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Abstract 

We use the Ramsey model of g,Towth elaborated by Bliss [1995] and 
Ventlira [1997] to show how international integration results in long-nm 
persistellce Df GNPs distribution, while allowing, under certain conditions 
on parameters, for convergellce during the transition. First, we pi·ovide re­
lationships which explicitly relate, in the neighborhood of the steady-state, 
the magnitude of conditional convergence or divergence to the fundamentaIs 
of the economies. Second, we present ali analysis of the Cobb Douglas case 
with a broad dass of utility functions and show that there is always tran­
sitional convergenee with this technology. Third, directions for testing the 
Illodel against the traditional dosed-ecollomy setting are proposed. These 
lead to adding specific and world-wide regTessors to traditional growth re­
gressions. 

1. Introd uction 

Absolute eonvergenee, when it. exists, appears to he gTadually slO\ving down. Mar­
tin [1997] reports that the speed of c:onvergence among European regions fell from 
2% to 1.3% in the 80's. Similarly, Barro anel Sala-I-Mart.in [199,)] (chap. 11) have 
evideneed a significant fall in the speed of e()nverg(~nce among Japanese prefeetures 
after 19,)5 . 
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Int,erest.ingly, this empirical phenomenon is particularly clear in economie,; 
which interact strongly with one another. However, the import.ance of openness 
and integration has been downplayeel or overlookeel by the traelitional convergence 
literature (see for example Barro and Sala-I-Martin [1995]). Regions (e.g. FS 
States, Japanese prefectures, Europeans regions, etc.) have alI been singleel out 
in t,his lit.erature hecause a similar steady state leveI wa<; a plausible assumption, 
not because they were integrateel. Nevertheless, they are integTateel, in the sense 
t,hat we can expect that factor prices are equalized across regions. 

The objective of this article is to assess how important economic integTation 
- globalization - is for the convergence of real wealth anel real income among 
regions or countries. How does factor price equalization shape the dynamics of 
in come distribution across regions or countries ? The approach developed in this 
article is a contribution to a better understaneling of the relationship between 
interdependence, convergence and growth. 

We use the neoclassical mo deI that was constructeel by Chatterjee [1994J anel 
Caselli anel Ventura [1996J to study elistributive dynamics among infinitely lived 
individuais in a particular economy. We follow Bliss [1995] and Ventura [1997], 
who havc--'.:tpplied the modeI to study inequulity among countries. Our ba<;ic frarne­
work is a general equilibrium growth model, a" this is a simple and natural way 
to deal with interactions among economies. Factor price equalization is achieved 
without any restrictions and the optimal behavior of Ramsey savers determines 
the dynamics of wealth and income. 

Bliss [199,5J hac; shown that in thi5 setting, globalization promotes long-run 
income inequality. More precisdy, factor price eqllalization det.ers (;onvergeIlce 
50 t,hat. initial differences in income persist forever. However, Cac;elli and Ven­
tura [1996] anel Ventura [1997] have shown that convergence rnay exist during 
the transit.ion of the aggregate economy toward its steady-state. In contra<;t with 
the closed model, conditional convergence is due to the homothetic properties of 
intertemporal demand - not diminishing retllrns. These authors focus on the case 
where the technology is CES and the instantaneous utility function is logarithrnic. 
Unfortunately, these articles do not. indicate exactly how these theoretical results 
can be confronted with empirical evidence on the distribution of in come across 
regions or countries. There remains an important gap to bridge between these 
theoretical criticisrns and their empirical counterparts. An important preocc:upa­
tion of lhe paper is therefore to provide an empirical strategy for testing the effect 
of integration on convergence. 

The findings of this paper are as follows. First, we provi de one possible expIa0. 
nation for the deceleration of convergence reported above, a<; we simuItaneollsly 
have a model that can display convergence during the transition and long-run per­
sist.ence. The relationship between the dynamics of cross-section inequality and 
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ag:g1·e):!:at.e gTowt.h is nmde explicit. hy a linearizat.ion Itround the steady-st.ate. This 
local characterization makes it. possible t.o rdat.e the magnit.ude of the convergell<:p. 
or d.ivergence effect t.o the paramet.ers desc:ribing the fundamentais of economic-!s. 
Second, we complete some result.s obt.ained by Caselli and Ventura [1996J by us­
ing a broad class of utility function. More precisely, we shO\v that condit.ional 
COllvc~rgence occurs as soon as t.echnolop-y is Cohh-Dollglas and. llt.ilit.y is eRRA. 
Third, we develop t.esting strat.egies t.hat. are hased on t.he linearized. versioIl of 
t.he mndeI. A panel dat.a st.udy, whic:h eonsists to est.imate an "extended." syst.em 
of gTO\vth mte regressions wit.h fi..-xed. effect, can potentially discriminate bet.ween 
t.he model of the integTat.ed economy presented helow and the traditional model 
of autarchic economies. 

The paper is organized as folIows. In the sec:ond section, we present. the hasic 
set.llp adapted from Caselli and Vent.nra [199(i]. The t.hird section cont.ains t.he 
core reslllt.s of the artic:le. We detail how the distrihution dynamics displays hoth 
persist.ence and c:onditional c:onvergence or divergence. Section 4 provides a test.ing 
strateR.Y. "Ve conclude in t.he last. sc~ct.ion. 

2. BasiCÍramework 

2.1. Structure of the world economy and technology 

2.1.1. Static structure 

The world economy consist.s of a collection of cOllntries indexed hy their rela­
tive labor productivity O EJO,OmaxJ. In per capiLa terms, the aggTegate nat.ional 
t.ec:hnology is given by: 

Y(B) = .f [K(B), AOJ + A</I(B) , (:2.1) 

where Y (O) anti f{ (O) are respectively the d.omest.ic produc:t anel the dornestic 
capital stock of conntry e, both in per mpüo. t.erms. A is t.he worldwide level 
of technological efficiency gTowing at. a constant. exogenous rat.e :1; and .f (.) is CL 

neodassical production function. </I(e) is a constant parameter, either positive or 
negat.ive. </I ( O) < O means that a Sllbsistence consllmption level absorhs part of 
t.he output. </1(0) > O can be viewed as a fixed rent increasing output, for example 
some production using only specific factors that country e alone possesses. 

(e, </I(e)) is therefore time-invariant and characterizes the technoloR.Y used by 
country e. To do away with certain technical difficulties, these quantities are 
specified in intensive terms 1 • We wilI use lower-case letters to denote intensive 
variables: for alI per capüa variable Z, ;; = Z / A. 

l Ben-David [1998] studies the case in which the subsistenc'e level is not indexed on techno­
logical change. Intere:;tingly, endogenous formation of cJubs ll1ay arise. 
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vVe therefore have three sources of conntry heterogeneity: capital stock {«(O), 
labor productivity O and the parameter I/;(FJ). We note q(B) the nnmber of COlln­
tries with product.ivity index FJ E R. We normalize FJ and the size of the world 
economy so t,hat. J~max eq( de) = .I~rnax q( dFJ) = 1. It is assumed that the worlei 
poplllation grows at the exogenous rat(-: n and that, t,he population is identical in 
any collntry2. In this context, A is t,he averagf! labor productivity in the world 
economy. We note the average value of the (p(e)'s Cl ... "i q) == .I~max q)(O)q(de). Under 
the condition cP =f O, we then define t,he relatiV(~ value of cp(e) as cPR(O) == cP(e)!cJ). 

Before we proceed to integrate the world economy, let us first recall that in 
autarchy the quantity f [f{(e), eAJ + cP(e)A is both the GNP and the GDP of 
COllntry o. From this point on, we assume that the world economy is integrated 
through perfect capital mobility. It is now necessary to distingllÍsh between the 
capital owned by a given country, noted k(e), anel the capital m;ed by that country, 
noted k(O). The quantity k(e) - k(e) is accordingly the port.ion of country O's 
capital installed abroad. The gross rental rate of capital is noted r + 8, with 8 > O 
the capital depreciat.ion rate. With an integrated worlei market for capital, r + li 
nmst. be identical across conntries. In t-~ach (;OllIltry, compet.itive firms eqllat("! the 
gToss marginal prodllct.ivity of capital to the--\V{->l'lJ gToss rental rate: 

!t [k(e), e] = l' + ó. (2.2) 

Wit.h JO homogeneous of degree one, equation (2.2) implies k(e) = ek(l). With 
our normalization, world and. average <juantities are ("!qual: 

k = / k(e)q(dO) = / k(e)q(de) == k. 

k is the world capit.al stock, the average installed. capital stock as well as the 
capital stock inst.alled in the average country. The capital stock installed in fJ 
therefore satisfies: 

k(e) = ek = ek. 

We can now \VTite the GNP of country e as 

y(e) = eJ(k) + q)(e) + (1" + ó)(k(O) - fJk), 

where J(k) = f(k, 1). 
The real wage in country e satisfies: 

w(O) = efAk,e) = Oh(k, 1) = ew. 

(2.4) 

(2.:í) 

(2.6) 

::!This does not imply any 1058 of generality, while it simplifie; the notation. Our re;ults obtain 
with any distribution of the world population. 
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Hfmce, in the integTated economy, factor pric:es (r(t) and w(t)) are ident.ic:al III 

Hn.v cOllnt.ry, for all t. 
The world 01ltput is: 

y = J (.r [k(e), e] + <f; (e) ) q(de) = f(k) + <f;. 

As is well known, the complet.e integTation of the world economy implies instan­
laneOllS condil:ional conver~ence (at t.hf~ precise moment when the world ecoIlomy 
is integTated) of the gToss domestic prodnct (adjusted from <f;(e)): 

fj(e) - cP(e) = e(y - cP), for all e. (2.7) 

In contrast, there is no instantaneous c:onvergence effect. affec:ting the GNP y(B). 
This (}llantity depeneis on count.ry e' s wealth, a.s is shown in equatioIl (2.5). 

2.1.2. Capital mobility and trade 

Ow-: cOllld arg11f: that this representation of the worlei economy is irrdevant for 
allalyzillg real world dynamics simply heCalÜ;f!·iTn~lies on the unrealist.ic a.'isnmp­
tion of perfect ca.pital mobilit.y. One way to address t.his difficulty is to realiz(~ that 
this is equivalent t.o assuming illt.erna.tional trade in goods. So 101lg as count.ries do 
not specialize, t.rade would still result. in complete integTation, t.hat. is, in a. unique 
set. of factor prices in any conntry. This result is long known to t.radf: t.heorists. 
In essc-mce what. is traded through goods are t.h(~ fadors embodiecl in tlH~m. It is 
thc~rdore c-~a.sy t.o formally shO\v lhat t.hc~ model above is observat.ionally c-:quivalent. 
1".0 a t.wo-sed.or model (one goocl by sector) in w hich goods are traded in the warlei 
c-:coIlomy - provided that. there is no specialization in any country. IntegnLt.ion 
(~xplic:itly based on trade is presented in Vent.ura [19m]. In this artide, a criticaI 
a,.-.;sumption concerning the fact.or int.ensity in each sector ensures that complete 
specialization is impossible. 

As a result of this equivalence, most of our findings wiU be valid in the two 
ecollomic struct.ures - capital mobility and international trade. "Ve have to point 
Ollt, however, that the CDP fJ(e) has no meaning in an ecoIlomy withollt capital 
mobility. In this case, both CNP an<l CDP are equal to y(B). 

2.1.3. Dynamic structure 

Time is continllolls. The national capital of COllntry e is driven by: 

k(e) = ew + rk(B) + cP(e) - c(e) - ('li. + :r)k(e), k(e, O) given, (2.8) 

:with r.(e) t.he consumption leveI of country B. 

......... 
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\iVe mIe ou1" Ponzi games by assllming-: 

lim e-R(o.t)c(;r+n)tk(O, t) ;::: o, 
t-cx..' (2.D) 

\vhen~ R(O,t) = .I~T(s)ds. 
AggTegating these equations over cOl.lntries yields t,he la\v of motiml of the 

world capit.al st.ock: 

Á~ = f(k) + 1; - (ô' + ;r + n)k - (;, k(O) given. (2.10) 

2.2. Households 

The representative household of country O mi:L'Cimizes: 

ln
·rx, C(O t) I -u - 1 

U(O) = ' e'Tl.te-f'tdt, 
o 1 - (T (2.11) 

sllbj(~ct. to const.raint.s (2.~-2.0) anel taking the time paths of world prices as giv<-:n. 
C(O, tt~s ]Ie7· mpita commmpt.ion in collnt.ry O at time l, (T > O t.he inv(~rse of thc 
const.ant intert.emporal ela .. "it.icity of sllbstit.lltion, and p > O t,he ut.ility discollnl 
rat.e. In contrast with autarchy, the Ct.."3sumption that households maximize in­
tertemporal utility - as opposed to the choice of some exogenous saving rates _ 
is central to the convergence results of the integTated model3 . This point will 
become c:lf:arer later. 

With t hese preferences, it is possibl(~ to interprd (/;(0) as a measure of int.(~lt<-:m­
poral Hexibility: t.he larger 1;(0), the more Hexible is (;OllIltry O in its intertemporal 
allocation of consumption. With a negative 1;(0), country O will not he ablc-: t.o 
sllbstitut.e consumpt.ion through time ahove a certain leveI. Conversely, a posit.ive 
c/J( f)) means t.hat. there is at any t.ime a constant S01.lrce of output \vhich is by deÍini­
tioll completely Índependent. of count.ry ()'s time allocation problem and thereforc 
raÍses its ability to substitute consumption intertemporally. A sÍgnificant analyt­
ical advantage of dealing with an heterogeneity in </J( B) over Ctn heterogeneity in 
(T - another measure of intertemporal fiexibility - is to facilitate aggTegatÍoll4 . 

Note that by simply defining Csg(B) = C(B) - (/J(B)ext t.ogeth(~r \vith techIlology 
y(B) = f[k(B), B], it is possible t.o rewrit.e the maximizat.ion problem abov<-~ with a 
st.andard Stone-Geary intertemporal utility function. This setting is fully eqniv­
alent. to the one llsed here, but makes the economic interpretat.ion of a positive 
</J( B) more difficult. 

:) It. is a welI-known fact that the key COllvergence propertie; of the Solow llJodel are pre;erved 
in a Cass-Koopmans setting: the ecollomy converges to a unique steady-state; the transitiollal 
growth rate is decreasing in the stock of capital at any time. 

4The case of heterogeneity in (Y is analyzed in 8éraud [1998] . 
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As pointed ont hy Ca~eUi and Vent.nnt [19!W], th(~se preferenc:es thlls make it 
possihle to desáibc the agp;regate world economy as a hypothet.ic:al repres<-:nt.atiw: 
cOllntry endowed with exact.ly aventg<-: world characterist.ics. Aggregat.e pat.hs are 
[ollnd by solving Uw usual autarchy probl<~IIl, which leads to: 

r: c [(1-1 (f'(k) - ti - p) - :1:] , 

k - f(k) + c/J - c - ('TI. + Ó + ;J:)k, k(O) > O given. 

(:2.12) 

(:.U:)) 

This system is appended with the transversality condition, that is, inequality 
(2.9) taken as an equality. A~ is well known, we need the foUowing condition on 
parameters so t.ha! this conditioIl always holds in eqllilibrium: 

p > 'TI. + (1 - (1):1;. (2.14) 

In the refit. of the paper we wiU find convenifmt to note the discollnted flow of ali}' 
variable .1: as: x(l) = .t;ex' ;r(r)c-R(r.r)r(r-t)(x+n)dr. 

B<-X;~tllS<-: of t.h(~ homothetic propcrt.i(-:s of pref<-:renc<-:s, t.h<-: consnmptioI1 (l[ any 
COlln t.ry O can bc \';Ti t. t.(-:n as a lim:ar [nn ct. ion of i ts tot.al w<-:al Ih, for alI (': 

r:(0, t) = 1/(t)a(O, t), (2.1ií) 

\vhere 

a(O, t) = k(O, 1.) + fhiJ(t) + (p(O)l(t). (2.10) 
and 

[{
ex, ] - J 1/(t) = t cR(t,r)(I-a)/a-(r-t)(p/a-n)dr (2.17) 

The key point in (2.15) is that 1/( t), the propensit.y t.o COIlSllnl<~ Ollt o[ total 
wealt.h, is the same for any (;ount.ry D, depending only 011 the aggregat.e hehavior 
of the world economy. This fac;t implies that the total wealth of any collntry grows 
at. a rate given hy the \vorld economy aIone. A simpIct expression for t-hat. growth 
rate can be fOllIld hy taking the tinw df:rivat.ive of (2.WY and subst.ituting from 
(2.8): 

à(O) = l' - 1/ - 'TI - X 
a(O) '. (:2.18) 

This is a crucial feature of the model. In a world \vhere factor pnces are 
equated across countries by factor mohility anel/or int.ernational trade, anel where 

5 Combine the intertemporal budget constraint c(t) = a(t) with the integral version of (2.12). 
6 Notice that ;t = (1' - n - xli - .7:. 
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prc-:iérf-:nces are homothetic (in total wealt.h), all conntries accumulate total wealt.h 
at precisdy the same rate - regardk:ss of relative levels aI. any t.ime. Remernbt:r 
tha.! a(e) is national wealth, which is t.he sort. of wealth that ma.t.ters in a world 
wht:re cOllntries ma.y export. capit.a.l - if we want. t.o be able t.o interprf-~t t.hf-: iu­
tcgrat.ion as capit.al mobility. This ohvionsly is ctn important depart.nre from the 
visioll of Lhe world economy as a coll(~ct.ion of IH-!oclassical closed economics. In 
t hat sort. of economy, poor countrif:S always grow faster that ric:h ones, hot.h in 
t.erms of t.otal \vealth and in terms of capital. We wiU now t.nrn t.o the g1'o\Vth 

rat(-:s of national stocks of capital ill tlw int<-:grat(~d ec:onomy. 

3. Transitional convergence and long-run persistence 

3.1. TransitionaI convergence 

An int.eresting form of the law of motion of country e's capital obtains by subst.i­
t.uting (2.15) into (2.8): 

__ ~(O) = (r - 1/ - X - n)k(O) + (w - 1/1U)fJ + (1 - l/I)q,(O). 0.1) 

Ld. h(O) = k(O)/k denot(~ th(-: relative capital of conntry e. Equation (:).1) 
and its aggregate version then imply: 

Note t.hat both V)1 and VJ2 are invariant. across c:ountries. Relationship (:3.2) shO\vs 
how the distriblltion of financiaI wealth changes over time. This expression is 
interesting becallse the three sources of heterogeneity are clearly isolated. vVhat. 
do we learn? First, note that the value of VJ = V)1 + VJ2 determines the extent of 
t.he condit'Íonal eonvergencc effcct. Imagine that. countri('!s do not differ in th(-:ir 
fundament.als () and. q,(e). Then, from (:3.2), it can he seen t.hat the distrihntioIl 
of financiaI wealth will shrink if VJ is po~itive anel will expand if VJ is negat.ive. 1}; 

is thus the instantaneous speed of conditional convergence. This speed applies t.o 
<:tn!" country of the world economy. 

Second, absol71te convergcnce can also be analyzed throllgh equation U~.2). 
These dynamics can be visllalized with figllre ~tl. Let. the position (h(()) , (), q)R(O)) 
of a (;ountry e be represented as indicated in this diagramo Assume that the 
fnndamentals () and q,R(()) are located on a vertical straight line. Assume further 
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Figl1re :3.1: 

that, there is some heterogeneity in the fundamentaIs of the world economy, so that 
O. <fJn(l/\f~l. It can be seen from figl1re :~.1 that there is absolute convergence 
if and only if h(e) approaches the value 1 on the vertical straight line (e,1;fi(e)). 
Equation (:3.2) informs us that h(e) approaches the segment [e, cPR(B)] if and only 
if 1};1 and 'I/}2 are positive. 

Others situations can he described by noting that the two straight lines (h(B), O) 
and. (h(B), 1;fi(B)) divide the plan in fom areas. One can see tha! the elistributions 
of () and 1;fi(e) are repulsive or at.tractive depending on the sign of 'I/}I anel 7./1

2
, 

For a particular country, the OCCUITenc(~ of absolllte catching-up depends on 
bofh lhe sign of 'I/}J anel 'I/}2 and the position of its fundamentais on the vertical 
line. 

Knowing the time paths of the world-wide values 1/}J and 1/1
2

, one \vill knmv 
how countries move toward their long-rnn position. In the subsection :3.:3, we 
study how these coefficients change in t.he neighborhood of the world steady­
sta!e. The OCCllrrence of local conditional convergence or divergence depends on 
the parameters describing the fundamentaIs of the economies. In the sllhsection 
:3.4. we study the Cobb-Douglas case anel show for a broad class of lltility functinns 
that conditional convergence holds globally during the transition. But this is by 
no means a general result of the model. Caselli and Ventura [1996] have shown tha! 
the model with a CES production function can display transit.ional divergence or 
even successive periods of convergence anel divergence, a phenomenon reminiscent 
of a Kuznets curve. 

In fact, in this economy, a key determinant of transitional convergence is the 
elasticity of substitution between factors. Consider (2.16) and (2.18): regardless of 
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the share of financiaI \vealth in its t.ot.al wealt.h, any cOllntry \vill find it optirnal t.o 
accnmulate the latter a.t. the same rate. Think of a high elast.icit.y of substit.ut.iou. 
As t.hf-! world economy accllmnlat.es capit.al, t.he d(~mand for labor will tend t.o bf-! 
rdat.ively low becausf~ t,he ecouorny \vill increasingly suhst.itnt.e capit.al for lahor. 
So will be the discounted flmv of wages, a compouent of t.otal wealth (" hurnan" 
\v(-!alth). Finally, one sees that to keep t.ot.al wealth on an optimal path, conntries 
poorly (~ndowed wit.h financiaI wealt,h will need t.o accnmulate it at. a quicker rate 
than the financially rich. Au alternative expression for '1./' illustrates this point. 
From (2.1K): 

k á 
'I.b=---. k a' 

This relat.ionship shows t.hat. if, in aggregatc ÜT'mS. the gTowt.h rat.e of capital is 
higher than that of total wealth, there will be t.ransit.ional condit.ional convergence. 

Anot.her point. is worth empha .. .;;izing here. The important underlying mecha­
nism for transitional convergence is the homothetic property of honsehold pref­
erences, not diminishing returns to capital like in the ctntarchic modelo In this 
economy, transitional divergence in capit.al stocks is plansible ev~n though tech­
nologyis one with diminishing retnrns. 

3.2. Long-run persistence of the cross-section distribution 

Int(~gntt.ing (~.2) yields: 

n.4 ) 
where 

À} (O,t) - exp[-Iot. 1/{s)ds], (~t5) 
.0 

À2(0,t) = lot. o 1./J} (8)À 1 (8, t)d8, (~~J-i) 

À3 (0, t) - fot 1/)2 (8)À} (s, t)ds. (:3.7) 

What is interest.ing in this relationship is that, again. )'1 (O. t), À 2 (0, t) and 
À:~(O, t) are independent of f). This eqnation t.herdore provides a very t.ransparent 
decomposition of the elistribut.ion of financiaI wealth ato any point in t.ime, making 
explicito the respect.ive contributions of the initial financiaI weaIth distribtition, 
t.he distribut.ion of labor productivit.y anel the distribut.ion of the cjJ(B)'8. Not 
surprisingly, given the construction of (~~.4), the À~s sum up to unity, for all (t, t')': 

7' One way to do this is to sum (3.4) aver the BIs. 

10 

'" ,,"o 

~ ,':-,' -~ ,~. -_.-. ", ,'" ',' '. .. -; ,,- _ .....•• ~!.:;.':'-~~-~ 

, ":',~. '.; .. ;~ '::~;" ~·:(,·I·.'·':·· -,\.. :' ... ':'. ", ,"'- ',; ~':~ .:' ',<:' ~':', . ..,. .~":"'.>~'::_ •.. , .. ,;'c.~-.·,._ .•. ·~.':· ... ,,·· •. :.'(·:'.:~.~.· .•. :·::; .• • .• , .. ',;,~.-~.~ ••• ·"' •• • •• ·.~.: .• :: •.• 1:: .. ·~ .. :· .. v':".·'~;;-;,.~·.-}~.;'~"·'·'~:-".::. '. -, '0_' ......... " .• ":,. .... ..,. ~ ..... ~ _ •• ' . -:' ,-:' '.- .' I',. " .;,.,: .• t __ ~ •. !".',.',.:.,~_.;.; .•• ",:_.: •. _;~.,_,.,,'';. . .... ',_"_" _r,,'r ___ ~ __ , .,::: "'-, ::; .. : .... ,: .. ,.;:::.: :-.:.,/.-;'1 : ..... /,;: .. ::; .. > r~·~·./~,':~.;;::.. . ",. : .. ~ . 
.....•. ,., , ... ,: 

. ,,\.' f. 
- •• ; > ~ 

. ' " .. ·.····r· ... 



.. 

! 
',,' 

: ~. 

Thc vétriahlf~ ÀI (t, ti) is a meé:\~llI"<-~ of clUnlllat.(o~d condit.ional convergenc(o~ bdween t 
anel t', as Opp()sf~d t.o 'l/!(t' ) , \vhich may he viewed as the instantaneous conditional 
convergence at. instant t'. It can hc seen hy direct. examination of (~3.4) t.aken 
hetween t and t' that if À 1 (t, t') is less t.hat lln i ty, t.hen there wiU be cumulat.ed 
cOllditional convergence over that. period of time. 

vVhô.t. does (:3.4) t.eU us on the HHympt.otic distrihut.ion of financiaI wealth? In 
t.h(~ loug run the distribution reads: 

Then~ are no part.icnlar reasons why À1(0, (0) should be equal t.o zero. Evidently, 
t.he distrilmt.ion of long-run financiaI wealth wiU be also infiuenced by the other 
t.wo sources of heterogeneity, respec:tively in () anel c/;(O). But the important fact is 
t.hat we have a situation of long-run perHist.ence of the financiaI wealth distriblltion. 
In other words, there may well be transit.ional convergence _ or divergence _, as 
was shown in s(~ct.ion 3.1, 1>ut in alI cases these dynamics wiII come to an halt as 
the world economy proceedl'i towards a steady-st.ate. This result is in line with the 
()lH-~ oht~tilled hy Bliss [lU95J. 

Not.e that long-rnn persistence of initial dist.riblltions applies in exactly t}w 

same way t.o consllmption: just consider (2.15) anel (2.16). Income distribution 
dynamics are slightly more complex bec:aus(~ the shares of respec:t.ively capit.al 
and labor incomes in tot.al income may vary over time. It. is nonetheless not 
difficult to show that long-run persiH1:ence also applies. Defining the share of 
capital income in total inconJe n(t) = ,,.(t)k(t)jy(t) anel t.he share of labor inconH-! 
as /1(t) == w(t)jy(t), an expn~ssion for th(-~ relative incom(~ of (:ol1nt.r'y f), YR((}, t) == 
y(f}, t)jy(t) , can bf~ found hy :mbstitutioIl into (:1.4): 

where 

"I] (t, ti) 

12 (t, t') 

13 (t, t') 

n(t' ) I 

- n(t) À 1 (t, t ), 

( ') ( ') ( ') n (t') () ( ') - ,(1 t + o. [. À 2 t, t - o.(t) ,{) t ÀI t, t , 

- 1 - "lI (t, ti) - 12(t, ti). 

(3.11) 

(:).12) 

(:3.1:3) 

A different way of writing equation (:3.10) is to make explicit. the inc:ome "tar­
get'" of country e: 

YR((}, t') = 11 (t, t')YR(O, t) + (1 -lI (t, t'))y~(O, [t, t']), (3.14) 
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whcrf~ tIle ill<:orn(-~ target y"R(8, [t, t']) is ddin(~d as: 

'I * (O. [to t']) = 12(t, t') e + ,~(t, t') cP (O). 
.'iR " 12(t, t') + 1:I(t, l') 12(t, t') + ,~(t, t') R 

OI! the one hand, these resnlts are reminiscent of the autarchic model. in th(-~ 
Sf~llse that the (lynamies is still guided hy a gap hetween the current value of (;h(-~ 
variables (e.g. relative income YR(t)) and some long rnn ·'t.arget". On the other 
hand, observe that in the integrated economy, this target is time-varying and, 
more importantly, can never be attained. The model contrasts sharply with the 
long-run behavior of economies in the autarchic model. One key resnlt of that 
setting is that any economy converges to a uniqlle steady-state leveI of wealth anel 
income - conditional on strudural parameters such the labor productivity and 
preferences. This process will eventnally irem 011t initial income differences. Here, 
on the contrary, Lhe effec:ts of initial wealth wiU b(-! felt forever. Each cOllntry \viU 
re-~ach its own particular steady-state leveI of financiaI wealth and income - even 
ir c(>llditioned OI! structnral paramctc~rs. Put differentlY1 there are no stationary 
\v<-~alth ~t:ri(rm,come distributions. 

It is important, however, to remember that these reslllts obtain in a utility­
ma,<imizing environment. In the absence of any externality, any cOllntry in this 
model always achieves a higher intertemporal utility leveI in an integrated worlei 
f~collomy, f~vcn if it.s steady-stat,e wealth anel consnmption leveis wOllld have heen 
higher in allt.archy. 

3.3. Characterization arollud the world steady-state 

OJ1(~ way to nnderl-itand how the distribution of financiaI wealth changes as lhe-: 
world ecoIlomy grows towards its steady-state is to linearize equatiori (:3.4) aronnd 
the aggregate st.eady-state. To do this, we need t.o study the coefficients Ài(t, t'), 
i = 1,2,3, 01' alternatively 'ljJ(t) , 'ljJ 1 (t) and 'ljJ 2 (t), around the steady-state. 

Not.e that for t.his purpose it is easiest. "to eliminate time" and to work \vith 
agg1'<'!gate (jnantities as functions of the capital st.ock k, not t. A weU-known ex­
ample of t.his are t.he policy mIes r:(k), a(k), w(k),etc. Similarly, we define À 1 (k. k') 
élS t he value taken by the coefficient À 1 when the world economy starting from k 

moves to k'. In the same fashion, wecan define Ài(k, k'), i = 2,3, 'ljJi(k) , i = 1,2 
anel '(/J(k). 

Let k* denote the steady state aggregat.e leveI of capital. We want to show 
hm\' the coefficient.s Ài' i = 1,2,3, 'ljJi , í = 1,2 and 'ljJ behave when the aggregate 
ecoI1omy converges toward its steady-state. This requires a local study of the 
functions Ài(k, k'), 7/:i (k) and 'ljJ(k) around k*. 

.:. ". 
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First, t.lwsf-! fllIlCtioIlS satisfy: >'l(k*,k*) = 1, Àz(k*,k*) = À:l(k*,k*) = O. and 
1/'j(k*) = vlz(k*) = 1/J(k*) = O. Secon<1,wf-! define 71;, i = 1,2,~3 a~ t.ht~ s(~mi­
da."iticities of the fnIlction Ài(k, k*), i = 1, 2, ~3 wit.h respect. t.o k. f-!valnat.e<1 at 
k = k*: 

* (f)/\;(k. k*)) 
71i = k* '9~ , i = 1,2,~3. 

( k k=k' 

Taking the first. order Taylor expansion of Ài(k, k') near the steady-state yields: 

Moreover, since the coefficients Ài, i = 1,2,3 Sllm up to unity, we have: 

* * * O 7lJ + 71z + 713 = . 

Assmning that. the initial world capit.al st.ock k(O) is not too far off k*. and 
neglecting the second order terms, t,he long-run distribution of relative financiaI 
wealth ~~s .gi v(-!n J >y: 

h(O, 00) = [1 -"; (k~~) -1)] h(O, O) - "; (k~~) -1) 0-1'; (k~~) -1) 1>R(O). 

(:3.19) 
This f~quation can h(-~ int(~rprf!t(~d as foHo"vs. Imagine that the world ecoIlomy 

is below its steady-state (k() < k*), so that t.h(~ world economy experiences an 
episode of gTowth ato a cunllllat(·!d rat,(-! k* jk(O) - 1. Then, t,he initial dist.ribution 
of t.he 11,(0, O)' s shrinks or expands - depending on the sigl1 of 7,.~. If 71~ > O, 
aggTegate gTowth implies a phenomenon of conditional convergence (in relativ(~ 
t,erms). Relat.ive proeiuctivit,y leveI e has a positivc'! infiuence on long-run relatiw~ 
wealth a.<; long as 712 < O. The infiuence of cjJ(e) depeneis on the sigl1 of 71~. 

In Appenelices B anel C, we show that. the coeffic:ients 71;, i = L 2. 3 c:an be 
expressed as fnnctions of t,he parameters of the model: 

k* 
(:).:20 ) 71; 1 - - [p + a(:1: + J.1) - ('li. + :1:)J ' c* 

* k* 'lf}* 

(3.:2l ) 71z - -aJ.1- -, 
c* c* 

'tI; 
q; 

(:3.22) -
c*' 

where J.1 > O is the speed of convergence of the world economy tO\vard its steady­
stat.e (see Appendix A). 
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Moreover, we show in the appendices t.hat: 

I (1. *) 1/2 1/ ~ 1/'1 fí: = /1,-, 11/ (k*) = II~. k* . 2 ,... k* 

These eqnations provide a fn11 charact.erizat.ion of the cross-section dynamics 
aronnd. the steady-state. In particular, we see how t.he paramet.ers describing 
world preferences and t.echnology influence t.he distribution of wealth across <:011n­
t.ries. 

One of the most int.eresting results is t.hf: negatiw~ rdat.ionship bet.ween p.. th(: 
world-wide spe(~d of convergence, anel "li, a mensure of t.hc-: conelit.ional conVf:rg:enC(-: 
eff('!ct. We see that a slow éL<Uustme-:nt of t.he world economy t.ranslates int.o a 
10\v long-run persistence of the distribution of financiaI wealth. Ventura [1997] 
identified this property of the model, but without qnantifying it. Knowing that 
é, the elasticity of substitution of the prodnction function, anel (T, the inverse 
of the intertemporal elasticity of substitutio11, both impact negatively 011 /-L, one 
can conclnde that. the size of the long-rlln persistence effect decrea.ses with t.hese 
parameters. By contrast, this size increases with eP, the average leveI of the eP(fJ)'s. 

_Frorti (-:-ttt)), on<-: can see that thf: most. realistic configllrat.ion ofthe paramet.ers 
leads to a conditional convergence dfect.~, i.c., that the world steady-stat.e is 
located on the decreasing part of an hypothetical Knznets cnrve. A conditional 
diVf:rgence effect wonld take place only for high valm"*l of /-L and (T. Also, the 
inflllence of eP(f)) OI1 its long-nm wealth is always positive. The infhwnce of the 
relative profluct.ivit.y levd f) depends OI1 th(~ sig11 of 112' Some-: kind of sllbstitut.ion 
f-:ffe-!ct. between financiaI and hnman we-:alths cannot he rnkd out. Inc!e-:e-:d, 17; > O 
would mean that. conntries poorly emlowed in t,e-!rms of e make up for their lm\' 
labor productivit,y by accurnulating financiaJ wealth at a faster rate. It c()uld be 
UH-: c:a"e for high values of cr and J-L9. 

Starting from (3.10), we can lu,;e the same analysis t.o study the behavior 
of the distribut.ion of relative gToss income YR(B). Appendi.."C D focuses on the 
determination of the semi-ela..<;ticities Wi, i = 1,2,3 of the coefficients "li' The 
results obtained for the distribution of relative wealth h(B) must be amended 80 

as t-o take int.o account the fac:t that respect.ive factor shares in total income may 
be variable around t.he aggregate st.eady state. This exercise clarifies the infillence-! 
of a high elasticity of substitlltion on the income distrihution. First, a high valne 
of f t.ends t.o depress the gTowth of wages and hence favors conditional convergence 
of rdat.ive wealth, as wa.,<; noted above. Bllt we have a second effect here. A high 
valm~ of t also implies a strong decrease of the share of wage in total lIlcome 

S [At. this point, it is important to remind that p + ax is the net rate of interest.] 
9 Remember that the 11i relate to one another by (:3. Ui). Consequently, conditional divergence 

implies some substitution effect. 
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wlwn the \vorld converges towa.rd its st.c-:a.dy-st.ate. This second elfed. weakens 
couditional c:onvergence . 

3.4. The Cobb-Douglas case 

"Ve now turn to some global properties of the model. Caselli anel Vent.ura [Hl96] 
have established the convergence property of t.he Cobb-Douglas economy with 
lop;arithmic inst.antaneous ut.ilit.y. tTsing a different. t.ype of proof, ,ve \vill show 
t.haJ this propert.y generalizes to t.he CRRA specificatioll. Rememher, aIso. t.hat. 
our preferenc:e are equivalent. t.o st.andard St.oIl<+Ceary preferences. 

"Ve now specialize the prodl.lction fllnction a: .. ; 

f (k) = kCc wi th O < a < 1. (::~. 24) 

"Ve furt.her restrict. t.he cfJ( (J)' s to be int.erpreted as cOllntry-specific prodllctioIl 
only, that. is, for a11 (J: q)( (J) 2: O. 1t. is t.hen possible to show that in t.his eêl.':i(-\ 
llnder some mild condition on pnrameters, t.here is condit.ional convergenc(~ ato any 
time during t.hf: t.ransition. To see t.his, expand 'IjJ(t) as 

.//' [((w(t,) + cjJ)) eH(t .. T)(I-u)/u-(T-t)(p/u-n.) - (w(r) + cjJ) e-R(t .. T)] dr 
'l/.J(t) = --=-----------:-:~-:-:---------.L--

,r1(t)k(t) 

"Ve show hy n:ductio ad absurd71m that. 'If!(t) 2: O .. Sllppose VJ(t) < O- This 
implies t.hat. t.hen~ exist.s at. least. one t.ime int.erval [r(" rh[E [t.:xJ[ sl1(;h t.hat. for 
all T E [r", ThL w(r) + cf) > (w(t) + (jJ)cTt(t,T)/U-(T-t)(p/u--n). This in tllm implies 
t.hal. there exist at least. another t.ime int.f:rval [r,., r,tfE [t, ra[ sl1eh that for all 

r E [rr,TdL wtKL,h > ~ [1'(r) - p] + .. '1: =~. This contradict.s the fad that. llnd(~r 
the condit.ion 

a(x + n + b)/(p + ax + b) :::; l/a, (:3.25 ) 

a Cobb-Douglas technoloRY implies ~f~~ :::; $3 for all r, I I) which is t.urns implies 

u:\Kl<l> :::; $r for al~ cjJ 2: O: .We condud~ t.hat under (:~.:25) we have 1/!(t) 2: O for 
aI t, that. lS, t.here lS condltlonal convergence for all t. 

Notice that condition (~).:25) is not particularly strong. 1t is satisfied in most 
calibrations of t.he model in autarchy, for example those of Barro and Sala-1-Martin 
[1995]. 

This result is interesting because of the empirica} relevance of t.he Cobb­
DongIas production function. Also, the Cobb-Douglas case illustrates how the 

IOThis remlt has been established by Barro and Sala-I-Martin [1995]. page 89. linder eondition 

(:3.2;)), they show that the consumption/output ratio always grows, which leads to ~ :2: :1 ~l 
for ali T. 
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eIastic:ity of snbstitution between fact.ors impac:ts on conditional convergence. The 
elasticity is here exactIy equal to unity, which is an upper borderline case for a 
neoclassical prodl1ction function. A higher set.t.ing WOl1Id violat.e the Inada condi­
tions anel reslllt in perpetuaI growth, as \vas established hy .Tcmes anel Manudli 
[1090J. 

4, Strategies for empirical testing 

In t.his section, we give directions aIong which the above results could he tested, 
leaving act.ual estimat.ions to further research. A key preoccupation is to foeus on 
the diseriminating predictions of the model - particuIarly, on what distinguishes 
the integrated worlei economy from a collection of autarchic countries. A pre­
diction of the model which clearly possesses this discriminating property is the 
long-run persistence of initial conditions, in other words, that convergence, when 
it exists, wiU never be complete. To simplify onr exposition in this section, we 
a"isume that O is the only SOl1rce~ of heterogeneity in the fundamentaIs. Mon! 
precisely: cjJ(O) = O for alIO. 

4.1. Integrated economy vs autarchic eco no mies 

A natural rOllte to explore the difference hetween allta.rchic and integrated economies 
is to express the distribution of relative incomes as a function of past reIative in­
comes anel relative fundamental:;. In the int.egrat.eei ewnomy, relationship (:3.14) 
is available. By cont.n1.st, sl1(;h ('!xpn~ssion dm:s not exist in the alltarchic case a.'i 
the dynamies of world wide income el<-:pends on the-: distribution of capital aeross 
eountries. 

A way to solve this difficulty is to linearize the autarchic dynamics aro11nd the 
steady state, a"i the distribution of capital among countries is llniquely determined 
near the st.eady state. For any country O, we have: 

y(O, t') - y*(B) = e-1L(t'-t) (y(O, t) _ y*(B)) , ( 4.1) 

with j1 the speed of convergence of a country toward its steady-state and y* (O) = 
(j!J* the steady-state income of conntry B. Note that we usp.d the same symbol f1 

for the speed of convergence becanse such speed is exactly equal to the f-L charac­
terizing the aggregate dynamics of the integrated economy. 

From this, we obtain: 

( 4.2) 
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Thc integrated-econorny analogll<-; to this expreSSlOIl, with qy(e) = O. corn(-;s 
din-:ct.ly from (:t14): 

The c:omparison (4.2) anel (4.:1) is st.raig-ht.forward. The t.erm c-I,(t'-t) ,vi H 
Iene! t.o zero as t grows, whereas it,s integratc~d-economy c:onnterpart, the quant.ity 
fI (I, t'), wiU not.. Initial c:onditions have a persistent effect in t,he integrat.ed 
ecollomy. This persistenc:e phenomenon does not exist in t.he antarc:hic: (~c:onomy 
aIlel C:OIlvergenc:e will always translat('~ in to complete catching--llp. 

Another way of c:omparing the n-:spectivt-: pnxlic:t.ions Df the two models is to 
look at. growt.h rates. To do this, 'Ye now hav(~ to use the lineaJ'ized expression of 
fI (t, t') (see Appendi.."C D). We therefore assume that the world economy is not. t.oo 
féU' from a stead.y state. From (4.2), an approximate expression for the distanc:e 
hetween natioIlal growth rates anel aggregat(~ gl·owt.h rates in the autarchic: model 

(4A) 

where" 

(
Ll . ') _ y(e, t') - y(fJ, t). I ( ') _ y(t') - y(t) 

.ri f7, t, t = () dIlfL .ri t, t = ( ) . 
y e, t y t 

A linearized version of (4.:~) provides an eqllivalent expressioIl in t,he integrated 
eCOll< )my' ~: 

g(f}.I.,l') - ,r}(l,t') = (1 - c- I,(I' ,1,)) w~ ( Y(*) - 1) [ O ) - 1]. (4.i)) 
. yt YR(e,t 

The comparison between (4.4) and. (4.5) is again quite transparent. The lw­
havior of an integrated economy differs from its autarchic counterpart iIl one kc-:y 
a,.">pect: the term wi' (y* /y(t) - 1), which is absent from equation (4A) can be 
viewed a.."i an additional "c:oIlvergence deceleration" t.erm: as the (Lggregalc eCOIl­
omy proc:eeds toward its steady state, the deviation of the grO\vi,h rate of c:ountry 
fJ from the mean is clearly annihilat,ed faster in the integrated ec:onomy than it IS 

in the autarc:hic model. 

1I In the above expression anel in the rest of the section, we use the approximatioll 

(B ') (/)_JJR(B,t/)-YR(B,t) 
g ,t, t - g t, t _ (B . 

YR , t) 

I~This expres....,ion ha..., been obtained using the fact that 1 - ~() (t, t') ~ w; (1~(/1'} _ 1) ~ 
(I - c -I,(/'-t))W* (L - 1). 

1 y(t) 

.i'· .'" '. -, . ,'I ':" 
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402. A modified growth rate regression 

It is possibl~ to construct a test of t.h~ model by inc111ding both equations (4.4) 
and (4.S) in t.he following regression: 

(4.6) 

The value a = 1 would c:orroborate t.he êtllt.archic model while the integraled 
ecollomy wOllld be ~xcepted to yield t.he vallle a = O. Developing this fornlllla 
glVes: 

g(f}, t, t') - g(t, t') -

+ 

+ 

(1 - e-fl(t'-t») X f} (a - (1 _ o.)w;) 1. 
YR(f}, l) 

(1 - C-flU'-t») x f} ((1 _ o.)w"y*) _l_ 
I y(f}, t) 

(1 - c-I'Ct'-t») x ((1 _ o.)w*'lj*) _l_­
I. y( t) 

(1 - C-Il(t'-t») X ((1 - o.)w; - a). 

This implies the following reduced form: 

( LI ./) (') 1 1 1 gu,t,t -gl,t =(h~, (O )+OCY.'}. (O ) +CY.:l-() +CY.4' 
YR ,t y,t yt (4.7) 

In addition, we knO\v that, in bot.h Lhe autarchic and the intf:grated models. lhe 
world-wide cllmulated rat~ of growt.h satisfies t.he follmving reduceel form: 

g(t, t') = ,81 y~t) + 1'2 

wheI'e,81 = (1 - C-Il(t'-t»)y* and ,8'}. = -(1 _ e-Il(t'-t»). 

( 4.8) 

Equations (4.7-4.8) form a syst.em of "augmented" growth rate regressions. 
Namely, in equation (4.7), only t.wo additional regressors, (y( O, t)) -1 and (y( t)) - I , 

ac:count for the relationship between growth in the aggregate anel dynamic:s of 
inequalities ac:ross nations. These eqllations have t.o be estimated using panel 
data. 

A first approach to the empírical testing of the model is to verify that coeffi­
cients CY.2 and CY.3 are significantly different from zero. A second and more structural 
approach would proviele estimates of a. anel wj. The estimation of a. will refine 
the test on CY.2 and CY.3, while the estimation of wj wOllld. provi de information on 
whf!t,her there is convergence OI' divergence of GNPs. 

18 
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5. Conclusion 

Thi:-i model provides a theoretical explanation for the deceleration of convergence 
among int.egrated economies. When int.eract.ions are t.aken in to acc:onnt. in a Ram­
sey model of ec:onomic: growth, initial condition:-i durably infiuence long-rnn GNPs. 
SiIlee it is possible t.o simllltaneonsly haVf~ COIlverg:ence dl.lring the transitioIl. (:OIl­
vcrg"ence will nec:essarily slow down a:-i the \vorld economy proc:eeds towards its 
steady state. Using panel data analysis, onr charac:terization makes it possible to 
confront the model wit.h empirical evidenc:e. 

This analysis highlights the importanc:e of interac:tioIls among ec:oIlomies for 
understanding patterns of convergence. We have shown that, in the long run, t.he 
infiuenc:e of integTation may run c:ontrary to the traditional notion of "equalizing 
exchange". Again, it is import.ant t.o remernber that in f,his interternporal ut.il­
ity set.ting and without any sort. of externnlity, the c:ounterpart of the long-run 
persistence result is an irnprovernent of dynarnic ntility for alI countries. 

In addit,ion to t,he actual testing of the model, two directions c:an be ontlin(~d 
for furt-her research on integTation and gTowth. First, less than perfec:t. integTat.ioIl 
shonldJ)f"!-~alyzed, for example through adju:-itment CO:-its or i.nvestment irre­
versibility, as in Vellntini [1997]. Note that t,he persistenc(~ reslllt may he afff!Cted 
by the presence of liquidity c:onstraint.s a .. '> introduced by Hllggett [HJn7]. Thes(~ 

(~xtensions conl<1 obviollsly hring additional rp,alism to t-hf! modeI, espec:ially when 
applied to the world ec:onorny. Second, the re!;lllt of long-run GNP persist.enc:e 
could be offset by rnechanisrn:-i of t.echnology diffusion. This is clearly a very im­
port.ant. extension of t-he modeL as shown by the recent literature on t.he sllhject, 
for (~xample Basu anel Weil [19n~] who explore t,he idea of gntelual t.echnology 
diffnsion t.hrough a rnechanisms of "appr()priat.(~ technolo&y", or Eec:khollt aliei 
Jovanovic [HJ98] who :-ihow how nem-trivial ext.ernal effeds give rise to ineqnalit-y 
in productivity. 
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Technical appendices 

A. The world economy around its steady-state 

Around the steady-state (c*, k*), the \vorld (~c:onomy dynamics is c:haracterized hy 
the .Tacobian matri.. ... c 

J = [ o r;*er-If"(k*) 1 
-1 J'(k*)-(<5+n+x) . (A.I) 

The c:haracteristic: polynomial a..'3sociated to J is: 

P(f.L) = f.L2 - (p + er;); - (71, + ;I;))f.L + r;*er- l 1"(k*). (A.2) 

lt is well known that P(f.L) has two roots of opposite signs f.L1 > O and f.L2 < O. 
Moreover, we know that f.LI + f.L2 = Tr(J) = p + er;r: - (n + ;I;). f.L = 1f.L21 > O 
is t.he 8peed of convergence of the world economy toward it.s steady-s(.at<-:_ As 
ji'l X j1'2 = Det(J) = r:*er-lf"(k*), we ohtain: 

(A.:~) 

f.L can be expressed as a function of the parameters of worldwide preferences 
anei technology. Define E anel a as representing respec:tively the ela..c;ticit,y of sllb­
st.itnt.ion between fadors of the world technology anel the share of capital income 
in total income1:3: 

t= .f'(k)(.f(k) + cP - k.f'(k)) 
k(f(k) + cjJ)f"(k) 

k.f'(k) 
a=f(k)+cP' (A.4) 

Let T* = P + er:r be the (net) interest. rat.e in h<-: steady-state. The world sp<~d of 
adjnstment is t,hen given hy: 

f.L = ~ [- (r * - (n + :r: )) + 
2 

4 c* 
(r* - (n + X))2 + -(r* + <5)(1 - a)-

ter k* 

Moreover, with Ollr definitions, the ratio (:* jk* satisfies: 

r;* r* + <5 
- = - (<5 +n+x). 
k* a 

(A.5) 

lI. is useful to study the local properties of the policy rule c( k) associated to the 
competitive \vorld dynamics. We eliminate time in the differential system (2.12,2.1~~) 
so that: 

'( ) _ er-1(J'(k) - <5 - p)c(k) - xc(k) 
c k - f(k) + cp _ c(k) - (<5 + x + n)k' 

1:1 IlIcludillg 4'> in the:;e expre:;,.;ions facilitate:; forthcoming algebrical mé\llipulations. 

. -
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Since O/O is indeterminate, (A.f)) is llninformatiVf~ on t.h<-: vallle Df c'(k*). Howev<-:r, 
by applying L'Hôpit.al's rule, it. is easy to sho\v that r:'(k*) solves P(p,) = O wit.h 
F>(p,) t.he charac:teristic: polynomial associated to J. Consequently, there are t\VO 
candidates for c' (k*): the two eigenvalues p,j anO. p'z, c:orresponding respec:t.ively 
to the stahle and llnstable arms of t.he phasc diagramo It is easy to see that the 
sl<1h1<-: arm is incr<~asing in t,he (k, r:) plan so t,hat: 

c'(k*) = p,j = p, + P + (T;r: - ('li. + .':e) , (A.i) 

is the relevant solut.ioIl. 

B. Properties of )'1 (k, k*) and 'IjJ(k) around the steady-state 

À1(t,t') can alt.ernat.ively be expressed in t.erms of the aAATegat.e capital stocks 
k(t) anel k(t'). Substituting (:3.:3) into (:{.fj) provides a c:onvenient expression: 

À (k. k') = a(k')/a(k) 
I , k'/k (8.1) 

;. From this, we have 

ri; = 1 - (k* /a*)a'(k*). (8.:2) 

\Ye need to characterize th(~ policy rlll(-~ a(k) near th(~ steady-state k*. Knowing 
that. ã = (r - 11, - x)a - r; anel llsing the expressioIl of the aggregate dynamic: 
system, we have: 

'() (f'(k) - 6 - 'li. - .1:)a(k) - c(k) 
a k = . 

f(k) + </) - (;(k) - (6 + 'li. + :z:)k 

Again, by applying L'Hôpital's rule to this ratio of fimctions, we see that a' (k*) 
satisfies: 

-r;'(k*)a'(k*) - a*J"(k*) + r;'(k*) = O, 

so that.: 

'(k*) = 1 _ *f"(k*) a , a ( ). r;' k* 

Further, knowing that. c*/a* = p + crx - (71. + x) = 1/, we get: 

a' (li: *) = 1 + cr P, 
p + (T;r; - (TI. + x) 

::.From this last expression, we c:onclude that: 

k* 
71; = 1- - [p+cr(x+p,) - (n+x)]. 

r:* (8.4) 
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The instant.aneous speed of conditional convergence 'Ij!(k) relates to tlH-~ functioIl 
À j (k, k') through the expression: 

DlogÀ}(k,k') 'Ij!(k) 
=-:-:-~----:---:'--'-:-_----,--

8k f(k) + </; - r:(k) - (n + Ó + x)k' 

In k = k*, we apply the L'Hõpital's rule once more, llsing (A.7) to show: 

Ti! (k*) 'Ij/ (k*) 
- -

k* 

Finally: 

(8.5) 

C. Properties of À~(k, k*) and 'l/J2(k) around the steady-state 

R.emember that: 

Making the change of variable t --t k, we obtain: 

By differentiating this equalit,y with respec:t, t.o k: 

Knowing that Àl (k*, k*) = 1 and 7}!2(k*) = O, we apply the L'Hõpit.al rule t.o shmv 
t.hat.: 

(C.l) 

We now turn to the evaluation of the derivative 7}!;(k*). The function 7}!2(k) 
satisfies 'ljJ2(k) = </;[1 - v(k)I(k)J/k. Differentiating this expression \vith respect 
to k yields: 

This expression has to be evaluated at k = k*. First, we need 1/ (k*). By definition, 
I/(k) = r:(k)/a(k) so that: 

1/ (k) _ r:' (k) _ a' (k ) 
v(k) - r:(k) a(k) . 
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It i~ easy to check that. v* = l/(k*) = p+cr;r.;- (.1:+n). Knowin~ (A.i) ilnd (B.:~). 
011<-' gets: 

l/(k*) = -~I1(1- 0-), 
a* 

with 11 the speed of adjustment of t.he world ecoIlomy. 
Sec:ond, we need l'(k*). Using t.he (~xpre~sion: 

100 J'r l(t) = t· e- t. (r(s)-n-x)dsdT, 

By making the change of variable t -+ k: 

l'(k) = (J'(k) - n - x - 6)1(k) - 1 
f(k) + qJ - c(k) - (6 + x + n)k)" 

For k = k*, we apply the L'Hõpital rule to t,his expression: 

-'( *) f"(k*)l(k*) + l'(k*)(J'(k*) - 6 -:1: - n) 1 k =~~~~--~~~~~------~ 
f'(k*) - c'(k*) - (6 +:1: + n)k) . 

(C.:Z) 

Knowing that. 1 (k*) = (p + crx - (x + n)) -1 anel t.hat the denominator is eqllal to 
11, one can see that: 

l' (k*) = crl1 . 
c*(p + crx - (71, + x)) 

Using equations (C.l) (C.2) and (C.:3), we see that: 

(C.4) 

Knowing t,hat À;(k*) = 'ljJ;(k*)/11 anel 71~ = k*À;(k*), we finally obtain: 

(C.5) 

D. Properties of ~i(k, k') 

Let 1'1 (k, k'), r2(k, k') and r3(k, k') be functions of capital stock, corresponding 
to the coefficients ri,i = 1,2,3 of equation (3.10). The objective of this section 
is to find closed-form expressions for t.he semi-elast.icities w;, i = 1,2,3 of these 
functions around the worid steady-state . 

From (:3.11) we have: 

* * k*c/(k*) 
w 1 = 711 - *' 

Q 
(D.l) 
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with c't(k) = kJ'(k)/(f(k) + cf;). The elast.icit.y of 0. aronnd the st.eady-stat.(-~ can 
he comput.ed. using definitions (A.4). We obt.ain: 

k*0.'(k*) = (1 - 0.*)(1 - I/E*). 
0.* 

This equat.ion, together wit.h (B.4), implies: 

k* w; = 1 - ...:...- [p + (T(.T + JL) - (n + x)]- (1 - 0.*)(1 - (I/E*)). 
r;* 

(0.:2) 

Note t.hat \vhen E* = 1, which corresponds to the Cobb-Oouglas ca..'3e with </) = 0, 
wi is equal to 71i· 

Oespite its simplicity, an inconvenient of equation (0.:2) is that it is not ho­
mogeneous in the parameters describing the world fundamentals. For inst.ance, JL 
depends on E*. One way to circumvent this difficulty is t.o use (A.3) to show t.hat.: 

k*d(k*) = 1 _ _ k*.....:.(,-p _+_cr_;z;_+_ó-,-) _ _ k* crJL(JL + P + (TX - (n + x)) 
. n* r.* + (n + ;z; + ó)k* r.* P + (T;Z; + ó, 

By combining this expression with (B.4), we obtain a homogenous expression for 
wi'. However, this expression is complexo It simplifies in the ca..'5e Ó = n = ;z; = O: 

* k* (TJL'l. 
W =---

1 r;* P 1 

(O.:)) 

which is always positive. This means t.hat. in t.lw absence of depreciation, demo­
graphic growth and. technological progTess t.h<-!rf-~ is always conditional convergenc(-! 
in gross income around the st.eady st.at.e. 

The expression of w3 can be obtained from (:),13). It is easy to show that: 

w* = 0.*!E. - (1 - 0.* - (3*) [w* - 0.*]. 
3 r;* 1, 

(0.4) 

where ,ô* = w* /y* is the share of wages in total inc:ome. 
Knowing t.hat. the ')'~s sum up t.o unit.y, we have w2 = -wj - w3. Hence: 

* * cf; (* (:J*) * *(1 * I}*) w'l. = -0. - + 0. + j w1 - 0. - 0. -, , 
r;* 

(0.5) 

For cf; = 0, this reduces to w2 = -wj. 
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