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ABSTRACT

We consider trade in dynamic decentralized markets with adverse selection. Unlike
the literature so far, we assume that informed sellers (and not uninformed buyers) make
take-it-or-leave-it offers, so that signaling through prices is possible. We establish a partial
characterization of the equilibrium set, provide necessary and sufficient conditions for the
existence of an equilibrium, and show that all equilibria involve signaling if the adverse se-
lection problem is severe enough. Moreover, we prove the somewhat surprising result that
the highest welfare achieved in equilibrium is invariant to market frictions. We also provide
a necessary and sufficient condition for the existence of separating equilibria, completely
characterize such equilibria, and show that the set of equilibrium payoffs for separating
equilibria is invariant to market frictions. We conclude with a complete characterization of
the equilibrium set in the two-type case, and compare our results to the those in Moreno
and Wooders (2010), who analyze the case in which buyers have all the bargaining power.
Our results show that signaling through prices can have a non-trivial impact on market out-

comes and welfare.

Key-words: adverse selection, decentralized markets, signaling



RESUMO

Nesta dissertacdo, consideram-se trocas em mercados descentralizados com selecdo ad-
versa. Diferentemente da literatura até o momento, supomos que vendedores informados (e
nio compradores desinformados) fazem ofertas fake-it-or-leave-it, de forma que sinaliza-
¢ao através de precos é possivel. Estabelecemos uma caracterizag@o parcial do conjunto de
equilibrio, encontramos condicdes necessdrias e suficientes para a existéncia de um equi-
librio e mostramos que todo equilibrio apresenta sinalizacdo se o problema de selecdo ad-
versa for suficientemente severo. Além disso, provamos o resultado surpreendente que o
maior bem-estar atingido em equilibrio € invariante as fric¢des do mercado. Também ap-
resentamos condi¢cdes necessdrias e suficientes para a existéncia de equilibrios separantes,
que caracterizamos completamente. Mostramos que o conjunto de payoffs associados a
equilibrios separantes € invariante as friccoes. Concluimos com uma caracterizacdo com-
pleta do conjunto de equilibrio com apenas dois tipos, € comparamos nossos resultados
com os de Moreno e Wooders (2010), que analisam o caso em que compradores tém todo o
poder de mercado. Nossos resultados mostram que sinalizacao através dos precos tem um

impacto ndo trivial tanto nos resultados do mercado quanto no bem-estar.

Palavras-chave: selecdo adversa, mercados descentralizados, sinalizagdo
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1 INTRODUCTION

There is by now a large literature on dynamic markets with adverse selection. In this paper,
we contribute to this literature by analyzing signaling through prices in dynamic decentralized
markets with adverse selection.! The possibility of signaling through prices seems natural in
those markets, and one would like to know what is the impact of such form of signaling on
market outcomes.

We consider decentralized markets in which there is a constant inflow of buyers and sellers
in each period. Each seller owns one unit of a durable and indivisible good. The good can be of
one of finitely many different qualities, and each seller is privately informed about the type of
her good. The types of the goods are ordered in the sense that the value of a good to buyers and
sellers is increasing in the good’s type (i.e., the higher the type of the good, the more valuable
the good is to both buyers and sellers). In each period, the buyers and sellers in the market
are randomly and anonymously matched in pairs. Once matched to a buyer, a seller makes a
take-it-or-leave-it offer to the buyer. If the buyer accepts the offer, then trade takes place and
both agents leave the market. Otherwise, the buyer and the seller stay in the market.

Our environment is similar to the environment in Moreno and Wooders (2010) but with two
important differences. First, there are finitely many types of sellers, as opposed to only two,
and we do not place any a priori restrictions on gains from trade; in particular, gains from trade
can be negative for one or more types of goods. Second, sellers, and not buyers, have all the
bargaining power. We consider symmetric and stationary perfect Bayesian equilibria.

We begin by establishing some basic properties of equilibria and by providing necessary
and sufficient conditions for the existence of an equilibrium. We also show that if the adverse
selection problem is severe, which is the natural assumption to make, then all equilibria involve
signaling through prices in the sense that sellers with a good of sufficiently high quality will
never offer the lowest price that is offered by sellers with the good of lowest quality.? Thus,
when the adverse selection problem is severe, a good of sufficiently high quality can only trade
with delay, otherwise the incentive compatibility constraint for the sellers with the good of
lowest quality is violated (i.e, such sellers could profitably deviate by charging a higher price).

We then analyze how welfare depends on market frictions. It is intuitive that if a certain type
of good is traded with delay in equilibrium, then this delay increases as the time interval between
two consecutive trading opportunities diminishes, as a reduction in market frictions relaxes

incentive compatibility constraints. Indeed, we show that if the adverse selection problem is

IS0 far, the literature on dynamic markets with adverse selection has abstracted from signaling through prices
by either considering trade in environments in which the uninformed agents make offers (see, e.g., Camargo and
Lester (2013), Chiu and Koeppl (2011), Daley and Green (2012), Horner and Vieille (2009), Kaya and Kim (2014),
and Kim (2012)) or by considering trade in Walrasian markets (see, e.g., Fuchs and Skrzypacz (2014), Guerrieri
and Shimer (2013), Janssen and Roy (2002), and Kurlat (2013)).

The adverse selection problem is severe when the price that makes a seller with a good of the highest quality
indifferent between keeping the good and selling it is greater than the expected quality to buyers of the goods
entering the market.



severe, then the probability that a good transacts in each period converges to zero as market
frictions disappear if the quality of the good is high enough. This result suggests that welfare
can decrease as market frictions vanish. As it turns out, this is not the case. We prove the
somewhat surprising result that the highest welfare possible in equilibrium is invariant to the
level of market frictions. This result stands is sharp contrast to the result in Moreno and Wooders
(2010) that when buyers have all the bargaining power, welfare decreases as market frictions
vanish.

Separating equilibria are a natural class of equilibria to analyze, as in these equilibria prices
are a complete signal of quality. We provide a necessary and sufficient condition for the exis-
tence of a separating equilibrium and completely characterize such equilibria. A consequence
of our characterization of separating equilibria is that the set of equilibrium payoffs for separat-
ing equilibria is invariant to market frictions. We also show, by means of an example, that the
least cost separating equilibrium need not be the most efficient equilibrium.

In order to have a better comparison between our results and the results in Moreno and
Wooders (2010), we finish our analysis by providing a complete characterization of the equi-
librium set when, as in Moreno and Wooders (2010), there are only two types of seller, a seller
with a low quality good and a seller with a high quality good, gains from trade are always pos-
itive, and they increase with the quality of the good. In this case, we are able to show that: (7)
equilibrium payoffs are invariant to market frictions, so that welfare does not depend on market
frictions as well; and (i) that as frictions vanish the most efficient equilibrium when sellers
make take-it-or-leave-it offers is more efficient than the unique equilibrium when buyers make
take-it-or-leave-it offers. These results show that signaling through prices can have a non-trivial
impact on market outcomes and welfare.

The rest of the paper is organized as follows. We discuss the related literature in the remain-
der of the Introduction. We describe our environment and define equilibria in Section 2. Section
3 contains the main results of the paper, namely, a partial characterization of the equilibrium set,
a necessary and sufficient condition for existence of an equilibrium, the result that all equilibria
involve signaling through prices when adverse selection is severe, and the result that the highest
welfare possible in equilibrium is invariant to market frictions. We analyze separating equilibria
in Section 4, and discuss the two-type case in Section 5. Section 6 concludes. The proofs of all

results and omitted details are in the Appendix.

RELATED LITERATURE

The idea that prices can be used to signal quality is old. Bagwell and Riordan (1991) is a
seminal reference. The environment we consider is a dynamic version of the static environment
analyzed in Ellingsen (1997). The paper most closely related to ours is Moreno and Wooders
(2010), who also consider stationary equilibria in a dynamic market with adverse selection and
a constant inflow of buyers and sellers. Besides considering a more restrictive two-type setting,

Moreno and Wooders assume that the uninformed buyers, instead of the informed sellers, set
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prices. Therefore, the steady-state composition of sellers’ types remains endogenous, but prices
do not have a signaling function anymore. As frictions vanish, no gains from trade of high-
quality goods are realized. This is in sharp contrast to our result that payoffs are not affected by
frictions. The transmission of information through prices is the main cause of these divergent

conclusions.?

2 ENVIRONMENT AND EQUILIBRIA

Time is discrete and infinite. In each period, a measure one of sellers and a measure one of
uninformed buyers enter a market for an indivisible good. Each seller has private information
about the type ¢ of her good, i € I = {1,....n}.* Let f* > 0 be the fraction of type 7 sellers
in the entering mass. Buyers’ valuation of a type i good is v* > 0, while sellers’ valuation
is ¢ > 0. We assume ' is increasing in ¢, while v is non-decreasing. Our environment is
quasi-linear: if a type 7 seller sells to a buyer at a price ¢, their payoffs are respectively ¢ — ¢
and v’ — t.

In each period, buyers and sellers are randomly and anonymously matched in pairs. Once
matched, the seller sets a price t € T' = R . The buyer observes the price and decides whether
to trade. If there is trade, both agents leave the market. Otherwise, they remain in it and are
randomly matched to other agents in the subsequent period. Time is discounted by a common
factor 0 € [0, 1), that is also a measure of frictions in this market.

We consider stationary and symmetric equilibria.’ In this case, type 7 sellers’ strategies are
described by a cumulative distribution function of offers G* : T" — [0,1]. Let S’ be the set
of offers made with positive probability by type ¢ sellers. The strategy of buyers consists of a
function o : T' — [0, 1], such that o(¢) denotes the probability an offer ¢ is accepted. Finally,
beliefs are characterized by a function 7 : T — A(I) that associates every t € T with a
probability distribution over types {7 (¢)}™,.

In any given moment, buyers’ and type i sellers’ payoffs are V and U’, respectively. The
reservation price of type i sellers is defined as 7' = ¢! + §JU*, while the reservation price of
buyers for the good sold by that type of seller is w® = v* — §V.

Let M and N°® be, respectively, the mass of buyers and of type i sellers in the steady-state.

Ni

We denote the steady-state distribution of types by { fi » foreveryi € I, fi= SN
=

3The result that offers from the informed party may lead to more efficient outcomes than in the case all offers are
made by the uninformed party resembles a result in bilateral bargaining with incomplete information and common
values: Gerardi, Horner and Maestri (2013) show that the most efficient equilibrium of a bargaining game in which
the informed party makes all offers always achieve a better result than the equilibrium of the bargaining game in
which the uninformed party makes all offers, as in Deneckere and Liang (2006).

“For convenience, we assign types to both goods and sellers: a seller of type i is one who owns a good of type
i.

3Since there is a continuum of agents, the assumption of symmetry is not restrictive: an asymmetric equilibrium
is equivalent to a symmetric one. For some arguments in the appendix, we consider asymmetric equilibria in which
sellers’ strategies are pure. In this case, we redefine types such that the equilibrium is symmetric in the new type
space. Whenever we do this, we denote types by J and their distribution in the entering mass by {¢7} ;¢ .



Definition 1. An equilibrium is a list {o, (G, (7")"_y, M, (N, V, (U™, } that satisfies:

(i) Buyers’ strategies are optimal given beliefs: forallt € T,
o(t) € arg maxscp Z?T w' —t)

(ii) Sellers’ strategies are optimal: for every i € I,

tesS =ot)t—r)>oc)t —-1") VWeT

(iii) Beliefs are rational: ift € U S, then {m'(t)}_, follows Bayes’ rule.

(iv) Buyers’ value function:

Z /maw{ZW w' —t,0} dG'(t) + 6V
(v) Sellers’ value functions: for each type i € I,
U' = / o(t)(t —r") dG'(t) + 6U"
T
(vi) Stationarity:

M F [ atoice) -

and, for every i € I,

N /T ()G (t) = f

When a type i seller meets a buyer, they bargain over a surplus of w’ — 7.

Condition

(i) requires that buyers only accept offers that give them some expected surplus, considering

beliefs. Condition (ii) implies that prices offered with positive probability by type ¢ sellers

maximize the expected surplus extracted. Conditions (iv) and (v) relate, respectively, buyers’

and sellers’payoffs to the expected surplus they get in each period. Finally, the stationarity

condition (vi) requires that, for each type of agent, the mass leaving the market equals the

entering mass.

Notice that we impose no restrictions on beliefs off the equilibrium path. It is possible to

show, as in Ellingsen (1997), that the intuitive criterion has no bite in our environment and that

D1 eliminates all but the separating equilibria; the details are available upon request. We do not



find D1 very compelling since it eliminates the most natural equilibrium when adverse selection
is not severe (see Definition 2 below), namely, the pooling equilibrium in which all sellers offer

the price t = > " | f;v; and the buyers accept this price.

3 CHARACTERIZATION AND EXISTENCE

In this section, we present some results that characterize basic properties of any given equi-
librium. We then discuss conditions for the existence of an equilibrium. Finally, we discuss
signaling through prices.

BASIC RESULTS

Since buyers may always reject offers, V' > 0 and w' < v* for every i € I. A type i seller,
on the other hand, may always offer ¢!, which implies U’ > 0 for every type i. Hence, the
reservation price of a given type of seller is at least her valuatiom, that is, r* > ¢!. There
are other restrictions on sellers payoffs. If an offer is sufficiently small, it will be accepted
regardless of beliefs. In particular, since >, 7 (t)w’ > w' for every offer ¢, then ¢ < w'

implies that o(¢) = 1. Hence, U" > w' — ¢’ forevery i € I.
Lemma 1.

(i) Foranyi € I, ift € S'andt < r', then o(t) = 0.

(ii) U® > 0 for everyi < n.

Item (i) of Lemma 1 just states that an offer below the reservation price is made by a seller
only if she expects it to be rejected. Item (ii) states that sellers of lower types must get some
surplus in every period, since stationarity requires that trade of higher quality goods occurs with
positive probability. A direct consequence of the previous lemma is that no type lower than n
makes offers that are rejected with probability 1.

The following result shows that both a seller’s reservation price and her offers are increasing

in her type. Her payoff, on the other hand, is decreasing in %
Lemma 2. Ifi > j, then v’ > 19, inf S* > sup S7 and U < U7,

It follows directly from Lemma 2 that, for any j < k < i such that S°N.S7 = {t}, S* = {¢}.
That is, pooling between two types necessarily leads to pooling with any intermediate type.

Since only the highest price in S? may be offered by sellers of types higher than 7 and only
the lowest price in S may be offered by types lower than 7, we show in the appendix that, on the
equilibrium path, there is a finite number of offers that are accepted with positive probability.
Denote these offers by t; < to < ... < t,,. Foreach 1 < k < m, let I, be the set of types that
offer ty, e, [ ={i € I : t}, € Si}. From Lemma 2, [} < I, < ... < [,,. In equilibrium, no



seller type has incentive to deviate to any other offer in the equilibrium path, which implies the

following restrictions:

o(te)(te — 1) > o(ty)(th —1r")  Viel, ,Ykhe{l, . ,m} (1)

For each k, let i(k) and i(k) be respectively the lowest and the highest type in I;. The lemma
below shows that, from all restrictions in (1), only local ones are relevant. That is, if the lowest
type that makes a given offer ¢, has no incentive to offer ¢;_; and the highest type that offers ¢

has no incentive to offer ¢; 1, then there are no profitable deviations on the equilibrium path.

Lemma 3. [f, for every 1 < k < m,
o(te)(tk — ') > o (tsr) (s — 'P) and o (trr) (1, — r8) > o (ty) (8 — r1 )

Then (1) is satisfied.

Lemma 3 identifies conditions that rule out profitable deviations on the equilibrium path. It
remains to discuss deviations off the equilibrium path. However these are not important, since
we may always choose beliefs off the equilibrium path such that all relevant deviations belong
to the set of offers made with positive probability. The intuition is that any offer ¢ ¢ U?_,S" is
either too low (¢ < w') to be a profitable deviation or, otherwise, it is rejected for sufficiently

pessimistic beliefs.®

EXISTENCE

So far we have characterized the set of equilibria. We now use this characterization to consider
the existence of an equilibrium. Given a type ¢, we say there is a gap for ¢ if there are positive
gains from trade, that is, if v > ¢’. Let [y = {i € I : v’ < ¢'} denote the set of types with
no gap. Given a pair of types (k, 7), k < j, we define the distribution of types ¢ conditional to

k<i<jasalist {f(k,j) ?_, such that f(k,j) =5 if k <v<7,and f(m) = 0, otherwise.

Proposition 1. The following are sufficient and necessary conditions for the existence of an

equilibrium:

1. Foreveryk € Iy \ {n} thereis j > k such that 3 ;" f{, v’ > ¢'.

2. v >

In order to understand the result, notice that condition (1) implies that, for every type ¢ for
which there are no gains from trade, there is a higher seller type with which a type 7 seller

could pool one of her offers in such a way that buyers would be willing to accept it. If (1) is

®Formally, we may always set, for any ¢t ¢ U™, S? such that t > w!, 71(¢) = 1. In this case, o(t) = 0 is
a best response of buyers to these beliefs. For ¢t < w!, o(t) = 1 but no type i is willing to offer it as long as
U? > w! — ¢, a condition that always holds in equilibrium.

6



violated, every offer from some i € I \ {n} would necessarily be rejected. Hence, U’ = 0.
From Lemma 1, this is incompatible with an equilibrium, since ¢ < n. Condition (2), on the
other hand, requires that there are no losses from trade with the highest type. If this was not
the case, none of the offers from type n sellers would be accepted by buyers, which contradicts
stationarity.

The proof that conditions (1) and (2) are sufficient for the existence of an equilibrium is
constructive. It is worth mentioning that the constructed equilibrium satisfies V' = 0 and that
sellers’ strategies are pure. Therefore, our result is even stronger: the conditions in Proposition
1 actually are sufficient for the existence of an equilibrium with these properties.

Notice conditions (1) and (2) are rather weak requirements that are trivially satisfied if there

is a gap for every type. For the remainder of the paper, we assume they are always satisfied.

SIGNALING THROUGH PRICES

From Lemma 2, prices are non-decreasing in types. Therefore, if there is price dispersion, with
more than one price being offered in equilibrium, then prices are a signal of sellers’ types. In

this subsection, we identify a sufficient condition for price dispersion in equilibrium.
Definition 2. Adverse selection is severe if >, f'v" < ™

Notice that if adverse selection is not severe, that is, if Z?:l fiv' > ¢, then there is an
equilibrium in which every seller offers the same price, say ¢t = » ., f"v'. In this case, the
expected value of the good to the buyer is sufficient high to be offered by the highest type.
However, when adverse selection is severe, our next result asserts that there is necessarily some
price dispersion in equilibrium.

Leti*=min{iel:> | f("iyj)vk < ¢ Vj > i}. If adverse selection is severe, then there

is such ¢* that satisfies 1 < ¢* < n.

Proposition 2. If adverse selection is severe, then there ist € S' such thatt < S’ for any
Jj >t

A direct consequence of Proposition 2 is that offers from high types of sellers are necessarily
rejected with positive probability, otherwise type 1 sellers would offer them. This implies that
sellers of these types face some expected delay before they trade. The corollary below states a
stronger result: as frictions vanish, rejection becomes more likely, to the point its probability

converges to 1.

Corollary 1. Suppose adverse selection is severe. Consider d;, — 1 and an associated sequence

of equilibria. For each k € N and each j > i*, let ti € Si. Hence, Uk(ti) — 0.

The fact that trade probabilities for higher types converge to zero as frictions vanish does
not imply that the payoff of these types necessarily goes to zero. Actually, this is not the case:

if we interpret frictions as the time gap between successive rounds of trade, then as frictions

7



vanish the expected number of rounds before trade increases without bounds, but the expected
time to trade remains finite. We discuss the relation of payoffs to § in what follows.

For a given 0, let Uy () be the set of payoffs associated to equilibria in which buyers get no
surplus, that is, V' = 0. From the constructive proof of Proposition 1, we know that this set is

not empty. Our next result shows that Uy(6) is invariant to ¢:
Lemma 4. For every pair (6,8) € [0,1)2, Uy(d) = Uy(¢') = U,.

There may also be equilibria with V' > (. Although there is no result similar to Lemma 4
for these equilibria, we may compare welfare W =V + 3" | fU" across these two classes of
equilibria. In the appendix, we show that W < "  f* T %d@( ), with equality if
V = 0. Since V' > 0 implies that buyers’ reservation prices are lower, then equilibrium prices
are in general also lower. In the appendix, we show that this implies that, for every equilibrium
with V' > 0, there is an equilibrium with V' = 0 that achieves a higher welfare. Let W(9) be the
set of equilibrium welfare associated to §. Therefore, as a consequence of Lemma 4, the highest

welfare achieved by some equilibrium, W () = maxz W(4), is invariant to .

Proposition 3. For every pair (6,8") € [0,1)2, W(5) = W (') = W.

4 SEPARATING EQUILIBRIA

We have shown that, if adverse selection is severe, then prices signal quality. We now consider
the extent they do so. This leads us naturally to the study of separating equilibria, in which
prices fully reveal quality.

We say that an equilibrium is quasi-separating if v # v/ implies that S N S7 = (). In this
case, prices are a perfect sign of value to buyers, that is, they signal all information that is payoff
relevant to them. If S* N S7 = () for every 7 # j, then the equilibrium is separating. Notice that
every quasi-separating equilibrium is indeed separating in the case v" is strictly increasing in i.

The following proposition characterize quasi-separating equilibria and establishes their ex-

istence:

Proposition 4. There is a quasi-separating equilibrium if, and only if, I)\{n} = 0 and v™ > c".
Furthermore, any quasi-separating equilibrium satisfies:
(i) v™ € S™ and, for every type i < n, S* = {v'}.
(i) o(v') = 1 and, for everyi > 1, o(v') satisfies o(v') > 0 and the recursive condition:
i—1 _ i pi-1 _ pi-l

i—1 i i—1
—O’(U )<U(U>§WU(’U ) (2)

(i) V =0.



In order to understand Proposition 4, we know that buyers only get some fraction of the
surplus if they accept the offer with certainty. This only happens to the lowest offer, that,

by Lemma 2, is necessarily made by the lowest type. Since any offer below w!

is accepted
with probability one, w! is precisely the offer that type 1 makes. Therefore, there is no offer
that gives some surplus to buyers, and then V' = 0. This implies that buyers are indifferent
between accepting or rejecting any offer on the equilibrium path, such that in a quasi-separating
equilibrium we necessarily have that each seller offers as price the value (to buyers) of the good
she owns.

Buyers accept these offers with a probability that discourages sellers from deviating and
offering a different v’. From Lemma 3, only deviations from types immediately below or im-
mediately above are relevant. This defines, for each o (v?), the interval described by item (ii).

Finally, notice that the conditions required for the existence of a quasi-separating equilib-
rium are somewhat stronger than those stated in Proposition 1: now there must be a gap for all
types except for type n. If this was not the case, then some types would never have their offers
accepted, violating stationarity.

The conditions for the existence of a separating equilibrium are slightly stronger:

Corollary 2. There is a separating equilibrium if, and only if, Iy \ {n} = 0, v > ¢" and v' is

strictly increasing in 1.

We now discuss payoffs associated to quasi-separating equilibria. Let U%(J) be the set of
quasi-separating equilibrium payoffs for a given §. Our next result establishes that this set is

invariant to frictions:
Corollary 3. For every pair (6,8') € [0,1)2 US(5) = US(§') = U®.

In order to understand the corollary above, notice we may rewrite the recursive condition in
item (ii) of Proposition 4 replacing {o(v")}?, for {k(v*)}™,, where x(t) = % Notice
that r(v') = 1. Some algebra shows that the recursive condition is equivalent to:

picl i T N
——— k(0" < k(v < WK(UZ Y oi=2..n 3)

Vi —
Since the condition above is independent of § and U* = k(v')(v' — ¢') for every i € I,
payoffs are necessarily invariant to frictions.
We may also rank quasi-separating equilibria according to the Pareto criterion. In any quasi-
separating equilibrium buyers get no surplus (V' = 0), so it is necessary to consider only sellers’
payoffs. Since the payoff of a type 7 seller is increasing in x(v"), the corollary below is a direct

consequence of the recursive condition (3):

pi—1_pi—1

Corollary 4. A quasi-separating equilibrium that satisfies o(v') = 1 and o (v') = “——o (v 1)

i1

for every i > 1 Pareto dominates any other quasi-separating equilibrium.



We say the quasi-separating equilibrium described in Corollary 4 is a Riley equilibrium.
Although it is efficient among the equilibria of its class, for some parameters it may be Pareto
dominated by some other equilibrium. We show it by considering a numerical example with
three types. Let ¢t = 0, ¢> = 1 and ¢ = 4. Values to buyers are v' = 1, v?> = 2 and v® = 5.

The distribution of types is (f*, /%, f*) = (35, 35, 3)- Fix d = 3. Payoffs in the most efficient
separating equilibrium are: V = 0, U! = 1, U? = % and U3 = %. Consider now an alternative
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while type 3 sellers offer v3. Let o(t) = 1. If type 2 sellers are indifferent between offering

equilibrium in which sellers of types 1 and 2 are pooled, offering t = f}, ,;v" + f3 5v* =

t and v*, then o(v*) = 2. In this equilibrium, payoffs are: V = 0, U' = 3, U? = ;5 and

U3 = %. Hence, this equilibrium Pareto dominates the Riley equilibrium. We summarize this

numerical example in the following table:

Riley Equilibrium
o)y [ 1 U | 1|t %
c?) | 3 |U*| 5 | ] 2
o) | = | U] 5 || ] 2

Pooling between Types 1 and 2
oty | 1| U2t 5

9 29
U 5% | ™| %

3| 9 || 3| 9 | 3| 320
o) |7 |V wll” | %

Notice that the second equilibrium dominates the first one because separating type 1 sellers
is costly, since their proportion in the entering population is too low. In this case, the common
price ¢ that sellers of type 1 and 2 offer when they are pooled is only slightly below v?. However,
t is accepted with certainty, while v? is accepted in the Riley equilibrium with probability %
Hence, both type 1 and type 2 sellers gain by pooling. Furthermore, v is now accepted at a
highest probability, which also improves type 3 sellers’ payoff.

Hence, although their characterization is intuitive, quasi-separating equilibria are not neces-
sarily the most plausible ones, since they may be Pareto dominated. We also remark that many
of their properties cannot be generalized to the whole set of equilibria. For example, pooling
among the lowest types could lead to an equilibrium in which Y, 7*(¢)v" > ¢ for the lowest
offer ¢. In this case, V' > 0.

5 TWO TYPE EXAMPLE

In this section, we illustrate some of the points of this paper by analyzing environments with
only two types. In this case, there is a simple characterization of the set of equilibria, that is
also completely ranked according to the Pareto criterion. This is also the environment analyzed
by Moreno and Wooders (2010).

10



Consider / = {1,2}. In this way, ¢ = 1 denotes low-quality sellers while : = 2 denotes
high-quality ones. We assume that ¢! < v' < ¢* < v?. In this example, we characterize
distributions over types by the probability assigned to high-quality sellers: let f = f2, f = f2
and, for every t € [0,v%], w(t) = w%(t). We assume that the fraction of high-quality types is

sufficiently low, such that adverse selection is severe:

o 02—U1

f<f= . “)
v

V2 —

From Proposition 2, there is ¢ € S* such that ¢ < S?. We claim that ¢ = w'. Since 7(t) = 0,
t > w' would imply that o(¢) = 0, violating Lemma 1. If ¢ < w!, then o(t + ¢) = 1 for
some € > 0. In this case ¢ + ¢ would be a profitable deviation. Hence, t = w'. Furthermore,
equilibrium requires o(t) = 1. Notice this offer makes buyers indifferent between accepting
or rejecting it. Besides, any other offer on the equilibrium path is rejected with some positive
probability. Therefore, buyers get no fraction of the surplus either way. Hence, V' = 0. The

1

payoff of low-quality sellers is also constant across equilibria: U? = v! — ¢!. Consequently,

rt = (1—98)ct + ool
An equilibrium is separating if S'MS? = ). From Proposition 4, S' = {v'} and S? = {v?}.
The offer from high-quality sellers is accepted with probability:

ot =t (1—208)(v' =)
Trl} = (0, v2 — vl — (1 — 5)01]

o(v?) € (0, (5)

(%

Just as predicted by Corollary 1, o(v*) — 0 as  — 1. This is not necessarily the case for
U?. In a separating equilibrium, the payoff of a high-quality seller is not affected by ¢:

’U1—01

U? € (0, (v* — )] (6)

02 —
If v! = ¢!, then every equilibrium is separating. Otherwise, there are also semi-separating
equilibria, in which S* = {v!,#*} and t* € S? for some t* € [c?,v?). This common offer is

accepted with probability:

vl —rt  (1-0)(v' =)
tr—rl ot — vl — (1 —9)ct

o(t*) = 7

High-quality sellers’ payoff is an increasing function of t*. However, it is always below the
highest payoff associated with a separating equilibrium. Therefore, when there are only two
types, the Riley equilibrium is Pareto efficient in the class of all equilibria. It also achieves the
highest equilibrium welfare.

In order to fully appreciate the consequences of signaling through prices in decentralized
markets, it is interesting to compare these results with those from Moreno and Wooders (2010),
where signaling is not present. If we now assume that, instead of sellers, buyers set prices after
agents are matched, then equilibrium prices are either equal to sellers’ reservation prices, ' and

72, or, if buyers get no surplus (VV = 0), some other price that is necessarily rejected by both

11



types of sellers.” Moreno and Wooders (2010) show that, if § is sufficiently close to 1, then there
is an equilibrium in which buyers offer all three prices with positive probabilities. Furthermore,
if v2 — ¢ > v! — ¢!, then this equilibrium is unique.

In this equilibrium, type 2 sellers never extract a positive surplus. Hence, U? = 0 and
r2 = ¢2. Since buyers offer rejected prices with positive probability, V = 0. Hence, fv? + (1 —

f Jvl —¢? = 0, which implies that f = f = z;:fl In that way, adverse selection is not severe in

the steady-state market composition. Furthermore, (1 — f)(v! —r!) = 0. Since r' = ¢! + U,

vt — ¢t
1

Therefore, as § — 1, only gains from trade with the lowest type are realized. This is in

W=U'=

®)

striking contrast to our results for decentralized markets with signaling, where limit welfare
may be as high as (1 + %=5) (v — c!).

6 CONCLUSION

In this paper, we have analyzed signaling in decentralized dynamic markets with adverse selec-
tion. We have shown that prices signal quality and that welfare is not affected by the level of
frictions. Unlike models in which the uninformed party makes all price offers, welfare does not
decrease as frictions vanish. Therefore, signaling is relevant to explain prices, trade and payoffs
in these markets.

We have considered only an extreme framework in which prices are set by informed sellers.
A general model would allow for offers from both sellers and buyers. Such analysis is left for

future research.
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APPENDIX

PROOF OF LEMMA 1

Item (i) is trivial. We prove item (ii). Let i < n and suppose, by contradiction, that U® = 0.
The stationarity condition (vi) implies there is ¢ € S™ such that o(¢) > 0. From item (i),
t>1r" > c" > ¢ = r'. By offering t, type i sellers would get a positive payoff. Contradiction.

PROOF OF LEMMA 2

Leti > j. We first show that 7* > 7. Suppose, by contradiction, that r/ > r¢. Hence U’ —U"® >
¢~ Consider t € S*and t € S7. Then (1 — §)(U? — U?) = o(t')(t' — r?) — o(t)(t — 17).
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Hence:
(1-9)

)
This implies o (') (¢ — r7) > o(t)(t — r'). However, optimality of type i sellers’ offers requires
at)(t —r") > o)t —r") > o(t')(t' — 7). Contradiction.

We now prove that S° > S7. Lett € S®and t' € S7. Hence, o(t)(t — r') > o(t)(t' — r')
and o(t)(t —r7) < o(t')(t' — r7). Subtracting the latter inequality from the first, we get [o(¢) —
o()](r’ —r") > 0. By Lemma 1, o(¢') > 0. Since r* > r7, o(¢') > o(t). This implies that

t > t'if o(t) > 0. From Lemma 1, this is necessarily the case if i < n. If i = n, then it is

oYt —r)) —a(t)(t —1") > (¢ =)

possible that o(¢t) = 0. In this case, ¢t ¢ S for any j < n. Buyers reject such offer only if
t > w". Since t’ is accepted with positive probability, ¢’ < w™. Hence t > t'.
We now show that U? < U’. For any t € S and any ¢’ € S7:

i o(t)(t —ri) > o(t)(t —r?)

1—9 1—90

Ifo(t) = 0, then U* = 0 < U’, where the inequality follows from Lemma 1. If o(¢) > 0, then
rt > rJ implies that: ' '
o(t)(t —r') _ o)t —1")

15~ 1.5 Y

Hence, U’ > U".

LEMMA 5 AND PROOF

Lemma 5. S° has at most three elements if 1 < i < n and at most two elements if i = 1.

Furthermore, S™ has at most two elements that are accepted with positive probability.

Proof. Consider the lowest type 1. A direct consequence of Lemma 2 is that only the highest
offer in S' may intersect any other S°. Suppose there are other two offers in S*, ¢ and t/, that
are below the highest offer. Hence 7!(¢) = n'(#') = 1. Since, from Lemma 1, o(¢) > 0 and
o(t') > 0, indifference implies ¢ = ¢’. An argument very similar establishes that S* has at most
three elements for 1 < ¢ < n. Consider now S™. Only its lowest offer may intersect any other
S?. Consider there is other offer ¢ in S™ that satisfies ¢ < w". Hence, () = 1. Ift < w,
then o(¢) = 1. In this way n would have an incentive not to offer the lowest offer, which is a

contradiction. Hence ¢ = w". This implies the desired result. [

PROOF OF LEMMA 3

Fixt' <t? < ..<t™and I, < I, < ... < I,,. Suppose that o (t;) (t, — ') > o (tp1) (tpsr —
rg(k)) for every k < m. Hence, a seller of type i(k) has no incentive to offer ¢,,;. We show
that, for any A > k, she has no incentive to offer ¢;, as well. The proof is by induction. We have

already proved the desired result for ~ = k£ + 1. Suppose it holds for a given £ > [. Then:
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We now show it holds for h + 1:

th — Tz(h) tk — T{(k)
o(t < — . —0(t
( h+1) = th+1 . ’f‘i(h) th . Tl(k) ( k)

th — Tg(h) th+1 — Tg(k) tl — Tg(k) tl — Tg(k)
thpr — 71ty — IR gy g — iR)

O'(tk) <

—0o(t

the1 — ri(k) ( k)
Hence, o (t;)(tx — r'®)) > o(t,)(ty, — r'®) for every 1 < k < h < m. Consider i € I;.

From Lemma 2, 7* < i(k), which implies that Zj:: < :z::&:; Hence, o(ty)(t), — r') >

o(tn)(ty —r') forevery i € I, and forevery 1 < k < h < m.

Now suppose that o (tpy1)(ter1 — rEFD) > o(t)(t — ri*+D) for every k < m. Ina
symmetric way one may show that o (t3)(tx — r') > o(ts)(t, — r') for every i € I and for
every 1l < h <k <m.

Hence,
O'(tk)(tk — Ti) > O'(th)(th — ’I“i) Viel, ,VEk, h € {1, ,m}

LEMMA 6 AND PROOF

Although the following result is too technical to be included in the main text, it is very important

to prove Propositions 1 and 2.

Lemma 6. Suppose S* = {t} and let j = max {i € I : t € S'}. Then {fljy i first-order

n

stochastically dominates {7"(t)}"_,.

Proof. Consider S* = {t} and let j = max {i : t € S'}. Pooling from any type below k
reduces {7(t)}. Therefore, it is enough to prove the result for the case in which ¢ ¢ S for
any i < j. The case j = k is trivial. Hence, suppose j > k. From Lemma 2, S* = {¢} for
every k < ¢ < j. Let a be the probability type j offers ¢. With probability 1 — «, she offers
something else that is accepted with average probability 0/ < o(t). Define = r“a)% < 1.
Stationarity implies that:

N’ = f—z <j
o(t)
) J
alN’) = 0—

o(t)
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We characterize beliefs at ¢ by Bayes’ rule:

ST vran A S 1<
7 _ - aN? e -
m(t) = SN =

0,ift >jore <k

i — _ f?
Hence, 7'(t) = ST 7

stochastically dominates {m*(¢)}™ ;. O

> fii. j forevery k < < j. This proves that { f(’k )}y first-order

PROOF OF PROPOSITION 1

We prove necessity first. Suppose (1) is violated. Then there is some k& € I, \ {n} such that
> i1 [l jyvt < ¢ forevery j > k. Suppose there is an equilibrium. Since k& < n, U F>0
by Lemma 1. This implies that any offer ¢ € S* is strictly greater than ¢* > v*. Furthermore,
o(t) > 0. Hence:

Y wltw' >t > >
i=1
Hence there is i > k such that t € S7. Let j be the greatest of these types. From Lemma 2,
St = {t} for any type k < i < j. Notice that S* = {t} as well, since from Lemma 2 there is a
single offer in S* that pools with higher types. Applying Lemma 6,

SR Y St < <
=1

i=1

From Lemma 1, o(¢) = 0. Contradiction. Hence, there is no equilibrium.

Now suppose (2) is violated (v < ¢") and that there is an equilibrium. By stationarity, there
is an offer ¢ € S™ such that o(¢) > 0. Hence, from Lemma 1, ¢ > " > ¢* > v"™ > w". Since
Sor i (t)w' < w™ < t, then o(t) = 0. Contradiction.

We now prove sufficiency. The proof is constructive. As noticed in Section 3, we do not
need to concern ourselves with off the equilibrium path deviations. Let I, = I \ {n}. By
assumption, for each k € I there is j* > k such that 37" f(ik’jk)vi > 1", Let .J be the set of
all such j*. Notice J N Iy = 0.

In order to construct an equilibrium, we separate types in groups, such that types that belong
to a same group make the same offer. Let ¢ : Iy — J be the function that associates k& € I to
the lowest j € J that satisfies j > k, i.e, (k) = min{j € J : j > k}.

For each j € ¢(Iy), let A; = {i € T : min¢ '(j) < i < j}. In the proposed
equilibrium, every type in A; offers (with certainty) > ., f(imm 6-10)), j)vi. Any other type
i € I\ (Ujey(iy)A7) offer v,

It is staightforward to see that buyers are indifferent between accepting or rejecting any offer

that is made with positive probability. Furthermore, there is a finite number of offers that may be
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listed in an increasing order: {ti, ..., t,, }. Let I}, be the set of types that make an offer ¢;,. Hence
{I, ..., I,} is also in an increasing order. For each k, let i(h) = mazI}, and i(h) = minl,.
It remains to adjust trade probabilities {o(¢,)}}"; such that no type is willing to deviate.
Let o(t1) = 1 and define recursively:
o) = " o Vh<m
tpyr — i)
From Lemma 3, no type has an incentive to deviate. Therefore, we have constructed an

equilibrium.

PROOF OF PROPOSITION 2

The proof is by contradiction.
Suppose there is no ¢ € S* such that ¢ < S*. Then S' = {t} and ¢t € S”, from Lemma
2. Stationarity requires that o(¢) > 0. Let j be the greatest type such that ¢ € S7. Necessarily,

j > 1. From Lemma 6,

n n

Zﬂi(t)vi < Zf(il’j)vi <d<ri<t
i=1 i=1
where the last inequality follows from Lemma 1. However, the expression above implies that
buyers reject t, i.e., that o(¢) = 0. Contradiction.
Hence there is ¢t € S! such that ¢t < S". From Lemma 2, t < S’ for every j > i*.

PROOF OF COROLLARY 1

Let 6, — 1 and fix a sequence of equilibria. From Proposition 2, for all ¥ € N there is ¢}, € S}
such that t;, < S¢ . Consider i € Si'. Hence ti > t.

From Lemmas 2 and 6, the highest value that ¢, takes in equilibrium is:

t, < Zf(il,i*_l)vi =t< Zf("17i*)v" <
i—1 i—1

. 1 ) .

Since type 1 sellers offer t, 0% (t}, ) < ;’fTﬁak(tk), that is equivalent to:
k k

or(th) ty —c! t—c

— — tr) < <1
1— (1 —op(ti) = i — oo e)

Rk (ﬁ:) =

& —ct

Hence, since k (¢t ) is bounded by some value below 1, then o, (ti ) — 0 as &, — 1.

LEMMA 7 AND PROOF

For every offer ¢, let k(t) = %. The next result is essential to characterize equilibrium

welfare:
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Lemma7. W < 3" f [ k(t)(v' — ¢")dG'(t), with equality if V = 0.

Proof. The result is trivial for V' = 0. Consider, then, an equilibrium with V' > 0. We may
represent it with an equilibrium in the type space (J, (¢?),c), in which sellers’ strategies are
pure. From Lemma 5, there is a finite set of offers {¢y, ..., t,,} that are accepted with positive
probabilities. Let .J;, be the set of types that offer ¢;. Notice that Zj eur g @) = 1. Only the
lowest offer, ¢, is accepted with probability 1. Hence, (t') = 1. By definition, buyers’ payoff

is:

Zjejl NI (w? —ty)
2ies N

Since w’ = v/ — §V for every j € J and, from stationarity, N/ = ¢/ for every j € J;, we

V= +0V

may rewrite buyers’ payoff as:

Zje]l Spj(vj —t1)
zjeJl ¢+ (1-9) ZieJ\Jl N

We claim that V' < 3., /(v — t;). Notice that:

V:

PCEAIEY Ni:Z¢j+(1—5)(Z%+...+ZUE‘;))

jeJ1 ieJ\J1 JE€I Jj€J2 J€JIm

> P (1-0) Y J“(O;)

Jjeh JjeJI\N1

Let j* = maxJ,. Then r? T = (1— 5)cj "+ 5t,. Since offering ¢, is not a profitable deviation

for 5%,

o(ty) < b= _ (=0t - )

— = . 1—9
- tQ—TJ* tz-étl—(l—d)(ﬁj* -

Hence, >=,c; ¢/ + (1 = 0) >, N < 32,0, %’ = 1. This proves the claim. Hence,
VA2 ien @0 <3 ¢ (1) =), Besides, for k > 1, since w? < v/, 37, w(ty)y’ (v —

) >3, U7, Summing up all these inequalities, one gets the desired result. O

PROOF OF LEMMA 4

Fix § € [0,1) and consider an equilibrium that satisfies V' = 0. Consider the type space
(J,(¢?)je), such that sellers’ strategies are pure. In this case, denote by ¢/ the single offer
made by type j sellers.

Consider ¢’ € [0, 1). We construct an equilibrium with the same payoffs. Suppose sellers’
strategies are the same. Hence, beliefs on the equilibrium path are also the same and buyers are

indifferent between accepting or rejecting any of these offers. Hence, V' = 0.
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We now define trade probabilities: for every t € U;c;{t’}, let:

O ()
1—6(1—0o'(t) 1-0(1—o(t))

= k(t)

Hence, U/ = x(t/)(t) — ¢/) = U’ for every j € J. It remains to show that there are no
profitable deviations. We are concerned only with deviations on the equilibrium path. For every
i,j € J,o(t)(t' —r') > o(t))(#? — r?), that is equivalent to U — U7 > k(#/)(c? — ¢'). Since
this last inequality is independent of 4, it is also equivalent to o’ (t')(t* — %) > o' () (t/ —r"").

PROOF OF PROPOSITION 3

We first prove the following lemmas:

Lemma 8. For every equilibrium with payoffs (V, U, ..., U"), there is another equilibrium with
payoffs that satisfy V =0, W > W and U* > U’ for every i € I.

Proof. Consider the equilibrium with pure strategies for sellers in (/, (¢7);c). In this case, we
may partition J in Ji, ..., J,, such that all types j € J, offer the same price ;. Let j(k) =
mazx Jy and j(k) = min J;.

From stationarity, o(¢;) > 0 for every k € {1, ..., m}. From Lemma 3, only local deviations

are relevant:

t, — ri+1) ty, — ri®)
A tr) <ot < — 0ot l
o rl(k“)a( k) S o(tgyr) < P rj(k)a( k) Yi<m
Defining x(t) = #f)g(t)), then the condition above is equivalent to:
t, — cLk+1) t, — Ik

Cg(kﬂ)“(tk) < K(tgs1) < K(ts) YI1<m

thy1 — Tty — IR

Since V 2 0, t; < ey Tj(tl)wj = > 90?1,3(1))wj' For k > 1, since o(t) < 1,
te < 2 5es ™ )W = Xies Pl gan

We propose the following equilibrium: if j € J;, then 57 = {f,}, where {;, = Zj cJ (p‘gj (k),}(k:))vj .
Notice that t; > ¢; + 0V and t;, = t;, + 6V for k > 1.

Let /%(fl) = 1 and, for every k < m, let

fo—d®

"%(tAk‘i’l) =7 (k‘) K/<tk>

U1 — e

We show by induction that & (%) > x(t;) for every k € {1,...,m}. Clearly this inequality
holds for £ = 1. Suppose it holds for some k. Hence:
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by —cd®) ty + 0V — W) ty — Ik
k) 2 K(te) = ————==k(tk) = K(tet1)
tps1 — )

:‘% tA = ——=—_K =

( k+1) Tha1 — ci(k) = trr1 + OV — cik)
From Lemma 7, W > W, since vV =0. Furthermore, since fk >t and /%(fk) > K(ty) for

every k € {1,...,m}, then U7 > U7 for every j € J. O

Lemma 9. For every (V,U',...,U") € Uy, there is an equilibrium in pure strategies for sellers
and V = 0 that satisfies Ut > U for every i € I.

Proof. Fix § € [0,1) and consider an equilibrium with payoffs (V,U!,...,.U") € U,. From
Lemma 5, each S° has a lowest element, which we denote as t'. We may partition [ in I, ..., I,,,
(in increasing order) such that 7, € I, if * = /. We denote this common lowest offer by ¢,.
Let the highest type in I, be i(k) and the lowest one i(k).

We propose an equilibrium in pure strategies for sellers and V' = 0 that Pareto dominates
the first equilibrium. We first define sellers’ strategies: if 7 € Iy, then S' = {t,}, where
e =iy f&( R k))vi. Notice that buyers are always indifferent between accepting or rejeting
any of these offers. Hence, V' = 0. Besides, from Lemma 6, ¢, > t, for every k € {1,...,m}.

Now we propose the following probabilities of trade:

) 1, if k=1
g = Ni(k—
g —t’;;;;,j:;)&(tk), ifl>1

where # = ¢ + §U*. From Lemma 3, no type of seller is willing to deviate to an offer on the
equilibrium path. Hence, this is an equilibrium.

It remains to show that U > U’ for every ¢« € I. The proof is by induction. For ¢ € I,
1 =6(ty) > o(t,). Since t; > t,, then U’ > U'.

Now suppose that U? > U* for every i € I. In particular, U'®) > U*)_ Since t, € S*),
then o (t,) (t, — ' ®) > o (t), 1) (e — ™), that is equivalent to U'®) > k(t,, 1) (L, — ™).

Since U' = Kty ) (tpyq — ¢') forevery i € I q:

_ )

Ui < itk by — < i) L — €

lpy1 — cith) — lpy1 — i)
A=\ T — Ci . . .
<U (k)kﬂ——. = R(tr1) (g — ) =U"
tr — ci(k)
This proves the desired result. 0

Now we prove Proposition 3. From Lemmas 4 and 8, W () = sup W(§) is invariant to 4,
since sup W(9) = sup Wy, where Wy, is the set of welfare achieved by equilibria with V' = 0.
Denote by W this supremum. We show there is an equilibrium that achieves welfare 1¥. From

Lemma 9, we have to consider only equilibria in which sellers play pure strategies.
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Notice that there is a finite set of sellers’ pure strategies that are played in some equilibrium
with V' = 0. We denote this set by T', with typical element v = (¢',...,t"). For each v € T,
define:

DY ={ke[0,1]": k't =) >v' —c'Viel, i'{t'— ) > —)Vi,je I}

It is straightforward to show that D7 is compact. Furthermore, every (x!, ..., ™) € D7 that
satisfies k* > 0 for every i € I is associated to some equilibrium in which sellers play 7. Let
D = U,erD7. Since each D" is compact, then so is D. Consider the function ¢ : [0, 1]" —
R such that ¢ (k',...,k") D1, fik'(v" — ¢'). From Lemma 7, this function associates every
equilibrium with its welfare. Since 1) is continuous, ¥)(D) is compact. Let W = maz (D).
Hence, there is k € D such that (k) = W. It is easy to show that x* > 0 for every i € I.

Hence, there is an equilibrium that achieves welfare w.

PROOF OF PROPOSITION 4

We first characterize quasi-separating equilibria. Consider a quasi-separating equilibrium. In
this case, if v > v!,7 < nandt € S°, then 0 < o(t) < 1. For this offer, buyers are indifferent

I = w' = t. Hence, for any ¢ < n such that

between accepting or rejecting it: hence Y ", 7' (t)w
v’ > vt S = {w'}. Since type n sellers also make offers accepted with positive probability,
w"™ € S™. Consider now an offer ¢ made by type 1 sellers. Since it is accepted with positive
probability, ¢ < w'. If the inequality is strict, there would be ¢ > 0 such that o(t+¢) = 1, which
would be a profitable deviation. Hence, S' = {w'}. Furthermore, o(w') = 1, since otherwise
type 1 sellers could make an offer slightly smaller that would be accepted with probability one.
Hence, V' = 0 and S = {v'} for every ¢ € I. From stationarity, o (v’) > 0 for every i € I.

We know that only deviations on the equilibrium path are relevant. From Lemma 3, these

deviations are satisfied if, for every ¢ > 1:

- T B
1— 1 11—
o(v7) <o) < P o)

il _ i
vt — i

We now use the characterization of a quasi-separating equilibrium in order to prove its
existence. Sufficiency is straightforward: any list of strategies, beliefs and value functions that
satisfies the conditions above is an equilibrium. It remains to show necessity.

Assume that v" < ¢" and suppose, by contradiction, that there is a quasi-separating equi-
librium. In this case, S™ = {v"}. Since ™" > ¢* > v", then o(v") = 0. This contradicts
stationarity.

Now let Iy \ {n} # () and suppose there is a quasi-separating equilibrium. Let j € Iy, j < n.

Hence S7 = {v’}. Since v/ < ¢/ <77, U’ < (0. However, it contradicts Lemma 1.
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