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RESUMO

Nesta dissertação eu demonstro que em modelos de dívida soberana de longo-prazo , as expecta-
tivas dos credores acerca dos preços dos títulos e do nível de endividamento do país no futuro
podem ser auto-realizáveis, gerando múltiplos equilíbrios, ou inconsistentes com os incentivos
que elas provêm, caso em que nenhum equilíbrio de Markov em estratégias puras existe. Tanto a
possibilidade de não existência de equilíbrio quanto a de múltiplos equilíbrios advêm do feedback
entre os preços dos títulos em equilíbrio, que pressupõe um comportamento de endividamento
esperado, e o nível ótimo corrente e futuro de endividamento do país. A incapacidade do país
de se comprometer com um determinado nível de endividamento no futuro é crucial para estes
resultados. Nos modelos que eu analizo, o que determina se o equilíbrio existe ou se é único é
essencialmente a função para o custo direto do default e a extensão da maturidade dos contratos
de dívida.

Palavras-chaves: Dívida Soberana, Dívida de Longo-prazo, Divída com Commitment Limitado,
Equilíbrios Auto-realizáveis .



ABSTRACT

In this dissertation I show that in models of long-term sovereign debt, lenders’ expectations of
future bond prices and the country’s future borrowing behaviour can be self-fulfilling, leading to
multiple equilibria, or they can be inconsistent with the incentives they provide to the country, in
which case no Markov equilibrium in pure strategies exist. Both the possibility of non-existence
of equilibrium and equilibrium multiplicity steams from the feedback between equilibrium bond
prices, which embed a expected future borrowing behaviour, and the current and future optimal
level of borrowing by the country. The inability of the country to commit to a certain level
of future borrowing is also crucial for those results. In the models I analyse, what determines
whether the equilibrium exists or whether it is unique is essentially the function for the direct
cost of default and the extent of the maturity of debt contracts.

Key-words: Sovereign Debt, Long-term Debt, Debt with Limited Commitment, Self-fulfilling
Equilibria.
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1 INTRODUCTION

The modern literature on sovereign debt with limited commitment initiated by Eaton e
Gersovitz (1981) has, in the last two decades, intensely focused on solving complicated models
using numerical methods. The most influential work, and to some extent the one that gave rise to
this large quantitative literature, is Arellano (2008). The author show the ability of the model first
developed by Eaton e Gersovitz (1981) to account for features observed in data for Argentina for
the period before the default in 2001.

As enlightening as this quantitative literature may be in helping us understand how
different variables and mechanisms affect and shape the incentives of emerging countries to
borrow risky, the incentives to default on its debt and the movements in indebtedness and interest
rates’ spreads observed in these economies, the fact that these models are solved numerically
means that a great deal of what is going on is invisible to the reader and usually even to the
researcher solving the model.

In this work I solve analytically two models of sovereign debt that are simpler versions
of the models typically used by the quantitative literature. The main contribution is to show,
using the expressions derived, that these models typically involve both a region of parameters
where multiple equilibria exist and a region where no Markovian equilibrium in pure strategies
exist (in addition to regions where a unique equilibrium exists). The analytical characterizations
also helps us understand more clearly how different mechanisms and assumptions shape the
incentives of the country in these type of model.

The main simplifications I assume are linear utility from the consumption of households
and the restriction of uncertainty to two possible output states. The assumption of a linear
utility might seem a big deviation from the literature since some authors argue that consumption
smoothing is paramount for the results obtained in models of sovereign debt. Nevertheless, I
show how the main mechanisms and results from these type of models are robust to the relaxation
of this assumption by solving numerically the model in Arellano (2008) with linear utility.

Aguiar e Amador (2020) also show how multiple equilibria can arise in models with
long-term sovereign debt in a setting similar to the one I study. They assume linear utility and
solve for a model in continuous time with a stochastic value of the option to default at every
instant (and constant output). I show that their result on equilibria multiplicity is maintained in a
model with discrete time and stochastic endowment following a Markov process, which is more
akin to the setup used in the quantitative literature. The mechanism that drives the existence of
multiple equilibria and the intuition behind it is basically the same in both models.

However, differently from Aguiar e Amador (2020) I show how this type mechanism
can also give rise to regions of parameters where no Markov equilibrium in pure strategies exist.
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This is a new result in the literature that gives a different type of intuition for these models.

Multiplicity of equilibria involves complementarity in agents’ strategies, in the sense that
if lenders expect the country to follow a path of risky borrowing in the future the country has
an incentive to engage in risky borrowing from the present period onwards, so the equilibrium
is self-fulfilling, with the same being true if lenders expect the country to follow a path of safe
borrowing. In the region where no equilibrium (in pure strategies) exits, the opposite is true.
If lenders expect the country to follow a path of risky (safe) borrowing the country prefers to
deviate to a path with safe (risky) borrowing.

The reason these two regions can arise in models with long-run debt is mainly due to the
feedback between the price schedule for bonds and the country’s policy function for borrowing
that arise in this setting coupled with the (generally implicit) assumption that the country cannot
commit to certain level of future borrowing. In the region of multiple equilibria, if lenders expect
risky borrowing in the future, the drop in the current price of bonds when the country goes from
safe to risky borrowing is small enough so the country prefers to engage in risky borrowing (at
least when output is high) in current and future periods. If lenders expect safe borrowing in the
future on the other hand, the drop in price is larger, in particular large enough so the country
prefers a safe level of borrowing in current and future periods.

In the region where no equilibrium exists the drop in price when lenders expect risky
borrowing in the future is not small enough to induce the country to engage in risky borrowing
in current and future periods while the drop in price when lenders expect safe borrowing in the
future is not large enough to induce the country in a path of safe borrowing from the present
period onwards. In this case, for any expectation that lenders might have regarding future
borrowing behaviour, the implied price schedule gives an incentive for the country to deviate
from the expected behaviour, so there exists no pair of price schedule and policy function for
borrowing that constitute an equilibrium (if we restrict the definition of equilibrium to Markovian
equilibrium in pure strategies).

This dissertation is organized as follows. In section 2 I give a brief literature review
where I discuss how the type of multiplicity that arises in the model analysed here relates to
different kind of multiplicity explored by previous literature. In section 3 I show how the model
in Arellano (2008) gives very similar results when we solve it numerically with concave and
linear utility.

In section 4.1 I study the model with long-term debt, partial default and no exclusion
from credit markets to show how regions of multiple equilibria and regions with no equilibrium
arise in this setting. In section 4.2 I add permanent exclusion from credit markets to the model
(in which case default is always total) and show that the results are maintained in this setting.
Finally section 5 concludes.
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2 LITERATURE REVIEW

In the last decades, with the advance of computer technology, several papers extended the
framework developed initially by Eaton and Gersovits (1981) to more realistic settings solving
this models numerically, following the work in Arellano (2008). In particular many papers added
long-term debt to the model in order to improve the match with data and investigate topics such
as maturity, partial default and self-fulfilling crises.

Examples include Arellano et al. (2019), Dvorkin et al. (2021), Hatchondo e Martinez
(2009), Hatchondo, Martinez e Sosa-Padilla (2016), Bocola e Dovis (2019), Bianchi, Hatchondo
e Martinez (2018), among many others. The model I study in section 4.1 is a simpler version
of the model solved numerically in Gordon et al. (2019) while the model analysed in section
4.2 is a simpler version of the model solved numerically in Chatterjee e Eyigungor (2012). It
is important to notice that the papers in this literature generally restrict attention to Markovian
equilibrium in pure strategies as a solution concept.

On the other hand, few papers in the sovereign debt literature focus on simple models
that allow for analytical solutions, especially in the case with long-term debt. The exception
consists mostly of research that study how self-fulfilling equilibria can arise in this setting such
as Aguiar and Amador (2020) and Lorenzoni e Werning (2019).

It is important to mention that the key assumptions and mechanisms driving the existence
of multiple equilibria in the model presented here and the one studied in Aguiar and Amador
(2020) are distinct from those in Cole e Kehoe (2000) and Lorenzoni e Werning (2019). In Cole
and Kehoe (2000) multiplicity steams from the fact the country is able to borrow in the current
period before the repayment of its debt so holding future behaviour constant, there might be two
bond prices that clear the market in the current period, one where the price is 0 and the country
defaults today (because the burden of repaying all its debt all at once is too high) and one where
the price is positive and the country is able to rollover its debt and avoid default, hence it is
a “static” multiplicity. The multiplicity that I study, on the other hand, arises because of the
dynamic feedback between lenders expectation of future borrowing and the country’s current
and future borrowing behaviour.

Calvo (1988) and Lorenzoni and Werning (2018), which extends Calvo’s model to a
dynamic setting, study a different kind of multiplicity which arises when the country wants to
raise a certain amount of revenue from its bond issuance but cannot choose the lower price if
there are two pairs of price and bond quantity that satisfy both the country’s budget constraint
and lenders expected return. In other words, the country might end up in the decreasing portion
of a "debt Laffer curve". Thus, they stress the role of the limitations on short-term adjustments
in consumption that the country is able to make (due to fiscal rigidity) in generating multiple
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equilibria. In the model I present here on the other hand, it is the lack of limitations on future
consumption behaviour that generates the possibility of multiple equilibria. If the country could
commit to a certain level of future consumption it would be able to select the equilibrium where
it is better off (there is always an equilibrium where the country is strictly better off among the
multiple equilibria).

One of the main simplifying assumptions made in the models analysed here and in Aguiar
and Amador (2020), in order to obtain analytical solutions, is that of linear utility. To conclude
this section I discuss why the literature might have been so reluctant to abandon the hypothesis
of consumption smoothing in order to render more analytical tractability to the models studied,
and why this assumption might not be essential to the mechanisms and results of these models,
as I show in the next section.

In their seminar paper on sovereign debt, Eaton and Gersovits (1981) model an economy
where the the sovereign wants to borrow from abroad but cannot commit to repay its debt. Their
central point is that even if exclusion from international credit markets is the only sanction
the lenders can impose to a country that defaults, positive amounts of borrowing can still be
sustained in equilibrium since the country values the future ability to borrow in order to smooth
its consumption trajectory and so will have an incentive to repay in order to keep its access to
international credit (as long as the debt burden is not too large). Concavity of the utility function
is therefore paramount to their argument.

Bulow e Rogoff (1988) showed that if the country can still smooth consumption through
savings after it defaults (using contingent international assets) and the only cost is no future
borrowing, then no positive amount of borrowing can be sustained in equilibrium. Given this
result, the literature from then on adopted the convention of assuming direct (dead-weight) costs
in addition to exclusion from international credit markets after a country fails to repay its debt. In
these models, even if the country does not value consumption smoothing it still has an incentive
to repay its debt (if it is not too high) in order to avoid the direct costs from default.

But the idea that the main gain for the country from its access to international credit
markets comes from its ability to smooth consumption using borrowing remained, as can be seen
from this passage of Arellano (2008): "...Given that the government is benevolent, it effectively
uses international borrowing to smooth consumption and alter its time path...".

The problem the country faces in order to smooth consumption in most of these models
is that the prices for the bonds issued, in equilibrium, are pro-cyclical. This happens because
the incentives to repay debt are generally decreasing in the level of output (as can be seen by
proposition 3 in Arellano (2008)) and the stochastic process for output is generally assumed to
exhibit persistent shocks. So low output today means a higher probability of low output tomorrow
and therefore a low incentive to repay debt tomorrow, leading to a low price for bonds in the
current period given the higher probability of default next period.
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Indeed, in Arellano’s simulated series for her model (with parameters calibrated to match
the Argentina’s economy near 2001), consumption is more volatile than output (a standard
deviation of 6.38 and 5.81, respectively) and the trade balance is negatively correlated with
output (a correlation of -0.25). Hence the country generally raise more funds borrowing in
international markets when output is high then when it is low (in which case the flow is generally
negative, that is, the trade balance is positive).

Given the fact that in these models the country always has the option to save (even if
in imperfect financial markets) or even stay in a safe level of borrowing in order to smooth
consumption, this raises the question of what is the main incentive for borrowing to the country.

The time preference parameter β in Arellano’s model is calibrated to match the (high)
level of debt-to-GDP and "probability"of default (an admitted rough guess by the author). In
order to induce the modeled economy into a risky region of debt, even if that means sacrificing
consumption smoothing because interest rates faced by the country become countercyclical, it is
necessary that the country be impatient enough (at least in comparison with the international
risk-free interest rate r). This explains why Arellano (and many other papers in the quantitative
literature the followed) used such a low β in comparison to r (0.953 versus 0.017 for quarterly
data).

But the main point is that if the country is impatient enough, the gains from anticipating
consumption are larger than the gains from consumption smoothing so that the country is willing
to engage in risky borrowing even if that means a more volatile consumption. As Lucas (2003)
points out, the gains from consumption smoothing using conventional utility functions are
generally very small, equivalent to around an 0.1% increase in consumption every period (using
the standard deviation for consumption observed in U.S. data for 1947–2001), so as long as β is
sufficiently smaller than 1/(1+ r), the country will be more interested in anticipate consumption
than smooth it. In next section I show how indeed the results from the quantitative solution of the
model in Arellano (2008) are robust to the relaxation of the consumption smoothing assumption.
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3 THE BENCHMARK MODEL OF SOVEREIGN DEBT
WITH LINEAR UTILITY

In the model studied by Arellano (2008), which became the workhorse for the quantitative
literature, a small country maximizes households’ utility using imperfect international credit
markets to affect their consumption path, which is discounted by the time parameter β . The
country cannot commit to repay its debt and in case of default can no longer borrow from abroad
for a random amount of periods. Also, while the country is in autarky, if output y is above δE(y)

the country suffers a direct cost in which case y drops to δE(y). Finally, since there is perfect
competition among risk neutral lenders the price of the bonds issued by the country is given by
q = Prob(repayment)/(1+ r), where r is the international risk-free interest rate.

Given my argument that in most quantitative models in the literature of sovereign debt
the main incentive for borrowing is the relative impatience of the country, we can naturally ask
how these models perform if we abstract from consumption smoothing and assume a linear
utility. In order to answer this question I solved numerically the model in Arellano (2008) and
compared the results using linear utility and a CRRA utility (with 2 as the parameter of relative
risk aversion, the same value as the author assumes. I also use the same value as her for all the
other parameters). The time series and estimated moments for main variables for each case are
summarized Figure 1 (grey areas represent periods of autarky after default) and Figure 2.

Figura 1 – The model in Arellano (2008) with linear utility.

Simulated time series for output, debt and the bond price for the model in Arellano (2008) using
linear (γ = 0) and concave (γ = 2) utility

We can also calibrate the time discount parameter (β ) and the direct cost of default
parameter (δ ) for the model with linear utility to match the probability of default and average
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Figura 2 – Estimated moments using the parameters in Arellano (2008).

Estimated moments for the simulated time series using the parameter values in Arellano (2008)
with linear (γ = 0) and concave (γ = 2) utility

debt to output ratio of the model with concave utility. The parameters used, estimated moments
and time series for each case are given in Figure 3 and Figure 4.

Figura 3 – The model in Arellano (2008) with linear utility (Calibrated).

Simulated time series for the model in Arellano (2008) with parameters calibrated in the case of
linear utility to match the estimated moments of the model with concave utility.

Figura 4 – Estimated moments using calibrated parameters.

Estimated moments for the simulated time series using calibrated parameters for the case of
linear utility.

As we can see from the figures, the results are already very similar if we maintain the
same parameter values used by the author and only change utility to be linear. Since the values
used for β and δ come solely from matching some moments in the data and since, as I show, we
can re-calibrate these parameters to match the exact same moments in the case of linear utility, it
is clear that concave utility is far from central to the results obtained by Arellano (2008).
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Clearly the main mechanisms and different channels at work in most of the recent
quantitative models used by the sovereign debt literature do not come from a desire of the
country to smooth its consumption. Even though this was what Eaton and Gersovits (1981) had
in mind when they wrote their paper, most of the modern literature assumes (implicitly) that the
level of impatience of the country is high enough so that the primary goal of borrowing is to
anticipate consumption.

The assumption of concave utility might be a more adequate one for quantitative analysis,
but assuming linear utility allows us to obtain analytical solutions that otherwise would be hard
to characterize in closed expressions. Since the main results from these models do not come
from the concavity on the utility function, we can gain insight from the deep mechanisms at
work by analyzing the relevant expressions for the case with linear utility.
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4 MODELS WITH LONG TERM DEBT

4.1 Model with partial default and no exclusion from credit markets

Consider a small open economy that receives a stochastic stream of income yt ∈ {yL,yH}
such that P(yt+1 = yt | yt) = θ , yL < yH and θ ∈ [0.5,1). The country can borrow from interna-
tional credit markets in the form of non-contingent bonds but cannot commit to repay its debt.
Default implies a (one-period) direct output cost given by δ iyi for i ∈ {L,H}, with δ H ≥ δ L and
δ H > 0, but there is no exclusion from credit markets.

Each period a fraction λ ∈ (0,1] of outstanding debt matures and the country decides
between repaying it or defaulting. λ = 1 is equivalent to the model with short term debt and the
lower λ is, the higher the average maturity of debt (Since I assume no coupon payment we cannot
have λ = 0, otherwise the price of bonds would be 0). When the country defaults it only forgoes
current payments, future obligations are not wiped out. There is perfect competition among risk
neutral lenders, so the price of each bond available to the country reflects the probability of
repayment, the international (risk-free) interest rate r and the future borrowing behaviour they
expect the country to follow. This setup is a simplified version of the model analysed in Gordon
and Guerron-quintana (2018).

Household’s utility is linear, given by u(c) = c . The country chooses a sequence of
consumption to maximize household’s expected (lifetime) utility, given by

E0

∞

∑
t=0

β
tct

subject to the budget constraint

ci = (1−δ
id)yi +(1−d)λb−q(b′,yi)(b′− (1−λ )b), for i ∈ {L,H} (4.1.1)

where b represents the current level of bond holdings, with negative values representing debt,
and b′ represents next period bonds (with negative values corresponding to borrowing). The
default variable d is equal to one when the country defaults and zero otherwise and q(b′,y) is the
price of the bonds issued by the country.

Given the assumptions made on the credit markets the zero profit condition will imply
that in equilibrium q(b′,y) is given by

q(b′,y) =
1

1+ r
E[(1−d(b′,y′))λ +(1−λ )q(b′(b′,y′),y′)|y] (4.1.2)

where d(b,y) is the default policy function, b′(b,y) is the policy function for next period bonds
(debt when b′ < 0) and y′ is next period output. Notice in particular that b′(b′,y′) is the next
period (optimal) choice of bond holdings for two periods ahead.
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The timing is as follows. The country starts with initial bonds b, observes the endowment
realization y and decides whether to repay its obligations (when b < 0) or default. Then taking
as given the debt price schedule q(b′,y) the country chooses b′, the amount of next period bonds.
At last, consumption takes place.

Let V i(b) be the value function of the country when it starts the current period with
bonds b and endowment yi for i ∈ {L,H}. The country’s value function in each state is

V L(b) = max
b′∈B,d∈{0,1}

{cL +β [(1−θ)V H(b′)+θV L(b′)]} (4.1.3)

V H(b) = max
b′∈B,d∈{0,1}

{cH +β [θV H(b′)+(1−θ)V L(b′)]} (4.1.4)

subject to the budget constraint (4.1.1). The set of possible values for the debt contracted for
next period B is assumed to be bounded from bellow by b̄.

In the appendix I give a proper definition of the equilibrium, Here I focus on its charac-
terization. Since in this setting default involves only intratemporal gains and costs, the default
policy function is simple. The country defaults whenever the cost of repaying its debt −λb

exceeds the direct output cost δ iyi. Hence we can drop d as an argument for the maximization in
(4.1.3) and (4.1.4) by incorporating the equilibrium default decision into the constraint (4.1.1),
in which case it becomes

ci = yi +max{−yi
δ

i,λb}−q(b′,yi)[b′− (1−λ )b], for i ∈ {L,H}

Equilibrium consumption must satisfy the constraint (4.1.1). Let the maximum amount
of debt the country is willing to repay in each state be denoted by bi = −δ iyi/λ . Notice that
yL < yH and δ L ≤ δ H imply bL > bH which means the country has more incentive to default
when output is low (a standard result for this type of model). Some important facts are described
in the lemma below for which I give a proof in the appendix of this section.

Lemma 4.1.1: V i(b) is continuous and non-decreasing, q(b′,y) and b′(b,y) are non-
decreasing in b′ and b, respectively. If the following conditions hold

β <
1

1+ r
,

2(1−λ )

λ 2(1+λ )
<

bH

b̄−bH
1

1−β (1+ r)
and b ≥ bH

then b′(b,y) ∈ {bL,bH}

I assume from now on that the conditions stated in the lemma above hold so that in
equilibrium the country always borrows either bL or bH . The condition in the middle is a sufficient
condition for us to have b′(b,y) ̸= b̄ when b ≥ bH (but by no means a necessary one, I suspect
that b′(b,y) ̸= b̄ when b ≥ bH always holds and that this condition is unnecessary, but I was not
able to prove this).

The result stated in the lemma comes from the fact that when β < (1+ r)−1 the country
wants to anticipate consumption and so it will either borrow the maximum it can conditional
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on no default risk (bL) or the maximum level of risky debt with (strictly) positive probability of
repayment in the next period (bH). The price schedule q(b′,y) is non-decreasing in b′ because
larger debt is associated with a lower probability of repayment while b′(b,y) is non-decreasing in
b because of the so called "dilution"effect. Since the country does not internalize the effect that
its current bonds issuance have on previously emitted outstanding debt through the current price
of bonds, the larger the stock of debt is, the larger the incentive to borrow more and decrease the
price of bonds, thus diluting the value of previously emitted debt.

Proposition (4.1.1) describes the policy function b′(b,yH) and the respective equilibrium
price schedule q(b′,y) keeping b′(b,yL) = bL fixed for b ≥ bH . I focus on the characterization
of the policy function b′(b,yH) taking the one when output is low as fixed in b′(b,yL) = bL to
keep the analysis restricted to 3 cases instead of 9 (and because the country tends to have more
incentive to borrow bH when output is high since the price q(bH ,y) is generally higher in this
case). Also, I only characterize the policy function for b = bL and b = bH because these are the
only values attained by b in equilibrium with the exception of the first period, so there is no need
to complicate the analysis by extending this function to any b ∈ B. The upper case Ai relate to the
condition for the optimality of the stated b′(b,yH) in each item while the lower case ai relate to
the condition for the optimality of b′(b,yL) = yL in each item, given each item’s price schedule.

Proposition 4.1.1: Let ∆ = yLδ L/yHδ H denote the ratio of the direct cost of default
when output is low to the direct cost when output is high, then

• First case - Short-run safe borrowing: If ∆≥A0 and ∆≥ a0, then b′(bL,yH)= b′(bH ,yH)=

b′(bH ,yL) = b′(bL,yL) = bL together with the price schedule given by

q(bL,yL) = q(bL,yH) =
λ

λ + r
, q(bH ,yH) = q(bL,yH)− λ (1−θ)

1+ r
and

q(bH ,yL) = q(bL,yL)− λθ

1+ r
constitute an equilibrium, where A0 and a0 are given by

A0 = 1− λ (λ + r)(1−θ)

(1+ r)[1−βθ(λ + r)−β (1−λ )]

a0 = 1− λ (λ + r)θ
(1+ r)[1−β (1−θ)(λ + r)−β (1−λ )]

• Second case - Long-run safe borrowing: If A1 ≥ ∆ ≥ A2 and ∆ ≥ a1, then b′(bH ,yH) =

bH and b′(bL,yH) = b′(bH ,yL) = b′(bL,yL) = bL together with the price schedule given by

q(bL,yL) = q(bL,yH) =
λ

λ + r
, q(bH ,yH) = q(bL,yH)− λ (1−θ)

1+ r−θ(1−λ )
and

q(bH ,yL) = q(bL,yL)− λθ

1+ r−θ(1−λ )
+

λ (2θ −1)(1−λ )

(1+ r)[1+ r−θ(1−λ )]
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constitute an equilibrium, where A1, A2 and a1 are given by

A1 = 1− λ (λ + r)(1−θ)

[1+ r−θ(1−λ )][1−βθ(λ + r)−β (1−λ )]

A2 = 1− λ (λ + r)(1−θ)

[1−β (1+ r)][1+λ (2θ −1)−θ(1− r)]+λ (λ + r)(1−θ)

a1 = 1− λ (λ + r)[(1+ r)θ − (2θ −1)(β (1+ r)+(1−βθ)(1−λ ))]

(1+ r)[1+ r−θ(1−λ )][1−β (2θ −λ +(1−θ)(λ + r)−β (2θ −1)(1−λ ))]

• Third case - Risky borrowing: If A3 ≥ ∆ and ∆ ≥ a3, then b′(bL,yH) = b′(bH ,yH) = bH

and b′(bH ,yL) = b′(bL,yL) = bL together with the price schedule given by

q(bL,yL) =
λ

λ + r

(
1− (1−θ)2(1−λ )

1+ r− (2θ −1)(1−λ )

)
,

q(bL,yH) = q(bL,yL)− λ (1−θ)(2θ −1)(1−λ )

(1+ r)[1+ r− (2θ −1)(1−λ )]
,

q(bH ,yH) = q(bL,yH)− λ (1−θ)

1+ r
and q(bH ,yL) = q(bL,yL)− λθ

1+ r
constitute an equilibrium, where A3 is given by

A3 = 1− λ (λ + r)(1−θ)

(1+ r)[θ −β (1−λ +θ(λ + r))+Π]+λ (λ + r)(1−θ)
,

Π =
(1−λ )(1−θ)[(1−θ)(1+β (1−λ ))+βθ(λ + r)]

1+ r− (2θ −1)(1−λ )

Finally, the following order holds: A2 ≤ A1 ≤ A0 and A2 ≤ A3 ≤ A0, with strict inequalities when
λ < 1 (In what follows I obtain a3 numerically since it is not essential and its expression is too
complicated).

First of all notice that the parameter ∆ is proportional to the cost of default when output
is low δ LyL, which is the effective cost of default since the country only defaults when y = yL,
and inversely related to the quantity of risky debt the country can borrow bH =−δ HyH . A lower
∆ is associated with a lower effective punishment for default and larger quantity the country can
borrow if it chooses to borrow risky (i.e. b′ = bH ). Thus, A lower ∆ is associated with a higher
incentive to borrow b′ = bH .

Lets focus on the case where output is high in the current period. In the equilibrium
described in the first case of proposition 4.1.1 ∆ is high enough so that at the given price schedule
the country never wants to borrow risky, even when it begins the period with a high level of
indebtedness (b = bH), thus I call it short-run safe borrowing. In the second case ∆ is low enough
so that at the given price schedule the country prefers to borrow risky when it is in high debt but
it is still high enough so that the country prefers to borrow safe (i.e. b′ = bL) when indebtedness
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is low (b = bL). Since in this case when output switches to low the country chooses b′ = bL in
the current period and also in all future periods, so even if the country starts borrowing risky it
eventually settles in a path with only safe borrowing, I call this case long-run safe borrowing.
Finally, in the third case ∆ is low enough so that at the given price schedule the country always
chooses risky borrowing when output is high.

It is easy to show that when λ approaches 0 all Ai and ai converge to 1. Since ∆ < 1
by assumption, this means that for low enough maturities the country always borrows bH in
equilibrium (at least when output is high). This is related with the already mentioned dilution
effect. The incentive to dilute previously emitted debt is not only higher when debt is larger but
also when the maturity is longer.

When λ = 1 we are in the short-term debt case. Since in this case the policy function
b′(b,y) is constant in b (that is, current debt does not matter for the current choice of borrowing)
we get as expected that expressions A0 to A3 are all equal to A and a0 and a3 equal to a (checked
numerically for a3), where A and a are given by

A = 1− 1−θ

1−β (1+ r)θ
and a = 1− θ

1−β (1+ r)(1−θ)

In the case of short-term debt the equilibrium in the second item of proposition 4.1.1
does not exist, since in this case I am assuming that the policy function b′(b,y) is different for
different levels of b when y = yH , which cannot happen when λ = 1. For the case of A1 and A2

the fact that the country makes different choices for different b when y = yH cancels out with the
fact that the country also make different choices if y = yH again next period, so they converge to
the right place. When y = yL on the other hand, things do not cancel out so that a1 converges to
an expression different than a. Specifically it converges to

a′ = 1− θ +β (2θ −1)
1−β (1+ r)(1−θ)−β (2θ −1)

In any case, it is easy to see that A > a if θ > 0.5 and also easy to check that the same
holds for A and a′. Given the ordering for A0 to A3 described in proposition 4.1.1, this means that
for high enough λ there always exists a region where ∆ ≥ a1, ∆ ≥ a3 and min{A1,A3} ≥ ∆ ≥ A2

So that both the case with long-run safe borrowing and the case with risky borrowing constitute
valid equilibria. There always also exists a region where ∆ > ai for i ∈ {0,1,3} and A0 > ∆ >

max{A1,A3}, so even though the country strictly prefers to borrow b′ = bL when y = yL for any
of the price schedules derived, none of the items in proposition 4.1.1 constitute an equilibrium.
Since those exhaust the combination of (pure strategies) policy functions possible for b′(bH ,yH)

and b′(bL,yH) assuming b′(bL,yL) = b′(bH ,yL) = bL (which must always be the case for ∆ in
this region), it follows that no pure strategies Markov equilibrium exists in this region.

Figure 5 depicts the general situation for the case of θ = 0.95. the discount parameter
and the interest rate are set to the same value as in Chaterjee and Eiygungor (2012) (β = 0.968
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and r = 0.01). The light gray regions above the curve for A0 and below the curve for A3 represent
the regions where the case with short-run safe borrowing and the case with risky borrowing,
respectively, constitute the unique equilibrium. The medium grey represent the region where
no (pure strategy) equilibrium pair of price schedule and policy function for borrowing exist.
The dark gray region represent the region of multiplicity of equilibria, in which both the case
with long-run safe borrowing and the case with risky borrowing describe a pair of price schedule
and policy function b′(b,y) that constitute an equilibrium. Finally, the area below the dotted
lines represent parameter regions where b′(b,yL) ̸= bL, at least for b = bH , that is, the country
prefers to borrow risky when output is low (at least when it is in high debt), in which case the
proposition 4.1.1 does not apply.

Figura 5 – Regions for each equilibrium in proposition 4.1.1.

Regions for each equilibrium in proposition 4.1.1. The dark grey represents regions with multiple
equilibria and the medium gray represents regions with no equilibrium.

Let’s focus first on the region of multiple equilibria first. In this case, when y = yH , either
the price schedule is given by

q(bL,yH) =
λ

λ + r
, q(bH ,yH) = q(bL,yH)− λ (1−θ)

1+ r−θ(1−λ )

in which case the country chooses b′ = bH when b = bH and b′ = bL when b = bL, in line with the
expectation of lenders implied by this price schedule, so we are in the long-run safe borrowing
equilibrium. Or the Price schedule is given by

q(bL,yH) = q(bL,yL)− λ (1−θ)(2θ −1)(1−λ )

(1+ r)[1+ r− (2θ −1)(1−λ )]
, q(bH ,yH) = q(bL,yH)− λ (1−θ)

1+ r

and the country always chooses b′ = bH , in line with the expectations of lenders implied by this
alternative price schedule, so we are in the risky borrowing equilibrium. Both represent valid
equilibria for the model when parameters lie in this region.

Notice first that when y = yH , the prices on the third case (risky borrowing) are always
worse than in the second (long-run safe borrowing). This is obvious for q(bL,yH) since in
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the third item we are subtracting a positive value from q(bL,yL), which itself is smaller than
λ/(λ + r) (as we can see by the expression in the third item in proposition 4.1.1), but we can
also show it to be the case for q(bH ,yH). So the country borrows more exactly when the price
for bonds is lower, which is counter-intuitive.

The mechanism behind this is the same as in Aguiar and Amador (2020). As they put it,
The important element of the price schedule is not the level but the incentives to borrow more or
less (save in their case). In the third case, both prices are lower but the drop in price from going
from bL to bH is clearly smaller then the drop in the second case.

In the second case (long-run safe borrowing), since the drop in price when the country
goes from b′ = bL to b′ = bH is larger then the drop in the third case, a lower ∆ is necessary
to induce the country to borrow b′ = bH (when = bH) in comparison to the third case (risky
borrowing). That is why A3 > A2 (The relation between A3 and A1 is ambiguous. In figure 5
A3 ≥ A1, but for θ = 0.8 for example, the curves cross each other once in an intermediary value
of λ , the rest stays the same except the fact that the areas of each region change)

Hence, when ∆ is between A2 and min{A1,A3}, if lenders expect the country to always
dilute previous debt by borrowing risky when output is high, prices are lower but the drop in
price from going from a safe level of debt (i.e. b′ = bL) to a higher risky level (i.e. b′ = bH) is
small so the country is induced to borrow risky when y = yH , diluting previous debt. On the
other hand, if lenders expect the country to borrow risky only when it has high debt, prices are
high but the drop from going from a safe to a risky level of debt is also larger, so the country
indeed only borrows bH when is in high debt (i.e. b = bH), otherwise choosing to raise the price
of the bond it currently issues by borrowing safe instead of diluting the value previous debt. In
both cases the lender expectations are self-fulfilling, thus why Amador and Aguiar (2020) term
this relation as "self-fulfilling debt dilution".

As in their model, the country is better off in the equilibrium with safe borrowing since
prices are higher. The fact that the third case equilibrium with risky borrowing can arise (where
the country alternates between safe and risky borrowing forever), in which prices are lower
and the country is worse off, is due to the fact that the country cannot comprise to a certain
level of future borrowing. If it could compromise to only borrow bH when b = bH and y = yH ,
the country would be able to induce lender to change the price schedule from the third to the
second case (that is, from the price schedule described in the case with risky borrowing to the
one described in the case with long-run safe borrowing), but since it cannot, in face of the third
case price schedule it ends up doing what lenders expect and borrowing bH whenever y = yH .

The feedback between lenders expectations of future borrowing behaviour determining
current bond prices and current and anticipated bond prices determining the optimal level of
current and future borrowing by the country, together with the lack of ability of the country
to compromise to a certain level of future borrowing, is the mechanism leading to multiple
equilibria in both models.
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In contrast to the region of multiple equilibria, there is a (generally larger) region of
parameters where no (pure strategy) equilibrium exist. If lenders expect the country to always
borrow bL, the price schedule when y = yH is the one described in the equilibrium with short-run
safe borrowing

q(bL,yH) =
λ

λ + r
, q(bH ,yH) = q(bL,yH)− λ (1−θ)

1+ r

In this case, prices are high and the drop in price of going from bL to bH is small. If ∆

is slightly smaller than A0, then the country will want to deviate from the behaviour implied
by this price schedule and choose bH when y = yH , at least when b = bH . But in this case the
price schedule must be either the one given in the second case or the third. But if ∆ is still close
enough to A0, at these new price schedules, which assume the country will borrow bH when
y = yH , at least when b = bH , The country no longer wants to borrow bH , not even when y = yH

and b = bH .

For the price schedule of the second case (long-run safe borrowing), this is because again
the drop in price when the country goes from bL to bH is larger when compared with the drop
in the price schedule for the first case (short-run safe borrowing). Thus, with this new price
schedule the country has much less incentive to borrow bH and so as long as ∆ is close to A0 and
therefore is (strictly) higher than A1, the country will never borrow bH .

For the price schedule of the third case (risky borrowing), the drop in price when the
country goes from bL to bH is the same in absolute value as the drop in the price schedule for the
first case. But q(bL,yH) is (strictly) lower in the third case, so the drop in proportion to q(bL,yH)

is larger in this case. Hence, again at the new price schedule the country has less incentive to
borrow bH and so as long as ∆ is close to A0 and therefore is (strictly) higher than A3, the country
will never borrow bH .

Since at any of the price schedules in proposition 4.1.1 the country prefers to borrow bL

when output is low, but when output is high none of the pairs of price schedule and policy function
for borrowing possible (in pure strategies) satisfy the conditions for a Markov equilibrium,
in this region of parameters no matter what the expectations of the lenders are, the country
always deviates from them, so no Markov equilibrium (in pure strategies) exists. Notice that the
mechanism behind the non existence of equilibrium is similar to the one behind the multiplicity
of equilibria, in the sense that what is important is not the level of the prices implied by the
expectation of the lenders, but the (relative) drop in price from going from safe borrowing to
risky borrowing.

The lower q(bL,yH) for the third case (risky borrowing) comes obviously from the fact
that in this case even if the country chooses b′ = bL today, it will eventually borrow bH again
when y = yH in the future and thus default on its obligations when output switches to yL, while
in the other two cases, once the country borrows bL it sticks with this quantity forever.
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The larger drop in price in going from bL to bH in the second case (long-run safe
borrowing) comes from the fact that different choices of borrowing in the current period lead to
different choices of borrowing in the next period if the output is y′ = yH . This does not happens
in the first and third case where no matter if the country chooses b′ = bL or b′ = bH in the current
period, the choice of borrowing in the next period is still the same (it depends only on whether
output is low or high). Specifically, if the country chooses b′ = bH in the second case equilibrium,
not only it has a lower probability of repaying its obligations in the next period when compared
to the choice of b′ = bL, but it also chooses risky debt again if output in the next period is high.,
while it always chooses a safe level of debt in the next period if the current choice of borrowing
is bL. This influence of current borrowing on future choices makes the drop in price for the
second case larger than in the other two cases.

Though the mechanism behind the regions with multiple equilibria and no equilibrium is
similar, notice the important difference mentioned in the introduction. In the region with multiple
equilibria the agents’ strategies complement each other so lenders can expect the country to
follow two different policy functions for borrowing and no matter which expectation they choose
the country behaves itself according to it. In the region with no equilibrium the opposite happens.
No matter which strategy lenders choose to follow in the sense of choosing a given expectation
for the future borrowing behaviour of the country and a price schedule compatible to it, the
country always have an incentive to deviate from the policy function expected by lenders, so
there is no pair of strategies compatible with both agents’ goals.

In Aguiar and Amador (2020), the authors show that multiplicity of equilibria is more
likely for intermediate levels of maturity in their model. As we can see from figure 5, this is also
the case in the model analysed here. The region where multiple equilibria occurs increases for
intermediate levels of λ (though for regions below the dotted lines, that is ai, the characterization
in proposition 4.1.1 no longer applies). Notice also, that the same holds for the region where no
equilibrium exists.

This is because as λ approaches 1, all Ai approximate the the value A which characterizes
the equilibrium for the model with short-term debt, in which as already mentioned in the level
of current debt does not influence the choice of borrowing and so the feedback between price
schedule and policy function that gives rise to multiple equilibria (or no equilibrium) vanishes.
On the other hand as λ approaches 0, the incentive to dilute previous debt borrowing bH gets so
large that it dominates everything else so the only equilibrium possible is b′ = bH (at least then
y = yH).

To conclude this section, I explore some comparative statics in regard to the remaining
parameters of the model. From the expressions for Ai it is easy to see that a higher persistence
parameter θ is associated with a higher incentive to borrow bH when output is high. In particular,
since the assumptions imply that ∆ < 1 and all Ai go to 1 as θ approaches 1, borrowing bH when
y = yH is always an equilibrium if θ is high enough. This is natural since high persistence means
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that when the country borrows risky and output is high, the probability of default tomorrow is
low and the price it gets is near the risk free one (λ/(λ + r)).

On the other hand, notice that when θ goes to 1 the expressions for ai converge to (Note:
checked by substitution for a0 and a1 and numerically for a3)

1− λ (λ + r)
(1+ r)[1−β (1−λ )]

≈ 1−λ

where the approximation is valid for small r and β lose to 1. Notice that since this expression is
strictly positive when λ < 1, this hints to the existence of another region of parameters, when θ

is high enough, where the country wants to deviate from any (candidate to) equilibrium pair of
policy function and price schedule, this time when y = yL.

To see this, notice that when θ is very close to 1, the price schedule when lenders expect
the country to always borrow bH when output is low implies a q(bH ,yL) very close to 0, since in
this case the country never repay any debt as long as y = yL and with θ close to 1 it takes a long
time for the output to switch to y = yH . So with this price schedule the country will not want to
borrow bH when y = yL unless ∆ is very close to 0.

If lenders expect the country to always borrow bL when output is low on the other hand,
q(bH ,yL) will not drop so much, specially if λ is small (that is, maturity is long). This is because
even if lenders observe the country deviating from bL in a period with y = yL, they still expect
the country to return to the behaviour implied by the expected policy function from the next
period onwards. The lower λ is, the larger the importance of the expected future price of bonds
compared to the importance of expected repayment of debt due for the next period and so the
closer q(bH ,yL) gets to q(bL,yL). Since q(bL,yL) is always strictly positive, q(bH ,yL) does not
go to 0 when θ goes to 1 in this case.

So it is possible that at the first price schedule above the country wants to deviate by
borrowing bL when y = yL, because q(bH ,yL) drops to much with this price schedule, while at
the second price schedule the country wants to deviate by borrowing bH when y = yL, because the
price q(bH ,yL) is still good enough. Hence, if ∆ is sufficiently higher than 0 but still low enough,
we might also have a case where no pair of price schedule and policy function constitute an
equilibrium, this time because the country always wants to deviate when y = yL in any candidate
for equilibrium.

Notice the mechanism behind the non existence of (pure strategy) equilibrium in this
case is still the same. Namely, the feedback between the price schedule and current and future
borrowing behaviour.

In figure 5 we can see that generally Ai is larger then its correspondent ai (the only order
which always holds is A0 ≥ a0, for a3 it is possible that A3 < a3 for intermediary λ when θ is
lower, as it happens for a1 in figure 5), that is, the country generally has more incentive to borrow
risky (i.e. bH) when output is high. This is because it faces a better price for the bonds it issues
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when output is high while facing a lower probability of suffering the default costs in the next
period (compered to when it borrows risky in a period of low output). This is the mechanism that
makes the consumption more volatile than output in models of sovereign debt, even when the
country wishes to smooth consumption (this is particularly true in the short-term debt model
since A is always above a by a wide margin unless θ is close to 0.5).

It is possible to show that all Ai and ai are decreasing in β (this is easy to see in the
expressions A and a for the case with short-term debt). Therefore a lower discount parameter
(relative to the interest rate r) lead to a higher incentive to borrow bH regardless of the output
state. This is natural since when β is low the gain from anticipating more consumption by
borrowing bH instead of bL is large, regardless the level of output (this of course assuming that
the country can indeed raise more revenue borrowing bH , that is, the price effect do not outweigh
the quantity effect) and future expected costs of default and repayment are discounted heavily.

Finally, notice the role of the functions for the (direct) cost of default used in the
quantitative literature. In order to generate a non negligible probability of default when running
those models, it is usual to assume a function for the cost of default that is convex in output and
drop to very small costs when output is low. This is equivalent to a low ∆ in the present setting.

As we can see from proposition 4.1.1 (and figure 5), a low ∆ indeed leads to an equili-
brium where the country borrows risky, at least when output is high. But if ∆ is low enough, it
lies outside the region of multiple equilibria and thus the possibility of self-fulfilling crises is
eliminated. As mentioned in Aguiar and Amador (2020), those functions for the costs of default
are ad-hoc functions calibrated to generate the results the researcher intends to match. Thus the
literature tends to artificially ignore the vulnerability of countries to self-fulfilling equilibria in
these type of models. The use of non-linear cost functions might also be equivalent to ∆ in a
region where the equilibrium always exists, since for low enough ∆ either the country always
borrows bH in every state, or it borrows bH when y = yH and bL when y = yL. Thus the literature
might also be artificially ignoring the possibility of non existence of Markov equilibrium in pure
strategies, which would suggest these models might be incomplete in some sense.

4.2 Model with total default and exclusion from credit markets

In this section I investigate the effects of introducing exclusion from the international
credit market as an additional punishment for the country when it defaults. In order to keep things
simple I assume that the exclusion and the direct output cost from default are both permanent.
Since the country has no incentive to make any repayment after it gets permanently excluded
from the market, after default the value of the stock of debt falls to zero, so any default wipes out
all future obligations from the country. All else is equal to last section. This model is a simplified
version of Chaterjee and Eiygungor (2012).
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In this setting the budget constraint is given by

ci = (1−δ
id)yi +(1−d)[λb−q(b′,yi)(b′− (1−λ )b)], for i ∈ {L,H} (4.2.1)

where as in last section d is equal to 1 if the country is in default and 0 otherwise (but now if
d = 1 for t then d = 1 for all T ≥ t).

The equilibrium price schedule becomes

q(b′,y) =
1

1+ r
E
[
[1−d(b′,y′)][λ +(1−λ )q(b′(b′,y′),y′)] | y

]
(4.2.2)

where again b′(b,y) is the country’s policy function for borrowing.

Now we have an additional state, namely whether the country is in autarky or not, so we
have to redefine the country’s value function accordingly. Let V i

d denote the value function when
d = 1, that is, when the country is in autarky. Those are given by

V L
d = yL(1−δ

L)+β [(1−θ)V H
d +θV L

d ] (4.2.3)

V H
d = yH(1−δ

H)+β [θV H
d +(1−θ)V L

d ] (4.2.4)

On the other hand, if the country still has access to the credit market (that is, if in last
period d = 0) it can choose between repayment or default, so the country’s value function in this
case is

V i(b) = max{V i
d,V

i
p(b)} for i ∈ {L,H}

where V i
p are the value functions when the country chooses to repay, given by

V L
p (b) = max

b′∈B
{yL +λb−q(b′,yL)(b′− (1−λ )b)+β [(1−θ)V H(b′)+θV L(b′)]} (4.2.5)

V H
p (b) = max

b′∈B
{yH +λb−q(b′,yH)(b′− (1−λ )b)+β [θV H(b′)+(1−θ)V L(b′)]} (4.2.6)

In the value functions above I have already used the budget constraint (4.2.1) to substitute
for consumption. The definition of equilibrium in this model is the same as in the previous
section (given in the appendix by definition 4.1.1) except we have to substitute the expressions
from last section by the ones above.

In this setting with exclusion, the maximum amount of debt the country is willing to
repay is endogenous and depends on the equilibrium price schedule and policy function for
borrowing. Let bi denote the maximum amount of debt the country is willing to repay in each
state, that is, the amount of debt such that V i

p(b
i) =V i

d for i ∈ {L,H}. Since V i
p(0)≥V i

d and V i
p(b)

is non-decreasing (as I show in the lemma 4.2.2 below) and clearly not bounded from below,
while V i

d is constant as a function of b, bi is well defined and non-positive for each i ∈ {L,H}.
Using the expressions (4.2.3) to (4.2.6) and the definition of bi we obtain

λbL =−yL
δ

L +β [(1−θ)V H
d +θV L

d ]−max
b′∈B

{−q(b′,yL)[b′− (1−λ )bL]+

β [(1−θ)V H(b′)+θV L(b′)]}
(4.2.7)
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λbH =−yH
δ

H +β [θV H
d +(1−θ)V L

d ]−max
b′∈B

{−q(b′,yH)[b′− (1−λ )bH ]+

β [θV H(b′)+(1−θ)V L(b′)]}
(4.2.8)

Lemma 4.2.1: yHδ H > yLδ L implies bH < bL.

The result in lemma 4.2.1, proved in the appendix, implies that default incentives are
stronger when output is low so the country is willing to repay less debt in this state. This
statement is analogous to the one in proposition 3 in Arellano (2008) which is proved only for
the case of i.i.d. output shocks (which is equivalent to θ = 1/2 here). In particular, Arellano
(2008) states that the result comes from the (strict) concavity of the utility function. Here I show
that in fact it still holds with linear utility.

In the model without exclusion this statement was obvious since the maximum amount
the country is willing to repay is equal to the direct costs of default, which is assumed to be lower
when output is low. But now default is no longer an intratemporal decision. We have to take into
account the continuation value of default and repayment when output is high and when it is low,
as can be seen by the terms in (4.2.6) and (4.2.7) in addition to yiδ i. Both the continuation value
from default (second term) and from repayment (third term) are higher when output is high,
so the result means that as long as direct output costs from default are higher when output is
high, the second effect dominates (weakly) the first, that is, the continuation value of repayment
increases more than the continuation value of default when output goes from low to high.

The statement in lemma 4.1.1 still holds except now we do not have to worry about
b ≤ bH , since in this case the country always defaults and so cannot borrow again. Also, in
the present setting we only have to assume that B is bounded from below in order to avoid a
ponzi-scheme, but as long as b̄ ≤ bH (which I assume) this constraint is non-binding since the
equilibrium price of bonds always goes to 0 if the country tries to borrow more than bH , so bH is
the endogenous borrowing limit. Lemma 4.2.2 re-estates the results (the proof is essentially the
same as the one given in the appendix for lemma 4.1.1)

Lemma 4.2.2: V i
p(b) is continuous and non-decreasing, q(b′,y) and b′(b,y) are non-

decreasing in b′ and b, respectively. If β < (1+ r)−1, then b′(b,y) ∈ {bL,bH}

From now on, I assume that β < (1+ r)−1 so the country is a borrower in equilibrium.
Given the definition of bL and bH and the fact that V i

p(b) is increasing, in equilibrium the country
will choose to default whenever its debt is larger than the maximum amount it is willing to repay,
in each state.

The policy function b′(y,b) and the equilibrium price schedule q(b′,y) determine bL and
bH , which in turn set the policy function for default and equilibrium consumption through the
budget constraint (4.2.1). Proposition 4.2.1 describes optimal borrowing b′(b,y), the equilibrium
price schedule q(b′,y) and the equilibrium values for bH and bL.
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For the same reasons as in last section I focus on the characterization of the policy
function when output is high b′(b,yH) taking the policy function when output is low as fixed in
b′(bL,yL) = bL and derive the conditions for this to be an equilibrium. Notice that now we do
not have to worry with b′(bH ,yL) since the country defaults and so cannot borrow if it arrives
with debt bH in a period of low output. I also restrict the analysis to the cases where b = bL or
b = bH again. The upper case Ki relate to the condition for the optimality of the stated b′(b,yH)

in each item while the lower case ki relate to the condition for the optimality of b′(bL,yL) = yL

in each item, given each item’s price schedule.

Proposition 4.2.1: Let ∆ = yLδ L/yHδ H denote the ratio of the direct cost of default
when output is low to the direct cost when output is high, then

• First case - Short-run safe borrowing: If ∆≥K0 and ∆≥ k0, then b′(bL,yH)= b′(bH ,yH)=

b′(bL,yL) = bL together with the price schedule given by

q(bL,yL) = q(bL,yH) =
λ

λ + r
, q(bH ,yH) =

λθ

λ + r
and q(bH ,yL) =

λ (1−θ)

λ + r

constitute an equilibrium, where K0 is given by

K0 = 1−
(

λ (1−θ)

1−βθ(1+ r)

)(
(1+ r)[1−β (1−2θ)]

r+λ (1−θ)

)
In this case bH and bL are given by

λbH =−
(

λ + r
1+ r

)(
ryHδ H +[1−β (1+ r)θ ]yLδ L +β (1+ r)(1−θ)yHδ H

r[1−β (2θ −1)]

)

λbL =−
(

λ + r
1+ r

)(
ryLδ L +[1−β (1+ r)θ ]yLδ L +β (1+ r)(1−θ)yHδ H

r[1−β (2θ −1)]

)
• Second case - Long-run safe borrowing: If K1 ≥ ∆ ≥ K2 and ∆ ≥ k1, then b′(bH ,yH) =

bH and b′(bL,yH) = b′(bL,yL) = bL together with the price schedule given by

q(bL,yL) = q(bL,yH) =
λ

λ + r
, q(bH ,yH) =

λθ

1+ r−θ(1−λ )

and q(bH ,yL) =
λ (1−θ)

1+ r−θ(1−λ )

constitute an equilibrium, where K1 and K2 are given by

K1 =

(
1− λ (1−θ)(1+ r)

[1+ r−θ(1−λ )][1−βθ ]

)
Π1 −

β (1−θ)

1−βθ

K2 =

(
1− λ (1−θ)(1+ r)

θ(λ + r)[1−β (1+ r)]+λ (1−θ)(1+ r)

)
Π1 −

β (1−θ)

1−βθ

Π1 =

(
r[1−β (2θ −1)]
(λ + r)(1−βθ)

)(
1+ r−θ(1−λ )

1+ r−θ

)
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In this case bL and bH are given by

λbL =−(λ + r)[(1−βθ)yLδ L +β (1−θ)yHδ H ]

r[1−β (2θ −1)]
, λbH =−1+ r−θ(1−λ )

1+ r−θ
yH

δ
H

• Third case - Risky borrowing: If K3 ≥ ∆ and ∆ ≥ k3, then b′(bL,yH) = b′(bH ,yH) = bH

and b′(bL,yL) = bL together with the price schedule given by

q(bL,yL) =
λ [1+ r−θ 2(1−λ )]

[1+ r−θ(1−λ )]2
, q(bL,yH) =

λ [1+ r− (θ − (1−θ)2)(1−λ )]

[1+ r−θ(1−λ )]2

q(bH ,yH) =
λθ

1+ r−θ(1−λ )
and q(bH ,yL) =

λ (1−θ)

1+ r−θ(1−λ )

constitute an equilibrium, where K3 is given by

K3 =

(
θ [1−β (1+ r)]

1+ r−θ

)
Π3 −

β (1+ r)(1−θ)

1+ r−θ

Π3 =
[r+β (1+ r)(1−θ)][1+ r−θ(1−λ )]+(1−λ )(1−θ)(1+ r−θ)

θ [1−β (1+ r)][1+ r−θ(1−λ )]+λ (1−θ)[1+ r− (2θ −1)(1−λ )]

In this case bL and bH are given by

λbL =−
[1+ r−θ(1−λ )]2

(
yLδ L + β (1+r)(1−θ)

1+r−θ
yHδ H

)
[r+β (1+ r)(1−θ)][1+ r−θ(1−λ )]+(1−λ )(1−θ)(1+ r−θ)

,

λbH =−1+ r−θ(1−λ )

1+ r−θ
yH

δ
H

I have not derived the closed expression for ki, mainly because they do not matter much
in this context with exclusion. As can be seen by the figure 6 they drop to negative values very
quickly, so we can effectively ignore those conditions (this holds for any parameter configuration,
not only the one shown in picture 6).

In figure 6 I graph those expressions as functions of λ (the ki are obtained numerically).
Since in this setting default is more costly (not only because of exclusion but also because the
direct cost goes on forever), I set θ = 0.99 instead of 0.95 in order to show the regions more
clearly. The order between the Ki is always the same for any parameters combination I have tested
(probably I could prove that this ordering always holds as in last section but the expressions are
too complicated so I have not tried). But if for example θ = 0.95 (or lower) all expressions, even
K0, drop to negative values very quickly as λ increases from 0.

As in last section, the dilution effect makes risky borrowing (i.e. bH) more attractive for
lower maturities. Also as in last section, there are two regions, one in dark gray that represents
the region where both the second and third items from proposition 4.2.1 are equilibria and a
medium grey region where no Markov equilibrium in pure strategies exists. Finally, notice that
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again the regions with multiple equilibria and with no equilibrium are larger for intermediate
levels of maturity.

The mechanism behind these regions is the same as before. What determines the optimal
level of borrowing for the country is not the level of bond prices but the relative drop in price
when the country goes from bL to bH . If we check the prices in proposition 4.2.1 we can see that
the same relation discussed in section 4.1 still holds.

Figura 6 – Regions for each equilibrium in proposition 4.2.1.

Regions for each equilibrium in proposition 4.2.1. The dark grey represents regions with multiple
equilibria and the medium gray represents regions with no equilibrium.

The comparative statics with regard to the remaining parameters is also similar to last
section. To conclude this section I compare the equilibrium with exclusion from this section with
the equilibrium without exclusion from the previous section. In order to keep the analysis simple
I focus on the expressions for the short-term debt case. Also, this is the only case where the two
sections are directly comparable since only when λ = 1 default is total in both cases.

Again, since when λ = 1 the policy function b′(b,y) does not depend on b, all Ki converge
to K and ki converge to k (with the exception of k1, for the same reasons as for a1 in last section),
the expressions for the short-term debt model, when λ goes to 1. Those are given by

K = 1−
(

1−θ

1−β (1+ r)θ

)(
(1+ r)[1−β (2θ −1)]

1+ r−θ

)

k = 1−
(

θ

1−β (1+ r)(1−θ)

)(
1+ r− (2−θ−1)[1−β (1+ r)(1−θ)]

1+ r−θ

)
For reasonable parameter values k is generally negative (e.g. it is possible to show that

2r ≤ β implies k < 0), meaning that an equilibrium where the country borrows bH when output
is low is very unlikely when debt is short-term and exclusion is permanent (that is why all ki drop
to negative values very quickly when λ increases from 0). When comparing this expressions
with A and a for the case of short-term debt without exclusion there are two thing to take notice.
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For clarity I restate the expression for A and a

A = 1− 1−θ

1−β (1+ r)θ
a = 1− θ

1−β (1+ r)(1−θ)

It is straightforward to show that both additional fractions multiplying the negative terms
in A and a that appear in the expressions for K and k are larger than 1 so that A > K and a > k.
Hence for a given ∆ the presence of exclusion in the model decreases the incentives of the country
to borrow risky. This comes both from the indirect cost of default implied by the exclusion but
also from the fact that now the direct output cost lasts forever. What is more interesting to notice
is the differences between the values of bL and bH in each case.

In the model without exclusion δ L = 0 implies that bL = 0, so the country is not willing
to repay any debt when output is low, and b′(b,yH) = bH so the country is always willing to
borrow risky when output is high, since in this case the country suffers no punishment when it
defaults, which is always in the low output state, so debt is in fact contingent.

But now, with the addition of exclusion, the country is willing to repay a (strictly) positive
amount of debt bL when output is low even when the direct output cost of defaulting in this state
is zero. This is because even if the country does not suffer an immediate output cost after it
defaults on bL when output is low, it suffers an output cost in future periods of high output (since
δ H > 0) and also loses the chance to anticipate consumption by borrowing bH when output
switches to a high level (since it gets excluded from credit markets). Also, even if δ L = 0, K

can be negative so that it is not optimal to borrow bH when output is high even in this case. The
reason is that debt is no longer contingent when δ L = 0 since now default in the low output state
implies a cost (even if not immediate).

It is easy to see from proposition 4.2.1 that in the presence of exclusion countries are able
to borrow more in equilibrium. If θ is goes to 1, bL and bH approximate the maximum amount
of debt the country is willing to repay in each state in the model without exclusion multiplied
by (1+ r)/r. This effect comes solely from the fact that in the present case, the direct output
cost from default lasts forever while in lest section it was a one period cost. On the other hand
the additional positive terms inside the parenthesis in the expressions for bL, which depend on
yHδ H , come from the the future cost of default implied by exclusion and the direct cost in future
periods of high output.

Nonetheless, notice that if δ H = δ L = 0, then bL = bH = 0 in all possible equilibria.
Hence, exclusion alone (even if permanent) is not enough to generate positive amounts of
borrowing in equilibrium. This is natural, since with linear utility the country is not interested in
smoothing consumption, but the result is still valid in the case of a concave utility as long as the
country can still save in a diversified international market after default, as Bulow and Rogoff
(1989) show.
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5 CONCLUSION

This dissertation shows that in models of long-term sovereign debt debt dilution can
generate not only regions of multiple equilibria but also regions where no Markov equilibrium in
pure strategies exist. For intermediate levels of maturity and (relatively) low ratio of the direct
cost of default when output is low to the direct cost when output is high, the lenders’ expectation
of future prices and future borrowing are self-fulfilling and determine the extent of dilution in
equilibrium.

On the other hand, For intermediate levels of maturity and (relatively) high ratio of the
direct cost of default when output is low to the direct cost when output is high, the lenders’
expectation of future prices and future borrowing is never met because the country always has an
incentive to deviate from the policy function that lenders expect it to follow.

The possibility of non-existence of equilibrium, as the possibility of multiple equilibria,
arises because of the feedback between price schedule and borrowing policy function as well
as the inability of the country to commit to a certain level of future borrowing. Finally, I show
this result is robust to a different specification in which I add exclusion from credit markets
after default, a common assumption in the literature. In both cases, what determines whether the
equilibrium exists or whether it is unique is essentially the function for the direct cost of default
and the extent of the maturity of debt contracts.

The results shown here suggest that a possible path for the quantitative literature could
be to explore explicitly the possibility of multiple equilibria and/or different types of equilibria
(e.g. equilibrium in mixed strategies) that arise naturally in models of long-term sovereign debt.
Maybe exploring this features might help explain some patterns observed in data that are not
yet well explained by the literature, such as the large swings in interest rate spreads without any
correspondent variation on observable fundamentals that occurred in some episodes of sovereign
debt crises (e.g. italy in 2011).
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6 APPENDIX

6.1 Model with partial default and no exclusion from credit markets

Definition 4.1.1 : The recursive equilibrium for this economy is defined as a set of policy
functions for consumption c(b,y), country’s borrowing b′(b,y), default decision d(b,y) and the
price schedule for debt q(b′,y) such that:

• Taking as given the country choices, households’ consumption c(b,yi) satisfies the resource
constraint (4.1.1).

• Taking as given the bond price function q(b′,yi), the country’s policy functions b′(b,yi)

and d(b,yi) solve the country optimization problem in (4.1.3) and (4.1.4) subject to (4.1.1).

• Debt prices q(b′,y) satisfy condition (4.1.2), that is, it reflects the country’s default proba-
bilities in the next period and are consistent with lenders’ expected zero profits.

proof of lemma 4.1.1:

Let f i(b,b′) stand for the objective functions in (4.1.3) and (4.1.4), that is

f i (b,b′
)
= ci (b,b′

)
+β

[
(1−θ)V j (b′

)
+θV i (b′

)]
where

ci (b,b′
)

:= yi +max
{
−δ

iyi,λb
}
−q

(
b′,yi)[b′− (1−λ )b

]
First I will show that V i(b) is continuous and non-decreasing. Let b̃∈B, If limε→0+ f i(b̃+

ε,b′(b̃+ ε,yi)) = limε→0+ f i(b̃− ε,b′(b̃− ε,yi)), which is necessarily the case when b′(b,yi) is
continuous at b̃, then V i(b) = f i(b̃,b′(b̃,yi)) is clearly continuous at b̃. So suppose by way of
contradiction that limε→0+ f i(b̃+ε,b′(b̃+ε,yi))> limε→0+ f i(b̃−ε,b′(b̃−ε,yi)) (the argument
is symmetric if the inequality is reversed). Notice that

f i(b̃− ε,b′(b̃+ ε,yi))− f i(b̃− ε,b′(b̃− ε,yi)) =

f i(b̃+ ε,b′(b̃+ ε,yi))− f i(b̃− ε,b′(b̃− ε,yi))−2q(b′(b̃+ ε,yi),yi)(1−λ )ε

the last term clearly goes to 0 as ε → 0, so

lim
ε→0+

f i(b̃− ε,b′(b̃+ ε,yi))> lim
ε→0+

f i(b̃− ε,b′(b̃− ε,yi))

But this meas that for ε > 0 low enough the country is better off borrowing b′(b̃+ ε,yi) when
b = b̃− ε then by borrowing b′(b̃− ε,yi), which contradicts the definition of the policy function
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b′(b,yi). Hence V i(b) is continuous at any b ∈ B (but it can be non-differentiable at points where
b′(b,yi) is discontinuous in b).

The fact that V i(b) is non-decreasing comes directly from the fact that V i(b) is continuous
and clearly non-decreasing at intervals where it is differentiable (as can be easily checked by
applying the envelope theorem to (4.1.3) and (4.1.4))

Now I will show that q(b′,y) and b′(b,y) are non-decreasing in b′ and b, respectively.
Let b1,b2 ∈ B be such that b1 < b2. From the definition of b′(b,yi) we have that, for i ∈ {L,H}

f i(b1,b′(b1,yi))≥ f i(b1,b′(b2,yi)) and f i(b2,b′(b2,yi))≥ f i(b2,b′(b1,yi))

adding both inequalities, rearranging and dividing by b1 −b2 < 0 gives

[q(b′(b1,yi),yi)−q(b′(b2,yi),yi)]≤ 0

Suppose, by way of contradiction, that q(b1,y j)> q(b2,y j) for some j ∈ {L,H}. Since
b1 < b2 implies d(b1,y)≥ d(b2,y), we can see from (4.1.2) that we must have

E[ q(b′(b1,y′),y′) | y = y j ]> E[ q(b′(b2,y′),y′) | y = y j ]

this implies that for some i ∈ {L,H}

q(b′(b1,yi),yi)−q(b′(b2,yi),yi)> 0

which violates the inequality above. Hence, q(b′,y) is non-decreasing in b′, which implies
b′(b1,yi)≤ b′(b2,yi), so b′(b,y) is non-decreasing in b.

Now I show that b′(b,y) ∈ {bL,bH , b̄} when β < 1
1+r . I will prove the statement for the

case when y = yL. The proof for y = yH proceeds in the exact same way. When V L and V H are
differentiable at b′, taking the derivative of the objective function in V L with respect to b′ gives,

−q(b′,yL)+β [(1−θ)V H ′
(b′)+θV L′

(b′)]

If b′ > bL, then

V H ′
(b′) = λ +(1−λ )q(b′(b′,yH),yH)

V L′
(b′) = λ +(1−λ )q(b′(b′,yL),yL)

q(b′,yL) = 1
1+r [λ +(1−λ )((1−θ)q(b′(b′,yH),yH)+θq(b′(b′,yL),yL))]

hence the derivative becomes(
β − 1

1+ r

)
[λ +(1−λ )((1−θ)q(b′(b′,yH),yH)+θq(b′(b′,yL),yL))]

If bL > b′ > bH , then
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V H ′
= λ +(1−λ )q(b′(b′,yH),yH),

V L′
= (1−λ )q(b′(b′,yL),yL)

q(b′,yL) = 1
1+r [(1−θ)λ +(1−λ )((1−θ)q(b′(b′,yH),yH)+θq(b′(b′,yL),yL))]

hence the derivative becomes(
β − 1

1+ r

)
[(1−θ)λ +(1−λ )((1−θ)q(b′(b′,yH),yH)+θq(b′(b′,yL),yL))]

Finally, repeating the same steps for b̄ > b′ > bH we obtain that the derivative equals(
β − 1

1+ r

)
[(1−λ )((1−θ)q(b′(b′,yH),yH)+θq(b′(b′,yL),yL))]

Hence when V i(b) is differentiable at b′ the derivative is always negative as long as
β < 1

1+r . If V i(b) is not differentiable at b′ on the other hand, we still have that the left and
right derivatives are negative. Suppose we are in the last case where b̄ > b′ > bH , then the left
derivative is

lim
ε→0+

(
β − 1

1+ r

)
[(1−λ )((1−θ)q(b′(b′− ε,yH),yH)+θq(b′(b′− ε,yL),yL))]

and the right derivative is

lim
ε→0+

(
β − 1

1+ r

)
[(1−λ )((1−θ)q(b′(b′+ ε,yH),yH)+θq(b′(b′+ ε,yL),yL))]

Since V i(b) is continuous, this means that whenever b′ lies in one of the intervals above,
the country will keep wanting to make it more negative, so we can only have a corner solution in
which b′ ∈ {bL,bH , b̄}

Finally, I will show that if b ≥ bH and 2(1−λ )
λ 2(1+λ )

< bH

b̄−bH
1

1−β (1+r) , then b′ = b̄ is never an
optimal choice.

Suppose b′(b̃,yH) = b̄ for some b̃ ≥ bH . Then it must be the case that b′(bH ,yH) = b̄

since b′(b,y) is non-decreasing. This implies that f H(bH , b̄) ≥ f H(bH ,bH), so f H(bH , b̄) <

f H(bH ,bH) is sufficient for b′(b,yH) ̸= b̄ when b ≥ bH . Notice that

f H(bH , b̄)− f H(bH ,bH) =−q(b̄,yH)(b̄−bH)+ [q(bH ,yH)−q(b̄,yH)]λbH+

β [θ(V H(b̄)−V H(bH))+(1−θ)(V L(b̄)−V L(bH))]

since
V H(b̄)−V H(bH) = q(b̄,yH)(1−λ )(b̄−bH)

(V L(b̄)−V L(bH) = f (b̄,b′(b̄,yL))− f (bH ,b′(bH ,yL))≤ f (b̄,b′(b̄,yL))− f (bH ,b′(b̄,yL)) =

q(b′(b̄,yL),yL)(1−λ )(b̄−bH)
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we have

f (bH , b̄)− f (bH ,bH)≤ q(b̄,yH)(β (1+ r)−1)(b̄−bH)+ [q(bH ,yH)−q(b̄,yH)]λbH

Now, q(bH ,yH) and q(b̄,yH) are given by

q(b̄,yH) =
1−λ

1+ r
[θq(b̄,yH)+(1−θ)q(b′(b̄,yL),yL)]

q(bH ,yH) =
λθ

1+ r
1−λ

1+ r
[θq(b̄,yH)+(1−θ)q(b′(bH ,yL),yL)]

since b′(b,y) and q(b′,y) are non-decreasing in b and b′, q(b′(b̄,yL),yL)≤ q(b′(bH ,yL),yL) so
q(bH ,yH)−q(b̄,yH)≥ λθ

1+r , hence

f (bH , b̄)− f (bH ,bH)≤ q(b̄,yH)(β (1+ r)−1)(b̄−bH)+
λ 2θ

1+ r
bH

thus

q(b̄,yH)<
λ 2θ

1+ r
bH

b̄−bH
1

1−β (1+ r)
⇒ f (bH , b̄)< f (bH ,bH)⇒ b′(bH ,yH) ̸= b̄

Since q(b′,y) is bounded above by λ

λ+r (the vale of a bond when the probability of
repayment in all future periods is equal to 1), we have that q(b′(b̄,yL),yL)≤ λ

λ+r so

q(b̄,yH)≤ (1−λ )(1−θ)

1+ r−θ(1−λ )

λ

λ + r

hence a sufficient condition for b′(bH ,yH) ̸= b̄ is

(1−λ )(1−θ)

1+ r−θ(1−λ )

λ

λ + r
<

λ 2θ

1+ r
bH

b̄−bH
1

1−β (1+ r)
⇒ f (bH , b̄)< f (bH ,bH)⇒ b′(bH ,yH) ̸= b̄

Finally, notice this inequality is satisfied for any θ ∈ [0.5,1) and r > 0 if

2(1−λ )

λ 2(1+λ )
<

bH

b̄−bH
1

1−β (1+ r)

If we repeat the same steps for the case where b′(b̃,yL) = b̃ for some b̃ ≥ bH we arrive at

q(b̄,yH)<
λ 2θ

1+ r
bH

b̄−bH
1

1−β (1+ r)

as a sufficient condition for b′(bH ,yL) ̸= b̄

It is easy to see that this condition is satisfied as long as 2(1−λ )
λ 2(1+λ )

< bH

b̄−bH
1

1−β (1+r) . Hence,
as long as this inequality is satisfied and β < (1+r)−1 we have that b′(b,y)∈ {bL,bH} if b ≥ bH .

proof of proposition 4.1.1:
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First case: Assume that lenders expect that b′(bL,yL) = b′(bH ,yL) = b′(bL,yH) =

b′(bH ,yH) = bL will be the policy function followed by the country. Lets first derive the price
schedule compatible with this policy function

In this case, if the country follows the policy function and borrows bL, then d(bL,y′) = 0
and b′(bL,y′) = bL in expression (4.1.2). It easy to see that in this case q(bL,yL) = q(bL,yH)

which are given by

q(bL,y) =
1

1+ r
[λ +(1−λ )q(bL,y)] =⇒ q(bL,y) =

λ

λ + r

Now suppose the country were to deviate from this policy function in a period of high
output, choosing b′ = bH , then E[d(bH ,y′)] = 1−θ . If lenders still expect the country to follow
the given policy function in the future (even after observing this behaviour off the path of
equilibrium), then b′(bH ,y′) = bL so (4.1.2) becomes

q(bH ,yH) =
1

1+ r
[θλ +(1−λ )q(bL,y)] =⇒ q(bH ,yH) =

λ

λ + r
− λ (1−θ)

1+ r

For this to be an equilibrium the choices given by the policy function need to be optimal
given the implied price schedule. Let f H(b,b′) stand for the objective function in (4.1.3), then it
must be the case that f H(b,bL)≥ f H(b,bH) for b ∈ {bL,bH}. From (4.1.3) we can see that this
means

−q(bL,yH)[bL − (1−λ )b]+β [θV H(bL)+(1−θ)V L(bL)] ≥

−q(bH ,yH)[bH − (1−λ )b]+β [θV H(bH)+(1−θ)V L(bH)]

Since q(bL,yH)> q(bH ,yH), the more negative b is, the harder it is for the inequality to
be meet. Hence, if it is satisfied for b = bH it will also be satisfied for b = bL (the country has
more incentive to borrow more when it has higher debt). Substituting b = bH in the inequality
above and rearranging it gives

−q(bL,yH)[bL − (1−λ )bH ]+q(bH ,yH)λbH +β [θ(V H(bL)−V H(bH))+

(1−θ)(V L(bL)−V L(bH))]≥ 0

From Expressions (4.1.3) and (4.1.4) it is easy to see that

V L(bL)−V L(bH) = q(bL,yL)(1−λ )(bL −bH)

V H(bL)−V H(bH) = [λ +q(bL,yH)(1−λ )](bL −bH)

substituting this in the inequality above and simplifying it gives

bL ≤
(

1− λ [q(bL,yH)−q(bH ,yH)]

[1−β (1−λ )]q(bL,yH)−βλθ

)
bH
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finally, substituting for the price function and rearranging gives

bL ≤ A0bH ⇔ ∆ ≥ A0 where A0 =− λ (λ + r)(1−θ)

(1+ r)[1−βθ(λ + r)−β (1−λ )]

Now for b′(bH ,yL) = b′(bL,yL) = bL we need f L(bH ,bL) ≥ f L(bH ,bH). The price the
country gets when it deviates from the policy function when y = yL is

q(bH ,yL) =
λ

λ + r
− λθ

1+ r

Notice that in this case the expressions f L are exactly the ones obtained by substituting θ by
1−θ in the analogous expressions for f H . Therefore ∆ > a0, where a0 is obtained by substituting
θ by 1−θ in the expression for A0, is the resulting condition. So

a0 = 1− λ (λ + r)θ
(1+ r)[1−β (1−θ)(λ + r)−β (1−λ )]

Second case: Now suppose lenders expect the country to follow the policy function
given by b′(bL,yL) = b′(bH ,yL) = bL, b′(bL,yH) = bL and b′(bH ,yH) = bH .

If the country starts with b = bL and follows the policy function given, then it chooses
b′ = bL in the current period and repays its obligations and chooses b′(bL,y′) = bL again next
period, regardless of the output state. So we still have

q(bL,yH) = q(bL,yL) =
λ

λ + r

But now, if the country starts with b = bH and y = yH , according to the given policy
function it chooses b′ = bH , so with a probability θ next period state is y′ = yH and the country
repays its debt and chooses b′(bH ,yH) = bH again and with a probability 1−θ , y′ = yL and the
country defaults and chooses b′(bH ,yL) = bL. Therefore in this case expression (4.1.2) becomes

q(bH ,yH) =
1

1+ r
[θλ +θ(1−λ )q(bH ,yH)+(1−θ)(1−λ )q(bL,yL)] =⇒

q(bH ,yH) =
λ

λ + r
− λ (1−θ)

1+ r−θ(1−λ )

Again, for this case to be an equilibrium the choices given by the policy function must
be optimal given the implied price schedule. So in this case there are two conditions. We need
f H(bH ,bH)≥ f H(bH ,bL) and f H(bL,bL)≥ f H(bL,bH). Rearranging (4.1.3) the first condition
implies

−q(bL,yH)[bL − (1−λ )bH ]+q(bH ,yH)λbH +β [θ(V H(bL)−V H(bH))+

(1−θ)(V L(bL)−V L(bH))]≤ 0

and the second one implies
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−q(bL,yH)λbL +q(bH ,yH)[bH − (1−λ )bL]+β [θ(V H(bL)−V H(bH))+

(1−θ)(V L(bL)−V L(bH))]≥ 0

From expressions (4.1.3) and (4.1.4) it is easy to see that

V L(bL)−V L(bH) = q(bL,yL)(1−λ )(bL −bH)

V H(bL)−V H(bH) = λ [bL −bH −q(bL,yH)bL +q(bH ,yH)bH ] +

β [θ(V H(bL)−V H(bH))+(1−θ)(V L(bL)−V L(bH))]

since there are only two prices that matter (because q(bL,yL) = q(bL,yH)), I use qL to denote
q(bL,yH) and qH to denote q(bH ,yH) below. Solving for V H(bL)−V H(bH) gives

V H(bL)−V H(bH) =
[λ +β (1−θ)(1−λ )qL](bL −bH)+λ (qHbH −qLbL)

1−βθ

After substituting using these expressions and rearranging, the first and second inequalities
become, respectively

bL ≥
(

1− λ (qL −qH)

[1−β (1−λ )]qL −βλθ

)
bH

and

bL ≤
(

1− λ (qL −qH)

βθλ (1−qH)+β [1−λ (1−θ)]qL +βθ(qH −qL)−qH

)−1

bH

finally, substituting for the price schedule the first condition becomes

bL ≥ A1bH ⇔ A1 ≥ ∆ where A1 = 1− λ (λ + r)(1−θ)

[1+ r−θ(1−λ )][1−βθ(λ + r)−β (1−λ )]

and the second condition becomes

bL ≤ A2bH ⇔ ∆ ≥ A2 where

A2 = 1− λ (λ + r)(1−θ)

[1−β (1+ r)][1+λ (2θ −1)−θ(1− r)]+λ (λ + r)(1−θ)

The condition for f L(bH ,bL)> f H(bH ,bH) in this case no longer exhibits the symmetry
observed in the first case. If the country deviates from the policy function when y = yL the price
is

q(bH ,yL) =
λ

λ + r
− λθ

1+ r−θ(1−λ )
+

λ (2θ −1)(1−λ )

(1+ r)[1+ r−θ(1−λ )]

Repeating the steps done above for f H(bH ,bL)− f H(bH ,bH) we obtain that the condition
is ∆ ≥ a1 where a1 is given by

a1 = 1− λ [(q(bL,yL)−q(bH ,yL))(1−βθ)+(q(bL,yL)−q(bH ,yH))β (1−θ)]

[1−β (2θ −λ −β (2θ −1)(1−λ ))]q(bL,yL)−βλ (1−θ)
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substituting for the price schedule and rearranging gives

a1 = 1− λ (λ + r)[(1+ r)θ − (2θ −1)(β (1+ r)+(1−βθ)(1−λ ))]

(1+ r)(1+ r−θ(1−λ ))(1−β (2θ −λ +(1−θ)(λ + r)−β (2θ −1)(1−λ )))

third case: Finally, suppose the lenders expect the country to follow the policy function
given by b′(bL,yH) = b′(bH ,yH) = bH

When the country follows the given policy function, If output is high it borrows bH , so
in the next period with a probability θ output is high again so the country repays its debt and
borrows bH and with a probability 1−θ output is low so the country defaults and borrows bL, in
this case (4.1.2) becomes

q(bH ,yH) =
1

1+ r
(θλ +(1−λ )[θq(bH ,yH)+(1−θ)q(bL,yL)]

On the other hand if output is low the country borrows bL and in the next period it repays
its debt and with a probability θ output is low again and the country borrow bL and with a
probability 1−θ output is high so the country borrows bL, in this case (4.1.2) is given by

q(bL,yL) =
1

1+ r
(λ +(1−λ )[(1−θ)q(bH ,yH)+θq(bL,yL)]

Now suppose the country deviates from the choice implied by the policy function and
chooses bL when y = yH , next period debt is repaid with probability 1. Now, if lenders still expect
the country to follow the policy function in the future (even after observing the behaviour off the
equilibrium path), then with probability θ output is high and the country chooses bH and with a
probability 1−θ output is low and the country chooses bL. Thus, expression (4.1.2) becomes

q(bL,yH) =
1

1+ r
(λ +(1−λ )[θq(bH ,yH)+(1−θ)q(bL,yL)]

after solving the system we get

q(bL,yL) =
λ

λ + r

(
1+ r−θ 2(1−λ )

1+ r− (2θ −1)(1−λ )

)
=

λ

λ + r

(
1− (1−θ)2(1−λ )

1+ r− (2θ −1)(1−λ )

)

q(bL,yH) = q(bL,yL)− λ (1−θ)(2θ −1)(1−λ )

(1+ r)[1+ r− (2θ −1)(1−λ )]

q(bH ,yH) = q(bL,yH)− λ (1−θ)

1+ r

For this case to be an equilibrium, following the policy function must be optimal given
the price schedule. This means that, for b ∈ {bL,bH}, the objective function of V H(b) must be
higher under b′ = bH than under b′ = bL, that is
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−q(bL,yH)[bL − (1−λ )b]+β [θV H(bL)+(1−θ)V L(bL)]

≤

−q(bH ,yH)[bH − (1−λ )b]+β [θV H(bH)+(1−θ)V L(bH)]

Notice that because q(bL,yH)> q(bH ,yH), if the inequality is satisfied for b = bL it is satisfied
for any b < bL so we only need to check the case where b = bL. Substituting b = bL in the
inequality above and rearranging it gives

−q(bL,yH)λbL +q(bH ,yH)[bH − (1−λ )bL]+β [θ(V H(bL)−V H(bH))+

(1−θ)(V L(bL)−V L(bH))]≤ 0

From expressions (4.1.3) and (4.1.4) it is easy to see that

V H(bL)−V H(bH) = [λ +q(bH ,yH)(1−λ )](bL −bH)

V L(bL)−V L(bH) = q(bL,yL)(1−λ )(bL −bH)

substituting using these expressions in the inequality above gives

[q(bH ,yH)−q(bL,yH)]λbL +[−q(bH ,yH)+βθλ +β (1−λ )(θq(bH ,yH)+

(1−θ)q(bL,yL))](bL −bH)≤ 0

finally, substituting for the price schedule and rearranging gives

bL ≥ A2bH ⇔ ∆ ≤ A2 where

A3 = 1− λ (λ + r)(1−θ)

(1+ r)[θ −β (1−λ +θ(λ + r))+Π]+λ (λ + r)(1−θ)

Π =
(1−λ )(1−θ)[(1−θ)(1+β (1−λ ))+βθ(λ + r)]

1+ r− (2θ −1)(1−λ )

Now, if the country deviates in a period of low output it gets the price

q(bH ,yL) = q(bL,yL)− λθ

1+ r

So given the price schedule we need f L(bH ,bL)> f L(bH ,bH) in order to have b′(bH ,yL) = bL.
The condition is ∆ ≥ a3 where

a3 = ?

(Note: I have not obtained the expression for a3 yet, I believe it might be even uglier than A3 so
I am not sure it is worthwhile the time to derive it. In what follows I solve for a3 numerically
using the implicit function in a3 implied by f L(bH ,bL)> f L(bH ,bH) and the price schedule.).

Order of Ai: If λ < 1, then from the expressions for A0 and A1 it is easy to see that
A1 < A0 and from the derivation of A1 and A2 in the second case above it is obvious that A2 < A1
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must be the case (since with long-term debt the country has more incentive to choose b′ = bH

when it has more debt). Below I show that the same ordering holds for A3 .

First consider A3 and A0. If we subtract the denominator in the fraction in A3 from the
denominator in the fraction in A0 by we obtain the following expression

(1+ r)(1−Π)−λ (λ + r)(1−θ)

If we substitute for Π and expand we obtain a second degree polynomial in θ where the
coefficient of θ 2 is given by

(1−λ )[(1+ r)(β (2λ −1+ r)−1)−2λ (λ + r)]
1+ r− (2θ −1)(1−θ)

which is clearly negative. Hence the expression for the difference of the denominators in A0 and
A3 is a concave parabola in θ

If θ = 1 then Π = 0 so the difference is positive. If θ = 0.5 then the difference becomes

−λ 2 +λ (1− r)+1+2r
2

Since this is a concave parabola in λ which is clearly positive for λ = 0 and λ = 1, it is positive
for any λ ∈ (0,1].

Therefore the expression for the difference of the denominators in A0 and A3 is positive
for any θ ∈ [0.5,1), which means that A0 is always larger than A3

Now consider A2 and A3. Subtracting the denominator in A3 by the denominator in A2

gives
(1+ r)Π+(1−λ )[θ(2−β (1+ r))−1]

Substituting for Π gives (1−λ ) multiplied by

(1−θ)[(1+ r)(β (θ(λ + r)+(1−λ )(1−θ))−θ)+(2θ −1)(1−λ )]

1+ r− (2θ −1)(1−λ )
+θ(1−β (1+ r))

First consider the case where λ = 0. If β = (1+ r)−1 the expression multiplying (1−λ )

reduces to 0 while if β = 0 it becomes

(3θ −1)(1−θ)+ rθ 2

1+ r− (2θ −1)

which is clearly positive. Since the difference in the denominators is linear in β we can conclude
that the expression multiplying (1−λ ) is positive for any 0 < β < (1+ r)−1 when λ = 0

Now consider the case when λ = 1. In this case the expression multiplying (1− λ )

becomes
θ

2(1−β (1+ r))
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Which again is always positive.

Since the expression multiplying (1−λ ) is linear in λ it must then be positive for all
λ ∈ (0.1], so the difference in the denominators is always positive, which implies that A3 is
always larger then A2. Hence we can conclude that A2 ≤ A3 ≤ A0, with strict inequalities if
λ < 1.

6.2 Model with total default and exclusion from credit markets

proof of lemma 4.2.1:

First consider the case when θ = 0.5. Since this corresponds to the i.i.d. case it is easy to
see that q(b′,yL) = q(b′,yH) and that b′(b,y) does not depend on y. If b′(bL,y) = b′(bH ,y) then
it is easy to see from (4.2.7) and (4.2.8) that the expressions for bL and bH are the same except for
the first term, in which case yHδ H > yLδ L implies bH < bL. If b′(bL,y) ̸= b′(bH ,y) then from the
fact that b′(b,y) and q(b′,y) are non-decreasing we know that q(b′(bL,y),y)≥ q(b′(bH ,y),y) so
examining (4.2.7) and (4.2.8) we can see that again this implies bH < bL as long as yHδ H > yLδ L.

Since bH and bL are both continuous functions of θ for θ ∈ [0.5,1), if bH ≥ bL for any θ

in this range, then it must exist a θ̄ in this interval such that bH = bL if θ = θ̄ . Let b̄ denote the
common value of bL and bH in this case. It will never be optimal for the government to choose
b′ > b̄ since this would imply a probability of default of 1. On the other hand, as long as b′ < b̄,
we can show that the government will want to increase its borrowing using the same argument of
lemma 4.2.2. Hence it will always be optimal for the government to choose b′ = b̄ in which case,
using (4.2.7) and (4.2.8) imply

λ b̄ =−yL
δ

L +β [(1−θ)V H
d +θV L

d ]+
λ 2b̄

λ + r
−β [(1−θ)V H(b̄)+θV L(b̄)]

λ b̄ =−yH
δ

H +β [θV H
d +(1−θ)V L

d ]+
λ 2b̄

λ + r
−β [θV H(b̄)+(1−θ)V L(b̄)]

where I used the fact that q(b̄,y) = λ/(λ + r) since the country always repays its debt when
b′ = b̄. Since by definition V H(b̄) =V H

d and V L(b̄) =V L
d , these expressions reduce to

λ b̄ =−yL
δ

L +
λ 2b̄

λ + r
and λ b̄ =−yH

δ
H +

λ 2b̄
λ + r

Since this cannot be the case given the assumption that yHδ H > yLδ L, we can conclude that
yHδ H > yLδ L implies bH < bL for any θ ∈ [0.5,1).

proof of proposition 4.2.1:

first case: b′(bL,yH) = b′(bH ,yH) = b′(bL,yL) = bL

In this case we can work the price schedule to be

q(bL,yL) = q(bL,yH) =
λ

λ + r
, q(bH ,yH) =

λθ

λ + r
and q(bH ,yL) =

λ (1−θ)

λ + r
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Substituting this price schedule and the policy function b′(b,y) in expression (4.2.6) and
(4.2.7) and solving the resulting system in bL and bH we get that the equilibrium bL and bH , after
simplification, are given by

λbH =−
(

λ + r
1+ r

)(
ryHδ H +[1−β (1+ r)θ ]yLδ L +β (1+ r)(1−θ)yHδ H

r[1−β (2θ −1)]

)

λbL =−
(

λ + r
1+ r

)(
ryLδ L +[1−β (1+ r)θ ]yLδ L +β (1+ r)(1−θ)yHδ H

r[1−β (2θ −1)]

)
Repeating the same steps as in the proof of proposition (4.1.1) it is possible to see that

the condition for b′(b,yH) = bL when b ∈ {bL,bH}, that is F(bH ,bL)≥ F(bH ,bH), implies

bL ≤
(

1− λ (1−θ)

1−β (1+ r)θ

)
bH

Substituting for bL and bH using the expressions above and rearranging gives the condi-
tion stated in the proposition

∆ ≥ K0, where K0 = 1−
(

λ (1−θ)

1−βθ(1+ r)

)(
(1+ r)[1−β (1−2θ)]

r+λ (1−θ)

)

The condition for b′(bL,yL) = bL, ∆ > kO, is obtained numerically.

Second case: b′(bH ,yH) = bH and b′(bL,yH) = b′(bL,yL) = bL

In this case we can work the price schedule to be

q(bL,yL) = q(bL,yH) =
λ

λ + r
, q(bH ,yH) =

λθ

1+ r−θ(1−λ )

and q(bH ,yL) =
λ (1−θ)

1+ r−θ(1−λ )

Substituting this price schedule and the policy function b′(b,y) in expression (4.2.6) and
(4.2.7) and solving the resulting system in bL and BH we get that the equilibrium bL and bH , after
simplification, are given by

λbL =−(λ + r)[(1−βθ)yLδ L +β (1−θ)yHδ H ]

r[1−β (2θ −1)]
, λbH =−1+ r−θ(1−λ )

1+ r−θ
yH

δ
H

Repeating the same steps as in the proof of proposition (4.1.1) it is possible to see
that the conditions for b′(bL,yH) = bL and b′(bH ,yH) = bH , that is F(bL,bL)≥ F(bL,bH) and
F(bH ,bH)≥ F(bH ,bL), imply respectively

bL ≤
(

1− λ (1−θ)(1+ r)
θ(λ + r)[1−β (1+ r)]+λ (1−θ)(1+ r)

)
bH

bL ≥
(

1− λ (1−θ)(1+ r)
[1+ r−θ(1−λ )][1−β (1+ r)θ

)
bH
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Substituting for bL and bH using the expressions above and rearranging gives the conditi-
ons stated in the proposition

K1 ≥ ∆ ≥ K2, where

K1 =

(
1− λ (1−θ)(1+ r)

[1+ r−θ(1−λ )][1−βθ ]

)
Π1 −

β (1−θ)

1−βθ

K2 =

(
1− λ (1−θ)(1+ r)

θ(λ + r)[1−β (1+ r)]+λ (1−θ)(1+ r)

)
Π1 −

β (1−θ)

1−βθ

Π1 =

(
r[1−β (2θ −1)]
(λ + r)(1−βθ)

)(
1+ r−θ(1−λ )

1+ r−θ

)
The condition for b′(bL,yL) = bL, ∆ > k1, is obtained numerically.

third case: b′(bL,yH) = b′(bH ,yH) = bH and b′(bL,yL) = bL

In this case we can work the price schedule to be

q(bL,yL) =
λ [1+ r−θ 2(1−λ )]

[1+ r−θ(1−λ )]2
, q(bL,yH) =

λ [1+ r− (θ − (1−θ)2)(1−λ )]

[1+ r−θ(1−λ )]2

q(bH ,yH) =
λθ

1+ r−θ(1−λ )
and q(bH ,yL) =

λ (1−θ)

1+ r−θ(1−λ )

Substituting this price schedule and the policy function b′(b,y) in expression (4.2.6) and
(4.2.7) and solving the resulting system in bL and bH we get that the equilibrium bL and bH , after
simplification, are given by In this case bL and bH are given by

λbL =−
[1+ r−θ(1−λ )]2

(
yLδ L + β (1+r)(1−θ)

1+r−θ
yHδ H

)
[r+β (1+ r)(1−θ)][1+ r−θ(1−λ )]+(1−λ )(1−θ)(1+ r−θ)

,

λbH =−1+ r−θ(1−λ )

1+ r−θ
yH

δ
H

Repeating the same steps as in the proof of proposition (4.1.1) it is possible to see that
the condition for b′(b,yH) = bH when b ∈ {bL,bH}, that is F(bL,bH)≥ F(bL,bL), implies

bL ≥
(

1− λ (1−θ)[1+ r− (2θ −1)(1−λ )]

θ [1−β (1+ r)][1+ r−θ(1−λ )]+λ (1−θ)[1+ r− (2θ −1)(1−λ )]

)
bH

Substituting for bL and bH using the expressions above and rearranging gives the condi-
tion stated in the proposition

K3 ≥ ∆, where K3 =

(
θ [1−β (1+ r)]

1+ r−θ

)
Π3 −

β (1+ r)(1−θ)

1+ r−θ

Π3 =
[r+β (1+ r)(1−θ)][1+ r−θ(1−λ )]+(1−λ )(1−θ)(1+ r−θ)

θ [1−β (1+ r)][1+ r−θ(1−λ )]+λ (1−θ)[1+ r− (2θ −1)(1−λ )]

The condition for b′(bL,yL) = bL, ∆ > k3, is obtained numerically.
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