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ABSTRACT

In this paper we consider strictly convex monotone continuous complete
preorderings on Eg that are locally representable by a concave utility
function. By Alexandroff’s (1939) theorem, this function is twice
differentiable almost everywhere.

We show that if the bordered hessian determinant of a concave utility
representation vanishes on a null set, then demand is countably rectifiable,
that is, except for a null set of bundles, it is a countable union of C1
manifolds. This property of consumer demand is enough to guarantee that the
equilibrium pri;es of a pure exchange economy will be locally unique, for
almost every endowment. We give an example of an economy satisfying these
conditions but not the Katzner (1968) - Debreu (1970, 1972) emoothneacs
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conditions.



1. Introduction

In the past twenty years econpmic theqrists have devoted a considerable
effort to the issue of local uniqueness of equilibrium prices. In a seminal
paper Debreu (1970) showed that a pure exchange economy with m consumers
whose demand functions are smooth is such that, for almost every endowment,
equilibrium prices are locally unique. 1If, in addition, the norm of the
demand functions goes to + = .as the boundary of the price simplex is
approached, then the set of equilibrium prices associated with each endowment
is compact, and therefore, local uniqueness implies finiteness.

- Smoothness of demand is a very strong condition. Katzner (1968)
considered strictly quasiconcave twice-continuously differentiable utility
functions, for which the marginal utilities are always strictly positive and
the indifference hypersurfaces do not intersect the boundary of the positive
crthant, In this setting, he chowed that demand will be gsmaath at a value ¥
iff the bordered hessian of the utility function does not vanish at x. Under
Katzner’s assumptions, this condition is satisfied on an open dense subset of
consumption bundles and on a corresponding open dense subset of full measure
of prices and incomés. Katzner's condition is‘eqqivalent to saying that the
indifference hypersurface'has nonvanishing Gaussian curvature at x. A more
general result by Debreu (1972) established that for preferences of class C2,
demand is smooth at x iff the indifference hypersurface has nonzero Gaussian
curvature at x (see Debreu (1976) also, where it is shown that smoothness of
demand does not‘require the existence of a C2 utility representation with no
critical point).

Differentiability almost gverywhere is therefore the most that can be

expected under very general assumptions. However this is an interesting
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property only if one can use it to infer the nature of demand from observed
reactions to price changes. Therefore we need to guarantee that most quantity
variations do not occur on a ﬁegligible set of prices. This argument
motivated Rader (1973) to introduce the condition that demand should map null
sets of prices and incomes into null sets of quantities - condition (N). He
established that differentiability almost everywhere together with condition
(N) guarantee that, for almost all endowments, equilibrium is locally unique
(althoﬁgh the set of endowments having infinite equilibria might be dense).

Rader (1973) showed also that demand is differentiable almost everywhere
in prices 1f the utility function is concave and demand is continﬁous and
locally Lipschitzian in income. He also established that if demand is
uniformly Lipschitzlan income and the incremental ratio of prices to quantity
is bounded from below, then condition (N) is satisfied. 1In a later paper,
7 proved that demand is differentiable almost everywhere 1f the
utility function is twice differentiable and condition (N) holds if utility is
analytic (derivatives of all orders exist and are locally subject to a common
bound) .
| Kleinberg (1980) studied the issue of generic finiteness of equilibria
using the weaker concept of approximate differentiability of demand. He
considered strictly quasi-concave utility functions of class C1 for which
Vu is approximately differentiable. In addition, he imposed some continuity
and boundedness conditions on the approximate derivative of Vu to guarantee
that the demand function is approximately differentiable on the complement of
an at most countable set of prices and incomes. Kleinberg showed that for
this class of demand functions equilibria is locally unique for almost every

endowment.
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The purpose of this paper is to examine what can be the contribution of
concavifiability of preferences to the issue of local uniqueness of
equilibrium prices. An assumption on local concavifiability is not too strong
and is already implied by Katzner'’s k1968) conditions. 1In fact, as Mas-Colell
(1985) showed (Proposition 2.6.4), if a strictly convex 02 preference has
indifference hypersurfaces with nonvanishing Gaussian curvature and can be
répresentable by a C2 utility function with no critical point, then for any
compact convex set K there is a C2 utility representation with no critical
point where the restriction to K 1s differentiability strictly concave
(i.e., has a negative definite hessian matrix on K). |
We consider monotone continuous complete preorderings that are locally

representable by a concave utility function u, which might not be
differentiable throughout the interior of the effective domain. However, it
is well known that the function u is differentiable almost everywhere on the
interior of its effective domain and that the partial functions admit
everywhere one-sided derivatives. Much is also known about the second
derivative of a concave fﬁ#ction. Alexandroff (1939) showed that a concave
function admits almost everywhere a 2" order expansion. Moreover, he
introduced extended partial derivatives which lie within the one-sided

derivatives of the partial functions and showed that these extensions are
almost everywhere differentiable, with remainder converging uniformly on the
cholce of the extensions and with derivatives given by the matrix of the
quadratic form in the 274 order expansion. This result was our main
motivation to write this paper.

I1f, in addition to local concavifiability we assume that the bordered

hessian matrix of the local utility representation is nonsingular almost

1
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everywvhere, then, we can claim that, from the point of view of geometric
measure theory, the range of the demand function behaves like a CL manifold.
In fact, except»for a null set of bundles, demand is a countable union of C1
submanifélds. In the terminology of geometric measure theory, the demand
range is countably rectifiable. We show that this property of demand is
enough to guarantee that, in a pure exchahge eéonomy, equilibrium prices are
1;cally unique, for almost every endowment.

We give an example of a 2 x 2 pure exchange transferable utility
economy satisfying our assumption, but not the Katzner-Debreu smoothness
conditions, and for which the set of equilibrium prices is finite,-for almost
every endowment.

It is interesting to notice that the property of rectifiability of
demand that we have established is weaker than Rader’s (1973) conditions for
generic local uniqueness. In fact, under rectiliability the condition that
demand map null sets into null sets is satisfied ﬁut demand is not
differentiable in almost every price and income. The comparison of our
results with Kleinberg’'s (1980) is more subtle, since he requires the demand
function to be only‘approximately differentiable except on a countable set and
his assumptions on preferences do not involve local concavifiability.
However, Kleinberg (1980) assumes differentiability of the utility function,

which is an assumption that we have dispensed with.

2. RECTIFIABILITY OF DEMAND

2.1 Preliminarities

The consumption set is E& and a preference relation R 1is a complete

preordering on IRE. let x~y if xRy and yRx and let x Py if
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x Ry but not y R x. We say that a preference relation R 1is (i)
contingpus if it graﬁh is closed on Eg X KQ (11) strictly convex if x R y
implies A x + (1-x) y P y,i for‘any 0 <x=x<1 and (1ii) monotone if x > y
implies‘ xPy. A functioﬂ u EQ + IR {is a'utility representation for R
.when xRy if and only if u(x) = u(y).

Given a strictly convex preference relation R the demand function for R

m-1 n-1

is a function d mapping int A X H&+ into EQ (where A is the

n-1 dimensional simplex), satisfying p d(p,y) =y and pz <y =>
d(p.y) R z. The demand set is d(int A" ! x IR,).

A preferencé relation R 1is locally (strictly) concavifiable if for any
compact convex éet K¢ EQ there is a (strictly) concave representation U,
for R. By Alexandroff’'s (1939) theorem, this function Uy is twice-
differentiable almost everywhere and the hessian matrix, where it exists, is a

negative semi-definite matrix. We will next recall the precice statement

this theorem.

2;1f2. Alexandroff[g_ghgg;gm

. ?or fechniéalwreasons we want to think of all concave functions as
defined throughout K' and taking the value -« outside of the effective
doﬁain. The extended real-valued function obtained this way is called a
proper concave function. Denote by dom u the effective domain of the
function u and by 1int(dom u) the respective interior.

A proper concave function u on K' is differentiable on a dense

subset D of int(dom u) and the complement of D on int(dom u) is a set
of measure zero; moreover, u {is actually continuously differentiable on D

(see Rockafellar (1970) 25.5)
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Alexandroff (1939) established that a proper concave function u on IK°
is also twice-differentiable almost everywhere on int(dom u). Since the
domain D of the first derivative may have an empty interior, we should be
more precise and recall the exact statement of Alexandroff's theorem.

Let u(xi;i_i) : IR-» IRU {-») be the proper concave function obtained
by setting all variables but Xg equal to i-i € EP-I. The right derivative
ul (xl;i_i) and the left derivative u:(xi;i_i) are well defined throughout
the effective domain of this %unction and u:(xi;i_i) s ul (xi;i_i) (see

Rockefellar (1970) 23). Alexandroff (1939) defined an extended partial

derivative u, of the u as any function satisfying the inequality

i
u:(xi;i.i) < ui(x) < u;(xi;i-i), where x = (xi;i_i). Note that ui(x)
coincides with the partial derivative %;—(x) "when it exists.
i

Theorem (Alexandroff): the extended partial derivative u, is differentiable

i
almost everywhere on int(dom u) and at any point x of differentiability,

for any direction y € K', we have

| ui(x + sy) -uy (x) - Vui(x)-syl < ¢ (8)

where £(s)/s converges to zero uniformly on the directions y and also

independently of the choice of the extension u Moreover, the matrix

T
H(x) = [Vul(x)...Vun(x)j is uniquely determined, Independent of the choice of

the extensions and is a symmetric negative semidefinite matrix.

Actually, the matrix H(x) = [hik(x)] exists only at points where u is

once differentiable (see Alexandroff (1939) pp. 5 and 6) but not necessarily
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at any such point. Furthermore, for any direction given by a normalized
vector y, the quadratic for % y' H(x) y coincides with the directional
second-derivative given by »:ig (u(x + sy) - u(xj - 1?1 ui(x) syi)/s2. By a

result due to Iessen (1929), in the case of a concave function, a directional

: n
second-derivative is a usual second-derivative, that is, u(x+sy)-u(x)- Y

.2 n n
. s 2 1-1
ui(x)syi-i- ) ¥ hiK(x) Y{¥y = €S where ¢+0 as §*0, uniformly on all

directions ;Ti ggin; any concave function admits at almost every point x a
second-order Taylor expansion and the matrix of the quadratic form is the
matrix H(x). o

Busemann and Feller (1935) had shown that a céncave function in n3
admits‘&irectional second-derivatives almost everywhere in its effective
domain. Alexandrofé (1939) extended their result to an arbicrafy finite
diﬁeﬂsionA(in part 2 of his paper) and established the relgtion between the
directional second-def{Qat{ves aﬁ& the derivatives of the avtendsd

e
- - e vl

derivatives (in part 3 and 4 of his paper).

2.1.3. Rectifia t

| _Recall that a function f : A ¢ H-r' is said to be locally

Lipschitzian if for any a € A there exist an open ball Bc(a) and a

constant M such that [|f(x) - £(y)| < M |x-y|, for any x,y € B_(a).
Denote by L" the Lebesgue measure in K. We say that a set E ¢ K

is M-rectifiable if Ln(E) <o and L" - almost all of E 1is contained in

the union of the images of countably many locally Lipschitzian functions from

_KP._to K. Aset EC R 1is sald to be countably n-rectifiable if " -

- almost all of E 1is contained in the union of countably many rectifiable

sets. As we will see next, from the point of view of geometric measure
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theory, rectifiable sets behave like ct manifolds.

Geometric measure theory can be described as differential geometry

generalized through measure theory to deal with maps and surfaces that are not

smooth.
n -

Denote by L the Lebesgue measure on EP and by 56(8) the closed
ball around a € IR with radius §. Let A be a measurable subset of IR"
and a € EP; the set A 1is'said to have densit t -

nsity zero at a if V£>O 36>0
such that Ln(Bé.(a) NA)<e Ln(Ba(a)) for any & < §.

Consider an extended real valued measurable function f defined on a
measurgble set A C EP. The approximate 1im sup of f at a € r is

defined as

ap lim sup f(x) = inf B, where
X -+ a

B=(te R (xeA: £f(x) >t} has density zero at a)

From the definition, if the set A has density zero at a then
ap lim sup f(x) = - . It is immediate that if lim sup exists then it is
equa§ :oathe approximate lim sup.

Similarly, ap lim Inf f(x) = sup {t € R: (x € A: f(x) < t) has density
zero at a}.

Recall that a funétion f from AC K {is said to be pointwise
Lipschitzian at a € A if lim sup |f(x)-f(a)]/|x-af] < ». Similarly, a
function f: A¢ R -+ K" i: :;:a to be approximate ointwise Lipschitzia
at a€A if ap lim sup [f(x)-f(a)]x-a] < =.

x + a

The following lemmas summarize the most important facts about

approximately Lipschizian functions.
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lemma ] (Federer): if a function f: A g K - ® is approximately
pointwise Lipschitzian on A then A 1is the countable union of measurable
sets such that the restriction of f to each set is LipschitzianAand moreover

f 1s approximately differentiable a.e. on A: that is, there exists a linear

map L: K -+ ® with

ap lim [£f(x) - f£(a) - L(x-a)]l/[|x-a] = 0
X -+ a '

(for a proof see Federer (1969) 3.1.8).

Remark .

Then, the range of a function f: A C R® - ® which is approximately
pointwise Lipschitzian is a countably rectifiable set. 1In fact, one can take
a countable cover of f(A) by bounded sets and each one is a rectifiable set,
since the Lipschitzian restriction of f 'can be extended to the whole 1.8
preserving the Lipschitzian constant (see.Federer (1969)). Moreover, if
g BC K K’ adnits an approximately pointwise Lipschiézian restriction
f: ACB - R such that f(A) has full measure in g(B), then g(B) 1s

also countably rectifiable through Lipschitzian restrictions of f.

Lemma 2: a function f: A¢ K + K' that is approximately pointwise
Lipschitzian on A maps null sets into null sets, provided n < m.
In fact, by lemma 1, A = U ¢, such that flc is Lipschitzian and if

k-1 K K
BCA isnull set, then £(B N Cp) is also null and f£(B) - K’E’)l £(B n Cy).

Now we will establish a result on the rectifiability of the inverse of a

differentiable function.
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oposition 1: let f and g be functions defined on an open subsets of K
and taking values in IR suppose that the restriction of £ to a
measurable subset. D admits the restriction of g to £(D) as an inverse
function. Let a be a limit point of D. If f 1is differentiable at a and

f’'(a) 1is nonsingular, then

le(b+s)-gm)| - 1
ap lim sup < (£ a7
Lin s Iel
gl£(D)

Moreover, if D 1is a full measure subset of dom f then the above inequality

holds as an equality.

Proof: Inverting the incremental ratio we have,

ap limosup g(b+s) - g(b) |/|s| =
s-’

l£Catx)-£Ca)| 1
= inf {t € R (x €(D-a): "x" < —f} has density zero at a}

1£(a+x)-£(a)
= 1/sup (t € R: {x € (D-a): "xﬂ < t} has density zero at a}

[ £(a+x)-£(a)] £(a+x)-£(a) |
= 1/ap lim inf < 1/1lim inf
gt S & - ]
£|D

when the last inequality follows from the following set inclusion:

Hf(a+xj-f(a)"
{t € R (x €(D-a): T < t) has density zero at a) 3
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| £Ca+x)-£(a)]
{t € R: {x €(dom f-a): ﬂx" < t} has density zero at a)

If D has full measure in dom f then these two sets are equal and the
above inequality holds as an equality.

To finish the proof recall that for a mapping h with nonsingular
derivative Dh at a point a, the 1lim inf of the incremental ratio of h

at a is equal to "(Dh(a))°1ﬂ'1 (see Federer (1969) p. 209).

Finally, we present the results that allow us to think of a rectifiable
set almost as a countable union of C1 manifolds. The Lipschitzian functions

in the definition of a rectifiable set can be replaced by» CI fﬁnctions due

to the following lemma.

Lemma 3: (Federer): a function f: AC I » I that is a.e. in A
aﬁproximately pointwise Lipschitzian is such that for ¢ > 0 there exists a
C1 map g: K' » ®' identical to f on a subset of A “of measuie greater
than 1l-¢ (for a proof see Federer (1969) 3.1.16).

Using this lemma, Federer established the'foilowing cﬁaracterization of

rectifiability.

Lemmg 4: in the definition of a rectifiable set E one can take the
Lipschitzian functions to be C1 " diffeomorphisms on compact domains with
disjoint images whose union coincides with E almost everywhere.

(see Federer (1969) 3.2.18 and 3.2.29 and Morgan (1988) 3.11)
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2.2. sult
2.2.1.
eorem 1: if a continuous, monotone, strictly convex preference
relation R on Eg i1s locally concavifiable and for each representation uy
the bordered hessian matrix 1s singular only in a set of measure zero, then
the demand function d 1is approximately pointwise Lipschitzian for almost

every value. That is, ap lim sup d(pby) < o for almost every xo - d(po, 0)

n-1 .y + ©%y9
€ d(int A X IRH_). .

In other words, by lemma 1 and the remark in 2.1.3 demand is countably
rectifiable and, by lemma 4 in 2.1.3, except for a null set of bundles, it is

the union of countably many pairwise disjoint compact C1 submanifolds.

2.2.2 Zgoof of the Theorem

Consider a countable cover of EQ by closed cubes. For eagh cloged
cube K ¢ EQ, R is representable by a concave utility function u with no
critical point, by monotonicity of R. For simplicity, we assume that u is
a proper concave function with effective domain K. We assume that K has
nonempty interior, since otherwise K would be irrelevant for the purpose of
proving that demand is approximately pointwise Lipschitzian for almost every
value. For the same reason, we will consider only the optimal interior
solutions in K, since the boundary of K 1is a n-null set.

Let N be the null subset of int K when u is not twice-
differentiable. Let &(x) be the bordered hessian determinant of u at

x € int K\N, given by
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§(xX) = ull(x) A uln(x) ul(x)

uln(x) “en unn(x) un(x)

ul(x) oo un(x) | 0

Let CP be the null subset of int K\N where the bordered hessian
&eterminant § of u vanishes. ALet ‘RP be the complement of CP on int
K\N. |

Recall Debreu’s (1972) decomposition of the demand function and adopt it
to the case where dom Du 1is just a full measure subset of int k. Let
g: x =+ Vux)/fvu(x)] and é(x) be the vector of the first n-1 components
of g(x). The restriction 5. of the demand function d to d-l(dom Du) 1is

the inverse of the function f: x ~ (p,y) = (g(x),g(x)*x). This function f

is the composition of a: x = (g(u), u(x)) and £: (,v) + (p,m{v)) when
n-1
p € int A and m(v) = min p.z.
u(z) 2 v

Let §, & and T be any extensions of g, a and f, respectively
obt;ined using Alexamdroff’s extended partial derivatives. |

The Jacobian determinant of @ at x € int K\N is J a(x) = -§(x)
gn(x)/"Vu(x)"n, where gn(x) fs the nth component of g(x) (that 1is,
gn(x) - uﬁ(x)/"Du(x)"). Then J(a)(x) » 0 on RP. The function g has the
same Jacobian determinant as m, which is the inverse of the function v
given by s = max u (z). Now Vv(s) = "Vu(x)", for x = d(p,s). Therefore

a
z <s

~p n+2
J £(x) = J(Boa) = - S(x)un(x)/"Vu(x)H and J F(x) = 0 if and only if x €

RP.

e
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. 0 0.0 0
Now, by Proposition 1 in 2.1.3 above, for x € RP, let (p ,y ) = f(x )
and we have ap lim sup d(p,y) < », where d = dld'l(dom Du). Since dom Du

(p.y)+ %,y
has full measure in int K we also have ap lim sup d(g ,Y) < o, for

(p.,y)=f(x) and x € RP. We have proven that the demand function is
approximately pointwise Lipschitzian on the inverse image of RP and RP is
a full measure subset of int K. To complete the proof, notice that the

countable union of the null complements of each set RP in the respective

n
cube K 1is a null subset of Ha: Q.E.D.

-

ann

Notice that the result still holds for a strictly concave function u
which is‘diffe;entiable almost everywhere and such that the derivative Vu
admits an extension f to the whole domain of u so that (i) .f is itself
differentiable almost everywhere, (ii) f' exists whenever Vu exists and
y £t

-~
-

111 nensingular almost everywhere. This cbservation ig intesrestin
in the case when u admits almost-everywhere a second-order expansion and

.the matrix in this quadratic form coincides with f', almost verywhere (as it

is the case with a concave function).

3.  Local Uniqueness
Consider a exchange economy with m consumers and n goods. Let

d.: int An 1 x IR »HP be the demand function and w, € Bfl be the
hj ++ + ++

3
endowment of the jth consumer. We keep the demand functions fixed and
parameterize an economy by an endowment vector w = (wl,...,wm). Glven w €
i) , an element p € 1nt An°1 1s an equilibrium price vector of the econom
++ y

w if 2 dj(p P w ) - Z w - Let E(w) be the set of equilibrium price

vedtors of the economy w We say that equilibrium prices are locally unique
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if all elements in E(w) are isolated points of this set.

Theorem 2: If the demand functions dl""'dm of all consumers are
approximately pointwise Lipschitzian for almost every demand bundle, then the

equilibrium prices are locally unique, for almost every endowment vector.

Proof: Let U = int An-1 X K&+ X Hif?-l) and define the function
F: U-+ K™ as in Debreu (1970) by
e = (p.YysVys--.w ) > F(e) = (Fy(e),... ,F (e))
m m
where F)(e) = d)(p,y;) + Y d; (@pew) - § W
i=2 i=2
F.(e) =w, for j»1
j( ) j ]

For e € u, p-Fl(e) - Y- Also, p 1is an equilibrium price vector iff

1

(p,yl,wz,...,wm) € F "(w). We want to show that for a.e. w, every e in

F-l(w) is locally isolated. Let us start by claiming that the range of F
is a men-countably rectifiable set (through Lipschitzian restrictions of F)

Let M, be the full measure subset of EQ which is the countable union

3

K§1 Mjk of disjoints images of C1 diffeomorphic restrictions of dj'
Denote by Nj its null complement in Kg.
= nm
Define N1 - {w e Bg_. w=F(e), e = (p,yl,wz,...,wm)
and dl(p,yl) € Nl)
= nm
Nj = {(w € K& tw="F(e), e = (p,yl.wz,...,wm)

and d,(p,p°wj) € N.), j » 1.

h] 3
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We want to show that jgl ﬁj is a null set. Now ﬁl - R ﬁl
and ﬁj - Hg\ﬁj where
ﬁl - (w € Egm: w € F(e), e = (p.yl,wz,....wm)
and d,(p.y;) € M;}
ﬁj ~we K" weF(e), e~ CR AT NRS)
and dj(p,p-wj) € MJ) y J»1
We need to establish that ﬁj(j;- 1,...,m) 1is of full measure in IR:m. Now
w € ﬁl iff dl(p'yl) € Ml for‘any (p,yl,wz,...,wh) € F°1(w), that is,
(p,yl) € dil(Ml) N 71(F-1<w)) - B, where 7j is the jth projection mopping
(applied in this case to Jg HP). Similarly, w e ﬁj(j »“ 1) 1Iff (p’p'“j)

-1 . -1
€ dJ (Hj) n 1J(F (w)) Bj.

Let

ot
Cde poed e ote

oo - . -
=X € R :x=(ppwy), PEJ B, v € R

and B, - (x e ®: x = (p.yy). P €3 (BJ)' y, n&).
- m Kl s
Then M = X, A} where A} =M + ¥ 4

iy . j j_
X1 A 1 1t i(B ) Y Ay and A ®', for
i »1. =

J w1 1v i +’

By the Brunn-Minkowski theorem (see Federer (1969), 3.2.4)), for an&

nonempty subsets A and B of R (not necessarily of finite measure), we

1/n > Lp(Mj)l/n +-LP( )

_ iy

i J\1/n ' 4

j) -} Ai) , where, on the right-hand-side, at least the first term
inl

{# + o, So M, 1is of full measure in Hi. and therefore the range of F

3

is men - countably rectifiable through F.

have LPa+B)Y™ = L") + 1P3)™. Then L“(Ajl)

di(B

To complete the proof of the theorem, notice that the set F(U) can be
regarded as the union of countably many disjoint men-rectifiable sets RK
(by taking appropriate set differences). Now, by lemma 5 in 2.1.3 (from
Federer (1969)), one can take the countably many Lipschitzian functions in the
1

definition of each rectifiable set RK to be C° diffeomorphisms DiK on

.k
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compact domains with disjoint images, whose union coincides with the
rectifiable set almost everywhere. Let N = F(U) \ KBI 131 range D

ik’
which is a men-null set.

Now, any endowment vector on F(U) \ N 1is such that E(w) has only
isolated points. In fact, by the Cl-inverse function theorem, any element
we€ FW) \ N and any element e € F'l(w) have neighborhoods 0, and 0,
fespectively, that are homeomorphic under the restriction to 0e of some C'
map D Moreover, for each w e F(U) \ N, this map D

{K" K is uniquely

determined, because the rectifiable sets are disjoint and the DiK maps have
disjoint images. Then, for any w € F(U) \ N, any price vector p in E(w)
has a neighborhood 0p where there are no other elements of E(w) (this

neighborhood 0p is induced by 0e through the one-to-one correspondence

between E(w) and F-l(w)).

Q2
i
k=

4. AN EXAMPLE

Here, we give an example of a pure exchange economy ﬁhere utilicy
functions are concave, but not differentiable, and we still have finiteness of
equilibria, for almost every endowment. In this example thé set of endowments
generating infinite equilibria is dense.

Consider an economy with two consumers with the same concave utility
function on Hﬁ, which is constructed so that an indifference curve is

differentiable only at irrational points.

For each 9, € Q, let fn be the characteristic function of the set
(y € H&: y 2 qn). Notice that fn is nondecreasing and has a jump at q,-

-]
Let ) 1/2n £ ; now f is nondecreasing, at any q_ € Q it has a jump of

n=1 qn
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magnitude 1/2n and it is differentiable except at the rationals, with zero
derivative.
Now integrate f to obtain a convex increasing function. Since f has
only a countable set of discontinuities it is Riemann integrable. Let g be

such that.
g(x) = X[, £(t)at

The derivative g’ exists at every continuity point of £, that is, at
any irrational x. Furthermore, at any rational q, ve have g'(qn) - £(q)
n
N ) .
and g;(qn) - f(qn) - f(qn). Notice that g 1s strictly convex:

(1-a)y

glax + (l-a)y) = fgx £(t)dt + Jo £(t)dt,

since f 1is nondecreasing and for 0 < a < 1 we have
faox f(t)dt < af’(; f(t)dt

Now let h: E&+ - E&+ be defined by h(x) ; g(l/x). The function h
is decreasing, convex, differentiable only at irrational points; it will be
used as an indifference curve. Let the utility function be u: H§+ + R
given by u(xl,xz) - X, - h(xl).

The preferences in this example satisfy the assumptions of theorems 1 and
2 but not the smoothness conditions of Katzner (1968) or Debreu (1972)-(1976).

In fact the bordered hessian determinant of u, at (xl,xz) € (IR\Q) X IR,

is
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-hh(x) 0 - b)) | = hr(xy)
0 0 1
- h'(xl) 1 0
1 2, _
and h"(xl) - gn(l/xl) - — g'(l/xl). Now g" 1is the derivative of the
X x3
1 1
Alexandroff’s extended partial derivative g, = £ and therefore g" wvanishes
. T : 2 )
identically on its domain IR\Q. Then h"(xl) - . '—5 f(l/xl) >0, for any
: x
1

x, € IRRQ and the bordered hessian determinant is nonzero on the full measure
set (IR\Q) x IR
Let us examine the demand functions and the equilibria of this economy.
if (xl,xz) € (H&+\Q) x H&; then - h'(xl) - pl/p2, implying X =
(h')-l(;pl/pz) except at prices associated with points where h {s not

differentiable and these prices are elements of the subdifferentials
8h(q ) = (p/P, € R :

y°p1qn

-h;(qn) < pl/p2 < - h:(qn)} and generate demand Xy = We have

P2
determined completely the form of the demand function,

It is easy to see that when the endowment vector (wl,wz) is such that

w, 1is irrational, then the equilibrium price ratio is equal to -h'(w

1 1/2)"

For vy rational, the set of equilibrium price ratios is the interval
[-h-;(wl/Z) ’ 'h- (wl/z)] .
That is, almost every endowment generates finite equilibrium prices but

the set of endowments giving rise to infinite equilibrium prices is dense.
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