-o "\""' Xl-o 

s L t 
t=l 

Xt = the supply of firm t, 

Ps = the price the market will pay for good s, 

m>O 

O<"'f<l-a<l. 

Remark 1. It is straightforward to verify that 

(1) 

(2) 

This expression is negative if both a and 1 - "'f are positive, and this is true even jf 
(2) faiis. 

However, wben t i= s, 

( 
)(

--, )-2 Ô x X n l-a 
Ps(l, ... , n)_ [ (1 )] -c>-c> ~ l-c> -m '\1- -a x x X 

ÔXt I t s t 
t=l 

is negative jf (2) bolds but positíve if 

"'f> l-a. 

VVben 

"'f = l-a, 

tbe price received by eacb firm s is unaHected by tbe amount supplied by any otber 
firm, since in tbat case, (1) reduces to 
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Remark 2. It is useful to have an expression for the price received by each firm 
when alI firms supply the same amount. If we evaluate the inverse demand function 
(1) at (Xl, ... , Xn) = (X, ... ,X) the resuIt is 

P (X) =- Ps (X, ... , X) = mnC2Q)-lX"f-l. 

This is the in verse of what Dixit and Stiglitz call J7the Chamberlinian DD curve." 
The demand elasticity of this inverse demand curve is _1_. 

l-"f 

Remark 3. The monopoly case occurs when there is only one firmo In this case, the 
monopolist faces the in verse demand curve 

Pl (Xl) = mxrr, 

which is the special case of (1) obtained when n = 1. The demand eIasticity of 
this in verse demand curve is also 1~"f. Thus, the elasticity of the monopoly inverse 
demand curve is the same as the elasticity of the in verse of the Chamberlinian DD 
curve mentioned in Remark 2. 

Remark 4. If we define 

( 

n ) C~Q)["f-(l-o:)J 
H =- Lxi-O: , 

t=l 

(3) 

then we can rewrite (1) as 
Ps(Xs) =mx-;O:H. (4) 

By following Dixit and Stiglitz and assuming that, because n is large, the supply Xs 
chosen by firm s has virtually no effect on H, we can treat H as a constant. We 
will call the inverse demand curve Ps (xs) described in (4) the Dixit-Stiglitz inverse 
demand curve. It is, in fact, the in verse of what Dixit and Stiglitz refer to as "the dd 
curve" of "Chamberlinian terminology." The elasticity of the Dixit-Stiglitz inverse 
demand curve (4) is ± when H is independent of X s . 

The Bertrand Case:. For the purpose of investigating the Bertrand equilib­
rium it is necessary to describe the demand function. Fortunately, it is straightfor­
ward to invert the inverse demand functions given in (1) to obtain the corresponding 
demand function faced by firm s. The result is 

_1 _l (n _1::.9:) [(I~Q)l[(I~-y)-il 
Xs(Pl,···,Pn) = m(I--y)ps Q LPt Q 

t=l 

[ (I-~) lJ 
_1 _l (~l_l) (1-;1,) 

- m(1--y)ps Q L..--Pt Q • 

t=l 

(5) 
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Remark 5. Note that 

axs (Pl, ... ,Pn) 

aps 

is negative if both o: and 1 - 'Y are positive. This is true even if (2) fails. 
However, when t =1= s, 

is positive if (2) holds but negative if 

'Y> 1 - 0:. 

When 
'Y = 1 - 0:, 

the amount sold by each nrm s is unaHected by the price charged by any other nrm. 

Remark 6. Again, it will be useful in what follows to have an expression for the 
demand of each nrm when all nrms make the same choice. In this case, that means all 
nrms charge the same price. If we evaluate the demand function (5) at (Pl, ... ,Pn) = 
(p, ... ,p) the result is 

The demand function x (p) is, of course, the in verse of P (x) denned in Remark 2; 
it is the "Chamberlinian DD curve." As asserted in Remark 2, the elasticity of this 
demand curve is -11 . -, 
Remark 7. When there is only one nrm, that nrm is a monopolist who faces the 
demand curve 

1 __ 1_ 

Xl (Pl) = m (1--,) Pl (1--,) 

which is easily seen to be the inverse of Pl (xd , the inverse demand curve described 
in Remark 3. As noted in that Remark, the elasticity of this demand curve is l~, and 
is the same as the elasticity of the Chamberlinian DD curve mentioned in Remarks 
2 and 6. 
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Remark 8. Let's define 

(6) 

and rewrite (5) as 
1 _l 

X s (Ps) = m(l--r)pS a K. (7) 

We will again follow Dixit and Stiglitz and treat K as a constant. We, tbereby, 
effectively assume that, because n is large, tbe price Ps cbosen by firm s has virtually 
no effect on K. Tbe elasticity of tbe demand curve (7), tbat we refer to as tbe Dixit­
Stiglitz demand curve, is ~ because K is independent of PS. Tbe Dixit-Stiglitz demand 
curve is, of course, the in verse of Ps (xs) , of Remark 4. It is, tberefore, tbe dd curve 
of Cbamberlinian terminology. 

Interpreting the Parameters. As noted in the introduction, we will, at cer­
tain points in the analysis, consider cases in which market demand is "large." Note 
that, for all s and for each price vectar (Pl, . .. ,Pn) , an increase in the parameter m 
increases the demand of firm s in (5). AIso as m becomes large the demand of firm 
s becomes large. For this reason we use m as the parameter that measures the 
size of market demando Thus, the case in which market demand is large is the 
case in which m is large. 

We also noted in the introduction that we would be required to impose a restriction 
on the elasticity of demando Specifically, we asserted that we would assume that the 
elasticity of demand in the Dixit-Stiglitz monopolistically competitive equilibrium is 
higher than in the monopoly case in which only one firm produces. We discussed the 
monopoly case in Remarks 3 and 7 and the Dixit-Stiglitz case in Remarks 4 and 8. In 
those Remarks we observed that the elasticity of demand in the monopoly case 
is l~, and that the elasticity of demand in the Dixit-Stiglitz monopolistically 

competitive equilibrium is ~. Clearly, condition (2) implies that 

1 1 
-; > 1 _I; (8) 

Thus, the case in which condition (2) holds is exactly the case in which 
the elasticity of demand in the Dixit-Stiglitz monopolistically competitive 
equilibrium is greater than the elasticity of demand in the monopoly case. 
As noted in Remarks 2-4 and Remarks 6-8, the monopoly elasticity is the same as 
the elasticity of the Chamberlinian DD curve and the Dixit-Stiglitz demand curve 
is the Chamberlinian dd curve. As a consequence, condition (8) can also be 
interpreted as imposing what Dixit and Stiglitz call the "conventional" 
Chamberlinian condition that the dd curve is more elastic than the DD 
curve. 
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Utility Maximization and Demand. It ís straíghtforward to observe that, 
when 'I < 1, the demand functíon we propose to study ís the utílíty maximízíng de­
mand functíon of a representatíve consumer who consumes one other good ín addítíon 
to the n dífferentíated products. In makíng thís ínterpretatíon, we let (Xl, ... , Xn ) 

denote the vector of amounts consumed of the n dífferentíated products and we use 
y to denote the amount consumed of the one other good. When the representative 
consumer faces the príce vector (PI, ... , Pn) , has íncome I and maxímízes the utílíty 
function 

[ 

m (n _) C2")] y+- Lxi a 

'I t=l 

(9) 

subject to the budget constraínt 

n 

y+ LPtXt = I, 
t=l 

his demand function is given by (5). 
The condítíon 'I < 1 ís ímposed to ínsure that the utílity functíon (9) ís quasí­

concave. It is easy to verífy that, whenever 'I < 1, 

( 

n )C2") 
m '""""' l-a - LXt 
'I t=l 

is a strictly concave function of (Xl, ... , xn ). Thís is then easily seen to imply that 
the utílíty functíon (9) ís, índeed, a quasí-concave functíon of (y, Xl, ... , X n ) . Before 
leaving this point, ít should be emphasízed that condítíon (2) ís not requíred to 
guarantee the quasí-concavíty of the utílíty functíon (9), all that ís requíred ís 'I < 1. 

Remark 9. The utility function (9) 1S, of course, is not quite a special case of the 
general utility function 

( ( 

n ) C~J) 
U(y,XI,""Xn ) =v y, 8 xi-a 

assumed by Dixit and Stiglitz. The diHerence arises because they assumed that v (', .) 
was homothetic, a condition not satisfied by the function 

z'Y 
v(y,z) =y+m­

'I 
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used to define the utility function (9). Nevertheless, the interpretation of o: is the 
same here as in the Dixit-Stiglitz paper; viz, In addition to being the elasticity of 
the demand curve faced by each firm in monopolistic competition, ~ measures the 
elasticity of substitution between goods s and t. 

Remark 10. Dixit and Stiglitz imposed a condition analogous to condition (2) by 
eHectively assuming that the elasticity of substitution between y and z was smaller 
than ~, the elasticity of substitution between the diHerentiated goods. The interpre­
tation of that assumption in their ana1ysis is the same as the interpretation of (2) 
in ours. In Chamberlinian terms, each of these assumptions guarantee that the dd 
curve is more elastic than the DD curve. 

Demand Elasticity. We can obtain the elasticity of demand by using either 
the demand function (5) ar the inverse demand function (1). Let's begin by using 
the demand function (5) and the expression for 

8xs (PI, ... ,Pn) 
8ps 

derived in Remark 5. The resulting expression for the elasticity is 

Using the inverse demand function (1) and the expression for 

8ps (Xl, ... , X n) 

8xs 

(10) 

given in Remark 1, we obtain another expression for the elasticity of demando Specif­
ically, 

Ps (Xl, •.. , X n ) 
&Ps (Xl , ... ,Xnl 

X s axs 

1 

Interpreting The Expressions for the Demand Elasticities. 

(11) 
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The Bertrand Case. The important features of the expression for the demand 
elasticity E~ (P1, ... ,Pn) given in (10) are described in the following series of remarks. 

Remark 11. We have already noted in Remarks 3 and 7 that when there is only one 
nrm, the elasticity of the demand curve faced by that nrm is 1 ~í'. The same result 
follows f TOm (la), since, when n = 1, 

1-1. 
ps a = 1 

(
,,",n l_l) 
L..-t=l Pt " 

and (la) reduces to 

Remark 12. When n > 1, expression (10) tells us that the elasticity of demand 
faced by a typical nrm s, E~ (P1, ... ,Pn), is a weighted average of ~ and (1~í') in 
which 

is the weight on the monopoly elasticity, (1~,), and 

l- l 
ps a 

o < 1 - ( n 1-~) < 1 
Lt=lPt 

is the weight on the monopolistically competitive elasticity, ~. 

The subsequent remarks are simple consequences of the one just made. 

Remark 13. When n > 1 and condition (2) holds, 

1 b 1 
1 < ( ) < E s (P1, ... ,Pn) < -, 

1 - r o: 
(12) 

i.e., the elasticity of a typical nrm s, E~ (P1, .. . ,Pn) , is less than the monopolistically 
competitive elasticity but above the monopoly elasticity 
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Remark 14. Note that for 

fixed, 

is a decreasing function of PS. Thus, as nrm s raises its price, Ps, relative to the 
geometric average of all nrms' prices 

it's elasticity of demand, é~ (Pl, ... ,Pn), rises and is closer to the monopolistically 
competitive elasticity ~. 

Remark 15. Note also that even jf we allow 

to vary as Ps increases 

1 

is clearly a decreasing function of PS. Thus, 

ôe~ (p~, ... ,p~) _.::......o.--=-__ ..c..:..c.. < O 
ôPs 

and as nrm s raises its price, Ps, it's elasticity of demand, é~ (Pl, ... ,Pn) , rises and is 
closer to the monopolistically competitive elasticity ~. 

Remark 16. In the special case that arises when all nrms charge the same price, p, 
é~ (Pl, ... ,Pn) reduces to 
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Remark 17. 1iVben there are many firms and 

is very large relative to Ps, then 

and (la) tells us that 

l- l 

ps '" 1 c::::: O 

(
"\'n 1--) 
L.t=lPt '" 

b 1 
Es (P1, ... ,Pn) c::::: -. 

a 

This means that the demand curve facing each firm has an elasticity near that faced 
by firms in Dixit and Stiglitz's model of monopolist competition. In particular, 

E (71,) = - 1 - - + c::::: -b [1 ( 1) 1 1] 1 
a 71, (1-,)71, a 

when 71, is large and all firms charge the same price. 
Note that the comments made in this Remark are true whether (2) holds or noto 

The Cournot Case. Once again, we list the important features of the expres­
sion for the demand elasticity E~ (Xl, ••. , X n ) given in (ll) in a series of remarks. 

Remark 18. We already know from Remarks 3, 7 and 11 that the expression for 
EÍ (xd given in (11) must reduce to 

E~ (xd = ( 1 ). 1-, 

when 71, = 1. This, also follows from (11) since 

when 71, = 1. 

Remark 19. 1iVben 71, > 1, expression (11) tells us tbat 

1 
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tbe in verse of the elasticity of demand faced by a typical nrm s, is a weigbted average 
of tbe in verse elasticities a and (1 - ,) in whicb 

is tbe weigbt on, (1-,), tbe in verse oftbe monopoly elasticity, (l~'Y)' and 

l-a X s 
O < 1 - ",n l-a < 1 

L..,t=l X t 

is tbe weigbt on, a, tbe inverse of tbe monopolistically competitive elasticity, ~. 

The following remarks are simple consequences of the one just made. 

Remark 20. VVhen n > 1, and condition (2) bolds, 

and 
1 c ( ) 1 1 < -- < Es Xl,···, X n <-, 

1-, a 
(13) 

i.e., tbe elasticity of a typical nrm s, E~ (Xl, ... , X n ) is less tban tbe monopolistically 
competitive elasticity but above tbe monopoly elasticity. 

Remark 21. Note tbat for 

!ixed, 

Xl-a [ X 1 l-a s _ s 
",n l-a - 1 

L..,t=l X t (L~=l xi-a) l-a 

is an increasing function of X s . Tbus, as nrm s raises its supply, X S ' relative to tbe 
geometric average of all nrms' supplies 
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it's elasticity of demand E~ (Xl,' .. , X n ) falls and is closer to the monopoly elasticity 
1~1" Alternatively we could observe that, ifthe competition faced by nrm s increases 
in the sense that X s falls relative to 

then E~ (Xl, ... , X n ) increases and is closer to monopolistically competitive lower bound 
I 

Remark 22. In the special case that arises when all firms supply the same amount, 
(11) reduces to 

Remark 23. When there are many firms and 

is very large relative to X s , then 

and (11) tells us that 

(
",n 1-0:):::: O 
L.d=l X t 

E~ (Xl,'" ,Xn)::::~. 
o: 

This means that the demand curve facing each firm has an elasticity near that faced 
by firms in Dixit and Stiglitz's model of monopolist competition. In Particular, 

c 1 
E(n)=[ (1) 1]::::0 o: 1 -:;:; + (1 - 1') :;:; 

when n is large all firms supply the same amount. 
Again, the comments made in this Remark are true whether (2) holds or noto 
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Comparing the Bertrand, Cournot and Dixit-Stiglitz Elasticities. 

Remark 24. Wben 71. = 1, 

é~(Xl)=éC(I)= ( 1 ) =éb(l)=é~(Pl). 
1-, 

Wben 71. > 1 and all nrms supply the same amount and charge the same price, 

é
C (71.) < é

b (71.) . 

These results are true whether or not condition (2) holds. 

Proof: The case 71. = 1 was discussed in Remarks 3, 7, 11 and 18. 
Since 

1 
f (x) = -

x 
is convex, Jensen's inequality implies that 

1 

[a (1 - ~) + (1 -I) ~J 

f(a(l-~) +(1-,)~) 
< (1 - ~) f (a) + ~ f (1 -I) 

[~ ( 1 - ~) + -:-( 1-~-,-;-) ~,] 
é

b (n) . II 
Remark 25. Clearly, if (2) failed and we instead had 

0< 1- a <, < 1, (14) 

then 1., the elasticity of the demand curve faced by nrms in monopolistic competition, 
a 

would actually be less than the elasticity of the demand curve faced by a monopolist 
who faced no such competition. Condition (14) would also imply that when mms 
faced "competition" fram other nrms praducing "similar" but differentiated products 
the elasticity of the demand curve (5) they faced would be lower than that faced by 
a monopolist. Furthermore, if (14) holds, then é~ (Pl, ... ,Pn) , the demand elasticity 
faced by nrm s, would actually decrease and move closer to ~ when the "competition" 
faced by nrm s increased in the sense that Ps rase relative to 



BERTRAND, COURNOT AND MONOPOLISTICALLY COMPETITIVE EQUILIBRIA 18 

In addition, (14) implies that é~ (Xl, ... ,xn ), also decreases and moves closer to ~ 
when the "competition" faced by firm s increases in the sense that Xs falls reIative to 

The restriction (2) on the parameters a and, obviously ruIes out such cases. 

Remark 26. FinalIy, note that if (2) fails and we instead have 

then 

1- a =" 

é~ (PI, ... ,Pn) = é~ (Xl, ... , Xn) = .!. = _1_. 
a 1-, 

We will discuss this borderline case at some Iength in Section 10 at the end of the 
paper. 

3.2. Costs. All firms will be assumed to face the same total cost function G (x). 
We will consider two different cases: the case of increasing marginal cost and U­
shaped average cost curves and the Dixit-Stiglitz case in which the marginal cost is 
constant and there is a fixed cost. For the most part the analysis of these two 
cases is the same, but there are some points at which it is useful to distinguish the 
cases. Also it is often possible to be more specific about the Dixit-Stiglitz case. In 
particular, the Monopolistically Competitive, Cournot and Bertrand equilibria can 
all be explicitly computed for this case. 

Cost Case 1: The Case of U-Shaped Average Cost. In this case, the 
marginal cost function 

MC (x) = C' (x) 

will be assumed to be increasing and the average cost function 

AC (x) = G (x) 
x 

will be assumed to U-shaped. We will aIs o assume that Gil (x) exists and is continuous 
and that 

limAC (x) = 00. 
x->O 

In this case, as in Cost Case 2, there are both fixed and variable costs and the marginal 
costs are the marginal variable costs. 
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Cost Case 2: The Dixit-Stiglitz Case. Dixit-Stiglitz assumed that 

C(x)=F+cx 

where F > O and c > o. In this case, 

M C (x) = C' (x) = c 

and 
AC (x) = C (x) = F + c. 

x x 
So marginal cost is constant and average cost is always declining and larger than 
marginal cost. 

4. THE CHAMBERLIN-DIXIT-STIGLITZ EQUILIBRIUM 

This section simply summarizes Dixit and Stiglitz's results as they relate to the 
present model. Let 's begin by recalling the discussion in Remark 8 and in the sub­
section on Utility Maximization and Demand. As a result of that discussion we know 
that, when demand is derived from the utility function (9), the demand curve faced 
by each firm in Dixit and Stiglitz's model of monopolistic competition is 

1 _.1. 
Xs (Ps) = m(l-"YJps '" K 

where K, which is in fact related to Ps by (6), is treated as independent of Ps. Equiva­
lently, we can, as noted in Remark 4, derive the Chamberlin-Dixit-Stiglitz equilibrium, 
using the inverse demand curve 

Ps (xs) = mx-;a H 

and treat H, which is, in fact, related to Xs by (3), as independent of Xs. Except 
for the special form of the constant mH multiplying x:;a, this is exactly the demand 
function derived by Dixit and Stiglitz. 

Definition 1. In tbe Dixit Stiglitz equilibrium eacb firm produces 

x (a) = arg max [Rs (xs) - C (xs)] 
Xs 

wbere (4) implies tbat tbe revenue function of firm s is 

Rs (xs) = Ps (xs) Xs = mx~-a H 

and H is treated as being independent of Xs. Since tbe price received byeacb firm is 

p(a) == Ps (x (a)) = AC (x (a)), (15) 
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no nrm makes a pronto 1iVhen each ofthe n (a) Erma produces x (a), (3) becomes 

and 

becomes 

H (n (a) x (a)l-n) L~,,)b-(l-n)] 

n (a)(12,,-1) x (a)b-(1-n)]. 

p(a) = mx (a)-n H 

(16) 

which is the condition that determines the number of nrms, n (a). The Dixit-5tiglitz 
equilibrium is completely described by the output, x (a), of each nrm, the price, 
p (a) , received by each nrm and the number of nrms, n (a) . 

Remark 27. In both Cost Cases 1 and 2, x (a) is determined by 

50 that 

The number of nrms is 

Cf (x (a)) = (1 - a) AC (x (a)). 

p (a) = Cf (x (a)) 
(1- a) 

[ 
mx (a)'-l] (1-6) 

n (a) = AC (x (a)) . 

Proof: When, as is true in both cases one and two, 

the maximand 

is strictly concave and x (a) is obtained as the solution to 

M Rs (x (a)) = M C (x (a) ) 

where the marginal revenue is 

(17) 

(18) 

(19) 

(20) 

(21) 

Together (15), (20) and (21) imply (17). Equation (18) follows from (15) and (17). 
Substituting (15) in (16) and solving for n (a) we get (19).11 

BIBLIOTECA MARIO HENRIQUE SIIVONSEN 
fUNDACAO GETULIO VARGAS 
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Remark 28. Since 
1 

a= ~----~~----
demand elasticity 

the relationship between p (a) and the marginal cost in (18) is a standard result which 
asserts that 

. marginal cost 
pnce = . 

[1 - demaJld ~lastjCjt.Y ] 
Remark 29. Note that in Cost Case 1, 

x (O) = argminAC (x) 
x 

is the competitive output of each firm and the competitive outcome is the Chamber­
linian outcome. "When a > 0, (17) implies that 

MC (x (0:)) < AC (x (0:)) 

so that 
x (o:) <x(O); 

i.e., the monopolistically competi tive output of each firm is less than the average cost 
minimizing competi tive level x (O) . 

The equilibrium is described graphically by Figure 1 which is familiar from text­
book expositions of Chamberlin's model. Figure 1 is obviously drawn for Cost Case 
1. 

4.1. When Marginal Cost is Constant. 

Remark 30. In this case, we can explicitly compute the Dixit-Stiglitz monopolisti­
cally competitive equilibrium. In particular, (17) and (18) imply that, in equilibrium, 
each firm supplies 

and charges 
c 

p(o:) = (1- ar 



BERTRAND, COURNOT AND MONOPOLISTICALLY COMPETITIVE EQUILIBRIA 22 

MC 

AC 

p(a) 
= AC(x(a» 

MC(x(a» 
= (l-a)AC(x(a» 

Demand 

x(a) x(o) 

Figure 1: 
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Using (19), we observe that the number of nrms is 

n (a) 
[

mx (a)'-I] (1-6) 
AC (x (a)) 

[ 
m[Cl:Q))~r-ll(l_~) 

(1 - a) ----''---'---------''----=­
c 

[m [(1 ~ '>lj' [ ~r] (, 2.) . 

(22) 

4.2. The Size of the Market, Price, Output Per Firm and the Number of 
Firms. 

Remark 31. Note that, since x (a) is simply determined by condition (17) which 
only involves the cost function and the demand parameter a, x (a) is independent of 
other aspects of demand and, in particular, of the size of the market parameter m. 
Since condition (15) asserts that the price is 

p (a) = AC (x (a)) , 

it also is independent of the size of the market. 

Remark 32. The expression for the equilibrium number ofnrms given in (19) implies 
that the number of nrms is aHected by the size of demando It is also clear fram 
expressions (19) and (22) that the equilibrium number of nrms, n (a) , graws with 
the market size parameter m when and only when condition (2) holds so that 

1 1 
->-­
a 1-, 

and the elasticity of demand in monopolistic competition is higher than in the monopoly 
case. 

If this elasticity assumption fails and we have 

1 1 
-<-­
a 1-,' 

then n ( a) is a decreasing function of m. In the case where 

1 1 
a 1-,' 



BERTRAND, COURNOT AND MONOPOLISTICALLY COMPETITIVE EQUILIBRIA 24 

we cannot solve (19) to get (22). In that case, 

H=K=1 

and (16) becomes 
P (o:) = mx (0:)'-1 = AC (x (0:)) 

which is independent of n (o:) . In this particular case, the number of Erms in monop­
olistíc competition is indeterInÍnate. 

How the Firm's Price Affects Demand when the Market is Large. Let's 
ask, in particular, what the size of the market means for the Dixit-Stiglitz assumption 
that K and H are independent of the actions taken by any firmo Let's first suppose 
that firm s charges Ps while all other firms all charge p (0:). Substituting in (6) we 
get 

1 '" [_'" ][_1 _1.] 

( 

---=- ) (1-"') (1-"1) o 
1 '" 1 ps '" 1-", K = (n (o:) _1)[(1-0)][(1-"1)- ] + p(o:)-C;-

n (o:) - 1 

Alternatively, let's suppose that firm s supplies Xs while all other firms supply x (o:) . 
Then (3) becomes 

"I (x1-<> ) C~",)b-C1-<»1 
H = (n (o:) - 1)1-",-1 s + X (0:)1-<> 

n (o:) - 1 

If condition (2) holds then n (o:) is large when m is large and 

(23) 

while 
H ~ (n (o:) - 1) 12",-1 X (0:)b-C1-<»). (24) 

This means that in a large market K is, indeed, approximately independent of Ps and 
H is approximately independent of Xs as assumed by Dixit and Stiglitz. But this 
argument applies only to the case in which the demand elasticity is higher 
in monopolistic competition than in monopoly. If condition (2) fails and n (o:) 
is a decreasing function of m because 

1 1 
-<-­
a 1-, 

then the number of firms will be small when the market size parameter is large. In 
that case, there is no reason for (23) or (24) to hold in a large market. 
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The case in which 
1 1 

a 1-,' 

is special. vVe noted above that, in that case, 

and the number of firms in monopolistic competition is indeterminate. Thus, in that 
case, the Dixit-Stiglitz assumptions that K is approximately independent of Ps and 
H is approximately independent of Xs hold in the strongest possible sense. In that 
case, K is completely independent of Ps, and H is completely independent of Xs. This 
is true whether the market is large or small. 

4.3. Comparative Statics of x (a), p (a) and n (a). 

Remark 33. As ~, the elasticity of demand, rises the output, x (a), produced by 
each lirm in the Dixit Stiglitz equilibrium rises and the price, p (a) falis. These 
results are iliustrated in Figure 2. In Figure 2, a < a', 80 that ~ < ~ and 

AC(x(a)) 1 1 AC (x (a')) 
-----,-----c----':-:- = -- < -- = ----',----,.--'-:'.,-
MC (x (a)) l-a l-a' MC(x(a'))· 

Proof: Implicitly differentiating (17) we get 

, AC (x (a)) 
x (a) = - [C" (x (a)) - (1 - a) AO' (x (a))] 

Since 
C' (x) _ C(x) 

AC' (x) = x , 
X 

(17) implies that 

AC' (x (a)) = -aAx~~~ (a)) < 0, 

and the expression for x' (a) in (25) is negative. 
Note that (15) implies that 

p' (a) = AC' (x (a)) x' (a) . 

(25) 

(26) 

(27) 

Since we have shown that x' (a) and AC' (x (a)) are negative, the expression for p' (a) 
in (27) is positive. 

In Cost Case 2, the result follows immediately from the expressions 
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I/C 

AC 

p(a') 
=Ac(,ja')) !-_______ ~ 

p(a) 
= AC(x(a)) 

.\IC(,ja)) 

=(I-a).K(x(a)) !--------+---;,.f'" 

.\/C(x(a')) 
= (l-a').IC(r(a')) 

x(a') ,ja) x(o) 

Figure 2: 
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and c 
p (o:) = (1 - 0:) 

obtained in Remark 30. These expressions imply that 

'( ) 1 F x o: = --- < O 
0:2 C 

and 

Remark 34. Assume that m and, hence, 

[ 
m ] 1-(~) 

n (o:) = AC (o:) x (0:)1-, 

are large. In that case, increases in ~, the elasticity of demand, lead to a reduction 
in n (o:) the number of firms that produce in the Dixit-Stiglitz equilibrium. This is a 
surprising result, since we expect the eHect of an elasticity increase to be an increase 
the number firms. 

Proof: We rewrite the expression for n (o:) in (19) as 

where 
À (o:) = AC (o:) x (0:)1-, . 

Differentiating, we get 

n' (o:) = (28) 

where 

[
X (o:) R ( m )] 

8 == À ( 0:) - [1 _ C 2J] log À (o:) . 



BERTRAND, COURNOT AND MONOPOLISTICALLY COMPETITIVE EQUILIBRIA 28 

When condition (2) holds, we have 

and 

n (o:) = [À %)] 1-(2a) > 1 

implies that 
m 

À (o:) > 1 

so that 

log (À%)) > O. 

Thus, 

- [1 ~)llog C'(:)), 
the second term in the expression for 8, is negative. The term 

x (o:) = p' (o:) x (o:) 1-'"( + (1 - r) p ( 0:) x (0:)-'"1 

is positive, however. This means that the sign of the term 8 and of n' (o:) is ambigu­
ouso However, when m and, hence 

are large enough 8 is negative so that the expression for n' (o:) in (28) is positive.11 

5. COURNOT EQUILIBRIUM 

At this point we fix the number of firms at n. 

Definition 2. In a Cournot equilibrium, firm s faces the in verse demand function 
(1) and suppiies the profit maximizing output levei x~ which is defined formally as 

x~ = argmax [Rs (x~) . .. ) xs) ... ) x~) - C (xs)] 
Xs 

where (1) implies that 

Rs (XI, ... , xn ) 

( ) 

(-2...)-1 n l-a: 

mx!-C> Lxi-C> 
t=l 
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We identify the Cournot equilibrium with the vector, (x~, ... , x~) specifying the 
profit maximizing amount produced by each of the TI firms. 

Remark 35. Wben condition (2) holds, the Cournot equilibrium (xí, . .. , x~) is char­
acterized by the TI equations 

which, recalling expression (11) for the elasticity E~ (xl, ... ,x~), (29) can also be 
written as 

Cf (XC) 
( CC) S 

Ps Xl'···' Xn = [1 _ I ] . 

c( c c) és X 1 )""Xn 

Proof: The first order condition satisfied at x~ is 

where 

oRs (Xl, ... ,Xn ) 

OXs 

mx~a (t,x;-a) (,>2) [(1 - ,,) (t, x)-a -x;-a) + 7 X;-a 1 
Ps (Xl,.··, Xn) [(1- a) (1 - L:;-UI_U) + J' (L:;-UI_U)] . 

t=l X t t=l X t 

(30) 

(31) 

(32) 

Substituting (32) in the first arder conditions (31) yields (29) which, using the defi­
nition of E~ (xl, ... ,x~) in (11) can also be written as (30). 
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It is straightforward to verify that the maximand [Rs (x~, ... , X s, ... , x~) - C (xs)] 
is a strictly concave function of X s when condition (2) holds by demonstrating that 

cP Rs (Xl, ... ,Xn) 

is negative. To do this, we simply rewrite (33) by combining the last two terms to 
get 

The first term in this expression is clearly negative. The second term is also negative 
because (l2o:) < 1 implies that both 

( 2 __ ' ) 
l-a 

and 

[
(l-O:) (,\,n Xl-o: _ Xl-o:) + Xl-O:] 

, L.."t=l t s s 

exceed one.11 

(33) 
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In the next section we will describe the symmetric Cournot equilibrium in which 
all firms supply the same amount. The following section demonstrates that the sym­
metric equilibrium is the only Cournot equilibrium. 

5.1. Symmetric Cournot Equilibrium. 

Proposition 1. VVhen condition (2) holds, there exists a symrnetric Cournot equi­
librium in which each firm s produces 

and charges 

where XC is the solution to 

( --y )-1 ( C)'Y-1 mn l-a X 
[(1 - a) (1 - ~) + 'Y (~)] . 
C' (XC) 

= 1- _1_ 
ec(n) 

The Cournot price pC can also be obtained as the solution to 

where beca use of Remark 6 

[(1- a) (1-~) +'Y (~)]' 
C' (X (pC)) 
1- _1_ 

EC(n) 

(34) 

(35) 

(36) 

(37) 

Proof: As noted in Remarks 2 and 22, when all n firms supply the same amount 
xc, they all charge (34) and the expression for the elasticity E~ (x~ , ... ,x~) becomes 

C ( C C) C ( ) 1 
Es X , ... , X = E n = [( 1) (1)] . 

a 1 - n + (1 - 'Y) n 
(38) 

Substituting (34) and (38) in (30) we observe that XC is the solution to (35). A 
solution clearly exists since the price 
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on the lel~ si de of equation (35) grows without bound as XC approaches zero and 
approaches zero as XC becomes large. The solution is unique since the p (XC) is a 
decreasing function of xc, while marginal cost C' (XC) is either increasing in XC (as in 
Cost Case 1) or independent of XC (as in Cost Case 2). 

Using the observation in Remark 6 we can invert p (x) to get (37) and rewrite (35) 
as in (36) .11 

At this point we will not consider the question of whether the firms make positive 
profits in the Symmetric Cournot equilibrium. We will presently discuss this issue at 
length, however. 

Remark 36. Note that the relationship between the Cournot price, pC, and the mar­
ginal cost in (36) is 

marginal cost 
price = -:----=-----=-

[ 1 - dernand ~lastjCjt.Y] . 

As we noted in Remark 28 this standard result also holds in the Dixit-Stiglitz case. 

Remark 37. It is c1ear that XC and pC depend on m, n and a. In the subsequent 
discussion, it will often be useful to emphasize the dependence of XC and pC on m and 
n by using the notation XC (m, n) and pC (m, n) to denote the Cournot equilibrium 
output and price when there are n nrms and the market size parameter is m. VVben 
there is no danger of confusion we will simply denote XC (m, n) and pC (m, n) by XC 

and pC. 

The Case when Marginal Cost is Constant. 

Remark 38. men marginal cost is constant and equal to c, 

and 

c 

[(1- a) (1 -~) +, (~)] 
c 

( )=p(a). 1- a 
> 

c 
1- _1_ 

éC(n) 

(39) 

(40) 
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In this case, the pront per unit can be easily calculated as 

p<-c = C[[(l-a)(l~~)+~mJ-ll 
C[l~l 
c [EC (n~ - 1] 

Proof: In this case, (35) becomes 

an equation in which the right si de is independent of x.C The solution is given in (39) 
Also (36) becomes (40) .11 

5.2. Uniqueness of the Cournot Equilibrium. In the previous section we 
characterized the symmetric Cournot Equilibrium in which all firms produce the 
same amount. In this section we prove that this is the only Cournot equilibrium by 
establishing the following Proposition. 

Proposition 2. Assume that condition (2) holds. In a Cournot equilibrium ali nrms 
must produce the same amount. 

Proof: Using the expression (1) for the inverse demand function we can rewrite 
condition (29) as 

which implies that for all s, x~ is the solution to 

( ) 

( -~ )-1 n 1-0: 

m (1 - 0') 8 (X~)l-<> ( 41) 

( ) 

( ~)-2 n l-o 

C' (x~) (X~)" + (x~)l-<> [(1 - 0') - ,l 8 (X~)l-<> 
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If we can prove that, for 
n 

t=l 

fixed, there is a unique x~ that solves (41), then all firms must supply that amount 
in the Cournot equilibrium. When 

n 

is fixed, the left hand side of equation (41) is independent of s as is 

the positive coefficient of (x~)l-a on the right hand side of equation (41). Since, when 

is fixed, 

n 

â [G' (x~) (x~)'" + (X~) l-a J.l] 

âx; 

Gil (X~) (X~)'" + aG' (X~) (X~)"'-l + (1 - a) (X~)-a J.l > 0, 

the right hand si de of equation (41) is an increasing function of x~. As a result the 
x~ that solves equation (41) is, indeed, uni que and the same for all firms s. Thus, all 
firms must supply the same amount. II 

5.3. Price and Supply Related to Market Size and the Number of Firms. 
The proposition established in this section shows that either an increase in the size of 
the market or a decrease in the number of firms raise both the Cournot equilibrium 
price and the per firm output. It should be emphasized that these results depend 
crucially on the assumption that the demand elasticity in monopolistic competition 
exceeds that of monopoly. 

Proposition 3. Assume that condition (2) holds. In that case, XC (m, 17,) andpc (m, 17,) 
are increasing functions of the market size parameter m. Also, pC (m, 17,) is a decreas­
ing function of the number of nrms, n. If, in addition, there are more than two nrms, 
then XC (m, 17,) is a decreasing function of the number of nrms, n. 
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Proof: We will proceed by treating n as well as m as continuous variables and 
implicitly differentiating the equations (35) and (36) that determine XC (m, n) and 
pC (m, n) respectively. We will then be able to determine the signs of the resulting 
derivatives ~":" ~~, 0:: and 0::. The general arguments we give will apply to both 
Cost Cases 1 and 2. Since, in Cost Case 2, where marginal cost is constant, we have 
derived exact expressions for XC (m, n) and pC (m, n) we could also verify that the 
proposition holds in that Case by directly computing ~~, ~~, a;,: and 0::. 

Let 's define 
~(m,n) == ((m,n)8(n) 

where 
((m,n) == mnC2,,-1) 

and 

8 (n) == 1 ---)- = [(1- a) (1- ~) + r (~)] . 
é (n) n n 

If we also define the function F (x, m, n) by 

F (x, m, n) == ~ (m, n) x'Y-1 - Cf (x) , 

then we can rewrite the condition (35) satisfied at XC (m, n) as 

Implicitly differentiating (42) we get 

and 

Since 

and 

Fn (xC,m,n) 
Fx (xc, m, n) 

~n (m, n) (xc)'"Y-l 

âxC Fm (XC, m, n) 
âm Fx (xc, m, n) 

(m (m, n) 8 (n) (xc)'"Y-l 

(42) 

(43) 

(44) 
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Combining (34) and (35) we get 

c ( ) _ Cf (XC (m, 71,) ) 
p m,71, - [(I-a)(I-~)+,(~)r (45) 

Thus, 
opC Cf! (XC (m, 71,)) ~ 

om [(I-a)(I-~)+,(*)] >0. 

Expression (43) for ~, expression (42) for F (XC, m, 71,) and condition (44) combine 
to imply that Fn (XC, m, 71,) and, hence, 

OXC 

071, 

have the same sign as Çn (m, 71,). For the purpose of computing Çn (m, 71,) let's observe 
that ç (m, 71,) can be written as 

Thus, 

m (1 - a) [(-' - 1) 71,C2,,-2) + (-' - 2) 71,C2a-3
) (-' ,- 1)] l-a l-a l-a 

= -m (1 - a) (1 --' ) 71,C2" -2) [1 + (-' - 2) ~] . l-a l-a 71, 

Condition (2) implies that Çn (m, 71,) has the same sign as 

Clearly, 

but 

and 

, 
<p (1) = 1- -- > O 

l-a 

<p (2) = -~ (-'-) < O 
2 l-a 
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80 
cp(n) < cp (2) < O 

and 

if there are more than 2 firms. 
Differentiating (45) we get 

opC Cf! (XC (m, n)) ~ 

on [(l-ex)(l-~)+,(~)] 
C' (XC) li - (1 - ex)] 

+ 2' 
n 2 [(1 - ex) (1 - ~) +, (~)] 

The first term is negative when n 2: 2, and condition (2) implies the second term is 
negative. Thus, we know that pC decreases with n, when n 2: 2. In fact, we can also 
show that this holds for n 2: 1, by the following argumento 

Clearly the demand function X (p) derived in Remark 6 depends on the parameters 
m and n as well as on price. Let's make that dependence explicit by writing 

Observe that 

and 

ox (p, m, n) 
op 

ox (p, m, n) 
on 

(46) 

( 
1 ) (_1) (_1 )[1-(--' )] _1 -1 O -- m 1--, n -,-1 l-a p-,-l < 

,-I 
(47) 

if condition (2) holds. If we use the notation introduced in (46) to rewrite (36), the 
condition that determines pC (m, n) , it becomes 

C( ) C'(x(pC(m,n),m,n)) 
p m,n = ((1- ex) + (~) li - (1- ex)]) 

which we choose to rewrite as 

'l1 (pC (m, n) , m, n) = O (49) 
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where 

( ) C'(x(p.m,n)) ( (1) ) W p,m,n = ; - (1- a) + ;;;, [r - (1- a)] . 

Implicitly differentiating (49) we get 

opc 
017, 

where (50) implies that 

Wp (p, m, 17,) 

and 

Wn (pC, m, 17,) 
wp (pc, m, 17,) 

Gil (( )) 8x(p,m,n) 
X p,m,n 8p 

p 
G' (x (p, m, 17,)) 

p2 

Gil (x (p, m, 17,)) 8x(~;;,n) 

p 
1 

+2 [r - (1 - a)]. 17, 

These expressions together with (47), (48), (51) and condition (2) imply that 

and 

Wp(p,n) <O 

Wn (p, 17,) < O 

(50) 

(51) 

5.4. Profitability, Market Size and the Number of Firms. In this Section 
we establish three results. The first, which we state as a Corollary to Proposition 
3, demonstrates that, when the Cournot per firm output leveI, XC (m, 17,) , is less than 
the average cost minimizing output leveI, x (O), both per unit firm profits and firm 
profits increase with increases in the market size parameter, m, and decrease when 17" 

the number of firms, increases. The next result, Proposition 5, demonstrates, that, 
for any 17" all firms earn a profit in the n-firm Cournot equilibrium if the market size 
parameter, m, is large enough. The final result obtained in this section, Proposition 6, 
demonstrates that, for any m, all firms los e money in the n-firm Cournot equilibrium 
if 17, is sufficiently large. 
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Corollary 4. Assume that condition (2) holds. The per unit profit, 

and profits per firm, 
pC (m, n) XC (m, n) - C (XC (m, n)), 

are both increasing in m if 
XC (m,n) < x(O). 

The per unit profit, 

and profits per firm, 
pC (m, n) XC (m, n) - C (XC (m, n)), 

are both decreasing in n, if there are more than two firms and 

xC(m,n) < x(O). 

In Cost Case 2 where average cost is always falling, the hypothesis 

XC (m, n) < X (O) 

lS unnecessary. 

Proof: When 
XC (m,n) <x(O), 

the increase in XC (m, n) caused by an increase in m causes AC (XC (m, n)) to fall and 
the Proposition 3 asserts that pC (m, n) is increasing in m. Since per unit profits, 

and XC (m, n) both increase with m, profits per firm, 

pC (m, n) XC (m, n) - C (XC (m, n)) = [pc (m, n) - AC (XC (m, n))] XC (m, n), 

must also increase with m. 
Similarly, when there are more than two firms and 

XC (m,n) <x(O), 

the decrease in XC (m, n) caused by an increase in n causes AC (XC (m, n)) to rise and 
the proposition asserts that pc (m, n) is decreasing in n. Since per unit profits, 
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and XC (m, 71,) both decrease with 71" profits per firm, 

pC (m, 71,) XC (m, 71,) - C (XC (m, 71,)) = [pc (m, 71,) - AC (XC (m, 71,))] XC (m, 71,) , 

must also decrease with n. II 
Let 's fix the number of firms at n. We now show that we can always make m large 

enough so that we can have 71, firms producing profitably at the Cournot outcome for 
the given n. In particular, we will show that the Cournot equilibrium is profitable for 
all firms if the market size parameter, m, exceeds or equals 

m* (71" o) = 71,(1--2;;) C' (X (o)) . 

X (0)'-1 [1- EC~n)] 

Proposition 5. Assume that condition (2) hoids. If m = m* (71" o) and there are 71, 
firms, then the Cournot equilibrium output is 

xC(m*(n,o),n) =x(o), 

the Cournot price charged by ali firms is 

pC (m* (71" 0),71,) = m* (71" a) nC20 -l)x (a)'-l = C' (x (o)) (52) 

[1- _1 ] 
éC(n) 

and this price exceeds average cost so that ali firms earn a profit. This equilibrium 
is described in Figure 3. 

Ifm> m* (71" a) and there are 71, firms, then the Cournot equilibrium output is 

the Cournot price charged by ali firms is 

C' (x (a)) 
pC (m,n) 2:: [ ] 1 __ 1 

éC(n) 

and this price exceeds average cost so that ali firms earn a profit. 
If m = m* (71" a) and there are 2 ::; 71,' < 71, firms, then the Cournot equilibrium 

output is 
XC (m, 71,') 2:: X (a) , 

the Cournot price charged by ali firms is 

C' (x (a)) 
pC (m* (71" a), 71,') 2:: [ ] 1 __ 1 

éC(n) 
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("(x(a)) 

r(I-~)+(i-aGl 
C'{x(a)) 

= 1- I 
E'(n) 

= p'(m-(n_a)_n) 

AC(x(a)) 
= ("(x(a)) 

l-a 

("(x(a)) 

MC 

Demond 

MR 

Figure 3: 

and this price exceeds average cost so that all firms earn a profit. 

AC 

If m = m* (n, 0:) and there are n' > n 2: 2 firms, then the Cournot equilibrium 
output is 

XC (m* (n, 0:) ,n') ::; x (0:), 

the Cournot price charged by all firms is 

C' (x (0:)) 
pC (m* (n, 0:) ,n') ::; [ ] 

1 __ 1 
eC(n) 

Proof: It is immediate to verify that m* (n, 0:) has been chosen so that x (o:) 
satisfies condition (35) so that 

XC (m* (n, 0:) n) = x (o:) . 

The Cournot equilibrium price in (52) is obtained by substituting x (o:) for XC in (35) 
and combining (34) and (35). Since 

C' (x (0:)) = (1 - 0:) AC (x (0:)) 
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(52) implies 

pC(m*(n,o:),n) _ 
(1- 0:) AC (x (0:)) 

[1- _1 ] 
EC(n) 

(53) 

> AC (X (0:)). 

The last inequality follows from the observation made in Remark 20 which implies 
that 

(1 - 0:) 

[ ] 
> 1. 

1 __ 1_ 
EC(n) 

If m > m* (71" 0:) and there are 71, firms, Proposition 3 implies that the Cournot 
equilibrium output, XC (m, 71,) , exceeds x (o:) and the Cournot price, pC (m, 71,), charged 
by all firms exceeds that given in (52). The fact that all firms make a profit is a 
consequence of Corollary 4 if 

XC (m,n) <x(O). 

It is possible, however, that m is so large that XC (m, 71,) exceeds x (O). In that case, 

pC (m, 71,) > C' (XC (m, 71,)) 2: AC (XC (m, 71,)) 

which means that all firms make a profit. 
If m = m* (71,,0:) and there are 2 :::; 71,' < 71, firms, Proposition 3 again implies that 

the Cournot equilibrium output, XC (m* (71,,0:),71,') , exceeds x (o:) and the Cournot 
price, pC (m* (71,,0:) ,71,'), charged by all firms exceeds that given in (52). The fact 
that all firms make a profit is a also a consequence of the Corollary 4 if 

XC (m* (71,,0:) ,71,') < x (O) . 

Again the possibility of 
XC (m* (71,,0:),71,') 2: x (O) 

exists and again firms operate profitably in that case because then 

pC (m* (71,,0:) ,71,') > C' (m* (71,,0:),71,') 2: AC (m* (71,,0:) ,71,'). 

Finally, if m = m* (71" 0:) and there are 71,' > 71, firms, the results that 

XC (m* (71,,0:),71,') :::; x (o:) 

and that the Cournot price, pC (m* (71" 0:) , 71,') , charged by all firms is less than that 
given in (52) are corollaries of Proposition 3.11 

Now let's fix the market size parameter m. The next proposition demonstrates 
that, when is 71, large enough, alI firms lose money in the Cournot equilibrium. 
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Proposition 6. For every m, there exists an fi, such that, when the market size is m 
and there are n ~ fi" firms 

80 that all firms 10se money in the Cournot equilibrium. 

Proof: For m and x, fixed let 

* €C(n) 

(
m[l--l ])1_(~) 

n (m, x) = xl-,C' (x) 

Note that 
XC (m, n* (m, x)) = x 

and 

pC (m, n* (m, x)) = m [n* (m, x)]( 12c.)-1 X,-l = C' (x) 

[1- _1 ] 
€C(n) 

These equations hold even if n* (m, x) is not an integer which it need not always be. 
But if n* (m, x) is an integer, and if there are n* (m, x) firms, then each firm produces 

XC (m,n* (m,x)) = x 

and charges pC (m, n* (m, x)) in the Cournot equilibrium. 
Also note that 

limn* (m, x) = 00 
x-o 

and that n* (m, x) is an increasing function of m and a decreasing function of x in 
both Cost Cases 1 and 2. Finally, note also that 

m* (n* (m, x (a)) ,a) = m. 

Let's fix 
x < x (a) 

small enough so that 
n* (m,x) ~ 2. 

Then Proposition 3 applies to guarantee that 
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when 
n2: n*(m,i). 

Recall that, in Cost Case 1, marginal cost, C' (x), is always increasing while average 
cost, AC (x), is decreasing when output is below 

x(o) <x(O) 

and that, in Cost Case 2, marginal cost, C' (x), is constant and that average cost, 
AC (x) , is always decreasing. Thus, not only is 

XC (m, n) ::; i < x (o) 

when 
n 2: n* (m,i) 

but we also have 

C' (XC (m, n)) 

[1- _1 ] 
éC(n) 

(54) 

< 
C' (x (o)) 

[1- _1 ] 
éC(n) 

and 
AC (XC (m, n)) > AC (i) > AC (x (ex)). (55) 

Now let 
AC (i) - AC (x (ex)) 

E = -------'--~:..:... 
2 

and choose 
n> n* (m, i) 

sufficiently large so that 
n 2: fi, 

implies 

C' (x (o)) 
(56) [1- _1 ] éC(n) 

< 
C' (x (o)) 
(l-ex) +E. 

\Vben 

n 2: fi" 
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inequality (56) combines with the definition of E and condition (17) that determines 
x (o:) to imply 

Cf (x (0:)) 

[1- _1 ] 
cC(n) 

Cf (x (0:)) 
< +E 

(1 - 0:) 
= AC (x (0:)) + E 

= AC (x (0:)) + AC (5:) - AC (x (0:)) 
2 

AC (x) + AC (x (0:)) 
2 

Since fi, has been chosen to exceed n* (m, x), (54), (55) and (57) hold when 

Since (55) implies 

n :2: fi,. 

AC (x) + AC (x (0:)) < AC (x) , 
2 

(54), (55) and (57) combine to imply that 

pC (m,n) < AC (XC (m,n)) 

when 
n :2: n. II 

(57) 

When fi, is as defined in the proof of Proposition 6, the Cournot equilibrium price, 
pC (m, n) and output, XC (m, n) for the case, 

are illustrated in Figure 4. 

6. COURNOT-FREE ENTRY EQUILIBRIUM 

Now we assume that there is an infinity of potential firms alI of which possess the 
same cost function satisfying the conditions of either Cost Case 1 or Cost Case 2. 

Definition 3. In a Cournot free-entry equilibrium there are nC firms that pro­
duce. The vector of amounts produced by these firms, (x~, ... , x~c), is a Cournot 
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AC(x) 

A~.+AC(x(a» 
p'(m.n) I----.l,---"l 

AC(x(a» 

MC(x(a» 

= (i-a)AC(x(a» 

x'(m.n) X 

MC 

AC 

Demand 

x(O) 

Figure 4: 
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equilibrium and each of these producing nrms makes a nonnegative (but possibly 
zero) pronto Thus, for each s, 

max [Rs (x~, ... , xs, . .. ,x~c) - C (xs)] 
xs 

wbere (1) implies that 

( ) 

( _"Y )-1 n l-a 

mx~-a L xi-a 
t=l 

In addition, none of the non-producing nrms can make a pronto Thus, the nnal 
condition satisfied in a Cournot-Free Entry equilibrium is 

max [Rs (x~, ... ,x~c, x) - C (x)] :S o. 
x 

In anaIyzing the Cournot free-entry equilibria, we make use of fact established 
in Proposition 2 that, for each n, the uni que Cournot equilibrium is the symmetric 
Cournot Equilibrium shown to exist and described in Proposition 1. Of course, in 
that symmetric equilibrium, all firms produce the same amount XC (m, n) . 

The proof that a Cournot free-entry equilibrium exists makes use of the following 
Lemma which applies to a firm that faces n rivaIs each producing x. Note that (1) 
implies that the price received by such a firm will be 

if it supplies x units. 

Lemma 7. The profits of a firm who faces n rivals, each producing X, is a decreasing 
function of the amount, x. Formally, 

max [Pn+1 (x, . .. , x, x) x - C (x)] 
x 

is a decreasing function of x. 

Proof: The lemma follow immediately from the fact that pn+l (x, ... , x, x) is a 
decreasing function of x. II 
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Proposition 8. Assume that ri > 1. If m 2:: m * (ii, a) , there exists a Cournot free­
entry equilibrium with n C > ií nrms in which all nrms produce 

XC (m, nC
) < x (a) 

and charge a price 

Proof: From Proposition 5 we know that if m 2:: m* (ií, a), then all firms make a 
profit in the n firm Cournot equilibrium if 2 < n :::; ii. In fact when m > m* (Ti" a) , 
Proposition 5 implies that all firms make a profit in the n firm Cournot equilibrium 
if 2 < n :::; n* (m, x (a)), where n* (m, x) is the function defined in the Proof of 
Proposition 6. We have already noted that 

in* (n* (m, x (a)) ,a) = m 

which also implies that 
Ti, = n* (m* (Ti"a) ,x (a)) 

Since n* (m, x) is increasing in m, m > m* (Ti" a) implies 

n* (m, x (a)) > n. 
Proposition 6 tells us that for every m, there is some fi" such that profits are negative 
ifthere are more than fi, firms. There must therefore exist some nC E (n* (m, x (a)), fi,) 
for which 

and 
pC (m, nC + 1) < AC (XC (m, n C + 1)). 

We can demonstrate that the n C firm Cournot equilibrium is, in fact, a Cournot 
free-entry equilibrium by demonstrating that 

max [Rnc+l (XC (m, nC
), ••• , XC (m, nC

), x) - C (x)] < O. 
x 

But this follows immediately from Lemma 7 and Proposition 3 which tells us that 
because nC > n* (m, x (a)) 2:: ií 2:: 2, 

XC (m,nC
) > XC (m,r{ + 1). 

Finally note that, since nC > n* (m, x (a)), 

XC (m, r{) < x (a) 

and 
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Proposition 9. VVhen the market size parameter m is sufEciently large, the amount 
supplied by each of the nC firms in the Cournot free-entry equilibrium is 

and the price charged by each of these firms is 

Proof: In equilibrium, 

C' (XC (m,n
C
)) C( C) A (C( C)) 

[( ) ( 1 ) ( 1)] = P m, TI, 2: C x m, TI, • 1 - o: 1 - nC + 'Y n C 

Thus, 
1 AC (XC (m,71n) 

[(l-o:)(l-~c)+'Y(~c)] 2: C' (xc (m,nc)) . 
(58) 

Clearly 
lim n* (m, x (0:)) = 00. 

m-.oo 

80 if we choose m large enough, then 71,* (m, x (0:)) and nC > 71,* (m, x (0:)) will also 
be large. By choosing m large enough we can, therefore, be sure that 

Combining this inequality with (58) yields 

Thus, for m sufficiently large 

and 

pC (m,nC) = [( ) ( 1) (1)] ~ AC(x(o:))·11 
1 - o: 1 - nC + 'Y n C 
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7. BERTRAND EQUILIBRIUM 

We fix the number of firms at n. 

Definition 4. In a Bertrand equilibrium, nrm s faces the demand function (5) 
and charges the profit maxirnizing price p~ which is denned formally as 

p~ = argmax [Rs (p~, ... ,Ps,··· ,p~) - C (xs (p~, ... ,ps,··· ,p~))] . 
p. 

where (5) implies that 

Rs(Pl, ... ,Pn) - X s (P1, ... ,Pn)Ps (59) 

_1_ 1-1. (n _1=2) [(1.'.\,)][(l~1')-~l 
= m(l--,)ps" LPt C< 

t=l 

We identify the Bertrand equilibrium with the vector, (p~, ... , p~) specifying the 
price charged by each of the n firms. 

Remark 39. When conrution (2) holds, the Bertrand equilibrium (p~, ... , p~) 1S 
characterized by the n equations 

which, recalling the expression (10) for the elasticíty E~ (pL ... ,p~) , 
written as 

_ C' (xs (pt··· ,p~)) 
Ps-~~~~--~~ 

[1- E~(Pl~",pn)] 
These equations are the Bertrand analogs of (29) and (30). 

Proof: The first order condition satisfied at p~ is 

where 

(60) 

can a1so be 

(61) 
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Substituting this expression in (62) and using the fact, observed in Remark 5, that 

oxs (p~, ... , p~) 
f) <O 
UPs 

(63) 

we get 

f)0 [Rs(p~, ... ,p~)-C(xs(p~, ... ,p~))J (64) 
UPs 

( 
b [1 + xs (p~, ... ,p~)l- C' ( (b b))) oXs (p~, ... ,p~) 

- Ps (b b) Xs Pl,···,Pn f) 
bfu.~, ... ~ ~s 

Ps EJps 

_ (b[l_ 1 ]-C1( (b b)))OXS(p~"",p~) Ps b( b b) Xs Pl,···,Pn f) 

es PI,'" ,Pn ups 
= o. 

Because of (63), (10) and (64) imply (60) and (61). 

Note that, Remarks 13 and 15, (63) and the condition C" (x) 2: O imply 

f)0 (ps [1- b( b 1 b)]-C'(xs(pL ... ,ps, ... ,p~))) 
uPs es PI,···,Ps,···,Pn 

[ 

1 ] [EJeHP~ ";:'8""'P~) 1 
- 1 - b ( b b) + Ps b b b) 2 es Pl,···,Ps,···,Pn es(pl,···,PS) ... ,Pn 

"( (b b)) oXs (pt,··· ,Ps,'" ,p~) 
-C Xs PI"" ,Ps,'" ,Pn f) ups 

> O. 

In addition, it is easy to verify that 

p~ [1- b( b 1 b)]-CI(xs(p~"",ps",.,p~)) 
es Pl,···,PS)···,Pn 

is negative when Ps is near zero and posítive when Ps is large. Thus, there exísts a 

uníque solution, PSl to 

f)0 [Rs (p~)'" ,PS)'" ,p~) - C (xs (p~, ... ,Ps,··· ,p~))] = O. (65) 
Ups 
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In addition, at the price, Ps, for which (65) is satisfied, 

Thus, the price Ps at which (65) is satisfied must be 

p~ = argmax [Rs (p~, ... ,Ps,··· ,p~) - C (xs (pL··· ,Ps,··· ,p~))J . II 
Ps 

7.1. Symmetric Bertrand Equilibrium. 

Proposition 10. Wben condition (2) holds, there exists a symmetric Bertrand equi­
librium in which each Erm s charges 

and supplies 
xb == X (pb) = m(12,) (pbf(12,) n[(I~a)][(12,)-~l 

where pb 1S the solution to 

(
1 _ [1 (1 _ 1) + _1 1] -1) 

a n (1-,) n 

(66) 

(67) 
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The Bertrand output x b can also be obtained as the solution to 

( 
b) (-'"I )-1 ( b),-l C' (xb) P X = mn l-o X = -;-------'----'-----~ 

(
1 - [1 (1 _ 1) + _1 1] -1) 

Q n (1-')') n 

(68) 

Proof: W'hen all firms charge pb, Remark 6 implies that the demand of each firm 
is as given in (66) and Remark 16 implies that. 

Equation (67) is obtained by substituting X (pb) and 

é (n) = - 1 - - + -b 1 ( 1) 1 1 
o: n (l-')')n 

in (60) and (61). 
Note that a solution to (67) clearly exists since the demand in (66) grows without 

bound as pb approaches zero. 
Finally, note that when all firms supply x b, pb = P (xb) where p (x) is the function 

defined Remark 2. Thus, we can substitute p (Xb) for pb and x b for x (pb) in equation 
(67) to get (68).11 

Remark 40. The relationship between the Bertrand equilibrium price, pb, and the 
marginal cost in (67) is again the standard result 

. marginal cost 
pnce = . 

[ 1 - demand ~lasticit.Y ] 

that as noted in Remarks 28 and 36 also holds in the Cournot and Dixit-Stiglitz 
equilibria. 

Remark 41. As is true with the symmetric Cournot equilibrium, it will often be 
useful to emphasize the dependence of xb and pb on m and n by using the notation 
x b (m, n) and pb (m, n) to denote the Cournot equilibrium output and price. VVhen 
there is no danger of confusion we will simply denote x b (m, n) and pb (m, n) by xb 

and pb. 
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The Case When Marginal Cost is Constant. In this case, (68) becomes 

(-.::L)-1 ( b)l'-l C 
mn l-o X = (1 __ 1 ) 

"b(n) 

so that 

Also (67) becomes 

Finally note that 

7.2. Uniqueness of the Bertrand Equilibrium. In the previous section we 
characterized the symmetric Bertrand Equilibrium in which all firms charge the same 
price. In this section we prove that this is the only Bertrand equilibrium by estab­
lishing the following Proposition. 

Proposition 11. Assume that condition (2) holds. In a Bertrand equilibrium, all 
firms must charge the same price. 

Proof: We can demonstrate that, for (L~=l p;-±) fixed, there is one value of Ps 
that solves (61) by demonstrating that, for (L~=l p;-±) fixed, 

Cf (xs (p~, ... ,p~)) 

[1 - b( b 1 b )] 
E: s Pl,···,Pn 

is decreasing in Ps. First, we note that the expression (5) for the demand function tells 

us that, for (L~l p;-±) fixed, xs (pL ... ,p~) is decreasing in PS' Since C" (x) 2: 0, 

Cf (xs (p~, ... ,p~)) 
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is nonincreasing in Ps if (2:~=1 p:-i) is fixed. Also Remark 14 implies that, for 

(2:~=1 p:-i) fixed, b( b 1 b)' and hence 
és Pll···,Pn 

1 

is decreasing in Ps· II 
7.3. Price and Supply Related to Market Size and the Number of Firms. 

Proposition 12. Assume that condition (2) holds. In that case, xb (m, 71,) and 
pb (m, 71,) are increasing functions of the market size parameter m. Also, pb (m, 71,) 
is a decreasing function of the number of lirms, 71,. In addition, there exist an n, 
independent of m, such that, if, 71, > fi" then xb (m, 71,) is a decreasing function of the 
number of lirms, 71,. 

Proof: Let's define 

cJ>(p,m,71,) == G'(x(p,m,71,)) _ (1- [~(1-~) + 1 1]-1) (69) 
p a 71, (1 - ,) 71, 

where x (p, m, 71,) is defined in (46). Equation (67) which determines pb (m, 71,) can be 
rewritten as 

cJ> (pb (m, 71,), m, 71,) = o. 
Implicitly differentiating (70) we get 

where (69) implies that 

and 

Opb (m, 71,) 
071, 

cJ>p (p, m, 71,) 

cJ>n (p, m, 71,) = 

cJ>n (pb (m, 71,) , m, 71,) 
cJ>p (pb (m, 71,) , m, 71,) 

C" (x (p, m, 71,)) ~ 

p 

C' (x (p, m, 71,)) 
p2 

Gil (x (p, m, 71,)) ~~ 

p 

[(1~-y) - ~] 
+ 2· 

71,2 [1 (1 _ 1) + _1_1] 
Q n (1--y) n 

(70) 

(71) 

(72) 
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These expressions together with (2), (47), (48) and (71) imply that 

<Pp (p, m, n) < O, 

<Pn (p, m, n) < O 

and 
apb (m, n) 

a < O. n 
Implicitly differentiating (70) once again we get 

where (69) implies that 

apb (m, n) 
am 

<Prn (pb, m, n) 
<Pp (pb, m, n) 

( ) 
_ Gil (x (p, m, n)) g:-, 

<Prn p,m,n - ------== 
p 

and where (2) and (46) imply that 

ax (1) (_1 -1) (_1 )[1-(...2..-)] _1 O - = -- m 1-., n .,-1 l-o P.,-l > . 
am 1-, 

Equations (75) and (76) imply that 

<Prn (p, m, n) > O. 

Combining (73), (74) and (77) we get 

apb (m, n) O 
am >. 

For the purpose of computing 8x
b
J:,n) and axb~:,n), let's define 

Q (x, m, n) == mnC2o)-1 (1- [.!. (1 _ .!.) + 1 1] -1) xl'-l - C' (x) 
a n (1-,)n 

and rewrite (68) as 
Q(xb(m,n),m,n) =0. 

Implicitly differentiating (78) we get 

axb (m, n) 
am 

Qrn (Xb (m, n) ,m, n) 
Qx (xb (m, n) ,m, n) 

(73) 

(74) 

(75) 

(76) 

(77) 

(78) 

(79) 
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and 

Since 

and 

axb (m, n) 
an 

Qn (Xb, m, n) 
Qx (xb , m, n) 

(80) 

Qx (x, m, n) (81) 

(r - 1) mnL2cJ-1 (1 _ [~ (1 _ ~) + 1 1] -1) x"Y-2 - Gil (X) 
o: n (1-/,)n 

< O 

Qm (x,m,n) 

n l-o - 1 - - 1 - - + x"Y- > O ( -y ) 1 ( [1 ( 1) 1 1] -1) 1 
o: n (1-/,)n 

the expression for ~~ in (78) is positive. When we compute Qn (x, m, n) , the result 
lS 

where 

has a negative first term and a positive second termo However, when n is sufficiently 
large the positive second term in this expression is near zero and 

6 [(120:)-1](1-0:) 
o: - (1 - /,) < O. 

Thus, when n is sufficiently large, Qn (xb, m, n) is negative and (80) and (81) imply 
that 

axb 
(m, n) II a < O. n 
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7.4. Profitability, Market Size and the Number ofFirms. Using the results 
established in Proposition 12 relating the Bertrand price and per firm output to the 
size of the market and the number of firms we can now see how increases in the 
market's size and the number of firms affects per unit profits and total profits. 

Corollary 13. Assume that condition (2) holds. The per unit pront, 

l (m, 71,) - AC (xb (m, 71,)) , 

and pronts per nrm, 
pb (m, 71,) xb (m, 71,) - C (xb (m, 71,)) , 

are both increasing in m, if 

Proof: Proposition 12 asserts that an increase in m causes both pb (m, 71,) and 
xb (m, 71,) to increase. When 

xb(m,n) < x(O). 

the increase in xb (m, n) causes AC (xb (m, n)) to falI and Thus, per unit profits, 

and xb (m, n) both increase with m, and profits per firm, 

must also increase with m. II 
Profits of a New Entrant and the Relationship Between the Number 

of Firms and Bertrand Profits. We can now prove that the Bertrand profits 
are decreasing in 71,. This result is obtained by showing that an entrant who faces 71, 
firms each charging pb (m, 71,) wilI earn profits that are lower than the 71, firm Bertrand 
profits 

l (m, 71,) xb (m, n) - C (xb (m, 71,)) 

but are higher than the profits 

earned in the n + 1 firm Bertrand equilibrium. 
We begin by observing that (5) implies that, if we have 71, firms producing and 

selIing at price p, and a new entrant charges p its sales will be 

- - _ (l~,,) -i- ( _l~o __ l~O) [(l~o)l[(l~-,)-~l 
Xn+l(p, ... ,p,p)-m P P +np . 
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Considered as a function of p, Xn+l (p, ... ,p, p) is the demand function faced by the 
new entrant. Now let's define the new entrant's inverse demand function p (x, p, n) 
implicitly by 

xn+l (p, ... ,p,p (x,p, n)) = x. 

Remark 42. We are going to make use of the fact that the problem of choosing p 
to maximize 

[Rn+l (p, ... ,p,p) - C (Xn+l (p, ... ,p,p))] 

can also be solved by choosing x to maximize 

[p (x,p, n) x - C (x)]. 

Formal1y, 

max [Rn+l (p, ... ,p,p) - C (xn+l (p, ... ,p,p))] 
p 

max [p (x,p, n) x - C (x)]. 
x 

Lemma 14. Assume that conrution (2) holds. Then, p (x,p, n) is an increasing func­
tion of p and a decreasing function of n. As a consequence, the function 

max [p (x,p, n) x - C (x)] 
x 

max [Rn+l (p, . . , ,p,p) - C (Xn+l (p, ... ,p,p))] 
p 

is also an increasing function p and a decreasing function of n. 

Proof: Note that p(x,p,n) is the solution to 

II (p (x,p, n), x,p, n) = 0, 

where 

II ( -) - (l~ ) _1. ( _l-a + __ l-a) [(l~a)][(1~-,) -~] p, X, p, n = x - m -, p a p a np a . 

Implicitly differentiating we get 

_ ( _ ) __ IIp (p (X, p, n) ,X, p, n) 
PP X,p, n - (( ) . IIp p x,p,n ,x,p,n) 

and 

( 
_ ) __ IIn(p(x,p,n),x,p,n) 

Pn X,p, n - (( ) . IIp p X,p, n ,X,p, n) 
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Since (2) implies 
IIp (p, x,p, 71,) < O 

and since 
IIn (p,x,p,71,) < O, 

and 
IIp (p, x,p, 71,) > O, 

we have 
Pn(x,p,71,) <O 

and 
pp(x,p,71,) > O. 

Since p (x, p, 71,) an increasing function p and a decreasing function of 71, for each 
x, the same is true of 

p(x,p,71,)x-C(x). 

This implies that 
max [p (x,p, 71,) x - C (x)] 

x 

is an increasing function p and a decreasing function of n. II 
By applying Lemma 14 twice and using the fact that 

pb (m, 71, + 1) < pb (m, 71,) 

we obtain the following proposition. 

Proposition 15. Assume tbat condition (2) bolds. Tbe profits earned byentrant 
wbo faces 71, firms eacb cbarging pb (m, n) exceed tbe n + 1 firm Bertrand profits 

pb (m, n + 1) xb (m, n + 1) - C (Xb (m, n + 1)) 

but are lower tban tbe n firm Bertrand profits 

pb (m, 71,) xb (m, 71,) - C (xb (m, n)) . 

Formally, 

pb (m, 71,) xb (m, n) - C (xb (m, 71,)) 

max [Rn (pb (m,n), ... ,pb (m,71,) ,p) - C (xn (pb (m,71,), ... ,pb (m,n) ,p))] 
p 

> max [Rn+l (pb (m, n) , ... ,pb (m, 71,) ,p) - C (Xn+l (pb (m, n) , ... ,pb (m, n) ,p))] 
p 

> max[Rn+l (pb (m, 71, + 1), ... ,pb (m, n + 1) ,p) 
p 

-C (Xn+l (pb (m, 71, + 1), ... ,pb (m, n + 1) ,p))] 

= pb (m, n + 1) xb (m, 71, + 1) - C (Xb (m, 71, + 1)) . 
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Proof: Since 
max [p (x,p, n) x - C (x)] 

x 

is a decreasing function of n, 

pb (m, n) xb (m, n) - C (Xb (m, n») 

max [p (x, l (m, n) , n - 1) x - C (x)] 
x 

> max [p (X,pb (m, n), n) x - C (x)] 
x 

max [Rn+1 (pb (m, n) , ... ,pb (m, n) ,p) - C (Xn+1 (l (m, n) , ... ,pb (m, n) ,p))] . 
p 

Also since 
max [p (x,p, n) x - C (x)] 

x 

is an increasing function p and since Proposition 12 implies that 

l(m,n+1) <pb(m,n), 

max [Rn+1 (pb (m, n) , ... ,pb (m, n) , ... ,p,p) - C (xn+l (l (m, n) , ... ,pb (m, n) ,p)) ] 
p 

= max [p (x,pb (m, n), n) x - C (x)] 
x 

< max [p (x, pb ( m, n + 1) , n) x - C (x) ] 
x 

l (m, n + 1) xb (m, n + 1) - C (Xb (m, n + 1»). II 

When the Market is Large Enough to Ensure Bertrand Profits. Let's 

fix the number of firms at n. We now show, by an argument analogous to that used 
to establish Proposition 5, that we can always make m large enough so that we can 
have n firms producing profitably at the Bertrand outcome. For the given n, we let 

mb (n, 0:) == n(1- 12,,) Cf (x (0:» , 
x (0:)'1-1 (1 - é~n)) 

the Bertrand analog of m* (n, 0:). Since, 

eb (n) > eC (n) , 

mb (n, 0:) > m* (n, 0:). 
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Proposition 16. Assume that condition (2) hoIds. If m = m b (17" a) and there are 
17, firms, then the Bertrand equilibrium output is 

xb(m,n)=x(a), 

the Bertrand price charged by alI firms is 

pb (m, 17,) = mb (17" a) nC2" -l)X (a)'-l = C' (x (a)) 

(1- _1 ) 
eh(n) 

(82) 

and this price exceeds average cost so that all firms earn a profit. 
If m > m b (17" a) and 17, is sufficientIy Iarge, then the Bertrand equilibrium output 

1S 

xb (m, 17,) 2: x (a) , 

the Bertrand price charged by alI firms is 

C' (x (a)) 
l(m,n) 2: ( ) 1 __ 1 

eb(n) 

and this price exceeds average cost so that all firms earn a profit. 
If m = m b (17" a) and there are 17,' < 17, firms, and 17,' is sufficientIy Iarge then the 

Bertrand equilibrium output is 

xb (m, 17,') 2: x (a) , 

the Bertrand price charged by alI firms is 

C' (x (a)) 
pb (m, 17,') 2: ( ) 1 __ 1 

eb(n) 

and this price exceeds average cost so that all firms earn a profit. 
If m = m b (17" a) and there are 17,' > 17, firms, and 17, is sufficientIy Iarge then the 

Bertrand equilibrium output is 

the Bertrand price charged by all firms is 

C' (x (a)) 
pb (m, 17,') :S ( ) 1 __ 1 

eb(n) 
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Proof: It is immediate to verify that m b (71" 0:) has been chosen so that x (0:) 
satisfies condition (68) and 

xb (m,n) = x (0:). 

The Bertrand equilibrium price in (82) is obtained by substituting x (0:) for x (pb)in 
(67). Since 

C' (x (0:)) = (1 - 0:) AC (x (0:)) 

(82) implies 

(1 - 0:) AC (x (0:)) 

(1- _1 ) 
eb(n) 

> AC (x (0:)). 

The last inequality follows from Remark 13. 
If m > m* (71,,0:) and there are 71, firms, the results that the Bertrand equilibrium 

output exceeds x (0:) and the Bertrand price, pb (m, 71,), charged by all firms exceeds 
that given in (52) are corollaries of Proposition 12. The fact that all firms make a 
profit is a consequence of Corollary 13 if 

xb (m, 71,) < x (O). 

If 

the fact that 
pb (m, 71,) > C' (Xb (m, 71,)) 2:: AC (xb (m, 71,)) 

implies that all firms make a profit. 
The remainder of the proof follows immediately from Proposition 12 and Corollary 

13·11 
8. THE COLLUSIVE OUTCOME 

Definition 5. Suppose that there are 71, firms and that the market size parameter is 
m. In the symmetric collusive outcome, output per firm, xM (m, 71,) , is chosen to 
maximize industry profits. Thus, 

xM (m, 71,) = argmax [p (x) x - C (x)] 
x 

where 
p (x) = mnC2",)-lx"f-1 

is the in verse demand function defined in Remark 2. The collusive price charged by 
each firm is 

pM (m, 71,) = p (xM (m, 71,)) 
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Remark 43. We could, of course, have proceeded more generally in denning the 
collusive outcome by not requiring that all nrms produce the same output and charge 
the same price. It is easy to see, however, that, because of the symmetry of the 
demand function (5), industry pront maximization implies that all nrms act alike. 

Remark 44. The function 

[P(x)x-C(x)] 

mnC2,,)-lxl' - C (x) 

relating pronts per nrm to output per nrm, x, is a strictly concave function. 

Proof: 

and 

(83) 

(84) 

Proposition 17. In the symmetric collusive outcome, each nrm s produces XM where 
XM is the solution to 

and charges 
pM = P (xM) = mn(2;:;)-l (xMr-l 

The Collusive price pf>,J can also be obtained as the solution to 

pM = C' (x (pM)). 
I 

where, because of Remark 6, 

(85) 

(86) 

Proof: Since [P (x) x - C (x)] is strictly concave, xM is characterized by the first 
order condition obtained by setting the first derivative computed in (83) equal to 
zero. Equations (85) and (86) follow immediately from that first order condition.11 
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Remark 45. The relationship between the collusive price, pM, and the marginal cost 
in (86) is once more the standard result 

. marginal cost 
pnce = . 

[ 1 - demand ~lastjcjt.Y ] 
that as noted in Remarks 28, 36 and 40 also holds in the Dixit-Stiglitz, Cournot and 
Bertrand equilibria. 

Remark 46. Although x M (m, n) and pM (m, n) depend on m, n and a. we have 
already suppressed this dependence in our statement of Proposition 17. In the subse­
quent discussion, we will simply denote xM (m, n) and pM (m, n) by XM and pM. when 
there is no danger of confusion or when there is no need to emphasize the dependence 
of these outcomes on m and n. 

9. BERTRAND AND COURNOT EQUILIBRIA AND THE COLLUSIVE OUTCOME 

COMPARED 

Proposition 18. At every m and n, the Bertrand equilibrium price, pb (m, n), is 
lower than the Cournot equilibrium price, pC (m, n) , which is, in turn, lower than the 
collusive price, pM (m, n) . In addition, the Bertrand equilibrium supply, x b (m, n) , ex­
ceeds the Cournot equilibrium supply, XC (m, n) which, in turn, exceeds the Collusive 
output, XM (m, n) . Finally, The Bertrand equilibrium profits, 

are lower than the Cournot equilibrium profits, 

p (XC (m, n)) XC (m, n) - C (XC (m, n)) 

which are, in turn, lower than the collusive profits 

P (XM (m, n)) XM (m, n) - C (xM (m, n)) . 

Proof: Recalling, Remarks 36, 40 and 45, let's rewrite (36), (67) and (86) as 

1 
(87) 

1 
(88) 
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and 
pM 1 

C' (x (pM)) [1 - (l_~)-l r 
respectively. Remarks 13, 20 and 24 imply that 

cb (71,) > CC (71,) > _1_. 
1-, 

Thus, (87), (88) and (89) imply 

pb pC pM 
C' (x (pb)) < C' (x (pc)) < C' (x (pM))" 

Since 
x' (p) 

is decreasing in p and C" (x) 2': O 
p 

C' (x (p)) 
is increasing in p and (90) implies 

l <pc <pM. 

Since x' (p) < O, these inequalities imply 

x (pb) > X (pC) > X (pM) . 

Because of Remark 44 and the fact that 
â [p (xM) xM - C (XM)] 
----''----'--"---::----'----'--''- = O, 

âx 
the function 

p(x)x-C(x) 

is as shown in Figure 5. 
As Figure 5 and Remark 44 imply, 

p(x)x-C(x) 

is a decreasing function above xM, (91) implies 

p (xM) xM - C (XM) > p (XC) XC - C (XC) > P (xb) xb - C (xb) . II 

(89) 

(90) 

(91) 

Remark 47. Proposition 18, of course, implies that the Bertrand profits are nega­
tive whenever the Cournot profits are nega tive and the Cournot profits are positive 
whenever the Bertrand profits are positive. As a consequence we have the following 
corollary of Propositions 6 and 18. 

Corollary 19. For every m, there exists an Ti, such that when the market size is m 
and there are 71, 2': Ti, firms, all firms Jose money in the Bertrand equilibrium. 
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p(x)x-c(x) 

p«")x" -C(x"} 
p(XOk-c(xo} 

pkk-c(x'} / 
~ 

x" 

---
---------------

x' 

Figure 5: 
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10. BERTRAND-FREE ENTRY EQUILIBRIUM 

As in the discussion of the Cournot free-entry equilibrium we assume that there is an 
infinity of potential firms all of which possess the same cost function satisfying the 
conditions of either Cost Case 1 or Cost Case 2. 

Definition 6. In a Bertrand free-entry equilibrium there are n b firms that pro­
duee. The veetor of priees eharged by these firms, (p~, ... , P~b) , is a Bertrand equi­
librium and eaeh of these producing firms makes a nonnegative (but possibly zero) 
profit. Thus, for eaeh s, 

-c (xs (pL··· ,Ps,··· ,P~b)) 
Rs (p~, ... ,P~b ) 
-c (xs (pL·· . ,P~b)) 

is nonnegative. In addition, none of the non-produeing firms ean make a profit. Thus, 
the final eondition satisfied in a Bertrand free-entry equílibrium is that 

is nonpositive. 

In discussing the Bertrand free-entry equilibria, we make use of the fact established 
in Proposition 11 that, for each n, the unique Bertrand equilibrium is the symmetric 
Bertrand equilibrium shown to exist and described in Proposition 10. Of course, in 
that symmetric equilibrium, all firms charge the same price pb (m, n) . 

It appears that, in general, a Bertrand free-entry equilibrium may fail to existo 
In any case, because of Proposition 15, it is not possible to use an argument that 
parallels the one used to establish the existence of a Cournot free-entry equilibrium. 
We can however, make some observations. 

Remark 48. Note that íf we have a Bertrand free-entry equilibrium with n b firms, 
then there wíll also be a Cournot free-entry equilibrium with nC firms where 

C> b n _ n. 

This is true sinee as we noted in Remark 47, the Cournot profits are positive whenever 
the Bertrand profits are positive . 
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Proposition 20. If m ~ m~mb (n, a), then there exists an N > ri such that al1 
nSn 

firms earn a nonnegative profit in the Bertrand equilibrium with n firms when 

and all firms suffer a 10ss in the Bertrand equilibrium with n firms when 

n>N. 

If, in addition, ri is sufIicient1y 1arge, 

If there exists a Bertrand-free entry equilibrium then there are N firms in equilibrium. 

Proof: From Proposition 16, we know note that if m ~ m<~mb (n, a), then firms 
n n 

make a profit in the n firm Bertrand equilibrium when n '5:.- Ti,. From Corollary 19 
we know that for every m, there is some ij" such that profits are negative if there are 
more than ij, firms. There must, therefore, exist some N E [Ti" ij,) for which all firms 
earn a nonnegative profit in the Bertrand equilibrium with n firms when 

and all firms suffer a loss in the Bertrand equilibrium with n firms when 

n>N. 

Proposition 16 also implies that 

if Ti, and, therefore N, is sufficiently large. 
Since firms make a nonnegative profit in the n firm Bertrand equilibrium when 

n'5:.N, 

Proposition 15 implies that entry will be profitable when there are less than N firms 
producing in the Bertrand equilibrium. Thus, we can't have a Bertrand-free entry 
equilibrium with less than N firms. We can't have a Bertrand-free entry equilibrium 
with more than N firms because firms must suffer a loss in the Bertrand equilibrium 
when there are more than N firms. II 
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Remark 49. There will exist a Bertrand-free entry equilibrium if 

max [RN+l (pb (m, N), ... ,pb (m, N) ,p) - C (XN+l (pb (m, N), ... ,pb (m, N) ,p))] < O. 
p 

It appears that this condition can hold for some m. It also seems clear that if this 
condition holds for some m, the inequality can be reversed by simply raising m slightly 

Although we don't know whether a Bertrand-Free Entry Equilibrium always exists 
we do know that if one does exist in a large market, it wíll approximate the Dixit­
Stiglitz equilibrium. 

Proposition 21. VVhen the market size parameter m is sufIiciently large, the amount 
produced by each of the n b firms in a Bertrand free-entry equilibrium, if one exists, 
1S 

Xb (m,nb) ~ x(a) 

and the price charged by each of these firms is 

The proof of this proposition is analogous to that given for Proposition 9. 

11. A CASE WHEN OUR ELASTICITY CONDITION FAILS 

We wíll not explicitly consider the case in which 

1 1 
-<-­
a l-/, 

but we will consider the borderline case in which 

In this case(l) reduces to 

and (5) reduces to 

Remark 50. VVhen 
1 1 
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the Cournot and Bertrand equilibria and the collusive outome all coincide. In each 
of these equilibria all nrms charge 

C' (XlvI) 
plvI = ps (xlvI) = m (XlvI f ° = (1 _ a) , 

and supply the amount XlvI that solves (92). 
In the case of constant marginal cost, the solution to (92) is 

80 all nrms produce that amount and charge 

lvI C 

P = (1 - a)" 

which, as noted in Remark 30, is the Dixit-8tiglitz price p (a) . 

(92) 

The equilibrium price and output are independent of the number of nrms, n, 
but, when marginal cost is increasing, both increase with the size of the market as 
measured by m. VVben marginal cost is constant, the equilibrium price remains at 
p (a) whether the market is large or small, but XlvI increases with the size of the 
market. The equilibrium coincides with the Dixit-8tiglitz equilibrium if m = m (a) 
where 

C' (x (a)) 
m (a) = x (at (1- a)" 

In that case, firms obviously earn no pronts. 
VVben m < m (a) , 

XlvI < x (a), 

and nrms earn negative pronts. VVben m < m (a) , and marginal cost is increasing, 
we also have 

C' (xlvI) 
plvI = < p(a). 

(1- a) 

The case in which m < m (a) and marginal cost is increasing is illustrated Figure 6. 
In that case, 

Figure 7 illustrates a case in which marginal cost is constant and m < m (a) so 
that 

[m(l-a)]~ _ lvI ()_ (1 ) F - x < x a - - - 1 -. 
c a c 
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MC 

AC 

AC(x") 

AC(x(a»: MC(x(a»+-____ ~-~,______+-'h. 
l-a 

p(x"): Mc(x") 1--------'-".-----"". 
l-a 

MC(x(a» 

Mc(x") f---------_*'' 

Demand 
MK 

x" x(a) x(O) 

Figure 6: 
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AC(x") 

p(r")= I~a f-----",;:------'''k:-~ 

AC 

Demand 

MH 

Figure 7: 

In Figure 7, as in Figure 6, we also have 

C 
AC(xM»pM= . 

(1 - 0:) 

When m > m (o:) , 
XM > X (o:) , 

and Erms earn positive proEts. "When m > m (o:) , and marginal cost is increasing, 
we also have 

Finally, equilibrium proEts, 

are independent of n. Thus, if proEts are positive because m > m (0:), the entry of 
new Erms has no impact on proEts. For this reason, neither the Cournot nor Bertrand 
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free-entry equilibria exist in this case. If m = m (0:), there exist both Cournot and 
Bertrand free-entry equilibrium which coincides with the Dixit-Stiglitz equilibrium 
and any number of firms might produce in eq uilibri um. Wben m < m (0:), there 
exist trivial Cournot and Bertrand free-entry equilibrium in which no firms produce. 

Proof: "VVhen 
1 1 
o: 1-,' 

choosing Xs to maximize 

is equivalent to choosing Ps to maximize 

mx!-a - G (xs) 

mxl- C (xs) 

Rs (pL··· ,Ps,··· ,p~) - G (xs (p~, ... ,Ps,··· ,p~)) 

m(1~'Y) p-;± - G ( m(l~'Y) p-;±) . 

Thus, in the Cournot, Bertrand and Collusive cases, firms solve the same problem 
and XC = xb = XlvI. Because o: < 1, and Gil (xs) > 0, 

is clearly a strictly concave function of Xs. Thus, XC = x b = xlvI is still characterized 
by (29) which now becomes (92), a single equation in the one unknown XC. Note that, 
since the solution to (92) is uni que and the same for all s, the only equilibrium is one 
in which all firms s supply the same amount. Note also that, because the equation 
that determines XlvI is independent of 71" the solution xlvI is also independent of n. It is, 
furthermore, easy to check by implicitly differentiating (92) that xlvI is an increasing 
function of m. 

The fact that firms earn negative profits when 

follows from the fact 

rises as xlvI falls below x ( 0:) , w hile 



BERTRAND, COURNOT AND MONOPOLISTICALLY COMPETITIVE EQUILIBRIA 75 

remains constant at l~", as xlvI falls below x (a) . 
Conversely, as XM rises above x (a) , 

falls while 

Me (xlvI) 

remains constant at l~"'. Thus, firms earn positive profits when 

XM > x (a). II 

12. SUMMARY: 

For the special case of the inverse demand functions given in (1) and the demand 
functions given in (5) we have described the Cournot and Bertrand equilibria for a 
fixed number of firms. Qur characterizations of these equilibria have made it possi­
ble to determine how they are affected by the size of the market and the number of 
firms. For the special cases we considered, we were also able to prove the existence of 
Cournot free-entry equilibria in which the number of firms is determined endogenously 
In addition, we were able to prove that, in a large market, the Cournot free-entry equi­
libria approximate the Dixit-Stiglitz monopolistically competitive equilibria. While 
we were unable to establish a general existence result for Bertrand free-entry equilib­
ria, we were able to prove that, when these equilibria exist, they are uni que and that 
in large markets they also approximate the Dixit-Stiglitz equilibria. 

While the results that emerged were primarily as expected, the arguments required 
were more involved than those normally required in the case when firms sell goods 
that are perfect substitutes. It is natural to ask to what extent these arguments can 
be extended. In searching for extensions, it would seem to be necessary to restrict 
attention to cases in which an analog of our elasticity condition continues to hold. 
Qne such extension that appears promising is that in which the demand functions 
are derived from utility maximization of the utility function 

where h' (-) > 0, h" (-) < ° and 

zh" (z) 
a < - h' (z) < 1. (93) 
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We have cansidered the case of 

for which 

z' 
h (z) =­, 

zh" (z) 
- h' (.) = (1 - ,) . 

The extension we propose here would be ane in which 

_ [Zhll (z)]-1 
h'(z) 

would become the monopoly elasticity of demand and (93) wauld be the extension af 
(2). In this extension, the monopoly elasticity of demand would, of course, no longer 
be constant. 
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