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Education, Preferences for Leisure and the Optimal Income
Tax Schedule.”

Tiago Severo!
Getulio Vargas Foundation

Abstract

Recent advances in dynamic Mirrlees economies have incorporated the treatment
of human capital investments as an important dimension of government policy. This
paper adds to this literature by considering a two period economy where agents are
differentiated by their preferences for leisure and their productivity, both private in-
formation. The fact that productivity is only learnt later in an agent’s life introduces
uncertainty to agent’s savings and human capital choices and makes optimal the use
of multi-period tie-ins in the mechanism that characterizes the government policy.
We show that optimal policies are often interim inefficient and that the introduc-
tion of these inefficiencies may take the form of marginal tax rates on labor income
of varying sign and educational policies that include the discouragement of human
capital acquisition. With regards to implementation, state-dependent linear taxes
implement optimal savings, while human capital policies may require labor income
taxes that depend directly on agents’ schooling. Keywords: Income Taxation;
Educational Policy; Dynamic Screening. JEL Classification: H21; D63

1 Introduction

Two important shortcomings of Mirrlees’ (1971) framework are its static nature and
its relying on overly restrictive assumptions on the degree of heterogeneity between
agents. Not surprisingly, the most important and challenging modifications are exactly
the introduction of dynamic concerns and other dimensions of heterogeneity among
agents. Despite the effort, the technical difficulties are well known,! and advances in

the area, slow.

*We thank Juliano Assuncao, Luis Braido, Cristiano Costa, Lucas Maestri, Paulo Monteiro, Claudia
Rodrigues, participants at the SBE meeting and seminar participants at EPGE and PUC-Rio for their
comments. All errors are ours.

tE-mail: tsevero@fas.harvard.edu

!See, for example, the surveys by Rochet and Stole (2003) for multidimensional screening, by Kocher-
lakota (2005), and by Golosov et al. (2006) for dynamic Mirrlees economies.



This paper adds to our knowledge of non-linear optimal income taxation in a multi-
dimensional dynamic setting and, at the same time, incorporates another important
dimension of government actions: human capital policies. Human capital investments
have been shown to have important quantitative consequences for the design of labor
income taxes [e.g., Kapicka (2006)], while human capital policies have been shown to
depend on the richness of government policy instruments [e.g., da Costa and Maestri
(2007)].2 We revisit both issues and characterize policies along the whole (constrained)
Pareto frontier.

Multidimensionality in our model is due to the fact that agents differ both with re-
spect to their preferences for leisure and their productivity. Both are private information.
Uncertainty arises from the fact that agents only learn their productivities later in life,
after some life-long choices have been made. We follow, in this sense, the new dynamic
public finance literature in considering a setting where information is private but only
gradually learnt by the agents.

Early in life, when human capital investments are made, agents are separated in two
preference types, the lazy agents and the hard workers, distinguished by their disutility
of effort, be it in forming human capital, or be it in supplying labor to the market.
The return to investment in human capital is uncertain since agents only learn their raw
productivity, which will be composed with human capital to determine earnings capacity,
later in life. After uncertainty is realized, agents choose how much labor to supply in
the market, their after tax earnings being used to pay for life-time consumption.

A benevolent government which inhabits this economy, and is restricted by its in-
formational structure solves a Pareto problem that we show to be associated with a
particular cost minimization program, that possesses nice separable structure. We take
advantage of this separability to investigate the optimal allocations for each preference
class of agents separately, and to highlight the influence of insurance and redistributive
motives in determining the sign of all wedges created by the government.

For all (constrained) Pareto efficient allocations it is possible to show that lazy agents
never face negative marginal income taxes, and the most productive hard worker agent
never faces positive marginal income taxes. The marginal tax rate for the least productive
hard working agent may, however, take any sign. Similarly one can no longer guarantee
that the encouragement of human capital derived in da Costa and Maestri (2007) remains
optimal in our context. Our problem lacks what Fernandes and Phelan (2000) have

termed common knowledge of preferences since, in the second period, agents’ preferences

2 A recent work by Albanesi (2006) is also worth mentioning. As in our paper, agents in her model are
ex-ante heterogenous. This heterogeneity, in the level of physical capital, affects the payoff of effort and
must be taken into account in the design of optimal capital income taxation. In contrast to our work, in

her model it is assumed that heterogeneity is publicly observed.



depend on the type she realized when she was born, which is private information. For
this very same reason, policies will be characterized by an element of interim inefficiency
since, once first period choices are made, and preference types revealed, all agents would
profit from redefining their budget sets.

It is in this context that marginal tax rates on labor income must be understood. If
the government were allowed to re-optimize after agents revealed their preference types
and possibly made their consumption and human capital choices, the second budget sets
of both types of agents would be the one derived from solving a Mirrlees program. The
solution to this insurance problem is well known: the high productivity agents faces a
zero marginal tax rate and the low productivity agent faces a strictly positive marginal
tax rate. The problem is that, when the government faces an agent who claims to be
say a low productivity hard worker, it must take into account not only that the agent is
lying about her productivity, but also that she has lied in the past about her preferences.
To preclude false announcements in the first period, distortions are created in the second
period allocations that cease to be useful once preference types are revealed. Implicit in
our model is a commitment technology through which the government commits not to
change the budget sets even if it is in everyone’s interest to do so.

The lack of common knowledge of preferences will also affect human capital policies.
In a world with ex-ante identical agents, da Costa and Maestri (2007) have shown that
it is always optimal to encourage human capital formation.®> The rationale for their
result is as follows. If agents are ex-ante identical, the government intervention has
the sole purpose of providing insurance from raw productivity shocks. Because these
shocks are private information, redistributive policies are restricted by this informational
asymmetry. In particular, at the optimum, the government has to guarantee that an
agent who receives a high productivity shock does not try to get the transfers to which
an agent who received a bad shock is entitled, by shirking and reducing labor supply.
When human capital choices are made, an agent does not know her productivity but
anticipates the choices that she will make in any state of the world. If she intends to
get the transfer, even if she realizes the high productivity shock, she anticipates lower
labor supply and under-invest in human capital. Encouraging human capital formation
increases the cost of reducing labor supply thus making less attractive this deviating
strategy.

In our model the encouragement of human capital choices need no longer be optimal.
First the distortions created in second period allocations may be such that the govern-
ment is worried about agents supplying more, rather than less, labor than the optimal.

This being the case, agents who anticipate this type of deviation will over-invest, instead

30ur work is also related to Kapicka (2006) who explores the influence of human capital accumulation

in the design of labor income taxation.



of under-invest, in human capital. Second, even if agents within the same preference
class under-invest in human capital when they intend to deviate, the agents that choose
the budget set for the agents of a different preference class may over-invest in human cap-
ital, theoretically making the discouragement of human capital formation an important
instrument for precluding false announcement of preferences. Despite this, we show that,
whenever differences in productivity are more important than differences in preferences,
in a sense to be made precise later, it will be optimal to (weakly) encourage human
capital formation for the two types of agents and at all points of the Pareto frontier.

We also produce some numerical examples to illustrate the situations theoretically
described and to calculate, for each situation, the associated labor income taxes and
human capital distortions. In our numerical exercises, the discouragement of human
capital is never optimal.

As for implementation Kocherlakota (2004, 2005a), Albanesi and Sleet (2006) have
shown that optimal taxes on savings must be dependent on second period information.
The same is true here. As for education, in our model, its costs is disutility of effort,
which makes direct taxation somewhat artificial. However, student loans which are often
used by governments can help induce individuals to spend some extra time at school if
interest rates differ from those of regular loans. The implicit tax structure on education
becomes formally equivalent to that on savings. We show, however that this instrument
induces optimal choices if the allocation is interim Pareto efficient, but does not suffice
when interim inefficiencies are present, in which case, some income taxes that depend
directly on the educational level of agents to implement the optimum will be needed.

The inter-temporal nature of the problem as well as the existence of two dimensions
of unobserved heterogeneity makes the problem too hard to handle in its full generality.
Some crucial simplifying assumptions are made to keep the problem tractable while
at the same time maintaining the richness of the environment. First, we assume that
preferences are such that marginal rates of substitution are exogenously ordered, which
avoids our having to handle endogenously determined chains of incentive compatibility
constraints. Second, we assume that the conditional distribution of productivity shocks
are independent of an agent’s type. This rules out an extra source of informational
advantage of agents off the equilibrium path. Finally, our relying on only two types of
agents and only two different productivity levels allows us to derive very sharp results
along some dimensions of policy, which we believe would not be possible in more complex
environments. We view this simplicity as one of the strengths of our paper in that
it allows us to clearly identify the forces that are hard to separate in more general
frameworks.

The remainder of the paper is organized as follows. In the next section we present

the economy and show the relationship between the Pareto problem and a nice separable



cost minimization problem that we shall explore. In section 3 we present the general
separable problem and solve for a particular case that will prove a useful benchmark.
We investigate the optimal allocations for lazy agents in section 4 and for hard workers
in section 5. In section 6, we describe one of the possible tax systems that implement
optimal allocations and show that linear taxes on human capital will not suffice. Section
7 presents an example that shows that power to make agents commit to a certain budget
set before they know their productivities allows the government to attain Pareto superior
allocations, even if no other choices are made early in life. Section 8 concludes. Proofs

are collected in the appendix.

2 The Economy

Ours is a small open economy populated by a continuum of individuals of two dif-
ferent types, hard workers and lazy agents, in proportions 7 and 7 of the population,
respectively.

Agents live for two periods, youth and adulthood and have preferences over de-
terministic sequences of effort, e € [0,é], and consumption, ¢ € Ry, represented by
> =01 {u(cr) — ael/6}, with § > 1. Function u(-) is strictly increasing and concave and
satisfies Inada conditions, lim. ,ou'(¢) = oo and lim. o u/'(¢) = 0. The difference be-
tween hard workers and lazy agents is the parameter « : o for the former and @ for the
latter, with @ > a > 0.

The production technology is y = whl: output, y, is produced from labor efficiency
units, whl, where [ is working time, h is human capital and w is raw productivity, with
a fixed coeflicient technology which we normalize to one is transformed in the single
consumption good at a fixed rate of one. Human capital is produced from effort with
one period lag, which means that human capital formed in the second period is useless.
All second period effort is, therefore, labor supply. For simplicity, we assume that effort
in the first period can only be used for human capital formation.

Uncertainty in this model arises because agents only learn their raw productivity, w,
in the second period of their lives. As we have done with preferences, we assume that
w can only take two values, wy and wy (wyg > wr > 0), with probabilities 77 and
mr, respectively, which we assume to be identical across preference types. Shocks are
independent and identically distributed across agents, which allows us to invoke the law
of large numbers and rule out any form of aggregate uncertainty.

To summarize, the timing of the model is as follows. In the first period agents choose
their human capital, h, which in the second period, enhances the agent’s labor market
productivity. They also choose their first period consumption which will be paid for

from their second period after tax earnings. In the beginning of second period, agents



productivity is realized. Labor supply is chosen, and after tax earnings used to finance
consumption in the second period and pay for first period consumption. Agents’ life-time

expected utility is, therefore,

w(e) = SHO+Y om [u(ci)—a< Ui >5] (1)
) i=H,L 0 \ hw;

The economy is competitive: workers and firms take wages and prices as given. Al-

though firms cannot observe w, they observe the level of output generated by each agent,
y. The zero-profit condition, along with the linearity of technology implies that, if there
was no government intervention, the output produced by each agent is her labor income.
I.e., absent government intervention, and assuming a zero exogenous interest rate, each
agent’s problem would be the maximization of (1) subject to ¢; < b and ¢; < y; — b
(i = H, L), where b stands for borrowing and i is output produced if realized productiv-
ity is w;. However, a benevolent government which inhabits this economy uses the tax
system to provide insurance for both types of agents and redistribute resources from one
preference class to the other. In pursuing its goals the government is restricted by the
informational structure of the economy: both o and w are agents’ private information.
The government does observe (and has the instruments to control) the choices of ¢, h
and y.

As usual, we shall work directly with the allocations leaving the policy instruments
in the background. In doing so, we adopt the following notation. We write first period
consumption intended for a type « agent as ¢(a)). Human capital as h(a). In the second
period, however, w also differentiates agents and we write second period consumption
and supply of efficiency units intended for agent («,i) as ¢;(«) and y;(«), i = H, L,

respectively.
[Insert Figure 1]

Let ¢ C Ry and Y C R, denote, respectively, the second period consumption
and effective labor spaces. The marginal rate of substitution between effective labor
and consumption in the second period for an agent of type («,7) at an allocation (y,c)
in the Y x C space is, for a given h, MRS; (o) = ay® ! (wih)°u/ (¢)~'. It is not
hard to see that, at the same allocation, MRS, (o) S MRS; (&) & a/u! < éz/w?.
Therefore, at a given point in the Y x C space, MRSy (o) < MRS (o) < MRSy, (@)
and MRSy (a) < MRSy (&) < MRS (@). As for the ordering for MRSy, (o) and
MRSy (@), it will depend on whether differences in preferences are more important
than differences in productivity or if the opposite is true. The formal definition of this

idea, which is represented in Figure 1, we present next.



Definition 1 We say that differences in productivity are more important than differ-
ences in preferences for leisure if B
« [
wfy "l
Otherwise, we say that differences in preferences for leisure are more important than

differences in productivity.

The Pareto Problem An allocation for this economy is a pair (z (@), 2 (a))) where
z(a) = {c(a),h(a) , (ci(a),yi(a))izL,H} for « = @, . In words, an agent who an-
nounces to be of type « in the first period gets z («) comprised of human capital invest-
ment, h («), that she must make and consumption, ¢ (a), to which she is entitled, in the
first period, and budget set, (c;(),yi(a));—y, g, from which she will choose in the second
period.

To define an incentive compatible allocation let us start with the second period
choices. For concreteness consider the optimal strategy of a & agent who announced to

be of type a and define

. (o) \?
i (a) € argmax {u(cj(a)) - % <5J}E (02)> } Vi, (2)

as (one of ) her optimal announcement(s) of productivity if she realizes productivity w;.

The expected utility she attains by following her optimal announcement strategy is
Q 5 o) Ysi(a) (Oé) °
U (= @)18) = (@) = bl + 3,7 ulen () - § (L) ).

We shall be using the notation @; (o) and U (z («) [@) for lazy and g; («), U (2 (@) |)
for hard workers.

For an allocation to be incentive compatible it must be such that an agent who
chooses the budget set intended for her (i.e., announces her preferences truthfully) finds

it in her best interest to announce truthfully her productivity shock, i.e.,
o;(a)=iand 7;(a) =i for i = H, L. (3)

It must also guarantee that the agent chooses the budget set intended for her no

matter what she does in the second period, i.e.,
U(z(a)la) 2U(2(@)|e) and U (2 (@) [a) = U (2 () [@) - (4)

Henceforth, we call an incentive compatible allocation a pair (z (a),z (@)) that satisfies
(3) and (4).



Before moving on, a cautionary note is due. Incentive compatibility with regards to
preference announcement, requires the agents to find it better to announce truthfully in
the first period — and in the second, as guaranteed by (3) — than to announce falsely
in the first period, regardless of what she does in the second which is guaranteed by
(4). Notice, however that whenever the solution to (2) is not unique for an agent who
announced falsely in the first period, all strategies that solve (2) must be included in the
derivation of optimal allocations.

Strong separability between consumption and effort implies that at any efficient al-
location there can be no idle resources in the economy. Were it not the case and con-
sumption could be given to each type of agent in the first period of their lives in such a
way to preserve differences in utility in this period. No incentive constraints would be
violated and agents would be better off. Therefore, we may define efficient allocations

as follows. An allocation is (constrained) Pareto efficient only if it minimizes
w{e@ + Y mla@ - w@)} +x{d@) + Y mla@ -w@l} 6

subject to
U(z(@)|@)=U, Ul(z(a)la) 2 U, (6)

(3) and (4).

We refer to constraints (6), as the promise-keeping constraints. The problem above
defines a cost function F (U, Q) which level curves are associated with the utility pos-
sibility frontiers for this economy.* For each vector of relevant parameters and function
u(+), the domain of E (-,-) is the set of pairs (U,U) such that there are allocations
z (@) and z (@) that satisfy all the incentive compatibility constraints and such that
U(z(@)|a) = U and U (z(a)|a) = U. The set is not empty since the pair (QA,UA)
corresponding to the utility attained by the autarchy allocation, trivially satisfies all the
relevant constraints.

We shall, however, work with a different cost minimization problem in which con-
straints U (z (@) |a) < U and U (2 (a) |[@) < U substitute for U (z (o) |a) > U (2 (@) |a)
and U (z (@) |a) > U (z (a) |&@). It is straightforward to see that if the cost minimization
problem is solved this new problem must also be solved. The main advantage of this
new problem is that it has a nice separable structure: the objective function is additive
in z (o) and each constraint involves only the allocation associated to a single preference
type. This allows us to find the allocation for each agent separately, taking the utility
of the other agent as a parameter of the minimization problem, a procedure which not

only facilitates the derivation of our results (and simplifies the problem in more complex

4The level curves define the utility possibility frontiers if the solution to the minimization problem as
well as the solution for the associated problem in which constraints U (2 (@) [@) = U, U (2 (o) |a) > U
are replaced by U (z (@) [@) > U, U (z (@) |o) = U is unique for all pairs (U,U).



environments) but also makes explicit the often conflicting goals of providing insurance
to both agents and redistributing resources across agents. The redistributive aspects
being associated with the specific choices of U and U. Notice, however, that solving
the latter problem for an arbitrary pair (U,U) in the domain of the problem does not
imply that a particular Pareto problem is solved. Even though the solution to this latter
problem gives us the minimum cost of delivering utilities U and U, it does not rule out
the existence of another pair (U’ ,U’) such that U’ > U and U > U, with one of the
inequalities strict such that the pair (U’ ,U/) can be delivered at a weakly lower cost.
Increasing the utility of an agent, on the one hand, requires more resources, which tends
to force a reduction of the utility of the other agent, while on the other, relaxes incentive
compatibility constraints which may allow for an increase in the agent’s utility.® Yet,
because agent a’s allocation only appears in the incentive compatibility constraint of
agent a’s problem through its effect on the equilibrium utility of agent «, the first order
conditions with respect to z (a) and z (@) of the Pareto problem and the problem we
examine are identical up to a redefinition of Lagrange multipliers. We may, therefore,
characterize all distortions on agents’ choices using either problem. This highlights an
important aspect of optimal allocations: their distortions depend not on the behavior of
the agent to whom the contract is intended but on the behavior of those who may envy
it.

2.1 Discussion

From a second period perspective, agents are characterized by two exogenous param-
eters, «, a preference parameter that represents costs associated with work (or human
capital investment) while the second, w, is a productivity parameter. As is well known,
we may associate to each type (a,i) an index thus reducing the problem to a single
dimensional screening problem. The trouble with this procedure, in general, is that,
in collapsing the tow dimensions in a single one, single-crossing is usually lost, chains
of relevant incentive constraints become endogenous and the complexity of the problem
substantially increased.® We have chosen a functional form for preferences that pre-
serves an exogenous ordering of marginal rates of substitution, greatly simplifying the
characterization of optimal allocations.

Preferences defined in (1) have another interesting property related to the first order
condition for human capital choices, h? = 3. 7; (yi/w;)? which differ for agents of
different preferences only insofar as their labor supply choices differ. As we shall see,

this property will be very useful in determining the direction of human capital policies.

SWe thank an anonymous referee for pointing that out. For a similar discussion, see Brito et al.
(1990).
5See Rochet and Stole (2003).



Another important assumption we adopt is the independence of m; on an agent’s
preferences. If the probability of realizing a given probability shock depended on an
agent’s preferences, this would create what Fernandes and Phelan (2000) termed ‘lack
of common knowledge of preferences’, in which case, an agent’s history of choices would
not be a sufficient statistic for her preferences over future actions.” Our assumption
on the distribution of shocks rule this out. We do so to concentrate in another source
of lack of common knowledge. To use the language of Fernandes and Phelan, we may
think of agents history beginning with a shock of preferences in the beginning of period
0. This privately observed history will influence an agent’s preferences over second pe-
riod bundles, thus generating lack of common knowledge of preference. Second period’s
allocations will have to be chosen in such a way as to avoid gains for agent’s that de-
viate in the announcement of their preferences. As in their case, an element of interim

inefficiency will be introduced.

3 The Main Program

In characterizing optimal policies, of concern are wedges between marginal costs and
benefits of agents’ choices induced by the government. These wedges reflect directions
toward which private choices are distorted. Technology is characterized by a constant
unitary marginal rate of transformation, M RT', between effective labor and consumption,
therefore, absent government intervention, a competitive equilibrium is characterized by
MRS; (o) = MRT =1 for all (o, ). Government policies introduce wedges between
the MRS and the M RT. We shall refer to such wedges—which may differ at different
allocations with non-linear tax schedules—as the ‘marginal’ income tax rate, 0(y) =
MRT — MRS =1— MRS

Similarly, absent government policies, the first order condition for human capital
choice, is h? = > (i wi)‘;. If this equality holds at the constrained optimal allo-
cation, we say that human capital in not distorted. If however, h? > 3. 7; (y; Jwi)’,
we say that human capital formation is encouraged (weakly encouraged if the inequality
is not strict). Finally, we say that human capital formation is discouraged when the
opposite inequality holds at the optimum.

Bearing this in mind, we now explore the separability in the planner’s cost minimiza-
tion problem and discuss one at a time the design of (constrained) optimal allocations

for each class of preferences, emphasizing the relevant wedges associated with each type’s

"Some of the issues that arise in such context have been explored by Fernandes and Phelan (2000),

themselves, and by Golosov and Tsyvinsky (2006), for example.
8The usual caveat applies here. Because we have a finite number of types, the tax function need not

be differentiable, meaning that the term marginal is improperly used.
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allocations.
To do so we first spell out the Lagrangian associated with the program that charac-

terizes a-type agent’s (for a = @, «) allocations. We call it a-type program.

a-type Program:

min ¢ (a) + Zl i [ci(a) — yi(a)]

subject to
1
u(e(@)) ~ Shia) + 3 m [u<cz-<a>> -5 () | -v (®)
u(ci(@)) — < vila) ’ ci(@) — < v (@) ’ i
@) -5 (B0 ) g -5 (L) iAh W)
and

~ o O «a ’
U>ulc(a) - %h(a)‘s + ZZ T [u(c&i(a) (o) — % (%) ] ' ®)

The Lagrange multipliers associated with each constraint are displayed to the right
of the equation. We shall, at times, abuse language and refer to the incentive con-
straint through the Lagrange multiplier associated to it. Note also that all variables and
functions with hats are associated with type & agent, for & = a,a.

Incentive compatibility requires & type not to find in her interest to announce falsely
her preferences, independently of her announcement strategy in the second period. Con-
straint (V) guarantees just that. If the optimal announcement strategy is not unique,
i.e., the set defined in (2) is not a singleton, ¥ is a vector with one entry associated with
each off-equilibrium strategy in the set.

Notice also that when both second period constraints bind at the optimum, i.e.,
Ag > 0, A > 0, lazy agents are bunched. In Mirrlees setting, this is the only sense
in which bunching is defined. Here, however, we could, in principle, have another type
of bunching, which we refer to as first period bunching, if the two preference types
were assigned the same ‘contract’, i.e., z (@) = z(a). It is possible to show, however,
that bunching the contracts is never optimal — lemma 3. Therefore, in what follows,
whenever we refer to bunching it should read second period bunching: the assignment

of a single bundle to agents of different productivities and the same preference type.

Interim Efficient Allocations When constraint (¥) binds, second period allocations
are distorted to preclude a false announcement in the first period. At the end of the
first period, after agents’ preferences have been revealed, and before the beginning of
the second period both the government and the agents would be willing to redesign the

budget set to eliminate the inefficiencies. Of course, this cannot be allowed, for agents

11



would anticipate these mutually agreed changes and would not announce truthfully.
We assume that the government possesses a commitment technology that precludes it
from re-optimizing. We shall at times refer to allocations in which ¥ binds as interim
inefficient and those for which the constraint does not bind as interim efficient.

We next characterize interim efficient allocations.

Proposition 1 If constraint ¥ is slack in a-type program, then:
i) the most productive « faces a marginal income tax rate of zero;
ii) the least productive o faces a positive marginal income taz rate, and;

iii) human capital formation by a is encouraged.

Interim efficient allocations represent an important benchmark for the policies we
will be discussing. If the value of a-type program is zero, and the allocation is interim
efficient we have a pure insurance policy. Notice however that deviations from interim
efficiency need not represent a redistributive motive. The pure insurance program for
agent « may be preferred by agent type & even if & is offered her pure insurance program,
i.e., even if there is no redistribution between the agents. The reason why this may be
the case is because, even though there is no redistribution in equilibrium, there may be
off-equilibrium.

In what follows we concentrate on interim inefficient policies. We do this for the
two different configurations of the economy. First, for the case in which differences in
productivities are more important. Then, for the case in which difference in preferences

for leisure are more important.

4 Lazy’s Allocations

Having already characterized interim efficient allocations for any type «a, we shall
now focus on interim inefficient allocations for lazy agents. The first step toward this

end is to carefully investigate constraint(s) (V).

Lemma 1 If differences in preferences for leisure are more important than differences
in productivities, off-equilibrium hard workers always announce to be of high productivity.
If, however, differences in productivities are more important, off-equilibrium hard workers

always announce truthfully in the second period.

According to lemma 1: i) the set defined in (2) is a singleton; i7) when differences in

preferences are more important, constraint (¥) in Lazy agent’s program reads

_ —\\ 0
U ule(@) - Sh@ +uten @) - § 0, m (L)
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and; #77) when differences in productivities are more relevant, it reads

_ i(a o
U >u(c(a) — %h(@)(S + ZZ ur [U(Ci(a)) - % <UZ)U:}(L(0)4)> ] :

Marginal Income Taxes Taking into account lemma 1, whenever differences in pref-
erences for leisure are more important, the first order conditions of the Lagrangian as-

sociated with @-type program with respect to ¢y (@) and ¢y, (@) are, respectively,

U (e (@) = 7y [®7m + Ay — A — )71 and o/ (cr, (@) = 7p, [®rp, + A — Ag] '

)T

First order conditions with respect to yg (@) and yr, (@) are

_ _\6—1 1

aym (@) wy a Wi

= i) A=A\ | — ) —0= i
h(a)cSw?{ TH { TH + AH L <wL ) a ZZ T < W;

_ —1
aye @ fe (e
h(a)éwi =TL L L H Wy )

It is possible to show—Ilemma 5—that Ay > 0. If A\p too is positive, we are in a

and

respectively.

situation of bunching, which discussion we postpone for a while. Thus, under Ay, = 0,
when difference in preferences are more important, the marginal tax rate for the low

productivity agent is

A |1 = (wr /wHﬂ

0 (yr (@)) > 0. (7)

B O, — Ay (wL/wH)5

The low productivity lazy is taxed at the margin.

As for the high productivity agent, we have

0 (yer () — (1 - &5 m (wn fwi)’ 8
(yH (Oz)) = Orgr + Ny — \I/% ZZ e (’LUH/wi)(S. ( )

The left hand side of the equality above is positive and the high productivity lazy too is
taxed at the margin.

The derivation of marginal income tax rates when differences is productivities are
more important is obtained by manipulating the first order conditions along the same
lines of what was done for the case in which differences is preferences are more important

(see the proof of proposition 2). Once again, assuming Ay, = 0, they are

A (1 - (wL/wH)5> + Uny, (1 - %)

Ol (@) = Oy, — Ay (wr Jwy)’ + U2 =0 ®)
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for the least productive lazy and

Ty (1- )

0 a)) = 1

for the most productive lazy.

Equations (7), (8), (9) and (10) show that if lazy agents are not bunched they always
face positive marginal income tax rates. Proposition 2, proven in the appendix, shows
that when there is bunching, even though one cannot rule out the possibility that the

tax rate for the least productive is zero it is still the case that it cannot be negative.

Proposition 2 If the solution to a-type program is interim inefficient the marginal in-
come tax rates for the most productive lazy is positive and for the least productive, non-

negative.

The rationale for proposition 2 is as follows. Pure insurance motivates transfers from
lucky agents who realized high productivity toward the unfortunate ones who realized
low productivity. This type of transfers are akin to what we find in a utilitarian max-
imization problem and implies a tendency towards positive marginal tax rates for the
low productivity agent and no distortion for the high productivity agent.

Beyond the insurance problem, however, and depending on the amount of transfers
from hard workers to lazy workers, off-equilibrium behavior of hard workers becomes an
issue. Nonetheless, if a lazy’s bundle is envied it is so by an agent who has a flatter
indifference curve at the same allocation. The consequence is that taxing the lazy who
is envied at the margin hurts more severely the agent who intends to impersonate her

than the lazy herself, thus relaxing incentive compatibility constraints.

Human Capital Policy As for human capital policies, the fact that the second period
incentive compatibility constraint that prevents a high productivity lazy from announcing
to be a low productivity one is always binding at the optimum—Ilemma 5—implies that,
barring bunching, lazy agents who intend to deviate in the second period, will do so by
announcing to be of low productivity. As a consequence she expects to work less than
agents who intend to announce truthfully. Encouraging human capital formation hurts
this type of behavior and alleviates incentive problems.

This is not, however, the whole story. A hard worker who announces to be lazy works
on average no less than a true lazy, and, when differences in preferences are more impor-
tant she works on average more. As a consequence one may want to discourage human
capital acquisition to make the lazy agents’ contract less attractive to hard workers. This
element of inefficiency, which is accounted for by the lack of common knowledge in pref-

erences, is either inoperative, when differences in productivity are more important, or

14



pushes policies toward the discouragement of human capital formation, when differences
in preferences are more important. In the first case, the optimal encouragement of hu-
man capital will result. In the second, a straightforward manipulation of the first order

conditions with respect to h (@) shows that human capital will be (weakly) encouraged

if s
Ag — 7V (wH> % >0,

wr, ) @
and discouraged otherwise. The conflict between the two forces is apparent in the in-

equality above.

Proposition 3 Whenever differences in productivity are more important than differ-

ences in preferences for leisure, human capital is (weakly) encouraged.

Thus, if differences in productivities are important a clear-cut rule for the treatment
of human capital is available. If differences in preferences are more important, however,
any policy regarding human capital can be justified. When we increase the complexity
of the environment, this type of negative ‘anything goes’ result becomes more likely
since a complete characterization of efficient policies is hardly available. A promising
path for restricting the set of policies that can be justified is advanced by da Costa and
Werning (2007). They investigate which combinations of policies are compatible with
Pareto efficiency and which are not. The next proposition follows their lead by showing
that particular combinations of marginal income taxes with human capital policy cannot

be optimal.

Proposition 4 A policy that contemplates non-positive marginal income tax for any

lazy agent and the discouragement of human capital is inefficient.

Before moving on to the next section, a few words about the treatment of savings
are due. The first order condition with respect to ¢ (a) is ' (¢ (@)) ™" = ® — ¥, while
the first order conditions with respect to cy (@) and ¢y, (@) are either T/ (cy (@)™t =
Oy + Ay — A — ¥ and 7w/ (cp (@) = ®7rp + AL — Mg, if the allocation of the
least productive lazy is never chosen off the equilibrium path, or myu/(cy (@))~! =
Oy +Ag—AL— Uy and mpu/(cp (@)~ = @+ AL — Ay — Unp, if the least productive
hard worker chooses the least productive lazy’s bundle when she lies about her preference
parameters in the first period. Regardless of which case prevails, adding the first order

conditions yields
o (e(@) =) md(ei(@)

the inverse Euler equation holds.
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The result is to be expected since our model maintains an inter-temporal structure
that is quite similar to that of Golosov et al. (2003). For the same reason, the result is

also valid for hard workers, and we shall not present a formal proof there.”

4.1 Numerical Examples

To offer some examples of the situations we have theoretically derived and shed
further light on the properties of optimal policies, we conduct some numerical exercises.
Table 1 shows how policies vary when U is reduced, holding U fixed. The values of all
parameters are presented at the bottom of each table. The values of these parameters
do not aim at realism, and the exercises are only for illustrative purposes. For u (-) we
have used the specification u (¢) = ¢!~/ (1 — o) in all our exercises.

Marginal tax rates faced by the least and most productive agents are shown in
columns labeled 0 (yr,) and 6 (yr ), respectively. The next column, labeled const. presents
all the constraints that bind at the optimum through their Lagrange multipliers. Con-
straints which associated Lagrange multipliers are not shown are slack at the opti-
mum. Finally, the encouragement or discouragement of human capital is presented
as the ratio of h (@) to the choice human capital that arises from solving the first or-

der condition with respect to h at the optimal contract. That is, the column displays
~1/26
h@) [ Sim i@ fw)] 1

When WV is not displayed in column labeled const., the allocation is interim efficient
and we have a typical mirrleesian solution with positive marginal income taxes for the
low productivity lazy and zero marginal taxes for the most productive agent. It is
also possible to observe that human capital is encouraged in those circumstances, as
predicted by da Costa and Maestri (2007). When, however, ¥ > 0, the marginal tax
rate on the most productive lazy is also positive, and we provide an example where
agents are bunched (Ag, A > 0) in which case human capital is not distorted at the

optimum.

5 Hard Worker’s Allocation

As in the case of Lazy agents’ our first result is a characterization of off-equilibrium

behavior by lazy who announce to be hard worker.

Lemma 2 If differences in preferences for leisure are more important than differences

in productivities, off-equilibrium lazy agents always announce to be of low productiv-

9The result should, however, be contrasted with Grochulski and Piskorski (2005), where the presence
of human capital investments is responsible for the optimal allocations not satisfying the inverse Euler

equation.
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ity. When differences in productivities are more important, low productivity lazy agents
strictly prefer and high productivity lazy agents weakly prefer low productivity hard worker’s
bundle.

A low productivity lazy never chooses the allocation intended for the high produc-
tivity hard worker. As for the most productive lazy, when differences in productivity
are more important, we cannot rule out the possibility that, off-equilibrium, she is in-
different between the allocations of the two hard workers: the set defined in (2) is not a
singleton. In dealing with the possibility that the agent may be indifferent between the
two allocations, we must define an incentive constraint for each strategy in the set. The
multiplier ¥ is then associated with the strategy of always announcing to be of low pro-
ductivity while the Lagrange multiplier U is associated with the truthful announcement

of productivities by an off-equilibrium high productivity lazy.

Marginal Income Taxes According to lemma 2, the strategy of always announcing
to be of low productivity is always optimal for an off-equilibrium lazy, while the strategy
of announcing the true productivity may, in some cases be just as good.

Differentiating the Lagrangian with respect to ¢ (a), we derive the related first order
condition,

. -1
ul(CH(g)) =Tg (@WH-}-/\H—)\L—\I/TFH) .
As for the first order condition with respect to yp (), it is
5—1 = sy !L
@ a - w
7%:771{ <I>7TH+)\H——\II7TH—)\L—? .
h(a)’wy & wr,

Thus, the marginal tax rate faced by the most productive hard worker, 0 (yg(«)), is

Urg [l —aja] + A |1 - (wH/wL)‘;}
0 (yu(a)) =

- . 5 <0 (11)
Oy + Ay — \I/WH@/Q— AL (wH/wL)

The first order condition with respect to yg(«a) guarantees that the denominator in
(11) is positive. Both terms in the numerator are non-positive, which explains the in-
equality. Because the expressions within brackets are negative, 6 (yg(«)) will be negative
if either ¥ > 0 or Az, > 0. In passing it is worth noting that, when U > 0 it is either the
case that agents are bunched, or, Ay = 0.

A similar procedure allows us to derive the marginal income tax rate for the least

productive hard worker,

0 (yr (@) =

p
T
—~
—_
|
&
h
~
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T
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As we shall see in proposition 5 this expression can take any sign. Once again, using
the fact that, absent bunching, Ay = 0 if U > 0, it is possible to show that ¥ > 0
implies 6 (yr, (o)) < 0. In proposition 5 we formalize this result and deal with the case

of bunching.

Proposition 5 The marginal tax rate faced by the most productive hard worker is always

non-positive, while the marginal tazx rate for the least productive can take either sign.

The most-productive hard worker’s allocation may be envied by agents’ whose marginal
rates of substitution are steeper than the most productive hard workers’, or it may be
envied by no one. In the first case, it is optimal to have negative marginal tax rates,
while in the second it is optimal neither to tax nor to subsidize the agent. As for the

least productive hard worker, its marginal tax rate can take any sign.

Human Capital Policy As in the case of lazy agents, the anticipation of deviant
behavior by hard workers and the behavior of lazy agents who impersonate hard workers

will jointly determine how human capital policies are optimally structured.
[Insert Figure 2]

An interesting thing about the hard worker’s problem, is that off-equilibrium behav-
ior of lazy leads to the encouragement of human capital formation, since a lazy who
announces to be hard worker works no more than the true hard worker, while the antici-
pation of false announcement may drive the discouragement of human capital formation.
In fact, when differences in preferences are more important and the redistributive motive,
is very strong it may be optimal to transfer from the low to the high productivity agent
— see figure 2, case A\;, > 0 —, and the anticipation of false announcement will lead to
the discouragement of human capital formation. The necessary and sufficient condition

for the encouragement of human capital formation to be optimal is

d
TEL >0,
awy

aw
Uy

which, once again makes apparent the forces at play.

Proposition 6 Whenever differences in productivity are more important than differ-

ences in preferences for leisure, human capital is (weakly) encouraged.

There should be no intervention due to the anticipation motive if neither constraint

binds or when there is bunching. However, in the first case, the other motive, namely, the
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need to preclude lazy agents from announcing to be hard workers is operative, making
the encouragement of human capital. In the second case, however, human capital should
not to be distorted: if agents are bunched, hard workers and lazy agents announcing to
be hard workers (trivially) behave the same way, leaving no gains from distorting choices.

Along the same lines of proposition 4 we restrict the set of policies that may be
justified as being optimal for some redistributive metric by showing that policies that
combine disencouragement of human capital and positive marginal taxes on labor income

cannot be optimal in the case of hard-workers.

Proposition 7 A policy that contemplates non-negative marginal income tax for any

hard-working agent and the discouragement of human capital is inefficient.

5.1 Numerical Examples

As in section 4.1 we present some numerical exercises aimed at illustrating some
of the situations presented along the section. Here, we fix the utility promise of hard
workers, U and let the utility of the lazy, U, vary.

Once again, ¥ = 0, i.e., ¥ not displayed implies that allocations are interim efficient,
and their qualitative properties are identical to those of interim efficient allocations of
lazy agents. When ¥ > 0, several interesting situations arise in our numerical exercises.

First, when differences in preferences are more important, we see that it is possible
to have a situation where no second period constraint binds at the optimum, e.g., when
U = —14.9.19 Tt is also possible to see that for very low values of U it is optimal to
transfer income from the low productivity to the high productivity hard worker: an
extreme form of inefficiency induced by the need to keep lazy agents from impersonating
hard-workers.

The situation in which, absent bunching, a lazy is indifferent between the allocations
of the two hard workers is illustrated in the second table when W is displayed in column
const. Naturally, when this happens no second period constraint binds, yet both alloca-
tions are distorted. Despite the fact that none of our tables presents bunching for the
hard workers, other configurations of parameters do generate bunching at the optimum,
eg,a=1lLa=15wy =1, wg=12,0=12,0 =15 U= —12, 7y, = .5 for values of
U below —13.55 for a grid of .025.

It is also worth mentioning the fact that in both cases we observe the sign of marginal
tax rates for the least productive hard worker changing as we move from interim efficient

to interim ineflicient allocations.

to -14.95.
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6 Implementation

In this section we describe tax implementation for the allocations derived in the
previous sections. We start by considering a tax system that works for any Pareto
efficient allocation. Then we discuss its properties questioning whether they can be
dispensed with.

Define

DOM = {(h,y)| 3 (a,i) such that (h,y) = (h(a),y; (a))}.

and
DOM, = {h| 3 a such that h = h («)}

We start with the following assumption.

Assumption A: There are functions é¢; : DOM; — R4 and é : DOM — R4 such
that ¢1 (h(«)) = ¢ () and ¢ ((h (), y; (a))) = ¢ ().

This assumption is analogous to Assumption 1 in Kocherlakota (2005). It pre-
cludes the possibility that two different types (a,i) and (&, j) have (h(«),y; (@) =
(h(&),y; (&)) while ¢; (o) # ¢ (&) or the two preference types have the same h («) but
different ¢ («).

Assumption B: h(a) # h(a).

We now consider the following taz system.

1) Labor income tax function is

y—c(h,y) —c(h), if (h,y) € DOM

Thy) = { 2, it (h,y) ¢ DOM

2) Taxes on savings are

1+ (&(h)) /o (¢ (h,y)), if (h,y) € DOM

V(h’y):{ 1 it (h,y) ¢ DOM

)

Therefore, the budget constraint of an agent who chooses (h,y) € DOM is c+s < 0,
in the first period and ¢ < y — T (h,y) + s (1 — (h,y)) in the second. We shall then

show the following.

Proposition 8 Tazx system (T',~) implements any Pareto efficient allocation that satis-

fies assumptions A and B.

In general we have many degrees of freedom when discussing implementation. The

fact that we have a discrete set of types gives us extra latitude with respect to choices

20



outside DOM. So we shall refrain from further discussing this aspect of the tax system.
Instead we shall investigate its properties for (h,y) € DOM.

The first property of our tax system is that labor income taxes are non-separable
between income and human capital. It is the dependence of labor income taxes on h
that commits the agent to a more restricted budget set on her productive years, and
allows for a more efficient allocation—see next section. Dispensing with this dependence
corresponds to allowing agents to announce her preferences in one period and choose a
bundle entitled to the agent of different preferences in the second. This cannot be done,
in general.'!

It is due to the same reason that assumption B is needed. If the optimal allocations
entails the same pair ¢, h for both types in the first period. Agents’ choices cannot be
used to commit the agent to a second period budget set.

Taxes on savings, —c, are dependent on (h,y). Dependence on (h,y) is necessary to
avoid double deviation. Notice that we have chosen taxes that are linear in —c as in

Kocherlakota (2005). Non-linearity is not needed in our framework too.

7 The Role of Time and Uncertainty

An evolving informational set plays an important role here because some choices are
made prior to agents knowing their productivities. This (potentially) allows the govern-
ment to improve on what can be accomplished if no choices are made in the first period.
It also creates the need to endow the government with a commitment technology. Recall
that interim inefficiencies are introduced in second period bundles to handle the prob-
lem of ‘lack of common knowledge of preferences’. After agents reveal their preferences,
and before they realize their productivities the planner may conduct welfare improving
reforms that eliminate these inefficiencies. Naturally, if agents anticipate this behavior
by government, nothing will be revealed in the first period, thus reducing the scope for
intertemporal tie-ins. Thus the value of commitment.

The sequential nature of learning in this setting, on the other hand, allows the planner
to improve welfare. Take, for example a situation in which differences in preferences
are more important then differences in productivities. In this case the ordering of the
marginal rates of substitution between second period consumption and effective labor is
MRSy (o) < MRSL, (@) < MRSy (@) < MRS, (@). We further assume that there are
no human capital or consumption choices to be made in the first period, which means
that all possible gains will be related to the agent’s committing to a smaller second

period budget set.

1Under this assumption we have shown in a previous version of the paper that a system that resembles

student loans accompanied by conditional waiver implements optimal allocations.
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Now, imagine a social planner who maximizes the sum of expected utilities of hard
workers and lazy agents subject to a given level of resources. At this point, we assume
that no actions are taken in the first period: all information revelation takes place in the
second period. To maximize the sum of agents expected utilities, the planner offers a
mirrleesian solution easily characterized along the lines of Guesnerie and Seade (1982).
At the optimum, all downward local incentive compatibility constraints bind, and the
optimal allocation involves no bunching. The most productive hard worker faces a zero
marginal tax on labor income, while all other agents face strictly positive marginal
tax rates. Moreover, from an ex-ante perspective (before knowing her productivity),
a hard worker strictly prefers the contingent budget set {y;(a), ¢i(a)}ti=m,1 to {yi(@),
¢i(@) }i=m, 1, while the opposite is true for lazy agents.

Let U and U denote, respectively, the expected utility attained by a hard worker
and a lazy under the mirrleesian allocation above. This allocation is also the one which
minimizes the cost of delivering utilities U and U, for hard workers and lazy agents,
respectively, if agents do not make choices in the first period. Now, allow the government
to request a (possibly false) announcement of preferences in the first period from all
agents. To each of the two possible announcement there corresponds a second period
budget set, {y;(a),c;(a)},_y  for a hard-worker and {y; (@), ¢j(@)}i=n,r for a lazy
agent. The government cannot do worse than in the previous case. We show next that
it does strictly better, i.e., it delivers (Q , U) at a lower cost.

To see this, construct the new allocations {y (), ¢} (@) }i=m, 1 and {y} (@), ¢} (@) }i=n,L,
as follows {y;(a), ¢j(@)} = {vi(a), ci(a)} for i = H,L, {yy(@), ci(@)} = {yz (@),
cr (@)}, and {y5 (@), cy(@)} > {ymg (@), cu (@)}, where {y};(a), cj(a)} is a very
small movement along the most productive lazy’s indifference curve from point {yy (@),
ch (@)}

This new allocation: i) is cheaper than the original one (because the most pro-
ductive lazy faces a positive marginal tax rate at point {yg (@), cm (@)}); i) is imple-
mentable if agents are to chose between the two budget sets {y;(a),¢j(a)},_y  and
{y; (@), c;(@)},_p, in the first period (which is guaranteed by the continuity of prefer-
ences), #4) is not implementable without the first period revelation (according to lemma
4, the least productive hard worker strictly prefers {y3; (@), cj; (@)} to {yr(@),cr(®)}),
and; iv) delivers (Q , U) . Finally note that, at this new allocation, at least one of the
budget sets (that of the hard-worker) is not envied by the other agent, which means that
any leftovers could be used to increase the sum of utilities. So the reform creates room
for a Pareto improvement.

This type of result is in close connection with the findings of Courty and Li (2000).
They have shown that monopolists can extract more rent from consumers by requiring

them to release their information gradually through the use of refund contracts. In
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fact, our cost minimization problem could, in a certain sense, be mapped into the profit
maximization structure analyzed by the authors:'? here, the planner exerts the role of
the monopolist, trying to extract as many resources as possible from lazy agents and
hard workers, subject to incentive compatibility and promise keeping constraints, these
latter constraints being analogous to the individual rationality constraints of the profit

maximization framework.!?

8 Conclusion

In this paper, we have considered optimal labor income taxation and human capital
policies in a two period economy with heterogeneous agents.

To advance in the characterization of the problem we have adopted many simplifying
assumptions about preferences and the nature of shocks. Preferences were chosen in such
a way as to maintain an exogenous chain of incentive compatibility constraint despite the
multi-dimensionality of the problem. Shocks were assumed to be independent of pref-
erence types, which allowed us to disregard an extra source of informational advantage
associated with first period deviation.

Despite all these simplifications, it is still the case that the strong results on human
capital policies derived by da Costa and Maestri (2007) need not survive in this envi-
ronment. While insurance aspects lead to the optimality of encouraging human capital
formation, the redistributive aspects can drive policies either way. The interplay be-
tween insurance and redistributive motive also implies that for some agents the sign of
the marginal income tax rate will depend on the specific point in the Pareto frontier that
social preferences are located.

With the exception of parts of section 6 that discusses implementation, the same
forces we identify in our model will manifest themselves in a repeated Mirrlees model
where agents only differ because they receive different sequences of productivity shocks
throughout their lives. The results presented here in terms of the relative importance of
differences in preferences vis a vis differences in productivity would have to be reinter-
preted in terms of how inequality accumulates along the life-cycle, but the same issues

faced here should appear there, albeit with a little more structure.

121t is worth mentioning, however, that in contrast with the model analyzed by Courty and Li (2000),
here, agents who deviate in the first period usually pursue different second period strategies when com-
pared to individuals on the equilibrium path, which makes things slightly more complicated. [COMMON

KNOWLEDGE OF PREFERENCES OVER FUTURE BUNDLES?]
13 A related discussion in a different context (moral hazard) can be found in Malcomson and Spinnewyn

(1988).
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A Appendix
Lemma 3 First period bunching is never optimal.

Proof. First, notice that if differences in preferences are more important, first period
bunching is only possible if agents are also bunched in the second period, i.e., yg (@) =
yg (@) = yr (o) = yr (@) . This cannot be the case, as we shall prove later. So, assume
that differences in productivities are more important. We start by remarking that, under
first period bunching, y; (o) = yi (@), i = H,L yet, 6 (y; (o)) > 0 (y; (@)),i = H, L.
Assume that second period upward IC is slack. I first argue that 0 (yg () cannot
be positive. Were it the case, then, increasing yy (o) along the indifference curve of
(a, H) agent, utility would be preserved and resources saved. So, assume 6 (yg () <0
then 6 (yg (@)) < 0. Then, reducing yp (@) indifference curve will save resources and is
incentive compatible. So upward constraint must bind. Next, assume that the downward
constraint is slack. We know that 6 (yr, (a)) > 0 (yr (@)) if 6 (yr (a)) > 0, slightly
increasing 6 (yz, (o)) along (¢, L) indifference curve saves resources and preserves utility.
If, on the other 0 (yr, (a)) <0, 0 (yr, (@)) < 0. Reducing yz, (@) along (@, L)’s indifference
curve saves resources and preserves utility. So both constraints bind, which implies that

we are in a second period bunching situation. We then have 6 (yg () > 0 (yr (@)).
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Then it must be the case that either 6 (yg (o)) > 0 or 6 (yr (@)) < 0. In both cases a

welfare-preserving reform saves resources. m

Proof of lemma 1. The result is trivial in case of bunching. Without bunching,

yr @\ |, @’
(h(a>wH> [1 yH(a)5] - (12)
(@)

_\6
— 5] : (13)

if the allocation is implementable,

u(en (@) —uler (@) =

| 9

u(cr (@) —uler (@) >

Sl
N
Tl
ol

S |9
=
N———

=%}

| — |
|
Ned

= S

@ S

due to monotonicity. The last inequality shows that high productivity hard workers
strictly prefer the allocation of high productivity lazy agents.
For the low productivity hard worker, we consider two cases separately: i) if differences

in preferences are more important, @/ w}si > af w%, and (12) implies

— 1) —\6
ulers (@) = uter @) > § () [1 _ () ] ,

h(@wr yu (@)°

thus proving the result; ii) if differences in productivities are more important, assume
that the low productivity hard worker weakly prefers the allocation intended for the

most productive lazy, that is

—\\ O —\ &
e ) - uler (@) = 52 (45 [1—“(“)5]- (14)

>
— w

If @/wf, < a/wd equation (14) implies

—_ —\\ O —\0
ulers (@) = utes (@) > 2 (%)) [1 - ule) ]

5“)(25 YH (04)5

i.e., both second period incentive compatibility constraints are slack. Reducing cp (@)
and increasing ¢y, (@) so as to maintain unchanged the expected utility for lazy agents,
does not change the expected utility of deviant hard workers, thus preserving incentive
compatibility. Monotonicity and strict concavity of u () guarantees that the reform saves

resources. A contradiction. m

Lemma 4 For any two agents, i and j, if MRS; > MRS}, then:

i) for two allocations (c,y) and (¢,y) with (c,y) < (¢,7) if agent j weakly prefers allo-
cation (c,y), agent i strictly prefers (c,y)

ii) for two allocations (c,y) and (¢,7) with (c,y) > (¢,7) if agent i weakly prefers allo-
cation (c,y), agent j strictly prefers (c,y) .
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Proof. Single-crossing implies that the ranking of marginal rates of substitution is

independent of the specific allocation we consider. From here, the proof is trivial. m

Proof of Proposition 1. If the first period constraint is slack, the second period
problem is just a traditional two agent Mirrlees’ problem. The first two properties are
derived, for example, in Stiglitz (1987). As for the third, when constraint ¥ is slack, our
problem is a particular case of that examined in da Costa and Maestri (2007), where a

simple proof can be found. m

Lemma 5 The constraint that prevents the high productivity lazy from mimicking the

low productivity is always binding at the optimum.

Proof. Trivial in case of bunching. Absent bunching, assume the lemma is not
true. Reducing cy (@) a little and increasing cy, (@) proportionately so as to maintain
the expected welfare of lazy agents reduces cost due to monotonicity and strict concavity
of u(c(a,w)). Lemma 1 guarantees that incentive constraints are not violated. We have
found another implementable allocation which is cheaper than the optimal one. An

absurd. m

Proof of Proposition 2. First, consider the case in which lazy agents are bunched
at allocation (y*,c*). If at least one lazy faces a strictly negative marginal income tax
rate this must be the case for the least productive lazy. Now, consider an alternative
allocation (g, ¢) where (Jy (@), ég(@)) = (y*, ¢*), while (g1 (@), ér(@)) < (y*,¢*) is in the
same indifference curve of the low productivity agent as (y*,c¢*). According to lemma
4, (y,¢) keeps everyone’s welfare unchanged (both deviant hard workers will choose
(y (@), ég(@)) under this new scheme), meaning that the new allocation is incentive
compatible. If the least productive lazy faces a strictly negative marginal income tax
rate at (y*,c*), the new allocation saves resources for (¢,¢) close enough to (y*,c*).
This contradicts the optimality of (y*,c¢*), therefore the marginal tax rate on the least
productive lazy is non-negative. The ranking of marginal rates of substitution guarantees
that the marginal tax rate for the most productive lazy is strictly positive in this case.
Absent bunching, the case in which differences in preferences are more important was
considered in the text, we shall then consider the opposite case. Lemma 5 shows that
the constraint that prevents the most productive agent from pretending to be the least
productive one binds which implies that the other constraint is slack. The first order

condition with respect to yr, (@) is

Ql

=@ oy~ w2, i)

9|
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Substituting wy, for wy and @ for a we get

oy @) \° ®rp — Ay — Umy,
”>“<mww) v (@)

Using the first order condition with respect ¢y, (@), 7 = (P — Ay — U)o/ (cf (@),

this inequality implies

a <yL (@)

th(a) th(a

J—1
)> < (cr (@)).

The marginal income tax rate for the least productive lazy is positive.

Now, consider the first order condition with respect to yg (@),

_ _ 0—1
TH = [‘D”H A - ‘I’?H} wrh(@) <5§;f<63>) ‘

Substituting @ for «, we get

_ o1
T > [P7y + A — W] wH(f)Z(a) (jgé?g))

which, using 7y = [Py + Ay — Yry| v/ (cgy (@)) yields

a < yH (@)

th(a) th(a)

fl<wwmm

a positive marginal income tax rate for the most productive lazy. m

Proof of Proposition 3. With bunching, the first order condition with respect to
h (@) is

(h(a)H — (@) Y@y mwﬁ) (@@ — a) = 0.
i

Also, da — Ta > a(® — ¥) = au/ (c(@)) " > 0. Therefore, h(a)? = y(a) 3, mw; °,
so if there is bunching human capital is not distorted. Absent bunching, whenever
differences in productivities are more important, off-equilibrium hard workers tell the

truth about w in the second period (lemma 1). Therefore, the first order condition with

respect to human capital is

N o vi@) (i@ \T_ Aga ye @ \' |, y@°
M@ =) i h ) (Wh(a)) ~ (®a — Va) h(a) <th(a)> [1 - (04)5]'

Since the term ®a— W is positive, so is the right hand side of the expression. The private

marginal cost of acquiring human capital is higher than its expect marginal benefit. m

Proof of Proposition 4. Any efficient allocation for lazy agents solves the a-type

program. If the solution is interim efficient Proposition 1 guarantees that human capital

28



is encouraged. So we assume that the allocation is interim inefficient, i.e., ¥ > 0. For
human capital to be discouraged it must the case that the lazy are not bunched and
differences in preferences for leisure are more important (according to proposition 3), in
which case the marginal income tax rates faced by the least and most productive lazy

agents are given by
a1 (wr/wi)|

O — Ay (wrjwg)®

0 (yr (@)

and

T (1= &5, (wn /wi) |

(yu (@) = S+ — Ve S s ()
respectively. The denominators of both expressions are positive according to the first or-
der conditions with respect to yr (@) and yg (@), respectively. Since differences in prefer-
ences are more important, both numerators are positive, which implies that 6 (yg(a)) > 0

and 6 (yr(@)) > 0, proving the proposition. m

Lemma 6 If hard workers are not bunched, Uy =0.

Proof. If U > 0 the bundles assigned to the two hard workers are located along an
indifference curve of the most productive lazy. Given that M RSy (a) < MRSy (@) and
yu () is located in the equilibrium indifference curve of (a, H), it must be the case that
the most productive hard worker finds her bundle strictly better than that of the least

productive hard worker. m

Proof of Proposition 5. Equation (11) implies that the high productivity hard
worker always faces a non-positive marginal tax rate.
As for the least productive agent, in the case of bunching, the fact that M RSy (o) <
MRS () at any point in the Y x C along with the non-negativity of 6 (yz(«)) implies
that the 6 (yr,(a)) < 0. The marginal tax rate is strictly positive whenever the first period
constraint is not binding according to lemma 1. By continuity, for ¥ small enough, tax
rates remain positive. So, depending on the situation 6 (yr(a)) may be positive or

negative. ®

Proof of Lemma 2. The proposition is trivial in the case of bunching. If the
incentive compatibility constraint that prevents the most productive hard worker from
announcing to be the least productive agent is binding the result is a direct consequence
of single crossing. So, assume that the constraint is not binding and that the high
productivity off-equilibrium lazy strictly prefers the allocation intended for the high pro-
ductivity hard working. The government may, in this case, reduce cy(«) and increase

cr () keeping expected utility constant for both true hard working agents and lazy agents
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pretending to be hard workers. Since u(+) is strictly concave and since single-crossing im-
plies a positive relation between consumption and productivity, this movement reduces
costs without violating incentives, thus contradicting the assumption that the initial al-
location was cost minimizing.

Finally, let differences in preferences for leisure be more important. Incentive compati-

bility implies that

u(er(@)) —u(en(a)) > ;(SL; [(y}f((s)))é - (y}f(if;))é] .

Since the term in brackets is negative (monotonicity), and since, o/ w% <a/ w‘SH,

u(ci(a)) ~ulen (@) > 55 [(y&g))é B (yif(g)ﬂ

Wr

IL.e., the most productive off equilibrium lazy strictly prefers the allocation intended for
the least productive hard worker. Lemma 4 implies that the preference is also strict for

the least productive off-equilibrium lazy. =

Lemma 7 Absent bunching, when differences in productivity are more important than
differences in preferences, the constraint that prevents the low productivity hard worker

from announcing to be of high productivity does not bind at the optimum.

Proof. Assume that the constraint is binding. Lemma 4 implies that the most
productive lazy chooses the most productive hard working’s bundle which cannot be

true absent bunching in virtue of lemma 2. m

Proof of Proposition 6. In the case of bunching, we use the first order condition
with respect to y (@) under bunching to show that ®a — ¥a > 0. Next we follow the
steps in the proof of proposition 3 to show that, with bunching human capital is not
distorted. Without bunching, when differences in productivity are more important,
lemma 7 determines that the first order condition with respect to human capital is given
by

((bg —Ja — \1@) [h(a)él ~ h(a) Zz . yi(a)‘s} _

5
w;

1)
e () )" [1 - ST v (- ) S

The right hand side is non-negative and is strictly positive if at least one of the two mul-
tipliers (¥, A\p) is positive. Since <<I>g —Ja— \I/&) > 0, from the first order condition
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with respect to yr(a), we have

h()51>h 612 5

with strict inequality whenever max {U, Ay} > 0. m

Proof of Proposition 7. When the solution to the a-type program is interim
efficient the allocation entails the encouragement of human capital. Thus assume that
the allocation is interim inefficient. For it to be optimal to discourage human capital for-
mation it must be the case that hard workers are not bunched, differences in preferences
for leisure are more important—proposition 6—and Ay, > 0. Under these circumstances,
and taking into account lemmas 2 and 6, the marginal income tax rates for the most and

least productive hard worker are, respectively,

)\L <1 — (wH/wL)(S)
O + A — AL (wH/wL)57

0 (yu(a)) =

and
1 (1 — g (7TL — Ty (wH/wL)5)>
S + A — \Ilg <7TL + 7y (wH/wL)6> '

The denominators of both expressions are positive according to the first order conditions

0 (yr (o) =

for the a-type problem with respect to yr(a) and yr, (o) respectively. Since differences

in preferences are more important, both numerators are negative, which implies that
0 (yg(a)) <0 and 6 (yr, (o) <0. m

Proof of Proposition 8. First note that any choice (h,y) such that (h,y) ¢ DOM
is not budgetary feasible. So, agents will choose (h,y) € DOM.

Consider an agent’s savings choice
maxu (c) + Efu(y — T (h,y) — [l 7 (h.y)])].

We argue that, if (h,y) € DOM, then the agent will choose ¢ = ¢ (h) ¢; = ¢ (h,y). In
fact, noting that the first order condition of her problem are both necessary and sufficient

E [u' (& (h,y)) [1 =7 (h,y)]] ' (E(h)) =

"(e(h))
E |u (¢(h,y [W”u'éh =0

) | | ey
We have shown that an agent who chooses a pair (h,y) in DOM will choose ¢ (h) and
¢ (h,y). Next, we note that ¢ (h(a)) = c(a) and ¢ (y; (), h(a)) = ¢; (a) to restate the
previous fact as: an agent who chooses (h(a),c(a),y;(@),¢; (o)) will not change her
pattern of consumption and will indeed consume ¢ («) , ¢; (o). Then we just have to recall

the fact that allocations are incentive compatible. m
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Table 1: Optimal Policy for Lazy

case 1: diff. in preferences are more imp.

case 2: diff. in productivity are more imp.

U

-11.0
-11.1
-11.2
-11.3
-11.4
-11.5
-11.6
-11.7
-11.8
-11.9
-12.0

0 (yr)
.0055
.0055
.0055
.0055
.0055
.0055
.0055
.0055
.0188
.0425
.0634

0 (yu)
0

o O O O o o o

.0722
.1700
.1882

const.

Al

AH

AH

Ao

AH

AH

AH

Ao
U,

U, A AL
U A\,

H.C.
.0011
.0011
.0011
.0011
.0011
.0011
.0011
.0011
.0008
0

0

U

-12.5
-12.7
-12.9
-13.1
-13.3
-13.5
-13.7
-13.9
-14.1
-14.3
-14.5

0 (yL)
1461
.1461
1461
1461
1461
3967
.5843
.7009
7715
8119
.8309

0 (yu)

0
0
0
0
0
.1662
3124
4301
5305

.6184
.6929

const.
Al
AH
A0
Ao
AH
Uy,
Uy,
U, A,
U,
Uy,
Uy,

H.C.

.0120
.0120
.0120
.0120
.0120
.0154
.0190
.0215
.0220
.0199
.0157

a=1,a=15, wr=1, wg=1.1
0=126=15U=—-122, 1= .6

a=1,a=15,wr,=1, wg=1.5
0=12,8=15 U= —15, 1= .6

Table 2: Optimal Policy for Hard Workers

case 1: diff. in preferences are more imp.

case 2:

diff. in productivity are more imp.

U

-14.2
-14.3
-14.4
-14.5
-14.6
-14.7
-14.8
-14.9
-15.0
-15.1
-15.2

0 (y)
1625

1625

.1501

.0733

-.0108
-.1029
-.2036
-.2583
-.3052
-.4051
-.5058

0 (ym)
0

o O O O o o o

-.0170
-.0610
-.1086

const. H.C.

AH .01854
A .01854
U Ay .01823
U, Ay .01653
U Ay .01468
U Ay 0127
U Ay .01064
v .0079
U Ar  .0056
W Ar  .0050
W, A, .0045

U

-13.0
-13.1
-13.2
-13.3
-13.4
-13.5
-13.6
-13.7
-13.8
-13.9
-14.0

0 (yrL)
1625

1625
.1501
-.0108
-.0944
-.2154
-.3975
-.6117
-.8636
-1.1607
-1.5120

0 (ym)

-.7837

const.
AH
AH

K> KD KD D KD D

SIS IS

)

v

)

H.C.
.01854
.01854
.01823
.01653
.01468
.0127
.01064
.0079
.0056
.0050
.0045

a=1,a=2, wy=1, wg=1.5
c=12,0=15U=-12, n;=.5

a=1,a=15, wr,=1, wg=1.5
c0=12,0=15U=-12, 1;=.5
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