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1 Introduction

This paper contains supplemental material to Moreira and Moreira (2013),
hereafter MM.

Section 2 provides details for the tests for the HAC-IV model. We derive
both WAP (weighted average power) MM1 and MM2 statistics presented in
the paper. We discuss different requirements for tests to be unbiased. We
show that the locally unbiased (LU) condition is less restrictive than the
strongly unbiased (SU) condition. We implement numerically the WAP tests
using approximation (MM similar tests), non-linear optimization (MM-LU
tests), and conditional linear programming (MM-SU tests) methods. Ap-
pendix A contains all numerical simulations for the Anderson and Rubin
(1949), score, and MM tests. Based on power comparisons, we recommend
the MM1-SU and MM2-SU tests in empirical practice.

Section 3 derives one-sided and two-sided WAP for the nearly integrated
model. We show how to carry out these tests using linear programming
algorithms. Moreira and Moreira (2011) compare one-sided tests, including
a similar t-test, the UMPCU test of Jansson and Moreira (2006), and the
refined Bonferroni test of Campbell and Yogo (2006). Appendix B presents
power curves for two-sided tests, including the Ly test of Wright (2000) and
three WAP (similar, correct size, and locally unbiased) tests based on the
two-sided MM-2S statistic. We recommend the WAP-LU (locally unbiased)
test based on the MM-2S statistic.

Section 4 approximates the WAP test by a sequence of tests in a Hilbert
space. We can fully characterize the approximating tests since they are equiv-
alent to distance minimization for closed and convex sets. The power function
of this sequence of optimal tests converges uniformly to the WAP test. The
implementation method for a smaller class of tests is readily available.

Section 5 derives the score test in the HAC-IV model and provides proofs
for all results presented in this supplement.



2 HAC-1V

The statistics S and T" are independent and have distribution

S ~ N ((8-8y) Csyu,Ix) and T ~ N (Dgp, I;) , where  (2.1)
Cs = [(by®@ L) (bo® )] and

0

Ds = [(ag® Ix) X7 (a0 ® I)] e (apy @)X (a® I}).

The density fz, (s,t) is given by

Jou(s:t) = (2pi) ™ exp (_”S—W ) O +|It—DauH>
— (o) exp (— 2= (8= o) O] ) < (2pi) 2 exp &M)

= f5.(s) x fa,(t).

Under the null hypothesis,

2 2
t—D
Foou (5:8) = (2002 exp (‘@)  (2p)™" exp (‘M)

= f5,(5) X f5,,. (1)
where the mean of T is given by

Dyt = [(ay ® L) 57 (a0 ® Ib)] ?

2.1 Weighted-Average Power (WAP)

The weighting function is chosen after approximating the covariance matrix
¥ by the Kronecker product Q ® ®. Let | X||, = (tr (X'X))"? denote the
Frobenius norm of a matrix X. For a positive-definite covariance matrix
¥, Van Loan and Ptsianis (1993, p. 14) find symmetric and positive def-
inite matrices {2 and ® with dimension 2 x 2 and k& x k& which minimize
12— Qo @ o[ -

We now integrate out the distribution given in (2.1) with respect to a
prior for p and 3. For the prior u ~ N (0,0%®), the integrated likelihood is



S/,t/ \I,fl Sl,tl/
(o) 0] exp (—( %5 { >>

where the 2k x 2k covariance matrix is given by

(5 - 60)2 Cﬂoq)cﬂo (ﬁ - ﬁ(]) Cﬁoq)D,IB :| .

V=L, + 0> [
g (B — Bo) Ds®Cp, D@Dy

We now pick the prior § ~ N (5, 1). The integrated likelihood for S and T
using the prior N (0,02®) x N (8,,1) on p and 3 yields

hy (s, t) = (2pi)_k_1/2/|\115\_1/2€xp (—(S’twﬁ (5,1) ) exp (——w_ﬁ(’) )dﬁ.

2 2

We will set 62 = 1 for the simulations.

2.1.1 A Sign Invariant WAP Test

We can adjust the weights for 8 so that the WAP similar test is unbiased
when ¥ = Q ® O.

We choose the (conditional on j3) prior p ~ N (0, g2 ¢ - ®) for a scalar
¢ and the two-dimensional vector

(8= Bo) - (bpS2bo) ™2 ] _ [ (8 Bo) - (bybo) ™2 ] |

l pu—
P @ tag - (ahtag) b Qb - (b, Qbe) 2 Q712

The integrated density is

2

S/,t/ qj—l S/,t’/
(2pl)_k “I/B,<|_1/2 exp <_( ) ,87(< ) > :

where the 2k x 2k covariance matrix is given by

¢ [ (B=By)’Cs,2Cs, (8~ By)Ca, DD} ] |

Vse=0LL®] +—{
o= BBt | (8- 8,) Ds®Cs, DO,

It is now convenient to change variables:
(cos () ,sin (6))" = Ig/ |Ils]] -
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The one-to-one mapping [ (#) is then

b, Qbg

B=f+ .
° e, Qbo + tan (6) - |0/

We choose the prior for 6 to be uniform on [—pi, pi]. The integrated likelihood
for S and T using the prior N(0, ng(g)H_ZC - ®)x Unif[—pi, pi] on p and 0

yields

. v 1/ (', 1) W) ¢ (8, 1)
h2 (S,t) = (2pZ) (k+1)/ ‘ ‘Wﬁ(g%g’ / exp <— /8(2)74 deo.

—-Pp

We will set ( =1 for the simulations.

The following proposition shows that the WAP densities h; (s,t) and
hy (s,t) enjoy invariance properties when the covariance matrix is a Kronecker
product.

Proposition 1 The following holds when % = Q) ® &:
(i) The weighted average density hy (s,t) is invariant to orthogonal transfor-
mations. That is, it depends on the data only through

Q_[ Qs QST1_|:S/S S’T}
Qs Qr ST T'T |-

(ii) The weighted average density hs (s,t) is invariant to orthogonal sign
transformations. That is, it depends on the data only through Qg, |Qsr|,

and Q.

Tests which depend on the data only through Qg, |Qsr|, and Qr are
locally unbiased; see Corollary 1 of Andrews, Moreira, and Stock (2006).
Hence, tests based on the WAP hy (s,t) are naturally two-sided tests for the
null Hy : B = B, against the alternative H; : § # 5, when ¥ = Q ® .

2.2 Two-Sided Boundary Conditions

Tests depending on the data only through Qg, |Qsr|, and Qr are locally
unbiased; see Corollary 1 of Andrews, Moreira, and Stock (2006). Hence,
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a WAP similar test based on hs (s,t) is naturally a two-sided test for the
null Hy : B = B, against the alternative H; : 5 # [, when ¥ = Q ® ®.
When errors are autocorrelated and heteroskedastic, the covariance ¥ will
typically not have a Kronecker product structure. In this case, the WAP
similar test based on hs (s,t) may not have good power. Indeed, this test
is truly a two-sided test exactly because the sign-group of transformations
preserves the two-sided testing problem when ¥ = Q2 ® ®. When there is no
Kronecker product structure, there is actually no sign invariance argument
to accommodate two-sided testing.

Proposition 2 Assume that we cannot write ¥ = Q Q@ ® for a 2 x 2 matrix
Q and a k x k matriz ®, both symmetric and positive definite. Then for
the data group of transformations [S,T] — [£S,T], there exists no group of
transformations in the parameter space which preserves the testing problem.

Proposition 2 asserts that we cannot simplify the two-sided hypothesis
testing problem using sign invariance arguments. An unbiasedness condition
instead adjusts the bias automatically (whether ¥ has a Kronecker product
or not). Hence, we seek approximately optimal unbiased tests.

2.2.1 Locally Unbiased (LU) condition

The next proposition provides necessary conditions for a test to be unbiased.

Proposition 3 A test is said to be locally unbiased (LU) if
Eg, ¢ (S,T)S'Cs e = 0,Yp. (LU condition)

If a test is unbiased, then it s similar and locally unbiased.

Following Proposition 3, we would like to find WAP locally unbiased tests:

max/¢h, where /gbfﬁw =« and /¢S’Cﬁoufﬁo,# =0,Vpu. (2.2)

peK

The optimal tests based on hy (s,t) and hs (s,t) are denoted respectively
MM1-LU and MM2-LU tests. Relaxing both constraints in (2.2) will assure
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us the existence of multipliers. We solve the approximated maximization
problem:

max [ ¢h, where /gbfgmu €la— ¢,a+¢€,Vu (2.3)
and [ ¢s'Cs pyfpyp =0, forl=1,...,n,

when ¢ is small and the number of discretizations n is large.
The optimal test rejects the null hypothesis when

s:0) = 5 Co, > cinfa (5:0) > [ o (5.0 A ).
=1

where the multipliers ¢j, | = 1,...,n, and A, satisfy the constraints in the
maximization problem (2.3). We can write

h(s,t , SN
% — §'Cp, ;Cl#zfﬁTo,ul (t) > /fgw (1) Ae (dp) .

Letting € | 0, the optimal test rejects the null hypothesis when

h(s,t . n
ﬁ—scﬁogcmlﬁm ®) > q(t).

where ¢ (t) is the conditional 1 — « quantile of

h(S,1)
f5,(9)

n
T
- S/CBO Z Cl:ulfﬁo,,ul (t> .
=1
This representation is very convenient as we can find

¢(t) = lim / 7T () A (dp)

€l0

by numerical approximations of the conditional distribution instead of search-
ing for an infinite-dimensional multiplier A.. In the second step, we search
for the values ¢; so that

By (S.T) S'Cisopty = / b (5.8) S Con S (5) £ (1) =0,
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by taking into consideration that ¢ (¢) depends on ¢;, [ = 1,...,n. We use a
nonlinear numerical algorithm to find ¢, [ =1, ..., n.

As an alternative procedure, we consider a condition stronger than the
LU condition which is simpler to implement numerically. This strategy turns
out to be useful because it gives a simple way to implement tests with overall
good power. We provide details for this alternate condition next.

2.2.2 Strongly Unbiased (SU) condition

The LU condition asserts that the test ¢ is uncorrelated with a linear com-
bination indexed by the instruments’ coefficients p and the pivotal statistic
S. We note that the LU condition trivially holds if

Eg,u¢ (5,T)S =0,V (SU condition)

That is, the test ¢ is uncorrelated with the k-dimensional statistic S itself
under the null. The strongly unbiased (SU) condition above states that the
test ¢ (S,T) is uncorrelated with S for all instruments’ coefficients p. The
following lemma shows that there are tests which satisfy the LU condition,
but not the SU condition. Hence, finding WAP similar tests that satisfy the
SU instead of the LU condition in theory may entail unnecessary power losses
(in Appendix A, we show that those power losses in practice are numerically
quite small).

Lemma 1 Define the mapping
Gy(s,t,21,20) = ¢(s,t)s'Cp, 21 - exp (—s's/2) - exp (—(t — 22)'(t — 22)/2)

and the integral
Fy(z1,22) = /G¢(37t,z172’2)d(3at)-

Then there exists ¢ € K C Loo(R*) such that Fy(z1,21) = 0, for all z;, and
Fy(z1,22) # 0, for some z; and 2.

The WAP strongly unbiased (SU) test solves

rgaﬂg/qﬁh, where /gbfgw = « and /gbsfgw =0, Vpu.
S
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Because the statistic T is complete, we can carry on power maximization for
each level of T' = t:

peK

max/gbh, where /gbfgo = a and /qﬁsfgo =0, Vt, (2.4)

where the integrals are taken with respect to s only. The optimal test rejects

the null when
h(s,t)

>
15, (s)
where the function c(s,t) = ¢o(t) + s'¢1(t) satisfies the boundary conditions
in (2.4).
In practice, we can find ¢ (t) and ¢; (t) using linear programming based
on simulations for the statistic S. Consider the approximated problem

c(s,t),

0<z()<1

J
max J! Z 29h (s9,1) exp (s9's1) /2) (2pi)*/*
j=1
J
s.t. J! Zx(j) = o and
j=1

J
J! Zx(j)séj) =0, forl=1,...,n.
j=1

Each j-th draw of S is iid standard-normal:

ng)
S =1 = | ~N(0,I).
Sl(qj)

We note that for the linear programming, the only term which depends on
T =tis h (s(j),t). The multipliers for this linear programming problem
are the critical value functions ¢ (¢) and ¢ (t). To speed up the numerical
algorithm, we use the same sample SU), j =1, ..., J, for every level T = t.

Finally, we use the WAP test found in (2.4) to find a useful power envelope.
The next proposition finds the optimal test for any given alternative which
satisfies the SU condition.



Proposition 4 The test which mazimizes power for a given alternative (3, )
given the constraints in (2.4) is

2
(5'Claytt)
uC3
This test is denoted the Point Optimal Strongly Unbiased (POSU) test.

Comment: The POSU test does not depend on 8 but it does depend on
the direction of the vector Cjg p.

> q(1). (2.5)

The power plot of the POSU test as 8 and p change yields the power
envelope. This proposition is analogous to Theorem 2-(c) of Moreira (2009)
for the homoskedastic case within the class of SU tests.

3 Nearly Integrated Regressor

We want to test the null hypothesis Hy : 8 = 3,. Consider the group of
translation transformations on the data

o (Y16, Y2,i) = (Y10 + K, Y24) s

where k € R. The corresponding transformation on the parameter space is

Ko (B, )= (B,T,¢+kK).

This group action preserves the parameter of interest 5. Because the group
translation preserves the hypothesis testing problem, it is reasonable to focus
on tests which are invariant to translation transformations on ;.

Any invariant test can be written as a function of the maximal invariant
statistic. Let P = (P, P,) be an orthogonal N x N matrix where the first
column is given by P; = 15/v/N. Algebraic manipulations show that P, Py =
M, where M;,, = In—1y (1’N1N)_1 1y is the projection matrix to the space
orthogonal to 1y. Let yo 1 be the N-dimensional vector whose i-th entry is
Yo2,i—1, and define the N — 1-dimensional vectors y; = Pyy; for j = 1,2. The
maximal invariant statistic is given by 1; and . Its density is given by

N
fb’,w @1, yz) = (27W22)7% exp {_ . Z (y2,i - yz,i—ﬂ)Q} (3~6)

2wa9 4 "

N 2
_N-1 - w ~ w
><(27Tw11.2) 2 exp{ 2w Z(yu y2@'£—y21 1{5—77121) }7
1.2 = W22 22
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where w192 = w1 — W%Q/CUQQ is the variance of €;; not explained by ez ;.
For testing H; : B > f3,, we find the WAP test which is similar at g = 3,
and has correct size:

max/gbh, where /gbfﬁom = « and /¢fﬁ,¢r < a8 < By, . (3.7)

pcK

We choose the prior Ay (8, p) to be the product of N (3,,1) conditional on
By, 00) and Unif [x, 7]. The MM-18 statistic is the weighted average density

T - ov-1j2 2 (B —By)?
- T I 200 g8 dnr.
/7r 8, f/& (3/1792)( pro ) T—x Xp 202 ﬁ T
As for the constraints in the maximization problem, there are two boundary
conditions. The first one states that the test is similar. The second one
asserts the test has correct size.

For testing H; : § # (,, we seek the WAP-LU (locally unbiased) test:

max/th where /qbfgwr aand/gb@lnfﬁﬂ

peK

Jggx = 0,Vm. (3.8)
B=Bo

We choose the prior Ay (5, 1) to be the product of N (8, 1) and Unif [z, 7.
The MM-2S statistic is the weighted average density becomes

A2
h(y1,y2) = / / Jax(1,y2) (2pio?)” 1/27ri7reXp [—%} dp dm.

There are two boundary conditions. The first one again states that the test
is similar. The second constraint arises because the derivative of the power
function of locally unbiased tests is zero at 5 = [:

aEﬁ,qu@l, ?J2) o af,@ w(yh yz)
T - /¢ ylayQ B sse

~ alnfﬁm(!/hlh)
= [ ¢(U1,92)
/ v aﬂ B=Bo

= /gzﬁ@], yQ)w @1, y2) fﬂﬁ(gla y2>7

B:Bo

fﬁyﬂ(g].? y?)

where the statistic ¥ (g1, y2) is given by

N
W12
¢ 3/1>y2 Zyzz 1 (yu ym 150 [3/2@ sz 17T] )

W22
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We implement the one-sided WAP similar and the two-sided WAP locally
unbiased tests by discretizing the number of boundary conditions in (3.7) and
(3.8). To save space, we discuss only the implementation of the WAP locally
unbiased test based on the MM-2S statistic. We then solve

max / oh, where / ¢ fs,m = o and / & fa,m =0,

wherer=m <my < ..<m, =T.
To avoid numerical issues, we use the density!

Fa, @15 90) Zfﬁo,m Y1, 92)

This density arises from generating the data
Yii = Y210+ €1y
Yo, = Y2171 + €24,

where we select m; randomly among 71, 7o, ..., 7.
The two-sided maximization problem simplifies to

h T fo,ﬂ'z_ fo:ﬂ'l_
max/gbf—ﬁofﬂo, where /gzﬁ?—ﬁofﬁo = « and /gb@/);—ﬂofﬁo =

pcK

for [ = 1,...,n. Using SLLN, we solve the approximated two-sided testing
problem

14 h(?ﬁj),yg )
max —Zx(])
x(j)e{o,l}szl 7s (”"(J) (J))

(3.9)
Y15 Y

f,BOJI'z (%])7 yéj)>

Where—Zx — ( 5 (])) =

f y1 » Y2
J ~(4) (J))
1 fﬁoﬂrl (yl » Yo
and — Y "2y (yl ,yé”) — =0,
= fs (@{f), yz@)

'For the numerical results in this paper, we use the same densities in the boundary
conditions for importance sampling (although there is no need to).
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forl=1,..n.
We can write (3.9) as

max 'z
0<z;<1

s.t. Az <p,

for appropriate matrices A and vectors p and r. We then use standard linear
programming algorithms to find z and ¢ = (¢y, ..., ¢2,) to the dual problem
min p'c
ceR2m

st. Ale>r.

The two-sided test rejects the null when

h(@G,y2) > Y le+ Cn ¥ (G, y2)] Fogm (1, 02)
=1

4 Approximation in Hilbert Space

In this section, we show that power maximization is equivalent to norm
minimization in Banach spaces. By modifying the original maximization
problem, we characterize optimal tests in Hilbert spaces.

We would like to transform the maximization problem into a minimum
norm problem. Let £,(Y, h) be the Banach space of measurable functions ¢

such that [|¢|”h < oo with norm H(,bHZ = ([lol h)l/p. We then have

sup /gbh where 0 < ¢ < 1 and /gbgv €[ 43, YweV.  (4.10)
PpeL1(Y,h)

Remark 1 Consider the Banach space L1(Y,h), where h is a density, and
let T'1(g,7) = {¢p € L1(Y,h);0 < ¢ <1 and [ ¢g, € [72,72], Vv € V}. Then
the mazimization problem given by (4.10) is equivalent to the minimum norm
problem

1— inf — 1. 4.11
Ml(m)chﬁ 1B (4.11)

12



Norm minimization for general Banach spaces lacks geometric interpre-
tation. Consider instead norm minimization in Lo(Y, h):

. h 2
1— inf )(I|¢—1H2> : (4.12)

9€l'2 (977

where T'2(g,7) = {¢ € L2(Y,1);0 < ¢ < 1 and [ g, € [v,,73], Vv € V.
The following proposition provides a necessary and sufficient condition for
maximization of (4.12).

Proposition 5 If g,/h € Ly(Y, h) for v €V, then:
(a) There ezists a unique ¢ € I's(g,y) such that

1= (|6 — 1|y = 1l — 113

for all ¢, € T's(g,7). B
(b) A necessary and sufficient condition for ¢, to solve (4.12) is that

/(1—@) (6 B3) h <0

for all ¢, € T'5(g,7).

If the test ¢ is nonrandomized, the objective function equals the power

function ,
1= (lo-1l8)" = [ oh.

If the test ¢ is randomized, it distorts the objective function. Hence, the
optimal test ¢ for (4.11) can be different from ¢, for (4.12). In the case of a
similar test, it may even be possible that ¢ is nonrandomized whereas ¢, is
randomized. When g, is the density f, and v} = 72 = a € (0, 1), Proposition
5(b) guarantees that ¢ is also optimal for problem (4.12) if and only if

[a-9en< [a-7)an

for every ¢, € I'y(g,7). If the optimal test ¢ is nonrandomized, then

Ja-9en<o

13



for all ¢, € T'y(g,7). This clearly cannot be true for ¢, = o unless [ ¢h = 1.
This issue happens even for exponential family models, where an optimal
nonrandomized test exists. Hence, minimizing (4.12) instead of minimizing
(4.11) has unappealing consequences. An alternative is to consider a sequence
of problems in Hilbert space whose objective function approaches [ ¢h.
The next lemma provides an approximation of ¢ for the strong topology

in EQ (Y, h) .

Proposition 6 Suppose that g,/h € Lo(Y,h) for v € V and for any € > 0,

define
sup / Oh — € / ®*h. (4.13)
¢€F2(g7’7)

(a) There exists a unique ¢, that solves (4.13). A necessary and sufficient
condition for ¢, is given by

1 _ _
(5 -%)@-an=<o
for all ¢ € T'z(g, 7).

(b) As €] 0, the value function in (4.13) converges to the value function in

sup / oh.
(bEFQ (gv’y)

(c) The test ¢, is continuous in € and the power function faﬁgv — fagv
uniformly for every v € V.

Comment: The optimal ¢ is the limit of the net (¢,.) in £5(Y, k), hence is
unique.

Suppose that g, is the density f, and v, = 77 = a € (0,1). Proposition
6 shows how to find a similar test ¢, such that

[anzsw [on-

among all a-similar tests on V. Hence, ¢, is an e-optimal test in the sense
of Linnik (2000). Using the necessary and sufficient condition from part (a)
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to implement ¢, is not straightforward. A simpler approach is to start with
a collection of a finite number of similar tests ¢', ..., ¢", where ¢* = . For
curved exponential family models, we can find these tests using the D-method
of Wijsman (1958). Define the closed convex set

{(bEEQ(Yh Zm @' where Zm—land m>0}

Analogous to Proposition 6, there exists a unique test (zb that maximizes
power in T5. The necessary and sufficient condition for <;5 is given by

[(5-2)@E-3)n<o

for all 5 € T's. The implementation of 56 can be done in the manner as
Example 1 of Luenberger (1969, p. 71).

5 Proofs

Derivation of the Score Test. For the statistic R = vec (2'2) 2,
the log-likelihood is proportional to

1 _
LB =—5(r— (0@ Lu) 57 (r — (a® Ip)
Taking derivative with respect to p:

OL (B, )

g = W eI (0@ L) =0

which implies that
i=[d el e L) (d L)
The concentrated log-likelihood function is

_ - ,271/2M2*1/2(a®lk)271/27n

N DN —

1 _
= 'S+ ST ae ) (0 © L)E e @ 1) "d @ I,)S !

15
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The score is given by

OL, e , _ 1, _
85(5) — SN a@ L) [(d @ L)Y a® L)] 7 (¢, @ )2\
1 _
—5r'E e L) [(@ © 1) @ ® )] !
x{(e, @ )E(a® ) + (! @ )T e @ I1,) }
x [(@ @ L) a® I,)] " (@ ® L) .
At B = By:
8Lc IN— ! — -
aém = S g ® ) [(dy @ L) ap ® )]
X (6/1 X [k)2*1/2szl/a(aowk)E*l/Q [(61, 62) (24 Ik] T
= " Yap @ L) [(ah ® L)X (ag @ I,)]
x(e’l & Ik)2_1/2ME—1/2(a0®Ik)2_1/2 ((61, ag — 5061) X Ik;) T.
Note that

Co = (@IS e @ I) = (¢f @ ) (ap ® i)
x [(ahy ® [)S(ap © I)] ™ (ahy @ LT (er ® I).

Indeed,

[Xl,XQ] = [2_1/2(61 ® Ik), 2_1/2<CL0 X ]k)} = 2_1/2 [61,(10] ® Ik

-1
, XX XX, \ TN X X
(X1, Xo) [X1, X3]) = ( XLX, X)X =\ yz oy

Hence,

1

(X, Xo) [X1, X)) = [(Jer.ao) @ L) 7" ([er, a0) @ L)] ™
= ([61, a()]il & [kz> by ([61@0]71/ ® Ik)

= (G )em)= (L ¥)en)
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Therefore, the top-left submatrix X' of the matrix ([X7, Xa| [Xl,Xg])_l

equals Cpg,:
(€} & T) S My1/2(0 1) 521 = (0 © 1) S(bo @ Ti)]

We obtain
oL,
9B

1

= 7“/2_1(&0 X ]k) [<a6 X Ik)Z_l(ao (%9 Ik)] a
x [(by @ Te)S(bo @ 1))~ (b @ Ti)r
= 5C, D,

We can standardize it by a consistent estimator of the asymptotic variance.
In particular, we can choose

~1/2 4—1/2

S/OBO Dg 7T
12 1 y—1/2
\/T'D,@ Cpo Dg, T

0

LM =

as we wanted to prove. [

Proof of Proposition 1. For part (a),
(¢ ) U5 (s, 1) = tr ([5, T] (I + 0l5ls) ' [S, T}’)
= tr ((L+o%05) Q).
For part (b),

-1
(s, 1)UL (s, ) = tr (QHIT?ZT‘Q) Q (5.14)
B
_ _ G Il
= t’r(([ 1+C||lﬁ||2> Q)
_ G Qg
ARG TR TR

Using the change of variables,

(', 8) Wgp (s 1) = Qs+ Qr —

T4 ¢ [cos () ,sin (0)] Q [cos (), sin (0)]'

= (1 — 1igcos2 (9)) Qs + (1 - 1igsin2 (6’)) Qr — 1f_<sin(28) Qst-
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The determinant of the matrix Vg simplifies to
k)2

lgls
I+ (25 = (14 )",

151"

Hence integrating out 6 with respect to a uniform distribution on [—pi, pi:

L (o= (k) ¢
ha(s.t) = o) [ TEESy

1 1 .
X exp (—5 (1 1 fL c cos? (0)) Qs — 5 (1 — 1 j_ c sin? (9)) QT) de.
The function hs (s,t) depends on the data only through Qs, |Qsr|, and Qr,
because

[Wsel =

DL

(1+¢) " exp ( sin (26) QST>

exp (k) + exp (—k)
2

cosh (k) =
depends only on |k|. O

Proof of Proposition 2. In order to preserve the model (the null and the
alternative hypothesis), it is necessary and sufficient to find as = (5, 1)" and
4 such that

(ap @ )X (a @ I)p = (ay @ Ix) X7 (a2 ® Ii)p, (5.15)
where u(8 — By) = —p(By — By). Condition (5.15) is equivalent to
(ap @ I)S " (a2 @ 1) (B — By) 4+ (a @ L) (B, — Bo)] =0

or, alternatively, to

We use the identity

52(5 - 50) + 6(52 - 50) = (52 - 50)(5 - 50) + 50(5 - ﬁo)
+ (B Bo) (B2 — Bo) + Bo(B2 — Bo)

to write expression (5.16) as

—(8 = Bo)(ag @ IS (ag @ Ie) i = (By — Bo)(ag ® In) S~ (ag ® Ix)
+ 2(8y— Bo)(B — Bo)ag ® [) X" (e ® L) .
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Therefore,

(By = Bo)p = —(B—Bo)F, 1D5 [, where
Fs = DﬁO +2(8 — Bo)(ap @ )X e1 ® I).

Because § # B, and p is generic, we must have Fy 1D§O = I, which is
impossible. []

Proof of Proposition 3. If a test is unbiased, then
Egyud (S,T) < a < Eguo (S,T).
By taking sequences (3, approaching 3, we show that
Eg, u (S,T) = o, Vpu.

It also must be the case that
6E50,M¢> (S,T)
B

otherwise the power is smaller than zero for some value 3 close enough to
By- The derivative of the power function is

8Eﬁugb (S,T) /¢ alnfgu(s t)

=0,Vyu, (5.17)

—— " fpu(s,1).
Algebraic manipulations show that (5.17) simplifies to
By ($,T) - (S'Caypi + (T = Dy pa) DY (a0 1) 57 (e @ L) ) = 0.
The test ¢ must be uncorrelated with the statistic 7"
BabS.T) (7= Do)~ EE, [ES0(5.1)] - (T~ D)

T
Eﬁ()nu‘a ) (T - DBO’LL)
= 0,
where the second equality uses the fact that the test is similar and T is

sufficient and complete under the null. Consequently, expression (5.17) holds

if and only if
EBO,M¢ (Sa T) 5,050M = 07 V,u,
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as we wanted to prove. [

Proof of Lemma 1. To simplify the notation, we will omit the explicit
dependence of F, and G, on the test ¢ in the notation. Without loss of
generality we can assume that Gy(s,t, 21, 22) = x(s,t)'21 - exp (t'2z2), where
x(s,t) = ¢(s,t) - exp(—(s's +t't) /2) s'Cy, (notice that we have eliminated
the term exp (—z422/2)).

The first differential of F}, at (21, 22) evaluated at the vector (uy,us) is

DFy(z1, 22)(u1, uz) = / (X'uy + X'z1 - t'ug) exp (' 29) d(s, t).

The second differential of Fj at (21, 22) evaluated at the vector (uy,ug) is

D?Fy(21, 22) (ur, ug) = / (2X w1 + X'z - t'us) tug - exp (t'20) d(s, t).

By finite induction, the n-th differential of F, at (21, 22) evaluated at the
vector (ug,us) is

D Fylers ) us) = [ s o ) ()™ eap (02) s, 0),

Since Fy(z1, z2) is an analytic function of (21, 22), Fy(2z1,21) = 0 for all 2
is equivalent to 0 = D" F,(0,0)(u1, w1 ), for all uy and n = 0,1, 2.... Using the
above expression of D" Fy(zy, z2)(u1, u2), this last condition is equivalent to

D", (0,0)(ug,u1) = | Yuy (Fu)” " d(s,t) =0, for all u; and n = 1,2, ...
¢

(5.18)

To prove the lemma it is enough to show that there exists ¢ € K for which

condition (5.18) holds and D" Fy(0,0)(u?, u3) # 0, for some u?, u3 € R* and

no € N. Defining the measure dv(s,t) = exp(— (s's +t't) /2)d(s,t) and
using the definition of y, this is equivalent to

/(b(s,t)s’Cgou? (t’ug)no_l dv(s,t) # 0. (5.19)

Consider the following subspaces of £;(R%*):

M = L ({s'us(t'u1)" ;41 € R¥ and n € N})
N="L ({s’ul(t’u2)”*1; uy,us € RF and n € N}) ,
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where the symbol £(X) means the closure of the subspace generated by X.
We claim that M G N. Indeed, since k > 2, the function fo(s,t) = sity € N
is a non-null function orthogonal to all functions in M: for each i =1,....k
and n € N we have that

[tos?t) 'dv =0, ifi=1

/f0<87t)8it:1dl/ = f Sgt;dV = O7 ifi =2

f SthSit;kldl/ = 0, if i > 2.
That is, the function fy(s,t) = sits is orthogonal to the generator set of M
and then to all functions in M. In particular, fo € N\M. By the Hahn-

Banach Theorem (see Dunford and Schwartz (1988, p. 62)), there exists
Bg € Loo(R?*) such that

0:/¢0fdu</¢of0dy,

for all f € M. Taking e > 0 sufficiently small, ¢ = a + €¢, € K and, since
[ fdv =0, for all f e N,

0—/¢fdy</q§f0dz/,

for all f € M. Indeed, 0 = [ ¢fdv, for all f € M, is equivalent to condition
(5.18). Moreover, since fo € N and 0 < [ ¢ fodv, there must exist at least

one element of generator set of N, say s'u? (#ud)™ " for some u,ud € RF
and ng € N, such that condition (5.19) holds. O

Proof of Proposition 4. Let us find the test which maximizes power for
an alternative (3, 1') given the constraints in (2.4). This test rejects the null

when .
bulold > G + s

where the multipliers ¢ () and ¢ (¢) satisfy the boundary restrictions in
(2.4). Algebraic manipulations show that the rejection region is given by

exp (s’ (8= 5y) CBUM) > co(t) + §'er(t),

where ¢ (t) and ¢ (t) are chosen to satisfy (2.4). For ¢o(t) = ¢y and ¢ (t) =
1 X (6 - BO) Cﬁoﬂ?

exp [ (B — By) Coont] > co+c1 x 8" (8= By) Cppr.
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We now choose the constants ¢y and ¢; so that the rejection region is
given by

(5'Caopn)”

> q(1),
uC3

where ¢ (1) is the a quantile of a chi-square-one distribution. O

Proof of Remark 1. Expression (4.10) is equivalent to

1— inf 1-— /gbh
»€l'1(g,v)

Because h is a density and 0 < ¢ < 1, this is the same as

1—  inf — 1| h where 0 < ¢ < 1 and w € 70,72, Y €V,
¢e¢1?(y,h>/ [0 =17 where 0 < ¢ <1 an / P90 € o), W0

as we wanted to show. Furthermore, define H (¢") = supyer, (4 (¢, ¢") as
the support functional of I'y(g,v). By Theorem 1 of Luenberger (1969, p.
136), this expression is equal to

1 — max [<¢> ¢*> - H(¢*)]7

*||h
6" ll5<1

and the maximum is attained by some q_b* € Lo(Y,h). Furthermore,

[ G- (=&)n=l1-3;|

for ¢ € £,(Y, h) which solves the optimization problem. OJ

h

o

Proof of Proposition 5. It is straightforward to show that I's(g,7) is
convex. Now, let (¢,,) be any sequence in I'y(g,~y) that converges to ¢ in the
L5(Y, h) topology: [ (¢, — ¢)*h — 0. Tt is trivial to show that 0 < ¢ < 1.
We need to show that [ ¢g, € [v:,72], Vo € V. We note that

Jon= [ (o) ([ (2) "<

and [ (gbn)2 h < 1. By the Banach-Alaoglu Theorem, we select a subsequence
(¢,,) that converges in the weak* topology: [ @, g» — [ g, for every
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v € V. Trivially, [ ¢g, € [v1,72], Vv € V. Hence, I's(g,7) is also closed.
The result now follows from Theorem 1 of Luenberger (1969, p. 69). O

Proof of Proposition 6. For part (a), consider the problem

1\ 2
inf — = h. 5.20
¢611£1(g,v) / (6¢ 2) ( )

By the Banach-Alaoglu Theorem, the set of all measurable functions ¢ where
0<¢ <1and [¢g, € [7,7%], Vv € V, is closed in L5(Y,h). This is a
minimum-norm problem in a Hilbert space. By Theorem 1 of Luenberger
(1969, p. 69), there exists a unique ¢; that attains the infimum of (5.20).

Now, ,
(oY nme fonecfons o

Finding its minimum is the same as finding the minimum of

e/¢2h—/q§h.

A necessary and sufficient condition for ¢, to be optimal is that

1 — —
for all ¢ € T'3(g, 7).

For part (b), [ |¢, — &| h — 0 holds when [ (¢, — ¢)*h — 0. Therefore,
[ ¢.h — [ ¢h and fqzﬁih — fngh. The objective function given in (4.13)
is then continuous in (¢,0). The result now follows from the Maximum
Theorem of Berge (1997, p. 116).

For part (c), continuity of ¢, follows again from the Maximum Theorem.
Since ¢, is bounded and ¢, — ¢ in Ly(Y,h), we have ¢, — ¢ in Loo(Y,h).
This implies that [ GG — i ¢g, for every v € V; see Theorem 4.3 of Rudin
(1991). O
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Appendix A: HAC-IV

We can write

qg_ |’ 0 [ [1ep 0 ]| et 0
1/2 0 1 — /2 |
0wy P 0 woh

where P is an orthogonal matrix and p = wis/ w}{ngQ. For the numerical

simulations, we specify wy; = wqy = 1.
We use the decomposition of ) to perform numerical simulations for a
class of covariance matrices:

14+p 0
0 0

0 O

zzp{ 0 1—p

| 7 diag <)+ 7 | | 6 diag (<),
where ¢; and ¢9 are k-dimensional vectors.

We consider two possible choices for ¢; and ¢5. For the first design, we
set ¢; = o = (1/e —1,1,...,1)". The covariance matrix then simplifies to a
Kronecker product: ¥ = Q ® diag (¢1). For the non-Kronecker design, we
set ¢; = (1/e —1,1,...,1) and g3 = (1,...,1,1/e — 1)’. This setup captures
the data asymmetry in extracting information about the parameter S from
each instrument. For small €, the angle between ¢; and ¢, is nearly zero. We
report numerical simulations for € = (k +1)~". As k increases, the vector ¢
becomes orthogonal to ¢o in the non-Kronecker design.

We set the parameter p = <)\1/2/\/E> 1y for £ = 2,5,10,20 and p =

—0.5,0.2,0.5,0.9. We choose \/k = 0.5,1,2,4,8,16, which span the range
from weak to strong instruments. We focus on tests with significance level
5% for testing (B, = 0.

We report power plots for the power envelope (thick solid dark blue line)
and the following tests: AR (thin solid red line), LM (dashed pink line),
MM1 (dash-dot green line), MM1-SU (dotted black line), MM1-LU (solid
light blue line with bars), MM2 (thin purple line with asterisks), MM2-SU
(thick light brown line with asterisks), MM2-LU (dark brown dashed line).

Summary of findings.

1. The AR test has power close to the power envelope when k is small.
When the number of instruments is large (k = 10, 20), its power is consider-
ably lower than the power envelope. These two facts about the AR test are
true for the Kronecker and non-Kronecker designs.
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2. The LM test has power considerably below the power envelope when
A/k is small for both Kronecker and non-Kronecker designs. Its power is
also non-monotonic as [ increases (in absolute value). This test has power
close to the power envelope for alternatives near S, = 0 when instruments
are strong (A\/k = 8, 16).

3. In both Kronecker and non-Kronecker designs, the MM1 similar test
is biased. This test behaves more like a one-sided test for alternatives near
the null with bias increasing as A/k grows.

4. In the Kronecker design, the MM2 similar test has power considerably
closer to the power envelope than the AR and LM tests. In the non-Kronecker
design, the MM2 similar tests is biased. This test behaves more like a one-
sided test with bias increasing as A/k grows.

5. The MMI1-LU and MM2-LU tests have power closer to the power
envelope than the AR and LM tests for both Kronecker and non-Kronecker
designs.

6. The MM1-SU and MM2-SU tests have power very close to the MM1-
LU and MM2-LU tests in most designs. Hence, the potential power loss in
using the SU condition seems negligible. This suggests that the MM1-SU
and MM2-SU tests are nearly admissible. Because the SU tests are easier
to implement than the LU tests, we recommend the use of MM1-SU and
MM2-SU tests in empirical practice.
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Figure 1: Power Comparison (Kronecker Covariance) k = 2,p = —0.5
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Figure 2: Power Comparison (Kronecker Covariance) k =2, p = 0.2
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Figure 3: Power Comparison (Kronecker Covariance) k =2, p = 0.5
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Figure 4: Power Comparison (Kronecker Covariance) k =2, p = 0.9
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Figure 5: Power Comparison (Kronecker Covariance) k = 5,p = —0.5

=1

Ak

=0.5

Xk

Tomod

Tomod

=4

Ak

=2

Ak

1omod

Tomod

=16

Ak

=38

Ak

el

FERZE

-2

-4

0.8

0.8

1omod

0.4

0.2

BV

30



Figure 6: Power Comparison (Kronecker Covariance) k =5, p = 0.2
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Figure 7: Power Comparison (Kronecker Covariance) k =5,p = 0.5
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Figure 8: Power Comparison (Kronecker Covariance) k =5, p = 0.9
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Figure 9: Power Comparison (Kronecker Covariance) k = 10,p = —0.5
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Figure 10: Power Comparison (Kronecker Covariance) k = 10, p = 0.2
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Figure 11: Power Comparison (Kronecker Covariance) k = 10, p = 0.5

=1

Ak

k=05

=4

Ak

=2

Ak

=16

Ak

=38

Ak

\
-2

-4

e

0.8
0.
0
0

36



Figure 12: Power Comparison (Kronecker Covariance) k = 10, p = 0.9
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Figure 13: Power Comparison (Kronecker Covariance) k
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Figure 14: Power Comparison (Kronecker Covariance) k = 20, p = 0.2
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Figure 15: Power Comparison (Kronecker Covariance) k = 20, p = 0.5
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Figure 16: Power Comparison (Kronecker Covariance) k = 20, p = 0.9
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Figure 17: Power Comparison (Non-Kronecker Covariance) k = 2,p = —0.5
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Figure 20: Power Comparison (Non-Kronecker Covariance) k = 2, p = 0.9
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Figure 21: Power Comparison (Non-Kronecker Covariance) k = 5,p = —0.5
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Figure 22: Power Comparison (Non-Kronecker Covariance) k

=1

Ak

Ak =05

=4

Ak

=2

Ak

=16

Ak

=38

Ak

47



48



k=5p=09

Figure 24: Power Comparison (Non-Kronecker Covariance)
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10,p = —-0.5

Figure 25: Power Comparison (Non-Kronecker Covariance) k
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Figure 26: Power Comparison (Non-Kronecker Covariance) k = 10, p = 0.2
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Figure 27: Power Comparison (Non-Kronecker Covariance) k = 10, p = 0.5
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Figure 28: Power Comparison (Non-Kronecker Covariance) k = 10, p = 0.9
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Figure 29: Power Comparison (Non-Kronecker Covariance) k
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Figure 30: Power Comparison (Non-Kronecker Covariance) k = 20, p = 0.2
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Figure 31: Power Comparison (Non-Kronecker Covariance) k = 20, p = 0.5
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Figure 32: Power Comparison (Non-Kronecker Covariance) k = 20, p = 0.9
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6 Appendix B: Nearly Integrated Regressor

To evaluate rejection probabilities, we perform 1,000 Monte Carlo simulations
following the design of Jansson and Moreira (2006). The disturbances ¢ and
ef are serially iid, with variance one and correlation p = wqy/ wi?wéf. We use

1,000 replications to find the Lagrange multipliers using linear programming

(LP).
The numerical simulations are done for p = —0.5,0.5, vy = 1 + ¢/N for
c=0,-5,-10,—15,—25,—40, and § = b- 0yy.97 (yy) for b = —6, -5, ..., 6.

, —1/2
The scaling function g (yy) = (Zi\i_ll g;é VN2l> allows us to look at

the relevant power plots as v, changes. The value b = 0 corresponds to the
null hypothesis Hy : 5 = 0.

We report power plots for the power envelope (thick solid dark blue line)
and the following tests: Lo (thin solid red line), WAP size-corrected (light
brown dashed line), WAP similar (black dotted line), and WAP-LU (thick
purple line with rectangles).

Summary of findings.

1. As expected, the power curves for p = —0.5 are mirror images to the
power plots for p = 0.5.

2. The L5 test has correct size but not great power. When ¢ = 0, this
test behaves like a two-sided test. As ¢ decreases, this test starts resembling
a one-sided test. In particular, this test has power close to zero for some
alternatives far from the null.

3. The WAP size-corrected test is biased when the regressor is integrated
(¢ = 0) or nearly integrated (¢ = —5, —10). As ¢ decreases and the regressor
becomes stationary, the bias goes away.

4. The WAP similar test presents similar to the WAP size-corrected test
(with slightly smaller bias).

5. The WAP-LU test decreases the bias of the two other WAP tests
considerably (even though we evaluate the boundary conditions at only 15
points).

6. When c is small, the power of the WAP-LU test based on the MM-2S
statistic is very close to the power envelope for b negative and p = 0.5 (or
b positive and p = —0.5). However, the power curve of the WAP-LU test is
smaller than the power envelope for b positive and p = 0.5 (or b negative and

58



p = —0.5). This suggests there may be some power gains using a weighted
average density different from the MM-2S statistic.

7. The WAP-LU has overall better power than the other WAP tests, and
numerically dominates the Ly test. We recommend the use of the WAP-LU
test in empirical practice.
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Figure 33: Power Comparison: p

c=—15

c=-—10

0.8r

0.2r

1omod

081

S} o
Tomod

Tomod

0.2

-2

-4

-2

-4

60



Figure 34: Power Comparison: p = 0.5
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