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Abstract 

Lucas (2000) has ShO\nl t hat Baile,\"'s formula for t hc \\'elfare costs 
of inflatioIl caIl bc rcgardpd as an approximation to t hc gcneral-equilibriuIll 
IllCaSllH'S \\"hich emerge from thc Sidrauski anrl the shopping-time 
models, In this paper \\'c shm\' that Baile~"s mcaSllrc can bc cxactly 
obtairlf'd in tllf' Siclrauski geIleral-equilibri1lIn framp\\'ork under the as­
sUIllption of quasilinpar prefpreIlC'cs, The rpslllt. based on ",heter or 
not \\'Palt h pffpcts are incorporatccl into t hp analysis, is also helpful 
in darif\'ing \\'hy Lucas' Illeasurp clerin'd from the Siclrauski model 
turns 01lt to be aIl upper bOllIlcl to Bailp~"s, T,,'o eXaInplcs arp used 
to illustratc t he main C'ondusions, 

1 Introduction 

Since thc seminal work of I3aile.v (1956). economists hm'e de\'oted cOllsider­
able effort to measuring the ",elfare cost of illflation. Baile.v 's formula has 
lwen deri,'ed in a partial-cquilibrium setting. It treats real money balances 
as a consUlnption good anel inflation as a tax on real balances. Thc wclfare 
cost is computecl b.v measuring thc arca under the in\'crse mone.v demand 
function. 

ConC'erning partial anel gcneral-equilibrilllll mensurcs of the welfare costs 
of inflation, Lucas (2000) has ShOWll that, for slllall ,'alues of the nominal 

'The author is thankful to an anon:;1ll0l1S refé'ree of this .Journal for his \'aluable COIll­
Illents, Da\'icl Turchick prO\'idé'd ablé' research assistan('p, Kp\' \\'ords: Inflation, \\'elfare, 
Partial Equilibriulll, General Equilibriulll, Baile\', .JEL: CO, Ec!(), 

t Professor at t he Grad uate School of Econolllics of t hp Getulio Vargas Foundation 
(EPGEjFG\'), E-Illail: ruhensufg\',br: rjlc~'sneQuchicago,edu 
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illt('n'st rate, I3aile\"'s 11 H'wmn , happells to approximat(' \"C'ry \\'('ll th(' g,('l\('ral­
('qllilihriumllH'aSlllTS \\'hich ell)('lW' from the Sidrauski aliei tl)(' shoppillg-t illH' 
modd, 

TIH' purpOS(' of this papn is to shO\\' that I3ailey's formula ('ali actllalh' 1)(, 
oht ail\('d ill Sidrauski's g('))('ral-('quilibrium fnu))('\york w, the ('OIT('c! mpaSUH' 
of t hp welfar(' ('osts of illtiatioll by ('ollsidprillg (l specific class of utilit~, fuu('­
tiOIlS, :\s stat('d b\' Gillmall (1995, p,I): "('\'ide))('(' sug,g,ests that illt('g,ratioll 
1111<1<'1' t IH' 1ll0lH'~' delllalld fUIl('tioll appears applic<lble ill g('lIpral-('qllilibriulll 
e('()llOIlÜeS", I3as('d 011 a sp('cific utility, this ('Ollj('cture is pruwd 1)(')'(" 

This poillt is illlportallt because I3ailey's meth()dolog~' Ims ser\"('d as the 
hasis for s('\"('ral \\Tll-kllO\YII llH'êl.'iU)'{'lllPlltS of the wdfa)'{' ('osts of illflatioll ill 
tI\(' ('C(JlIOlIÜC lit('l'atur(' (p,g" I3ailpy (195G), Lucas (1981) alld FisdH'l' (1981), 
aJll( Hlg,st lll<Ul\' ot h('rs), 

:-lor('()\'('l'. to t hes(' (la~'s 0lH' ('<UI still filiei lllan~' llle(lSUn'lll('lIts of such 
\\Tlfar(' costs Ims('d 011 I3ai!P<s formula (',g" Lunl.'i (2000), Attallasio ('t a!. 
(2002), Ser!('t is alld Virk (200G), Crai?; and Rochpteau (200G) a))(1 lrclalld 
(20()7)), \\'ith all of th('s(' lll('êl.'iUH'lllellts beillg subject to the usual niticislll 
of orig,iuatillg frolll a partial-('quilibriulll <lllalysis 1

, 

This paper pro\'ieies a cOllllt('l'('xaJuph~ to this usual prm'iso that I3aih'~"s 
lll('aSlln' is to 1)(, n'g,ard('d jllst as a partial-e<jllilibriulll llH'aSUl'e, For a spe­
cific class of ut ili t~' flllH't iOllS, \\'(' sho\\' that I3ailey's lll('asurp prm'id('s au 
('xact llH'aSUre of tlH' \\Tlfarp costs of iuflatioll ill au iutert(,lllporal g,('))('ral­
('<illilibrilllll lllodd, rather thau just iu a static partial-equilibriulll, frêllll('­
\\'()rk, 

2 The Madel 

To Silllplit\ the ('xpositioll, \\'(' pres('ut Sidrallski's modcl ill a (,OlltillIlOlls-tilllP 
s<'t t illg, alld abst ract from grO\\'t h (,(illsidpratiolls, TI ('ai 011 t pll t is lIol'lllalizpd 
t o I, 

\ \'p shall \\'rit(, .H for IIlOlH'y, I3 for boueis, P for tlH' pri('(' illdpx, alld (', 
111, alld 11, rpsp(,ctin'ly, for n'al COllSUlllptioll, real 1ll0lH'y Imhuj('('s alld rpal 
hUllp-SUlll t ax('s, TIH' allloullt /' I3 stallds for tlH' ))(Hllillal illt('l'{'sts paid by 
bOlleis to tlH' rqm's(,lltatin' COIlS\ll))('l'. 

Gin'lI .<J > (l, t h(' r('pn's(,lltatin' COUSllll[('r is suppos('d to d('riw IIt ilit~· 

I FUI ill~ran(t', ()IH' n'ad~ ill f()()tllotl' lU uI' Craig and I{udll'tl'a\l: "Thl' I3ail,<\' allah'~i~ 
i, ~\lI)J«n tu til(' f(lllu\\'illg can'a!,;, It i~ a paItiall'<j\lilihrilIlll anah'~i~ thar ;h~\llll<', a\\'a\' 

t'xT,<rllaliti«~, .'I' I/(!'UI iljlllllb/'11l1I1 rjfrcl", and di~trih\ltiullal ('tf('cl,; (rh" italil'~ ha\',< IH'ell 
pla",'d h, thi, illlth"rl " 
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from the lllaxilllization of real consulllption anel rcal balances according to: 

f'X e-ql U(c. m)dt . g > O 
. () 

(1 ) 

U is a connwe utility function strictly increasing III both c anel /TI. The 
maximization is subjcct to the buelget constraint: 

.ú + iJ = P - Pc - Ph + rB (2) 

The elot on~r the \'ariable stands for its derivatin~ with respect to time, 
Divide both lllembers of (2) by P and use the formula of the clerivatiw of a 
fraction to obtain the budget constraint as a function of b = B / P. c. m anel 
h: 

b + Ih = 1 - c - h - TI m + (r - TI) b 

In (3), TI denotes the rate of inflation. 

(3) 

Solve for c in (3), substitute it in (1) anel use calculus of variations (Euler 
equations with respect to b. D. In. Ih) to obtain the following usual steaely-state 
first-order condi tions: 

TI+g 

Um 
r 

(4) 

(5) 

Given thc élssllllHxl concavity of the utility function, such conditions are 
also sufficient for optilllality. 

Equilibriulll in the gooels market implies: 

c(t) = 1. \ft (6) 

In the stead~'-state b = Til = O and the gowrlllllcnt buelget equation reads: 

h + íflll = (r - TI)b (7) 

In the stead~'-state inflation equals the ratc of lllonetary expansion (fl). 
As in Lucas (2000), we define the welfare cost of a positin~ nominal rate 

r (we mn mil it 1L'( r)) a..'3 the aclclitional inCOllle the represcntative agent has 
to recei\'e in ordcr to be indifferent between an intpn~st rate equal to r anel 
an interest rate equal to O: 

U(1 + 11'(1').711(7')) = U(1.llI(O)) (8) 
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Lpt ;: : R~ --+ 3t bp a strictl), iucl'f>asiug aud coucaye fuuctiou, 
assUlllPs au utilit~, fuuctiou !)('Iougiug to a class 'U 1 defiupd b)': 

1 [ 1I1]I-a C E ~'I ~ ['((",111) = -- c;:(-) 
1 - (J c 

Lucas 

(9) 

(í > (J. (í i 1. 111 this ca.')p, usiug (5) leads preciseIy to equiltioll (3.7) of Lucas' 
" 

paper- : 
/lI 

l'( -) 
c ,(!..!2) _ !..!.J.. ~'(!li)' 

'í c c'í c 

(lO) 

iu \\'hich c' ( .) st auds for t IH' im'erse of tIl(' 1ll00l('y e!t'lllilUd fuuctiou 11/ (/,), 

I t cau !)(' pasil)' Shm\'ll t liat: 

, 11/ 
c' (-) 

(' ( _ ( !.!.!.) _ !.!.!. ~, (!.!.!.)):! < 0, 
'1\(' r'r c 

(ll) 

il fact ,,'P USt' !)('Im\, , 

Lct li' I ( 1') st aud for tht' llH'aSllre of the ,,'elfare costs of iufiatiou \\'IH'II tIl(' 
ut ilit~, fUllctiuu !)('Iougs to the da.')s dpfiued by 1lJ I.Lucas sho\\'s that U'I (I') is 
giwII hy his difi'(>]'('utial pquatiuu (equatiou (3,ll) iu Lucas (:2()()())): 

, 111 ( r) , 
u'I(I')=-c'( )/1/(1'), U'I(O)=O 

1 + u'dl') 
(1:2) 

:\o\\', lei I3( 1') dl'uotl' I3ailey's partial-equilibrilll11 uwitSUl'e of t ht' \H'lfare 
custs of iufiatiou auel cOllsider a giwu 1ll0ll('y dpmitud fUllctioll 111 ( 1'): 

[3' ( 1') = - /'11/' (I' ) , [3 ( ()) = O 

:\ott' that. siw'(' _111_(1_)- < 11/(1'). aue! l/(/li) < O: 
1+11'[(") 

1/1 ( r) 
c'( ) > r 

1 -I-- II'J\I') 

Sillc(' 111'(1') < (l. (1:2) auel (1-!) illlply: 

B(I') < u'i\I') 

(13) 

(1-!) 

(15) 

for alI strictly ]>ositiye 1'. lu ot 11<'r ,,'orels, Lucas' geueral-equilibriuul 111<'i\.,)Ul'f' 
of t IH' ,,'plfan' costs uf illfiatiou that Plllnges frum Sielrauski's llloeld awl a 

CL1l('a~ \\Tit",; eCj1lati"Jh (j()) aIl.! (11) h"IO\\' 1l,;illg ((j), \\"'. hu\\'('\'"r, \\Tit" ( iIl ti\(' 

d"II'>lllillatur \"'Calh" ir llla\' \)(' Il('lpflll to til<' reader to llIl.!",;taml til<' illt1lit i"Jl \,,'hilld 

<lllr r"'111h, S"" h"IO\\' 
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utiIity function }wIonging to tIl(' ela,ss defined by (9) turns out to be an upper 
bound to I3aiIey's lllpasurp:l, 

Example 1 Just to illustmte illc(jllality (15). let UH calculate Lucas' meaSUTe 
(12). assmning ali utility fll li ctioll belonging to the elass defined by (9). in the 
usuol casc of the log-log rnollcy demand m = 1\1'-". o > O (which has been 
used. for i71staru:c. by Lucas (2000. 8ection8 3 mui 5). with o = 0.5), Since 

171 this case c(m) = (~)j/o. (12) lcaris to: 

By intcgmtion: 
11'1(1') = -1 + (1 - 1\1'1-") ,,~l 

Usi71g Bailey's formula wc gct: 

o. I\.' (\ B(r) = __ 1'1-
l-o 

(16) 

(17) 

~Fc knoU' fmm BenI01/.lli·8 gClIcmliznl inc(juality'" that for any: .1' E (-1. O) U 
(O. +(0) and any real 71U71l!J(T! E (-00. O) U (1. +(0) : 

(1 + ,r f > 1 + ,I'-y 

In ordcr for U'j (r) to c.rist u7Id bc positil'C H'C ml/st hal'C r E (0.1\ n~l ) , 

Sincc _Iú1-
n E (-LO) and o~1 E (-oo.O)U(1.+oo). BeTTlOulli's inequality 

applics. yirlding: 

U'hich is cljuimlent to 

n (tI..; " 
U'dr) = -1 + (1 - Iúl-n);:;-=J > __ ,.1- = B(,.) 

1-(\ 

This c:rmnplc illustmtc8. in this particular case. the gcncml result gil'en by 
(15). 

;\This rf'sult is f'xtCllClPel to tllP casp of all PCOIlOlll\' \\'ith mall\' types of mOllies in C~'sne 
anel Turchick (2007). Sf'f' also Proposition 2 ill CysllP (2003) for a gf'neralizf'd comparison 
het\\'ePIl Bailp~"s mf'asurf' anel Lucas' measure of tllP \\'plfarf' costs of inflation \\·hen the 
latter is eleriwd frolll a shopping-time Illoelel. 

'Spe. e.g .. :\Iitrino\'ic (1970). 

1UNDAÇAO GETllUO \,A.!H;.~.;,_" ,-'_ 
BmunT~:.CA;\1 .. \R10li,.'n.(.: ,." ,', 



Ir is illl j)Ortallt to ulldf'I'st allel thf' illt ui tioll be hilld (15). TIH' u pshot 

IS that the llH',t.'iUn' /l'). baseel 011 I. ,( )~':L(:'!,))' ratlH'r thall Oll I' = l'( 111;')). 

t akes illto (,ollsideratioll tlH' gt'lleral-('quilibI'iutll dfed arisillg out uf t IH' fact 
that the COllSllltl('r, ill the lH'\\' steady stat(', is gi\'('ll all f'xtra ill('OllH' 11') (r), 

I3aik~"s formula does llot ill('orporatl' this dff'ct. 
:\' ot (' hum (11) t hat. for a gi \,(,ll tlloll('y-c!etllalld fUllctioll, the e<juili bri Ulll 

illterest rate is a positin' fUllctiotl of ('(JllsUtllptioll. This mak('s r = 1. ,( ~) < 
1.,( -) 111(11 ). tlH' fact \\'hich, ,t.'i \\'e hm'e s('etl abm'(', Icads to D(r) < li') (,.), 

~Ul (I) 

TIl(' relllark abo\'(' pru\'ides a hillt ill the search for all altenmti\'(' dass 
of utilit\' fU!l('tioll (caU it lLT~) ulldeI' \\'hich I3aih'y's furlllula call ('llH'l)-',f' as 
all ('X,H't gf'IH'l'al-f'<juilibrilllll llH'asun' of th(' \\'('Ifan' costs of illfiatioll. This 
should 1)(' a d,t.'is h'adillg to lll()lle~'-df'lllalld fUllctiOllS illsellsitin' to illCOlllP 

il( !..= ) 
Chall!U's. Ollf' shuuld ha\'('~) = O. \\'hich kads to: 

<) ((' 

(1~) 

3 Bailey's Welfare Measure as a General Equi­
librium Measure 

('ollsidf'r llO\\' ally utilit~, flllwtioll belOllgillg to til(' altcrIlati\'e dass :;~ uf 
C(Jlwm'f' lllOllotOllic trallsforlllatiollS of the qua .. "ü-lillf'ar utility flllH'tioll (' -i-­

/\ ( 111 ) : 

CO E 1.;2 <===> Cri. 111) = y(('+ ,\(m)) (19) 

\\'it h y' > (), .!l/l :S (J. X (111) > () a!l(l /\/1 (IfI) < O". It is also penllitt('d for 
,\ to 1)(' stricth' ill<T('asillg alld strictly ('Ollca\'(' olll~' owr all illt('l'\'al ((J. 1\), 
alld !lot frolll poillt I; Oll. 

:\'otf' that if [' E ::~, it tri\'iaU~' satisnes (l~). 
Ally [' ill this c[;t."iS of fllllCtiollS is ('Ollcan' ill (C. IfI), Sill(,f' it IS gl\'('ll by 

t IH' comj>ositioll of t\\'O COllca\'(' allel ill(T('(tsillg fUllctiollS. This lllilk<'S ( -'lI C 
c()Jlcm'(' \\·ith l'<'Sj)('ct to (iJ. b. 111. lil). ill \\'hich cas(' th(' Euln ('<!uatiolls an' 
sufiici('llt for all optill llllt 11; • 

':\11 l'xalllpl<, "f utilizatiulI of ~Ucll qua~i-lin('ar prd('n'n('{'~ in IlI<\("),ol'I'Un()nli("~ i~ g;i\'l'1l 

J,\" Crt"'Il\\"ood <,t aI. (l!J~::)), TIl(' p1ll'p(l~(' of tlll' auth()r~ in u~ing, ~lJ('h a ~p{'("itinlti()n, ill 

lhal l';hl'. i~ alhlractin)2, fl'lJlll \\"t'alth dft'ch ill lahor ~\lpply 

"\\"(' a~~\lllll' til(' paralll('t('r~ Df tlH' p]'o),lelll to IH' ~\l('h that illterior ~ol\lti(JIl~ an' g;('ll­
tTat/'<I. 

G 
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Let \\'2 (r) deuote the measllrc of tlw \\"elfare cost of iufiatiou \\"hich 
emerges from the Sidrauski model \\"heu the utilit,v fuuction belougs to the 
elass defiuE'd b:v 1Ih 

Propositiou 1 ]H'lo\Y prpseuts our main result, It sho\Ys that, for aU U E 
iIh, I3aik'y's formula proyides au cxact geueral-equilibriulll measure of the 
\\'dfan' costs of iuflation , 

Proposition 1 Let an (,(OT/07lIy bc dfScribcd as aboNe. 11'ith lItility junction 
U E lIh, Then. 

Proof. Use (5) auel (19) to obtaiu: 

l.'(m) := r = >.'(m) (20) 

This equatiou (\\' hich stauels for thp householel 's prdercuces) determines 
au inyerse moncy dcmaud functiou 1.'( 11/) with v' (m) = )..." (m) < O which, in 
contrast to the one obtained b:v Lucas, does not dqwnd on the ,'alue that c 
assumes in the stead,v state (if c = 1 or c = 1 + 11'2(1')), 

Plugging (19) into (8)': 

1l'2 (r) + /\ (m (r)) = /\ (m (O)) (21 ) 

Differputiating both sides with respect to the intcrest rate r: 

(L'~(r) + X(m)m'(r) = O (22) 

Frorn (20)and (22): 
ll';(r) = -nn'(r) = B'(r) (23) 

Since ll'2(O) = B(O) = O, ll'2(r) = B(r) for any ntllH' of r, • 

Example 2 Take U E 1U2 8ILeh that. when U 13 U'l'ittCTI like in (19). À (m) = 

!ff (1 +log (~)). 1l'hcn: n,f( > D, This /\ i8 strictly inc7'('(lsing and conmue 
ali the inte7'l'al (0.1\'). 

Eq1LatioTl (20) gil'cs 

I 1 (1\') r = )... (m) = - log - . 
n In 

1l'hich c07TesjJ(J7/ds to fhe sC771i-log 7l/0T/cy-dfrnand jlLTlction. 

/1/ = 1":('-(1/'. 

~)II (O) should rf'ad !\' in casf' (O. !\') is the lIlaxilllal inte[\'al owr \\'hich /\ is strictly 
inCTeasing and concan'. 
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lt is illstrllctil'e to (,()IIIJlIlI'C the IIsual culcullltioll of [Juile,l!'s lI'dflll'( III((l­

,'li/'( foI' thi" 1'(1.';(. 

J3 (f') 
/

.,. (!III' (p) rl(i = I{ /',. poc-nl'dp = I{ [_PI-ol'I:) T /" ( "I'rlp] 
, () , () , () 

_ [ _<I,. (-- '" 1 ] 1\ - /'( - -- T - . 
(\ (\ 

.-Iltl /'Iudil'( ly. U,'illI.!! ti/( fO/'l1l1l11l Jil'ol'ilild b!J (::31): 

F/'{JlII ti/( tll'U ((jlwtWI/S !lbUI'1 11'( 1!1ll'1 U''2 (r) = B (f'). illusfn!fllllj PI'Oj!o­
"it/(JI/ 1, In thi" CIISI. Ildu!lll!J. (l1) (lI/I! PI'Oj!ositio!l 1 tllm Ollt to j!/,{!l'úh 

1111 I Il.'i/I'/' (J'ui! of mll'lll!ltill.!! B, 

:\ot p that (lo) dops llot bl'aI' all)' di1'('d COlllH'ctioll to til(' \\'('11 kllm\'ll 
il\('<[ualit~, frum partial-f'quilibrium lllicwecollolllÍl's whel't', for llormal goods. 
t h(' f'<[ui\'alr'llt \'ariatioll is llO I('ss thau the COusulllf'1's' surplus (Sf'f'. f'.g .. :\Ias­
Colh'l pt ai. (1!)!)0). p, t)2). Iudef'd, this ille<[uality rallks \\'dfan' \'ariations. 
\\,I[('1'(,(\.'i (lo) ('omparps d('adweight losses. 

TI[(' rf'sult ('stablish('d by P1'opositioll 1, hO\\'('\,('r, do('s shan' \\,it h st all­
da1'd part ial-('<[uili bri um micro(,collOlUics tIl(' fact t hat, w hell utili t~' is q u a.'i i­
lillear (ill \\'hich cas(' y(,) ill (I!)) is l'<[ual to the idl'lltit), fUllctioll). tll('n'bv 
rulillg out \\'ealth df('cts, tIl(' al'('a uuder the l\Iarsha11iall demalld hUlI'tiou 
(h('re. 13ailf'Y's lllf'aS\ll'(,) gi\'ps an exact llleasure of the d('adw('ight loss arising 
f1'< >lll t axatioll'. 

4 Conel usions 

Lu('as (2()()O) has sho\\'lI that I3ailf'~"s forlllula for thl' \\'elfa1'f' costs of illtlatioll 
(,<lll b(' r('gar<le<l as a \T1'y good approxilllation to gnH'ral-e<[uilibrilllll Illea­
S\ll'es urigillatillg hOIll th(' shoppillg-tilllf' allel the Sidrauski mO<!f'ls. Dpp!Wll­
illg su('h a 1'('sult ill t his p<qwr \\'f' shc)\\' that. lInde1' quasilill('ar pn.fe]TJl(·('s, 

'\'()te tlJat ill ullr illt('rr"lllpural ClJlltf'xt a ('()Ilcan' lll()llotUllic trall~furlllatiull "f a qua­

,illllf'ar fUlldilJlI Ilikf' ill II U II i~ ~uffi('i"llt for \walt li eff('ch tu !J(' l'lIlt'd out, Prd"I'<'IIl'''' 

<I!'" 'lua.;ilillear I~ee D,'hlliti"ll 3,D,7 ill \la~-C"lld et a!.). ],ut Il"t Jl('('e~~arilY til!' IItilit\, 

flllll ti"II, 



Bailey's formula provides au exact measure of the welfare costs of inflation 
iu a Sidrauski general-equilibrium framework. 

lu this particular case, therdore, cautiouing tIl(' reader about lllea .. '3ure­
meuts of the \\'elfare costs of iuflation based ou 13ailey's formulas as being 
"the outcome of just a partial-equilibrium aualysis", as oue sometimes finds 
iu the literature, is not uecessary. Though variatious iu relative prices auel in­
come effects are ruled out in the simplificd type of general-equilibrium moelel 
worked out here, we have sho\\'u that 13ailey's formula can emerge frolll a 
mo dei w hich cousiders the entire economy (iucl ueling the process of money 
creation anel the eudogeuous dctermination of the money delllanel auel of the 
nomiual iuterest rate) , rather than just oue particular lllarket. 

The iutuitiou uuderlying suc:h a result is the usual one from standard 
microec:onomics: iu the abseuce of wealth effects, the f\Iarshallian area-uneler­
the-iuH'rse-elemaud-curve nH'a..<-;ure, rather than an approximation, turus out 
to prm'ide an exact mensure of the eleachveight loss steIllmiug from taxation. 

The result also darifies why the Sielrauski-Luca..<;' mea..<;ure of the welfare 
c:osts of iuflatiou turns out to be an upper bound to Baile:v's. 

T\vo examples ba..<;ed were offered to illustrate the results. 
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