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The idea of equilibrium exchange rate has worried economists in attempting to calculate 
the correct exchange rate. This idea has been a major building block of models of 
exchange rate determination and has also been used to provide a rule for exchange rate 
evaluation in policy discussion. 

Although empirical studies report significant deviations from PPP in the short run, the 
validity of Purchasing Power Parity (PPP) in the long-run has been motive for 
controversy. Adler and Lehmann (1983), Darby (1983), and RolI (1979) provided 
evidences suggesting that the real exchange rate can be seen as a random walk process, 
concluding that shocks have long lived effects. On the other hand, authors such as Abuaf 
and Jorian (1990), and RolI (1979) presented reported evidence of PPP reversion using 
multivariate unit root tests. Zini and Cati (1993), using data for Brazil, did not reject the 
random walk as the model for the real exchange rate in the long run 

The apparently mixed findings reflect a major problem associated with the test of long 
run PPP. A test for the long run PPP entails proper modeling of the low frequency 
dynamics of economic variables and their equilibrium relationship, while aIlowing for 
significant deviations from equilibrium in the short-run. The results depend crucially on 
the power of the statistical technique used to separate the low frequency from the high­
frequency dynamics. The uses of a statistical procedure that can identify a rich class of 
low frequency dynamics and detect long run relationships from noise data thus appears 
desirable. 

I The authors are Professors ofthe School ofEconomics, Business Administration and Account ofThe 
University of São Paulo. 

_J 



This study examines the relevance of long run PPP for Brazil using a fractional 
cointegration framework that integrates the notions of cointegration, suggested by Engle 
and Granger (1987), and fractional differencing, introduced by Granger and Joyeux 
(1980) and Hosking (1981) to economics foIlowing the study ofCheung and Lai(1993), 
using a richer c1ass of statistical model than the Zini and Cati(1993) study. 

This artic1e has the foIlowing organization Section 1 briefly discuss the PPP relationship. 
Section 2 discusses the notion of fractional integration and cointegration. SectÍon 3 
presents the tests for long run PPP, section 4 reports the results section 5 conc1udes. 

1. THE PPP RELATIONSHIP 

The PPP doctrine suggests that currencies are valued for the goods they can buy and, in 
equilibrium, a given basket of goods should cost the same at home and abroad, in the 
presence of intemational arbitrage. This implies a long- run equilibrium relationship 
between national price leveIs expressed in common currency units .. For the purpose of 
empirical testing, the PPP relationship is written as 

(1) 

where a. and ~ are constants, ept is the foreign price index converted to domestic currency 
units, Pt is the domestic price index; and 8 t is an erro r term capturing deviations from 
PPP. AlI variables are in logarithms2

• A necessary condition for PPP to hold in the long­
run is that ut is a mean reverting process, that is the effect of a chock to the PPP 
relationship wiIl die out. 

This form the basis for a cointegration test. If ept and Pt are found to be cointegrated, a 
linear combination of the variables wilI be mean-reverting, implying that these variables 
are moving apart from each other through time. The' cointegration approach is useful, 
since it allows data to determine the underlying long-run ·relationship and its short-run 
deviations without imposing the homogeneity condition3 

• 

What price index to use for PPP calculations is an open issue, as discussed by Frenkel 
(1978). Usually the choice is between wholesale price indexes (WPI's) and consumer 

2 Under the homogeneity condition, the constant of equation (l)is equal to unity. Taylor(1988) noted that, 
since observed price index are imperfect proxies at the best for the theoretical price variables, the 
homogeneity condition does not generally hold empirically. Hence a., should be estimated rather than 
imposed a priori to be unit. Zini and Catti( 1993) imposed the homogeneity condition in their estimation. A 
fact that could account for the rejection ofthe cointegration test they used. 
3 In general, the cointegration approach can be applied whether the homogeneity condition holds or not , 
see Cheung and Lai(1993). 
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price indexes (CPI's). WPI places a heavier weight on tradables than CPI's, and WPI's 
tend ton yield more favorable test results to long run PPP than CPI's (e.g. Kim 1990). 

The data used in this study are annual data for Brazil form 1855 to 1990 taken from Zini 
and Cati (1993).The domestic and foreign price indexes are CPI's measurements. Foreign 
price leveIs are expressed in terms of Brazilian currency units by multiplying the price 
indexes by the exchange rates. 

2. FRACTIONAL INTEGRA TION AND COINTEGRA TION 

Engle and Granger (1987) and Granger (1986) suggested the use of the notion of a long­
run equilibrium relationship between time series. A series is said to be integrated of order 
d, denoted by I(d), ifhas a stationary, invertible autoregressive-moving average (ARMA) 
representation after applying the differencing operator (I_L)d. When d is not an integer, 
the series is said to be fractionally integrated. 

Let XI = (XIt,X2t)', where Xlt and X2t are supposed to be I(d). In this case the linear 
combination . 

(2) 

wiIl also generally be I(d). Ifa vector o exists such that Zt is I(d-b) with b>O, however, Xli 
and X2t are said to be cointegrated of order (d,b), and oXt = O represents an equilibrium 
constraint operating on the long run component ofXt (Granger 1986). 

The typical case considered in empirical work is one in which d =b= 1; that is, x I I and x 21 
are 1(1) and Zt is I(O).Thus cointegration requires that the equilibrium error, Zt, is mean­
reverting even though Xlt and x21 wander widely. The mean reversion behavior of the 
equilibrium error is of key interest, if economic theory suggests a long-run equilibrium 
relationship between Xlt and X21' Unless the equilibrium error exhibits mean reversion, a 
shock to the system will tend to drive XIt and x 21 out of equilibrium forever, making the 
notion of equilibrium of little use even in the long-run. 

EngIe and Granger(1987) proposed a test procedure for cointegration for which there is 
an intuitive economic interpretation consistent with the notion of long-run equilibrium. 
The Engle-Granger procedure consists of two steps: Regress XII on X2t (or vice-versa) as 
the equilibrium or the cointegrating regression then check if its residuaIs are 1(0) or not 
using a unit-root test. If the residuaIs are found to be 1(0), the null hypothesis of no 
cointegration is rejected. 

Analytical1y, however, the strict 1(1) and 1(0) distinction is arbitrary. This is an important 
point because for the equilibrium error to be mean-reverting, it does not have to be 1(0) 
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exactly. Fractionally integrated process, as proposed by Granger and Joyeux (1980) and 
Hosking (1981), also display mean reversion. 

A fractionally integrated process can be represented by 

C(L)(I-LtZt = D(L)vl (3) 

C(L) = l-CIL-... -CpL
P, D(L)=1 + DIL+ ... +DqL q, all roots ofC(L) and D(L) lie outside the 

unit circle, vl is iid(O,cr2), and the fractional differencing operator is: 
... 
L r(k - d)Lk 

(1- L)" = {~7k + l)r(-d)} (4) 

where r(.) is the gamma function. Model (3) is referred to as the autoregressive 
fractionally integrated moving average (ARF1MA) model, and it extends the standard 
autoregressive integrated moving average (ARF1MA (p,d,q» model to real values of d. 
For 0<d<.5, the autocorrelations of Zt show a hyperbolic decay rate proportional to k2d-l , 

in contrast to a faster, geometric decay of a stationary ARMA process (Hosking 1981) . 
Due to the presence of dependence among distant observations, the ARIMA process is 
often called a long-memory processo 

Model (3) includes 1(1), that is, d=l, as a special case. The distinction between d=1 and 
d<l is crucial in terms of the mean-reversion property of Zt and so is the cointegration 
property ofxlt and X2l' Although the effect of any shock is known to persist forever for an 
1(1) process, it dies out, albeit slowly, for an l(d) process with d<l. This can be seen by 
studying the moving average representation for (I-L)Zt: 

(I-L)Zt =A(L)vl. 

Where A(L) = 1 +AIL + A2L + ... , derived from 

A(L) = (I - L)I-d<I>(L) 

(5) 

(6) 

with <I>(L) = CI(L)D(L). The moving average coefficients· Aj's are called the impulse 
responses (Campbell and Mankiw 1987). The impact of a unit innovation at time t on the 
value ofz at time t+k is equal to 1 + AI + A2 + ... + Ak' For a mean-reverting process, the 
infinite cumulative impulse response A(I) equals zero, implying no long-run impact of 
the innovation on the value of Z. Using equation (4) to find the series representation for 
(1 - L)I-d, equation (6) can be written as 

A(L) = F(d -1, 1, 1; L)<I>(L), (7) 
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where F(.) is the hipergeometric function defined by 

! rem + j)r(n + j)r(p)Lj 
j=O 

F(m,n,p, L) = {r(m)r(n)rep + j)r(j + I)} 
(8) (Cheung and Lai 1993) 

and from Gradshtein and Ryzhik (1980), 

F(d-l,l,l;L)=O (9) 

for d<l. Hence for d<l, 

A(1) = F(d-l,I,I;I)<l>(I) = O (10)(Baillie 1996) 

For any process z - I(d) and for d<1 it foIlows from (10) that z wiIl mean reverting. 
While z will not be covariance stationary for 0.5<d<1 (Hosking 1981), it wiIl 
nevertheless still be mean reverting, since an innovation has no pennanent effect on the 
value of z. This is in contrast to an I( 1) process, which is both covariance non stationary 
and not mean-reverting. For an I( 1) process, the effect of an innovation can persist 
forever. 

To the extent that the equilibrium error can display slow mean reversion, not captured by 
usual 1(0) process, a general test for cointegration should allow for fractional 
cointegration. Although Engle and Granger (1986) noted that the notion of cointegration 
can weIl apply to fractionally integrated process, the only applied work for fractional 
cointegration is that of Cheung and Lai (1993). Their analysis was for the case in which 
Xl t and X2t are 1(1), in this case ifthe equilibrium error Zt is found to be I(d - b) with b>O, 
though not necessarily 1(0), XIt and X2t are fractionaIly cointegrated and the effect of a 
shock to the system wiIl eventuaIly disappear, so that an equilibrium relationship between 
Xlt and X2t wiIl prevail in the long-run . 
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3. A TEST FOR FRACTIONAL COINTEGRATION 

The hypothesis of fractional cointegration raises the problem of testing for fractional 
integration. Diebold and Rudebush (1991), Sowell (1990) and Fava and Alves (1996) 
observed that standard unit root tests such as the Dickey-Fuller test may have low power 
against fractional altematives. In this article, following Cheung and Lai (1993) and Fava 
and Alves (1996) , a spectral regression based test due to Geweke and Porter-Hudak 
(1983) is used to detect fractional integration in the error &,. The Geweke-Porter-Hudak 
(GPH) test provide a general test for fractional integration that is not dependent on the 
nuisance parameter of the underlying process - namely-the parametrjzation of the ARMA 
part ofthe processo The GPH test makes use ofthe fact that the spectral density of gt = (1 
- L) 8 t is given by 

fg = 11 - exp( - iro )1"2 (d • 1 ) fu ( ro ) 

= ( 2 sin( ro/2 )) . 2 ( d • 1 ) fu (ro ) (11) 

where Ut = <1> ( L )vt is a stationary process and fu ( ro ) is its spectral density. Consider a 
sample series of gt of size T. Taking logarithrns of (11) and evaluating at harrnonic 
frequencies roj = 21tjIT (j= O, .... , T-l), we have 

ln( fg(roj)) = In (fu(O)) - (d - 1)ln(4 sin\roJ2)) + ln(fu (roj)/fu(O)) (12) 

For low-frequency ordinates roj near O, say jSl<<T, the.last terrn is negligible compared 
with the other terrns. Adding I(roj), the periodogram at ordinate j , to both sides of (12) 
yields ' 

This suggests estimating d using a simple linear regression equation 
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where ~ t equals In(l(roJ/fg(roJ). It is asymptotieally iid across harmonie frequencies and 
n = g(T) is an increasing function of T. The theoretical asymptotie variance of Et is 
known to be equal to rc2/6. Under some regularity conditions on g(T), satisfied by, for 
example, Til for O < J.L < 1. Geweke and Porter-Hudak (1983) showed that the least 
squares estimate of f31 provides a consistent estimate of l-d and hypothesis testing 
eonceming the vaIue of d ean be based on the t statistie ofthe regression coefficient. 

4.RESULTS OF COINTEGRATION TESTS 

The price series are each first checked for fractional integration using the GPH test4 
• The 

unit root hypothesis ean be tested by determining whether or not the GPH estimate of d 
from the first-differeneed series significantly differs from zero. Under the unit root 
hypothesis , the first differenced data follow a stationary ARMA proeess with d=O.The 
results ofthe GPH estimation are presented in Tablel. 

By including fractionaI proeess as the altematives, the GPH test provides a different 
perspective to test the unit root hypothesis. As ean be seen in the results, the unit root 
hypothesis embodied in the first differencied series is accepted by the test, but it also 
aeeepts the fractionaI proeess as an altemative explanation for the data generating process 
of the series. The value of d is larger than one but smaller than two, thus suggesting that 
taking second differences of the series might not be correct, because the correet order of 
differencing is approximately 1.5, charaeterizing a fractional altemative for the data 
generating process of SPt and Pt series. The results are consistent for different values of 
n=TIl

, for values of J.L from .5 to .6. Note that the estimated values of d varies for different 
vaIues of J.L. This is in aceord with GPH' s (1983) observation that the estimation result 
can be "contaminated"as more periodogram ordinates is incIuded in the regression. 

4 The unit root test, ADF, allowing for a drift and a trend for the individual price series is presented in Zini 
and Cati (1993). They accept the hypothesis of two unit roots for both series. However, when the series is 
fractionally integrated the ADF test may have low power against a fractional altemative Iike the GPH test 
as noted by Diebold and Rudebush (1991). 
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TABLE 1 
Results ofthe GPH estimation for the first difference ofthe SPt and Pt seríes 

sp, p, . " n=TJI 
. . 

n=TJI d t student d t student 

J.I =50 10 0.5521 4.57 J.I =.50 10 0.4793 4.66 
J.I =55 15 0.5849 6.84 J.I =55 15 0.5013 6.88 
J.I =.60 20 0.5417 7.83 J.I =.60 20 0.5046 9.33 

The test for cointegration is presented in Table 2. The hypothesis of cointegration is 
rejected by the data. The PPP hypothesis is not sustained as the long run theory for 
exchange rate change for Brazil. The GPH reports that the residual of the cointegrating 
regression follows a unit root. Hence the PPP hypothesis can not be seen as the 
explanation for long-run behavior of exchange rate adjustment for Brazil. 

TABLE2 
GPH estimation first difference of the residuaIs 

of the cointegration equation 

n=TJI d t student 

J.I =50 10 0.1199 0.45 
J.I =55 15 0.0028 0.02 
J.I =.60 20 0.1816 0.89 

5. CONCLUDING REMARKS 

A generalized notion of cointegration, called fractional cointegration, has been used to 
examine the empiricaI relevance of long-run PPP based on Brazilian historícal data for 
the 1855-1990 período 

A fractional integration analysis is used due to the fact that we are concemed with the 
case that the price series are l(l) as reported in Zini and Cati( 1993). The conventional unit 
root test normally used in detecting the order of integration of series is not adequate to 
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test for fractional altematives. The results indicate that the 1(1) or 1(2) and 1(0) distinction 
might not be adequate. The GPH test results indicate that a fractional altemative of 1.5 is 
more appropriated. The cointegration analysis of the cointegration regression residuaIs 
indicates the presence of a unit root, thus showing that shocks do not present a mean 
reversion behavior which leads like to the rejection of the PPP explanation for long-run 
exchange rate adjustment for Brazil. 
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