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§1 Introduction

The purpose of this paper is to study the convergence to rational expectations of
arbitrary Bayesian priors in infinite horizon economies with complete markets. The main
idea explored in the paper is that if agents can trade over future events then they must
have the same measure zero sets. And therefore, by a result of Blackwell and Dubins (62)
their posteriors must also converge. '

Some of the ideas in this papers can be traced back to Hayek and also appears in Gros-
sman (81). They say that equilibrium prices reveal information to market participants. In
our case this means revealing measure zero sets which is enough. by the Blackwell-Dubins
result, to garantee convergence to rational expectations. More formally we start in Section
2 with the presentation of the three models studied in the paper: The purely extrinsic un-
certainity, the sunspot and the temporary equilibrium one, the most general of the three.
By Bewley’s existence theorem (72), equilibrium exists in very general situations and in
particular with non convergence probability priors. However, if one allows Brankrupicy
that is not the case anymore and that is the content of Theorem 1 in Section 3. It says
that the posteriors converges to equilibrium prices with probability one with respect to the
measure generated by equilibrium prices. In particular it says that in the long run expec-
tations become homogeneous. Corollary 2 gives an assumption to garantee convergence to
rational expectations. In particular, in the Jong run temporary equilibrium disapear.

Corollary 3 stablishes the convergence of assets prices. Theorem 2 however says that
as Jong as expectations are not “disjoint™ eQuilibrium exists. Hence the convergence region
might have as small probability as one wishes. °

In Section IV we briefly expose some work in progress: the incomplete market case,
the convergence with probability one when the priors are gaussians, the convergence of the

prices and the convergence of goods allocations.



§2 The model and basic facts

Consider on infinite time horizont economy with a finite set I of economic agents. At every
period t € N, the economic agents trade £ goods and receive a publicy observable signal
that belongs to a set S;. These signals can be classified in three cases.

 In the first case, the one of purely extrinsic uncertainty, the signals are exogenous and
determine future endowments. The price realization is assumed to be common Knowlewdge

conditional on the signals.

In the second case, the signals, called sunspots, are still exogenous variables but do
not affect endowments. Threfore, the uncertainty is intrinsical although the prices are still

common knowledge conditional on the suspots realization.

In the third case, the signals are future prices and so endogenous variables that do
not affect endowments. Similarities exists between cases 1. 2 and 3. In fact, cases 1
and 2 will be indentified with the traditional general Equilibrium model and case 3 with
the Temporary equilibrium model.! In order to reduce the number of simbols involved
we will keep some notation in common. Whenever we feel that this notational abuse
might misguide the reader an index k = 1,2,3 will be used to indicate thevp_roper case in

consideration. -

+oc !
The signal set is § = H Sp. For every B C H Sn,let B = {s € S|(s,...,s) € B}

n=1 n=1]
be a cylinder with base B. Consider the o-algebra F; C F5 C--- C F. F; is a o-algebra
1
whose elements are cylinders with bases on H Sn. F is the o-algebra generated by the

n=] :

algebra F° = U Fi.
1EN, 'Y

The functions interpretated as economic variables are assumed to be non-antecipative.
Let : S — R{ and u}: § — R! F,-mensurable functions be respectively the i-th agent

demand and initial endowment at period ¢. In cases k = 2,3 w} is a constant function

'In temporary equilibrium models signals may also be exogenous but since this is studied in cases 1 and
2 there is no loss of generality in assuming that in case 3 signals are only endogenous.
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"Vte N, andViel Let Ly be the space of bounded functions
f: Sx N+ — Ri
(s,t) — fi(s)

such that V1 € N4, fi: S — RY is Fi-mensurable.

Let 215 x Ny — RY, ‘and w™: § x Ny — RY be respectively the i-th agent demand
~ and initial endowments. We assume
1 Viel (2',w')el,xL,.

L2 VWielu >>>0.
1.3  Incases k = 1,2, S, is a finite set. |

Each agent 1 has a utility function v':(RL)N+ — R and a subjective probability P
defined on (S, F). We assume
1.4 In case k = 3, Vt € N4 Vi € I there are only a finite number of elements Al e F,

'such that Pi(4!) > 0. )

That is, we assﬁme that in case k = 3 all agents believe that at every period only a
finite number of prices might occur. For instance, take all prices in cents inside a bounded
set.

By II1.4, we may assume that S, is, in case k = 3, also finite.2 In cases k = 1,2
pu S - RY a Fi-mensurable function represents the price of goods at period 1.

Let
pISXN+ —4RS_

(s,1) — pu(s)

be the price of goods.

In the spirit of overlapping generation mod:ié we make no assumption about the space
where p is.

In case k = 3, an element s € S, s = (s;,5,,...) represent the price of goods. C]gar]y,

st € RY is the price of goods at period t.

2We plan to drop assumptions J11.3 and 111.4 t6 also consider the continuous case.
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Let
%) — R

s — vi(zi(), 23(6).. )

be the utility agent i gets if 7 is his consumption function and's occurs. We assume
IL5 Viel, v'(z')is P'integrable.

Each agent i has a Von Newmann-Morgenstern expected utility function

v:L — R

Tt ——+/I?i(a:‘)Pi
S

"~ We assume that v’ satisfies
11.6 a) v'is concave.
I1.6 b) ' is continuous in the mackey topology.
I1.6 ¢c) v'is bounded.
1.6 d) (monotonicity assumption). Vi € I,if T* > r' and P’ U {seS|zi-z:>0}| >
C teN,
- then v(Z') > vi(z*).
I1.7 At period 0, there exists a complete set of Arrow securities.
Let d;: S — R and yy: § — R, Fy-mensurable functions be respectively the i-th agent
asset demand and the asset price at period t.
Let
d:5xN; — R

o

be the i-th agent asset demand and let
M S x N+ — R_+

(3,1) — l‘t(s)

be the asset price.



-

+oc
We write (u,d) = }:/ pdi#. 3.
. . st

(=)

These Arrow securities have different interpretation according to the case considerated.
In case k = 1 they are traditional Arrow securities. In case k = 2, we are assuming complete
markets for sunspots. In case k = 3, they are Arrow securities for prices that at lea:st one
agent conjectures as possible. Althrough there is no reason for the non existence of such
markets (a kind of market of bets on future prices) it would be better if the assets in
case k = 3 could be interpretaded as options. Chi-fu Huang and R. H. Litzenberger (88),
vFoundétion for Financial Economics, cap. 5, contains models that relates Arrow securities
with options. |

We define a feasible asset allocations as a vector d = (d?,...,d*/) such that Z d' =0.
t€]

In cases k = 1,2, we define a feasible allocation as a vector (z!,... %) e Lf] such

that Z(Ii — wi) = 0
3 .
In case ¥ = 3, let E C S be the set of all prices s such that Vt € N,

Z(s‘ ~w')(s,t) = 0. If E # ¢ we say that the allocation z is feasible with respect
i€l | ,
to E.

Given two functions f/: § x Ny — RY, j = 1,2. We define

L3S x Ny — R
(s,8) — £/(s).fi(¢)

We also define the function
P’ S x Ny — RY
(s.1) — ¢
In cases k = 1,2, we define an equilibriqu(no bankruptcy) as a pair of feasible goods
and assets allocations (z,d) and a price system (u, p), such that Vi € I, (z*,d') maximizes
v' in the i-th budget set
{(«5,d) [ (1, d") =0, p(z' —w')=d}.

2The integral means the price of the assets d! in period t and is well defined since % is finite
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In case k = 3, we definc » temporary equilibrium ( no bankruptey) as & feasible asset
allocation d, an asset price p and & feasible foods allocation z with respect to E such that

Viel, (:r",d") maximizes v* in the i-th budget set

- L AE ) [(udY =0 P u') = ).

In cases k = 1,2 the existence of equilibrium was proved by Bewley (72). Below, we

restate his theorem in our notation.

Theorem Il1.1. Incasesk = 1,2, under II.1 - I1.7 there exists an equilibrium (no bankrup-
tcy). Also, there exists a function 7: S x Ny — Ry, such that if u.p = = than (u,p) is an

equilibrium price system (no bankruptcy).

Clearly, in this model, every sunspot equilibrium such that Vi € N4 p, is an injection
can also be interpretated as a temporary equilibrium such that all agents knows the future
price that can or can not occur but not necessarily the true distribution of the future
prices. So, by Theorem I1.1 one can also prove the existence of temporary equilibrium (no
bankruptcy). |

It is interesting to notice that there exists an equilibrium (no bankruptcy) for arbitrary
priors P",: ] E' I. In particular, there exists (in cases k = 1,2,3) an equilibrium (no
bankruptcy) such that the posteriors of the agents are non convergent in all s € S. So, it
1s not possible to get a general convergence of beliefs theorem in the no bankruptey case.
However, consider the following example: Suppose that for some A, € Fy, P}(4,) = 0 and

P?(A;) > 0. That is, agent 1 is sure that 4, cannot occur but agent 2 is not.* Then one

‘A very similar intuition one could also get from the Blackwell-Dubins theorem and the temporary equi-
librium Literature since it is prove there (see, for instance, Grandmont (77) and Green (77)) that a suficient
conditions for the existence of temporary equilibrium is that the supports of the priors sre not disjoint.
If ope wants & direct application of these ideas the easiest way to do so would be to consider a finite time
borizont mode! with an infinite number of trade periods and a future market for every possible signal. In
this case every element in the uncertainty space would®e “defined in time” and so it would not be neces-
sary 1o restrict trade to F° and a direct proof would state that the introduction of bankruptcy implies the
convergence of the posteriors in cases k = 1,2,3. Unfortunately. this do not seem (10 us) natural because
then we would have to assume trade and beliefs revision in infinitesimal time. A mode] like that would
dramatically increase the number of future markets from an enumerable one to a non epumerable one.
This would pot be without gain because then one could prove expectations convergence with probability
one and if future markets are restricted to F° then convergence, in general, will be only with positive
probability. This will reinforce one of the central points of this paper: the importance of the existence of
future markets to spread out the private information to the economic agents.
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could argue that no equilibrium exists because if the asset price p is strictly positive at
(At,1) then the economic agent 1 would sell arbitrary large amount of Arrow securities
tha@ pays conditional to A, because agent 1 believes that A, can not occur and so he
believes that he will never have to pay a;‘xything for the resourses he is getting at time
~ zero. On the other hand, if p(Ag,t) = 0 then since agent 2 believes that A, might accur,
he has some indirect utility with the Arrow securites that pays conditional on-4; and so,
at no cost, agent 1 will certainly buy arbitrary large amounts of Arrow securities that pays
conditional to A,. In particular, we get that if an equilibdum exists then P’, ¢ € I has the
same null gets in .‘FO (but not necessarily in F) and this is a contradiction with Theorem
I1.1. This apparent paradox can be easily explained if it is observed that since z}(A4,) > 0
and p(A¢)(zi(Ar) — w'(4,)) = di(A,), VA, € F°, Vi € I then di(A,) > —pi(A)u'(4)
VA, € F°, Vi € I. That is, the agents are forbidden to offer arbitrary amounts of assets
as in the above argument because they are restricted by all budget restrictions even the
zero subjective probability ones. In brief, if short soles (or bankruptcy) are introduced
in a general Equilibrium mode] then some equilibriums are to be ruled out because the
economic agents becomes no more restricted by zero subjective probability restrictions.
In the following a theorem due to Blackwell and Dubins garantees that if two priors have
the same null sets in an infinite certain product space (as S) then with probability one
(according to both priors) the posteriors converge in the sup norm. This suggest that short

sales rules out exactly the non convergent equilibriums. ®

However, to prove this, for technical reason, it is better to deal explicitely with
bankruptcies instead of the fiction of negative consumption. To achieve this goal it is
introduced in the model a riskless asset. called money, that can be borrowed or lended
throughout time paying a fix interest rate. There is a penalty function that will be com-

puted according to the present value of the agegts debt.®

Vi€ I,let mi: S — R a Fi-mensurable function, be the i-th agent money demand at

t € N;. Let m{: S — R, a constant function, be the i-th agent money demand at period

Bthe interest rate plays almost no role in this model and although it is determined endogenouly one may
easily see that it could be exogenously fixed at zero or any other positive number
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0 and let
m:SxN—R

(s,t) — m:(s)

be the i-th agent money demand. We define
m*:SxN — R

(s,8) — my(s)(1 + 1)

We assume
19 Viel,m*el.
We also define

h:S— R

s — liminf m*'(s,t)
, {~—+0C

h'(s) is the liminf of the present value of the i-th agent debt if s occurs. The “Lminf” is
used in some models to compute the debt in order to avoid “ponzi games”. For a reference
see Wilson (80). - |

Let T:R_ — R+ be the penalty function. We a;ssurne

II.1I0 T is a continuous and non increasing function.
Lemma I1.1. Vi € I, Z(min{h*,0}): S — R, is P'-integrable.

Proof: See Ai)pendix. |

T(min{h'(s),0}) is the penalty agent 7 will get if he chooses k' and s occurs. The min
function is used to give no profit in holding money in the limit.

We define b(h') = [ I(min{h*,0} )P’ 4th‘e i-th agent expected penalty or the expected
disutility for going bankrupt. > |

In cases k=1,2, we define a feasible money allocation as a vector
m = (m!,m?,... , m#/) such that Zm‘ =0 and (m*},m*2,...,m*#) e L#..

i€l
In case k = 3, let E' C S be the set of all prices s such that Zm:(s) =0Vt € N;.

i€l
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'lf,E" # ¢ and (m*,m*?,... ., m**/) € L¥ the money allocstion m is said to be
feasible with respect to E'.

In case k = 1,2, given the price system (u, p) and the interest rate r, Jet the i-th agent
buaget set be defined by:

{(z*,d',m") | (u,d') + mf = 0; m} +p,(:x","- w)=di+mi(l+r) VieN;)

In case k = 3, given the asset price u and the interest rate r, let the i-th agent budget
set be defined by:

l{(:t",d",m") | {u,d"y + mf = 0;mi + p8(z} —wi) =di + mi_,(1+7) VteNL).

Let Q. a probability defined on (S, F), be the true uncertainty distribution. @ is an
exogeneous variable in cases k = 1,2 but an endogeneous one in case k = 3 since the prices
are endogenously determined.

In cases k = 1,2, we define an equilibrium as a triple (z,d,m) of feasible goods,
assets and money allocations, a price system (u,p) and an interest rate r such that
Vi € I{z',d',m*} maximizes v — bin the i-th agent budget set. '

In case k = 3, we define a temporary equilibrium as an asset price u, an interest rate
r, a feasible asset allocation d, a feasible goods allocation z with respect to E C F, a
feasible money allocation m with respect to E' C F, such that QQCENE')=1and Vi€ I,
{z',d",m'} maximizes v' — b in the i-th agent budget set.

“For any two probabilities 1, and v, on the same o-field 7 the distance d(v;,v;)

between v; and 1 is defined by least upper bound of |1,(D) — vo(D) over D€ T.

+ ¢ .
For any prior v defined on (X,7). X = H_X,,, V((:’l)w‘,n) denote the posteriors
’ : n=1

o

. 1
distribuctions of 1 given the past observation (sy,...,8¢) € H Xr.
n=1

The priors P, i € I, are said asymptotically homogenous in a set € F if for every

s €8, s = (s1,52,---,5n,...) and for every pair (i,7) € I x I the distance between
i(n)

(51,..,5,) 20D Pj(").,‘") converges to 0 as n converges to co.

(0;,..

- 10



© Incases k = 1,2, the priors P, i € 1, are said to be convergent to rational expectations

between P('-‘(:’?__ ) and Q(")':_.'.“) converges to zero to 0 as n converges to 0o,
CIncasek = 3, a temporary equilibrium is said to be convergent to rational expectations

inaset Q€ Fifforevery se s = ($1,82....,8n,...) &nd for every mgent i € I, the

distance between P('.,(:?._’,") and Q::;). s,) Converges to zero as n converges to oc.

Notice that in cases k = 1,2 since the signals are exogenous, convergence to rational
expectations means that the agents learn to predict éorrectl5' the exogenous probability
distribution of the future signals.

In case k = 3, agents learn to predict whether a price might occur or not in the future
and its probability of occurrence although the “true” probability Q is endogenous]y given

and so it might depend on the forecasting priors P'.

II1 — The results:

Theorem II1.1. In cases k = 1,2,3, under I1.1 - II.9; If there exists en equilibrium then
there exists a measure u* defined on F such that:
1) p*<<Piviel
2) VA€ F°, p®(A)=0& P(A)=0Vie I ' -

Theorem III.2. In cases k =1,2. Under IL.1 - IL.9 if there exists a measure v defined on
F such that:
1) v<< PiViegl] .
2) VA€ F°, v(A) =0« P(A) Vie I
Then there exists an M > 0 such that if the penalty satisfies: I(0) = 0 and

I(z) > —Mz:, then there exists an equilibrium.

The proofs of Theorems I11.1 and II1.2 de;ends on Lemmas II1.1 - II1.7 and so we
will present them latter on in this section.

k* depends only on the equilibrium asset price hence we call it the price measure.

Theorem II1.1 in fact holds with no condition on (v',w'), i € I except for the

monotonicity assumption.



Lemma 1114 caracterize conditions 1) and 2).

Clearly, if penalty is zero or “weak”™ no equilibrium exists because the sgents will
choose to go bankrupt. . |

Theorems 111.1 and 111.2 gives necessary and suficient conditions for the existence of
equilibrium when bankruptcy is introduced. By the Blackwell-Dubins fheorem, we can
determine (depending on the parameters) the “convergence region” of the priors as the

picture below ilustrates. !*

\ . ?
WONYERGEANLE REGiON
Figure B

Lemma II1.1. A) In cases k = 1,2,3 if p is an equilibrium asset price then VA, € Fy:
p(A)=0& P(A)=0 Viel

b) In cases k = 1,2, let = be as in Theorem I1.1. If the priors have the same null sets

in F° then VA, € Fy: v
(4} =0 P(4)=0 Viel

Proof: For the proof of this lemma just use the arguments given in Section I

Lemma IT1.2. Let f: R; — R be a concave, nondecreasing function and € > 0 then there

exists an M > 0 such that f(e + &) — f(€) < Mg Ve 2 0.

[3
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Proof See Aubin and Ekeland ( 84) Applxed nonlmear analysis, chapter 4, sections 3,
proposition 3.

Lemma II1.3. Let v' and v? be two measures defined on & o-algebra T generated by the
algebra T'. If v}(D) > ¢ and v*(D) = 0 for some D € T then there exists A’,A’,._..,
‘elements of T' such that v} (A") > ¢ Vn € N, and v?(A") — 0

- 0C
Proof: See Appendix.

For any two measures v and v? on a o-algebra 7 we write, as usual, that 1! << 12
VYD €T, 4 (D)= 0= (D)=
We write 1! <v?2i{ VD € T V(D) < v¥(D).

Lemma III.4. Let »?.12,...,v! be arbitrary positive measurés defined on a space X and
a o-algebra T. Let T® be anv subset of T such that X € T°. Then A), B) and C) bellow
are equivalent. If 7° = {X'} then A), B). C) and D) are equivalent.

‘ L
A) Let C’ € T be full measures sets of v,1=1,....Land C = ﬂCj. VD e 79, if
J=1

there exists an ¢,1 < ¢ < L such that if v*(D) > 0 then ¥ (DNC)>0j5=1,...,L.
B) There exists a positive measure X! # 0 such that:
1) vt c<cyij=1,...,L
2) VDe T’ v+ (D)= 0w v/(D)=0 j=1,...,L.
C) There exists a positive measure ¥1%2 # 0 such that: 142 </ j=1,...,L and
) vi*2 ccvij=1,... L.
2)VDe T vi*¥(D)=0& vi(D)=0 j=1,...,L

: L
D) Let C’ € T be full measures sets ofvV j=1,...,Land C = ﬂCj.

)=1
Then there exists an €,1 <e < L, v¢(C) & 0.

Proof: See Appendix.

Lemma III.5. In cases k = 1,2,3, if u and r are equilibrium asset prices and interest

rate respectively. Then, puy(S) = (1 +r)"! and VA, € Fy, p41({A) = pe(A)1 + T)'_]-
Proof: See Appendix.
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We define
poFO — R+
At — y((At)(l + T)’.
By Lemma II1.5 4° is a well defined probability measure on F°,

Lemma I11.6. In cases k = 1,2,3, if u is an equilibrium asset price and for some sequence

of elements of F°, A', A2,... P*(A7) — 0,i% € I then u°(47) — 0.
J—+toc J—+oc

Proof: (We will make the proof in cases k = 1,2, the proof in case k = 3 is totaliy

analogous). Suppose not, then there exists an ¢ > 0 and a subsequence A*) such that

pO(AFD) > € W € Ny and PI(4FU)) — 0. Let (3, d,7) be the equilibrium alloca-
J—+x ,

tions. p the equilibrium price and ¥ the equilibrium interest rate and let § € RY be suck

that 6, ;—;ﬁ;ﬁﬁ)—h for every n-coordinate, 1 < n < £. Vi € I, let ' € L, be such that
€S

z;: S — R
s — zi(s)+ 6
=7 ift#£1.

‘_I

By the monotonicity assumption, there exists an ¢’ > 0 such that v'(z") - v'(Z') > ¢
-0 .
Let Ry € R_ be such that B’ > R;. Let R, € Ry be such that I(z —=1) - I(z) < R
if 0 2 < 2 R] .
Let A*U%) € Fo be such that P (AR < -}%. Notice that it is no loss of generality

"W

to assume that ° > 1.

Define (d*,m') such that Vt € N,
d:S—R
s—di(s)—(147) ifse A7) =40
s — EI_:(s) if s¢ AU or ¢ # t°

14



mi:5§—R

s~ i(s) ifs¢ AMG®Y or ¢ #1t°

n

—aT(s) = (147) fseAt) g=1y

—(u ).

i
mgy

To get a contradiction we prove Two facts:
I) d' can be bought at period zero by the i-th agent. With (m',d"), z' can be bought by
the i-th agent. This give to agent i® an extra expected utility strictly bigger then €'
II) m"'o implies that agent 1° will have & new h'® such that the extra increase in his penalty
is strictly smaller then €'

By the m} definition, d' can be bought at period zero.
Pz —uwl) =5 (F - wi)+5,.6 =d, + Fp(1 4 1) — 7 + p;.6
= d; - m§ - (p,3i> (1+r)+pé < d; - mi - (p,?> Q+r)+(1+r)

=di—mi +my(t+r)+ (e - (1T = d N +r)<dj —mj +mj(1+7)

So, in period 1 z{ can be bought mith (d’,m*). By analogous proof one may see that in

period f # 1 7} can also be bought mith (d'.m"). To prove Il. it is enough to observe that

(h* - Ei)(s) =0if s € A¥U") and (A" - R')(s) = —1if s € A*U"). So, the extra increase in

the {%-th agent penalty is less then Rg.P"o(Ak(jo)). 1

Lemma IIL.7. In cases k = 1,2,3 if p is an equilibrium asset price p° is a o-aditive

probability measure on F°.

Proof: If A7 | 6. AY € F°,j € N, then Vi es] P'(47) | 0. By Lemma II1.6, (A7) | 0.
By Lemma II1.7 and the Carathéodory extension theorem, if p is an equilibrium asset

price then there exists & measure y* on (S, F) such that u* estends p°.

Theorem IT1.3. (Blackwell-Dubins) - If v} and v? are two probabilities measures defined

on (S, F) and 1! is absolutely continucus with respect to v? then there exists a set € C S

15



~ suck that V() =1andVs €N, s =(2,8,...,8n,...) the distance between u(”")

8lyenln) ™

and 3™

(83....00) CODVerges to 0 as n converges to cc.

Proof of Theorem III.1: Condition 2) hold by Lemma IIL1.

Suppose by contradiction that for‘sdme A€ F,p*(A)>cand P‘O(A) =0.i%€ I. By
Lemma II1.3 there exists a sequence A?, A%,..., such that A’ € FOV; € Ny, p"(A?) > ¢
Vi € N, and P'°(4%) ;=0 By Lemma 1116 p* (A7) = p°(A4%) ;o0

Corollary 1: In cases k = 1,2,3, if there exist an equilibrium then the priors are
asumptotically homogenebus in a full p* measure set Q € F. Moreover, Q has a stric-

tly positive probability according to all.agents.
Proof: Immediate from Theorems 111.1 and 111.3. §

One can see by Corollary 1 the aifference between models with and without bankrup-
tcies. In the last case the non convergent equilibriums are ruled out and it is possible to
prove convergence to homogeneous expectations. However, this convergence is with full
measure with respect to the price measure and positive measure with respect to the agents

~priors but not necessarily with respect to the true measure Q. Clearly if no relationship is
imposed between the agents prior and true distribution then the true distribution can be
complbetely “disconected” from all agents priors. Intuitively, in a case such that all agents
are mistaken even if the markets spread out all the private information the ageats will not
become perfectly informed, especially if they use myopic bayesian learning as their revision
process.

1.1 Let C' be a full measureset of P',i€l. fAC ﬂ C' and Vi € I P'(4) > 0 then

=3
Q(4)>0.
II2 Let C/ be a full measure set of P/, € I. Vi € I P{[]C’) > 0 then
J€l
Q¢ > o.
Jer ‘

Essentially III.2 assumes that if the supports of the priors are not disjoint then its

intersection is also not disjoint from the support of Q.
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- For instance I11.2 is satisfied if therc exists an s € S such that Q(s) > 0 and P'(s) >0
Viel.

4

Essentially I11.1 assumes that if an event A can not happen then there exists an agent
(not necessarily the same agent) that knows it. Clearly 111.1 is a stronger condition then
I11.2 especially in case k = 3 because in this cese, II1.1 implies that if a future price is not

an equilibrium price then there exists an agent that knows it.

Corollary 2: In cases k == 1,2, Under I1.1 - I1.9 and I11.2, if there exists an equilibrium
then the agents prior P, { € I are convergent to rational expectations in a strictly positive
Q-meaéure set. |

In case k = 3, Undgr I1.1 - 11.9 if there exists a temporary equilibrium that satisfies

I111.2 then it is convergent to rational expectations in a strictly positive @ measure set.

Proof: The proof is the same in cases k = 1,2,3. By Theorem II1.1, Vi € I p* << P

Let C* be a full measure set of P'. By Lemma I11.4 (Take T° = {S}), P'([)C’) > 0
Jjel

Vi € I. By 112, Q([] €?) > 0. Soif Cis a full Q measure set, then Q(([} C7)NT) > 0.
JEI Jel

Appling again Lemma I11.4 (7° = {S}) one can see that there exists a measure v on
(S§,F) such that Vi€ I, v << Piand v << Q. By Tbeorem I11.3 distance between the
posteriors of P! and Q converges to zero in a set D € F, v(D) = 1. But v << Q implies
that Q(D) > 0. |

Grossman and Stiglitz (80) and Grossman (81) have pointed out in very known papers
that prices could be used to inform the economic agents about the realization of the
uncertainty. Corollary 2 (in cases k = 1,2) also relates prices with information because
it states that observing the equilibrium prices the agents can eventually learn the true
distribution of the uncertainty. However there are some differences between this model
and Grossman's. In those models the bijecti®n between prices and uncertainty reveals
information only if the economic agents knows the bijection. In this model, this assumption
is not necessary so, if there exists an informed agent the non informed agents will “figure
out™ this information only in the limit. As there are trade thought the learning process

during some time an agent may profit from private information. That is why there is no
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non existence of equilibrium paradox in this model.

Clearly Theorem 111.1 can be used to prove that if s € Q occurs then in the Jong run the
“psycology” of the markets do not matter and one must focus only on the “fundamentals”.
" As a example we will (in Corollary 3) state that in the long run the relative ncset price
depends only on Q and converges to the “true uncertainty ratio”. In particular since p is,
in the long run, independent from (u', P*,w'), 1 € I it is also indepéndent from the risk
aversions of the agents.

n
Consider (s;,...,8,) € H Si. Fix 6 > 0. We say that the pairs of events (4,4') €

=1

F® x FO subsequents to (s,...,s,) satisfies (*) if one of them, say A’ € F°, is such that

Q::;),-.-.v..)(A’).Z 6. Fortunately, the pairs of events that do pot satisfies (*) are very
unlikely to oécu:.

The relative asset price is said to be convergent to the true unceftaint)' ratio with
respect to s € S if Ve > 0, there exists on N(¢) € N4 such that for all pair of events
(Ae, A}) € Fy x Fy subsequents to (s;,...,8x()) that satisfies (*) are such that

pe(Ar) _ Q(4:) <e
(4 QAN T

Corollary 3: In cases k = 1,2,3, Under I1.1 - I11.9 and II1.1. If there exist on equilibrium

then. There exists a set ' € F, Q(2') > 0, p*(Q') = 1 such that if the relative asset price
is convergent to the true uncertainty ration with respect to every s € '

Proof: Suppose that y*(B) > 0, B € F. Consider a full measure set C' to P'. Let C
be [ C*. By Theorem II1.2 yi* << P’ Vi € I. So p*(| J(C*)*) = 0 and then p*(C) =1,

iel i€l
p*(BNC)>0. Since p* << P, P(BNC)>0Vie I BylIlll, Q(BNC) > 0 and so,
Q(B) > 0. o
Therefore, u* << Q. >
We define

Ly

S0 x 15,0 — Ry

I
I 1
(z,y) ” (1)

18



Since f is uniformily continuous there exists an A > 0 such that

N

if lr—z'|<Aand ly-y'|<Athen |— -=|<e (2)

On the other han‘d, by the p° and u* definitions, if (A, 4}) € Fy x Fu,

pi(Ad) _ #°(4) _ K(4)
pe(A47) B4 et (4)

(3)

By (1) and Theorem 1111, for every € > 0 there exists an N(e) € N such that if D € F is
subsequent to (s;,...,5x¢) then

N(e) N(e)
y(‘lt )( )-Q(‘) BN (e ))( ) < A (4)

ON(1)
Since D is contained in the cylinder with base (s;,... »SN(e)): by the Baye's rule:

N(t) N(e)
F.(At) #(‘l’ 8N (t))(A‘) d Q(‘4l) Q(’l ’N(t))(A,)

w (AT = eN(e ' an ' N(e
K (A1) #('A:f---)JN(.))(A‘) Q4 Q(li ) JN(.))(A;)

But (4), (2) and (5) implies that

u'(A:) _ Q)| .
H*(A}) Q(A)

Notice that it is no less of generality to assume that |A| < g. By (3),

lﬂx(—4r) Q(Ay) <e B

ui(Ay) QAN ~
L
The main criticism we can make to corollaries 1,2 and 3 is that these statements hold

v

only with positive probability (according to Q). Unfortunatelly, Theorem II1.2 says that
under I1.1 - I1.9 it is impossible to get a better convergence result without imposing further
restrictions on P, i € I and Q. So, lack of convergenre is also a possibility even under

complete markets. -
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- Proof of Theorem II1.2: Let 7 be an equilibrium (no bankruptey) price as in Theorem
11.1. By 11.6a), 11.6b), 11.6¢c), H} defined by:

H;ZR.*. b d R
e— sup {v'(z'))
(t,:‘);e

is a concave, nondecreasing function. Consider &; = (r,u") > 0, by Lemma I11.2 there

exist an M' € R, such that:
Hy(e+%&) - Hy(8) < M'e Ve>0 (A)

By Theorem 111.1 and Lemma 111.4 there exists 'a measure v, on (S, F) such that vy; < P!
Viel.
We define M by (mea]x MY/ (8).

Let r > 0 be the equilibrium interest rate.
We define the equilibrium price system (u,p) by: Vt € N4 ,V4, € F

V](A )

(S)(1+ )‘

pe(Ad) =

P A ); :iﬁﬁi) if pe(A4) >0
W) = |
0 if pi(A) =0

We define the equilibfium goods allocation r as being the same as in the no bankruptcy
case. We define the equilibrium assets and money allocation (d,z) by: Vi € I,Vt € Ny,
di = py(zi — u})
m; = ‘0
ml =0
By the definitions condition 2) and Lemma ITL1, pyp, = 7¢ ¥t € Ny, (p,d') = (7,2' — u*),

(z,d,m) are feasiBle allocations of goods, assets and money and (z',d*,m') gives to

agent ¢ maximal utility and minimal penalty between all feasible allocations such that
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(r,?‘ - u") < 0. So, to conclude the proof we must prove that if ('5',3‘,'7‘7‘:‘) is in the t-th
. agent budget set and (»,7" - w‘) = ¢ > 0 then v'(s') > v/(F') - b(xi).

But Vt € N,
' ﬁ: -&-p‘(ii—u“):a:+h‘z:_,(1+r)

Multiplying both sides by yq,

—

oy = Ty (14 7)) 4 m(T) - w') = pd,.
Since vy is a measure, g4y = (1 +r). So, adding the above equation,
fo {c .
. . . . —
M, = i T(L 4 r) + ) m(@ —wi) = ) pd,
=1

=1

Since p31((5) = (1 + r)~? and integrating

fo °
I‘lt i — - . -_—
[ i min - m+ Y [@-udg = Y [ uds
» =1 s t=1 S

ia.king limits one gets:

So,

Since k' is bounded. by Fatou’s lemma:

o\

] .. e
/h vy < hmmf/ my, vy = —e(S).
5

to—+x s
But, min{-ﬁi,()} < R So, fsmin{?,()}v, < —e1n(S). Since vy < P, Vi € 1

fsmin{F,0}P' < —£1,(5).

21



o

By 111.4, i( I3 )== fs mm{h 0))}" > +Mev(S) 2> M'e.

By the definition of Hi, vi{(F') < Hi(e + &,).

By Lemme 1115, v/(F) € Hi(5,) + M'e < v'(:r Y+ WE). So Vi€ I, vi(F )-_b(z‘) <
vi(z'). B
IV - Further results and conjectures®

Once the case of complete markets are studied a natural conjecture is if all those
markets are necessary to garantee convergence to rational expectations. The authors have
the proof that there exists a certaint N (endogenously given) such that the asset y,, 1 > N
are not necessary. These reduce the number of markets from a countable to a finite one.

This generalization is not important in cases k = 1,2 since one could consider the
case of dynamically complete markets.” But. in case k = 3, it makes no sense to assume
that the future asset prices are common knowledge since the prices themselves are not.
So, it seems that in this case the generalization for the dynamically complete market are
not so easy and it is possible that some redudancy in the assets markets are important
to “generate an information market”. (The role of redundant assets were pointed out by
Mas-Colell (89) to avoid nontrivial sunspot equilibrium). .

To consider the case of in complete markets, another possibility is to assume that
p,,df are F,-mensurable and that F) is a less refined o-algebra than F,. We conjecture
that there is convergence only with respect to the less refined stochastic process. That i,
there is convergence only where “there exists a market”.

We also conjecture that assumptions I1.3 and I1.4 are not necessary and one may

consider the continuous case. Dropping assumption I11.2 and assuming that VA € F:
PA)=0 Viel=QA)=

then one might prove that if priors are gausgians the convergence set has full measure
according to Q. The convergence in full measure could be obtained in view of the zero
one law valid for Gaussian probability measures: Any measurable subspace has measure

zero or one. Finally, we conjecture that under 111.2 the goods allocations converges to an

®The authors have already proved many of the conjectures presented.
7In fact the original proofs were done considering the dynamically complete market case.
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“Arrow-Debreu equilibrium allocation”. In particular, in thelong run, sunspots disapear.
Under I11.1, we conjecture that the prices nlso converge and becomes deterministically

given conditional to the signal observation.
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APPENDIX

Proof of Lemma I1.1: m;'is F-mensurable because it is F;-mensurable. k' = lim inf m®
is F mensurable by well known properties of mensurable functions and since 7 is con-
tinuous, Z(min{h',0}) is also F mensurable. By IL.8 h' is a bounded function. So,
Z(min{k’,0}) is also bounded. Since P' is a probability measure, Z(min{k*,0}) is P’
integrable,

" Proof of Lemma IIL.3: If T is the o-algebra generated by an algebra 7? then by the

definition of the Lesbegue extension if v is a measure on 7 then VB € 7,

+oc ’ +ox '
v(B) = inf {ZV(B')/B C) BB e€T! Vre N+}

r=1 r=1

(Rembember that B", r € N, are assumed to be disjoint sets).

+oc
If v*(D) = O thenVj € N there exists a set {B" € Tl ,7 € N} such that ZVZ(B ) <

r=]

1 Ix
7 and DC ) B".

r=1}

+ o0 + oo .
I v(D) > £ then ZVI(Br) = p! (ZB') > €. So there exists an j such that

r=1

Zu (B")> ¢ and Zui’(B ) < -. Take A7 = ZB'

r=1

Ale Tl and by construction, 1*(A47) > € Vj € N and vz(AJ) — 0.

—4oc

Proof of Lemma ITI.4: A) = C). Let v be Zu’
=
Clearly v’ <<vj=1,...,L. Let f: X » R be the Radon-Nikodyn derivative with
respect to v that is, v’ = fiy j=1....,L.
Define »t+2 = lr<mg fiv. Clearly v¥*¥? < v j = 1,...,L. Let C’ be
<<

{we X;f(w)>0)and C = ﬂCJ Since u’(C)-‘lJ =1,...,L and »/(X) > 0

J—
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j=1,...,Lthenby A)w(C)>0j =1,....L. So, »(C) > 0. But, if w € C then

. ,’ R
,xsr;xéfo (w) > 0. Therefore,

w1430 = /Clgmji&ffu >0 v (C) 0. |

Notice that by the same proof if T = {X} then D) = C) because to prove »(C) > 0 it is
only necessary that there exists an £,1 € £ < L such that vi{(C) > 0.

Repeting the argument, if D € 7° and v/(D) > 0 for s;ome £{,1 < (<L thenbyA)
v(DNC)>0j=1,...,L. So,»(C N D) > 0. Therefore,

L+2 L+2 7~y : J
v (D)2 v (DﬂC')—/Dn_Elg}ngf v>0.
On the other hand if (D)= 0j = 1,...,L, D € 7 then as v1*2 < »J j = 1....,L,
vI+2(D) = 0. So, VD € T°, v}+3(D)=0 & v/(D)=0j =1,...,L.
C) = B). Obvious.
B) = A).

L
Let Ci j=1,...,L be such that v¥(C/)=1j=1,...,Land C = [ | C’.

=1

Consider D € 7° and suppose that there exists an £,1 < { < L such that vi(D) > 0.

: L '
B} B), VL+1’(-D_) > 0 and !/L+1 <<AV’. ] = 11-"5L- SO, VL+](U(Cj)C) = 0. That iS,
=1

C has full measure according to v£*? and so, since v2+1(D) > 0 then »I+¥}(DNC) > 0.

But, v1+1 << vi j=1,...,L and v2+1(DNC) > 0, and so ¥(DNC) > 05 =1,..., L.
If 7% = {X} then as was proved D) = C) and clearly A) = D). But A), B) and C)

are equivalent and so, in this case, A), B), C)%nd D) are equivalent. B

Proof of Theorem IIL.5: This proof is a generalization of Cass and Shell (§3) Proposition

1. The lemma is a consequence of the “no arbitrage” conditions between assets and money.

If 4¢(A,) = 0 then by Lemma II1.1 Pi(A,) = 0 Vi € I. Since A, € F¢4, again by Lemma

Hll [IH.)(Ag) =0."
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Suppose by contradition that pg1(A4;) > p(A)(1 4+ )2 and py(A;) > 0 for some
"~ Ay € Fy. Consider the i-th agent optimal allocations (F',d',77) and for arbitrary M > 0
let (d',m*) be such that: i
| d:.S—R

s — di(s) + M”":(’(;) s € A

s——-—»E:(s) . s ¢ Ay
‘ d§+1?5 — R
s—aaj+,(s)-ﬁ! s€ Ar

$§ — a;+](s) | S ¢ A

d;:?;‘ifj#torj#i-{»l.
mi:S — R
s—afrﬁ:(s)+1\l(l+r)” s € Ay

s — Tn';(s) S ¢ Ag

m; m if j #t.
- One can see that the new demands correspond to take more assets, less money at

(A¢,1) and less asset at the subsequents events. Clearly,
Perr(Tipy —wiy)) = dogy + (1 +7) = TL,y = digy 4+ mi(l+71) — mig,.

The last equality hold by (m', d*) definition.

Vi € I, h' and the penalty won’t change since m* = m j > t. But at (A1), (d,m")

allows the i-th agent to buy more goods since ¥s € A4,

J

Pt Q)(Tt( )"ut( ))—d' )+m,(s) 1+r)-m,+l( )

= T M Hi+1(s)

-+ Tn",(.s)(l +r) - Fﬁ:-{—l(s) > pi(s)(Tels) ~ wi(s)).

26



-

B

So, By the monotonicity assumption, (d',m*) makes the i-th economic agent better off

and d' can be bought at period zero by the i-th agent since the definition of &' implies
that (l‘,d‘> = (y,?). We get a similar contradiction if we suppose that p1(4,) <

#e(A)(1 + r)~1. The proof of py(S) = (1 + r))~? is also similar. §
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