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Resumo

Esta dissertacao trata do problema de inferéncia na presenca de identificagao fraca em modelos de
regressao com varidveis instrumentais. Mais especificamente em testes de hipéteses com relacao
ao parametro da varidvel endégena quando os instrumentos sao fracos. O principal foco é nos
testes condicionais unilaterais baseados nas estatisticas de razao de mdxima verossimilhanca,
score e Wald. Resultados téoricos e numeéricos mostram que o teste t condicional unilateral
baseado no estimador de minimos quadrados em dois estdgios tem uma boa performance mesmo
na presenca de instrumentos fracamente correlacionados com a varidvel endégena. A abordagem
condicional corrige uniformemente o tamanho do teste t e quando a estatistica F populacional
é tao pequena quanto dois, o poder do teste é proximo ao power envelope tanto de testes
similares quanto de nao similares. Tal resultado ¢ surpreendente visto a ma performace dos
testes t’s condicionais bilaterais relatada em (6, Andrews, Moreira and Stock (2007)). Dado esse
resultado aparentemente contra intuitivo, apresentamos novos testes t’s condicionals bilaterais
que sao aproximadamente nao viesados e performam, em alguns casos, tao bem quanto o teste
condicional baseado na estatistica de razao de verossimilhanga de (19, Moreira (2003)).

Palavras-chave: Regressao com varidveis instrumentais, testes invariantes, testes 6timos, testes
similares, testes ndo viesados, instrumentos fracos.



Abstract

This dissertation deals with the problem of making inference when there is weak identification
in models of instrumental variables regression. More specifically we are interested in one-sided
hypothesis testing for the coefficient of the endogenous variable when the instruments are weak.
The focus is on the conditional tests based on likelihood ratio, score and Wald statistics. Theor-
etical and numerical work shows that the conditional t-test based on the two-stage least square
(2SLS) estimator performs well even when instruments are weakly correlated with the endo-
genous variable.The conditional approach correct uniformly its size and when the population
F-statistic is as small as two, its power is near the power envelopes for similar and non-similar
tests. This finding is surprising considering the bad performance of the two-sided conditional
t-tests found in (6, Andrews, Moreira and Stock (2007)). Given this counter intuitive result, we
propose novel two-sided t-tests which are approximately unbiased and can perform as well as
the conditional likelihood ratio (CLR) test of (19, Moreira (2003)).

Keywords: Instrumental variable regression, invariant tests, optimal tests, similar tests, un-
biased tests, weak instruments.
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Chapter 1

Introduction!

Instrumental variables (IVs) are commonly used to make inferences about the coefficient 5 of an
endogenous regressor in a structural equation. When instruments are strongly correlated with
the regressor, the tests based on the score (also known as lagrange multiplier (LM)), likelihood
ratio (LR) and Wald (t-statistics) are asymptotically equivalent. This trinity of tests provides
reliable inference as long as the instruments are strong. However, when identification is weak,
the three approaches are no longer comparable. (16, Kleibergen (2002)) and (18, Moreira (2002))
show that the LM statistic has a standard chi-square distribution regardless of the strength of
the instruments. (19, Moreira (2003)) proposes a conditional likelihood ratio (CLR) test which
is shown by (4, Andrews, Moreira and Stock (2006)) (hereinafter, AMS06a) to be nearly optimal.
However, most results in the literature on the performance of tests based on the commonly used
t-statistics are negative: (13, Dufour (1997)) shows that standard tests based on t-statistics can
have size arbitrarily close to one; (6, Andrews, Moreira and Stock (2007)) (hereinafter, AMSO07)
find that conditional t-tests are severely biased; and (2, Andrews and Guggenberger (2010))
prove that subsampling tests based on the two-stage least squares (2SLS) t-statistic do not have
correct asymptotic size. See (22, Stock, Wright, and Yogo (2002)), (14, Dufour (2003)), and (8,
Andrews and Stock (2007)) for surveys on weak IVs.

In this dissertation we present one-sided conditional t-tests for testing the null hypothesis
Hy : 8 = B (or the augmented null Hy : 5 < (3,) against the alternative Hy : § > [, (the
adjustment for H; : 8 < B is straightforward). We consider t-statistics centered around the
2SLS, the limited information maximum likelihood (LIML), the bias-adjusted 2SLS (B2SLS) and
the estimator proposed by (15, Fuller (1977)) (Fuller’s estimator). We also introduce conditional
tests based on an one-sided score (LM1) statistic, a likelihood ratio (LR1) statistic for Hy : 8 =
Bo, and a likelihood ratio statistic (MLR1) for Hp : 8 < ;. We develop a theory of optimal
tests for one-sided alternatives that parallels the two-sided results of AMS06a. We adopt the
same invariance condition as in AMS06a and (11, Chamberlain (2007)) under which inference
is unchanged if the IVs are transformed by an orthogonal matrix, e.g., by changing the order
in which the IVs appear. We develop the Gaussian power envelope for point-optimal invariant
similar (POIS) tests. When the null hypothesis is Hy : 5 = 3, the conditional LR1 (CLR1)
test is nearly optimal in the sense that its power function is numerically close to the power
envelope. For the more relevant null Hy : 8 < f3,, the CLR1 test does not control size uniformly.
The conditional t-tests have correct size and the one based on the 2SLS estimator numerically
outperforms the conditional MLR1 (CMLR1) test. The LM1 test is a POIS test and does not
have good power overall.

The good performance of the one-sided conditional 2SLS t-test is somewhat surprising con-
sidering the bad performance of two-sided conditional t-tests found in AMS07. We show that the
bad performance is due to the asymmetric distribution of t-statistics under the null Hy : 8 = 3,
when instruments are weak. We consider two methods to improve power for two-sided tests

'This is a work with Marcelo J. Moreira and Benjamin Mills.
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based on t-statistics. First, we propose novel tests which are by construction approximately
unbiased. Second, we modify the t-statistics so that their null distribution is nearly symmetric.
Both methods yield some t-tests whose power is close to the CLR test. Hence, this dissertation
restores the triad of tests based on score, likelihood ratio, and t-statistics with reasonably good
performance even when instruments are weak for two-sided hypothesis testing. By inverting
the conditional t-tests, we can obtain informative confidence regions around different estimators
—including the commonly used 2SLS estimator.

The foregoing results are developed under the assumption of normal reduced-form errors
with known covariance matrix. The finite-sample theory is extended to non-normal errors with
unknown variance at the cost of introducing asymptotic approximations. Under weak instru-
mental variable (WIV) asymptotics, the exact distributional results extend in large samples to
feasible versions of the proposed tests. The finite-sample Gaussian power envelopes are also
the asymptotic Gaussian power envelopes with unknown covariance matrix. Under strong-1V
asymptotics, we derive consistency even when errors are nonnormal and asymptotic efficiency
(AE) when errors are normal.”

The dissertation is organized as follows: Chapter 2 introduces the model with one endogen-
ous regressor variable, multiple exogenous regressor variables, and multiple IVs. This chapter
determines sufficient statistics for this model with normal errors and reduced-form covariance
matrix. Chapter 3 introduces one-sided invariant similar tests. Chapter 4 finds the power en-
velope for similar and nonsimilar one-sided tests. Chapter 5 adjusts the tests to allow for an
estimated error covariance matrix and analyzes their asymptotic properties under weak IVs.
Chapter 6 obtains consistency and asymptotic efficiency for one-sided tests. Chapter 7 com-
pares numerically the power of the tests considered in earlier chapters under WIV asympotics.
Chapter 8 introduces novel unbiased two-sided tests. An appendix contains proofs of the results.
The supplement presents: power comparisons for different one-sided and two-sided tests; similar
and non-similar power envelopes which are numerically very close (this fact further strengthens
our optimality results); and confidence intervals for returns to schooling using the data of (9,
Angrist and Krueger (1991)).

*In principle, we could follow (10, Cattanco, Crump and Jansson (2012)) to obtain efficient one-sided tests
when errors are nonnormal, but we do not pursue this line of research here.



Chapter 2

Model and Sufficient Statistics

In this dissertation we study linear instrumental variable regression models with the objective
of making inference about the coefficient of the endogenous variable when the instruments are
possibly weak. More specifically, we want to make hypothesis tests of 5 in the following linear
model:

y1 = y2B+ Xy +u,
ya = Zm+ X& + v, (2.1)

where y1,y2 € R™", X € R"*P, and Z € R™* are observed variables; u, vo € R" are unobserved
errors (possibily correlated); and 8 € R, v1,§; € RP, and 7 € R* are unknown parameters. The
matrices X and Z are taken to be fixed (i.e., non-stochastic) and Z = [X : Z] has full column
rank p + k.

In the first and main part of this dissertation we are interested with one-sided hypothesis
testing of the coefficient 3 :!

Hy: B =pg(or Hy: B <py) against Hy : > [, (2.2)

and in the last chapter we revise and deal with the two-sided hypothesis testing problem:

Hy : B = p, against Hy : 8 # [, (2.3)

It is convenient to transform the IV matrix Z into a matrix Z which is orthogonal to X:
Z'X = 0. Since we are interested only in 3 , we can decompose the IV matrix Z=Z+PxZ=
MxZ + PXZ, where M4 = I — Py and Py = A(A’A)~A’ for any full column matrix A, and
work with the model:

v = y28+ Xy, +u, (2.4)
Y2 = Zm+ X+ v, (2.5)

where £ = &, 4+ (X'X)"1X'Z7.
Furthermore, the model can be rewritten as a matricial reduced-form:

Y =Zrd + Xn+V, (2.6)

where Y = [y1:y2] , V = [v1:ve] = [ut+vaB:ve] , a=(8,1), n=1[y:¢, and v =~ +£5.
The reduced-form errors V' are assumed to be independently and identically distributed (i.i.d)
across rows. To obtain exact distribution of the tests, we assume that each row has a mean zero

bivariate normal distribution with known 2 x 2 nonsingular covariance matrix Q = [w;;], =12 As

!The opposite inequality in the null and alternative hypothesis is a straightforward adaptation and we omit
the results.
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shown below, the normality and the knowledge of §2 assumptions can be relaxed when asymptotic
approximations are considered.

The probability model for (2.6) is a member of the curved exponential family, and low
dimensional sufficient statistics are available. Lemma 1 of AMS06a shows that X'Y and Z'Y
are independent and sufficient for (’y' , f')/ and (8, 7)’, respectively. Since the assessment of the
performance of the tests is by its power we can focus only on tests based sufficient statistics, in
particular on Z'Y. As shown by (19, Moreira (2003)), we can apply a one-to-one transformation
to Z'Y that yields the k x 2 sufficient statistic [S: 7], where 2

S = (Z2'Z)2Z'Yby - (bybo) /% and
T = (Z'2)7Y2Z2'YyQ  ag - (ahQ ag) V2, (2.7)

where by = (1, —3,)" and ag = (8¢, 1)".
The distribution of the sufficient statistic [S: 7 is multivariate normal,

vec[S:T] ~ N (hg ® pir, Iok) , (2.8)
with first moment depending on the following quantities:
hg = (cg,dg) € R? and p, = (7'Z)Y?7 € R, (2.9)

where cg = (8 — o) - (byQbo) V% and dg = a’Q ag - (apQLag) /2.

?Henceforth, we use as the matrix square root as the (unique) symmetric square root.



Chapter 3

Invariant Similar Tests

Seems natural to suppose that our decision to reject or not the null hypothesis is invariant to
changes in the coordinate system of the instrumental variables, i.e., the order in which each
instrument appears, otherwise there is too much a priori information about the instruments
and their relative relevance. The only exception to our knowledge that exclude specific in-
struments and consequently depend on the order in which the instruments appears is given
by (12, Donald and Newey (2001)). In consequence we restrict our analysis to tests that are
invariant to orthogonal transformations, i.e., let ¢ be a [0, 1]-valued statistic depending on the
sufficient statistics [S : T] and F' be a k x k orthogonal matrix, so the tests considered are such
¢(FS7 FT]) = ¢(Sv T)'l

By Theorem 6.2.1 of (17, Lehmann and Romano (2005)) and Theorem 1 of AMS06a, a test
is invariant if and only if it can be written as a function of

Q=[5:TV[S:T] = [ o ] - [ ng giT ] . (3.1)

The statistic () has a Wishart distribution with rank one that depends on
¢5(q) = haqhs = chqs + 2cpdgqsr + djqr, where

asT 4r

Note that {z(q) > 0 because g is positive semi-definite almost surely (a.s.). Define Q1 =
(Qs,Qsr). The density of @ evaluated at (g1, gr) is given by

for@r(ar,ar; B, N) = Ky exp(—A(c5 + d3)/2) det(q) k=72 (3.3)
x exp(—(gs + q1)/2)(A5(0)) " D4 9y ;o (1/AE5(a)),

where K is a constant, I,(-) denotes the modified Bessel function of the first kind of order v,
and
AN=7'Z'Zm > 0. (3.4)
Examples of invariant test statistics are the (1, Anderson and Rubin (1949)) (AR), score
and likelihood ratio statistics:

AR = Qs/k,
LM = Q%r/Qr,
iR = g (Qs-Qr/@s @i, ). (35)

1(20, Moreira (2009)) shows that the group of transformation on [S:T] is isomorphic to a group of transform-
ations on the original data Y.
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When the concentration parameter A/ (wag - k) is small, most test statistics are not approxim-
ately distributed normal or chi-square. For example, under the weak instrument asymptotics of
(22, Staiger and Stock (1997) ) where m = C/+/n, the LR statistic is not asymptotically pivotal.
Its asymptotic distribution is nonstandard and depends on the nuisance and concentration para-
meter A/ (waz - k) under the null. Consequently, the null rejection probability of the standard
likelihood ratio test depends on the concentration parameter.

(19, Moreira (2003)) proposes similar tests which reject the null hypothesis when the test
statistic 1 exceeds a critical value that depends on Qr:

V(Qs, QsT, Q1) > Fyo(QT), (3.6)

where Ky o(gr) is the 1 — « quantile of the distribution of 1 conditional on Q7 = g7 when
B =05 :

Ps, (¥(Qs,QsT, QT)) > Kyalar)) = a, (3.7)
In practice, the critical value function xy o (@) of the conditional test given in (3.6) is unknown
and must be approximated. Given a statistic ¥(Qg, Qsr,@r) write it as a function of Qg,
Sa = Qs /(S]] - |IT]|) and Qr, by Lemma 3, (f) of AMS06a, (Qg,S2) is independent of Qr
and has a nuisance-parameter free distribution when § = ;. The null distribution of (Qg, S2)
can be approximated by simulating nps¢ i.i.d random vectors S; ~ N(0,1I;) for i = 1,...,
nyc where nyc is large. The approximation to Ky o(Q7) is the 1 — « sample quantile of
{0(S1S;, Slek - QY% Qr) ri=1,...npc} and b = (1,0,...,0) € RF.

We now introduce several new one-sided invariant similar tests for testing Hy : 5 = 3, (or
Hy : 8 < By) against Hy : > . Each similar test will reject the null hypothesis when the
one-sided statistic ¢ is larger than the critical value function ry 4.

The one-sided t-statistics are based on the k-class estimators of S and its derivation are
present in the appendix:?

B(k) — By
k) = h
t (k) ou(K)[f2Qs + RBQT + 2f292Qs57 — n(k — L)wa) 12
5(l€) _ flf?QS + ngQQT + (glfQ + fng)QST — n(E — 1)’(021
. 3Qs + 93Q71 + 2f292Qs1 — n(k — 1w ’

on (k) = b(k) Qb(k) and b(k) = (1, -5 (k))', (3-8)

u

where f; = biQe;/+/0pQbo, g1 = aper//arQ tag, e = (1,0)" and ex = (0,1)" for I =1,2.

Here we will use four k-class: the 2SLS estimator, the limited information maximum like-
lihood for known 2 (LIMLK) estimator, the bias-adjusted 2SLS (B2SLS) estimator and the
Fuller’s estimator:

2SLS: k=1,

LIMLK: k=k vk =14 (Qs — LR)/n (3.9)
B2SLS: k=n/(n—k+2), '
Fuller:  k=k ik —1/(n—k—p).

The finite-sample properties of the estimators 3 (k) depend on k. Consequently, the behavior of
the t (k) statistics can be sensitive to the choice of k.

We construct two statistics from the likelihood of the model given in (2.6) with €2 known.
The first one-sided statistic based on the standard LR statistic (i.e., —2 times the logarithm of
the likelihood ratio) is for testing Hy : 5 = By:

LR1 = 2|sup l(Y;5,Q) = 1(Y;80, Q)| = R(By) — inf R(B), where
B8>8, B=Bqg
VY'P,Yb | ,
2To avoid confusion with the number k of exogenous variables, we use k to define Theil’s class of estimators
rather than the more traditional k.
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and [.(Y; 3, ) is the log-likelihood function for known 2 with all parameters concentrated out
except 5. In the Appendix, we show that R(5) and LR1 depend on the observations only
through @ and

LRl = LR x 1(B(krrari) = Bo) + max{0, R(8y) — R(c0)} X L(B(krrark) < Bo)y  (3.11)

where R(c0) = limg_.oc R(3). We will see later in the numerical results that the power function
Ps A (LR1 > KLR1,0(Q7)) is not monotonic for < f,. As a result, the CLR1 test will not have
correct size when the null hypothesis is Hy : 5 < B.Given that, we present another one-sided
statistic based on the likelihood function: the modified LR statistic for testing Hyp : 5 < :

MLR1 =2 |supl.(Y;5,Q) — sup I.(Y;5,Q)| = inf R(B) — R(B(kriari))- (3.12)
B B<Bo B<Bo

In the Appendix, we show that
MLR1 = [LR — max {0, R(8y) — R(c0)}] x 1(B(kLrmrx) = Bo)- (3.13)

(For Hy : 5 < By, the inequalities in (3.11) and (3.13) are reversed.)



Chapter 4

Power Envelopes

In this chapter, we address the question of optimal invariant similar and nonsimilar tests when
the IV’s may be weak. To evaluate the performance of the novel one-sided conditional tests, we
derive the power envelopes for similar and nonsimilar tests. The use of sufficiency and invariance
reduces the dimension of the parameters from 1+k+2p for 0 = (3,7',¢',~") to just 2 for (5, \)'.
The dimension reduction allows the power envelope to meaningfully assess the performance of
our one-sided tests. The envelope we derive here consists of upper bound for power and lower
bound for size for either Hy : 8 = 5y or Hy : B < f,.

4.1 Similar Power Envelope

The following theorem is the main result of this section:

Theorem 1 Define the statistic

le,QT(QLQT;B*:)\*) %01((]17QT§5*7)\*)
LRgxy* = = 4.1
gy (@1, Qr) for(ar; B, X°) fo. 0. (a1lar; Bo) ©a(qr; 6%, A7) 7 4.1)

where
erlaariB,0) = exp(=Ac3/2)(Ma(@) " D)5 (1/Ma(a)) and

©olar; B, A) = (/\d%QT)f(kfz)/4 Tik—2)/2 (\/)\d%QT) : (4.2)

Let kgex+ o(Qr) be a shorthand for KLRg.,«.o(QT). Then the following hold:

(a) For (B*,\*) with * > By, the test that rejects Hy : f = By when LRg«\+(Q1,Qr) >
Kg*x* o (QT) mazimizes power over all level o invariant similar tests.

(b) For (B*,\*) with B* < fy, the test that rejects Hy : B = By when LRg«\+(Q1,Qr) <
kg a* 1—a(QT) minimizes the null rejection probability over all level o invariant similar tests.

Comments: 1. We denote the test that rejects the null when LRg\«(Q1, Q1) > Kg=r* o(Q1)
as a point-optimal invariant similar (POIS) test. We determine the power upper bound by
considering the POIS tests for arbitrary values (5%, A*) when * > ;. The power upper bound
is for similar tests for Hy : 8 = B,. We do not impose the additional constraint that tests must
have correct size, and so the upper bound could be conservative for Hy : 8 < 3,. We shall see
later that even for small values of A, some tests for Hy : 8 < 3y do reach the upper bound.

2. The test which rejects the null when LRg«\+(Q1,QT) < Kpg*x*1-(Q7) is called POISO
test. We determine the null lower bound by finding the power of POISO0 tests for arbitrary values
(8%, \*) when 8* < .

3. The power envelope is the union of the power upper bound and null lower bound. Both
bounds are relevant because we would like to compare the probability of making the type I and
type 1II errors for different tests.
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4. The denominator y(qr; 5", \*) does not depend on ¢; and can be absorbed into the
conditional critical value. Thus, the test based on LRg«\+(Q1, Q) is equivalent to a test based
on the numerator of ¢ (q1, gr; 5%, A*). For reasons of numerical stability, however, we recommend
constructing critical values using In(LRg\«(Q1, Q1))

We now show that such tests do not depend on A*, so that the POIS and POIS0 tests are of
a relatively simple form. Using a series expansion of I(;_s)/2(7), we can write

(Afg(QLQT)/‘l)j
JIT((k—=2)/24+7+1)

o1 (g1, qr; B, ) = 277D 2 exp(=Ac3/2) >
j=0

(4.3)

The term ¢y (qr; 5, A) can be written analogously.
The function ¢ (q1, qr; 8, ) is increasing in {z(q1, gr) > 0. As a result, for a fixed value of
B, say B* > B, the optimal test for fixed alternative 5* rejects Hy : 8 = [y when

£5+(Q1, Q1) > K= o(QT), (4.4)

where rg+ o(Qr) is a shorthand for k¢, o(Qr) as defined in (3.7). This POIS test is one-sided
because it directs power at a single point 3* that is greater than the null value 8. An analogous
argument shows that the POISO test that minimizes rejection probabilities for fixed 5* < 3,
rejects Hy when

§5+(Q1,Qr) < kg 1-a(QT). (4.5)

Corollary 2 For * > B3, the POIS test based on &g (Q1, Qr) is the uniformly most powerful
test among invariant similar tests against the alternative distributions indexed by {(6*, ) :
A > 0} For B* < By, the POISO test based on £g+(Q1,Qr) uniformly minimizes the null
rejection probability among invariant similar tests against the alternative distributions indexed

by {(B*,A): A > 0},

Comments: 1. Although the form of the POIS and POISO tests does not depend on \*, their
power depends on the true value of A\. Hence, the power envelope depends on both parameters
£ and A.

2. A test based on £3+(Q1, Q1) is equivalent to a test that rejects when

POIS1s = Qs +052vQs — k > kg,a(QT), Where

vV 2k + 62
§ = (2dg-/cg-)\/Qr.), (4.6)

and Ksq(Q) is a shorthand for kporsi,;,a(@r) defined in (3.7). This formulation of the test
is convenient because QQg, S2, and Q7 are independent under S = f,, which simplifies the
calculation of critical values.

3. Provided w1z — w22y # 0, the quantity dg- is a linear function of 8* and equals zero if
and only if 8* = B4R, where

w11 — Wl?/BO
wiz — w223

In this case, 6 = 0 and POIS1s reduces to Qg/ V/2k, which is the AR statistic re-scaled. Hence,
the AR test, usually conceived as a two-sided test, is one-sided POIS against the alternative
B = Bar-

4. The POIS test for 8* local to 5, with 5* > §, (i.e., the LMPI test) is the one-sided LM
test that rejects Hy if

Bar = (4.7)

LM1 = Qsr/QY? > 2, (4.8)
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where z, is the 1 — a quantile of the standard normal distribution. Analogously, if 8* is local
to By with 5* < B, then the LMPI test rejects Hy if —QST/QlT/2 > Za.

5. The sign of ¢ in (4.6) can change as §* changes even for * values on the same side of
the null hypothesis because dg~ is a linear function of 3*. As a result, the form of the POIS1s
statistic (and the power envelope) changes dramatically as * varies. The constant ¢ determines
the weight put on the statistic So. The optimal value of § for small values of § > [, has the
wrong sign for large values of 8 and vice versa. This fact has adverse consequences for the overall
one-sided power properties of POIS tests.

6. The optimal one-sided test for 8* arbitrarily large rejects Hy if

Qs + 2(det(2) V2 (Bowa — w12)QsT > Fooa(Qr) (4.9)

for Koo (-) as defined in (3.7). Remarkably, the same test is the optimal one-sided test for 5~
negative and arbitrarily large in absolute value for any A*. Consequently, the optimal two-sided
test for |8* — B| arbitrarily large is the test in (4.9).

Corollary 2 shows that the POIS test for an alternative (5*, A*) depends only on 3*. Because
the true parameter 8 is unknown, we could construct an empirical version of the standardized
optimal statistic:

& = #5Qa;, (4.10)

where x5 = (Cﬁ/HhBH’dB/HhBH)/ and 3 is the maximum likelihood estimator of 8 under Hj :
B > By. The next theorem shows that the empirical POIS test is equivalent to those based on
CLR] test.

Theorem 3 The statistics EB and LR1 are equivalent up to strictly increasing transformations
(possibly depending on Q). In particular,

Pf&,\(fa > Hggva(QT)) = Pg’)\ (LRl > HLRI,a(QT)) . (4.11)

Comment: This theorem and Comment 5 of Corollary 2 indicate that the CLR1 test does not
have correct size when the null hypothesis is Hy : < (8, instead of Hy : 8 = 3. See chapter 7
below for numerical simulations on size and power of the CLR1 test.

4.2 Non-Similar Power Envelope

Non-similar tests have null rejection probability below the significance level for some values of
the nuisance parameter A\. Due to the continuity of the power function, for such values of A,
the power of a non-similar test is less than the power of a similar test for alternatives close
enough to the null hypothesis. However, for other values of A, or for more distant alternatives,
non-similar tests can have greater power than similar tests. For this reason, we also consider
optimal invariant non-similar tests of the hypothesis Hy : 8 = 5, against point alternatives.

Our construction of point-optimal invariant (POI) non-similar tests follows Section 3.8 of
(17, Lehmann and Romano (2005)). Consider the composite null hypothesis

Hy: (6,\) € {(Bg, A) : 0 < X < o0}, (4.12)

and the point alternative
Hy: (8,A) = (6%, A7), (4.13)
Let A be a probability measure over {\: 0 < A < oo} and hp be the weighted pdf,

halq) = / Joron(ar,ars B A)A () (4.14)
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where fo, 0, (q1,97;5,A) is given in (3.3). The effect of weighting by A under the null is
to turn the composite null into a point null, so that the most powerful test can be obtained
using the Neyman-Pearson Lemma. Specifically, let ¢, be the most powerful test of hy against
for.or(q1,qr; B, X"), so that ¢, rejects the null when

NPA(q) _ le,QT(qlaquﬂ 3 ) > dA7a7 (415)

ha(q)

where dj o is the critical value of the test, chosen so that N Py (q) rejects the null with probability
« under the distribution hy.
If the test ¢, has size « for the null hypothesis Hy in (4.12), i.e.,

sup P A(NPA(Q) > dpe) = @, (4.16)
0< A<

then the test ¢, is most powerful for testing Hy against Hj, and the distribution A is least
favorable; cf. Thm. 3.8.1 and Cor. 3.8.1 of (17, Lehmann and Romano (2005)).

Given a distribution A, condition (4.16) is easily checked numerically. What proves more
computationally difficult is finding the distribution that satisfies (4.16). In the numerical work
we consider distributions A that put point mass on some point Ag. In this case, we have

_ fo1.Qr (a1, qr; B, \7)
far.or (a1, 97; Bos o)

NPy (4.17)

Let R(Bg, Ao, 5%, A*|8,\) be the rejection probability of the test based on the statistic in
(4.17) when the true values are § and A\. The numerical problem is to find the value of A\g such
that the test has size a. Denote this value of Ao by A5*'; then A} solves

R(ﬁow\éF,B*,/\*lﬁo,/\éF) = « and
sup R(Bo, Ag™, 8%, A*[Bp, N) < a. (4.18)

0<\<o0

If there is a AJ¥'(B,, %, A*) that satisfies (4.18), then the test based on NP)\gp is the POI
non-similar test.

The power upper bound for invariant non-similar tests is R(Bq, Ao (8g, 8%, \*), B, \*|8*, \*)
(an analogous argument yields a null lower bound). We find numerically that the power envelopes
for similar and non-similar tests are essentially the same, up to numerical accuracy. The reason
for this is twofold. On one hand, the conditional critical values for the POIS tests depend on
qr only weakly in the range of g that is most likely to occur under the alternative. Thus, the
POIS tests are very nearly unconditional. On the other hand, the POI non-similar tests have null
rejection rates that are very nearly equal to « for all values of A; thus, the POI non-similar tests
are very nearly similar. Because POI similar tests are nearly unconditional and the POI non-
similar tests are nearly similar, the two types of tests have nearly the same rejection regions. An
analogous result is described by (7, Andrews, Moreira and Stock (2008)) for two-sided testing.



Chapter 5

Weak IV Asymptotics

Here, we consider the same model and hypotheses as in chapter 2, but with non-normal reduced-
form errors with unknown covariance matrix. We show that the finite-sample distribution of
the tests and statistics holds asymptotically under the same high-level assumptions as in (21,
Staiger and Stock (1997)). To model weak IV asymptotics and fixed alternatives (WIV-FA), we
let ™ be local to zero and the alternative § be fixed, not local to the null value 3;:
Assumption WIV-FA. (a) 7 = C/n'/? for some non-stochastic k-vector C.

(b) [ is a fixed constant for all n > 1.

(c) k is a fixed positive integer that does not depend on n.

We now specify the asymptotic behavior of the instruments, exogenous regressors, and
reduced-form errors.

Assumption 1. n='Z'Z —p D for some positive definite (k + p) x (k + p) matrix D.
Assumption 2. n~ V'V —, Q for some positive definite 2 x 2 matrix Q.

Assumption 3. n~/2vec(Z'V)—4N(0,®) for some positive definite 2(k + p)x2(k + p) matrix
®, where vec(-) denotes the column by column vec operator.

Assumption 4. =0 ® D.

The quantities C, D, and ) are assumed to be unknown. (3, Andrews, Moreira and
Stock (2004)) (hereinafter, AMS04) show that Assumptions 1-3 hold under general condi-
tions. Assumption 4 holds under Assumptions 1-3 and homoskedasticity of the errors V;, i.e.,
EWVV!|Z;) = EV,V] =Q a.s.

We now introduce tests that are suitable for (possibly) non-normal, homoskedastic, uncor-
related errors with unknown covariance matrix. See AMS04 for tests and results for cases in
which the errors are not homoskedastic or are correlated. For clarity of the asymptotics results,
we write S, T, @, etc. of chapter 2, as S, T, @, etc.

5.1 Tests for Unknown () and Possibly Non-normal Errors

For feasible tests, when the reduced-form error covariance matrix €2 is unknown, we need to
estimate consistently Q and it is achieved by the estimator:!

ﬁn =(n—k —p)*lf/\"f/, where V = Mz xY =Y — P7Y — PxY, (5.1)

see Lemma 1 of (5, Andrews, Moreira and Stock (2006,b)) (hereinafter, AMS06b).

'This definition of ﬁn is suitable if Z or X contains a vector of ones, as is usually the case. If not, then (AZn is
defined with the sample mean of V subtracted from it.
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Given that, we can replace € by ﬁn and obtain modified versions of the statistics S,, T,
QS,m QST,n and QT,n :

Sp = (Z'2)2Z'Y by - (bQnbo) /2,
T, = (2 2)2Z2'YQ; Yag - (ahQ; tag) ™,
QS,n = §;L§na @ST,n = §;Lfn and @T,n = T;/Lj:n (52)

The feasible one-sided statistics for {2 unknown are derived in the appendix and we present
here:

f(E) = B(A) 5o — , where
n Gu(B) [ [2Qs + 33Qr1n + 21202Q57n — n(k — 1)iiag)1/2

YN n n n E — Dw
3% = f1f2QS, A+ glngTA, (91]12 +/Jf192)QST,A n( )w21’ and

F3Qsm + 32Qr0 + 2F20Qs1n — 1k — 1)ian
52 (8) = (1-80) % (1.-5(0)

where ﬁ = bgﬁnel/ b{)ﬁnbo and g; = a{)el/\/agﬁﬁlag for | = 1,2, and the k’s for the four
k-class estimators are given by:

2SLS: k=1

LIML: QZEL]ML: 1+<Q5,n_LRn)/(n_k_p) (5 3)
B2SLS: k=n/(n—k+2) '
Fuller: k=Ekrimr—1/(n—k—p).

For all remaining test statistics, we just need to replace Qs, Qs and Q7 by their analogues
in which € is estimated by Q For example, the LR test statistic for unknown 2 is defined as
in (3.5), but with QS, Qst and Q7 replaced by an ,QSTn and QTn We denote the resultlng

test statistic by LRn. The analogue of LR1, M LR1 and LM1 are denoted by LRln, MLRln
and LM1,, respectively. R
The critical value function for each test statistic ¢ is simply ky o(Q7,n), as defined in (3.7).

5.2 Weak IV Asymptotic Results

In this section we derive the limit distribution of each one-sided test present in the previous
section. In particular, we show that all tests converges in distribution to their respective finite
sample distribution under normality.

Under Assumptions WIV-FA and 1-4, Lemma 4 of AMS06a shows that

(San) —d (SomToo)a
(Sns Ty ) — (S, Ty 2) —5 0

~

(S Ty ) = (Soos Tho, ), (5.4)
where S, and Ty, are independent k-vectors which are defined as follows:

vec(Nz) ~ N(vee(DzCa'),Q® Dy),
Seo = D2 Nyby- (byQb) V2 ~ N(csDY*C, I1),
T = D,"’NyQ 'ag- (ahQ 'ag) V2 ~ N(dsDy>C, It), where
Dy = Di1— DisDyy Doy,

D11 Dao

D — [ P ] , D11 € Rk Dy € RF*P and Dy, € RPXP, (5.5)
21 22
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The matrix Dy is the probability limit of n='Z’Z. Under Hy : 3 = By, Seo has mean zero, but
T does not. Let

Qoo = [Soo : Too],[Soo : TOO]7
QS,oo = Séosooa QST,oo = SéoTom QT,oo = TéoTooa
8200 = SéoTOO/(HSOOH | Twl]), and
Ao = C'DyC. (5.6)

By (5.5), we find that the finite-sample distribution of (Qg 00, @ST 00 @T,00) is the same as that
of (Qsn, QsTn, Qrn) With A, replaced by As. Then the asymptotic distribution of the feasible
tests and statistics are the same as finite-sample case:

Theorem 4 Under Assumptions WIV-FA and 1-4 with k defined in (5.3)
(a) (i)(?(k)m’it 10(@1n)) = (Hk 00), Kr(re )0 (QT,00))s
(i) (LRln»fiLRl a(QTn)) —d (LRUQ1,00, QT,00), KLR1,0(QT 0))
(lll)(MLRln, KMLR1 a(QT n)) —d (MLR1(Q1,00, QT,00); KMLR1,0(QT,00))
(1V>(LM1n7 Kraa(Qr, n)) —d (LM1(Q1,00, QT,00)s KLM1,0(QT,00))
(b) (i) P(t ( D > Kt no)a(@1n)) = Ptk oo) > Rik 0).a(Q1,00)),
(i) (LRl > KLR1 a(QTn)) — P(LR1(Q1,00, QT,OO) > KLR1,a(QT,00));
(111) (MLRln > KUMLRLa(QT,n)) — P(MLRl(QLOO, QT,oo) > HMLRI,a(QT,oo)),
(iv) P(LM1, > ki a(@rn)) = PLM1(Q1 00, QT00) > KLar1,a(Q1,00)),
(¢) P(t(E o) > ik o),a(@T,00)) = P(LR1(Q1,00, QT 00) > KLR1,0(QT,00)) = P(MLR1(Q1,00, QT,00) >
KMLR1,a(QT,00)) = P(LMl(QLOO,QT,OO) > KkLm1,0(QT,00)) = a under B = .

Comments. 1. The k/_s are the limiting distribution of the statistics k& and for all the four
k-class considered ko = 1. And the t-statistics (ko) are the limiting distribution of #(k),,
which are functions of Qo given in (5.6).

2. Part (c) asserts that conditional tests derived from the Iﬁn and @1n statistics and
on the t-statistics based on the 2SLS, LIML, B2SLS, and Fuller estimators are asymptotically
similar at level & under WIV-FA.



Chapter 6

Strong IV Asymptotics

Two important large sample properties of tests are pointwise consistency: for a fixed alternative,
the power of the test goes to one as the sample size increases; and asymptotic efficiency (AE):
the test uniformly maximize the asymptotic power among the asymptotically unbiased tests (see
(17, Lehmann and Romano (2005))). Given that, we analyze the asymptotic properties of the
conditional tests based on L/]\Tln, lﬁn, mln, and A(E)n statistics for both local alternatives
(SIV-LA) and fixed alternatives (SIV-FA). Under SIV-LA, we establish AE for the one-sided
tests and under SIV-FA, we address consistency.

Before analyzing the asymptotic properties of the one-sided conditional tests, we need to
establish the limit behaviour of the critical value functions under SIV-LA and SIV-FA. Under
both asymptotics, SIV-LA and SIV-FA, @7, diverges in probability to co as the sample size
increases. Given that we provide the following preliminary results:

Lemma 5 Let z, be the 1 — o quantile of the standard normal distribution. As qr —, 00,
(a) for any k in (3.9), kyk)a(qr) = Za;

(b) fO?" (ORS (0, 1/2)7 KLRl,a(QT) — Zq-

(c) for ac € (0,1/2), Kmrr1,a(qr) — Za-

Comment. As the sample size increases the statistic ()7, diverges to infinity in probability
which implies, by the previous result, that the critical value functions of the tests considered
converge in probability to the 1 — « quantile of the standard normal distribution.

6.1 Local Alternatives

For local alternatives, ( is local to the null value 3, as the sample size increases:

Assumption SIV-LA. (a) 8 = (8, + B/n!'/? for some constant B > 0.
(b) 7 is a fixed non-zero k-vector for all n > 1.
(c) k is a fixed positive integer that does not depend on n.

We use Lemma 6 of AMS06a to establish the strong IV-local alternative limiting distribution
of tests. Under Assumptions SIV-LA and 1-4:

(Sny Tn/n*?) =4 (SBoos ), (6.1)
(§n,fn/n1/27 ﬁn) - (San/nl/Qv Q) —p 0,
(Sns Tn /1%, Q) —a (Spoo, ar, Q),
where Spso and ap are k-vectors defined as follows:
SBoo ~ N(ag,Ii), where (6.2)
as = D> xB(byQbe)/? and

ar = D2/27r(a6§2_1a0)1/2.
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~

These definitions allow us to determine the behavior of the L/]W\ln, mn, mln, and f(k:)n
statistics under SIV-LA asymptotics.

Theorem 6 Under Assumptions SIV-LA and 1-4 with k defined in (5.3):
(a) t(k) = t(k) + 0p(1) —a (a7 SBoo) /7]

(b) LM, = LM1, + 0,(1) —a (0 Soc)/ Il
—1/2
(¢) LR1Y? = LR1Y? 1 0,(1) —q max {(apSpe0) /|||, 0,
(d) MLR1, Y2 vLR1Y? 4 0p(1) —q max {(a;.SBoo)/||ccr|], 0}

Comments. 1. Since the k-class estimators considered satisfies E =k+ Op(n_l) =140, (n_l)

we can replacement E by k such that the t-statistics do not suffer any asymptotic effect.

Together with Lemma 5, Theorem 6 yields the following optimality result for a sequence of
experiments under SIV-LA and i.i.d normal errors with unknown covariance matrix 2. Under
SIV-LA, the curvature of the model (2.6) vanishes asymptotically and standard local asymptot-
ically normal (LAN) likelihood ratio theory is applicable. For one-sided alternatives, the usual
one-sided LM test is AE under the SIV-LA asymptotics and i.i.d normal errors. The others
one-sided tests that we propose are also AE.

Theorem 7 Suppose Assumptions SIV-LA and 1 hold and the reduced-form errors {V; :i > 1}

are i.i.d normal, independent of {Z; : i > 1} with mean zero and p.d variance matriz € which
may be known or unknown. Then the score test based on LM1,, and the conditional tests based

~ —1/2 _—_1/2
on t(k), are one-sided AE. If a € (0,1/2), the conditional tests based on LRln/ and MLRln/

are also AE.

6.2 Fixed Alternatives

We now analyze properties of the tests under strong IV fixed alternative (SIV-FA) asymptot-
ics. This asymptotic framework is novel in the weak-instrument literature and determines the
pointwise consistency of tests.

Assumption SIV-FA. (a) 5 # 3, is a fixed scalar for all n > 1.
(b) 7 is a fixed non-zero k-vector for all n > 1.
(c) k is a fixed positive integer that does not depend on n.

The strong I'V-fixed alternative (SIV-FA) asymptotic behavior of tests depends on the ran-
dom vector ¢; ~ N (0, I) and
Apa =1 Dy, (6.3)

where Dy is defined in (5.5).

Lemma 8 Under Assumptions SIV-FA and 1-3,

(i) (Su/nl/?, T [n}/?) =, (csDY*m, dgD)f*r),

(i) (Sp/n'/2, T /n'/?) = (Sp/n'/2, T, /n1/?) —, 0, and

(ili) if B = Bagr and Assumption 4 holds, then T,, —q s and T, — T, — 0.

Lemma 8 allows us to determine the limiting behavior of the one-sided conditional tests
based on ?(E) , LR1,, MLR1, and LM1,, statistics under SIV-FA asymptotics.
n

Theorem 9 Under Assumptions SIV-FA and 1-3 with k defined in (5.3)
(a) £(J) /n}/? = t(k) /n}/ + 0,(1) —p ca)i{3 x (by2bo/ V') /2.
(b) if B# Bap, then LML, /n/? = LM1,/n}/? 4 0,(1) —, csA}/3,
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(¢) if B = B g and Assumption 4 holds, then L/]W\ln/nl/2 = LM1,/n'?40,(1) —4 cﬁw’D1Z/2§k/H§k||,
(d) if B> By, LRLY " /n}/? = LR1Y2/nl/2 4 0,(1) =, cpALl2,
1/2

(e) if B < B, L/R\I;/Q/nl/2 = LRl,l/Q/nl/2 + 0p(1) = \/ma:r (C% 76‘)2721’0>)‘FA’

_—— 1/2
(£) if B> Bo, MLR1Y” /nV/? = MLR1Y? /nl/? + 0,(1) — 1 [min (3w )AiA,

(8) if B < Bo, MLRL,” /n¥/2 = MLR1Y/nV/2 4 0,(1) —, 0,

Comments. 1. When 8 # 345, the critical values of the conditional tests are either constants
or converge in probability to constants as n — oo (see the comments following Lemma 5). When
B = Bag, the critical value functions of these tests (for each ;) are bounded. Therefore, this
theorem addresses the consistency of each test. -

2. The one-sided LM test rejects the null when LM1, /nY/? > z,/n'/2. Because z,/n'/?
converges to zero and the probability of can’ Dlz/ %k /|lsk|| being smaller than zero equals 50%,
the LM1 test is not consistent at 8 = B4z > Bo-

3. Part (d) shows that the CLR1 test is consistent against any alternative 8 > [, for the
null hypothesis Hy : 5 = 3. Part (e) shows that the CLR1 test asymptotically rejects the null
with probability one for some value of 8 < 3. Hence, the CLR1 test has asymptotic size equal
to one once we augment the null hypothesis to Hy : 8 < .

4. Parts (a), (f) and (g) establish consistency of the conditional tests based on the M LR1
statistic and t-statistics whether Hy : f = 8y or Hp : B < ;.



Chapter 7

Numerical Results

This chapter reports numerical results for power envelopes and comparative powers of tests
developed earlier for known 2 and normal errors. By transforming variables and parameters
in the model (2.6), we can without loss of generality set 3, = 0 and the reduced-form errors
to be normal with unit variances and correlation p.!! Without loss of generality, no X matrix
is included. The parameters characterizing the distribution of the tests are A (= 7n'Z'Zr), the
number of IVs k, the correlation between the reduced form errors p, and the structural coefficient
B.

The numerical simulations apply asymptotically to feasible tests which replace 2 with ﬁn
for stochastic regressors and nonnormal errors. Following Section 6.4 of AMS06a, the power
envelopes obtained here are asymptotically valid when the errors are i.i.d normal with unknown
covariance matrix. Numerical results have been computed for A/k = 0.5,1,2,4,8,16, which
span the range from weak to strong instruments, p = 0.2, 0.5, 0.9, and £ = 2, 5, 10, 20. To
conserve space, we report only results for A\/k = 1,2, p = 0.5 and k = 5. Additional numerical
simulations are available in the supplement.

The simulations are presented as plots of power envelopes and power functions against various
alternative values of 8 and X. Power is plotted as a function of the re-scaled alternative B)\l/ 2,
This can be thought of as a local power plot, where the local neighborhood is 1/ A2 instead of
the usual 1/n'/2, since A measures the effective sample size.

Figures 7.1 and 7.2 plots the power curves for the conditional t-tests as well as both CLR1
and CMLR1 tests. Conditional critical values for all test statistics are computed based on
100,000 Monte Carlo simulations for each observed value Q7 = ¢pr. In the absence of a UMPI
test, we consider tests whose power functions may be near the one-sided power envelope for
invariant similar tests based on Corollary 2. In the supplement, we provide numerical evidence
that the power upper bounds for similar and non-similar tests are alike.

The CLRI1 test has rejection probabilities close to the power upper bound for alternatives
B > By. However, this test has null rejection probabilities close to one for small enough values
of B < By. This bad behavior is in accordance with Theorem 3 which shows that the CLR1 test
is an empirical version of POIS tests. Hence, this test is not very useful for applied researchers.
Perhaps surprisingly, all four conditional t-tests perform at least as well as the CMLRI1 test
which has correct size for Hy : § < 5, When instruments are very weak (A/k = 1), the
conditional t-test based on the 2SLS seems to dominate the remaining tests. As A increases, the
power of the conditional t-tests approaches the conservative power envelope. This result is in
accordance with chapter 6, which shows that the conditional t-tests are asymptotically efficient
under strong-instrument asymptotics (SI-AE). Numerically, the conditional t-tests perform near
the power envelope even when A/k is as small as 2. The supplement provides further evidence for

"'There is no loss of generality in taking 8, = 0 because the structural equation y1 = y28 + X7, + u and
hypothesis Ho : 8 = 3, can be transformed into y1 = y28 + Xv; + v and Ho : § = 0, where 1 = y1 — y28, and
B=p8-Bo-



Ak =1

1 T T T T ———
—PE - similar '
t(kasrs)
t(kLrmLk
0.8 —~t(kpasrs
—t(kruLL
CLR1
ssssee CMLR1
0.6
5]
B
Qo
o
0.4+
0.2r
0

-6 5 4 -3 -2 -1 1 2 3 4 5 6

0
BV

Figure 7.1: Power curves for the one-sided conditional tests when A\\k = 1
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the use of the one-sided conditional t-tests (in particular, the one based on the 2SLS estimator)
in empirical practice.



Chapter 8

Two-Sided Tests

In the present chapter we will revise the AMS07’s finding for the conditional t-tests in the
two-sided hypothesis:

Hy: 5=, against Hy : 8 # B,. (8.1)

In chapter 7 and in the supplements we presented numerical results showing a good per-
formance for the one-sided conditional t-tests, this is striking given the bad performance of the
two-sided conditional t-tests documented by AMS07. The goal of this chapter is to solve this
apparent counterintuitive result between one-sided and two-sided conditional t-tests.

It turns out that AMS07’s finding strongly relies on the asymmetry of the null conditional
distribution of the t-statistics considered. Figures 8.1 and 8.2 plots the standard normal distri-
bution with the null conditional distributions for the ¢ (k) statistics based on the 2SLS, LIMLK,
Fuller and B2SLS to constrast this asymmetry. When the instruments are strong, ilustrated in
Figure 8.1, the null conditional distribution of the t-statistics are symmetric around zero and
we can use a symmetric critical value function in the two-sided test without loss of power.

In(gr/k) = 4

06

t(kesrs)
- tkLimMLk
05F t EFULL M
t(kpasrs)

)

-3 -2 -1 0 1 2 3

Figure 8.1: Null conditional distribution of ¢(k) when In(qr/k) = 4.

However, Figure 8.2 shows that when the instruments are weak the null conditional distri-
bution of the t-statistics turn to be asymmetric and the use of symmetric critical value function
will generate biased tests.
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Figure 8.2: Null conditional distribution of ¢(k) when In(qr/k) = 1.

To overcome this asymmetry we propose two methods: the first method augment the condi-
tional argument of (19, Moreira (2003)) in a manner to obtain two critical value functions; the
second method use other t-statistics, which are approximately symmetric, in the construction
of the t-tests.

Hereinafter, it is convenient to work with the statistics

Qr_1) = S'MrS, LM1 = Qs7/Qy/*, and Qr, (8.2)

which are a one-to-one transformation of Q.
For testing Hy : 5 = B, against H; : 8 # [y, Theorem 1 of AMS06b proves that an unbiased
test ¢ must satisfy

Eg, (¢ (Qr—1), LM1,qr)) = o and (8.3)
Eg, (¢ (Que—1), LM1,qr) - LM1) =0 (8.4)

for almost all values of gr. By Corollary 1 of AMS06b, the CLR test satisfies both boundary
conditions. Other conditional tests — such as tests based on ¢ (E)zf do not necessarily satisfy
(8.4). This places considerable limits on the applicability of conditional method of generating
unbiased tests.

For this consider the two-sided unbiased tests based on one-sided statistics ¢ (k) in (3.8)
which reject the null when

t (E) < Kt(k),1-zq <QT) ort (E) > Kt(k),a—xq (QT) ) (85)

where Ky o, (qr) is the 1— z, quantile of the conditional distribution and z,, € [0, a] is chosen
to approximately satisfy (8.3) and (8.4). Inverting the approximately unbiased t-tests in (8.5)
allows us to construct confidence regions around a chosen estimator (we do not obtain equal-
tailed two-sided intervals, otherwise the test would be biased). In particular, we can construct
confidence regions based on the 2SLS estimator, which is commonly used in applied research.

Implicit the conditional t-test used in AMS07 consider a symmetric null distribution of ¢ (k)
conditional on gr. Given that and z, = /2 we have

Kt(k),1—za (QT) = —Ri(k),a—zq (QT) ’ (86)
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Consequently, the test that reject the null when (8.5) is equivalent as the test that rejects the
null when ¢ (k)? > (/‘it(k)va /2 (qT))z. That is, we would have obtained the conditional test based
on ¢ (k)? where the critical value function is Kt(k)2 0 (ar) = (Ki(),0/2 (qT))Q.

The second method considered use t-tests based on modifications of the t-statistic that are
approximately symmetric. Figures 8.3 and 8.4 plots the null conditional distribution for the
modified versions of t-statistics:

B (k) — By

to (k) =
(&) 00 - (Y4 Pzy2 — n(k — 1) wao]

o (8.7)

which we use 0% = (1, —3,)'Q(1, —8;) as the estimator of the variance of structural error.

The conditional distributions for the ¢y (k) statistics based on the 2SLS and Fuller estimators
are also asymmetric around zero when q¢r is small. However, the ¢ (k) statistic for the LIMLK
estimator is nearly symmetric around zero for any value of gp. Hence, the conditional test based
on ty (k L]MLK)2 is nearly unbiased and should not suffer the bad power properties found by
AMSO07 for the t (k)? statistics.

In{gr/k) =4

06

- tolkLrmLk
05l tolkrurr) |
to(kpasrs

?

-3 -2 -1 0 1 2 3

Figure 8.3: Null conditional distribution of ¢y(k) when In(qr/k) = 4.

In the supplement, we provide numerical results showing that the conditional t-test based
on the to (k rLrmr K)2 statistic and some of the unbiased t-tests can perform as well as the CLR
test. Hence, the conclusion of AMSO07 is only valid for a smaller class of t-tests.
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Figure 8.4: Null conditional distribution of to(k) when In(g¢r/k) = 1.
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Derivation of the t-Statistics

The k-class estimator for the model (2.6) is given by:

s (- EMz)ys]
where Y+ = [yi,y3] = MxY and the four k-class used are:
2SLS: k=1,
LIMLK: k= EL[MLK = Smallest root x of (Y'PzY/n+ Q) — Q| =0 (8.9)
B2SLS: k=n/(n—k+2), '
Fuller: k=krimrx —1/(n—k—p).
Consequently the t-statistics follows:
5( ) = Bo
t(k , wh
B = U B
ou(k) = b(k)'Qb(k) and b(k) = (1,—B(k))" (8.10)

Since we known ) we can simplify some expressions:

v (I —EMz)y"] =[5 Payi- — (k— )ys” Mzy;"]
[yoPzyy —n(k —1)(n —k —p)/n-etY' MxMzYe /(n —k — p)]
= [y2Pzyr —n(k—1)(n -k —p)/n- Wy]
[ngZyl — n(k 1)11)2[] + Op( ) (8.11)

for [ = 1,2 and where the last equality follows from the fact that () is a consistent estimator for
Q, (n—k—p)/n=1+0(1) and n(k — 1) = Opy(1) (this last result is derived from (8.9), (8.15)
and (3.3)).

So the t-statistic can be simplified too:

B(k) — Bo
M) = Db Prye — nlk — D 72 "
[y5Pzy1 — n(k — 1)wa]
B&) (Y4 Pzy2 — n(k — 1)wag]’
oa(k) = b(k)Qb(k) and b(k) = (1, —B(k))". (8.12)

Now we will derive the t-statistic as a function of (). First we will prove that the k’s for the
k-class estimators are function of ), in particular we just need to prove that the k5,75 is ( the
others follows trivially). By definition k; ;5,7 i is the smallest root « of |(Y'PzY /n+Q)—kQ| = 0,
given that and considering the orthogonal matrix:

Ql/2b0 . Q_1/26L0
\/b6Q60 ' \/a69—1a0 ’

(8.13)

we can find the roots:

(Y'PzY/n+Q) — Q| =0
& |[JQV2Y' P YyQ 2] —n(k —1)I| = 0 because |J| = 1
(n(k = 1))* = (n(x = 1))(Qs + Qr) + (QsQr — Q%) = 0. (8.14)
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Consequently the smallest root gives us the kj;arx:
1
kpivrg = 1+ %(QS +Qr — \/(QT - Qs)?+4Q%;)

= 1+ %(Qs — LR). (8.15)

Second, define:
(Z'Z)" 22y, = [S:T)JQze
= fiS+al, (8.16)

where f; = byQe;//bpo and g; = age;/+/aiQ tag for I = 1,2. So we can write the t-statistics
as:

_ B(k) — By
= ou(k)[f3Qs + G3QT + 2f292Qs7 — n(k — 1)wan] /2’ where
Blk) = [1f2Qs + 192Q7 + (91.f2 + f192)QsT — n(k — 1wy
B f3Qs + g3Q1 + 2f202Qs7 — n(k — 1)way

an(k) = b(k)Qb(k) and b(k) = (1,—B(k))". (8.17)

When we do not known 2 the tests statistics need to consider the estimation of €). The
t-statistics and the k-class estimator of 8 follows:

(k) — By

tk) = = ;
Uu(k)[ L'(I kMZ)yzL]_l/2

where k’s are given by:

2SLS: k=1

LIML: E k iy = smallest root & of ‘Yl’YL — KYL’MZYH =0 (8.19)
B2SLS: k=n/(n—k+2) '
Fuller: E:ELIML—l/(n—k‘—p).

Using the same arguments as before, the k for LIML estimator can be written as function of

1

7{:\ =1+ — 0 n —f\n 2
krivr +n—k—p(QS’ Ry), (8.20)
as ﬁ@)
3% = y2Pzyi — (k—1)(n —k —p) - @
B Y2Pzys — (E —1)(n — k — p) - Waz
_ [1fQsa+ 9192Q7n + (91f2 + [192)Qsrn — (E—1)(n — k — p) - W (8.21)
F3Qsn + GBQrm + 2252Qs7m — (k —1)(n — k — )Wz
where fl = b{)ﬁnel/ bgﬁbo and g; = af)el/\/af)@glao for | =1,2, and Ei@):
32(’]5) _ [ _925( )] [yl _y25( )]
U n—1
~~, Y'PY Y MxMzY ~~
= b(k) b(k
GIREKLERE. L AN
QY2700 2 _k— R
S 7 SO AL Sy o B Ul et O (8.22)

n—1 n—1



37

where B(E) = (1, —B(E)) Finally, t-statistic is a function of Q, :

- _ EOEN .
— Gulk) []/[;QQS,n + 93Q1n + 2f202Qs1n — (k — 1)(n — k — p)iia)~1/2

(8.23)

Derivation of the One-sided Likelihood Ratio Statistics

Ignoring an additive constant, the log-likelihood function for known {2 with all parameters
concentrated out except 3 is

1e(Y15,92) =~ Indet(5) - % (tr(Q 1Y MxY) + R(5)). (8.24)
Hence, we have
LR1 =2 |sup (Y;8,Q) = 1(Y;80,Q)| = R(By) — inf R(S). (8.25)
B>By B2Bo

We now determine infg> 5, R(3). By definition, 3(kj 5y ;) maximizes [.(Y; 3, 2) over 8 € R.
Equivalently, 8(kp k) minimizes R(S) over € R. If B(ky ) > Bo, then infgsg R(B) =
infger R(B) = R(B(kLramrk)) and LRL = R(Bg) — infger R(8) = LR. If B(kpark) < Bos then
infg> g, R(3) equals either R(3,) or R(co) because R(f3) is the ratio of two quadratic forms in
B with positive definite weight matrices. Hence, the second equality in (3.11) holds. A similar
reasoning yields (3.13).

To see that LR1 and M LR1 are function of @) we just need to prove that R(f) is a function
of @, for this note that

bQY27QJ'0Y b
= . .2
Furthermore, we have that:
R(By) = Qs and
P 2 2 2
R(oo) = Y2fz¥2 _ f3Q@s + 95Q1 + 2f292Qs7 (8.27)
w22 W22
Proof of Theorem 1: The power function is given by
K(¢;8,7) = / o(aq1,91) foi,r (@1, 973 B, N dg1dgr . (8.28)
Rt xRxR+

We want to find a test that maximizes power at (5%, A*) among all level « invariant similar
tests. By Theorem 2 of AMS06a, invariant similar tests must be similar conditional on Qp = gr
for almost all ¢r. In addition, the unconditional power equals the expected conditional power
given Q7. Hence, it is sufficient to determine the test that maximizes conditional power given
QT = qr among invariant tests that are similar conditional on Q1 = gp, for each gpr. By the
Neyman-Pearson Lemma, the test of significance level o that maximizes conditional power given
Q1 = qr is of the likelihood ratio (LR) form and rejects Hy when the LR is sufficiently large
(part a) or small (part b). In particular, the conditional LR test statistic is

foror (@ilgr; B, A7) Foram(@: 5 4)
LRg+x+(qs,qsT,qr) = T _ .01 |
- fauer(ailariBo) — farlars 5. M) fauiqr (arlars Bo)

(8.29)

From the density fo, ¢, (q1, ¢r; 8, A) given in (3.3), we can determine fg, (qr; 5%, A*) and fQ1|QT(q1|qT; Bo)
to provide the explicit expression for LRg«\«(Q1,Q7) that appears in (4.1); see Lemma 3 of
AMS06a. O
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Proof of Theorem 3. First, we rewrite LR1 in a form that is closer to that of ZB‘ Ignoring
an additive constant, the log-likelihood function (after concentrating out 1) can be written as

1
(Y;8,7m,Q) = —g In|Qf - Str (Q7'V/MxV), where V =Y — Zra' — X1 (8.30)
Maximizing (8.30) with respect to 7, one finds that 7 (8) = (2'Z) ' Z’YQ 'a/a/Q ' a, where

a = (B ,1). The concentrated log-likelihood function, I.(Y;3,Q), defined as I(Y; 3,7 (8),Q), is
given by

n 1 . ad QY Py Q a
(Y58,Q) = =S Q] — 5 |#r(Q7'Y ' MzY) - o (8.31)
We can simplifies the last term in (8.31):
‘Y PYQ !
(Q:8,) = 2 <= (8:32)

a'Q 1a
Q2 J( O VRY Py QY2 ) Q1 2
a'Q=1/2]JQ-1/2q
IQa

= —~, Where a = JQ~ 1/24,
a'a

When evaluated at 3, the maximum likelihood estimator of 8 under Hj : 3 > Bo, (8.31) becomes
~ n 1 At ~
L(Y5B,Q) = =2 [0 - 5 [#r(Q7Y'Y) - 7(Q: B,9)|. (8.33)

Because LR1 is defined as 2[l.(Y; B, Q) — 1. (Y; By, )], it follows that

LR1 = 2[1.(Y; 8,9) — I (Y; By, Q)] = 7(Q; B, Q) — Qr. (8.34)

Since the term Q7 can be ignored for conditional testing, the CLR1 test is equivalent to rejecting
Hy when 7(Q; 3,Q) > Kro(QT). Because the vector a = (8,1)" maximizes (8.31),

7(Q; B, Q) = 25Quz, where x5 = (c5/||hgll, d3/lh5]l)". (8.35)

This proves the equivalence between the CLR1 test and the empirical POIS test based on
55 = x'BQxB d

Proof of Theorem 4.

For parts (a)(i) and (b)(i) note that t(k)n in (8.23) is a (almost everywhere) continuous
function of Q,, and Ki(k,)al-) 18 a continuous function of @T,n. The result follows from the
continuous mapping theorem.

By the same arguments we have the results of parts (a)(ii)-(iv) and (b)(ii)-(iv).

The tests are asymptotically similar at level a by definition of the critical value functions.[]

Proof of Lemma 5. For part (a), we need to analyze t-statistics based on the 2SLS, B2SLS,
LIMLK and Fuller estimators. The null distribution of the t-statistics conditional on Qr = qr
depends on the null distribution of Qg and Ss.

After some calculation, the t-statistic can be written as:

Hk) = [f2Qs + 92Qs1] 00
B [f3Qs + g3Q1 + 2f292Qs7 — n(k — 1wya]/?  ou(k)
B n(k —1)(wi2 — w2afBy) (8.36)
ou(k)[f2Qs + ¢2QT1 + 2f292Qs1 — n(k — 1)wan] /2 '
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For the 2SLS estimator the second term is zero and the null conditional distribution on
Q1 = gr of the t-statistic is:

1/2
[ 4% + 5204 o

t1) = .
@ fz Qs f2 Qs 1/2 ou(1)
1+ 2 ar +225, ]
— 48QY% = LM1 as gp —, 0 (8.37)

because (3 (1) —, By and 7, (1) —, (bhQo)'/? = o as qr —, o0

The same limiting result holds for the t-statistic based on the B2SLS estimator.

Now lets analyse the t-statistic based on the LIMLK estimator. First, by expression (A.12)
of AMS06a, the null conditional distribution of the LR statistics converges to chi-square-one as
qr —p 0 :

1 2
LR = B Qs —qr + (g7 — Qs) <1 =+ (qT_ng)QQSSSH +0p (1)
= QsS85 +0,(1), (8.38)

and then n(ky e — 1)/ qflp/ 2 —p 0 as gr —p 0o. Second, the null conditional distribution of
the LIMLK estimator of 8 converges in probability to 8y as g7 —, 00 :

qr

1/2 k 1
f1f2 + g192 + (91f2 + f192) Z?/g _ nlkpryrr—wa
T

5(ELIMLK) = 1/2
fQQS' _|_g2 1 2f2g9 Z?/% N ”(ELIMlLI;(_l)wﬂ
T
g1
= = By, (8.39)

pg2

consequently oy, (krrarx) —p 0o when gr —, co. Finally the null conditional distribution of
t (krrar) converges in distribution to standard normal distribution:

[ f??fz + sz@;/ g

241

00

tkpivrk) = :
[1+f2 Qs ) fzs 1/2 o n(ELU(\fTLK_l)w22]1/2 UU(ELIMLK>

k 1
n(k LIM1L/12< )(7«U12_w22,30)
92491

oully i)l + fg Qs + 2f23 1/2 _ "(ELugTLK*l)wQQ]l/Q

— ¢ LM1 as g7 — o0. (8.40)

We can obtain the same result for the t-statistic based on the Fuller estimator.
For part (b), note first that the null conditional distribution of max{R (3y) — R (o), 0} goes
to zero in probability as gr — oc:

f2)_

(8.41)

2 1285012
2q1/2(92qT >+ 2f, Qy )’0} 0,
(5

s {0511~

and so we can apply the continuous mapping theorem to obtain:
LR1Y? = LRY? x 1(t (k nivrr) > 0) + o0y (1)
— 5QY° x 1(8QY” > 0) + 0, (1)
— 4 maX{SQQ;/Q,O} as qr — 00. (8.42)
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The critical value for max{SgQED, 0} at level a (with 0 < av < 1/2) is z, because

P (max{sng/z, 0} > za> —p (ngg/Q > za> —a (8.43)
Part (c) also follows from (8.41), (8.42) and (8.43).00

Proof of Theorem 6. To prove part (a) note that the k-class estimator are consistent:

flszS’" + 91 ngT‘" + (g1f2 + f192)% — (b — Dwa
f2 QSn QQZ;,n + 2f292 QSnT,n _ (E _ 1)'[1)22

g1
7:/8’
p92 0

Bk) =

because (k — 1) = O,(n~!) for each k-class considered. Consequently, o, (k) —, oo and

) = [fQQf/; + 92 Cisl%n] a0
[ 2QSn+92QTn+2f292QSTn_(E_l)w22]1/2 Uu(k)
n'2(k — 1) (w12 — wa2 )
ou(R) [ + UL 12 [0, 950 — (ks — 1)wps] /2
- da'TSBoo/llaTll- (8.44)

Its easy to see that the ?(E) statistics are asymptotically equivalent to the corresponding ¢ (k),,
n
statistics.

Part (b) trivially follows from (6.1).
For part (c), recall that the LR1,, statistic is

LR1, = LRy, x 1(B(kprmrk) > Bo) +max{R(By) — R(c0),0} x 1(B(kprmrk) < Bo)- (8.45)

Under local alternatives, max{R(5,) — R (c0),0} —, 0 because

R(By) = Qsn=0p(1) and

R(0) = (f3Qsn+ g3Q1n +2f202Q8Tn)/Wwaz —p 00. (8.46)
Therefore,
LR1Y? = LRY* x 1(t (k prvrx) > 0) +o0p (1) (8.47)

— 4 (apSBoo)/|lar|| X 1[aSBes/||ar|| > 0],

where the third equality follows from the continuous mapping theorem and the joint convergence
of LR and t (k piamrr) to (@SBoo)?/||lar||? and o/ Speo/||ar]|, respectively; see AMS06a, The-
orem 6(c), regarding the convergence in distribution of LR to (¢/Speo)?/||ar||?>. By (6.1) we
have the same asymptotic result for m

Part (d) also follows from (8.47) because max {R (8y) — R (c0),0} converges in probability
to zero.l

Proof of Theorem 7. For part (a), following the proof of Theorem 7 of AMS06a, we know
that the one-sided LM statistic for known Q is LM1, = Qsrn/ QlT/ Z, which is asymptotically
efficient by standard results.

By Lemma 5, the critical values of conditional tests based on LR1,, M LR1,, and t-statistics
converge to a standard normal 1 — o quantile (provided o € [0,1/2) for the likelihood ratio
statistics).
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The LRll/ > and M LRl,l/ ? statistics are not asymptotically equivalent to LM 1,,. However,

the asymptotic power of the one-sided tests based on LRli/z, MLRl}/Q, and LM1, are the
same:

(max{¢; + \'/?B (ngbg)_l/z ,0} > z4)

P
1/2 / -1/2

P(c1+ AV2B (bpQbo) 77 > z4)

P (apSpoo/llar|| > 2a) , (8.48)

P (max{(aSBoo)/|lar]], 0} > 24)

where ¢; ~ N(0,1), B > 0, and z, is a positive critical value.
By Theorem 6, the asymptotic behavior of the tests above are the same when 2, replaces
Q). Hence, these tests are asymptotically efficient when € is estimated. [J

Proof of Lemma 8. Part (i) of the Lemma is established as follows:

Sp/nt? = (0712 Z) V2T ZY by - (bpSbe) L2

—p DIZ/27Ta'b0 - (b)Y = D1Z/27r05. (8.49)

Similarly,

To/n'? = (n1Z2'2) V20 27y Q ag - (a2 tag) 2
Dlz/Qwa’Q_lao (aptag) "2 = Dlz/27rd5. (8.50)
Part (ii) of the Lemma follows from Lemma 1 of AMS06b and part (i).
Next, we prove part (iii) of the Lemma. If 3 = 34z, then a’QQ *ag = 0 and using Assumption
4, we have
T, = (7 'Z'2)7 Y207 22V ag - (ah tag) /2 (8.51)
—d Sk~ N(0, Ix). (8.52)

Part (iii) now follows from Lemma 1 of AMS06b. O

Proof of Theorem 9: For part (a), we use Lemma 8 in (3.9) to note that (k — 1) = 0,(1)
and consequently the k-class estimators are consistent:

Jifo=" Qs +g192QT" + (g1fa+ flgz)QSnT’" — (k- 1Dwy

fQQSn QQTn _|_2fg QSTn _ (E—l)wQQ
fieg+gids
P facs + gadp

Bk) =

(8.53)

if B# Bag or B = Bapg, therefore o, (k) —, (H'Q)/? = o,
Now we can show the asymptotic dlstrlbutlon of t(k)n /nl/2 For either 8 # B por B = Bap :

tk)n 255 + 250 .90
Vn [ 2an +92QTn +2f gQQSTn — (k- 1)w22]1/2 ou(k)
(k — 1)(w12 — wa2f0)

ou(k )[fQS’n +g2%n 4 2f292% — (k — Dwg]'/?

n

= p B)‘l/Q 00. (8.54)

By the same arguments, t( )n/n/? converges in probability to CaA R 1/2 100/ 0u-
Part (b) follows trivially.
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For parts (c¢) and (d), we write the LR1,, statistic as in (3.11). To study the behavior of

LR1,, under fixed alternatives, we use the following:

R (00) 2Qsn 2 QT n QsTny 1 1
— 3 ) 2 i )\
" (f3 o + 92 o + 2f2g2 - JWas —p AFAW,y
R
(Bo) = @sn —p C%)\FA) and
n n
LR 1
no_ 7(QS,n - QT,n + \/(QT,n . QS,n)Q +4QST,n — C%)\FA-
n 2° n n n n n

which holds if: 8 = B4r or 8 # Bag-
If B> By, 1(B(Erramrni) = Bo) —p 1 by continuous mapping theorem and so

LR1,

n

If 8 < Bo, WB(kLrvrx) = Bo) —p 0 and
LR1,,

n

2
—p CB)\FA.

—p max{c% — Wy, 0} Apa.

The same is true for LRI, /n.
For parts (e) and (f), we write the M LR1,, statistic as in (3.13).
If 8> Bo, 1(B(krivrr) = Bo) —p 1 and

MLR1,
n

If 8> By, 1(B(kLnvrx) = Bo) —p 0 and

MLR1,

—, 0.
n P

For M/Lﬁn /n we have the same result.[]

—p C%)\FA — max{c%)\pA - w521AFA,O} + C%)\FA = min{c%,wzgl})\FA.

(8.55)

(8.56)

(8.57)

(8.58)
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1 Asymptotic Power

Figures 1 to 36 provide power curves for all one-sided designs considered. For
the one-sided power curves, we plot graphs of the power envelope for similar tests
(PE - similar), the power envelope for nonsimilar tests (PE - nonsimilar), one-sided
conditional ¢ (k) and ¢ (k) tests based on the two-stage least squares (2SLS), limited
information maximum likelihood (LIML), Fuller (FULL; Fuller, 1977), and bias ad-
justed two-stage least squares (B2SLS; Nagar, 1959, Rothenberg, 1984) estimators,
CLR1, and CMLRI1 tests. Figures 37 to 60 provide power curves for all two-sided
designs considered. For the two-sided power curves, we plot graphs of the power
envelope for locally unbiased invariant tests (PE-LU; Andrews, Moreira, and Stock,
2006a), unbiased ¢ (k), unbiased t (k), Moreira’s (2003) conditional ¢ (k)*, and con-
ditional ¢, (k)* tests.

The critical values for the power envelope for one-sided similar tests and two-
sided locally unbiased invariant tests, conditional t-tests, and the unbiased t-tests
are calculated based on 100,000 simulations of ()—1) and LM1. For the one-sided
nonsimilar power envelope, least favorable distributions were approximated using a
single-point distribution. The critical values for the PE-LU are calculated using the
algorithm described in Section 8.3 of Andrews, Moreira, and Stock (2006b).

For two-sided unbiased tests, we employ an algorithm which approximates the crit-
ical value functions K(k),1—z, (¢7) and Kyk)a—z. (¢r). We first write the ¢-statistics as
functions of Q 1y, LM1, and Qr, e.g., t (k) = 9 (Qp—1, LM1,qr, Bo,2). We generate
J replications drawn from xf, ) and standard normal distributions: {Q{k_l), LMY,
This allows us to approximate the conditional null distribution of ¢ (k) by

J
PJ (w (QkbeMlaqTaﬁOvQ) < l’) = ‘]712[ (¢( i;_laLMlj7QT7ﬁ07Q) < 1') . (1)

J=1

To find the approximate critical values /{;I(k) 1—a, (qr) = ¢ and /i{(k) aea, (qr) = ¢,

we follow three steps for each level of ¢r. First, we compute the quantiles based on
the empirical distribution P (1/1 (Qk—1, LM1, qr, 5y, Q) < Q‘Z]) = 2. Then, we find z/
in the interval [0, ] which solves

J
min |[J 7 T(Q], < ¥ (Q_y, LMYV qr,5,,Q) < Q) LMV|.  (2)
j=1

Finally, we use Q7__ ; and Q7 . ; Tespectively as approximations to Ky),1-s, (¢r) and
Ri(k),a—zq (QT)

The power function for each design is computed at 13 evenly spaced points for
B/ VA ranging from —6 to 6. Results are based on 5,000 simulations. The pa-
rameter combinations considered are k£ = 2,5,10,20, p = 0.2,0.5,0.9, and Yx =
0.5,1,2,4,8,16. We note that the cases of p = —0.2, —0.5, —0.9 are covered as well.
For one-sided tests, the power curves with p = py for H; : § < 0 are the mirror image



of the power curves with p = —pg for H; : > 0. Similarly for two-sided tests, the
power curves with p = py are the mirror image of the power curves with p = —py.

2 Empirical Example

We revisit Angrist and Krueger’s (1991) work on returns to schooling for the 1920-
29, 1930-39, and 1940-49 cohorts using the U.S. Census. The data consist of the
original 1970 and 1980 U.S. Census sample of males born in the United States used
by Angrist and Krueger (1991)"'. The 1920-29 cohort is from the 1970 Census sample,
the 1930-39 and 1940-49 cohorts are both from the 1980 Census sample. For the 1920-
29 cohort we excluded 3000 individuals whose place-of-birth was ambiguous, leaving
us with a sample size of 244,099 observations. All individuals in the 1930-39 and
1940-49 cohorts had clearly identified places-of-birth and none were eliminated. The
sample sizes of the 1930-39 and 1940-49 cohorts are 329,509 and 486,926 observations,
respectively.

We include a constant, race, metropolitan area, marital status, age, age-squared,
and dummies for year-of-birth, state-of-birth, and regions as covariates. The log-
weekly earning variable is imputed from weeks worked and annual earnings. The
metropolitan area variable equals one if the individual lives in a Standard Metropoli-
tan Statistical Area (SMSA), as determined by the U.S. Office of Management and
Budget and recorded by the Census. The 50 state-of-birth dummies are constructed
from the place-of-birth Census code variable, ignoring the code value of 11 (District
of Columbia). The race variable equals one if the individual is black and zero if not.
The 8 regional dummy variables are constructed from the Census region code vari-
able that represents the 9 Regional divisions used by the U.S. Census Bureau. The
age variable is imputed from the year-of-birth and quarter-of-birth of individuals. A
detailed description of how the data were constructed from the original Census data
can be found in Appendix 1 of Angrist and Krueger (1991).

Tables 1 to 3 provide specifications for the empirical example. Specifications I
and II use quarter-of-birth and quarter-of-birth x year-of-birth respectively as in-
struments, and include a constant, race, metropolitan area and marital status, nine
year-of-birth and eight regional dummies as controls. Specification III adds age and
age? as covariates and allows interaction between quarter-of-birth and year-of-birth.
Specification IV replaces year-of-birth dummies used in specification III by state-of-
birth dummies.

The first rows present the OLS, LIML, 2SLS, Fuller and B2SLS estimators with
their respective standard errors. We next present 95% confidence confidence intervals
for one-sided tests: CMLR1 and unbiased t-tests based on the LIML, and 2SLS,
Fuller and B2SLS estimators. Finally we present 95% confidence intervals for two-
sided tests: CLR and unbiased t-tests based on the LIML, 2SLS, Fuller and B2SLS
estimators.

We focus on specification IV, shown by Cruz and Moreira (2005) to be informative

1The data are available at http://economics.mit.edu/faculty /angrist/datal /data.



for returns to schooling despite the low first-stage F-statistic and 178 instruments.
The LIML estimator is larger than the 2SLS estimator for the three cohorts. We
first report confidence intervals for one-sided tests: CMLR1 and the unbiased t-tests
based on the 2SLS and LIML estimators. One-sided tests may be appropriate in this
application. Because returns to schooling 3 are non-negative, we can test against the
alternative Hy : 8 > (y. The confidence regions for the t-tests are comparable despite
the associated estimates being quite different. For example, take the 1930-39 cohort.
The 2SLS estimates returns to schooling to be 8.11% while the LIML estimate is
9.82%. The lower bound for our confidence regions is about the same (6.1%-6.3%).
In the one-sided case we do not make a statement about the upper bound on returns
to schooling.

Next we report confidence intervals for two-sided tests: the CLR test and un-
biased t-tests based on the 2SLS and LIML estimators. As in the one-sided case,
confidence regions for the t-tests and CLR test are comparable. The lower bound for
our confidence regions of the 1930-39 cohort is about the same across two-sided tests
(5.4%-5.6%), while the upper bound for the unbiased t-tests using the 2SLS estimator
is slightly larger than using the LIML estimator (15.5% instead of 14.5%). The unbi-
ased t-tests and the CLR test produce comparable confidence intervals. In particular,
the confidence regions centered around the 2SLS estimator can be informative even
when the first-stage F-statistic is low. This empirical exercise supports our theoreti-
cal work on the use of the 2SLS and confidence intervals based on unbiased t-tests in
applied work.
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Table 1: Effects of Years of Education on Log Weekly Earnings (1920-29 cohort)

I II 111 v
Bors 0.0701 0.0701 0.0701 0.0692
(s.e.) (0.0004) (0.0004) (0.0004) (0.0004)
BrivL 0.0595 0.0691 0.2615 0.1390
(s.e.) (0.0166) (0.0151) (0.1116) (0.0196)
Basrs 0.0594 0.0688 0.1053 0.0936
(s.e.) (0.0166) (0.0175) (0.0331) (0.0109)
BroLL 0.0595 0.0688 0.2318 0.1383
(s.¢.) (0.0165) (0.0174) (0.1026) (0.0195)
Bpasis 0.0594 0.0689 0.3640 0.1365
(s.e.) (0.0166) (0.0170) (0.1821) (0.0191)
One-sided 95% Confidence Intervals
CMLR1 0.031,00]  [0.035,00]  [-o00,00]  [0.089,00)]
to (Erran) [0.031, 0] [0.035, 00] [—00, 00] [0.089, o]
t(krrvr) [0.031, 0] [0.035, 0] [—00, 00] [0.089, 0]
to (kasrs) [0.030, 0] [0.036, c0] [—00, 00] [0.087, o]
t(kasrs) [0.030, 0] [0.036, 00] [—00, 00] [0.087, 0]
to (Erurr) [0.031, 0] [0.035, 0] [—00, 00] [0.089, 0]
tkpyrr) [0.031, 0] [0.035, 0] [—00, 00] [0.089, 0]
to (Epasrs) [0.030, 0] [0.036, 0] [—00, 00] [0.087, o]
t(kpasrs) [0.030, 0] [0.040, 0] [—00, 00] [0.106, 0]
Two-sided 95% Confidence Intervals
CLR 0.025,0.093]  [0.028,0.109]  [—o00,00]  [0.080,0.214]
to (kyars) 0.025,0.093] [0.028,0.109]  [—o00,00]  [0.080,0.213]
t(kprars) 0.025,0.003]  [0.028,0.109]  [—o00,00]  [0.080,0.213]
to (kysyg) 0.025,0.093]  [0.029,0.107]  [~o00,00]  [0.077,0.236]
t(kysrs) 0.025,0.003]  [0.029,0.107]  [—o00,00]  [0.077,0.236]
to (kpupy) 0.025,0.093]  [0.028,0.109]  [—o00,00]  [0.080,0.213]
t (kpyps) 0.025,0.003]  [0.028,0.109]  [—o00,00]  [0.080,0.213]
to (kpasrs) 0.025,0.093]  [0.029,0.108]  [—o00,00]  [0.101,0.228]
t (kpssrs) 0.025,0.003]  [0.034,0.103]  [—oc0,00]  [0.077,1830]
F (first stage) 37.971 4.538 1.055 1.553
Number of instruments 3 30 28 178
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Table 2: Effects of Years of Education on Log Weekly Earnings (1930-39 cohort)

I II 111 v
Bors 0.0632 0.0632 0.0632 0.0628
(s.e.) (0.0003) (0.0003) (0.0003) (0.0003)
BrimvL 0.0999 0.0838 0.0574 0.0982
(s.e.) (0.0210) (0.0179) (0.0385) (0.0153)
Bosts 0.0990 0.0806 0.0600 0.0811
(s.e.) (0.0207) (0.0164) (0.0290) (0.0109)
BruLL 0.0995 0.0836 0.0577 0.0980
(s.e.) (0.0209) (0.0178) (0.0378) (0.0153)
Bp2sLs 0.0994 0.0848 0.0555 0.1016
(s.e.) (0.0208) (0.0183) (0.0445) (0.0161)
One-sided 95% Confidence Intervals
CMLR1 [0.065, 0] [0.051, 0] [—0.184, o] [0.061, 0]
to (Errar) [0.065, 0] [0.051, 0] [—0.184, 0] [0.061, 0]
t(krran) [0.065, 0] [0.051, o] [—0.075, o] [0.062, 0]
to (Easrs) [0.065, 0] [0.051, 0] [—0.378, 0] [0.063, c0]
t(kasrs) [0.065, o] [0.051, o] [—0.270, o] [0.063, 0]
to (Erurr) [0.065, 0] [0.051, 0] [—0.105, 0] [0.061, 0]
t(kryLr) [0.065, o] [0.051, o] [—0.076, o] [0.062, 0]
to (Epasrs) [0.065, 0] [0.051, 0] [—0.946, 0] [0.063, 0]
t(kpasrs) [0.065, o] [0.054, o0] [—0.384, 0] [0.075, 0]
Two-sided 95% Confidence Intervals
CLR [0.059,0.145] [0.044,0.125] [—0.187,0.285] [0.055,0.145]
to(kprvr) [0.059,0.145] [0.044,0.125] [—0.182,0.335] [0.054,0.145]
t(kprr) [0.059,0.145]  [0.044,0.125] [—00, 00] [0.054,0.145]
to (Easrs) [0.059,0.145]  [0.044,0.128] [—o0 oo] [0.056,0.155]
t(kosrs) [0.059,0.145]  [0.044,0.128] [—00, o0] [0.056,0.155]
to (Erurnr) [0.059,0.145]  [0.044,0.125] [—00, 0] [0.054, 0.145]
t(kryrn) [0.059,0.145]  [0.044,0.125] [—00, o0] [0.054,0.145]
to (Epasrs) [0.059,0.145] [0.044,0.128] [—00, 0] [0.055,0.136]
t(kpasrs) [0.059,0.145]  [0.048,0.123] [—00, o0] [0.070,0.155]
F (first stage) 30.528 4.748 1.613 1.870
Number of instruments 3 30 28 178
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Table 3: Effects of Years of Education on Log Weekly Earnings (1940-49 cohort)

I I III v
Bors 0.0632 0.0632 0.0632 0.0516
(s.e.) (0.0003) (0.0003) (0.0003) (0.0003)
Brimr —0.0902 0.0286 0.1243 0.0878
(s.e.) (0.0301) (0.0197) (0.0420) (0.0178)
Bosts —0.0734 0.0393 0.0779 0.0666
(s.e.) (0.0273) (0.0145) (0.0239) (0.0113)
BruLr —0.0882 0.0289 0.1218 0.0875
(s.e.) (0.0299) (0.0196) (0.0412) (0.0177)
Bpasrs —0.0750 0.0373 0.0912 0.08725
(s.e.) (0.0275) (0.0156) (0.0297) (0.0164)
One-sided 95% Confidence Intervals
CMLR1 [—0.148, o] [—0.008, o] [0.043, 0] [0.046, 0]
to (Errar) [—0.148, 0] [—0.008, 0] [0.043, 0] [0.046, 0]
t(krran) [—0.148, o] [—0.007, o¢] [0.041, o] [0.046, o]
to (kasrsg) [—0.130, 0] [0.009, 0] [0.031, 0] [0.044, 0]
t(kasrs) [—0.130, o0] [0.009, o] [0.031, o] [0.044, o]
to (Eryrnr) [—0.148, 0] [—0.008, o] [0.043, 0] [0.046, 0]
tkpyrr) [—0.148, o] [—0.007, o¢] [0.040, o0] [0.046, o]
to (Epasrs) [—0.130, o] [0.008, 0] [0.031, 0] [0.044, 0]
t(kpasrs) [—0.130, o¢] [0.011, o0] [0.043, 0] [0.055, o]
Two-sided 95% Confidence Intervals
CLR [-0.161,—0.036] [—0.015,0.071] [0.026,0.262] [0.038,0.142]
to(kprar) [-0.161, —0.036] [—0.015,0.070] [0.028,0.264] [0.037,0.141]
t(krprar) [-0.160, —0.036] [—0.015,0.070] [0.024,0.256] [0.037,0.141]
to (kasrs) [-0.141,-0.026]  [0.003,0.070]  [0.019,0.179] [0.036,0.133]
t(kogrs) [-0.141,—-0.026]  [0.003,0.070]  [0.019,0.178] [0.036,0.133]
to (kryrnr) [-0.161,—-0.036] [—0.015,0.070] [0.027,0.263] [0.037,0.141]
t(kpurr) [-0.160, —0.036] [—0.015,0.070] [0.023,0.255] [0.037,0.141]
to (Epasrs) [-0.142,—-0.025]  [0.003,0.071]  [0.019,0.180] [0.036,0.134]
t(kpasrs) [-0.141,—-0.026]  [0.005,0.068]  [0.034,0.160] [0.050,0.117]
F (first stage) 26.316 6.849 2.736 1.929
Number of instruments 3 30 28 178
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