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1. Introduction 

The spatial distribution of production is a traditional issue of 

economic geography that recently has catched the attention of standard 

economic analysis. One of the most striking features of the spatial 

organization of production is the high concentration of producers and 

consumers in urban clusters, and the wide range of variation in sizes of 

these urban units. 

Spatial agglomeration has been most frequently explained by the 

presence of different kinds of economies of scale from concentrating in 

space both production and consumption. In the first group we have 

technological externalities of varying reaches (intra-industry or 

intra-city), risk sharing among firms by pooling labor markets, or lower 

cost of provision of some input produced under (internaI) increasing 

returns to scale. The second group includes lower costs of provision of 

public goods and accessibility to a greater variety of consumption 

goods. Although each one of the spatial agglomeration incentives cited 

above certainly has its place in accounting for the observed patterns of 

spatial concentration of production. here we talce the minimal1st vlew 

that only costs to transactions across space together with internaI 

increasing returns to scale in production are enough. Increasing returns 

basically malce firms concentrate production in a l1mited number of 

locations. To minimize transport costs of goods produced, a firm wlll 

prefer a location with a large demand; but local demand is large 

precisely where most firms are settled. This circularity generates a 

self reinforcing incentive for industry concentration. On the other 

hand. because costs of movlng in space also apply to workers accessing 

their own workplaces. if those costs increase with concentration there 

can be a trade off . 

We develop a simple model of trade between two cities that 

includes transportation costs for goods and commuting costs for workers. 

and allows us to address the question of when and how far manufacturing 

wlll concentrate in some urban area. altogether with its respective 
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labor force. Two further elaborations of the basic model allow us 

respectively to.evaluate the effects of differentiating goods either by 

cost to transport (or cost to trade if interpreted more generally)or by 

different price elasticities. The first case is a study of the effects 

of having nontraded goods avallable for consumption in each c1ty over 

the results derived before. The purpose of the second differentiation is 

to assess the effects of variable relative prices in cities of different 

sizes on the demands for different types of goods. This turns out to 

reveal a demand driven motive that determines each industry's location 

decision, so that we are able to make predictions about wnat kind of 

industries will be more concentrated in each particular city. 

A last question we approach here, that is more of an illustratlon 

of the nature of incentives for agglomeratlon postulated in thls work, 

ls related to the robustness of predictions of a two ci ty mode!. An 

extension of the model to account for the interactlons of three cltles 

reveals a tendency for dispersion of equllibr1um poPulatlon 

dlstributions wi th respect to a comparable equllibrium wi th only two 

cities. The related literature include two basic sources: the standard 

1ntra-industry trade models (Krugman[80] , Helpman and Krugman[90]) 

together wlth some recent work related to econom1c geography and 

manufacturing location (Krugman[91a], [91b]) form the first group; the 

second comes from urban economics models of commuting costs and land 

prices that use the preferences for variety and monopolistic competition 

with lncreaslng returns framework (Dixit and Stiglitz[77]) to get 

agglomeration econo.ies in cities. One illustrative example of the first 

group ls Krugman[91] where the trade off for location is between 

proximity to manufactured goods markets on one hand and competition for 

agricultural goods (in fixed supply) on the other. We model trade in 

manufactured goods in a similar way but the additional urban land price 

structure completely changes results. Krugmann[80] develops the basic 

model of intra industry trade employed here and provides some resul ts 

for industry concentration that depend on differences in tastes between 

c1ties. Among the second group are Abdel-Rahman[87] and 
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Rivera-Batiz[87]. In both works increasing returns and monopol1stic 

compet1t1on 1n nontraded goods generate agglomerat1on economies stemm1ng 

from the agents' preferences for var1ety. They both 1nd1cate that 

1ncreas1ng land pr1ces and greater availabil1ty of goods for consumpt1on 

enter a trade off to determ1ne c1 ty size. In both cases though trade 

aspects are neglected and relative wages determined exogenously. A 

recent work that pursues questions close to those in our Section 5 is 

El1zondo and Krugman [92]. 

The presentation is divided 1nto six sect1ons. Sect10n 2 descr1bes 

in detail the basic model and aims at the quest10n of equilibrium city 

s1zes. Section 3 adds nontraded goods as a second 1ndustry to the bas1c 

model and asks how this alters results. Sect10n 4 extends the analys1s 

of two different industries for the case when both produce traded goods, 

and develops impl1cations for c1 ty s1zes and 1ndustry concentrations. 

Section 5 treats a model of three cit1es and gives some ins1ghts about 

the characteristics of equ1libr1a 1n larger systems. F1nally, Section 6 

closes w1th some comments and conclus1ons. 

2. The Basic Model w1th Two C1ties 

In th1s section we present the model used to address the quest10n 

of the coexistence of c1t1es of different s1zes 1n free trade . 

This model assumes the existence of two spatially separated spots 

1nitially available for settl1ng of product1ve act1vit1es. These sites 

may be predeterm1ned by the phys1cal character1stics of the landscape 

like climate or topography, or by the ava1lability of a transportation 

network. A unspec1fied number of people freely choose between the two 

sites where they want to settle as dwellers and workers. Agents have 

ut1lity from consumption of land and manufactured goods. We suppose that 

proeuction takes no phys1cal space and that occupation of land around 

each production s1 te happens in the radial fashion of the monocentric 

ci ty model (actually we simpl1fy 1 t to a one sided distribution of 
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populatlon). Labor ls the only productlve factor and productlon happens 

under lncreaslng returns to scale. Transportatlon costs are lncurred to 

shlp a good from one clty to the other. Flrms can costlessly 

dlfferentlate thelr products and agents have ut1l1ty on varlety. Market 

equillbrlum ls one of monopol1stic competitlon and a pattern of trade 

emerges such that one particular good wlll be manufactured by only one 

firm, and every agent consumes every good (unless transport costs are 

inflnlte). The exposltlon ls dlvlded lnto four subsectlons. In the flrst 

and second subsectlons respectlvely the goods market and the land market 

are analyzed; the thlrd subsectlon descrlbes overall market equll1brla; 

flnally ln the fourth subsectlon the locatlon cholce problem ls 

addressed. 

Although agents can l1ve at dUferent locations lnto each city 

they are treated symmetrlcally otherwlse, ln particular they recelve 

same wages, rents and eventual profits. Agents l1vlng ln any clty at 

location x, solve for (first subscrlpt refers to one of two cl tles, 

second subscrlpt refers to a speclflc good): 

max 

H,c
k 

s. t. Q (x) H + ~ P c + m (x) = W + R + 11 = 11 
1 1 '"'k .. t lk 1 k 1 1 1 1 

glven Ql(x), p , W , R , 11, m (x), n lk I I I I 

where, 

H
1 

ls llvlng space . 

c ls consumptlon of manufactured good k ln city 1. lk 
m

1
(x) ls commutlng costs . 

Q (x) ls the urban land prlce schedule. 
I 

Plk ls the prlce of good k faced by a cltlzen ln city 1; Plk~Jk ln 

general because of transport costs. 

W, R, 11, I, are respectlvely wage rate, land rent ,profits and 
1 1 1 1 

full lncome recelved ln clty 1. 
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n - n + n is the total number of goods produced in both cities . 
1 2 

Plk' tIl' and n are determined in the monopolisticaly competi tive 

equilibrium of goods and labor markets in each city, as functions of 

wage rates and of the distribution of population . 

01 (x) and Rl are determined in the equilibrium of the urban land 

markets in each city, as functions of wage rates and the distribution of 

population . 

W is determined in the goods trade equilibrium between cities, as a 
1 

function of the distribution of population and transport costs. 

2.1 Monopolistic Competition in Manufactured Goods . 

Utility from consumption of manufactured goods is assumed to take 

the form: 

C( ) = [~ (0'-1 )/0' ]0'/(0'-0 c , ... ,c C 
1 n =1 k 

This specification embodies preference from variety, where n is 

the number of goods actually available in the market. All goods enter 

symmetrically, with O' being the elasticity of substitution between any 

two of them. Costs to transport manufactured goods between the ci ties 

are introduced in the model in Samuelson's "iceberg" fashion. We asswie 

that, of each unit of a manufactured good shipped from one city to the 

other only a fraction T<l arrives to be consumed. In this way transport 

costs are incurred in lost units of the goods themselves. If p is the 

price faced by a domestic consumer for some domestic good, then p/T is 

that good's price faced by a foreign consumer. 

The total demand c for a good k manufactured in city one is the 
1k 1 2 

sum of the aggregate demands by city one (c
1k

) and city two (c
1k

): 

-o-~ 
Pk 1 

(l/T) (p /T)-o-~ 

C = + 
1k 

1-0- ~ +n (p IT)l-O- ~ 1-0- ~ +n 1-0-
t;!1 + 1 2 1 (p IT) + 1 2

1 Pj P j j=n +1 j j=1 j j=n + 
1 1 
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where E7 is aggregate expendi tures in manufactured goods by ci ty i' s 

inhabitants (to be determined ahead) and n is the number of goods 
1 

manufactured in ci ty 1. The price elasUci ty of demand for good k. 

manufactured in city one is: 

( la 2 a 
E:k = -cr -(1-cr){ ~ PkCik/E i) + (1-~)(Pkcik/E2) } 

where ~ is the fraction of total demand for good k. coming from agents 

l1ving in city one ( ~ = c i 
Ic

i +c2
). As the share of expenditures on 

ik ik ik 

good k. in both cities get small, E:
k 

approaches -CF • 

Labor alone is used in the production of each manufactured good . 

The technology is the same for every good, and involves constant fixed 

and variable cost components with the form: 

X = I + uY 

where Y is output, X is the the cost in terms of labor and I and u are 

constants . 

In this model firms can freely decide to produce a differentiated 

good, therefore avoiding to dispute markets directly. For this reason a 

particular good is produced only by one firmo This is also the reason 

why firms do not spl1t producUon between the two cities, even if 

transport cost is high . 

The profit maximizing pricing behavior of an individual firm is to 

set i ts price so as to equate marginal revenue to marginal cost. We 

suppose the number of goods available is sufficiently high to take the 

price elasticity E: as constant, that is, E:=-cr. If W is the wage rate 

then: 

p = (cri (cr-l ) 14M# 

where we require that cr>l, so that marginal revenue is always positive . 

In the monopolistic competitive equilibrium, free entry of firms 

into manufacturing requires zero profi ts at the margin. This impl1es 

that 

(p-.uW)Y = IW 
Then the levels of output and employment in equllibrium for any 

firm, are determined by: 

8 
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Y = 1(0'-1 )/u 

X = lo' 
Finally, market clearing for labor pins down the number of goods 

being produced in equilibrium by: 

n = LI(I+uY) = Lllo' 
When we let wage rates be diíferent in the two c1ties, the 

relative price ratio of goods manufactured in cities 1 and 2 must equal 

the ratio of wages paid in cities 1 and 2 

P1/P2 = W11W2 
Also, once the size of one firm is fixed, the number of goods 

manufactured in a ci ty is proportional to the size of the work force 

located there. Thus • 

n1/n
2 

= L11L2 

2.2 Land Prices in a Monocentric City Model . 

Agents derive utility from living space and the aggregate 

consumption of manufactured goods in a Cobb-Douglas specification . 

Agents in each clty are endowed wlth one unlt of tlme whlch they share 

between worklng and commutlng. and land ownershlp rlghts that entltles 

them to equal shares of the total rents pald ln the city. Nomlnal labor 

and rental earnlngs are allocated to consumptlon and rental 

expendl tures. 

The urban land model ls speciíled ln the slmplest way. Land ls 

avallable as a strlp wlth unlt wldth. AlI jobs are located at one end of 

the strlp. the Central Buslness Dlstrlct (CBD). Agents may declde to 

locate at any dlstance x from the CBD and lncur commutlng costs of m(x) 

unlts of time. Production ls assumed to take no physlcal space .. 

From homothetic1ty of C (c •...• c ), the expendl ture function for 
1 n 

agents llvlng ln clty 1 (faclng prlces Plk) can be wrltten as: 

e(p •...• p .C(x» - P(p •...• p )C(x). P C(x) 
l1 ln l1 ln 1 

50 that the flrst stage solution for the problem of an agent 

9 
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living in any city brings up the following demand functions for land and 

consumption at each distance x from the CBD: 

H(x) = «(I - m(x»/O(x) 

C(x) = (1 - «)(I-m(x»/P 

The necessary condition for optimum location is: l 

O' (x)H(x) = -m' (x) 

This condition states that movements along x induce income 

compensated price changes in demands for land and consumption. 

Substi tuting the demand for land into i t and integrating, we get the 

land price schedule (with m(O)=O): 

O(x) = 0(0)[(I-m(x»/I]1/« 

Substituting O(x) into the demand for land we get: 
H(x) = «I 1/«(I-m(x»(«-1)/<</0(0) 

The price of land at the CBD (0(0» and the distance to the outer 

edge of the city (xe) can be determined from the price of land at the 

edge (Oe) and the size of populatlon in the clty (L) from the 

condl tions: 

O(xe) = Oe (1) 

e 
~ (l/H(x))dx = L 

where 1/H(x) is the populatlon denslty at x . 

We assume that commutlng costs are llnear ln the dlstance x, and 

conslst entlrely of tlme lost. We assume ln addltlon that the average 

time spent to commute one unlt of dlstance ls a constant ~. Therefore we 

make m(x)=mx=(Wx, where the number of commutes ls normallzed to one. 

Wlth thls form of commutlng costs ln (1) we flnd: 

0(0) == mL + Oe (2) 

xe = (I/m)[l-(Oe/mL+Qe)«) 

lIf v(O(x),P,I-m(x» ls the lndlrect utlllty functlon, that 

follows from the Fac: 811/Bx=(8v/aQ)O' (x)-(8v/8(I-m(x) )m' (x)=O and from 

Roy' s Identi ty. 
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We can now compute the city aggregates of interest. The aggregate 

amount of rents paid in the city (Ra) is given by: 
e 

a X ( e e j R = lO Q(x)dx = (a/ 1+«»[LI+Q X (3) 

From the Cobb Douglas preferences, the total amount paid for rents 

(or total expenditure in land) is a fraction equal to « of the aggregate 

disposable income (aggregate income minus total commuting costs). 50 

that aggregate expenditures in commuting (~) may be determined by: 

«(LI-~) = Ra ~ ~ = (l/(l+«»[«LI-Qexe j (4) 

The sum of aggregate expenditures in land Ra in (3), in 

consumption Ea and commuting ~ in (4) must add to total income LI. that 

is: 

Ra+~+~ = LI ~ ~ = «l-«)/(l+«»[LI+Qexe j (5) 

5ince rural land doesn' t have any role in this model where all 
e agents are urban dwellers, we arbitrarily set its price to zero, Q =O. 

Under this assumption, our solutions in (2) to (5) become: 

Q(O) = mL 

xe = 11m 

Ra = ~ = (a/(l+«»LI 

~ = «l-«)/(l+«»LI 

Each agent is entitled to an equal share of the aggregate rents 

.paid in his city, so that we can determine R from 

Ra=LR ~ R = (a/(l+«»(W+R) ~ R = «W 

5ubstituting back for I = W+R = (l+«)W we have finally: 

Ra = ~ = «LW 

~ = (l-«)LW 

2.3 Tbe Determination of Wage~ 

The pattern of trade between cities that emerges is one in which 

each differentiated product wl11 be produced in only one clty. Market 

clearing for goods made in city one requires that: 

11 
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--------- + --------- = y 1 
1-0' 1-er 1-er 1-0' n1P1 + n2 (P2/T ) n1(P1/T) + n2P2 

a a 
On the left hand s1de E1 and E2 are respeetively the aggregate 

expend1 tures on eonsumption 1n e1 ties 1 and 2. The first term 1s the 

demand for a good made 1n e1ty one by 1ts own e1t1zens; the seeond term 

1s the demand for that good by e1ty two's e1tizens. The analogous 

vers10n for a good made 1n elty two ls: 
-era -era 

(l/T) (P2/T) E1 P2 E2 

Note that the quantities suppl1ed Y1 and Y2 are equal lf the 

teehnology ls the same ln both eltles. The aggregate revenues from eaeh 

eity's manufaetures must equate total wages paid sinee there's no 

proflts ln equlllbrlum; from (4): 

n1P1Y1 = W1L1 - M~ = (1-«)L1W1 
a 

n2P2Y2 = W2L2 - M2 = (1-«)L2W2 

Aggregate expendltures on eonsumptlon ln eaeh elty are: 

E~ = (1-«)(L1I1 - M~) = (1-«)L1W1 
Ei = (1-«)(L212 - Mi) = (1-«)L2W2 

The market elearlng equatlons ean then be wrltten as: 
1-er 1-er 

n1Pl n1 (Pl/T ) 

--------- L1W1 + -------- L2W2 = L2W2 1-er 1-er 1-er 1-er 
n1Pl + n2 (P2/T ) n1(P1/T ) + n2P2 

(6) 

Naturally one of the equatlons ls superfluous by Walras law, and 

12 
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any one of them is equivalent to trade balance equilibrium. 

Defining the new variables t and w for the ratios of population 

and wage rates between the cities, t 5 LIIL2' w • W1/W2, we can rewrite 

the market clearing more conveniently to get the relative wage as an 

implicit function of a glven dlstrlbutlon of workers between the citles 

and the other parameters u>I, O<T<I: 
_(T1- u -w -uh :u-l 

--------------- = t ;t ~ O (7) 
u-l -u l-u 

(T -w )w 

Propos1tlon 1.:.. 
The wage ratl0 ls a continuously dlfferentlable, strictly 

lncreaslng function w(t) of the populations ratio s. t . 

w: IR ->IR + + 
( l-u -u) u-l 

- T -w T 

w(t) • lnv(l (w»; where 1 (w) = ---------------

w(t) E (T(u-l)/U,T(I-u)/u) 

(proof ln Appendix 1) 

( u-l -u) l-u 
T -w w 

Note that the equlllbrium w is independent of « or m. The 

additional structure of land markets and commuting costs does not 

interfere in the goads trade equilibrium. Also w = w(t) • l/w = w(l/t), 

from the symmetric treatment of cities in the modelo Note that the upper 

bound for the equilibrium wage ratios depends positively on the 

elasticity u and negatively on T . 

If there are no transport costs (T=l) , equal wages (w=1) is an 

equilibrium for any relative city size t, for any value of the 

elasticity U. When transport costs are present though (O<T<I), relative 

wages are monotonicaUy increasing with relative c1ty sizes, a result 

well supported by empirical observations. 

In this model transportation cost is the factor behind the rising 

ratio of wages w1th the ratio of populations (see Flgure 1). From a 

13 
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comparative statics standpoint, when the distribution of population 

changes at some initial equilibrium prices, there will be an excess 

demand for the goods manufactuted in the city that gets bigger. 

Elaborating on this, suppose that one firm moves from the small to the 

big city. From the perspective of the moving labor there is an increase 

from P2 to P2/T in the price of goods manufactured in the small city, 

and a corresponding decrease from P1/T to P1 for goods made in the big 

city. From the perspective of the people already living in the big city, 

the price of the good manufactured by the moving firm decreases from 
( 1-0-)/0' 

P2/T to P1 (since P1/P2<T then P2/T< P1)' Finally, from the 

perspective of the small city citizens that stayed, the price of the 

good manufactured by the moving firm increases from P2 to P1/T. AlI the 

effects above summed, the aggregate demand for goods made in the big 

city must increase, while for goods made in the small city, decrease . 

When the wage. ratio is allowed to shift, it needs to increase in order 

to clear the markets . 

2.4 Real Incomes and the Location Choice. 

Until now we have been taking the populations ratio t as being 

exogenous and computed equil1brium prices as functnions of t. Now we 

turn t itself into an endogenous variable, letting workers freely decide 

to migrate between the ci ties. We assume that agents are indifferent 

about which city to 1ive in if and only if real incomes are the same in 

both cities. We call equilibria the population ratios t for which real 

incomes are the same in both cities. Among the equilibria, we call 

stable the ones at which an eventual migrant that is initially 

indifferent between ci ties makes i t unworthy for other migrants to 

follow up. 

City bigness contributes to real incomes by three distinct 

channels. Equilibrium nominal wages are relatively higher in the bigger 

city. AIso, big city dwellers pay transport costs on a relatively 
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smaller fractlon of alI the goods they consume. On the other hand, land 

rents ln the blgger clty are relatlvely hlgher at any dlstance from the 

CBD. We construct a relatlve utlllty lndex as a functlon of the ratl0 t 
that reflects the above trade off, maklng expllclt the role of 

parameters a, ~, and T. 

The true prlce lndex of goods consumptlon ls, in clty 1: 
1-~ 1~ 1/(1~) 

Pl = [nl Pl +nj(pj/T)] ; j = 1, 2. 

The cost of 11vlng lndex (lncludlng land consumption) in c1ty 1 

for an agent llvlng at dlstance x from the CBD ls: 
«- l-a a l-a 

Ui (x) = Qi(x) ~1 /a (l-a) 

Real lncome (lndlrect utlllty) at slte x ln clty i can be measured 

by: 

Ul (x) = (I l -ml x)/IT1(x) 

Slnce utlllty must be the same at any x, we plck x=O to construct 

the relatlve utlllty lndex U: 

W1-aTa- 1 [ twl~+~l~ l(l-a)/(l~) 
U = U(O)/U(O) = 1 1 

ta lw ~+T~-

Substltutlng for l ln terms of w, we obtaln the relatlve utlllty 

lndex as a functlon of equlllbrlum relatlve wages w: 

u(w):1R ->IR + + 

u(w) = w(1~[2-al)/(1~)[ ~~l_w~ la (8) 
0'-1 O' 

T -w 
The functlon u(t) • u(w(t» deflned jolntly by (7) and (8) glves 

the relatlve utl1ities in the two cities for any given dlstrlbutlon of 

population between them. The equl11brla are those ratios l such that 

u(t) = 1, and the stable ones are those for whlch ln addltlon, u' (l»O. 

We proceed with some analysis of the functlon u(t) and characterize the 

equilibria. Notice that lf ~(t) then l/~(l/t), as one should expect 

from the symmetry of the modelo It ls stralghtforward to check that, as 

lona as a > O, 

11ml- u(t) = O; 11mt u(l) = ~; 
>m ->0 

As t grows wlthout bounds, relatlve utlllty ln clty one approaches 

lS 
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zero, what means that complete concentration of population in one city 

is never an equilibrium. Higher land prices sooner or later make life in 

the big city too expensive. It is also immed\ate that cities of the same 

size offer the same real income, u(l)=l. Cities with equal populations 

are then always in equilibrium, although it might be unstable. For t>l, 

u(l) is ei ther always less than one, or bigger than one at smal! l, 

equal to one at a unique stable equilibrium, and finally less than one 

for alI l thereafter. The bottom line is: 

Proposit1on 2: 
• a) There exist a unique stable long run equilibrium l >1 if and only if: 

[ 

(l-cur )(20'-1) ] li (0'-1) 

T < «(0'-1)+(1-«)(20'-1) 

b) The symmetric equilibrium l=l (that always exists) is stable only if 

there is no asymmetric equilibria . 

(proof in Appendix 1) 

The i nequa 11 ty in (a) describes the subset of parameter values 

leading to stable long run equilibria for cities with different 

population sizes. It prescribes high enough transport costs for given « 

"and 0', or a low enough share of expenditures in housing for given T and 

0'. A necessary condition for (a) to hold is that the r.h.s be strictly 

positive, what translates to « < 1/0', so that the share of expenditures 

on land can not be too high (see Figures 2 and 3). We can also show 

that: 

Proposit1on ~ 

If T satisfies (a) in Proposition 1 then the equilibrium 

populations ratio is a strictly decreasing function of T . 

(proof in Appendix 1) 

What Proposltion 3 says essentlally ls that given preference 

parameters such that «<1/0' (the share of expenditures in land is not too 

big) then transport cost alone can explain all equUibrium relative 

sizes of cities (see Figure 4). 
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At this point we would l1ke to add some qual1fication to the 

spec1fic assumption we have made about the land ownership rights. If 

agents are restricted to own land only in the ci ty he is currently 

l1ving in, then we do not have a very real1stic setting to interpret 

migration decisions from a dynamic standpoint. One natural alternative 

is to let agents be equal shareholders of the total rents paid in both 

cities instead. We can show though that this modification does not alter 

the qualitative results obtained with the first assumption, at a cost of 

a sensible loss in tractability (see Appendix 2). 

3. Nontraded Goods and City 5ize 

Here we develop an extension of the model in section 2 in order to 

illustrate how the presence of nontraded goods alter the equilibria. We 

include in the analysis a second industry that produces nontraded goods 

in each city. The notation distinguishes variables and parameters 

pertaining to each industry by means of "O''' or "p" subscripts depending 

on if the elasticity of substitution between goods manufactured by that 

industry is respecti vely O' or p. We now define as the consumption 

aggregate: 
C(C C) = C~C1-~ 

0" P O' P 
where 

n n 
C [ ~. O' (cr-1)/0' ]O'/(cr-1) C [~p c(p-1)/p ]p/(p-1). 

O' = "1c=1 ck p = "1c=1 k 
The Cobb-Doug1as preferences imp1y that a fraction equa1 to ~ of 

expenditures on consuaption goods is allocated to goods manufactured by 

industry sigma. The technological parameters are allowed to vary between 

industries so that the cost functions for a11 firms producing in each 

industry are: 

X =1+uY O' O' O' O' 
X =1+uY p p p p 

Profit maximization then results in goods prices that are 

proportional to the wage rate in the city where they are manufactured: 

17 
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Pi~ = U~Wi~/(~-l) 
Pi = U W.p/(p-l) 
~ p 1 

The zero profi ts condi tion determines output and employment for 

each firm in each industry: 

y~ = e~(~-l)/U~ ; X~ = e~~ ; 

y = e (p-l )/u; X = e p ; p p p p p 
The full employment condition can then be used to determine the 

number of firms (goods) established (produced) in each city/industry: 

nl~ = Ll~/e~~ ; n1p = L1p/epp ; 

n2~ = L2~/e~~ ; n2p = L2p/lpp ; 

Markets clear for both goods sigma and goods rho. Total demands 

for goods sigma and rho manufactured in cities one and two must equal 

their respective supplies. Then if industry sigma manufactures the 

traded goods and industry rho manufactures the nontraded goods. the 

market clearing conditions are (number subscripts refer to a specific 

c1ty) : 

---------------------- + --------------------- = Yl~ 
1~ 1~ 1~ 1~ 

nl~l~ + n2~(p~/T) nl~(pl~/T) + n~2~ 

---------------------- + --------------------- = y 2~ 
1~ 1~ 1~ 1~ 

nl~~ + n~(p~/T) nl~(pl~/T) + n~~ 

(l-.)E~ 

----= Y1P 

-------- = Y 2p 
n2pP2p 

(9) 

(lO) 

Bringing in land consumption and commuting costs. we can write for 

18 
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the aggregate nominal disposable incomes in each of the two cities: 2 

E~ = (1-«)W1L1; E; = (1-«)W2L2; (11) 

Aggregate city/industry revenues can be written as: 

nlpPlpYlp = (1-«)W1L1P ; . nl~l~Yl~ = (1-«)W1Ll~ (12) 

n2pP2pY2p = (1-«)W2L2p ; n2~2~Y2~ = (1-«)W2L2~ 
Substituting from (11) and (12) above into the traded goods market 

equilibrium conditions (9), we get: 
1~ 1~ 

nl~l~ f L1W1 nl~(pl~/T) f L2W2 
+ = Ll~Wl 

1~ 1~ 1~ 1~ 
nl~l~ + n2~(p2~/T) nl~(pl~/T) + n~2~ 

1-~ 
n2~(p2~/T) f L1W1 

1~ 
n~2~ f L2W2 

+ = L2~W2 
1~ 1~ 1~ 1~ 

nl~l~ + n2~(p2~/T) nl~(pl~/T) + n2~2~ 

Substi tuting from (11) and (12) into the nontraded goods market 

equilibrium conditions (10) though we get that: 

L1p/L1 = L2p/L2 = l-f ~ Ll~/Ll = L~/L2 = f 
So that the nontraded goods industry labor share in each city is a 

constant. what evidently impl1es the same for the traded goods. But 

then. since nl~/~ = L1/L2, the market equilibrium conditions for the 

traded goods simpl1fy to the form they had in (6) in section 2. what 

means that the relative wage ratio is still determined as a function of 

the ratio of city sizes as in (7). 

The true price index of consumption in city 1 is: 
p :. p. pl-. 

1 lt1' lp 

2we suppose that at any distance x from the CBD the distribution 

of workers for the two industries is the same, so that the average time 

spent commuting for the workers of each industry coincides with the city 

average. 
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where, 
1-~ 1-~ 1/1-~ 

Pl~ = [nl~{~ + n~~(PJ~/1:)· ] 
P. = [n p -p]1/ -p 

lp ip ip 
The relative utll1ty index is deflned as the ratlo of utll1ties 

attained at the CBD in both cities: 

u = U
1

(0)/U2(0) = (I
1
/1

2
)(Q2(0)/Q1(0»a(P

2
/P

1
)1-a 

This gives: 

u = w;(1-~[2-a])/(1-~)[ 1:~-1_W~ J~(1-;)(1-ap)/(P-1) 
~-1 ~ 1: -w 

Notice that the ratio of wages (w) is determined in the traded 

goods market alone. Then if u(t) ls the functlon studled In Sectlon 2 

that glves the ratio of utll1tles at any ratio of populations (tl, we 

can deflne an analogous function un (t) lncorporating nontraded goods, 

wlth the form: 

un (t): IR+ ->IR+ 
u (t) = u(t); t(1-;) (1-ap)/(p-1) 

n 
It ls easy to see that when all goods are nontraded (what amounts 

to make ;=0 above), then t=1 ls the only posslble equlllbrlum lf ~1 . 

Horeover, 1t ls stable 1f a.cr>1 and unstable lf a.cr<1 (when a small 

devlatlon leads to the dlsappearance of one clty). For 0<;<1 the 

followlng proposltion descrlbes how the equ1l1bria compares w1th tlie 

case when only traded goods are present. 

Proposl tlon 4: 

Supposlng that a.cr<1 (so that asymmetrlc equllibrla may exlst wlth 

only traded goods) , lf also ap<1 (ap>1) then an equlllbrlum wlth both 

traded and nontraded goods (;<1) has a maxlmum populatlons ratl0 greater 

(smaller) or equal than that of an equlllbrlum wlth only traded goods 

(;=11. 

(proof ln Appendlx 1) 

Proposltlon 4 states that lf the share of expendltures on land (a) 

ls small enough, then the presence of nontraded goods tends to 
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exacerbate the concentratlon of populatlon ln larger cltles. In 

particular thls ls the case U the prlce elasticl ty of demand for 

nontraded goods ls smaller or equal than that for traded goods (l.e., 

p~). It ls also lmportant to note that the presence of nontraded goods 

brlngs up the posslblllty of complete concentration of populatlon in one 

clty. We can see thls by rewrlting u (t) as: 
u (t)=w(1-«)(2V-1)/(V-1)t-«+«1-;)ri-ap)/;(P-1» 

n 
Now, slnce w(l) ls bounded, then 

11mt u (f) >1 • «< (1-;)/(p-;) 
->+00 n 
Thus we can have complete concentratlon of population if the share 

of expendltures on land (<<) is too small or the elastlclty of demand for 

nontraded goods ls too small or flnally lf the share of expendltures on 

nontraded goods ls too big . 

4. Industrial Concentration and City Sizes 

In thls sectlon we show that an extension of the model allowing 

for two industrles that manufacture traded goods brings important 

insights about the way in which labor allocates between the industries 

in each clty as a function of the population dlstributlon between them. 

Here again the two industries sigma and rho dUfer by the dUferent 

elasticities of demand (1n trade equllibrium) for the goods each one 

manufactures. We may also let technological parameters vary but those 

will not influence the results. The notation is the same as in Sectlon 

3, where "v" and "p" subscripts distingulsh between dUferent industries 

and between goods manufactured by each one. By convention we make, 

without loss of generality, v>p . 

Preferences and technologies are the same as described in Sectlon 

3. Consequently, the implications for prices and number of firms in each 

ci ty and industry are also the same as before. The difference here is 

that goods manufactured by both industrles are traded, so that the 

market clearing condi tions in their nominal version (by substi tuting 
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(18) and (19) 1nto the real vers1ons) are changed to the follow1ng: 
1-~ 1-~ 

,nlvPl~ L1W1 ' n1~(p1~/T) L2W2 
---------- + ----------- = L1~W1 

1-~ 1~ 1~ 1-~ 
nlvP1~ + n2~(p2~/T) n1~(p1~/T) + n2vP2~ 

(13) 

1-p (1-,) n2p (P2pIT) L1W1 

1-p l-p 
n1pPlp + n2P(P2pIT) 

We are 1nterested in predictions regarding the values for the 

shares of labor employed 1n each 1ndustry and 1n each c1ty. def1ned by: 

tl~ iIIi L1~1L1; t 1p • L1p1L1; 

t~ • L~1L2; t2P • L2p1L2; 
After some steps of algebra we can get the foUow1ng relations 

from the market clear1ng equat1ons: 

Not1ce that the technological parameters have no 1nfluence 

whatsoever 1n the determ1nat1on of the 1ndustry labor shares. By 

construction we have that t1~ +t
1P 

=1 and t~ +t
2P 

=1. EHher one of those 

can g1ve us the trade equ1l1br1um relat1ve wage rat10 . 
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This relation is the analog version of (7) in section 2. It gives 

the ratio of wages w implicitly as a function of the ratio of 

populations t and the other parameters " ~, p, T . 

Proposi tion 5: 

The equilibrium ratio af wages is a continuously differentiable, 

strictly increasing functlon ~·(t) of the populations ratio s. t. : 

w: IR+ ->R+ 

w(t) li! inv (1 (w»: 

where, 

,(T~-I_W-v)-IT~-1 + (1-')(~-I-w-P)-I~-1 

= - --~~--~~~~--------~-------~~----l-v -v -1 l-v l-p -p -1 l-p ,(T -w ) W + (1-,)(T -w ) w 
l(w) 

w(t) E (T(p-l)/P,T(I-p)/p) 

(proof in Appendix 1) 

Notice that the range for equilibrium wage ratios is now 

determined by the smaUer of the elastici ties of substi tution p. The 

values w=w(t) may be substItuted back Into the expressions for tl~' t
1P

' 

t
2cr

, t
2p 

to make them funcUons of. any exogenous raUo of populaUons. 

Then we can defIne the functIons: 

tl~= 11~(tl: t 1p• 1
1P

(t): t 2cr= 12cr (tl: 

We can use these functions to derive 

t
2P 

= 12p (tl: 

restrIctions for the 

equIlIbrIum ratIos of populatIons. Note that because the Industry labor 

shares add to 1 in any cityand the model treats both cities 

symmetrIcally. the behavlor of any one ratl0 immediately determines that 

of the others. We choose to focus on the analysis of 12~(t). 

Imposing nonnegativity on the industry labor shares result in the 

following restrlction for the distribution of population: 
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Proposi tion 6: 

There is a maximum (minimum) ratio of populations l (lIl) that 

can be an equilibrium . 

(proof in Appendix 1) 

From Proposition 6 we learn that, contrary to the one industry 

case, trade balance with two industries imposes bounds on the range of 

possible equilibrium ratios of populations . 

The next proposition gives some additional characterization for 

the industry labor shares as functions' of the ratio of populations and 

of the parameters ., ~, p, and T. If the cities are of equal size then 

the industry labor shares coincide with the industry shares of 

expenditures in consumption, that is: 

11~(1) = 12~(1) = • 
11p(1) = 12p(1) = 1-• 

For asymmetric distributions of population we can say the 

following: 

Proposition 7: 

a) llv(t)=O for some t suíficiently big. 

A A~_1 A -1 
b) For O<T<1 such that ~/p=(1-T )/(1-~ ) then: 

A 

T~ ~ llv(t) < • for alI t>1 

A - t t- (t) t-) t>t- .... (t) T<T ~ 31 t s. t.: < ~ llv > •• llv(~: .... llv < •. 

(proof in Appendix 1) 

Item (a) of proposition 7 says that if the small city is smaller 

enough it will specialize completely in the industry rho. Item (b) says 

that if transport costs are small enough then the industry sigma labor 

share is less than • in the small city, no matter how much smaller it 

is. Otherwlse. for hlgher transport costs. industry sigma labor share in 

the small city will be bigger than • while it is not too much smaller, 

and finally less than • for bigger ratios of population. 
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Our lntultlve explanatlon for these results ls based on the 

dlfferent responses of the relatlve demands between cltles for goods of 

diíferent lndustrles, as the prlce ratio between cl ties change. We 

resort agaln to a comparative statics reasonlng. When at some lnltial 

trade equilibrlum people move from the small to the blg city, from thelr 

perspective the relative prlce between c1ty one and c1ty two for both 

industrles decreases by a factor of T
2 (from Pli/TP2i to TPli/P2i for 

lndustrles i~,p). Slnce the elastlcltles of substltutlon dlffer (v>p), 

the excess demand for goods manufactured in the blg clty ls greater for 

lndustry slgma than for lndustry rho, after other effects also generated 

by the mlgration (prlce changes from the perspective of people other . 
than the mlgrants) are accounted for. When the relatlve wage between the 

cltles is allowed to move, thls ls not enough ln general to clear the 

markets for both lndustrles, so that a shlft of labor from one lndustry 

to another lnto each clty may be necessary. The dlrectlon and extent of 

these reaUocations of labor between lndustrles must be a function of 

the slze of the change ln the wage ratio. Slnce goods slgma respond 

faster to prlces, a large lncrease ln relatlve wages can brlng an excess 

supply for the lndustry slgma (and a respective excess demand for 

lndustry rho) ln the blg cl ty and a correspondlng excess demand for 

lndustry slgma (and a respectlve excess supply for lndustry rho) ln the 

small clty before labor shlfts between lndustrles ln each clty, so that 

lndustry slgma has to shrlnk ln the blg c1ty and expand ln the smaU 

clty, and vlce-versa for lndustry rho. If the relatlve wage change ls 

small though. then lndustry rho wl1l be ln excess supply ln the blg clty 

and ln excess demand ln the smaU clty before labor moves, so that 

lndustry slgma expands ln the big city and shrlnks in the small. 

Both the lnltial relative slze of the cities and how hlgh are 

transportation cost can lnfluence the slze of the change ln the wage 

ratl0 that ensues mlgratlon. The greater ls the lnltlal populatlon ratl0 

t the smaller ls the shlft ln relatlve wages for a unlt lncrease ln lt 

(ií t ls blg then 1 t takes only a few mlgrants to lncrease 1 t by one 

unl t), so that eventuaUy lndustry slgma dlsappears from the smaUer 
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c1ty. AIso the hlgher are transportation costs (the smaller T), the 

greater ls the excess demand for (alI) the goods manufactured ln the blg 

clty (and the correspondlng excess supply of goods manufactured ln the 

small clty) at the lnltlal prlce ratl0, and thus the greater must be the 

change ln the wage ratl0. 

Proposltlons 6 and 7 do not completely characterize the behavior 

of the lndustries shares of labor though. Other important restrlctions 

for the range of possible equllibrla may arise that are illustrated by 

some slmulatlons ahead . 

As we dld before ln Sectlon 2, we now add the assumptlon of free 

mobillty of labor between cltles and try to determlne those populatlon 

dlstrlbutlons that make people lndlfferent between l1ving ln elther 

clty. Prlce lndexes of consumptlon for each lndustry ln city i are: 
l-cr l-cr 1/(1-cr) 

Pi~ = [n1~i~ + nJ~(PJ~/T) ] 
_ l-p l-p 1/(1-p) 

P1p - [nlpP1P + nJp(pJp/T) ] 
The comblned prlce lndex of consumptlon of alI manufactured goods 

then ls, ln clty 1: 

P. = P~ P~-; 
1 l~ lp 

The relative ut1l1ty lndex ls deflned as the ratio of ut1l1ties 

attalned at the CBD for both cltles: 
ex l-ex 

U. U1(O)/U2(O) = (II/12)(~(O)/Q1(O» (P21P1) 

Substltutlng from above, and havlng ln mlnd that w=w(t): 

(1-ex); 

ex-l -'Q [ u = u(l) = W't' (wl) 
l-cr -cr] T -w (1-cr ) 

-cr ~-1 w -T 

where 'Q = ex+(l-ex)[~/(l-cr)+(l-;)/(l-p)] . 

T -w l-p -~ 
[ w-p..,.p-I 

(1-ex) (1-;) 

(l-p) 

It should be stressed that we are only lnterested ln computing 

u(t) for those ratios t that generate meanlngful equ1l1brla, that ls, 

those that generate nonnegatlve lndustry labor shares . 

We want to characterlze the populatlon ratlos t such that 

O~l~(l)~l and u(l)=l. Of course l=1 ls such an equ1l1brlum. We also 

know that u(t)~l for l blg enough such that O~l~(t)~l. Nevertheless we 
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can not be sure anymore that one can flnd such a t, so that lf u'(l»O 

lt is posslble that one of the cltles will concentrate alI the 

populatlon, slnce the ratl0 t at·whlch utllltles would be equallzed ln 

the two c1ties may be one at whlch some industry labor share ls 

necessarlly negative . 

The analytlcal characterlzatlon of the boundarles for the sets of 

parameters that generate meanlngful equilibria seems to be a dlfflcult 

task though, so that we resort to some l11ustratlve slmulatlons. The 

slmulations reveal that the nonnegatlvity restrictions on the industry 

labor shares may reduce dramatically the set of population 

distrlbutlons. 

Two benchmarks are shown in Figure 5 and Figure 6, for low and 

high elasticities. In the case of high elasticities it ls possible that 

120' (t) shoots over 1 (see Figure 6), bringing add1tlonal restrictlons 

for the range of possible equilibrium population ratios. Figures 7 and 8 

illustrate, respectively for the low and high values of elastici tles 

used in Figures 5 and 6, how the equllibrium ratlos of populatlon and 

the concentrations (at those equilibria) of the industry sigma in city 

two vary for different values of the transportation cost parameter (T). 

In the Figures 7 and 8 industry concentratlon ls deflned as the ratio 

between the industry share of the ci ty' s labor force and that sue 

industry share of the total labor force. 

Since the impl1cations for industrial concentrations depend on 

preference parameters, one could ask the questlon of how to ldentify the 

industries by observable technological parameters. In equilibrium 

though, the ratio of average cost to marginal cost for a firm in 

industry sigma (rho) must equal ~/(~-1) «pl(p-l». Thus observed 

measures of elasticities of scale may be used to test the implications 

of the mode 1. . 
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5. A Model wlth Three Cltles 

In thls sectlon we lnclude ln the analysls a thlrd clty ln order 

to 11lustrate the worklngs of the lntervenlng forces ln favor or agalnst 

agglomeratlon as the number of cltles lncreases . 

The prevlous dlscusslon stressed transportatlon costs both lntra 

city (commutlng costs) and lnter clty (of goods) as the key elements ln 

determlnlng clty slzes. Commutlng costs generate lncreaslng land prlces 

wlth clty slze, thus pushlng for dlsperslon of populatlon over smaller 

cltles. Costs to transport goods make consumptlon relatlvely cheaper ln 

larger cltles, where a relatlvely larger share of the marketed 

consumptlon goods are produced at home, thus leadlng to concentratlon of 

populatlon ln only one large clty. 

In the framework of previous sectlons these forces balance out ln 

a equll1brlum dlstrlbution of population between two cl ties. As the 

number of cl ties lncreases though, we should expect a tendency for 

dlssipation of the lncentive for concentration wh1le the forces for 

dlsperslon should not change much. Thls ls because the d1fferences ln 

the cltles shares of the total number of goods avallable for consumptlon 

tend to dlmlnlsh as the number of cltles lncrease. The lncrease ln the 

number of cltles then makes the effect of the ratl0 of populatlons ln 

any two clties to lose lmportance ln the determlnation of the relatlve 

prlce of consumptlon between the cltles, whlle lts effect on the 

determlnatlon of the relative prlce of land should be pretty much 

unchanged (there should be some change in relative wages as well) . 

In this sectlon we try to l11ustrate the effects alluded to above 

by exploring an extension of our prevlous framework that lncludes a 

third clty. We show that lf transportatlon costs among the three clties 

are the same, then there ls no equl11brlum ln which the three cities are 

of dlfferent slzes. Also we show that equl11brla ln a three clty system 

have always a smaller or equal maxlmum ratl0 of populatlons than 

comparable equl1lbria (glven the same values of the parameters) ln a two 

clty system. 
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We suppose that preferences. technologles and land use are the 

same as descrlbed ln Sectlon 2 for the baslc modelo We keep restrlctlng 

people to be equal shareholders of land ln thelr own clty only. 

In a three clty modelo the market clearlng condltlon for any good 

made ln clty i ls (i. j. k. for cltles): 

---l~--~----------~l~--~----------~l---~ + 
n1Pl + nj(p~Tij) + nk (PkITlk) 

+ --------~l-_v----~l-_v------------~l_v-- + 
n1(PIITlj) + nj Pj + nk(PkITjk) 

+ --------------------------------- = Y 1_v 1_v 1_v 1 
ni (P1IT1k) + nj(p~Tjk) + nkPk 

where T lj ls transportation cost between c1tles 1 .and j. P1 ls prlce ln 

clty i. n1 ls the number of goods manufactured ln c1ty 1. E~ ls the 

aggregate expendltures ln consumptlon ln clty 1. and Y1 ls the supply of 

a good manufactured ln clty 1 (we suppose that technology ls the same ln 

both cltles so that Y1=Yj ). After some steps of tedlous algebra we are 

able to get to the expresslons l1nklng the relative populations and 

relatlve wage rates ln the cltles (see Appendlx 3). In the case of equal 

transportatlon costs among the cltles those are: 
1-v ~ ~ ~-1 {(1+ T )w

1
- w2- 1}w1 

-----:-------- = t 
(1+ T1-V)_ w~- w~ 

1 2 

(15) 

where the number subscrlpts refer to ratios of varlables between the 

clty lndlcated and clty three. as deflned by: 
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w1- W1/W3' t1- L11L3; 1=1,2 . 
The relative utility index is also defined in terms of the 

indirect utility in city three . 
ex l-ex 

Ui=UIIU3=(Ii/I3) (Q3(0)/Qi(0» (P3/P i ) i=l,2 

The above can be written as: 
-ex (1-ex)(2v-l)/(v-l) . 

uI = tI w1 ; 1=1,2 

50 that when there are no incentives to migrate (ui=U we must 

have that: 

w1 : 1 
W2 - ti 

where ~ • ex(v-l)/(l-ex) (2v-l) 

5ubstituting those back into the wage equations (15), we get two 

correspondences that must be simuItaneously satisfied by the equilibrium 

ratios of population. Those can be rearranged to read as: 

(16) 

t2 = R ; for t 1 =1 

Note the symaetry of the expressions above. Obviously t1=t2=1 is a 

solution. The study of the correspondences above bring up the following 

characterlzatlon of equl11brla: 

Proposi tion 8: 

a) There ls no equl11brium in which the three cities have diíferent 

sizes. 

b) A necessary and sufficient condition for exactly 2 asymaetric 

equilibria to exist, the first with two large and one small city, the 
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other with one large and two small cities is that: 

T < {1-~(2V-1) }1/(V-1) 

1+~(v+1) 

c) If the condltion in (b) is not attended then only equillbria w1th two 

small and one big city may survive, if T is not too large. If T is large 

enough though, then there is no equllibrium other than the trivial 

completely symmetric one t
1
=t

2
=1 . 

(proof in Appendix 1) 

This Proposition says basically two things. One is that, as in the 

case of the two city model, high enough transportation costs are 

necessary for any asymmetric equilibrium at alI to existo The second is 

that the presence of a third city dilutes the incentive for 

concentration as much as to preclude complete diversity of city sizes in 

equilibrium. The next proposition gives another illustration . 

ProDos i tion 9: 

For given values of the parameters Cl, v, and T, the maximum 

equilibrium ratio of populations in the three city model is smaller or 

equal than the corresponding maximum equilibrium ratio of populations in 

-the two city mode!. 

(proof in Appendix 1) 

This confirms the sense in which the presence of a third ci ty 

influences spatial concentration. Whatever be the total absolute 

populations, in a three city system the ratio between the populations of 

the larger and the smaUer cit1es in equil1brium can not exceed that 

same ratio in a two city systea. 

The results described lead us to speculate that, if transportation 

costs are independent of geographical distance or any ci ty specific 

factors, then the spatial agglomeration incentives as modeled here would 

imply an increasingly homogeneous distribution of population as the 

number of cities increases. Richer results can nevertheless be obtained 
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by letting transportation costs vary between different pairs of cities • 

object of future work . 

6. Conclusion and Comments 

The framework we employed to study urban concentration of economic 

activity embodies two fundamental antagonic incentives for spatial 

location of labor as the only freely mobile factor of production. On one 

side. costs to transport goods make them cheaper at their production 

site. on the other. spatial congestion makes l1ving at close quarters 

more expensive. Variations of the specific nature of trade as it 

interacts with the balance of those forces generate all the results. 

The basic model we explore in Section 2 leads us to two main 

conclusions: first. if all goods are traded. complete concentration of 

population in one city is not an equilibrium if people spend any amount 

at all on land; second. that there is much latitude for equilibria with 

unequal populations. and in this case regional divergence increases with 

transport costs. 

The treatment of nontraded goods in Section 3 reveals some room 

for regional divergence (or concentration of population in only one 

city) as nontraded goods get more "important" in the consumption basket. 

In addition we are able to state conditions under which the presence of 

nontraded goods can either exacerbate or diminish spatial concentration. 

The two industry model of Section 4 where all goods are traded and 

demand elastici ties are d1fferent for d1fferent industries explores a 

consequence of the increasing wage ratio in the ratio of populations. It 

adds results in mainly two directions. First it indicates other 

possibiUties of regional divergence. when the only combinations of 

parameters that equate utilities in the cities can not guarantee market 

clearing. We also learn that the industry labor shares can vary sensibly 

between cities. especially if the equilibrium distribution of population 

is markedly uneven. It is found that for low transportation costs the 
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1ndustry w1th the h1gh elastic1ty of demand tends to van1sh from the 

small c1ty as 1t gets smaller. A poss1ble crit1cism of the analysis is 

that the results are str1ctly demand dr1ven, any technolog1cal 

dUferentiation between 1ndustr1es be1ng 1nnocuous 1n the 

characterization of equ1libria. Finally, from the analys1s in Section 5 

of a model w1 th three c1 ties we get 1nd1cations that incent1ves for 

regional concentration get diluted as the number of potent1al sites for 

locat1on increases. We can conclude that equi11brium populat1on 

d1stributions present less dispari ties of c1ty sizes w1th three than 

w1th two c1t1es. The results also 1nd1cate that this framework of 

analys1s can not expla1n much var1ation 1n city s1zes as the number of 

c1t1es 1ncreases, unless transportation costs can vary between different 

pa1rs of c1 ties . 
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APPENDIX 1 

Proofs of Proposltlons 

>0, so that a strlctly lncreaslng 

lnverse of l(w) exlsts. Furthermore: 

11m (0'-1 )/0' 1 (w) = O 
W->1: 

11m (1-cr)/O' l(w) = +00 
W->1: 

Proof of Proposltlon 2: 

c 

Slnce w(l) ls strlctly monotonlc, the qualltatlve behavlor of u(l) 

can be lnferred by that of u(w)-u(l(w». Thus , we are particularly 

lnterested ln the occurrence of multlple roots for u(w)=l. The functlon 

u(w) ls continuously dUferentiable on the domaln. (1:(0'-1)/0', 1: (1-cr)/O') . 

Furthermore, u(l)=l and 

11m (0'-1 )/0' u(w)= +00 
w->1:+ 

11m (1-cr)/O' u(w)= O 
W->1: 

A necessary condi tion for the existence of muI tiple roots for 
u(w)=l ls that u' (w)=O for some w E (1:(O'-1)/O',1:(1-cr)/O') . 

0'[2-«(20'-1»)-1 0'(2-«)-1 0'-1 
u'(w) =0 • wO'+w-fl'= 1:1-f1'+ 1: 

O'(2-uv)-1 O'(2-uv)-1 
O' -fi' (0'-1)/0' (l-f1')/O' The function z(w)-w +w , defined for WE('t ,1: ), 0'>1, 

is strictly convex and has a minimum at w=1 where z(1)=2. Also, 

( (cr-1)/O') «l-f1')/O') O'-1~l-f1' z 't = Z 't = 't ~. 

Thus we can find exactly two solutions, 
WE(1:(O'-1)/O',1:(l-f1')/O') iff 

• • w -1 and lIw ,for u' (w)=O, 

0'[2-«(20'-1»)-1 0'(2-«) 2< - ______ 1: + _____ 1: < 1:1-f1'+ 1:0'-1 

O'(2-uv)-1 
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Noting that the coefficients of T in the middle term add up to 2, 

the above can be written as: 

(~-1) ~[2-«(2~-1»)-1 
T < < 1 

~(2-«)-1 

The second inequal1 ty is automatically satisfied slnce ~>1. A 

sufficient condition for multiple roots of u(w)=1 is that u' (1»0: 

~[2-«(2~-1»)-1 
u' (1) > O • T(~-1) < -------

~(2-«)-1 

But this coincides with the necessary condition stated before. Now 
• since there is only one w, there is a unique root 

W··E(T(~-1)/~,T(1~)/~) such that u(w··)=1 

Note: the last term in the r.h.s. above can also be written as: 

(l-aAT )( ~-1) 

«(~-1)+(1-«)(~-1) 

Proof of Proposition 3: 

In equilibrium, u(w,«,~,T)=1 . 

8u/8Tl
u

=1 = «(~-l)«l-Tl~w~)-l+ (1_Tl~w~)-1) < O 

8u/awl u=1 < O (see Proposition 1) . 

Then 8w/8Tl u=l< O; but w(t) is a strictly increasing function. 

c 

c 

Proof of Proposition 4: 
• Suppose t >1 is an equllibrium wi th only traded goods so that 

• • • u(t )=1, u(t»l 1f l<t<t and u(t)<l if t <to If cxp<l then un(t»l for 
• •• all O<~, so that for any t S. t. u (t )=1, by continuity of u we must 

• • n n n. • 
have that t <t. If cxp>l then u (t)<l for all ~, so that for any t 

• n n • • n 
s. t. u (l )=1, by continu1ty of u we must have l <l . 

n n. n 
If l =1 is the only equilibrium with only traded goods then 

O<u(t)<l for all b1, but still, for all b1, 1f cxp<1 then u (l»u(l) n 
and if cxp>1 then un (l)<u(ll. c 
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Proof of Proposition 5: 

l(w) > O • W E S, where S is defined as: 
S e {wER+: W E (T(V-l)/V, l/v) V (T(p-l)/P,T(l-p)/p) 

and v E (T(l-p)/P,T(l-v)/v) is the solution to: 
( Cl-v)/v)} V V,T 

,/(1-,)= -(l-T (l-v)v -V)/(1-T( l-p)v -p) 

But, 
Cl-v)/v 

W E (v, T ) .. 1
2 

(w) <O 
(v-l)/v p 

W E (T ,l/v) .. l lP (W) <O, so that the only interesting domain 

left is the interval: 
W E (T(P-l)/P,T(l-p)/p) 

Now, l'(w) > O for W E (T(p-l)/P,TCl-p)/P), so that a strictly 

increasing inverse exists. Furthermore, 

lim (v-l l/v 1 (w) = O 
W->T 

lim Cl-v)/v 1 (w) = +111 
W->T 

Proof of Proposition 6: 

c 

Given that 12cT (1)= ,and limt_>+lIIl2cT(t)= -111, then since 1
2cT

(t) is 
•• •• • continuous there exists t such that 12cT (t )=0. Take t to be the sup 

. ..-of the set {t : 1(t )-o} 

c 

Proof of Proposltlon 7: 

Item (a) ls a dlrect consequence of Proposltion 6. We prove (b): 
l-cr -cr l-p D l-v v l-p -p 1

2cT
(1(w»=O. (l-T W )(l-T v) = (l-T W )(l-T W ). P(w)=o 

where. 
P(w) • T1-vw2cT _T1-PwV+p _T2~-Pw2cT-p +T2-V-pwP +Tl-PWv- p _T1-v 

3 The Descartes' rule of slgns says that the polynomial above has 

eHher 1 or 3 poslt1ve roots. Now. one of the roots must be t=l; 

See Appendlx 4. 
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• • furthermore, ií t -1 ls a root then l/i ls the thlrd one. Then slnce 
11mt l,,_(i)=-CD, 11m 1 (i)=_,/(T(O'-ll+cT(P-ll/P_ll>O and 1 (i) is 

->+CD &oU- • t->O 20' , , 20' 
continuous, then i -1 is a root iff 1

2 
(1»0. But 1

2 
(1»0 • 

0'-1 0-1 A O' O' 
O'/P> (l-T )/(l-r ). Flnally, a threshold T can always be found slnce: 

11m O (1_TO'- l li (1-TP- l )=1; 11m 1 (l_TO'- l li (1--1'-1)= (0'-1 li (p-l) >O'/p, 
T-> 0'-1 -1 T-> 

and (l-T )/(l-TP ) is strlctly increasing in TE(O,l). 

Proof of Proposition 8: 

The system of equations (16) can be represented, for i l ,i2-1, as: 

i
l 
=f(i

2
) 

i
2
=f(i

l 
) 

where the function f is defined as: 

{ 

_ _ (1_+_T_
l

-cr_)_(_i
fJCT
_-"7'"':'"i-=-l +r.{3;-(-::1"T'-O'_)_)_+_i_l_+_{3_-_1_}1/fJCT 

fCi) • 
(1- i 1 +{3 (1-cr ) ) 

c 

We begin by glvlng some characterlzatlons for the functlon fCi). 

Because of the symmetry of the system C 16) , lf there ls no 

solution for fCi)=l then there is no equlllbrlum other than the obvious 

one i
l 
=l2=1. Solutions diíferent than un1ty of f(i)=l coincide w1th 

solutlons different than unity of pCi)=O for pCi) as defined below: 
pCi)s 2il+{3_ Cl+T l -cr)i1+{3Cl-cr)+ Tl-cr~_ 1; i E R 

V i-l, pCi)=O • f(i)=l 

The ranklng of the powers ln pCi) is lmportant in determinlng the 

number of roots of p(i)=O by the Descartes' rule of slgn. The a priorl 

restrlctlons l+{3>O, 1+{3>1+{3(1-cr) , and fJCT>O though leave us with only one 

ranklng posslb1l1ty, namely: 1+{3 > 1+{3{1-cr) > fJCT, such that there is 

more than just one change of slgn ln the coefflclents of pCi), what 

would lndlcate that no solutlon dlfferent than unlty for pCi)=O exlsted, 

slnce i=l is always one of the solutions. So we conclude that the 

condition 1+{3(1-cr) > fJCT ls necessary for any asymmetric equllibria to 

exlst. It ls worth noting also that the lnequa11ty 1+{3(1-cr) > fJCT ls 

equivalent to Cl < 1/0' after substituting for {3, 'the same necessary 
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condition for the existence of an asymmetric equilibrium that we found 

for the model with two cities. 

We suppose from now on that «< 1/~, so that pei)=O has either two 

or no solutions different than unity . 

Solutions different than unity for fel)=l coincide with solutions 

different than unity for qel)=O for q(l) defined by: 
q(l). 11+~_Tl-~ll+~(1-~)+(1+Tl-~)~_2; i e R 

V 1-1, qei)=O • fel)=l 

The Descartes' rule of signs tells us that qel)=O also has either 

one or three positive roots. Since one of them is unity then we end up 

again with either two or no roots different than unity. Note in addition 
• • that i is a solution to pel)=O if and only if l/i is a solution of 

q(i)=O . 

Finally we want to know about fei) at fel)=O. First note that: 

11mt->Ofei)=-l 

11m i f(i)=-ao 
->ao 
Furthermore, solutions different than uni ty for f(l)=O coincide 

with solutions different than unity for r(i)=O as defined by: 
rei) - 11+~_el+Tl~)il+~(1~)+(1+Tl~)~_1; i e R 

V 1-1, rei)=O * f(i)=O 

Again, q(i)=O has either two or no roots different than unity . 

Furthermore, if i is a root of q(i)=O then l/l is too. The case of no 

roots is clearly not interesting since then there is no l that makes 

fel) posi tive. 

Lastly, we want to know about the number of local maxima and 

minima of f(l): 
t' (i) = { fel) l-tJcr /tJcrl(1-11+~(1~» } 

{ [(1+ 'f:l~)(tJcr~ - (1+~(1~) )ll+~(l~»+ (1+~)ll+~] [1_11+~(1~)] + 

+ [(1+ 'f:l~)(~_ 11+~(1~»+ i1+~_ 1] (1+~(1~»t1+~(1~) } 

The roots different than un1ty of f' (l)=O are either the (two) 

solutions of f(t)=O or they must coincide with solutions for: 
_tJcrt2+~(2~)+ (1+'f:1~)(1+~(1-~»t1+~+ (1+~)t1+~-
-(2+'f:l~)(1+~(1~))ll+~(1~)+ (1+'f:1~)tJcr~= O 
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It ls easy to check that thls expresslon has at most three roots, 

one belng zero and the other unlty. Thls means that there ls at most one 

root dlfferent than unlty of f' (l) that ls not slmultaneously a root of 

f(i)=O. 

The facts we hlghllghted above about fel) are enough to 

characterize the solutlons of the system (16) depend1ng on the value of 

the Umit of fel) at i=1. Thls can be computed using L' Hospital' s rule 

to be: 

Umi _>l f (l)= ----------

Taklng in account that «<1/~ we can see that: 

1-~H2cr-1 ) 
~-1 

Umi_>lf(i) >1 • 't' < -----
1+~(~+1) 

Flrst we show 1 tems (b) and (c) ln the propos1 tlon and then we 

come back to 1tem (a). 

If limi_>lf(l) > 1 then f(i)=l at two polnts at least, one 

strlctly greater than unity (that corresponds to the equ1l1br1um w1th 

two large and one small c1 ty) and the other str1ctly less than unl ty 

(correspondlng to the equl11brlum w1th one large and two small clt1es), 

but two is the max1mum number of roots for f(i)=l. 

If Umt->lf(t) ~ 1 and some b1 ex1sted such that f(l)=l 

(correspondlng to an equ1Ubrlum w1th two large and one small c1ty), 

then necessarily fU/i)-l, but th1s would imply e1ther that more than 

two roots d1fferent than un1ty for f(i)=l ex1sted or that more than one 

local max1mum diíferent than un1ty ex1sted (in case Umi_>lf(i)=1), but 

both are lmposs1b1l1 ties. We can not d1sm1ss though the ex1stence of 

some i<l such that f(i)=l (correspondlng to equ1l1brla wl th one large 

and two small c1t1es), but lt ls easy to see that 8f/8't' <O, so that for 

't' h1gh enough, f(i)<l for all b1, and consequently, f(i)<i for all i<l 

too, what means that no equ111br1um other than i 1=l2=1 surv1ves. 

Rests to be shown that there 1s no equ111br1um w1th three c1t1es 

of diíferent s1zes. Agaln we look separately at the two cases, when 
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l1mi_>lf(i»l and when l1mi_>lf(i)S1. 
• If limi_>lf(i»l then there exists at most one i <1 such that 

• • f(i )=t. Furthermore, for all i<l, f(i)<i U • • i<i, and f(i»i U t>i . 

The set of solutions of (16) is given in alI generality by the set of 

solutions of i=f(f(i». But then, for alI i<l: 
• • if t>i .. f(i) > t.. f(i) > i .. f(f(i» > f(l). f(f(i» > i 
• • U i<i .. f(i) < t.. f(i) < i .. f(f(i» < f(i). f(f(i» < i 

• what proves that i is the only possible equilibrium for i<l. But from 

the symmetry of treatment of the cHies in the model, if there is no 

equilibrium with 1>i1~2<1 then there is no equilibrium at alI such that 

1~1~2-1. 

If l1mi_>lf(l)Sl then f(i)<i for all t>l, what obviously means 

that no equil1brium wi th three cHies of dUferent sizes can happen . 

Now, again because of the symmetry of the model, if there is no 

equilibrium for 1<i1;t!2>1 then there is no equilibrium at alI such that 

1;t!1 ~2-1. 

c 

Proof of Proposition 9: 

We saw in Propositlon 8 that the kind of asymmetric equllibria 

that survives in the three city model for the largest set of parameters 

(given « and ~, for the widest range of T) are those with two small and 

one big city. When there is multiple equilibria, i.e., when equilibria 

with one small and two blg citles also exist, then the first are always 

larger, comparlng equlllbrla blgger than unlty and respectlvely smaller, 

comparing equ1l1brla less than unl ty. We can see thls by notlng that 
• •• wlth multlple equ1l1bria there ls a unlque i and a unlque i such that .. .. ... 

fei)=t and fel )=1 and t > t. The maxlmum equll1brium ratlo of 

populatlons in the three clty model then corresponds to the ratlo 

greater than unlty (population of blg dlvided by population of the small 

clty) in an equillbrium with two small and one big city. We show that 

for any such equlllbrium there corresponds an equlllbrlum in the model 

of two cltles for whlch the maximum ratl0 of populatlons ls blgger . 
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If an equilibrium with two small and one big city exists, then the 

respective maximum ratio of populations is some l.>l that solves f(l)=l 

or equivalently, q(i)=O defined as before by: 
q(l)a ll+~_Tl~ll+~(1-v)+(1+Tl~)~_2 

Asymmetric equilibria in the two city model correspond to 

solutions different than unity of g(l)=O where: 
g(l) a ll+~_ Tl-vll+~(l-v)+Tl-v~_ 1 

As we have seen in Section 2, g(l)=O has either one or three 

solutions, unity bee in one of them. Horeover, if l is one root so is 

l/i, and since 11m i _R(l)=-l and 11m
i 

+ g(l)=+CIO. When unity is the 
• -)U"" -) CIO 

only root, g(l»O for l>1 and g(i)<O for l<1. When there are three 

roots, l •• being one of them, 

<O; l<l/i 

g (i) >0; ie (l/i •• , 1 ) 

<O; leU,i •• ) 

>0; l>t •• 

Now, q(i)=O may be rewritten as: 
il+~_ Tl~il+~(l~)+Tl~~_ 1 = 1- ~ 

But the left hand side coincides with g(i), so that if i.>l solves 

q(i)=O, then g(i.)<O and thus we can conclude that some i •• >t. solves 

g(t)=O. c 
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APPENDIX 2 

An Alternative Assumption about Land Ownership Rights 

When land ownership rights are the same for everyone in both 

cities, the rent income received everywhere is:R = (R~+R;)1L1+L2' 
Substltuting for R~ and R; we get: 

R = a(LIW1+L2W2)/Ll+L2 
so that R is a populations weighted average of the wage rates in both 

cHies. 

Plugging this into the market clearing equations (6) and many 

steps of algebra later, we can get the following expression for the 

trade balance equllibrium: 
t2[(1_a2)w~+lT~-1+a2w2-w]+ 

+t[(1-a2)w2~+(w-l)w~(aTl~+(1-a(1-a»T~-1)-(1-a2)w]­
_[(1-a2)w~-lT~-1+a2w-2-w-l]w~+1 = O 

Thls is a relation that gives us the endogenous ratio of wages in 

cHies 1 and 2 as a function of the parameters a, ~, T, and a given 

relative slze of the cities populations. Since we can't write w 

expl1ci tly as a functlon of the parameters and of t, we solve the 

inverse functlon that gives t as the roots of the second degree 

polynomlal whose coefficlents are functlons of the parameters a, ~, T 

and the wage ratio (w). 

t2 + B(w)t + C(w) = O 
(1-a2)w2a-l+(w-l)w~-1(aTl~+(1-a(1-a»T~-1)-(1-a2) 

B(w) • ---------=---"""":"""--::-----------
(1-a2)w~T~-1+a2w-l 

(1-a2)w~T~-1+a2w-l-l 
C (w) • _w2a-l----:::=--:----:---::r--­

(1-a2)w~T~-1+a2w-l 

where we are omlttlng a, ~, T as parameters of B and C to slmplify the 

notation. We can then show that: 

Proposl tlon: 

The wage ratio ls a continuously differentiable, strictly 

increasing function w(t) of the populations ratio s.t.: 
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w: IR+ ->IR+ 
w(t) = inv(l(w»; where l(w) = ( -B(w)+[B(w)2_4C (w)]1/2 )/2 

• • • 2 ~ ~-1 2 • w(t) E (l/w ,W ), where w solves (1-« )w T +« w -1 = O 

proof: 

The proof is by analysis of the functions B(w) and C(w). Our first 

worry should be the range for w that generates meaningful roots for the 

expression above. First thing to notice is that, as we should expect 

from the symmetry of the model, if t is a solution for w then l/t is a 

solution for l/w. That allows us to restrict attention Just to W2:1 

without loss of generaUty. One can check that, for w2:1, 0$«<1, ~>1, 

O<T<l, we have B' (w)<O and C' (w)<O. The expression in the denominator of 

B(w) and C(w) is monotonically increasing in w. It has a unique root 
• w >1 such that 

2 ~ ~-1 2· (1-« )w t +« w -1 = O 

The expression in the numerator of C(w) is positive for alI 
• w>l/w. Thus, for w2:1, C(w) is always decreasing in w, negative valued 

• • in [O, w ), positive valued in (w, +co), with a discontinuity at w equal 
• to w where: 

Um • C (w) = -co ; Um • C (w) = +co ; 
w->w w->w+ 

The expression in the numerator of B(w) is zero at w=l, and is 

monotonically increasing for alI W2:1. The expression in the denominator 
• • again generates a discontinuity at w=w, making B(w) negative on U,w ), 

• positive on (w ,+co) and: 

Um • B (w) = -co ; Um • B (w) = +co ; 
w->w w->w+ 

Now, since the product of the roots of the binomium must equal 

C(w) and the sum of its roots must equal -B(w), we can be sure that no 
• positive root exists in [w, +co) and that only one positive root exists 

• in [l,w ). We are only interested in the positive roots, that are given 

by: 
l(w) = { -B(w)+[B(w)2_4C (w)] 1/2 }/2; • l~<w 

With some more derivatives and the prior results on B(w) and C(w) 

we can establish that l' (w) >0 for W2:1. c 
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The ratio of indirect utUities in city one to city two can be 

written as: 

_w_(_l_+_1_)_+ex_( w_t_+_1_) __ 1_ [ tw1
-o' T

O'
-

1 
+ 1 1 (1-ex) 1(1-0' ) 

u(t) = 
(t+1)+ex(wt+1) (wt)ex tw1-O'+ TO'- 1 

Notice that, as before, if u=u(l) then 1/u=u(1/t) , and also 

u(1)=1, so that cities of equal size are always in equilibrium, although 

this is not necessarily stable. One can check that: 

l1mt u(t) = O; l1mt u(l) = +00 
->00 ->0 

Since u(t) is continuous for O<l<+oo, we have at least one stable 

long-run equilibrium (where u(t) crosses u=1 with a negative slope) . 

A sufficient subset of parameters for this type of asymmetrical 

equilibria to occur is the one that satisfies u' (1) > O. This set is the 

analogous to the one defined by inequality (a) in Proposition 2, and is 

given by: 

S = { ex,O',T : ex3[(2CT2_7O'+3)T2(O'-l)+(4CT2_4CT+S)TO'-1+(2O'2_SCT)]+ 

+ ex2 [(SCT_S)T2 (O'-l)+(_3CT)Tcr-1+(-o'+6)_(1+CT)T1-o']+ 

+ ex[(_2O'2+7O'+3)T2(O'-l)+(_4CT2_S)TO'-1+(_2O'2+CT)+2T1-o']+ 

+ [(_6CT)T2 (O'-l)+(4CT+3)TO'- 1+(2CT_3)] > O } 

It is easy to show that S is nonempty. 
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APPENDIX 3 

Der1vat1on of Equ111br1um Wages for the Model w1th Three C1t1es 

In th1s append1x we 1nd1cate the steps 1n der1vat1on of the 

express10ns g1v1ng the relative wages 1n the three c1ty modelo We let 

transportat1on costs be d1fferent between d1fferent pairs of cit1es, but 

we assume that any trade between two c1t1es can only be done d1rectly, 

or in other words, that there is no way to avo1d transportat1on costs 

between two cit1es by using the longer route through the third c1ty. In 

the case of equal transportat1on costs though the 1ssue is 1mmater1al, 

since the direct trade is always the cheaper one . 

Us1ng again the accounting relations developed in Section 2, i.e., 

E~=(l-U)LiWl and nlPlYl=(l-u)LlWl we can write the market clearing 

conditions for goods made in city one and 2 respectively as: 
l-cr 

(T
12

T
23

) w
l 
t

l 

+ ------------------------------- + 
l-cr l-cr l-v t l wl + t 2 (w2T12) + (T12/T23) 

1 

+ ------------------------------------

+ -------------------------------- + 
l-cr l-cr l-cr t

l
w

l 
+ t

2
(w

2
T

12
) + (T12/T23) 

1 

+ ------------------------------------
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Isolating and equating the last terms in eaeh expression we ean 

get ti or t 2 as an explieit funetion of the other variables: 

v-i -v v v v-i v v-i t 1w1 (T12 - w1 w2)+ W1T23 - w2T13 
t2w2 = -------------------------------

v-i v-v 
(T

12 
- w

1
w

2 
) 

Substi tuting those baek into the versions we 

market elearing equations, we ean finally get to: 

developed of the 

2(v-l) v v-i v-i v-i v v-i v-i v-i v-i 
{(T

23 
-1)w

1 
- (T23 T13 -T12 )w2 - (T12 T23 -T13 ) }w1 

ti = ---------------------------------------------------
2(v-l) v-i v-i v-i v v-i v-i v-i v 

(T
12 

-1) - (T12 T23 -T13 )w1 - (T12 T13 -T23 )w2 

t2 = -------------------------------------------------
2(v-l) v-i v-i v-i v v-i v-i v-i v 

(T
12 

-1) - (T12 T23 -T13 )w1 - (T12 T13 -T23 )w2 
where ti=Li lL3 and w

i
=W j /W3, for i=l,2 . 

Making Tjj=T above we get the expressions displayed in the texto 
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APPENDIX 4 

The Descarte's Rule of S1gns 

The Descartes' rule of s1gns 1s or1g1nally stated for polynom1als 

w1 th real coeff1c1ents. If we wr1 te down the polynom1al 1n decreas1ng 

order of the exponents and count the number of s1gn changes (v) of the 

nonvan1sh1ng coeff1c1ents. the rule 1s stated as follows: 

The number of pos1tlve real roots. P. of a polynom1al equatlon 

w1th real coeff1c1ents does not exceed v. the number of s1gn var1at10ns 

of the coeff1c1ents; moreover. v-P 1s a nonnegat1ve even 1nteger. 

We offer here a proof that the rule also holds for nonnegatlve 

rat10nal exponents. Take some funct10n: 
Pn/~ Pn-l/~-l Pl/Ql 

f(x) = aOx + a1x + ... + an_1x 

w1th Pn •...• Pl and ~ •...• Ql pos1tlve lntegers and 

Pn/~ > Pn-l/~-l > ... > Pl/Ql >0 
Wrlte the exponents wlth a common denomlnator: 

+ a 
n 

Ql); i=O •...• n-l 

so that • 
~~-l' .·Pl 

+ a lZ + a n- n 
S1nce 

functlon of 

the rule appl1es to fez) and x 1s a str1ctly lncreas1ng 

z then fez) and f(x) have the same number of roots. c 
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FIGURE 1. Equilibrium wage ratios . 
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Figure 1 depicts the function w(l,o,r) for 0-6 and three 

different values for r. For bl, the curve at the top is w(t,6, 0.7), 

the one in the middle is w( l, 6 ,0.8) and the one at the bottom is 

w(t, 6, 0.9). Note that w gets steeper for higher transportation costs 

(lower r) . 
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FIGURE 2. Range of parameters for asymmetric equilibria . 
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T - transportation cost 

o - share of expenditures on land 

Figure 2 depicts the function: 

[ 

(l-ou)(2u-l) ll/(U-l) 
T(o,u)-

a(u-l)+(l-a)(2u-l) 

0.3 0.35 0.4 0.45 0.5 
o 

for four different values of u. From the l.h.s. in the picture, T(o,l2) 

is the first to hit the x-axis, T(a,6) is the second, T(0,3) the third 

and T(0,2) is the last, at 0-0.5. 
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FIGURE 3. Indirect utility ratios 
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u - ratio of indirect utilities (U1fU2) 
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Figure 3 depicts the function u(t,a ,O', r) for 0-0.10, 0'-6, and 

three different va1ue5 for r. For t>l, the curve at the top i5 

u(t,O.10,6,O.7), the one in the middle i5 u(t,O.10,6,O.8) and the one at 

the bottom i5 u(t,O.10,6,O.9). 
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FIGURE 4. Equil1brium ratios of populatlons. 
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t - ratio of populations (L1/L2) 

r - transportatlon cost 

0.75 0.8 0.85 0.9 0.95 r 

Figure 4 depicts the equl1ibrlum ratios of popu1ations for va1ues 

of the parameters 0-0.10, 0-6, as a functlon of r. Equl11brlum ratlos of 

populatlons are those t S.t. u(t,ct,o,r)-l. Note that t-l 15 always an 

equilibrlum for a11 r, and that this ls stable if and on1y if it ls 

unique. 



"" .... ... 
'-
\., 

" 4J, .. ,,!I 
6.'~ 
\" 
\... 
\... 
c., ... ... 
" " "-

" " ., 
-.. 
" -. 
" " " " " ... ... ., 
" ... 
'" " ... 
"". '-" "'. ,,"' 

'" \.. 
t... 

'" "-
fi.., 

\.. 

'!' 

FIGURE 5. Industry sigma labor shares for small elasticities. 

l2u 

0.7r-----~----~------~----~------~----~----~~--__. 

0.6 

0.5 

0.4 

0.3 

0.2 

0.1 

O~----~----~------~----~--~--~---L~----~----~ 
10-4 10-3 10-2 10-1 101 102 

l2u industry sigma labor share in city two (L2u/L2) 
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103 lO' 

Figure 5 depicts the function 12u<t,_,u,p,r) for _-0.5, u-4, p-3, 

and four different va1ues of r. From the l.h.s., the first curve to hit 

the x-axis is 12a(t,O.S,4,3,0.9), the second is 12u(t,O.S,4,3,O.7), the 

third is 12a<t,O.S,4,3,O.S), and the last is 12a<t,O.S,4,3,O.3). The 

va1ue of t at which 12a(t,_,a,p,r) hits the x-axis define an upper bound 

for the range of equi1ibrium ratios of populations. At such a bound the 

industry with high e1asticity of demand vanishes from the sma11 city. 
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FIGURE 6. Industry sigma labor shares for high elastic1t1es . 
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Figure 6 depicts the function 120(t,;,0,p,~) for ;-0.5, 0-12, p-8, 

and four different va1ues of ~. From the l.h.s., the f1rst curve to hit 

the x-axis is 120(t,O.5,4,3,O.9), the second 1s 120(t,O.5,4,3,O.8), the 

third is 120(t,O.5,4,3,O.7), and the last is 12a(t,O.5,4,3,O.6). In 

addition to the restriction on t defined' by 12a(t,;,a,p,d1?O, here the 

restriction 12a(t,;,a,p,~)~1 is a1so effective for ~-O.7 and ~-o.6. Note 

that here, in contrast with Figure 5, the industry sigma labor share 

increases for a while in city two as 1t gets smaller, before finally 

vanishing from there at t S.t. 12a(t,;,a,p,~)-O. 
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FIGURE 7. Equilibrium population ratios and industry concentrations (I) 
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* equilibrium population ratios t (t s.t. u(t,Q,~,q,p,r)-l) 

population ratios t s.t. 12q(t'~,q,p,r)-0 

x concentration of industry sigma in city one «Llq/Ll)/(Lq/L» 

o concentration of industry sigma in city two «L2q/L2)/(Lq/L» 

0.82 

r 

For values of the parameters a-O. 15 • ~-O. 5. q-4, p-3, Figure 7 

illustrates how equilibrium population ratios increase as r decreases, 

until it hits the upper bound. Note how the concentration of industry 

sigma in city two declines monotonically. Note also that if r is too low 

there is a unique equilibriuÍn populations rat!o t-l, (for r-O. 77 and 

r-0.76) and that it is unstable, since the utilities ratio 1s greater 

than one at the upper bound. 
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FIGURE 8. Equilibrium population ratios and industry eoneentrations (11) 
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* equilibrium population ratios t (t S.t. u(t,a,;,q,p,1')-l) 

population ratios t S.t. 12q(t,;,O,p,1')-O 

population ratios t S.t. 12 (t,;,q,p,1')-1 . q 

x eoneentration of industry sigma in eity one «L1q/L1)/(Lo/L» 

o eoneentration of industry sigma in eity two «L20/L2)/(Lq/L» 

0.7 

0.7 

l' 

For va1ues of the parameters a-O. lO, ;-0.5, 0-12, p-8, Figure 8 

pietures progressive1y inereasing equllibrium popu1ation ratios as l' 

deereases, as in Figure 7. Here though the eoneentration of industry 

sigma in eity two at first inereases as eity two shrinks, beeause of the 

humped shape of 120(t,;,O,p,1') for high e1astieities (see Figure 6) . 

Note that there ean not be any equi1ibrium between the dotted lines. 
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