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§1 Introduction 

The purpose of this paper is to study the convergence to rational expectations of 

arbitrary Bayesian priors in infinite horizon economies with complete markets. The main 

'idea explored in the paper is that ir agents can trade o\'er fut ure e\'ents then they must 

have the same measure zero sets. And therefore, by a result of Blackwel1 and Dubins (62) 

their posteriors must also converge. 

Some of the ideas in this papers can be traced back to Hayet and also appears in Gros­

sman (81). They say that equilibrium prices re\'eal information to market participants. In 

our case this rneans re\'ealing measure zero sets which is enough. by the Blackwell-Dubins 

result, to garantee con\'ergence to rational expectations, More formally we start in Section 

2 with tbe presentation of the three models studied in the paper: The purely extrinsic un­

certainity, the sunspot and tbe t.emporar)' equilibriurn one, tbe most general of tbe three. 

By Bewley's exist.ence theorem (72), equilibrium ,exists in very general situations and in . . 
particular witb non con\'ergence probability priors. 'However, ir one a110ws Brankruptcy 

that is not tbe case am-more and that is the content of Theorem 1 in Section 3. It sa\'s . . 
that the posteriors converges to equilibrium prices with probability one with respect to the 

measure generated by equilibrium prices. In particular it says tbat in tbe long run expec­

tations become homogeneous. Corolla!)' 2 gives an assumption to garantee con\'ergence to 

rational e>:pectations. In particular, in the Jong run t.emporary equilibrium disapear. 

Corollary 3 st.ablishes the c.onvergence of assets prices. Theorem 2 however says that 

as long as expectations are not "disjoint" equilibrium exists. Hence the convergence region ., 
might have as small probability as one wishes. 

In Section IV we briefly expose some \\'ork in progress: the in complete market case, 

the convergence witb probability one when the priors are gaussians, tbe con\'ergence of tbe 

prices and the convergence of goods allocations . 
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§2 The model and basic facts 

Consider on infinite time horizont economy with 8. finite 6et Iof economic agents. At e\'ery 

period t E N +, the economic agents trade l good~ and recei\'e 8. publicy obser\'able signal 

that belongs to 8. set S,. These signals can be classified in threE' cases . 

In the first case, the one of purely extrinsic uncertainty, the signals are exogenou~ and 

determine future endowments. The price realization is assumed t.o be common Knowlewdge 

conditional on the signals. 

In the second case, the signals, called sunspots~ are still exogenous variables but do 

not affect endowrn~nts. Threfore, the uncertainty is intrinsical &.lthough the 'prices are still 

corr:.mon knowledge conditional on the suspots realizé1tion. 

In the third case, the signals are future pricesand 50 endogenous variables that do 

not affect endowrnents. Similarities exists between cases 1. 2 and 3. In fact, cases 1 

and 2 will be indentified with the traditionaJ general Equilibrium model and case 3 with 

the Temporary equilibriwn model.} In order to reduce the number of simbols in\'ol\'ed 

we ""111 keep some notation in comrnon. \\Thene\'er we feel that this notational abuse 

might misguide the reader an i~dex.k = 1,2,3 will be used t.o indicate theproper case in 

consideration. 

+oc f 

The signal set is 5 = TI Sn. For every B C TI Sn> 1et B = {s E Sl(s~ ... ,5,) E B} 
n=l n=] 

be 8. cylinder wit.b base B. Consider the cr-algebra :F] ç :F2 ç ... C:F. :Ft is a u-algebra 

f 

'\J;bose elernent.s are c~·linders v:ith bases on TI Sn. :F is the cr-algebra generated by the 

algebra ;:o = U :Ft . 

tEN+ 

n=l 

The functions interpretated as econornic \ã.riables are assumed to be non-antedpati\'e. 

Let :r~: S -+ R~ and t.('~: S -+ R~ :Ft-mensurable functions be respecti\'ely the i-th agent 

demand and initial endov:ment at period t. In cases k = 2,3 w; is a constant function 

ll1J temponH)' equilibrium models sign&1s ma)' .a.l!'o be exogenous but since tbis às studied in ct.Ses 1 And 

2 there is no )055 of gener&1ity in I.Ssuming tbat in c&se 3 sign&1s are on)" endogenous. 
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Vt E N + and Vi E 1. LE-t L+ bc thE' spac(> of boundE"d {unet ions 

(s, t) ---. f. (s ) 

such that Vt E N+, f,: S ~ R~ is .r,-mensurable. 

• and initia1 endowments. \\'e assume .- Let :r': S x N+ ~ R~and UI': S x N+ ~ R~ be respective1y the i-th agent demand 

• • • • • • • • • • • • • • • • • • • • • 

1I.l 

I1.2 Vi E I, u" »> O. 

I1.3 In cases k = 1,2, St is a finite set. 

Each agent i has a utility function vi: (R~ )N~ ~ R and a subjecti\'e probabDity pi 

defined on (S . .r). \\'e assume 

lIA In case k = 3, Vt E N+ Vi E I there are onIy a finite number of eIements .4; E .r, 
such that pi(A~) > O, 

That is, we assume that in case k = 3 alI agents beIie\'e that at e\'ery period onIy a 

finite number of prices might oeeur. For instance, take alI prices in cents inside a bounded 

set. 

By IHA, we may assume that St is, in case k = 3, also finite. 2 In cases k = 1,2 

P,: S --+ R~ a .rt-mensurable function represents the price of goods at period t. 

Let 

• be the price of goods. • • 
e 

In the spirit of overlapping generation models we make no assumption about the space 

• where pis . 

In case k = 3, an element .s E S, .s = (s)! 52," . ) represent the price of goods. Clearly, •• • .' St E R~ is the price of goods aí period t. 

• • • • • • • 

'\'t'e pla.n t.o drop a.ssumptioDl 111.3 a.nd IlIA 1.ó· a.Jso consider t.he continuous case. 
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Let 

v(:r i
): S - R 

$ --+ t,i(:r~($),:r;(s)! ... ) 

be the utility agent i gets ir :ri is his consumption function and'., occurs, '\Te as~ume 

11.5 Vi E l, F(xi) is pi int.egrable. 

Each agent i has a Von Newmann-Morgenst.ern expected utility function 

"-e assume that vi satisfies 

II.6 a) t li is concave. 

II.6 b) t,i is continuous in the mackey topology. 

II.6 c) vi is bounded. 

U.6 d) (monotoni~itY ass\UnPti~n). Vi E I, ifz' > x; ~dP; (.11. {s E SI Z-: - x: > Ol) > i 
, . 

lI. i At period 0, there eXlsts a complete set of Arro\\' securities, 

Let d;: S -+ R and J.lt: S - R+ .Tt-mensw-able functions be respectiyely tbe i-th agent 

asset demand and tbe asset price at period t. 

Let 

be the i-th agent asset demand and let 

(s, t) ~ J.lt(s) 

be the asset price. 

5 
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These Arrow securities ha\'e different interpretat ion according to the case considerated. 

In case k = 1 they are traditionaJ Arrow securities. In case k = 2, v.-e are assurrung complete 
• 

rnaIkets for sunspots. In case' k = 3, they are ArroVl' securities for prices that at least on{' 

agent conjectures as possible. Althrough there is no reason for the non existence of such 

rnarkets (a kind of rnarket of bets on future prices) it wou1d be better if the assets in 

case k = 3 could be interpretaded as options. Chi·fu Huang and R. H. Litzenberger (88), 

Foundation for Financia! Economics, capo 5, contains models that relates Arrow securities 

with options. 

'\~e define a feasible asset allocations as a vector d = (d l ~ ... , tf#1) such that I: di = O. 
tEI 

In cases k = 1,2, we define a feasible allocation as a "ector (,7'], ... ,x#1) E L!1 such 

that L(xi 
- w i

) = O. 
iEI 

In case k = 3, let E C S be the set of alI pnces s such that Vi E N +, 

L(si - wi)(s, t) = O. If E # (jJ we say that the allocation x is feasible with respect 
iEI 

to E. 

Given t'\\'o functions fi:S x N+ -+ R~, j = 1,2. \\~e define 

p.f2:S X N+ ~ R~ 

\\'e also define the function 

(s, t) ~ St 

In cases k = 1,2, we defIne an equilibrium &(no bankruptcy) as a pair of feasibIe goods 

and assets alIocations (:r,d) and a price system (p,p), such tbat Vi E I, (xi,di ) maximizes 

... t" in tbe i-th budget set 

• .. 
• • • • • • • 

aThe integral means lhe price of lbe assets d; .in period t and is "'eU defined since 7;, is finite. 
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In case 1· = 3, we define " temporary equilibrium ( no bankruptcy) a.. .. 8 feasiblr asset 

allocation di an asset price p and a feasible foods allocation z with respect to E such that 

Vi E 1, (:ri, cI') maximizes vi in the i-th budget set 

In cases k = 1,2 the existence of equilibriwn was pro\"ed by Bewley (i2). Belo'W, we 

restate his th€'orem in our notation. 

Theorem II .1. In cases k = 1,2, under 11.1 - 11. i there exists an equilibrium (no bankrup­

tey). Also, there exists a function 1í: S x N+ -+ R+ t such that ir J.1.p = 1í than (J.l,p) is an 

equilibrium price s",stem (no bankrupt.cy). 

Clearly~ in this model, every sunspot equilibrium such thst Vt E N+ Pt is an injection 

can also be interpretated as a temporary equilibrium such that alI agents kno\\'s the future 

price tbat can or can not occur but not necessarily t-he tme rustribution of the future 

prices. 50, by Tbeorem lI.I one can also prove the existence of temporary equllibriwn (no 

bankruptcy). 

It is interesting to notice that there exists an equilibrium (no bankruptcy) for arbitrary 

pnors pi, i E I. In particular, there exists (in cases k = 1,2,3) aI) equilibrium (no 

bankruptcy) such tbat tbe posteriors of the agents are non convergent in all s E S. 50, it 

iSDot possible to get a general convergence of beliefs theorem in the no bankruptcy case. 

However, consider the following example: 5uppose that for some At E .rt,Pl(At) = O and 

P2(A,) > O. That is, agent 1 is 'sure that ... tt cannot occur but agent 2 is not.4 Then one 

4A \'er)" similar intuition ODe could ahoo get from lhe Bla.ckwell-DubiD~ theorem and the temporar) equi· 

Ubrium literature ~jnce it i~ prove lhere (sei. for instance. GTi.ndmont (77) and Green (ii)) 11al a suficient 

conditioD~ for lhe existence of temporary equílibrium iF Ihat lhe lJupports of lhe priou &.Te 1101 di~joillt. 

Ir 011 e ~·anH ir. direcl application of these ideas lbe easiest ~·ay to do 50 lII'ould be to consider a finite time 

hori%ont mode! " .. ith an iDfinite Ilumber of trade periods and a fut ure market for ever)' p05sible .igna.J. In 
this case every element in lhe nncertainly 'pace " .. ould«!be "defined in time r and .0 it .-ould not be neces­
nry to restriC\ trCode to ~ and li. diTect proof would state thal the introduclion of bankruptcy implies lhe 

convergence of Iht' posteriors in case!> k = l, 2, 3. VDfortunately. Ihis do nOI 5-eem (to us) natura) becaUSE 
then ~'e ~·ould hir.\'e lo usume trade and belieis revision in infinitesimal time. A model like lhal "'ould 

du.maticall)· increase lhe number of future markNs from a.n enumera.ble one to a. Don enumerabJe one. 

This would 11 ot be ,dI hOl! t gain beca use lh en on e cou ld prove expec lations convergence ~'it h probabilil)" 
o.ne and if hlture markets a.re restricted to ~ then convergence, in general, ,,·m be only "'ith positi\"e 

probability. This ""ill reinforce one of lhe central point~ of thi~ paper: lhe importa.nce of tbe exi~tt'nce of 

fulure markets lo .pread OUI lhe pri"ate infor,mation lo the ecoDomi, .. gents. 

7 
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could argue that no equilibriurn exists because if the asset prke 11 is strictly positive at 

(A" t) then the economic agent 1 would se1l arbitra!)' large amount of Arrow 5ecurities 

tha~ pays conditionaJ to A, becausf' agent 1 believes that A, .can not occur and 50 he 

believes that he will never have to pay anything for the resourses ?e is getting at time 

zero. On fhe other hand, if I1(A" t) = O then since agent 2 believes that A, might accur 1 .' • he has some indirect utility with the Arrow securites that pays conditionaJ oa-A, and SO., 

• • • • • • • • • • • • • 

at no cost, agent 1 will certrunly buy arbitrary large amounts of Arrow securities that pays 

conditional to At. In particular, we get that if an equilibrium exists then pi I i E 1 has the 

same null gets in ~ (but not necessarily in :F) and this is a contradiction with Theorem 

H.1. This apparent paradox can be easiIy explained if it is obsen'ed that since 1':(.4,) ~ O 

'VA t E ;:O, 'Vi E I. That is, tbe agents are forbidden to offer arbitraI)' arnount~ of assets 

as in the abo\'e argument because they are restricted by alI budget restrictions e\'en the 

zero subjecti\'e probability ones. In brief, ir short soles (or bankruptcy) are introduced 

in a general Equilibrium model then some equilibriums are to be ruled out beca use the 

economic agents becomes no more restricted by zero subjecti\'e probability restrictions. 

, .; In tbe following a theorem due to Blackwell and Dubins garantees that ir two priors have 

• • • • • • • • • • • • • ... 
• 

tbe same null sets in an infiIÚte certrun product space (as S) then vdtb probability one 

(according to both priors) the posterior5 converge in the sup norm. This suggest that short 

sales rules out exactly the non con\'ergent equilibriums. 5 

However, to prove this, for technical reason, it is better to deal expliciteIy with 

bankrupt.cies instead of the fiction of negati\'e consumption. To achieve this goal it is 

introduced in the model a riskJess asset. called money: that can be borrowed or lended 

throughout time paying a fix interest rate. There is a penalty function that wiU be COID­

puted according to the present yalue of the a.ge~ts debt. 5 

'Vi E I, let m:: S -+ R a .1"crnensurable function, be the i-th agent money demand at 

t E N+. Let m~: S -+ R, a constant function, be the i-th agent money demand at period 

•~ Itbe interest rale plays aJmost no role in this model and a.lthough il ;5 delermined endogeDouly one ma)" 

e':sily ~e lhat ;1 could be exogellously fixed &.! tero Of an)· olher positive lIumber • • • • 
8 
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be the i-th agent money demando ,"'e define 

• \\'e assume • • Il.9 Vi E !, m ei E L. 

• • • • • 

'.-

• • hi(S) is the lim inf of the present "alue of the i-th agent debt if S occurs. The "'lim inr~ is 

• used in some models to compute the debt in order to avoid "ponzi garnes". For a reference 

•. see Wilson (80). • • Let I: R_ ~ R+ be the penalty function. \Ve assume 

• 1I.10 I is a continuous and non increasing function. 

• • Lemma li.I. Vi E!, I(min{hi,O}): S ~ R+ is pi-integrable. 

• Proof: See Appendix .• • • • • • • • •• • .. 
• • • • • • • 

I(min{ hi(s), O}) is the penalty agent i will get if he chooses hi and s occurs. Tbe min 

function is used to gi\'e no profit in holding money in the limit. 

\\Ye define b(h i ) = JsI(min{hi,O})p i tbe i-th agent. expected penalty or the expected 
s 

disutility for going bankrupt. 

In cases lo = 1,2, we define a feasible money allocation as a veetor 

- (1 7 #1) ch th t" i O d (e] e2 *#1) E L#I m - m , m , ... , m su a "--' m = an m , m , ... , m . 

iEI 

In case I, = 3, let E' C S be the set of alI prices s such that L m:(s) = O Vt E N-t. 
; iEI 

9 
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feasible with respf.'ct to E'. 

In case k = 1,2, given the price system (J-l,p) and the interest rate r, let the i-th agent 

budget set bf.' defined by: 

In case k = 3, given the asset price p. and the interest rate r, let the i-th agent budget 

set be defined b~·: 

Let Q~ a probability defined on (S, :F), be the true uncertainty distribution, Q is an 

exogeneous variable in cases k = 1,2 but.an endogeneous one in case k = 3 since the prices 

are endogenousl~· determined. 

In cases k = 1,2, we define an equilibriwn as a triple (x, d, m) of feasible goods, 

assets and money allocations, a price system (J-l, p) and an interest rat.e r such that 

Vi E I {xi, di, m i} m8.À'1mizes vi - b in the i-th agent budget set. 

In case k = 3, we define a temporary equilibrium as an asset price jl, an interest rate 

r, a feasible asset allocation d, a feasible goods allocat ion x ~;th respect to E C :F, a 

feasible money allocation m with respect to E' C :F, such that Q(E n E') = 1 and \li E I~ 

{xi,Jf,mi } maximizes t,i - b in the i-th agent budget set. 

. -For aoy two probabilities VI and V2 on the same u-field 7 the distance d( VI, V2) 

betv.-een v} and v2 is defined by least upper bound of Iv}(D) - v2(D)1 over D E 7, 

+:x: 

For any prior v defined on (X, 7)~ X = TI X n, v::/ .....• 
n

) denote the posteriors 
n=1 

o , 

distribuctions of 11 gi\"en the past obsen'átion (SI,· .. , St) E rr Xr.. 
n=1 

The priors pi, i E I, are said asymptotically homogenous in a set n E :F ir for every 

s E !l, s = (SI, S2, . .. ,Sn, ... ) and for every pair (i, j) E I x I the distance between 

pt!~.~' ..• n) and ptlJ\~~ ...... ) converges to O ~ n converges to 00. 

10 
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In CMcs k c: 1,2, the priors pi, i E 1, are said to be com'ergent to rational expectations 

in 8 set n E F iffor every $ E n, 8 = (Sl,82'''''''n,''') and e\'ery i E 1, the distante 

betwecn p/!~,~"",,) and Q~;~,:"",,) converges to zero to O as n converges to 00. 

In case k = 3, a temporary equilibrium is said to be con\'ergent to rationaJ expectations 

in a set n E F if for every ~ E O, f. = (Sl, 82 •... , $n, ..• ) and for every agent i E l, th(' 

distance bet"'een pt!~,~"",,) and Q~:!"""n) converges to zero as n converges to 00. 

Notice that in cases k = 1,2 since the signals are exogenous, convergence to rational 

expertations means that the agents learn to predict correctly the exogenous probability 

distribution of the future signaJs. 

In case k = 3: agents learn to predict whether a price might occur or not in th~ future 

and its probability of occurrence although the "true'~ probability Q is endogenously given 

and 50 it might depend on the forecasting priors pio 

m - The results: 

Theorem lI!.!. In cases k = 1,2,3, under lI. 1 - 11.9. li tbere erists en equilibrium tben' 

tbere erists a measure Ji- defined on :F such tbat: 

1) p- « pi 'Vi E I. 

2) VA E :;:O, Ji-CA) = O<=> piCA) = O 'Vi E I. 

Theorem III.2. In cases k = 1,2. Under 11.1 - II.9 if there erists a measure z.: defined on 

:F such tbat: 

1) 11« pi Vi E I 

2) 'VA E ;:O, II(A) = O Ç:} PiCA) Vi E I. 

Then tbere exists an .~f > O such that if the penalty sótisfies: I(O) _ O and 

I(z) > -Af z, tben tbere erists an equilibrium. 

o 
The proofs of Theorems II!.l and I1I.2 depends on Lemmas lII.l - lII.í and 50 we 

will present them 1atter on in this section. 

p- depends only on the equilibrium asset price hence we call it the price measure. 

Theorem II!.1 in fact holds with no condítion on (t,i, wi)~ i E I except for the 

monotonicity assumption. 

11 
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umma lII.4 cararteriu conditions 1) and 2). 

CJearly, ir penalty is zero or "we8.k'· no· equilibrium exists because the agents will 

choose to go bankrupt. 

Theorems JI!.l and 1II.2 gives necessary and suficient conrutions for the existence of 

equilibrium when bankruptcy 1S introduced. By the Blackwell-Dubins theorem, we can 

determine (depending on the parameters) the "convergence region" of the priors as the 

picture below ilustrates. 

li" 

\.D,.'I C~.' tH.S a et ~ i c.N 
Figure 

Lenlma UI.I. A) In cases k = 1,2,3 if J.1 is an equilibrium assei price tben "IA, E F t : 

b) In cases Ir = },2. ler í. be as in Tbeorem 11.1. li the priors ba'·e tbe same null sets 

in :;-o tben 'V A, E Ft : 

Proof: For the proof of this lemma just use the arguments given in Section II. 

Lemma m.2. Let f: R+ -+ R be a concave, nondecreasing function andE> O tben tber,e 

exists an AI ~ O such tbat f(c + E) - f(E) < 1IfE Vl? o . 

12 
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Proof: See Aubin and EkrlhTld (84) Appli('d nonlinear anl\lysis, chapter 4, ,ection!' 3, 

proposition 3. 

Lemma 111.3. Let J} and v' be two mea..c;;ures defined on a u-algebra 7 generafed by the 

algebra 7'. Ilv1(D) >! and v'(D) = O for some DE 7 then there exists Al,A',,,., 

eJements 0/7' such tbat v.1(A") >! Vn E N+ and v 2(A") --+ O 
n-+oc. 

Proof: See Appendix. 

For any t'\\'o meaEures v] and 112 on a u-algebra 7 we wrjte~ as usual, tbat v] « v2 

if VD E 7, v 2(D) = O :::} v] (D) = O. 

\\~e write v 1 $ v 2 ir VD E 7 v1(D) $ v2(D). 

Lemma IlI.4. Let vI. 1/2, .•• ,IIL be arbitraI")' positjve measures denned on a space X and 

a u-algebra 7. Let 7 e be an." subset 0[7 sucb that X E 7°. Then A), B) and C) bellow 

are equi\·alent. H7° = {X} tben A), B)~ C) and D) areequi,alent. 

L 
A) Let cj E 7 be full meaEures setsof li}, 1 = 1, ... ,L and C = nCi. VD E 7°, if 

j=1 

there exists an f,l :5 f < L such that if vt(D) > O then vi(D n C) > O j = 1, ... , L. 

B) There exists a positive measure v L+1 :f O SUcll that: 

1) v L+1 « lIi j = 1, ... ,L. 

2) VD E TO, VL+1(D) = O Ç:} lIi (D) = O j = 1, ... ,L. 

C) There exists a positive measure I/L+2 :f O such that: lIL+2 $ v} j = 1, ... ,L and 

1) lIL+2 < < lIi j = 1, ... , L. 

2) VD E TO, lIL+2(D) = O Ç:} lIi (D) = O j = 1, .. . ,L 

L 

D) Let Ci E 7 be full measures sets of li) j = 1, ... , L and C = n Ci . 

i=1 

Then there e>..;sts an t;, 1 ~ ( $ L, IIf(C) ~ O. 

Proof: See Appendix. 

Lemma nI.5. In cases k = 1,2,3, if J1 and r are equilibrium asset prices and interest 

rate respecti"ely. Then, J11 (S) == (1 + r)-1 and VA, E :F" J1t+1(A,) = J1t(Ar)(l + r)-l. 

Proor: See Appendix. 
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pO:;:O _ R+ 

A. --+ p,(A t )(1 + r)t . 

By Lemma IlI.5 po is a well defined probability measure on ;FO • 

Lemma 111.6. In case~ I.: = 1,2,3, if p is an equilibrium asset price and for some sequence 

of elements of ~, A], A2, ... pio (Ai) . ---+ O, iO E 1 tben pO(Ai) . -+ O. 
J-+~ J-+~ 

Proof: (\"e will make the proof in c.ases k = 1~ 2, the proof in case k = 3 is totaEy 

analogous). Suppose not~ then there exists an ! > ü and a subsequence A k(j) such that 

peCA l(j» ~ ! Vj E N+ and pie (A k(j» . ---+ O. Let (x, d, fi'i) be the eqtÚlibrium allocó-
J-+:x.. . 

tions. p the equilibriurn price and F the equilibrium int.erest rate and let Ó E R~ be sueh 

that én = I.F:~~:;~l')1i for every n-coordinate: 1 ~ n ::; l. Vi E I, let xi E L+ be such that 
·ES 

:ri. S RI 
l' ---+ + 

s ---+ x~(s) + Ó 

By the monotonicity asswnption, there exists an!' > O such that vi(xi) - vi(xi) > !'. 

4 -

Let Rl E R_ be such that li' >Rl' Let R2 E R+ be such that I(z -1) - I(z)::; R2 

if O > z > R]. 

Let A"(je) E Fte be such that Pi(;(Ak(jO» < R> !\otice that it is DO 10S5 of gene:-ality 

to assume that tO > 1. 

cf,: S --+ R 

s --+ d:(s) - (1 + ry if oS E A"(j°), t = tO 

s --+ CI:(s) if $o fi. Ak(jo) or t :f: tO 

14 
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~ ---+ ffi:(s) if to;' A"(jo) or t:f tO 

s --t ;n1(s) - (1 + F)f if $ E A"(jo), t = to 

m~=-{p,cf) . 

To get a contraruction we prove tv.,o facts: 

I) di can be.bought at period zero by the j-th agent. \\tith (mi,di), Xi can be bought by 

the i-th agent. This give to agent iO an extra expeeted utility strietly bigger then ,'. 

11) miO implies that agent iO will haye a new hãO such that the extra increase in his penalty 

is strictly smaller then ê'. 

By the mt den.nition, di can be bought at period zero. 

= d; - m; - (p.:i) (1 + r) + PI Ó ~ d; - mi - (p, i) (1 + r) + (1 + r )é: 

= di - m; + m~(l + r) + (ê - (,/1 (/ - di) )(1 + r) < di - m; + m~(l + r) 

50, in period 1 xl can be bought mith (cr, mil. By analogous proof one may see that in 

period t:f-l x: can also be bought mith (di,mi). To prove 11. it is enough to observe that 

(h i - hi)(s) = O if sE Al(jo) and (h i - Xi)(s) = -} ir s E Ak(jo). 50, the extra increase in 

the iO-th agent penalt)' is less then R2.Pi\.4k(jO». I 

Lenlma III.7. In cases k = 1,2,3 if p i~ an equilibrium assei price po i~ a a-aditi\'e 

probability measu.re on ? 

By Lemma II!.' and the Carathéodory extension theorem, ir p is an equilibrium asset 

price then there exists fi measure p.* on (5', T) such that 11* estends J10 • 

Tbeorem ID.3. (BJackwelJ-Dubi..!1s) - li 1.11 and 1.12 are tl\'O probabilities measures defined 

on (5, F) and v 1 is absolut.e1y contirmous witll respect to v2 tben there exists a set n ç s 

15 
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sucJJ that ,,1(0):: 1 andV$ E O" = (Jlh'1, ... ,$n, ... ) thc distancf' betwecn II::J~~""")"" 

d 2{n) 
an"C'J,""''') com'erges to O as n converges to 00. 

Proor of Theorem III.I: Condition 2) hold by Lemma IIl.1. 

Suppose by contradiction that forsornf' A E :F, p·(A) > , and pio (A) = O, tO E 1. By 

Lemma 111.3 there exists li sequence AJ,A2, ... , such that Ai E:Ffl Vj E N+, p·(Ai) >, 

Vj E N+ and Pio(Ai) . ~ O. By Lemma I1I.6 p·(Ai) = pO(Ai) . ~ O .• 
J-+~ J-+~ 

Corollary 1: In cases k = 1,2,3, ir there exist an equilibrium then the priors are 

asumptotically homogeneous in 8 full p. measure set n E :F. Moreover, n has 8 stric­

tl~· positive proba bility according to alI agents. 

Proor: Immediate from Theorems IIl.} and III.3. I 

One .can see by Corollary } the difference between models with and without bankrup­

tcies. In the last case the non convergent equilibriums are ruled out and it is possible to 

prove convergence to homogeneous expectations. However, this convergence is with ful! 

measure with respect to the price measure and positive measure with respect to the agents 

priors but not necessarily with respect to the true measure Q. Clearly if no relationship is 

imposed between the agents prior and true dist~ibuÚon then tbe true distribution can be 

completeIy "disconect.ed" froro alI agents priors. Intuitively: in a case such that alI agents 

are mistaken e\'en if the markets spread out alI the pri\'ate inforn:ation the agents will not 

become perfectl~' informed, especially if the~' use myopic bayesian learning as their re,oision 

processo 

111.1 Let C i be a full measure set of pi, i E I. lf A C n C i and Vi E l pi(.4) > O then 
lEI 

Q(A) > O. 

11l.2 Let Ci be a fuH measure set of pi, ~ E l. If 'Vi E I PI( n Ci ) > O then 

QCn Ci) > O . 
iEI 

JEI 

Essentially II1.2 assumes that ir the supports of the priors are not disjoint then its 

intersection is also not disjoint from th,e support of Q. 

16 
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For instan('.e 111.2 is ~&tisfied ir thcrC' exists M ~ E S such that Q(~) > o and P'(.s) > o 
Vi E 1. 

Essentially IIl.1 assumes that ir an e\'ent A ean not happen then tbere exists an agent 

(not necessarily the same agent) that knows it. Clearly IJ 1.1 is a. stronger condition then 

111.2 especially in ('&Se k = 3 because in this ee. .. {\ IIl.l implies that ir li future price is not 

ao equilibriurn price then there exists an agent that knows it. 

CoroIlary 2: In cases k ~ 1,2, Under 1I.1 - II.9 and IlI.2, if there exists ao equilibrium 

then the agents prior pi, i E 1 are con\'ergent to rationa1 expect ations in a 5trict1y positi\'e 

Q-measure set. 

In case k = 3, Under n.l - 11.9 if there exists a temporar)' equilibrium that satisfies 

IlI.2 then it is con\'ergent to rationa1 expectations in a strictl~· positi\'e Q measure set. 

Proof: The proof is the same in cases k = 1,2,3. By Theorem II1.1, 'Vi E I p- « PI. 

Let C i be a full measure set of pio By Lemma lJI.4 (Take 7° = {5}), pi(n Ci) > O 
jEl 

'Vi E 1. By IlI.2, Q( n Ci) > O. So if C is a ful1 Q measure set, then Q(( n CJ) n C) > O. 
jEJ jEI 

Appling aga.in Lemma IHA (7° = {5}) one can see that there exists a measure v on 

(S,F) such that Vi E 1, v « pi and v «Q. By Theorem lll.3 distaoce between the 

posteriors of pi and Q converges t.o zero in a set D E :F, v(D) = 1. But J/ « Q implies 

that Q(D) > O .• 

Grossman and Stiglitz (80) and Grossman (81) have pointed out in very known papers 

t-hat prices could be used to inform the economic agents about the realization of the 

uncertainty. Corollary 2 (in cases k = 1,2) also relates prices with information because 

it states that observing the equilibrium prices the agents can eventually learn the true 

distribution of the uncertainty. Howe\'er there are some differences between 1his mode1 

and Grossrnan 's. In those models the bijecti~n between prices and uncert.ainty re\'eals 

information on1y if the economic agents knov.-s the bijection. In this model, this assumption 

is oot necessary so, if there exists an informed agent the non informed agents will "figure 

out" this information onl)' in the limito As there are trade thought the learning process 

during some time an agent may profit from pnvate information. That is why there is no 

17 
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Don exi~t('ncf.' of equilibrium pa.radox in thi~ model. 

Clee.rly Theorem IH.1 eM be used to prove that ir $ E n oceurs then in th€' Iong run the 

"psyeology" of the markets do not matter and one must íoeus onl)' on the "fundamentals". 

As a example we wiH (in Corollax:' 3) state that in the long run the reIati\'e asset price 

depends onl)' on Q and converges to the '''true uncertaint)' ratio". In particular since 11 is, 

in tbe long run~ independent írom (ui~pi,tL,i), i E 1 it is also independent írom thE' risk 

a\'ersions of the agents. 
n 

Consider ($), ... ~ $n) E TI S,. Fix 6 > O . \\'e say that the prurs of e\'ents (A, A') E 
t=] 

~ x ;:o subsequent.s to (s] I' , • I sn) 5atisfies (*) if one of them, 5 a:' A' E YO I is such that 

QCn) (A')' > {; Fortunately, the prurs of e\'ents that do DOt satisfies (.) are \'ery 
('1"""") -' 

unlikely to occur. 

The relative asset price is said to be con\'ergent to the true uncertaint~· ratio with 

respect to s E S if \lê > O, there exists on }\'(ê) E N+ such that for alI palr of e\'ents 

(AhA~) E y, x:Ft subsequents to ($J, ... ,slq~) that ~atisfies (*) are such that 

I Jlt(At} ~ QCA,) I < 
. Jlt{A~) Q(A~) - ê. 

Corollary 3: In cases k = 1,2,3, DDder lI.1 - Il.9 and IIl.1. li there exist on equilibrium 

then. There exists a set O' E :F, Q(O') > O~ 11- (O') = 1 such that if the relati\'e asset price 

is convergent to the true unc.ertainty ration with respect to ever)' s E O'. 

Proof: Suppose that p*{B) > O, B E:T. Consider a full measure set C i to pio Let C 

be n Cio By Theorem lII.2 I'· « pi Vi E I. So P*(U(Ci)C) = O and then p*(C) = I, 
iEJ iEJ 

p·(B n C) > O. Since 11· < < pi, pi(B n C) > O \li E I. By III.1~ Q(B n C) > O and so, 

Q(B) > O. 

Therefore, p. < < Q. 

\Ve define 

f: [O, 1] x [~, 1J -+ R+ 

x 
(x,y) -+ -

y 

18 
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Since J js uniformily continuou~ there exist~ an 6 > O 6uch that 

ir Ir - :r'1 $ 6 and /y - ~'I s 6 then r: - :.1 $ t 
ti ti 

On the other hand, by the pO and p. definitions, ir (Ar, AD E :F. x :F., 

Jl,(A,) pO(A,) p·(A,) - -
Jl'(A.~) pO(A~) p·(A~) 

.., 

(2) 

(3) 

By (1) and Theorem IH.l, for every E > O there exists an N(E) E N such that if D E :F is 

subsequent to (SI, . .. ,S ""'(r» then 

(4) 

Since D i5 contruned in the cylinder with base (SI,.'" SN(t»~ b~' the Baye's ruIe: 

(5) 

But (4), (2) and (5) implies that 

Notice that it is no less of generalit:· to assume that 1b.1 < ~. By (3), 

8. 

The mrun criticism v,-e can make to corollaries l,2 and 3 is that these statements hold 

only with positive probability (according to Q). Unfortunatelly, Theorem lII.2 says that 

under Il.1- Il.9 it is impossible to get a better convergence result without imposing further 

restrictions on pi, i E I and Q. SO, lack of convergen~e is also a possibility even under 

complete markets. 
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ProoC of Theorem I1I.2: Let r. bc an t'quilibdum (110 bankruptcy) price e..c; in The-orem 

11.1. By II.58), 1I.6b), lI.Sc), H! defined by: 

, . t -'-+ sup {t,i(:r i )} 
(tr,~i)=t 

.' 

is a conC8\'e, nondecreasing function. Consider Ci = (r., ti,i) > O, by Lemma 111.2 there 

exist an J.l i E R+ such that: 

(A) 

. By Theorem IlIJ and Lemmél III.4 there exists a measure VI on (5,;:) such that v] ~ pi 

'Vi E 1. 

\Ve define J.1 b\' (max .UI )/V1 (5) .. 
• iEJ 

Let r > O be the equilibrium interest rate. 

'\Te define the equilibrium price system (p, p) by: Vi E N +, 'IA, E ;:t 

ir Pt(.4. t ) > O 

if pt(Ad = O 

"'e define the equilibrium goods alloc.ation :r as being the same as in the no bankruptcy 

case. \\7e define the equilibrium assets and mone~' allocation (d: x) by: Vi E 1, Vi E N -I- ~ 

i_O mo-

By the definitions condition 2) and Lernrna lI!.1, P,PI = 'lrt \/t E N+, (Pldi) = (r.,x i 
- ti·

i
): 

(x,d,m) are feasible allocations of goods, assets and money and (xi,di,mi) gives to 

agent i maximal utility and mínimal Benalty between alI feasible allocations such that 
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(;', 'fi - u·i ) $ O. S~, to conc1ude- the- proof wr mu~t prove that jr (X' , cr, rui) ir. in the 'i.th 

agent budget set and (r.,'fi - wi ) = t > O then vi(.r i ) 2: vi(:ri) - b(Xi). 

But Vt E N+ 1 

-i L (-i i) -di -i (1 + ) m, -í Pt :r f - U' = ,+ fJl r- 1 r 

Multiplying both sides by (.l" 

(-i -i (1 + ») + (-i i) -:td p, m, - m,_] r 'Ir, :r, - ti' = I-lt ,. 

Since li] is 8 me~ure, Pt+l = pt(I + r). 50, adding the above equation, 

to t~ 

p'om;o - Pl.m~(1 + r) + I: 'Ir,(x~ - w:) = L p,d! 
t=l t=1 

Since Ji1«S) = (1 + r)-1 and integrating 

taking limits one gets: 

So, 

Since -r is bounded. by Fatou'5 lemma: 

But, min{h*,O} < t. So, Js lnin{h', O}v] ~ -evI(S), Since VI < P\ Vi E I 

Jsmin{t,O}pi < - ClIl(S). 
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.' 
-i -i" . 

By lUA, b(h ) = Js l(min{h ~ O} )P' ~ +~f ''''1 (5) ~ ~f·t. 

By the definition of H~, vi(z') ~ H~(l + l.-). 

By Lemma IlI.5, Vi(zi) $ H! (f,) + ~1i(. $ t,i(:r i ) + b(h\ So 'Vi E I, vtfi ) _b(hi
) $ 

IY - Further results and conjecturesCi 

Onee the case of complete markets are studied 8 natural conjecture is ir alI those 

markets are necessary to garantee convergenee to rational expeetations. The Buthors ha"e 

the proo! that there exists a certaint ". (endogenously gi"en) such that the asset /-lI, t ~ 1\' 

are not necessary. These reduce the number of markets írom B countable to a finite one. 

This generalization is not import.ant in cases k = 1,2 since one could consider the 

case of d~'namically complete markets.' Bu!' in case k = 3, it makes no sense to assume 

tbat the future asset prices are common knowledge since the prices tbemselves are not. 

So: it seems tbat in tbis case the generalization for the dynamically complete market are 

no! so easy and it is possible that some redudancy in the assets markets are important 

to "generate an information market". (The role of redundant assets were pointed out by 

11as-Colell (89) to avoíd nontrivial sunspot equilibrium). 

To consider the case of in complete markets, another possibility is to assume tha,t 

Jlt,cP, are .1}memurable and that .r: is a. less refined u-algebra than F t . \\re conjecture 

tbat there is COll\'ergence only with respect to tbe less refined stochastic processo That is: 

tbere is con\'ergence only where L'there exists a markeí". 

"Te also conjecture tbat assumptions n.3 and lIA are not nec.essa.ry and one may 

consider tbe continuous case. Dropping assumption JIl.2 and assuming tbat VA E :F: 

pi(.4) = O Vi E I ~ Q(A) = O. 

tben one migbt prove tbat ir priors are gaus~j,ans tbe con\'ergence set has fuU measure 

according to Q. The cOIlvergence in fulJ measure could be obtáined in '\'iew of the zero 

one la\\' valid for Gaussian probabilit-y measures: Any measurable subspace has measure 

zero or one. Finally, we conjecture that under llI.2 the goods allocations converges to an 

-ThE ~uthors h&ve already provt'd man:y of lhe cor.jectlHes presented. 
7ln faei lhe original proofs Wel"e clone conside~illS lhe dYIIamicall} complete market cue. 
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APPENDIX 

Proo! o! Lemma II.I: m;i is F-rnensurable because it is J",-mensurable. h i = lim inf m· i 

is J" mensurable by well known properties of rnensurable functions and since 1 is con­

tinuous, I(min{h i , O») i~ also J" mensurable. By n.s h' is a bounded function. So, 

I(min{h i
, O» is also bounclecl. Since p' is a probability rneasure,l(min{h i ,O}) is pi 

int.egrable. 

Proo! of Lemma 1II.3: lf 7 is the q-algebra generated by an algebra 7 1 thtn by the 

definition of the Lesbegue ext.ension ir v is &. rneasure on 7 then 'VB E 7, 

(Rembember that Br, r E N+ are assumed to be disjoint sets). 

+01: 
If v 2 (D) = ° then 'Vi E N there e>.:ists a set {Br E 7 1, r E N+} such that I: v2 (Br) :::; 

r=1 

1 +00 
-:- and D C L B r

• 

) r=1 

Ir vl(D) > E then l~vl(Br) = v' (!~Br)· > <. So Ihere exisls an j such lha! 

j i i 

Lv1(B r
) > [ and Lv2(B r

):::; ~. Take Ai = LBr
• 

r=l . r.=l J r=l 

L 

Proof of Lemma mA: A)::::} C). Let v be t L vi. 
j=1 

Clear]y vi « v j ::: 1, ... , L. Let fi: X -'ti R be the Radon-!\'ikodyn deri\õti\'e with 

respect to v that is~ vi ::: f j v i = L ... , L. 

Define v L+2 = min fi .v. Clearly v L+2 < vi i = 1, ... , L. Let e i be 
lSi$L 

L 

{w E Xjfi(u-) > O} and e = nai . Since vi(ei )::: 1 j::: 1, ... ,L and v i (.\") > ° 
j=l 
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... 

J = 1, ... ,L thrn by A) l,J(C) > O j = 1, ... \L. 50, lI(C) > O. But, ir U' E C then 

min f'(u·) > O. Therefore, 
lSiSL 

Notice that by the same proof if 7° = {X} then D) :::} C) because to pro"e v(C) > o it is 

only necessary that there exists an l, 1 ~ l ~ L such that vl(C) > O. 

Repeting the argument, if D E 7° and vl(D) > o for some l, 1 ~ l ~ L then by A) 

vi(D n C) > O j = 1, ... , L. So, v(C n D) > O. Therefore, 

On the ~ther hand if vi(D) = O j = 1, ... , L, D E 7 then as vL+2 ~ vi j = 1. ... , L. 

V L+2(D) = O. So, \{D E 7°, V L+2(D) = O <=> vi(D) = O j = 1, ... , L. 

C) :::} B). Ob"ious. 

B) :::} A). 
L 

Let Ci j = 1, ... ,L be such that lIi (Ci) = 1 j = 1, ... ,L and C = n Ci . 
i=l 

Consider D E 7° and suppose that there exist~ an l, 1 ~ ( ~ L such that vl(D) > O. 

L 

By B), vL+1(D) > O and vL+1 «vi j = 1, ... ,L. So, vL+1(U(Ci)C) = O. That is, 
i=1 

C has full measure according to V L+1 and so, since vL+1(D) > O then vL+1(D n C) > O. 

But, v L+1 « vi j = 1, ... , L and vL+1(D n C) > O, and 50 vi(D n C) > O j = 1, ... 1 L. 

lf 7° = {X} then as was pro\'ed D) :::} C) and clearly A) :::} D). But A), B) and C) 

are eqw"aJent and so, in this case, A), B), C)&and D) are equivaJent. • 

Proof of Theorem I1I.5: This proof is a generalization of Cass and Shell (83) Proposition 

1. The lemma is a consequence oí the "no arbitrage" conditions between assets and IDoney. 

H p,CA,) = O then by Lemma lI!.l piCA,) = O Vi E I. Since At E :Ft+l again by Lemma 

III.1 PH1(A,) = O .. 
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Supposr by C'ontredition that p,+ 1 (A,) > p,(A t )(1 + r )-J. and p,(A,) > O for som r -
A, E ~f. Consider the j·th agent optimal aJloca.tions (xi, (1" nr) and for arbitrar)' AI > O 

let (di,mi) be such tha.t: 

m ~ = m ~ ir j =F t. 

d:: S ---. R 

8 ---. d;(s) + A:fPt+l(S) s E Ar 
p,(s) 

-i 
s---.dt(s) srtA, 

S ---. m~(s) + 111(1 + r)-l s E At 

s ---. m;(s) s f. A, 

One can see that tbe ne\\" demands correspond to take more assets, less money at 

(At, t) and less asset at tbe subsequents events. Clearly, 

The last equality bold by (m i 
I di) definition. 

Vi E I, h i and tbe penalty won't change since m~ = m~ j > t. But at (Af,1), (di, mil 
allows tbe i-tb agent to buy more goods since ~ s E At, 

Pt(s)(x;(s) - tl.;(s» = d;(s) + m~(s)(1 + r) - m;+l(s) 

._.~ . . . ...,.;~. 

= i(s) + 111 (Pt+l(S) (1 + r) - 1) 
t (l+r) Pt(s) 

+ m!(s)(1 + r) - m:+1(s) > Pt(s)(Xt(s) - w~(s». 
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50, By the monotonicity e.sswnption, (di, mil rne.kes the i-th economic agent better off 

and di eM be bought at period zero by the i·th agent since the definition oí di implies 

that (p,d i ) = (p,"i). 'We get a similar contradiction ir we 6uppose that I1t+1(A,) < 

I1f(Af)(1 + r)-J .The proo! of 111 (5) = (1 + r»-1 is 8.1so similar. I 
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