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ABSTRACT. Using an example, we study the analogs, for the differentiated
product case, of the Cournot and Bertrand equilibria. These equilibria can be
shown to exist and be unique if we impose a simple and natural restriction on
the elasticities of the demand functions for the differentiated products. Our
characterizations of these equilibria make it possible to compare them and to
determine how they are affected by the size of the market and the number of
firms. We are also able to prove the existence of Cournot free-entry equilibria
in which the number of firms is determined endogenously. In addition, we
are able to prove that, in a large market, the Cournot free-entry equilibria
approximate the Dixit-Stiglitz monopolistically competitive equilibria. The
free-entry equilibrium concept we study is an analog of the one studied by
Novshek for the case of firms selling products that are perfect substitutes. Our
results are extensions of Novshek’s. While we were unable to establish a general
existence result for Bertrand free-entry equilibria, we were able to prove that,
when these equilibria exist, they are unique and that in large markets they also
approximate the Dixit-Stiglitz equilibria.
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1. INTRODUCTION

The aim of this paper is to study a market for differentiated products. In the model
employed, the demands for the differentiated goods are derived using the same ap-
proach as that taken by Dixit and Stiglitz in their analysis [2] of Chamberlin’s mo-
nopolistically competitive equilibrium [1]. Our purpose, however, is to study these
markets when the number of firms is finite and may be small. Thus, we are interested
not only in the Chamberlinian equilibrium, but also in the analogs, for the differen-
tiated product case, of the Cournot and Bertrand equilibria. These equilibria can be
shown to exist and be unique if we impose a simple and natural restriction on the elas-
ticities of the demand functions for the differentiated products. Under this demand
function restriction, it is also easy to compare the Bertrand and Cournot equilibria
and to show that the Bertrand prices and profits are lower and the Bertrand sup-
plies are higher than those arising in the Cournot equilibria. The demand restriction
imposed to obtain these results is simply that the elasticity of demand in the Dixit-
Stiglitz monopolistically competitive equilibrium is higher than in the monopoly case
in which only one firm produces. This turns out to be a condition that Chamberlin
and Dixit-Stiglitz also imposed. In particular, Dixit and Stiglitz refer to ”Cham-
berlin’s DD and dd curves.” The dd curve is the Dixit-Stiglitz demand curve faced
by each firm in the monopolistically competitive equilibrium. The DD curve is the
demand curve each firm would face if the firms colluded to charge the same price. Fol-
lowing Chamberlin, Dixit and Stiglitz assume that the dd curve is more elastic than
the DD curve, a condition that is easily seen to be identical to the one we impose.

For the purpose of comparing the per firm profits obtained in the Bertrand and
Cournot equilibria it is convenient to compare them both to the collusive outcome
that arises when firms choose a common price and maximize per firm profits which
are computed using the fact that, at any common price, each firm’s sales will be
given by the DD curve. As expected, the collusive prices and profits are higher and
the collusive output levels are lower than those arising in the Cournot and Bertrand
equilibria.

We also study Cournot and Bertrand analogs of Novshek’s version [3] of the
Cournot equilibrium in which the number of firms is determined by free entry. Novshek
studied the case in which a typical potential firm produced with a technology that
gave rise to a " U-shaped” average cost curve. While simply assuming that the de-
mand curve sloped down, he was able to prove that if a typical potential firm’s average
cost minimizing output level is "small” relative to market demand when price equals
minimum average cost, then the total amount supplied in the free entry Cournot
equilibrium is approximately the ”competitive output” and the price is, therefore,
approximately the ”competitive price;” i.e., the price is approximately equal to mini-
mum average cost. Novshek’s result demonstrated that even if firms don’t take prices
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as given, entry will drive the noncompetitive Cournot equilibrium price to the com-
petitive price if the typical firm’s efficient scale is small relative to the size of the
market.

Like the competitive equilibrium, the monopolistically competitive equilibrium,
is commonly viewed as an approximation to a noncompetitive equilibrium in which
entry drives price down to average cost. Dixit and Stiglitz also argue that, in their
formalization of the monopolistically competitive model, the presence of a large num-
ber of firms drives the elasticity of demand to a finite limiting value that they derive.
Our aim is follow Novshek’s approach and to provide a formalization of a natural
noncompetitive equilibrium in which entry does, indeed, drive price to average cost
and the demand elasticity to its Dixit-Stiglitz limit. For this purpose we define, for
the differentiated products case, Cournot and Bertrand analog’s of Novshek’s free-
entry equilibrium. Under the above mentioned restriction on the demand elasticity,
we are then able to establish analogs of Novshek’s result for the case of monopolistic
competition. In particular, we can demonstrate that, if the market demand is large
and if the Cournot and Bertrand free-entry equilibria exist, then in both of these
equilibria, there will be a large number of firms producing differentiated products
at approximately the Chamberlinian output levels and supplying them at approxi-
mately the Chamberlinian price. We are also able to demonstrate that, if the market
is large enough to guarantee profits when only two firms produce at their Cournot
duopoly output levels, then there will always exist a Cournot free-entry equilibrium.
We are not able to demonstrate that this equilibrium is unique, however. We are
also unable to demonstrate that a Bertrand free-entry equilibrium always exists even
if the market is large. It seems that for some market sizes a Bertrand free-entry
equilibrium will exist and for some it will not. We do demonstrate, however, that
if a Bertrand free-entry equilibrium does exist, it is unique. We can also show that
when a Bertrand free-entry equilibrium exists, there is always a Cournot free-entry
equilibrium in which the number of firms producing is at least as large as in the
Bertrand free-entry equilibrium.

While we do not extensively analyze the Cournot and Bertrand equilibria for
the case in which our demand elasticity condition fails, we do show that, in the
borderline case in which the Dixit-Stiglitz elasticity equals the monopoly elasticity,
entry has no effect on firm profits. In that case, profits may or may not be positive
depending on the size of the market. If profits are positive they remain positive
even if there are many firms. As a consequence, the Dixit-Stiglitz monopolistically
competitive equilibrium cannot be approximated by either a Cournot or Bertrand
free entry equilibria because these equilibria must fail to exist. In this border line
case, there is no reason to expect market forces, in particular, the possibility of entry,
to lead to equilibria that approximate monopolistic competition.

Finally, it should be mentioned that our analysis is restricted to an example. It
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is specifically the case in which the monopoly elasticity of demand is constant. The
constancy of the monopoly elasticity of demand complements the constancy the Dixit-
Stiglitz elasticity of demand to yield not only a tractable example but also a canonical
one. Because the example is canonical in this sense, there is hope for supposing that
the arguments developed in the analysis of this example can be extended. In the
summary, we briefly discuss the possibility of obtaining such extensions.

2. OUTLINE OF THE PAPER

The demand functions and the inverse demand functions faced by the sellers of dif-
ferentiated products in the Bertrand and Cournot equilibria are described in Section
2.1. The inverse demand functions are introduced in the subsection on ”The Cournot
Case” and the demand functions in the subsection on ”The Bertrand Case.” A series
of remarks describing some features of the demand and inverse demand functions fol-
lows their introductions. These remarks also relate the demand and inverse demand
functions to the Chamberlinian dd and DD curves mentioned in the introduction. In
addition, the remarks form the basis for the discussion in the subsection that follows
in which the parameters are interpreted and the elasticity restriction mentioned in
the introduction is discussed formally. Next is a subsection in which we discuss the
derivation of the demand and inverse demand functions from utility maximization.
The final subsection of section 2.1 derives expressions for the elasticities of demand
from both the demand and inverse demand functions. These expressions are discussed
and interpreted in another series of remarks. The cost assumptions are described in
Section 2.2.

The Dixit-Stiglitz equilibrium is defined and characterized in Section 3. Since
we make quite specific assumptions about demand we are able to go farther than
Dixit and Stiglitz were in describing their equilibrium. In particular we are able to
determine the equilibrium number of firms and relate the number of firms to the size
of the market. That relationship is discussed in Section 3.2. Section 3.3 presents two
remarks that contain a comparative static analysis describing the relationship between
the Dixit-Stiglitz equilibrium and the Dixit Stiglitz demand elasticity. Section 3.3
represents a detour from a our main purpose but is included since the relationship
between the equilibrium number of firms and the Dixit Stiglitz demand elasticity is
somewhat surprising.

For a fixed number of firms, the Cournot equilibrium is defined and characterized
in the beginning of Section 4. The symmetric Cournot equilibrium is described in
Proposition 1 of Section 4.1. In Proposition 2 of Section 4.2, the symmetric equilib-
rium is shown to be the unique Cournot equilibrium. Proposition 3 of Section 4.3
presents comparative static results relating the Cournot equilibrium price and output
levels to the size of the market and the number of firms. Corollary 4 to Proposition
3, which begins Section 4.4, describes the effect of market size and the number of
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firms on the Cournot profits. Proposition 5 demonstrates that, for any number of
firms, if the market is large enough, the Cournot profits will be positive. Proposition
6, which concludes Section 4.4 shows that, for any market size, Cournot profits will
be negative if there are many firms.

A Cournot free-entry equilibrium is defined at the beginning of Section 5, and
Proposition 8 demonstrates that for virtually any market size, such an equilibrium
exists. Proposition 9 demonstrates, that when the market is large the Cournot free-
entry equilibrium approximates the Dixit-Stiglitz equilibrium.

The Bertrand equilibrium is defined, for a fixed number of firms, in the beginning
of Section 6. A general characterization follows in Remark 39. Proposition 10 of
Section 6.1 describes the symmetric Bertrand equilibrium which is shown to be the
unique Bertrand equilibrium in Proposition 11 of Section 6.2.

Proposition 12 of Section 6.3 is the Bertrand analog of Proposition 3. It presents
the comparative static results relating the Bertrand price and output levels to the
size of the market and the number of firms. Corollary 13 to Proposition 12 which
begins Section 6.4 shows that Bertrand profits increase with the size of the market.
Proposition 15 demonstrates how entry and the number of firms affect the Bertrand
profits. Proposition 16 is the Bertrand analog of Proposition 5. It demonstrates that,
for any number of firms, if the market is large enough, the Bertrand profits will be
positive.

The discussion of the Bertrand free-entry equilibrium, is facilitated by a com-
parison of the Cournot and Bertrand equilibria, and in making this comparison it
is useful to compare each of these equilibria with the collusive outcome discussed in
the introduction. The collusive outcome is defined in Section 7 and characterized in
Proposition 17 of that section. Proposition 18 of Section 8 presents the comparison
between the collusive outcome and the Cournot and Bertrand equilibria. For the
discussion of the Bertrand free-entry equilibrium, the most important result is that
the Bertrand profits are lower than the Cournot profits. This gives us Corollary 19 to
Propositions 6 and 18 which asserts that, for any market size, Bertrand profits will
negative if there are many firms.

A Bertrand free-entry equilibrium is defined at the beginning of Section 9. Al-
though we are unable to show that such an equilibrium exists we are able to demon-
strate that, if it exists, it is unique. This is done in Proposition 20. Proposition 21
demonstrates, that when the market is large and a Bertrand free-entry equilibrium
exists it approximates the Dixit-Stiglitz equilibrium.

Section 10 discusses a case in which our equilibrium condition fails and shows that,
in that case, we will typically fail to have existence of either a Cournot or Bertrand
free-entry equilibrium in which firms produce.
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3. INTRODUCTION TO THE MODEL
3.1. Demand.

The Cournot Case. Analysis of the Cournot Equilibrium begins with a de-
scription of the inverse demand function faced by each firm. We assume that when
there are n firms, the inverse demand function faced by firm s is

n (25)h—(-a)
Ds (Z1,...,2) = ma]” (Z x}“a) (1)
t=1

n (
= mz, (z :rtl’“)

111)’1

where
x; = the supply of firm ¢,
ps = the price the market will pay for good s,
m >0
and
0<y<l—~ax<l. (2)

Remark 1. It is straightforward to verify that

Ops (x1, ..., 2, s (T1,...,2 zl-e 1-a
ps(la )z__p( 1 n) lia<1_~ ns 1_04)_*”(1_,}/)( :s 1-a>}.
Ts Zs Zt:l Iy Zt:l L
This expression is negative if both « and 1 — « are positive, and this is true even if

(2) fails.
However, when t # s,

_’V_),_Q

1-o

n (
Ops (zq,..., T, e
e =mh~(1—a)]:rt°ws“(§w%“a>

1s negative if (2) holds but positive if
¥>1—aq.
When
Y= 11— «,

the price received by each firm s is unaffected by the amount supplied by any other
firm, since in that case, (1) reduces to

Ps(Z1,. ., Tp) = mz]*
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Remark 2. It is useful to have an expression for the price received by each firm
when all firms supply the same amount. If we evaluate the inverse demand function
(1) at (zy,...,2,) = (z,...,2) the result is

p(z) =ps(z, ..., 2) = mn(Z=)-1p7-1

This is the inverse of what Dixit and Stiglitz call “the Chamberlinian DD curve.”

The demand elasticity of this inverse demand curve is i‘};

Remark 3. The monopoly case occurs when there is only one firm. In this case, the
monopolist faces the inverse demand curve

J 5! (:1:1) = m'r’l‘{_&:

which is the special case of (1) obtained when n = 1. The demand elasticity of
this inverse demand curve is also ﬁ Thus, the elasticity of the monopoly inverse
demand curve is the same as the elasticity of the inverse of the Chamberlinian DD
curve mentioned in Remark 2.

Remark 4. If we define

(£ ) r—(1-a)
e :

H= (i: ztl—a
t=1

then we can rewrite (1) as

Py (z,) = ma;°H. (4
By following Dixit and Stiglitz and assuming that, because n is large, the supply x;
chosen by firm s has virtually no effect on H, we can treat H as a constant. We
will call the inverse demand curve p; (z;) described in (4) the Dixit-Stiglitz inverse
demand curve. It is, in fact, the inverse of what Dixit and Stiglitz refer to as “the dd
curve” of ”Chamberlinian terminology.” The elasticity of the Dixit-Stiglitz inverse
demand curve (4) is = when H is independent of z,.

The Bertrand Case:. For the purpose of investigating the Bertrand equilib-
rium it is necessary to describe the demand function. Fortunately, it is straightfor-
ward to invert the inverse demand functions given in (1) to obtain the corresponding
demand function faced by firm s. The result is

l-ox

n
1 -1 -
Is(ph'-'apn) = mips© (Zpt ¢
t=1

[w2mlle-4]
) :

)_1J |

(-

1—

[
[T
2
[

Q=

1 1 i -1 [
= mi-Vps*° Zpt =
t=1
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Remark 5. Note that

0zs (p1,---,Pn)
Ops
( )] |1 1
= - {E_un_} S IR o i Ps
Ds a (

(Zme ™)) (T )

is negative if both o and 1 — vy are positive. This is true even if (2) fails.
However, when t # s,

[~

S
0zs (p1,-..,Pn) _1_<1 1 > RN A [
= m {1-7) —_ a s o a
Opy a (1-7) b P ;pt

is positive if (2) holds but negative if

¥>1-—o.

When
'y:l—a,

the amount sold by each firm s is unaflected by the price charged by any other firm.

Remark 6. Again, it will be useful in what follows to have an expression for the
demand of each firm when all firrns make the same choice. In this case, that means all
firms charge the same price. If we evaluate the demand function (5) at (p1,...,pn) =
(p,...,p) the result is

The demand function x (p) is, of course, the inverse of p(z) defined in Remark 2;
it is the ”Chamberlinian DD curve.” As asserted in Remark 2, the elasticity of this
demand curve is ﬁ

Remark 7. When there is only one firm, that firm is a monopolist who faces the

demand curve .
ey

1
z1 (p1) = mTp,
which is easily seen to be the inverse of p; (z;), the inverse demand curve described
in Remark 3. As noted in that Remark, the elasticity of this demand curve is 1{_7 and
is the same as the elasticity of the Chamberlinian DD curve mentioned in Remarks
2 and 6.
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Remark 8. Let’s define

1

n ) el

and rewrite (5) as
_1

7, (p.) = mTp; K. (7)
We will again follow Dixit and Stiglitz and treat K as a constant. We, thereby,
effectively assume that, because n is large, the price ps chosen by firm s has virtually
no effect on K. The elasticity of the demand curve (7), that we refer to as the Dixit-
Stiglitz demand curve, Is i because K is independent of ps. The Dixit-Stiglitz demand
curve is, of course, the inverse of ps (xs), of Remark 4. It is, therefore, the dd curve
of Chamberlinian terminology.

Interpreting the Parameters. As noted in the introduction, we will, at cer-
tain points in the analysis, consider cases in which market demand is "large.” Note
that, for all s and for each price vector (py,...,pn), an increase in the parameter m
increases the demand of firm s in (5). Also as m becomes large the demand of firm
s becomes large. For this reason we use m as the parameter that measures the
size of market demand. Thus, the case in which market demand is large is the
case in which m is large.

We also noted in the introduction that we would be required to impose a restriction
on the elasticity of demand. Specifically, we asserted that we would assume that the
elasticity of demand in the Dixit-Stiglitz monopolistically competitive equilibrium is
higher than in the monopoly case in which only one firm produces. We discussed the
monopoly case in Remarks 3 and 7 and the Dixit-Stiglitz case in Remarks 4 and 8. In
those Remarks we observed that the elasticity of demand in the monopoly case
is 1%; and that the elasticity of demand in the Dixit-Stiglitz monopolistically

competitive equilibrium is é Clearly, condition (2) implies that

a 11—

Thus, the case in which condition (2) holds is exactly the case in which
the elasticity of demand in the Dixit-Stiglitz monopolistically competitive
equilibrium is greater than the elasticity of demand in the monopoly case.
As noted in Remarks 2-4 and Remarks 6-8, the monopoly elasticity is the same as
the elasticity of the Chamberlinian DD curve and the Dixit-Stiglitz demand curve
is the Chamberlinian dd curve. As a consequence, condition (8) can also be
interpreted as imposing what Dixit and Stiglitz call the ”conventional”
Chamberlinian condition that the dd curve is more elastic than the DD
curve.
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Utility Maximization and Demand. It is straightforward to observe that,
when v < 1, the demand function we propose to study is the utility maximizing de-
mand function of a representative consumer who consumes one other good in addition
to the n differentiated products. In making this interpretation, we let (zi,...,z,)
denote the vector of amounts consumed of the n differentiated products and we use
y to denote the amount consumed of the one other good. When the representative
consumer faces the price vector (pi,...,ps), has income I and maximizes the utility

function
. (%)
U(Y,T1,. -, Tn) = i (Zl’i’a> 9)

t=1

subject to the budget constraint

y+zpt$t = ]7
t=1

his demand function is given by (5).
The condition v < 1 is imposed to insure that the utility function (9) is quasi-
concave. It is easy to verify that, whenever v < 1,

ol ()
" (%)

is a strictly concave function of (z,...,Z,). This is then easily seen to imply that
the utility function (9) is, indeed, a quasi-concave function of (y,z1,...,z,). Before
leaving this point, it should be emphasized that condition (2) is not required to
guarantee the quasi-concavity of the utility function (9), all that is required is vy < 1.

Remark 9. The utility function (9) is, of course, is not quite a special case of the
general utility function

n (
u(y,21,.--,Tn) =0 | Y, (thl—a>
t=1

assumed by Dixit and Stiglitz. The difference arises because they assumed that v (-,-)
was homothetic, a condition not satisfied by the function

=)
l-a

Z‘y
v (y,z) =y+m7
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used to define the utility function (9). Nevertheless, the interpretation of a is the
same here as in the Dixit-Stiglitz paper; viz, In addition to being the elasticity of
the demand curve faced by each firm in monopolistic competition, é measures the
elasticity of substitution between goods s and t.

Remark 10. Dixit and Stiglitz imposed a condition analogous to condition (2) by
effectively assuming that the elasticity of substitution between y and z was smaller
than é, the elasticity of substitution between the differentiated goods. The interpre-
tation of that assumption In their analysis is the same as the interpretation of (2)
in ours. In Chamberlinian terms, each of these assumptions guarantee that the dd
curve is more elastic than the DD curve.

Demand Elasticity. We can obtain the elasticity of demand by using either
the demand function (5) or the inverse demand function (1). Let’s begin by using
the demand function (5) and the expression for

61'3 (p17 .- 7p’n)
9ps

derived in Remark 5. The resulting expression for the elasticity is

ps st(pal"“:pn)
b — Ps
lpr. . py) = O 10
° (pl pn) Zs (pla e 7pn) ( )
1 1
1 pi @ 1 pi ©

= {=|1- 1L T

.+.
n = — n l—a
o\ oo D)) T )
Using the inverse demand function (1) and the expression for

aps (1‘17 .- 7-Tn)
oz,

given in Remark 1, we obtain another expression for the elasticity of demand. Specif-
ically,

ps(z1,...,x
Eg (.'L']_, s ,1’n) = - - (&pls’(ml,...j,z,:;)
Zs Oz s

(1)
1
- ) (== )]
o (=) + - ()]

Interpreting The Expressions for the Demand Elasticities.
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The Bertrand Case. The important features of the expression for the demand
elasticity €% (p1,-..,pn) given in (10) are described in the following series of remarks.

Remark 11. We have already noted in Remarks 3 and 7 that when there is only one
firm, the elasticity of the demand curve faced by that firm is 1_}7 The same result
follows from (10), since, when n = 1,

-1

Ps =1
n 1-2
(Zt:l e )
and (10) reduces to
1
b
e1(p1) = .
L) =15
Remark 12. When n > 1, expressmn (10) tells us that the elasticity of demand
faced by a typical firm s, €2 (p1,...,pn), Is a weighted average of 1 and 7) in
which
1-1
0<——F <1
n 1-=
( t=1Pt )
is the weight on the monopoly elasticity, (1_i~7)7 and
11
0<1- il_—_—l——— <1
(Z?:l Di a)
is the weight on the monopolistically competitive elasticity, %
The subsequent remarks are simple consequences of the one just made.
Remark 13. When n > 1 and condition (2) holds,
1 1
1< ———<e(p,...,pn) < =, 12
(1 _ 7) € (pl p ) o ( )

i.e., the elasticity of a typical firm s, €% (py,...,pn), is less than the monopolistically
competitive elasticity but above the monopoly elasticity.
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)
t=1
1-1

Ds “ Ds

i—1 - 1 L
n a n 1-+\1_L
(Cme™) | (oma)™E

is a decreasing function of p,. Thus, as firm s raises its price, ps, relative to the
geometric average of all firms’ prices

Remark 14. Note that for

fixed,

1
1-2

1

)
po pt b

it’s elasticity of demand, €% (py,...,pn), rises and is closer to the monopolistically
competitive elasticity é

Remark 15. Note also that even if we allow
L
dp
t=1
1-1

Ds 1

n 1-1 - 13 1—-1\ "’
(Zt=1 Py ° ) (1 +ps Zt;es pe )
is clearly a decreasing function of ps. Thus,

oeb (. ..., ph)
Ops

to vary as ps increases

<0

and as firm s raises its price, ps, it’s elasticity of demand, €% (py, ..., pn), rises and is
closer to the monopolistically competitive elasticity é

Remark 16. In the special case that arises when all firms charge the same price, p,
e (p1,...,pn) reduces to

e n) = (p,....p) = [1 (1~1>+ ! 1].

n (1—=v)n
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Remark 17. When there are many firms and

)"
Z- y2

1—-1

ps °
0

<Z?:1 ptl— = )

is very large relative to ps, then

and (10) tells us that
& (pry .- pn) = =
(P pn) =~
This means that the demand curve facing each firm has an elasticity near that faced

by firms in Dixit and Stiglitz’s model of monopolist competition. In particular,

$0=[a(-2) o]

when n is large and all firms charge the same price.
Note that the comments made in this Remark are true whether (2) holds or not.

The Cournot Case. Once again, we list the important features of the expres-
sion for the demand elasticity €S (zy,...,z,) given in (11) in a series of remarks.

Remark 18. We already know from Remarks 3, 7 and 11 that the expression for
&5 (z1) given in (11) must reduce to

fim) = (1—=7)

when n = 1. This, also follows from (11) since

l—a
Ls

_1’

Dot ;e -

when n = 1.

Remark 19. When n > 1, expression (11) tells us that
1

52 (.’L‘l,. ..,CL‘n)

7
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the inverse of the elasticity of demand faced by a typical firm s, is a weighted average
of the inverse elasticities o and (1 — ) in which

x1~a

< =—=—"—-——<«1
1_
Ztnzlwt ¢

is the weight on, (1 — ), the inverse of the monopoly elasticity, ———(; -t and

xl—a

0<l1— —*;fi——j:; <1
Zt:l Itl

is the weight on, «, the inverse of the monopolistically competitive elasticity, é

The following remarks are simple consequences of the one just made.

Remark 20. When n > 1, and condition (2) holds,

1
A —————— < 1=-7<1
e (z1,...,Tn)
and
1< ! < & (x )<1 (13)
— < g ey Ep) < —,
1—n 00 a
i.e., the elasticity of a typical firm s, €¢(z1,...,z,) is less than the monopolistically

competitive elasticity but above the monopoly elasticity.

()

Ts

Remark 21. Note that for

fixed,
l-a
l1—a

ZLs

Tt (S, e

is an increasing function of x,. Thus, as firm s raises its supply, z,, relative to the
geometric average of all firms’ supplies

1

n T—a
l1-a

E Ty s

t=1
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it’s elasticity of demand &€ (z,...,z,) falls and is closer to the monopoly elasticity
1—;—. Alternatively we could observe that, if the competition faced by firm s increases
in the sense that x, falls relative to

1

n T—a
l-o
> ,
t=1

then et (z1,. .., zy,) increases and is closer to monopolistically competitive lower bound
1

o

Remark 22. In the special case that arises when all firms supply the same amount,
(11) reduces to

z)= L
N S Rt

Remark 23. When there are many firms and

1
n l—o
11—«
>
t=1

xl—a

is very large relative to z, then

—_—  ~0

(Z?:l xtl_a)

and (11) tells us that
1

e (21, ..., Tn) = o
This means that the demand curve facing each firm has an elasticity near that faced
by firms in Dixit and Stiglitz’s model of monopolist competition. In Particular,

c(n) = 1 ~
i P R R Y el

when n Is large all firms supply the same amount.
Again, the comments made in this Remark are true whether (2) holds or not.
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Comparing the Bertrand, Cournot and Dixit-Stiglitz Elasticities.

Remark 24. Whenn =1,
1
1=

When n > 1 and all firms supply the same amount and charge the same price,

g1 (z1) =€°(1) = =" (1) =2} (p)-

£ (n) <&’ (n).
These results are true whether or not condition (2) holds.

Proof: The case n = 1 was discussed in Remarks 3, 7, 11 and 18.
Since

f@) =

is convex, Jensen’s inequality implies that

e (n) =

AN
TN
—
|
3|
N
\H
B
+
3=
&H
—_
|
2

= €' (n). |
Remark 25. Clearly, if (2) failed and we instead had
0<l—a<y<l, (14)

then i, the elasticity of the demand curve faced by firms in monopolistic competition,
would actually be less than the elasticity of the demand curve faced by a monopolist
who faced no such competition. Condition (14) would also imply that when firms
faced ”competition” from other firms producing ”similar” but differentiated products
the elasticity of the demand curve (5) they faced would be lower than that faced by
a monopolist. Furthermore, if (14) holds, then €% (p, ..., p,), the demand elasticity
faced by firm s, would actually decrease and move closer to % when the ”competition”
faced by firm s increased in the sense that p, rose relative to

1
n . 11
( pt a) .
t=1
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In addition, (14) implies that €% (1, ..., %,), also decreases and moves closer to *
when the ”"competition” faced by firm s increases in the sense that z, falls relative to

1

n 1-a
E -
Ty .
t=1

The restriction (2) on the parameters « and ~y obviously rules out such cases.
Remark 26. Finally, note that if (2) fails and we instead have
l-a=y,

then
1 1

b c

Eo(P1y-ypn) =¢5(21, . Tp) = — = ——.

s(Procopa) = €5 (21,0 smn) = =
We will discuss this borderline case at some length in Section 10 at the end of the
paper.

3.2. Costs. All firms will be assumed to face the same total cost function C (z).
We will consider two different cases: the case of increasing marginal cost and U-
shaped average cost curves and the Dixit-Stiglitz case in which the marginal cost is
constant and there is a fixed cost. For the most part the analysis of these two
cases is the same, but there are some points at which it is useful to distinguish the.
cases. Also it is often possible to be more specific about the Dixit-Stiglitz case. In
particular, the Monopolistically Competitive, Cournot and Bertrand equilibria can
all be explicitly computed for this case.

Cost Case 1: The Case of U-Shaped Average Cost. In this case, the
marginal cost function

MC (z) =C'" (z)
will be assumed to be increasing and the average cost function

C (z)

T

AC (z) =

will be assumed to U-shaped. We will also assume that C” (z) exists and is continuous
and that
hH(l)AC (z) = co.

In this case, as in Cost Case 2, there are both fixed and variable costs and the marginal
costs are the marginal variable costs.
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Cost Case 2: The Dixit-Stiglitz Case. Dixit-Stiglitz assumed that
Clz)=F+cz
where F > 0 and ¢ > 0. In this case,
MC(z)=C'(z)=c

and c P
AC (z) = () =—+c
x x

So marginal cost is constant and average cost is always declining and larger than
marginal cost.

4. THE CHAMBERLIN-DIXIT-STIGLITZ EQUILIBRIUM
This section simply summarizes Dixit and Stiglitz’s results as they relate to the
present model. Let’s begin by recalling the discussion in Remark 8 and in the sub-
section on Utility Mazimization and Demand. As a result of that discussion we know
that, when demand is derived from the utility function (9), the demand curve faced
by each firm in Dixit and Stiglitz’s model of monopolistic competition is
1 _1
s (ps) = mU—ps K

where K, which is in fact related to p, by (6), is treated as independent of p;. Equiva-
lently, we can, as noted in Remark 4, derive the Chamberlin-Dixit-Stiglitz equilibrium,
using the inverse demand curve

ps (zs) = ma,“H

and treat H, which is, in fact, related to z; by (3), as independent of z;. Except
for the special form of the constant mH multiplying %, this is exactly the demand
function derived by Dixit and Stiglitz.

Definition 1. In the Dixit Stiglitz equilibrium each firm produces

z (@) = argmax [R; (z5) — C (z5)]

Ts

where (4) implies that the revenue function of firm s is
R, (zs) = ps (zs) T5 = ml‘i_aH
and H is treated as being independent of xs. Since the price received by each firm is

pla) =ps(z(a)) = AC (z(a)), (15)
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no firm makes a profit. When each of the n («) firms produces z (a), (3) becomes

1-a)]

H = (n (o) z (a)l—a)(m)[7~(
= n (Oz)(ﬁ_1> x (a)[7_(1_a)] )
and
pla)=mz(a) " H
becomes
ple) =ma (a) " n (a) (7=, (16)

which is the condition that determines the number of firms, n (e). The Dixit-Stiglitz
equilibrium is completely described by the output, z (a), of each firm, the price,
p(a), received by each firm and the number of firms, n (o).

Remark 27. In both Cost Cases 1 and 2, x () is determined by

C' (2 (@) = (1 - @) AC (2 (a)). (17
So that o
pla)= =) )
The number of firms is
n(a) = {%} bre) ) (19)

Proof: When, as is true in both cases one and two,
C" (zs) > 0,

the maximand

[Rs (z5) — C (25)]
is strictly concave and z («) is obtained as the solution to
MR (z (@) = MC (z () (20)
where the marginal revenue is
MR, (zs)=(1—a)mz;*H = (1—a)ps(zs). (21)

Together (15)

, (20) and (21) imply (17). Equation (18) follows from (15) and (17).
Substituting (15)

in (16) and solving for n (o) we get (19).||
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Remark 28. Since .

a =
demand elasticity

the relationship between p (o) and the marginal cost in (18) is a standard result which

asserts that .
marginal cost

price =
1T— — L
demand elasticity

Remark 29. Note that in Cost Case 1,

z (0) = argminAC ()

is the competitive output of each firm and the competitive outcome is the Chamber-
linian outcome. When a > 0, (17) implies that

MC (z(a)) < AC (z ()

so that
z (o) < z(0);

i.e., the monopolistically competitive output of each firm is less than the average cost
minimizing competitive level x (0) .

The equilibrium is described graphically by Figure 1 which is familiar from text-
book expositions of Chamberlin’s model. Figure 1 is obviously drawn for Cost Case
1.

4.1. When Marginal Cost is Constant.

Remark 30. In this case, we can explicitly compute the Dixit-Stiglitz monopolisti-
cally competitive equilibrium. In particular, (17) and (18) imply that, in equilibrium,

each firm supplies
(a) = 1 ) F
= c

and charges
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MC
AC

pla)
= AC(x{a))

MC(s(a)

=(1-a)4C(x(e)) Demand

MR

x(a) «(0)

Figure 1:
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Using (19), we observe that the number of firms is

n(a) =

[ - ¥ -1
- = E
c e
4.2. The Size of the Market, Price, Output Per Firm and the Number of
Firms.

1
5
I-1—%

Remark 31. Note that, since = (a) is simply determined by condition (17) which
only involves the cost function and the demand parameter «, = (o) is independent of
other aspects of demand and, in particular, of the size of the market parameter m.
Since condition (15) asserts that the price is

plo) = AC (z (@),
it also is independent of the size of the market.

Remark 32. The expression for the equilibrium number of firms given in (19) implies
that the number of firms is affected by the size of demand. It is also clear from
expressions (19) and (22) that the equilibrium number of firms, n(a), grows with
the market size parameter m when and only when condition (2) holds so that

1 - 1

a 1-—7x
and the elasticity of demand in monopolistic competition is higher than in the monopoly
case.

If this elasticity assumption fails and we have
1 1

o 1-—7

then n (a) is a decreasing function of m. In the case where
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we cannot solve (19) to get (22). In that case,
H=K=1

and (16) becomes
p(a) =mz(a)’™ = AC (z(a))

which is independent of n. (o) . In this particular case, the number of firms in monop-
olistic competition is indeterminate.

How the Firm’s Price Affects Demand when the Market is Large. Let’s
ask, in particular, what the size of the market means for the Dixit-Stiglitz assumption
that K and H are independent of the actions taken by any firm. Let’s first suppose
that firm s charges p, while all other firms all charge p (a). Substituting in (6) we
get

e (| S,
K=(n(a)—1)[ﬁ}[ﬁ—l]( P ® _> < |

RO

Alternatively, let’s suppose that firm s supplies z; while all other firms supply z (a) .
Then (3) becomes

H = (n(a) 1)1 (;%)% +z(a)

If condition (2) holds then n () is large when m is large and

) (25)h—-(1-a)]

K = (n(a) - Dimallo = p (o) le-w] (23)

while ,
H=~(n(a)— 1=z () (24)

This means that in a large market K is, indeed, approximately independent of p, and
H is approximately independent of z; as assumed by Dixit and Stiglitz. But this
argument applies only to the case in which the demand elasticity is higher
in monopolistic competition than in monopoly. If condition (2) fails and » (a)
is a decreasing function of m because

1 1

a1
then the number of firms will be small when the market size parameter is large. In
that case, there is no reason for (23) or (24) to hold in a large market.
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The case in which
1 1

il g
is special. We noted above that, in that case,
K=H=1

and the number of firms in monopolistic competition is indeterminate. Thus, in that
case, the Dixit-Stiglitz assumptions that K is approximately independent of p; and
H is approximately independent of z, hold in the strongest possible sense. In that
case, K is completely independent of p,, and H is completely independent of z;. This
is true whether the market is large or small.

4.3. Comparative Statics of z (@), p(a) and n (o).

Remark 33. As %, the elasticity of demand, rises the output, x (), produced by
each firm in the Dixit Stiglitz equilibrium rises and the price, p(«) falls. These
results are illustrated in Figure 2. In Figure 2, a < o/, so that i < % and

AC (z (o)) 1 1 AC(z(d))

MCz(@) 1-a 1-a MC@@)

Proof: Implicitly differentiating (17) we get

I AC (2 (0)
W= G - 0- @) AT @) )
Since O (2) - @)
AC (7)) = ———",
(17) implies that
AC (z (a)) = ﬂ%@ <0, (26)
and the expression for z’ () in (25) is negative.
Note that (15) implies that
p (o) = AC (z () 2’ (@) . (27)

Since we have shown that 2’ (o) and AC’ (z (@) are negative, the expression for p’ (a)
in (27) is positive.
In Cost Case 2, the result follows immediately from the expressions

5 () = (é-—1)§
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\uc

pla)
= AC()

pla)
= AC(x{a))

MC(Aa))
=(1-a)4C(x(a))
AC(x(a?)
=(1-a)4Clxla?))

wa)  xa) «{0)

Figure 2:
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and
c

pla) = o)

obtained in Remark 30. These expressions imply that

, 1 F

and

p(a)= -l

Remark 34. Assume that m and, hence,

"=z e (a)l—*] e

are large. In that case, increases in %, the elasticity of demand, lead to a reduction
in n {«) the number of firms that produce in the Dixit-Stiglitz equilibrium. This is a
surprising result, since we expect the effect of an elasticity increase to be an increase
the number firms.

Proof: We rewrite the expression for n (@) in (19) as
1

o

AMe)

where

Differentiating, we get

n' (a) =

J&} (B A () (B 28)

where
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When condition (2) holds, we have

and

implies that

NS @ >1
so that
m
o (5 >
Thus,

the second term in the expression for O, is negative. The term

N(@)=p' (@)z (@) "+ (1 -7)pla)z(@)”

is positive, however. This means that the sign of the term © and of n’ (o) is ambigu-
ous. However, when m and, hence

are large enough © is negative so that the expression for n’ (@) in (28) is positive.||

5. COURNOT EQUILIBRIUM
At this point we fix the number of firms at n.
Definition 2. In a Cournot equilibrium, firm s faces the inverse demand function
(1) and supplies the profit maximizing output level x$ which is defined formally as
z¢ = argmaz [R, (25, ..., s, ..., 2,) — C (z5)]

where (1) implies that

RS(Ilw"axn) = ps(l‘la"'7xn)zs

n (T:&)_l
= mxi—"‘ (Z x%“") .

t=1
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We identify the Cournot equilibrium with the vector, (z5,...,¢) specifying the
profit maximizing amount produced by each of the n firms.

Remark 35. When condition (2) holds, the Cournot equilibrium (x5, . . ., z¢%) is char-
acterized by the n equations

¢ (x9)

Ps ($§7 e "’L‘;) = 1 (Ic)l—cx (zc)l—n (29)
(1= a) (1= f=) +0 (=25
which, recalling expression (11) for the elasticity €5 (z§, ..., z%), (29) can also be
written as ' (z)
x
ps (2l 2p) = . (30)
1— — L
[ es(a$,s x%)}
Proof: The first order condition satisfied at z¢ is
aRS("Eiv""xc) ’
ne o= : 31
L) (g 31
where
OR;s (z1,...,2Zn) (32)

Oz,

e )]

Substituting (32) in the first order conditions (31) yields (29) which, using the defi-
nition of &£ (z§,...,z5) in (11) can also be written as (30).
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It is straightforward to verify that the maximand [R, (z5,...,zs,...,25) — C (z5))
is a strictly concave function of z; when condition (2) holds by demonstrating that

R, (zy,...,2,)
Oz?

(_——2> n
= —amz;etY (Zm °‘> { (1—«) (Z:c - in_a) +7xi_a}
(7_3) n
+(vy-2(1-a) (Z wt"“) [(1 —a) (Z "~ wi‘“) + vwi‘“}
(=-2)
+(1 ~ a) ymz; (Z:z: )

is negative. To do this, we simply rewrite (33) by combining the last two terms to
get

(33)

62Rs (.’L‘l7 Ce ,iEn)
0x?

n (1_a_2) n
i (§) oo (St ]
n (1'7'2)
-my (1 — ) <Zx "‘)

((m gz R e

The first term in this expression is clearly negative. The second term is also negative
because ( 5 < 1 implies that both

and

exceed one. ||
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In the next section we will describe the symmetric Cournot equilibrium in which
all firms supply the same amount. The following section demonstrates that the sym-
metric equilibrium is the only Cournot equilibrium.

5.1. Symmetric Cournot Equilibrium.

Proposition 1. When condition (2) holds, there exists a symmetric Cournot equi-
librium in which each firm s produces

i =1z°
and charges
p° = p () = mn(=5) 7 (ze)~! (34)
where z° is the solution to
TR - c’ (xc>
mn(T2) -1 (z) = . (35)
[(1—a) (1-7)+7(})]
_ Oz
=
- =5

The Cournot price p° can also be obtained as the solution to

C' (= (p%))
p°o= : (36)
[(1=a) (1-3) +7(3)]
_ Oz (p))
= 1
1= =@
where because of Remark 6
=7z (pc) = m_(ll—'r) (pc)—(ll'r) n[(lga)][(liv)_é}_ (37)
Proof: As noted in Remarks 2 and 22, when all n firms supply the same amount
z°, they all charge (34) and the expression for the elasticity ¢ (€, ..., z¢) becomes
C [ C c 1
g5 (z%,...,2%) =¢°(n) (38)

- DFa-ET

Substituting (34) and (38) in (30) we observe that z¢ is the solution to (35). A
solution clearly exists since the price

?

p (l‘c) = mn(T‘—ZE)"l ($C)7~1
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on the lett side of equation (35) grows without bound as z¢ approaches zero and
approaches zero as z° becomes large. The solution is unique since the p(z€) is a
decreasing function of z¢, while marginal cost C” (z¢) is either increasing in z¢ (as in
Cost Case 1) or independent of z¢ (as in Cost Case 2).

Using the observation in Remark 6 we can invert p (z) to get (37) and rewrite (35)
as in (36).|

At this point we will not consider the question of whether the firms make positive
profits in the Symmetric Cournot equilibrium. We will presently discuss this issue at
length, however.

Remark 36. Note that the relationship between the Cournot price, p¢, and the mar-
ginal cost in (36) is
_ marginal cost
price = [ ) .
! )

" demand elasticity

As we noted in Remark 28 this standard result also holds in the Dixit-Stiglitz case.

Remark 37. It is clear that = and p° depend on m, n and «. In the subsequent
discussion, it will often be useful to emphasize the dependence of z¢ and p® on m and
n by using the notation z¢(m,n) and p°(m,n) to denote the Cournot equilibrium
output and price when there are n firms and the market size parameter is m. When
there is no danger of confusion we will simply denote z¢(m,n) and p°(m,n) by z¢
and p°.

The Case when Marginal Cost is Constant.

Remark 38. When marginal cost is constant and equal to c,

c _ | ent—(23) }”Tl (39)
T m0-a -0 ()]
_ [ cnl—(ﬁ) ;:T
| [1*50@)}
and

¢ = O — 40
(A (¥ (R ey E3 Y 0)

> — _ =p(a)
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In this case, the profit per unit can be easily calculated as

1

p-c = C[[(l_a)(l-%Hv(%ﬂ —1}

1
- [
- =
_ 1
- [ (n) - 1}

Proof: In this case, (35) becomes

[(1=e)(1-3)+7(3)]

an equation in which the right side is independent of z.¢ The solution is given in (39)
Also (36) becomes (40).||

mn(?—%)“l (IC)7_1 =

5.2. Uniqueness of the Cournot Equilibrium. In the previous section we
characterized the symmetric Cournot Equilibrium in which all firms produce the
same amount. In this section we prove that this is the only Cournot equilibrium by
establishing the following Proposition.

Proposition 2. Assume that condition (2) holds. In a Cournot equilibrium all firms
must produce the same amount.

Proof: Using the expression (1) for the inverse demand function we can rewrite
condition (29) as

n ()1
—Y —Q Cl (xc)
m (z5) < (z&)! ) = e s
2. (1= (1- =)+ (5|

which implies that for all s, z¢ is the solution to

n (m)“l
m (1l - a) (Z (If)l—a> (41)



BERTRAND, COURNOT AND MONOPOLISTICALLY COMPETITIVE EQUILIBRIA 34

If we can prove that, for

n

Do @)

t=1

fixed, there is a unique z¢ that solves (41), then all firms must supply that amount
in the Cournot equilibrium. When

n

> @)

t=1
is fixed, the left hand side of equation (41) is independent of s as is

-

n (1’1:)"2
p=I1-a) -1 (Z (ﬁ)”’) ,

t=1

the positive coefficient of (a:f;)l'a on the right hand side of equation (41). Since, when

n

> @)

t=1
is fixed,
8[C" (x2) (x9)" + (z9)' " u
Ox¢

= C"(2%) (29)* +aC (29) (22)* 7" + (1 — @) (22) ™" p > 0,

the right hand side of equation (41) is an increasing function of z¢. As a result the
z¢ that solves equation (41) is, indeed, unique and the same for all firms s. Thus, all
firms must supply the same amount. ||

5.3. Price and Supply Related to Market Size and the Number of Firms.
The proposition established in this section shows that either an increase in the size of
the market or a decrease in the number of firms raise both the Cournot equilibrium
price and the per firm output. It should be emphasized that these results depend
crucially on the assumption that the demand elasticity in monopolistic competition
exceeds that of monopoly.

Proposition 3. Assume that condition (2) holds. In that case, z° (m,n) and p° (m,n)
are increasing functions of the market size parameter m. Also, p® (m,n) Is a decreas-
ing function of the number of firms, n. If, in addition, there are more than two firms,
then z¢ (m,n) is a decreasing function of the number of firms, n.
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Proof: We will proceed by treating n as well as m as continuous variables and
implicitly differentiating the equations (35) and (36) that determine z°(m,n) and
p° (m,n) respectively. We will then be able to determine the signs of the resulting
derivatives %fnc—, %, %’”nc and %. The general arguments we give will apply to both
Cost Cases 1 and 2. Since, in Cost Case 2, where marginal cost is constant, we have

derived exact expressions for z¢(m,n) and p®(m,n) we could also verify that the

proposition holds in that Case by directly computing -gimc, %1’15, % and %%;.
Let’s define
E(m,n)=((m,n)é(n)
where
¢(m,n) = mn(a1)
and

6(n,)-=‘1—;:—c%= [(1—a) (1—%>+7<%)]

If we also define the function F' (z,m,n) by
F(z,m,n) =&(m,n)z" - C' (z),
then we can rewrite the condition (35) satisfied at z¢ (m,n) as
F (2, m,n) = € (m,n) (2% = C' (a) = 0. (42)
Implicitly differentiating (42) we get

oz F,(z°m,n)

on —  F(z¢,m,n) “3)
_ €n (m,n) ()77
§(m,n) (y = 1) (2)" = C" (2°)
and
dz¢ _ Fn(z®,m,n)
om F, (z¢,m,n)
L CalmmEm) )
€ (myn) (v = 1) (2)77% = C" (a=)
Since
F. (2%, m,n) = €(m,n) (y - 1) ()2 = C" (z°) < 0, (44)
and

F,. (;L'C, m, n) — Cm (m, 71,) (xc)')’—l — n,(ﬁ:—l) (l,c)'y-l >0,
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oz°
o > 0.
Combining (34) and (35) we get
C' (zf (m,n))
(A=) (1-3)+7(3)]
Thus,
- 1" { nC ozc
o CEEmeE

om - [1-a)(1-3)+7 (7]
Expression (43) for 2, expression (42) for F (z¢,m, n) and condition (44) combine
to imply that F,, (z¢, m,n) and, hence,
Oz°
on

have the same sign as £, (m,n) . For the purpose of computing &, (m, n) let’s observe
that £ (m,n) can be written as

£(m,n) =m(l— a) (Mﬁ-l) +nle-?) [(1 7 i 1D .

Thus,

¢ (mn) = m(l—a) Klja - 1) (-2 4 (1_% —2) nl2=-2) <Tj_& - 1>}
- _m(1—a)<1—1ja>n(1—3@—2) [1+(1ja—2>%].

Condition (2) implies that £,, (m,n) has the same sign as

o= {1+ (25-) ()

Clearly, N
but )
_ 1 Y
P (2) = 2 (1—-a> <0
and




BERTRAND, COURNOT AND MONOPOLISTICALLY COMPETITIVE EQUILIBRIA 37

So
p(n) <e(2)<0
d
an B »
on
if there are more than 2 firms.
Differentiating (45) we get
@ _ C" (z¢ (m,n)) %%c
on (=) (1=2) +7(3)]

C' (@) [y— (1 - a)]
n?[(1-a)(1-7)+7(3)]

The first term is negative when n > 2, and condition (2) implies the second term is
negative. Thus, we know that p® decreases with n, when n > 2. In fact, we can also
show that this holds for n > 1, by the following argument.

Clearly the demand function z (p) derived in Remark 6 depends on the parameters
m and n as well as on price. Let’s make that dependence explicit by writing

7 -

z(p,m,n)= m(llv)p‘(liv)n[(l—c—xa)][ﬁ'é]_ (46)
Observe that
Orlpmn) _ (1) () (Gl ()] i
o = <7_ 1> m n D <0 (47)
and
Ozpmym) _|_a L1 (@)lessllatn-i,4
= [ oy ~ o) mnlsliotatipes <oy

if condition (2) holds. If we use the notation introduced in (46) to rewrite (36), the
condition that determines p°® (m,n), it becomes

C' (2 (p° (m,n), m,n))

(1=a)+(3) [y - (1-0a)])

p°(m,n) =

which we choose to rewrite as

U (p°(m,n),m,n) =0 (49)
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where

¥ (pmn) = SEE) () ()b-a- ). )

p
Implicitly differentiating (49) we get

op° ¥
on W, (p°,m,n)

where (50) implies that

‘IIP (p7 m, TI,) = 5
p
—_ C, (:C (pa m, 71))
p2
and
" Sa(pmm)
\I}n (p7 77,) = ¢ (I (pv m, 77)) o
p
1

These expressions together with (47), (48), (51) and condition (2) imply that
U, (p,n) <0

U, (p,n) <0
and
op°
on
5.4. Profitability, Market Size and the Number of Firms. In this Section
we establish three results. The first, which we state as a Corollary to Proposition
3, demonstrates that, when the Cournot per firm output level, z¢ (m,n), is less than
the average cost minimizing output level, = (0), both per unit firm profits and firm
profits increase with increases in the market size parameter, m, and decrease when n,
the number of firms, increases. The next result, Proposition 5, demonstrates, that,
for any n, all firms earn a profit in the n-firm Cournot equilibrium if the market size
parameter, m, is large enough. The final result obtained in this section, Proposition 6,
demonstrates that, for any m, all firms lose money in the n-firm Cournot equilibrium
if n is sufficiently large.

< 0. |
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Corollary 4. Assume that condition (2) holds. The per unit profit,
p¢(m,n) — AC (z° (m,n)),

and profits per firm,
p¢ (m,n)z¢ (m,n) — C (z°(m,n)),

are both increasing in m if
z¢ (m,n) < z(0).

The per unit profit,
p¢ (m,n) — AC (z° (m,n)),

and profits per firm,
pc (m7 n) z° (m7 n) -C (xc (m7 n)) )

are both decreasing in n, if there are more than two firms and
z¢(m,n) < z(0).

In Cost Case 2 where average cost is always falling, the hypothesis
z¢ (m,n) < z(0)

is unnecessary.

Proof: When
z¢ (m,n) < z(0),

the increase in z¢ (m, n) caused by an increase in m causes AC (z€(m,n)) to fall and
the Proposition 3 asserts that p¢ (m,n) is increasing in m. Since per unit profits,

¢ (m,n) — AC (z° (m, n)),
and z° (m,n) both increase with m, profits per firm,
p° (m,n)z® (m,n) — C (¢ (m,n)) = [p° (m,n) — AC (z€ (m,n))] z¢ (m,n),

must also increase with m.
Similarly, when there are more than two firms and

z¢(m,n) < z(0),

the decrease in € (m,n) caused by an increase in n causes AC (z°(m,n)) to rise and
the proposition asserts that p® (m,n) is decreasing in n. Since per unit profits,

p°(m,n) — AC (z€ (m,n)),
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and z¢ (m,n) both decrease with n, profits per firm,
¢ (m,n) z¢ (m,n) — C (z°(m,n)) = [p° (m,n) — AC (z° (m,n))] = (m,n),

must also decrease with n. ||

Let’s fix the number of firms at n. We now show that we can always make m large
enough so that we can have n firms producing profitably at the Cournot outcome for
the given n. In particular, we will show that the Cournot equilibrium is profitable for
all firms if the market size parameter, m, exceeds or equals

1-2%) ¢ (z (o)) )
z ()"t [1 - Ecz—n)}

Proposition 5. Assume that condition (2) holds. If m = m* (n, ) and there are n
firms, then the Cournot equilibrium output is

m* (n,a) = nl

z¢(m* (n,a),n) =z (a),
the Cournot price charged by all firms is
_ Ok

T
[1‘?@]

and this price exceeds average cost so that all firms earn a profit. This equilibrium
is described in Figure 3.
If m > m* (n, ) and there are n firms, then the Cournot equilibrium output is

P’ (m* (n,a),n) =m*(n,q) n{t=-Ug (o) (52)

z¢(m,n) >z (a),
the Cournot price charged by all firms is
¢’ (z ()

1
[1‘2%7]

and this price exceeds average cost so that all firms earn a profit.
If m = m* (n,a) and there are 2 < n’ < n firms, then the Cournot equilibrium
output is

p°(m,n) >

z¢(m,n') > z (a),

the Cournot price charged by all firms is
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MC
AaC

C{x(a)) Demand

MR

x(a)= x‘(m'(n. zx}n) {0)

Figure 3:

and this price exceeds average cost so that all firms earn a profit.
If m = m* (n,a) and there are n’ > n > 2 firms, then the Cournot equilibrium

output is
z°(m" (n,a),n') <z (o),

the Cournot price charged by all firms is

" (m* (n,a),n') < —————C, (z (a))} )

_ L
[1 =0

Proof: It is immediate to verify that m*(n,a) has been chosen so that z(c)
satisfies condition (35) so that

C

z¢ (m” (n,a),n) =z (a).

The Cournot equilibrium price in (52) is obtained by substituting z (a) for z¢ in (35)
and combining (34) and (35). Since

C'(z () = (1 - ) AC (z (o))
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(52) implies
" (m* (n,a),n) = (1- ) AC (z (o))
1~ =]

> AC (z (o).

(53)

The last inequality follows from the observation made in Remark 20 which implies

that
(1-a)

1
- =)

If m > m* (n,a) and there are n firms, Proposition 3 implies that the Cournot
equilibrium output, z¢ (m, n) , exceeds z () and the Cournot price, p© (m, n), charged
by all firms exceeds that given in (52). The fact that all firms make a profit is a
consequence of Corollary 4 if

> 1.

z¢ (m,n) < z(0).
It is possible, however, that m is so large that z° (m,n) exceeds z (0). In that case,
p°(m,n) > C'(zf (m,n)) > AC (z° (m,n))

which means that all firms make a profit.

If m = m* (n,a) and there are 2 < n’ < n firms, Proposition 3 again implies that
the Cournot equilibrium output, z¢ (m* (n,a),n’), exceeds z () and the Cournot
price, p° (m* (n,a),n’), charged by all firms exceeds that given in (52). The fact
that all firms make a profit is a also a consequence of the Corollary 4 if

z¢(m* (n,a),n’) < z(0).

Again the possibility of
z°(m" (n,a) ,n') 2 z(0)

exists and again firms operate profitably in that case because then
¢ (m* (n,a),n’) > C' (m*(n,a),n’) > AC (m* (n,a),n’).
Finally, if m = m* (n, ) and there are n’ > n firms, the results that
z¢(m* (n,a),n') < z(a)

and that the Cournot price, p¢ (m* (n,a),n’), charged by all firms is less than that
given in (52) are corollaries of Proposition 3.]]

Now let’s fix the market size parameter m. The next proposition demonstrates
that, when is n large enough, all firms lose money in the Cournot equilibrium.
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Proposition 6. For every m, there exists an n such that, when the market size is m
and there are n > 7, firms

p°(m,n) < AC (z°(m,n))
so that all firms lose money in the Cournot equilibrium.

Proof: For m and z, fixed let

m{1~——1—] 1‘11‘:%

n* (m,z) = | L
’ z=7C" (x)
Note that
z¢ (m,n* (m,z)) ==z
and

P (m,n* (m,z)) = m [n* (m, 2)] (=)~ 477! =

These equations hold even if n* (m, z) is not an integer which it need not always be.
But if n* (m, ) is an integer, and if there are n* (m, z) firms, then each firm produces

zf (m,n" (m,z)) =z

and charges p° (m,n* (m, x)) in the Cournot equilibrium.
Also note that
limn* (m,z) = oo

I—

and that n* (m,z) is an increasing function of m and a decreasing function of z in
both Cost Cases 1 and 2. Finally, note also that

m* (n* (m,z(a)),a) =m.

Let’s fix
z<z(a)

small enough so that
n* (m,z) > 2.

Then Proposition 3 applies to guarantee that

z¢(m,n) < T < z ()
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when
n>n"(m,Z).

Recall that, in Cost Case 1, marginal cost, C’ (z), is always increasing while average
cost, AC (), is decreasing when output is below

z (o) < z{0)

and that, in Cost Case 2, marginal cost, C' (z), is constant and that average cost,
AC (z), is always decreasing. Thus, not only is

z¢(m,n) <& < z(a)

when
n>n*(m,T)
but we also have
C’ (z¢ (m,n))

P (m,n) = : (54)
|1 - ]
< ¢ (z (@)
- =]
and
AC (2° (m,n)) > AC(Z) > AC (z(a)). (55)
Now let
c AC (z) — AC (z (a))
2
and choose
n>n"(m,z)
sufficiently large so that
n>n
implies
C'(z(a) .
|- )
¢ (@ (o))
< T——_a—)— + €.
When

n > n,
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inequality (56) combines with the definition of € and condition (17) that determines
z (@) to imply

C'(z(0))
o] 57)
=]

T &n)
¢ (z ()
(1-e)
= AC(z(a))+e

= 4C(z (o)) + 24T

AC (z) + AC (2 (a))
2

— AC(z(a))
2

Since 7. has been chosen to exceed n* (m, Z), (54), (55) and (57) hold when
n > n.

Since (55) implies
AC () + AC (z ()
2
(54), (55) and (57) combine to imply that

< AC (z),

p°(m,n) < AC (z€(m,n))

when
n>n. |
When 7 is as defined in the proof of Proposition 6, the Cournot equilibrium price,
p¢ (m,n) and output, z¢ (m,n) for the case,
n>n

are illustrated in Figure 4.

6. CoOURNOT-FREE ENTRY EQUILIBRIUM

Now we assume that there is an infinity of potential firms all of which possess the
same cost function satisfying the conditions of either Cost Case 1 or Cost Case 2.

Definition 3. In a Cournot free-entry equilibrium there are n° firms that pro-
duce. The vector of amounts produced by these firms, (x5,...,25), is a Cournot

» ¥ nc
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AC(e (m.m)) \
AClx
AC(:)+AC(X(Q))[ ) 1 \
T e X

A('(x(tz))

MC(x{a))

=(l-a)4C(x(a)) /<

Figure 4:
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equilibrium and each of these producing firms makes a nonnegative (but possibly
zero) profit. Thus, for each s,

maz [Rs (27, ...,2Zs,...,2he) — C (z5)]

Ts

= [Rs(a5,...,25)—C(z5)] >0

¥ nc

where (1) implies that

Ri(z1,...,2n) = ps(@1,...,Zn)xs

In addition, none of the non-producing firms can make a profit. Thus, the final
condition satisfied in a Cournot-Free Entry equilibrium is

max [Rs (25, ..., %5, z) — C (z)] < 0.

In analyzing the Cournot free-entry equilibria, we make use of fact established
in Proposition 2 that, for each n, the unique Cournot equilibrium is the symmetric
Cournot Equilibrium shown to exist and described in Proposition 1. Of course, in
that symmetric equilibrium, all firms produce the same amount z°(m,n) .

The proof that a Cournot free-entry equilibrium exists makes use of the following
Lemma which applies to a firm that faces n rivals each producing . Note that (1)
implies that the price received by such a firm will be

2= )—(—a
Pt (2,...,2,2) = mz™* (27 + ni1_a)(1_a)h (1-a)]

if it supplies x units.

Lemma 7. The profits of a firm who faces n. rivals, each producing %, is a decreasing
function of the amount, . Formally,

maz [Ppi1 (Z,...,&,z)z — C(z)]
T
is a decreasing function of .

Proof: The lemma follow immediately from the fact that p,41 (Z,...,2,2) is a
decreasing function of Z. ||
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Proposition 8. Assume that i > 1. If m > m* (A, ) , there exists a Cournot free-
entry equilibrium with n® > n firms in which all firms produce

z¢(m,n°) < z ()

and charge a price

p° (m,n°) > AC (z (o)) .

Proof: From Proposition 5 we know that if m > m* (7, @), then all firms make a
profit in the n firm Cournot equilibrium if 2 < n < . In fact when m > m* (7, a),
Proposition 5 implies that all firms make a profit in the n firm Cournot equilibrium
if 2 < n < n*(m,z(a)), where n* (m,z) is the function defined in the Proof of
Proposition 6. We have already noted that

m* (n* (m,z (o)) ,a) =m
which also implies that
n=n"(m"(7,a),z(a))
Since n* (m, z) is increasing in m, m > m* (7, @) implies
n*(m,z (a)) > 7.
Proposition 6 tells us that for every m, there is some 7, such that profits are negative
if there are more than 7 firms. There must therefore exist some n¢ € (n* (m, z () ,7)

for which
p° (m,n®) > AC (z° (m,n%))

and

" (m,n°+1) < AC (z¢ (m,n° +1)).
We can demonstrate that the n® firm Cournot equilibrium is, in fact, a Cournot
free-entry equilibrium by demonstrating that

maz [Ruesr (€ (m,n®),...,2¢(m,n%),z) - C(z)] <O0.

But this follows immediately from Lemma 7 and Proposition 3 which tells us that
because n¢ > n* (m,z (a)) > 7 > 2,

z¢ (m,n®) > 2 (m,n® + 1).
Finally note that, since n® > n* (m, z (a)),
z¢(m,n°) < z ()

and

p° (m,n°) > AC (z€ (m,nc)) > AC (z (a)) . ||
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Proposition 9. When the market size parameter m is sufficiently large, the amount
supplied by each of the n® firms in the Cournot free-entry equilibrium is

z¢(m,n) ~ z (a)
and the price charged by each of these firms is

p° (m,n¢) ~ AC (z (a)) .

Proof: In equilibrium,

¢ (z° (m, n°))
[(1=a) (1= 5) +7 ()]

= p° (m, n°) > AC (2°(m,n%)) .

Thus,
1 S AC (z¢ (m,n%))

[(1 —a) (1 — #) + (#)] = C'(z¢ (m,ne))

(58)

Clearly
lim n* (m, z (a)) = oo.

m—oo

So if we choose m large enough, then n* (m, z (a)) and n® > n* (m,z (a)) will also
be large. By choosing m large enough we can, therefore, be sure that

AC (z (o)) — 1 tes 1
¢ (z¢(a)) (1-a) [(1=e) (1 =5:) +7 ()]

Combining this inequality with (58) yields

AC (z¢(m,n%))  AC(z(a))
C'(z°(m,ne))  C'(z°(a))

€>
Thus, for m sufficiently large
z (m,n) ~ z ()

and
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7. BERTRAND EQUILIBRIUM
We fix the number of firmus at n.

Definition 4. In a Bertrand equilibrium, firm s faces the demand function (5)
and charges the profit maximizing price p® which is defined formally as

pg = argmaz [RS (pzl’,...,ps,...,pfl) —C(ll?s (pl;w"-,p.s:-’wpgz))]'
ps

where (5) implies that

Ri(p1,---,Pn) = Zs(P1y---1Pn) Ps (59)
AR Lol o
= m(_it‘ﬁps @ Zpt D‘) .
t=1

We identify the Bertrand equilibrium with the vector, (g}, ..., p}) specifying the
price charged by each of the n firms.

Remark 39. When condition (2) holds, the Bertrand equilibrium (pf,....p%) is
characterized by the n equations

ps = c’ ('7"3 (p'{, te ,pﬁ)) ) (60)

1 — [l (1_ p® i )_,_ 1 plma -
: (zmm ™)) O (s )

which, recalling the expression (10) for the elasticity &5 (p},...,p%), can also be

written as
_ O (= (8- ph)

(61)
J

Ps ;
[1 T e prpn)
These equations are the Bertrand analogs of (29) and (30).

Proof: The first order condition satisfied at p® is

o
B (R, (B8, P%) = C (2 (28, ... P%))] (62)
OR, (p},....7%) O, (p5,...,p%)

- aps —C'(zs (1, 1m))

ops

where

ORs (p1,---,pn) _ Oxs(p1,-..,pn)
aps ° 6ps

+$5 (p17 - apn)
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Substituting this expression in (62) and using the fact, observed in Remark 5, that

dz, (p8,..., 08

B (63)
we get
9 R b b C b b

3175 [ s(P1>~-7pn)“ (275 (pl>1pn))] (64)

xS (pli7"p;) 7 8x8 pby"'yplr);

- (e 2 oty ) P

s 8ps
1 dzs (p3, ... )
—_— 2 R g b b 1 »Pn
ps { eg (pl{”pz)} C (xs (pla 7pn))) 8ps

= 0.
Because of (63), (10) and (64) imply (60) and (61).

Note that, Remarks 13 and 15, (63) and the condition C” (z) 2> 0 imply

0 1
5 1 -——C' Ty b’,..7 sy - s e s ?l
aps( { 62(p*{7-..,ps,.._,pg)} (@s (PY - Pos-o P )))

e P

= 1- 5 ! 3 + Ps Ops 5
eg(plﬂ"'7p51"'7pn) eg(p’{,...,ps,...,pg)
, 825 (P, Dss- -1 P
“C’ (.'L's (p§57p537plr71)) ( - Bp )
$
> 0.
In addition, it is easy to verify that
o |1 - : =0 (s (B P BD))
et (BY, .. Psy- -5 Ph)

is negative when p, is near zero and positive when p; is large. Thus, there exists a
unique solution, ps, to

d
Ops

(R, (pl{,...,ps,...,p';) ~C (z, (p’{,...,ps,...,pfl))] = 0. (65)
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In addition, at the price, p,, for which (65) is satisfied,

62
p2

_ |9 B 1 . \ ,

X&vs (pl{, yPsy- - 7p2)

[RS (pliw"',psa"' 7p'lr)7.) - C (‘TS (pll)ﬂ"'7p57"' 7p$7.))]

Ops
]. 7 82 k] ba"'? Sy f‘L
+< 3 1_ b }‘_C(J“S(pg77psu7pz—>)> - (pl p p)
9 1 oz, (pb pb)
S 1-— - s : Sy ’ —A—LL
Ops ( [ eb (p’{,...,ps,...,p?z)} ¢ (I (pl’ i ’pn)))} Ops

et (ph,...,pss---.0h) Op?
Thus, the price p, at which (65) is satisfied must be

< 0.

Pls) = argmazx [Rs (pga---apsv"' 7272) - C(xs (pll)7""p5"" 7p"b1))] ) H

Ps

7.1. Symmetric Bertrand Equilibrium.

Proposition 10. When condition (2) holds, there exists a symmetric Bertrand equi-
librium in which each firm s charges

=y
and supplies
b b B e (= ][_J__L]
=z (p ) = mT-7 (p ) 09 T T "= (66)

where p® is the solution to




BERTRAND, COURNOT AND MONOPOLISTICALLY COMPETITIVE EQUILIBRIA 53

The Bertrand output z° can also be obtained as the solution to
C’ (2)

(1-[t0-b+ i)

p(z*) = mn(7s)-1 (xb)7—1 =

C’ (zb) '
(1-=t)

Proof: When all firms charge p®, Remark 6 implies that the demand of each firm
is as given in (66) and Remark 16 implies that.

Es (pv"'7p) =€b(n).

Equation (67) is obtained by substituting = (p°) and

o= (1-3)
in (60) and (61).

Note that a solution to (67) clearly exists since the demand in (66) grows without
bound as p® approaches zero.

Finally, note that when all firms supply z°, p* = p (2*) where p(z) is the function
defined Remark 2. Thus, we can substitute p (:cb) for p® and z° for x (pb) in equation
(67) to get (68).]|

Remark 40. The relationship between the Bertrand equilibrium price, p°, and the
marginal cost in (67) is again the standard result

marginal cost

price =

1—— 1
demand elasticity

that as noted in Remarks 28 and 36 also holds in the Cournot and Dixit-Stiglitz
equilibria.

Remark 41. As is true with the symmetric Cournot equilibrium, it will often be
useful to emphasize the dependence of x° and p® on m and n by using the notation
z® (m,n) and p° (m,n) to denote the Cournot equilibrium output and price. When
there is no danger of confusion we will simply denote x°(m,n) and p® (m,n) by z°
and p°.
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The Case When Marginal Cost is Constant. In this case, (68) becomes

mn(l—}g)_l (xb)7_1 = ——Cl———
(1-ats)
so that L
xb _ cnl_(l—}&) "
m (1~ at)

Also (67) becomes

Finally note that

1
P —c=c|—"—~1

(1- )

7.2. Uniqueness of the Bertrand Equilibrium. In the previous section we
characterized the symmetric Bertrand Equilibrium in which all firms charge the same
price. In this section we prove that this is the only Bertrand equilibrium by estab-
lishing the following Proposition.

Proposition 11. Assume that condition (2) holds. In a Bertrand equilibrium, all
firms must charge the same price.

_1
Proof: We can demonstrate that, for (Z:;l pi ") fixed, there is one value of p;

that solves (61) by demonstrating that, for (Z?zl pt1 _i) fixed,

C’ (a:s (pll’,...,pl,’l))

is decreasing in ps. First, we note that the expression (5) for the demand function tells
1
us that, for (Z?:I pt1 °> fixed, z, (p%,... ,p%) is decreasing in ps. Since C” (z) > 0,

C’ (CL‘S (pl{,...,pfl))
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_1

is nonincreasing in p; if (Z;l pt1 ") is fixed. Also Remark 14 implies that, for
n 1-3

(Zt=1 2 ) ﬁxed, ;‘W, and hence

11°Pn

is decreasing in p,. ||

7.3. Price and Supply Related to Market Size and the Number of Firms.

Proposition 12. Assume that condition (2) holds. In that case, z°(m,n) and
p® (m,n) are increasing functions of the market size parameter m. Also, p®(m,n)
is a decreasing function of the number of firms, n. In addition, there exist an 7,
independent of m, such that, if, n > 7, then z° (m, n) is a decreasing function of the
number of firms, n.

Proof: Let’s define

where z (p,m,n) is defined in (46). Equation (67) which determines p? (m, n) can be
rewritten as

® (p® (m,n), m,n) = 0. (70)
Implicitly differentiating (70) we get

op® (m,n) _ o (p* (m,n),m,n)

on  ®,(p*(m,n),m,n) (1)
where (69) implies that
C"(z (p,m,n)) &
@, (p,m,n) = ( (pp ) o (72)
_C'=z(,mn))
P

and
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These expressions together with (2), (47), (48) and (71) imply that
®, (p,m,n) <0,

®, (p,m,n) <0

and
op® (m,n)
on
Implicitly differentiating (70) once again we get

< 0.

op® (m,n) _ P (p°,m,n)
om @, (pb,m,n)

where (69) implies that

C" (z (p,m,n)) g—:;
p

©m (pa m, n‘) =
and where (2) and (46) imply that

g% - <_1__1_;> () (00 (2)] e > o

Equations (75) and (76) imply that
®,, (p,m,n) > 0.
Combining (73), (74) and (77) we get

ap® (m,n)

e > 0.

For the purpose of computing azb(;:’") and azbg:,n)’ let’s define

Q(z,m,n) = mn(55)1 (1 - [é (1 — %) + H%T)%] _1> 7 -

and rewrite (68) as
Q (:cb (m,n), m,n) = 0.

Implicitly differentiating (78) we get

9z® (m, n) Qm (2° (m,n),m,n)

56

(73)
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and
oxb (m,n) @ (zb,m,n)
on o Q. (a:b’m,n) (80)
Since
Q. (z,m,n) (81)
= — mn(ﬁ)*l — l __l 1 = ! x’y—?_ " (o
et (1= [ (1) e ] ) -e
< 0
and

Qm (z,m,n)

- (1) ] )

the expression for g—f: in (78) is positive. When we compute @, (z,m,n), the result
is

Qn(z,m,n) = mn(t55) =271

RIGHCR=E
+(1 i 05 “”(1_1»7)1])

has a negative first term and a positive second term. However, when n is sufficiently
large the positive second term in this expression is near zero and

s = [ o-s

= a—(1-7v)<0.

where

Thus, when 7 is sufficiently large, Q, (z°, m,n) is negative and (80) and (81) imply
that
9z° (m, n)

on < 0.
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7.4. Profitability, Market Size and the Number of Firms. Using the results
established in Proposition 12 relating the Bertrand price and per firm output to the
size of the market and the number of firms we can now see how increases in the
market’s size and the number of firms affects per unit profits and total profits.

Corollary 13. Assume that condition (2) holds. The per unit profit,
pi (m,n) — AC (:vb (m, n)) ,
and profits per firm,
P° (m,n) z° (m,n)—=C (mb (m, n)) ,
are both increasing in m, if

z? (m,n) < z(0).

Proof: Proposition 12 asserts that an increase in m causes both p°(m,n) and
z® (m,n) to increase. When
2% (m,n) < z(0).

the increase in z° (m,n) causes AC (2 (m,n)) to fall and Thus, per unit profits,
p’ (m,n) — AC (z° (m,n)),
and z° (m, n) both increase with m, and profits per firm,
P’ (m,n) 2" (m,n) — C (z° (m,n)) = [p® (m,n) — AC (z” (m,n))] z* (m,n),
must also increase with m. ||

Profits of a New Entrant and the Relationship Between the Number
of Firms and Bertrand Profits. We can now prove that the Bertrand profits
are decreasing in n. This result is obtained by showing that an entrant who faces n
firms each charging p® (m, n) will earn profits that are lower than the n firm Bertrand

profits
p*(m,n) 2® (m,n) — C (z° (m,n))

but are higher than the profits
PP (myn+1)2° (m,n+1) = C (z* (m,n+ 1))

earned in the n + 1 firm Bertrand equilibrium.
We begin by observing that (5) implies that, if we have n firms producing and
selling at price p, and a new entrant charges p its sales will be

—a M1 __1
Tnis (B, B,p) = mTp s (p7*F° +nﬁ‘l‘3‘g)[“_“)”“_” &
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Considered as a function of p, z,41 (P, ..., D, p) is the demand function faced by the
new entrant. Now let’s define the new entrant’s inverse demand function p (z, 5, n)
implicitly by

Tn+1 (ﬁa .- 7ﬁ7p (:Evﬁvn)) = Z.

Remark 42. We are going to make use of the fact that the problem of choosing p
to maximize
[R'n.+1 (455 s 7ﬁ7p) -C (In+1 (ﬁv ... 7]37])))}

can also be solved by choosing x to maximize
[p(z,p,n)x —C (z)].
Formally,
mg:v [Rns1 (B, ---,0,0) — C (241 (B, --.,0,P))]

= mga:[p(:c,ﬁ,n)x—(ﬁ'(x)}.

Lemma 14. Assume that condition (2) holds. Then, p(z,p,n) is an increasing func-
tion of p and a decreasing function of n. As a consequence, the function

maz p(z,p,n)z— C(2)]
= m;zx (Rot1 (B;---0:0) = C (Tnsa (B, - -, 5, D))}
is also an increasing function p and a decreasing function of n.
Proof: Note that p(z,p,n) is the solution to
(p(z,p,n),z,p,n) =0,

where

—

e 1 1
IH@%@MEx—mﬁ*fz@4¥+%F%ﬂhﬂﬂm”“y

Implicitly differentiating we get

- Hf,(p(:c,ﬁ,n),x,ﬁ,n)
pplx,p,n) = — ~ =~
5 ) I, (p (z,p,n) , z,p,n)
and L (p (2,5,m) 2. 5,)
~ n p Iapan ax7p7n
pn(2,B,n) = — — -
) HP( (:E,p,n),a:,p,n)
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Since (2) implies
Hﬁ (p7 z, P, n) <0

and since
Il (p,z,p,n) < 0,
and
HP (pa xvﬁa n) > 07
we have
pn{z,p,n) <0
and
Ps (I7ﬁ7 n) > 0.

Since p(x,p,n) an increasing function p and a decreasing function of n for each
x, the same is true of

p(zvﬁan) r—-C (CL‘) .
This implies that
maz [p (z,p,n)x — C (z))

is an increasing function p and a decreasing function of n. ||
By applying Lemma 14 twice and using the fact that

p* (m,n+1) <p’(m,n)
we obtain the following proposition.

Proposition 15. Assume that condition (2) holds. The profits earned by entrant
who faces n firms each charging p® (m,n) exceed the n + 1 firm Bertrand profits

p’(m,n+1)2b (m,n+1) — C (2" (m,n + 1))
but are lower than the n firm Bertrand profits
P’ (m,n) 2’ (m,n) — C (2" (m,n)).
Formally,
p* (m,n) z* (m,n) — C (z* (m, n))

= m;zx [Rn (pb(m,n),...,pb(m,n) ,p) - C (xn (pb (m,n),...,pb(m,n),p))]

> max [Ros1 (P°(m,n),...,0" (m,n) ,p) — C (zns1 (P (m,n),...,p" (m,n),p))]

> mzc)zx[RnH (pb(m,nJr 1),...,p" (m,n+1),p)

-C (rn+1 (pb (m,n + 1),...,pb (m,n+ 1),p))]
= p’(mn+1)z°(mn+1)—C (2" (m,n+1)).
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Proof: Since
maz [p (z,p,n)x — C (z)]

is a decreasing function of n,
P’ (m,n) 2’ (m,n) — C (2" (m,n))
= maz [p (z,p" (m,n),n—1)z - C ()]
> maz [p (a:,pb (m,n) ,n) z—C (:1:)]
= mgl' [Rn+1 (pb (m7n> ye e 7pb (m’n) 7p) -C (xn+l (pb (man) oo 7pb (man) ap))] -
Also since
maz p(z,p,n)x — C (z)]

is an increasing function p and since Proposition 12 implies that

p’(m,n+1) <p’(m,n),

maz [Rns (p* (m.n),....,p"(m,n),...,p,p) — C (Tns1 (" (m,n),....,0" (m,n),p))]
= maz [p (z.p" (m,n) ,n) z — C (2)]
< maa [p (e, (m,n+1),n) 2 - C (x)]
= pmn+1)a (mn+1)—C (2 (mn+1). |
When the Market is Large Enough to Ensure Bertrand Profits. Let’s

fix the number of firms at n. We now show, by an argument analogous to that used
to establish Proposition 5, that we can always make m large enough so that we can
have n firms producing profitably at the Bertrand outcome. For the given n, we let

Czle)
(o)™ (1- 3)

mb(n,a) = n(l-7%)

the Bertrand analog of m* (n, ). Since,
e’ (n) > e (n),

m’ (n,a) > m* (n,a).
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Proposition 16. Assume that condition (2) holds. If m = m®(n, ) and there are
n firms, then the Bertrand equilibrium output is

z’ (m,n) =z (a),
the Bertrand price charged by all firms is

P (m,n) = m® (n, o) n(P5 ™z (a)7 =

C'(x ()
(1-3ta)

and this price exceeds average cost so that all firms earn a profit.
Ifm > m® (n, a) and n is sufficiently large, then the Bertrand equilibrium output
is

(82)

z® (m,n) >z (a),
the Bertrand price charged by all firms is
C' (z (@)

1
(1~ =t)

and this price exceeds average cost so that all firms earn a profit.
If m = m®(n, @) and there are n’ < n firms, and n’ is sufficiently large then the
Bertrand equilibrium output is

P’ (m,n) 2

z (m,n') > z (a),
the Bertrand price charged by all firms is

¢ (z ()

(1-H)

and this price exceeds average cost so that all firms earn a profit.
If m = m®(n,a) and there are n’ > n firms, and n is sufficiently large then the
Bertrand equilibrium output is

P’ (m,n’) >

2 (m,n') < 3 (),
the Bertrand price charged by all firms is

¢’ (z (o))

Ll
(1~ at)

p’(m,n') <
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Proof: It is immediate to verify that m®(n,a) has been chosen so that z ()
satisfies condition (68) and
2’ (m,n) =z (a).

The Bertrand equilibrium price in (82) is obtained by substituting = (a) for z (p*)in
(67). Since
C'(z(a)) = (1 - o) AC (z (a))

(82) implies
pb (m,n) — (1 _ a) AC (1: (Ot))
(1- )

> AC (z(a)).

The last inequality follows from Remark 13.

If m > m* (n,a) and there are n firms, the results that the Bertrand equilibrium
output exceeds x () and the Bertrand price, p® (m, n), charged by all firms exceeds
that given in (52) are corollaries of Proposition 12. The fact that all firms make a
profit is a consequence of Corollary 13 if

z? (m,n) < z (0).

If

z* (m,n) > z (0)
the fact that :
p’(m,n) > C’ (z* (m,n)) > AC (z* (m,n))
implies that all firms make a profit.

The remainder of the proof follows immediately from Proposition 12 and Corollary
13.||

8. THE COLLUSIVE OUTCOME
Definition 5. Suppose that there are n firms and that the market size parameter is
m. In the symmetric collusive outcome, output per firm, z™ (m,n), is chosen to
maximize industry profits. Thus,

M (m,n) = argmaz p(z)x — C ()]

where
p(x) = mn(ﬁ)'lm'y_l

is the inverse demand function defined in Remark 2. The collusive price charged by

each firm is
M (

P’ (m,n)=p (:CM (m, n))
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Remark 43. We could, of course, have proceeded more generally in defining the
collusive outcome by not requiring that all firms produce the same output and charge
the same price. It is easy to see, however, that, because of the symmetry of the
demand function (5), industry profit maximization implies that all firms act alike.

Remark 44. The function

[p(z)z—C(z)]

= mn(i=)"1g — C(x)

relating profits per firm to output per firm, z, is a strictly concave function.

Proof:
mn(l—zﬂ)_le — T
d oz o) _ ()17 - ¢ (2) (83)
and
8% [mn(=)-1g7 —_ ¢ (z)
[ } =y (v — 1)y mn{TZ=) 171 — " (z) < 0. (84)

o2

Proposition 17. In the symmetric collusive outcome, each firm s produces ™ where
™ is the solution to

' (M
mn(s)1 ($M)7_1 = M (85)
Y
and charges
pM =p(2M) = mnls)-1 (wM)’Y—l
The Collusive price pM can also be obtained as the solution to
C (z (pM

v

where, because of Remark 6,

M =z (pM) = mTw (pM) T plutallasal

Proof: Since [p(z)z — C (z)] is strictly concave, ¥ is characterized by the first
order condition obtained by setting the first derivative computed in (83) equal to
zero. Equations (85) and (86) follow immediately from that first order condition. ||



BERTRAND, COURNOT AND MONOPOLISTICALLY COMPETITIVE EQUILIBRIA 65

Remark 45. The relationship between the collusive price, p™, and the marginal cost
in (86) is once more the standard result

marginal cost

price =
) [ S
demand elasticity

that as noted in Remarks 28, 36 and 40 also holds in the Dixit-Stiglitz, Cournot and
Bertrand equilibria.

Remark 46. Although =™ (m,n) and p* (m,n) depend on m, n and a. we have
already suppressed this dependence in our statement of Proposition 17. In the subse-
quent discussion, we will simply denote ™ (m,n) and pM (m,n) by 2™ and p™.when
there is no danger of confusion or when there is no need to emphasize the dependence
of these outcomes on m and n.

9. BERTRAND AND COURNOT EQUILIBRIA AND THE COLLUSIVE OUTCOME
COMPARED
Proposition 18. At every m and n, the Bertrand equilibrium price, p® (m,n), is
lower than the Cournot equilibrium price, p° (m,n), which is, in turn, lower than the
collusive price, pM (m, n) . In addition, the Bertrand equilibrium supply, z° (m,n) , ex-
ceeds the Cournot equilibrium supply, ¢ (m, n) which, in turn, exceeds the Collusive
output, ™ (m,n) . Finally, The Bertrand equilibrium profits,

p (z* (m,n)) z* (m,n) = C (z° (m, n)y,
are lower than the Cournot equilibrium profits,
p(z¢(m,n))z® (m,n) — C(z°(m,n))
which are, in turn, lower than the collusive profits
p (™ (m,n)) 2™ (m,n) - C (=™ (m, n)).

Proof: Recalling, Remarks 36, 40 and 45, let’s rewrite (36), (67) and (86) as

P° _ 1
C(z (p9) [1 sczn)] (87)
r__ 1 (58)
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and o
1
) = [T o] &
{ B (1—7)‘1J
respectively. Remarks 13, 20 and 24 imply that
1
Eb (77) > g° (’n) > 1—__;
Thus, (87), (88) and (89) imply
b (< M
1 L b < ! P C < ! ? MANYT (90)
C'z () C@=@)) C(z(pM))
Since
z' (p)
is decreasing in p and C” (z) > 0
P
C' (z (p)
is increasing in p and (90) implies
pb < pc < pM

Since z’ (p) < 0, these inequalities imply

z (p°) >z (p°) > =z (p") . (91)
Because of Remark 44 and the fact that
Op (=) 2" — C (2M)]
ox

=0,

the function
p(z)z—C(z)
is as shown in Figure 5.
As Figure 5 and Remark 44 imply,

p(z)z—C(z)
is a decreasing function above ™, (91) implies
p (™)™ —C (z™) > p(2%)2° = C (%) > p (2®) 2* = C (%) . ||
Remark 47. Proposition 18, of course, implies that the Bertrand profits are nega-
tive whenever the Cournot profits are negative and the Cournot profits are positive

whenever the Bertrand profits are positive. As a consequence we have the following
corollary of Propositions 6 and 18.

Corollary 19. For every m, there exists an n. such that when the market size is m
and there are n > 7. firms, all firms lose money in the Bertrand equilibrium.
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plche=-Clx)

Figure 5:
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10. BERTRAND-FREE ENTRY EQUILIBRIUM

As in the discussion of the Cournot free-entry equilibrium we assume that there is an
infinity of potential firms all of which possess the same cost function satisfying the
conditions of either Cost Case 1 or Cost Case 2.

Definition 6. In a Bertrand free-entry equilibrium there are n® firms that pro-
duce. The vector of prices charged by these firms, (pl{, e, pfl ,,) , is a Bertrand equi-
librium and each of these producing firms makes a nonnegative (but possibly zero)
profit. Thus, for each s,

'mz,)a:rRs (pt{, cev 3 Dsy e 7pfzb)

_C (-Ts (pg7 --3Psy--- 7pib))
= Rs (plia .. 7p:)—,,b)
_C (xs (pliv e 7pl:lb>)

is nonnegative. In addition, none of the non-producing firms can make a profit. Thus,
the final condition satisfied in a Bertrand free-entry equilibrium is that

mg“’L'RS (pl{7 .. 7p'l:lbap) -C (CI,'”+1 (pl177 -3 Psy--- 7pfzb7p))

is nonpositive.

In discussing the Bertrand free-entry equilibria, we make use of the fact established
in Proposition 11 that, for each n, the unique Bertrand equilibrium is the symmetric
Bertrand equilibrium shown to exist and described in Proposition 10. Of course, in
that symmetric equilibrium, all firms charge the same price p° (m,n).

It appears that, in general, a Bertrand free-entry equilibrium may fail to exist.
In any case, because of Proposition 15, it is not possible to use an argument that
parallels the one used to establish the existence of a Cournot free-entry equilibrium.
We can however, make some observations.

Remark 48. Note that if we have a Bertrand free-entry equilibrium with n® firms,
then there will also be a Cournot free-entry equilibrium with n° firms where

n¢ > n.

This is true since as we noted in Remark 47, the Cournot profits are positive whenever
the Bertrand profits are positive .
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Proposition 20. If m > m<ag<mb (n,a), then there exists an N > 7 such that all
nsn

firms earn a nonnegative profit in the Bertrand equilibrium with n firms when
n<N
and all firms suffer a loss in the Bertrand equilibrium with n firms when
n > N.
If, in addition, n is sufficiently large,
z? (m,N) < z(a).
If there exists a Bertrand-free entry equilibrium then there are N firms in equilibrium.

Proof: From Proposition 16, we know note that if m > m<a3<:mb (n,a), then firms

make a profit in the n firm Bertrand equilibrium when n < 7. From Corollary 19
we know that for every m, there is some 7, such that profits are negative if there are
more than 7 firms. There must, therefore, exist some N € [, 7) for which all firms
earn a nonnegative profit in the Bertrand equilibrium with n firms when

n<N
and all firms suffer a loss in the Bertrand equilibrium with n firms when
n>N.
Proposition 16 also implies that
z® (m,N) < z (a)

if 7 and, therefore N, is sufficiently large.
Since firms make a nonnegative profit in the n firm Bertrand equilibrium when

n< N,

Proposition 15 implies that entry will be profitable when there are less than NV firms
producing in the Bertrand equilibrium. Thus, we can’t have a Bertrand-free entry
equilibrium with less than N firms. We can’t have a Bertrand-free entry equilibrium
with more than NV firms because firms must suffer a loss in the Bertrand equilibrium
when there are more than N firms. ||
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Remark 49. There will exist a Bertrand-free entry equilibrium if
mg:v [RN-H (pb (ma N) FR 7pb (m7N) 7p) -C (J:N-i—l (pb (m7N) PR 7pb (mv N) ap)>:| <0.

It appears that this condition can hold for some m. It also seems clear that if this
condition holds for some m, the inequality can be reversed by simply raising m slightly.

Although we don’t know whether a Bertrand-Free Entry Equilibrium always exists
we do know that if one does exist in a large market, it will approximate the Dixit-
Stiglitz equilibrium.

Proposition 21. When the market size parameter m is sufficiently large, the amount
produced by each of the n® firms in a Bertrand free-entry equilibrium, if one exists,
is

2% (m,n’) ~ z ()

and the price charged by each of these firms is
p’ (m,n®) = AC (z ().
The proof of this proposition is analogous to that given for Proposition 9.

11. A Case WHEN Our ErastIiciTy CONDITION FAILS
We will not explicitly consider the case in which
1 - 1
a 1-—v

but we will consider the borderline case in which

1 1

a 1-—v
In this case(1) reduces to
Ds (1'1,.-- axn) :mxs—a
and (5) reduces to

1 _1
Zs (ph e 7pn) =mtps =,

Remark 50. When
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the Cournot and Bertrand equilibria and the collusive outome all coincide. In each
of these equilibria all firms charge
_C(=")

pM = p, (xM) =m (IM)—O‘ — (1 - a) , (92)

and supply the amount =™ that solves (92).
In the case of constant marginal cost, the solution to (92) is

" [mu—a)r

xT =
C

So all firms produce that amount and charge

Mo C
Prra=ay

which, as noted in Remark 30, is the Dixit-Stiglitz price p () .

The equilibrium price and output are independent of the number of firms, n,
but, when marginal cost is increasing, both increase with the size of the market as
measured by m. When marginal cost is constant, the equilibrium price remains at
p(a) whether the market is large or small, but =™ increases with the size of the
market. The equilibrium coincides with the Dixit-Stiglitz equilibrium if m = m (a)

where (2 ()
z (e
T e )
In that case, firms obviously earn no profits.

When m < m(a),
™ <z (a),

and firms earn negative profits. When m < m (a), and marginal cost is increasing,
we also have

C/ (xM )

C (1-w

The case in which m < m (a) and marginal cost is increasing is illustrated Figure 6.
In that case,
C’ (z)

(1-a)

M <pla).

AC (z™) > p, () =
Figure 7 illustrates a case in which marginal cost is constant and m < m(a) so

that .
[m(lc—a)r — M <z () = <é_1> %
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MC
AC

Ac(z")

# _ ML'(x(a))
AC(x{a))= T

ol )

l-a

MC(x(a))

M('(.\:’")

Demand

Figure 6:
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AC

Demand

MK
" xle)
Figure 7:
In Figure 7, as in Figure 6, we also have
AC (zM) > pM = 5
When m >m(a),
M > z(a),

and firms earn positive profits. When m > m («a), and marginal cost is increasing,
we also have
C! ( .’EM )

P =)

Finally, equilibrium profits,

m (:EM)I-& - C (zM)

> pla).

are independent of n. Thus, if profits are positive because m > m («), the entry of
new firms has no impact on profits. For this reason, neither the Cournot nor Bertrand
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free-entry equilibria exist in this case. If m = m («), there exist both Cournot and
Bertrand free-entry equilibrium which coincides with the Dixit-Stiglitz equilibrium
and any number of firms might produce in equilibrium. When m < m (), there
exist trivial Cournot and Bertrand free-entry equilibrium in which no firms produce.

Proof: When

choosing z; to maximize

R, (25,...,25,...,25) — C(z5) = mal™*—C(xzs)

mz] — C (zs)
is equivalent to choosing p, to maximize

Ro(pY,-sPs -, n) = C (2 (1, 1P, -, P1))

1 1

1 -1
= mi-vp;* — C (m(l_—'ﬁps °‘> i

Thus, in the Cournot, Bertrand and Collusive cases, firms solve the same problem
and z¢ = 2® = 2. Because o < 1, and C" (z,) > 0,

Rs(zf,...,zs,...,25) — C () = mal™® —C (zs)

is clearly a strictly concave function of z,. Thus, 2¢ = z° = 2™ is still characterized

by (29) which now becomes (92), a single equation in the one unknown z°. Note that,
since the solution to (92) is unique and the same for all s, the only equilibrium is one
in which all firms s supply the same amount. Note also that, because the equation
that determines z is independent of n, the solution = is also independent of n. It is,
furthermore, easy to check by implicitly differentiating (92) that 2™ is an increasing
function of m.

The fact that firms earn negative profits when

M <z (a)
follows from the fact
AC (:rM )
MC (zM)
rises as M falls below z («), while
M

MC (M)
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remains constant at 2= as z* falls below x ().

M

Conversely, as z rises above z (o),

AC (CL'M)
MC (zM)

falls while
M

4

MC ()

remains constant at —. Thus, firms earn positive profits when
2 >z (a). ||

12. SUMMARY:

For the special case of the inverse demand functions given in (1) and the demand
functions given in (5) we have described the Cournot and Bertrand equilibria for a
fixed number of firms. Qur characterizations of these equilibria have made it possi-
ble to determine how they are affected by the size of the market and the number of
firms. For the special cases we considered, we were also able to prove the existence of
Cournot free-entry equilibria in which the number of firms is determined endogenously
In addition, we were able to prove that, in a large market, the Cournot free-entry equi-
libria approximate the Dixit-Stiglitz monopolistically competitive equilibria. While
we were unable to establish a general existence result for Bertrand free-entry equilib-
ria, we were able to prove that, when these equilibria exist, they are unique and that
in large markets they also approximate the Dixit-Stiglitz equilibria.

While the results that emerged were primarily as expected, the arguments required
were more involved than those normally required in the case when firms sell goods
that are perfect substitutes. It is natural to ask to what extent these arguments can
be extended. In searching for extensions, it would seem to be necessary to restrict
attention to cases in which an analog of our elasticity condition continues to hold.
One such extension that appears promising is that in which the demand functions
are derived from utility maximization of the utility function

u(Y, 1, ,ZTn) = [y+mh (fo}—a):I

where b/ (-) > 0, A" (-) < 0 and

< —ZTh,"(i—? <1 (93)
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We have considered the case of

h(z)= 7
for which W (2)
- B () = (1 - 7)

The extension we propose here would be one in which

76

would become the monopoly elasticity of demand and (93) would be the extension of
(2). In this extension, the monopoly elasticity of demand would, of course, no longer

be constant.
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