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Summary
This thesis contains three independent papers. Below follows a brief description of each
article.

The first paper is an analysis of the mechanism placed in Brazil that matches stu-
dents to colleges, the SISU. We evaluate the mechanism through a theoretical perspec-
tive. A very detailed description of the mechanism and the game faced by participants
is produced. Despite the importance of SISU in allowing an increase in the access to
higher education, the mechanism fails to achieve the good properties expected in a
maching mechanism. We explore possible inefficiencies for which the mechanism makes
room. We classified SISU as a sequential mechanism with no commitment from both
sides of the market. We see the lack of commitment as one of the main causes of ineffi-
ciency in the mechanism, opening up possibilities for strategize. As SISU is not strategy
proof, it is difficult to analyse it, as it is not possible to obtain the matching equilibrium.
We solve this by modeling candidates as expected utility maximizers, obtaining their
optimal report for reasonable beliefs. We simulate this model and compare SISU with
other known mechanisms. Considering performance metrics based on the propeties of
efficiency, individual rationality, and stability, we show that SISU performs worse than
these other mechanisms.

The second article is co-authored with Rafael Araújo. We study sorting of farmers
and land, where land is characterized by a multidimensional vector of characteristics.
We explore a discrete choice model where heterogeneous farmers choose among different
crops, in a way that farmers with higher productivity have higher probability of access-
ing crops with higher returns. Using highly disagregated data from the most important
agricultural producer state of Brazil, we estimate some parameters of the model and get
the matching function of each land for each productive farmer. We then incorporate
this model inside a central planner’s problem that allocate farmers to land to maxi-
mize expected aggregate production. We show that, althogh land cannot be naturally
ordered, the central planner’s problem generates a sorting expression between farmer’s
productivity and the marginal return of the land. With this sorting expression, we con-
struct a candidate to the optimal allocation that allows us to estimate a lower bound
for the total expected gain of reducing misallocation. We show that a relocation of
farmers in the state of Mato Grosso could increase the overall agricultural productivity
by at least 34%.

Lastly, the third paper is co-authored with Carlos Eugênio da Costa. We investi-
gate how allocation equilibrium within marriage and the marriage market is affected by
policies that prioritize women as the recipients of the cash benefit, like Bolsa Família
in Brazil. Empowering women changes the household choices in equilibrium and, con-
sequently, prospective spouses’ decisions before entering in the marriage market. We
conseider a two-stage game which we solve by backward induction. In the second
stage, the Nash-bargaining collective model with endogenous threat points, determines



the intra-marriage allocation. In the first stage, the marriage market, determines who
marries who. We verify that low-income women beneficiary of the conditional cash
transfers, increase her threat point, giving her more control over the household re-
sources. However, empowered momen turn out to be less attractive in the marriage
market. Targeting policy increase the proportion of single women benifited by the pro-
gram, and we also show an increase in the assortative matching pattern - which results
in decreased aggregate welfare.



An analysis of SISU Matching Mechanism

Kátia Nishiyama
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Abstract

Each year more than 200.000 seats are offered in universites throught Brazil
through a centralized college admission process. In this paper, we study and
evaluate the mechanism placed in Brazil from a theoretical perspective. De-
spite the importance of SISU in allowing an increase in the access to higher
education, the mechanism fails to achieve the good properties expected in a
matching mechanism. We explore possible inefficiencies for which the mecha-
nism makes room. Because SISU is not a strategy-proof mechanism makes it
difficult to analyse it, as it is not possible to obtain the matching equilibrium.
We try to overcome this barrier modeling students problem and considering
different beliefs and strategies resulting from these beliefs. We show that SISU
performs worse than other known mechanisms.

JEL classification: C73, C78, D82, D84.
Keywords: Matching, Sequential Mechanism, College Admission, Stability.

1 Introduction

The field of market design has been one of the most important topics in education pol-

icy with many-to-one matching mechanisms, applied to college admission and school

choice problems, being widely debated and implemented around the world. As Ko-

jima and Pathak (2009) pointed out, the practical aspects of market design lead the

development of the theory. In this sense, over the past two decades many mecha-

nisms that were in operation have been studied, theoretically and empirically, and as

a consequence, some of them were reformulated. For example, school choice mech-

anisms in New York and Boston were replaced with versions of deferred acceptance

(DA) mechanism, a mechanism proposed by Gale and Shapley (1962), after the works



of Abdulkadiroğlu and Sönmez (2003), Abdulkadiroglu, Pathak, Roth, and Sonmez

(2006), Ergin and Sönmez (2006).

In Brazil, a central authority designed and implemented a matching mechanism

aiming to centralize the college admission process for all federal universities in Brazil.

SISU, unified selection system, has been working since 2011 by an on-line platform.

Over the years, the mechanism has been effective in unifying university entrance in

Brazil, and not only federal universities adhered to the process but also state and

private institutions.

Before SISU, Brazilian college entry systems were completely decentralized with

each college or university administering their own application process through exams

named Vestibular. As it is common with decentralized systems, many inefficiencies

were present. Students could be accepted into multiple universities but would enrol in

only one of them, which this led to vacant seats and universities having to make many

calls to clear the market. Furthermore, since students apply to many universities and

each application has its costs, the decentralized mechanism is more expensive. As

a consequence of the application’s cost, a qualified student may have to choose to

apply only for few of her desired colleges, with the possibility of being rejected by

them, whereas she might have been accepted in one of those she preferred not to

apply. This same type of inefficiency, known as justified envy, happens when entrance

exams of different universities take place in the same day and students have to choose

between them. Centralized systems have been implemented to address these and

other coordination problems.

Looking at Brazil’s transition toward a centralized system, we can state that

it has partially achieved its goal in unifying the admission process, as many other

institutions continued with its own vestibular, but it also improved other outcomes.

The cost of applications is significantly lower and students can find a wider range of

options all over the country due to a reduction in asymmetric information, allowing an

increase in mobility and equality in the access to higher education (Li (2016), Machado

and Szerman (2017)). However, when analysing a mechanism we should also look at

it from a theoretical perspective. What are the properties of this mechanism? What

are the incentives that the candidates face? Do they have incentives to strategize?

Can we achieve the same empirical results with another mechanism? In order to

answer these questions, we try to understand how the mechanism affects students

decision regargind where and how to apply in order to reach the positions they most
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desire. In other words, we examine participants’ incentives and possible behaviours,

as well as the properties of the matching generated by these behaviours.

The purpose of this paper is to theoretically evaluate the matching mechanism

implemented in Brazil, by asking whether this system achieves its purpose and, if

so, wheter it is efficiency in doing so. In order to do this, we must think about

the incentives that participants face in the game induced by the mechanism, and

have a complete understanding about their space of action. We verify that SISU is

considerably more complex than other mechanisms known in the literature, which

makes it difficult to analyse. Thus, we consider a way to evaluate mechanisms that

are not strategy-proof nor has an explicit characterization of an equilibrium strategy.

The canonical work of Gale and Shapley (1962) defines one of the most imple-

mented mechanisms, the Deferred Acceptance with students proposing. This mecha-

nism is known for having good properties such as stability, strategy proof and pareto

optimality for students. In the original mechanism, there is a finite number of steps

and in each step students make a proposal to a college. In other words, the mecha-

nism induces a dynamic game in which at the beginning of each subgame, the action

space of the participants consists of declaring their preferred college. In a centralized

mechanism derived from DA, participants are asked to interact simultaneously only

once where they have to declare a priority order list of all colleges they have intention

to go. The latter is a direct mechanism in which the strategy space is to reveal its

type, in this case, the preference list. When comparing a sequential and a centralized

implementation of DA, one can easily note that a direct mechanism has advantages.

However, for practical reasons, in most centralized mechanisms in place, students may

state their preferences over a restricted number of options. As Haeringer and Klijn

(2009) showed, with restriction in the preference list the DA is no longer strategy

proof, and the matching may not be stable.

Some papers indicate that SISU applies the DA algorithm. Although we may

view SISU as a mix of sequential and centralized DA with restriction list, one can

not make this statement. The features that define SISU makes it more puzzling in

comparison to others mechanisms, with the action space more complex and the loss

of the good properties of DA, specially due to the lack of commitment from both

parts of the mechanism.

In order to understand the problem faced by students, we develop a simple model

to describe their behaviour as expected utility maximizers. Candidates have un-
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certainty about their acceptance in universities, but they form beliefs about their

likelihood of getting a position conditional to information they have available. The

key to solve our problem lies in how candidates form beliefs. We explore different be-

liefs and possible heterogeneities between players, and how this may affect matching

equilibrium and its properties. We tackle this problem through simulations of our

model.

In the first section we introduce the student placement problem and a family of

mechanisms known in the literature. It is important to understand these mechanisms

and its properties to comprehend SISU and be able to make comparisons.

Next, we make a descriptive analysis of SISU, defining the algorithm behind its

rules and the game induced by the mechanism. We present some empirical evidence

about cutoffs patterns over days with data obtained from 2016 process.

Literature Review

The development of the theory in matching mechanisms has always been inspired

by empirical questions. The seminal work of Gale and Shapley (1962), introduces

the College Admission problem pointing out the problems and uncertainties in the

admission process of students into college. Their work does not just take the first

steps in addressing these problems – followed by mathematicians and economists –but

they introduced the main property that these mechanisms seek to achieve: stability.

The algorithm proposed by them, the Deferred Acceptance, yields a stable matching

and it is still the most applied and studied in the literature.

When dealing with matching mechanisms, there are three properties with which

we would like to evaluate them: stability, efficiency, and straight forward incentives.

However, those properties cannot coincide in a mechanism, and we deal with typical

trade-offs between them. There is no matching mechanism that can always guar-

antee a stable outcome with agents having incentives to reveal their true preference

- Roth (1982). In this same work, Roth, also proved for one-to-one matchings the

existence of mechanisms in which we can assure stability and truthful revelation for

one side of the market. The straightforward incentives from this side of the market

are the result of efficiency of the matching outcome. In other words, there are stable

matching procedures that are efficient and incentive compatible for one side of the

market. However, Roth (1985) showed that this result does not hold for many-to-one

matchings. In the college admission model, truth-telling will never be a dominant
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strategy for colleges. Although for students, a stable matching that yields efficiency

for them will be incentive compatible.

Mechanisms in placed has being studied on the basis of a tripod of properties

that could not be sustained together. However, assignment problems as the college

admission defined by Gale and Shapley, the hospital-intern problem and the entry-

level labor markets studied by Roth (1984,1991), consider both sides of the market as

strategic agents. If the college (hospital) side of the market do not act strategically,

their preferences are predefined and the designer does not take into account efficiency

for their side of the market, we can seek to achieve a constrained efficient allocation.

Considering variations in the strategic position of agents and the centralization of the

mechanism, two other assignments problems were derived from the College Admission:

Student Placement and School Choice Problem.

Based on the college admission process from Turkey, Balinski and Somenz (1999)

introduced the Student Placement. Their model, closely related with college admis-

sion models, takes into account centralized admissions via standardized tests. The

main difference is in the fact that students are the only strategic agents with their

preferences and their scores determining their assignments, as colleges are considered

public services and do not interfere in the admission process. The multi-category

serial dictatorship mechanism, practised in Turkey, despite of achieving stability, was

not efficient or strategy-proof. They propose as an alternative the Deferred Accep-

tance with students proposing, which achieve efficiency for students and is strategy

proof. Their contribution went beyond using tools from matching theory to propose

improvements in existing assignment system. The student placement approach has

been used since then to analyse mechanism with these similarities, as we follow in

this article when modelling the Brazilian college admission system.

The problem to assign students to school has been a topic widely debated with

respect to educational policies. However, Abdulkadiroğlu and Sönmez (2003) were

the first to address it as a matching problem with a mechanism design approach. The

School Choice differs from college admission problem not only for not giving weight

to school preferences, as the authors compare schools with objects to be consumed

by students. An even more important difference is that the analyses takes place

from the point of view of a central planner. Even students preferences may not

determine the assignments by themselves, as the central planner can also weight

in the mechanism a legislation or a policy that a government wants to implement.
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The authors described some flaws of the mechanisms that were in place in Boston

and Columbus. The first concerns about truth-telling and, as a consequence, the

possibility of manipulation by the students. The second, besides not being incentive

compatible, can generate inefficiencies. They proposed two alternative mechanisms

based on the Deferred Acceptance and Top Trading Cycles, Shapley and Scarf (1974).

Their work was of such importance that led the authorities from Boston and NYC

to contact the authors to re-design school choice systems - Abdulkadiroğlu, Pathak,

Roth, and Sönmez (2005b) and Abdulkadiroğlu, Pathak, and Roth (2005a).

This paper is mostly related with the literature that followed the above works

in evaluating mechanisms that are in practice in college admission and school choice

problems. In order to give the bases for the practical works, the theoretical literature

dealt with characterizing mechanisms according to the properties - stability, efficiency,

fairness and incentives - and the trade-offs between them.

The advance of the internet became a facilitator in applicability of centralized

mechanisms and, as in Brazil, many countries have adhered centralization. For a

long time the theory addressed mechanisms in which applicants could rank as many

choice as they want, despite the fact that, in practice, applicants can rank only a

constrained rank. Haeringer and Klijn (2009) proved, for DA and TTC, that when

students preferences are constrained more conditions have to be imposed in order

to guarantee stability or efficiency. Following this, Calsamiglia, Haering and Klijn

(2009) shows through laboratory experiments, that constrains can lead to preferences

manipulations, usually with participants including a safety choice among their choices.

In China, college adimission has been centralized since the second half of the

the last century. Over the past two decades the Chinese system has moved from

a sequential, based on the Boston mechanism, to a parallel mechanism, that lies

between Deferred Acceptance and the Boston. Chen and Kesten (2017) analyse the

mechanism and this transition. They show that the provinces that had abandoned

the sequential mechanism have move towards a less manipulable and more stable

mechanism. There are some similarities between the parallel mechanism and SISU

that we address here.

Pathak (2017) reviewed some redesigned mechanisms presenting his views about

what really matters for school choice market designs. His paper lies between practi-

cal experiments and the theoretical literature, but he emphasizes that the later are

less important for practical design. He argues that practical design should focus on
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incentives, transparency, avoid inefficiency through coordination of offers and well-

functioning aftermarkets, and influencing inputs to the design. We try to follow some

of these points through our analysis of SISU.

2 The Unified Selection System – SISU

In this section we present the mechanism in place in Brazil and give a brief exposition

of empirical evidence.

SISU, unified selection system, is a matching mechanism that has been working

twice a year since January 2011 by an on-line platform. The prerequisite to apply is

to have taken the ENEM exam, a national exam to evaluate students finishing high

school. This is the only cost of the process, as the registration in the platform is

free. In less than 10 years, the entry selection system for higher education in Brazil

moved from a decentralized system to a partially centralized system, with 237.128

seats offered in 128 institutions in 2020.

Each institution course prioritize their candidates according to ENEM exam scores.

The ENEM is comprised of four test/skills (Linguagens, Códigos e suas Tecnolo-

gias; Ciências Humanas e suas Tecnologias; Ciências da Natureza e suas Tecnolo-

gias; Matemática e suas Tecnologias) and an essay. Each course weights the tests

according to its own requirements.

The mechanism has three phases: Registration, Enrollment Call and Waiting List.

We will describe these phases below focusing on the first one, which is the phase in

which the algorithm runs and our problem is set.

The Registration lasts from 4 to 5 days. In each day each candidate can rank, by

her preference order, two programs to compete for a seat among the programs of all

participant institutions. When selecting a program, they are informed about their

score in that program, and they may change their choices as many time as they want.

At the end of each day, the system is closed to compute a temporary match and

cutoff score of each program, following a Deferred Acceptance with the two choices.

After some hours, the system opens again and candidates are informed if they are

temporarily accepted in one of their choices and their position in that match.

SISU makes available, for any candidate who wishes to consult it, the cutoff scores

of all programs. The cutoff score of each program is the lowest score among the
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candidates who are getting a vacancy in this temporary matching for this specific

program. Participation in each day is not mandatory, and students who wish to list

their choices only on the last day will be running for the seats as well as others and will

have available the same set of information, with the exception of possible temporary

assignments. At the end of the last day, the system runs the algorithm for one last

time to compute the final matching with which seats are offered to the candidates,

and the cutoff scores computed are the official ones.

In the Enrollment Call phase, each student with a seat offer can enroll on her

program and guarantee her seat. There is only one call for enrollments in SISU.

Students who have not received any offers can manifest their interest to run for a

seat in the waiting list.1 SISU provides waiting lists for the institutions that have

not filled all their seats. However, it is up to the institutions to make calls from the

waiting list. The candidate must keep up with the institution in which she is running

for a seat after the SISU platform is closed. This means that the calls followed by

the waiting list, no longer follow a centralized standard.

The first two phases, Registration and Enrollment, set the game that we focus on.

Candidates are the only strategic agents. In fact, institutions and their programs pro-

vide their weighting of tests and capacities before SISU starts. They, therefore, have

no power to interfere with the matching computation: we describe this mechanism as

a Student Placement Problem.

During the registration phase, each temporary match computed provides candi-

dates a forecast about their chances to get their desirable seats. In each update,

if candidates keep modifying their choices, there will be changes in the temporary

matching and cutoff scores. By realizing this, they can act strategically in order

to maximize their chances to get their preferable choice. During this process, the

mechanism could be seen as a sequential DA with the students proposing only to two

colleges. As we verify later, the mechanism fails to attain the good properties of DA

due to the lack of commitment from both parts. On students’ side, even if they are

tentatively matched with one college that they propose they still can change their

option in the next day. For colleges are the same, as they can reject their previous

acceptance in each new round.

1Until 2018, students who got a seat in her second choice were also allowed to run for a seat in
her first option through the waiting list. In the last two years, only students not matched could
have access to the waiting list and, besides manifest their interest in the platform, they can run for
a seat in both of their options.

8



Empirical Evidence

In order to give foundation and direct our analysis, we evaluate data that was made

available of January 2016 process. In that year, more than 228.000 seats were offered,

and more than 2.500.000 candidates participated, with 25.686 options available to

them. Our data consists of the cutoff per day for each one of the options available.

It is worth noting that different options can correspond to the same program due

to quotas, which is differentiated by the competition mode. For example, suppose that

for Economics at university X there are the modalities: wide competition (no quo-

tas), self report black, brown or indigenous regardless of income, and self report black,

brown or indigenous with family per capita income of less than 1.5 minimum wage.

Candidates select their options in the competition mode, according to their charac-

teristics, and will not compete with other candidates who are in different modalities.

Each modality works as a different option, with a specified number of seats, but not

all are candidates eligible. There are only 6.242 programs correspondents to all 25.686

options, an average of more than four modalities per program. The table below is an

example of the cutoff per day for the same program and different modalities.

Figure 1: Cutoff per day for different modalities of the same program - SISU 2016/1

By defining the mechanism, we point out that participation in each round are not

mandatory. Although we do not have data on participation, we might infer that over

the days more candidates enter the system, as the cutoff values increase over the days

in most of the options and the number of options with no selection (cutoff null) in the

first days decrease. These facts correspond to increases in demand for the programs.
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After the first round, there are 1.618 options that were not selected in candidates

reports. This number decrease to 220 in the second match, 35 in the third, and there

are only 5 options with no requests on the final matching.

The cutoffs increase in most of the programs, but there are a considerable pro-

portion of programs that feature decreases in cutoff from one day to another. Bo and

Hakimov (2019) argue that these decreases in SISU may happen due to cooperation

between a group of participants that artificially increase cutoffs in the first rounds in

order to keep the competition away from a program desired for one of them. They

call these cooperation manipulation via cutoffs. Although the mechanism is suscep-

tible to this type of manipulation, we do not think that this is reasonable to happen

in practice. The mechanism handles a large number of participants in a competitive

framework, not having a considerable impact on the final result. Moreover, a student

would not gain by not playing according to her preferences in the first rounds to help

another participant.

We investigate other possible causes that may lead to this cutoff behavior. A

decrease in the cutoff of one program might happen only if a student that is temporary

matched in one of the first rounds give up their seat and no one with a score higher

or equal choose that program. However, it would only be rational to give up a seat in

order to get a preferable choice. This could be a consequence of a simple expectation

error. In order to guarantee a seat, a student apply to a safe choice in the first rounds,

by realizing that she might get a preferable choice, she changes her reports. We deal

with simple examples of these cases to verify these behavior with cutoffs and we are

able to reproduce this through simulations.

3 Models and Mechanisms in College Admission

The purpose of this section is to present the conceptual framework which will be used

to evaluate SISU. We introduce the assignment problem, definitions and desirable

properties. Later, we describe some of the mechanisms most used in practice and

discussed in the literature.
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3.1 Matching Models

There are two sides of the market represented by two finite and disjoint sets, S =

{s1, . . . , sI} and C = {c1, . . . , cN}, of students and colleges, respectively. A many-to-

one matching problem is an assignment problem between these two sides; colleges

admit many students (according to the number of seats available) but students only

attend one college.

Each student s ∈ S has a priority order or preferences over colleges and remain-

ing unmatched (matched with herself) represented by Ps. Let PS ≡ (Ps)s∈S be the

preference profile of the students. For example, let N = 5, we may write, for sake of

convenience, the preference relation as an ordered list Ps = (c2, c3, c1), denoting that

student s would only accept a seat in colleges ci, i = 1, 2, 3., in that order: c2Psc3Psc1.

Moreover, she would rather not to attend to any college than go to c4 or c5: sPsc4

and sPsc5.

Let Rs, denote the at-least-as-good-as relation associated with the preference

relation Ps. Formally, Rs is a complete, transitive and anti-symmetric binary relation

on C, i.e for any c, c′ ∈ C, cRsc
′ if cPsc

′ or c = c′.

Associated to each college c ∈ C is a positive integer qc denoting the number of

seats offered by that institution, the college capacity . Let q = (qc1 , . . . , qcN ) denote

the list of capacities of all colleges. Each college, c ∈ C, has preferences over the

students �c. We let Pc denote college c’s preference over individual students and

PC ≡ (Pc)c∈C , the preference profile of colleges.

As colleges accept more than one student, preferences regarding a pair of students

may depend on the other students in the school. To allow for this possibility we we

define college c’s preference relation over sets of students, P#
c . The preferences of a

college over groups of students, P#
c , are responsive to its preferences over individual

students if the following two conditions are satisfied (Roth (1985)):

1. For each s ∈ S, each S̄ ⊆ S \ {s}, we have S̄ ∪ {s} �#
c S̄ if and only if s �c c.

2. For each pair s, s′ ∈ S, each S̄ ⊆ S \ {s, s′}, we have S̄ ∪ s �#
c S̄ ∪ s′ if and only

if s �c s
′.

In other words, P#
c , will be called responsive to its preferences over individual students

if, for any two assignment that differ in only one student, it prefers the assignment

containing the more preferred student.
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A college admission problem can be represented by a vector π ≡ (S,C, PS, PC , q).

Let Π be the set of all problems. An outcome for π is a matching, a list of assign-

ments such that each student is assigned to at most one college, and each college

assignments can not exceed the capacity of the institution.

Definition 1 A matching µ is a function from the set S ∪ C into the 2S ∪ C such

that:

1. |µ(s)| = 1 for every student s, and µ(s) = s if µ(s) /∈ C;

2. |µ(c)| = qc for every college c ∈ C, if |µ(c)| = r < qc , then µ(c) contains qc− r
copies of c.

3. µ(s) = c if and only if s ∈ µ(c),

Where µ(s) = s is use to represent the fact that student s is not matched with a

college and an entry c in µ(c) denotes an unfilled seat.

Let M be the set of all matchings.

A central concept in the theory is stability.2 A match is said to be blocked by an

agent if the agent would rather not be matched with (one of) her mate(s), i.e., would

rather be matched with herself, under µ. A matching µ is individually rational if

no student or college block the match.

A college c and a student s will be said to be blocking pair (c, s) of the matching

µ if they are not matched to one another, but would both prefer to be matched to one

another than to (one of) their assignments by µ. I.e, a college c would block a match

if there is s ∈ µ(c) where c �c s; and a student s would block a match if s �s µ(s).

I.e, c �s µ(s) and s �c σ where σ ∈ µ(c).

Definition 2 A matching µ is stable if it is individually rational and there is no

blocking pair.

A matching µ is said non-wasteful if no student prefers a school with unfilled

quota to his assignment. I.e, ∀s ∈ S, c �s µ(s) ⇒ c /∈ µ(c) ∀c. A matching µ is

said to have no justified envy if for all s, s′ ∈ S with µ(s′) = c ∈ C, cPsµ(s) implies

2As we are going to work only with responsive preferences there is no need to define group
stability.
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s′ �c s. Stability can alternatively be defined as follows: a matching is stable if it is

individually rational, non-wasteful and there is no justified envy.

A matching µ is Pareto efficient for students if there is no other matching

which makes all students at least well off and at least one student better of. Formally,

there is no µ̃ ∈ M such that µ̃(s)Rsµ(s) ∀s ∈ S and µ̃(s′)Ps′µ(s′) for some s′ ∈ S.

Similarly, a matching µ is Pareto efficient for colleges if there is no other matching

which makes all colleges at least well off and at least one college better of. In most of

the assignments problems between colleges and students, as in the student placement

and school choice problems, focus only in the student side of the market, so when

they refer to efficiency they only consider Pareto optimality for students.

Finally, the most important concept for our purposes is that of a mechanism. A

student assignment mechanism ϕ is a systematic procedure that associates each

problem with an outcome - a matching. SISU is a mechanism which properties we

wish to compare with other theoretical and real world mechanisms.

Formally, a mechanism can be represented by a function ϕ : Π→M. A student

assignment mechanism is a direct mechanism if the space of strategy for students

is a preference report. A mechanism is individually rational if it always selects an

individually rational matching for each problem it is non-wasteful if it always selects

a non-wasteful matching, and it is Pareto efficient if it always selects a Pareto efficient

matching.

A mechanism is strategy-proof if it is a dominant strategy for each student to

truthfully state their preferences. A mechanism φ is manipulable by student s

at problem π if there exist P ′s (a not truthfully stated priority list by student s)

in problem π′ = (S,C, P ′S, PC , q), where P ′S = (P ′s, P−s), such that φs(π
′)Psφs(π). A

mechanism φ is said to be manipulable if there is at least one student s such that

φ is manipulable by s.

The problem defined above follows Gale and Shapley structure.

Alternative admission procedures

As Sonmez and Unver (2008) emphasizes, not all college admission procedures can be

studied within Gale and Shapley’s (1962) framework. There are many mechanisms in

practice, mostly centralized, that considers different points of view. Here we will not

describe the complete framework of these models, we just give some highlights about
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their differences to help us on what can be implemented in our own model.

In the college admission problem both sides of the markets can act strategically,

students and college may choose their strategies in expressing their preferences or

college can under-report its capacity. On the other hand, in some mechanisms colleges

are not strategic agents.

The priority orderings for each college may be endogenously defined by a central

exam score and colleges play no additional role in the mechanism. These settings,

first described by Balinski and Sonmez (1999), are referred as student placement

problem, where colleges are merely objects to be consumed and students are the

only strategic players. The difference in modeling this problem lies in defining the

preferences of colleges. It consists of

1. a set of K skills categories in the exam T = {t1, . . . , tK}

2. a list of student test scores m = (ms1 , . . . ,msI ), where msi = (msi,t1 , . . . ,msi,tK ),

and msi,tk corresponds to student si score in skill k.

3. a function t : C → T where t(c) is the skill category required by college c.

Thus a placement problem is denote by πSP ≡ (S,C, PS,m, t, q).

The fairness criterion extensively studied in Balinski and Sonmez (1999) follows

the same conception of no justifiable envy when the preferences of colleges are ac-

cording to test scores: students with better test scores should be assigned their better

choices. Formally, a matching µ is said to be fair if for all students s, s′ ∈ S with

µ(s′) = c, cPsµ(s) implies ms′,t(c) > ms,t(c). In other words, a matching is fair if it is

score respecting, not implying in justified envy between any students. A placement

mechanism is fair if it always selects a fair matching.

For each placement problem πSP it is possible to associate a college admission

problem, π, by constructing the preference relation Pc for each college c based on the

test scores in its category t(c). For example, for each c ∈ C, Pc is such that sPcs
′ if

and only if ms,t(c) > ms′,t(c) and sPcc for all s, s′ ∈ S. Doing this, we can analyze the

properties defined above in the college admission problem for the student placement

problem.

The third type of model discussed in the literature is the school choice problem.

As in the student placement problem, the school choice problem does not consider
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the institutions strategic agents. The central difference is that school preferences are

exogenous, given by a priority ordering determined by the state or local laws. If we

consider the priority ordering as the school preferences we will be dealing with the

usual college admission problem.

3.2 Well Known Mechanisms

Next, we describe some of the the most commonly studied mechanisms and their

properties.

3.2.1 Deferred Acceptance - DA

The most frequently cited mechanism is the deferred acceptance – DA – mechanism

of Gale and Shapley (1962). In what follows we describe the algorithm for the case

in which students propose:

Step 1: Each student applies to her first choice. Each college c tentatively assigns

seats following their priority order according to their capacity qc. Remaining

applicants are rejected.

Step k ≥ 2: Each student who was rejected in the previous step applies to her next preferred

choice. Each college c considers the already assigned students together with new

applications and tentatively assigns its seats to the qc students according to their

priority order. Any remaining applicants are rejected.

The algorithm ends when all rejected students have exhausted their preference lists.

The algorithm described above is the sequential version of DA. In each step stu-

dents are asked to report their preferred college among which they have not yet been

rejected. In other words, it is a dynamic game where the strategy space of a student

consists of proposing to a college, if she was left unmatched in the previous step.

However, most centralized mechanism in place will ask students to report their prior-

ity list of college and the mechanism will compute the matching using the algorithm

above. The only difference is in the strategy space, as the latter is a direct mechanism

in which the strategy space of players is to declare their preferences.

When students preferences are strict, the DA mechanism with students proposing

is strategy-proof and produces the student-optimal stable matching.
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3.2.2 Boston Mechanism - Priorities

Named by Abdulkadiroğlu and Sönmez (2003) after the system used in Boston until

2005, the algorithm of this direct mechanism is described as follows:

Step 1: Each college, c, considers the applicants who have listed it as their first choice

and assigns seats following their priority order up to their capacity qc. Remain-

ing applicants are rejected.

Step k ≥ 2: Each rejected student has her k-th choice considered if this college still has

available seats. Colleges with still-available seats consider the students who

have listened them as their k-th choice and assign the remaining seats to these

students one at a time following their priority.

At each step, assignments are final. The algorithm ends when either there are no

seats left or there is no student unmatched.

The Boston Mechanism was mainly criticized for not being strategy proof. The

mechanism seeks to match students with their first choice, as their other choices will

only be considered if they do not get a seat in the first. However, when a student

is rejected, her second option may have no seats left. Students may, hence, benefit

from acting strategically. Knowing that they might not be accepted in their first

choices they may misrepresent their preferences (Abdulkadiroğlu and Sönmez (2003)).

Pathak and Sönmez (2008) find that, although some students realize the benefit of

misrepresenting their preferences (sophisticated students), others appear not to have

acquired this knowledge. These ’sincere students’ and are even more harmed by the

mechanism.

3.2.3 Top Trading Cycles - TTC

Developed by Gale and described in Shapley and Scarf (1974), the Top Trading Cycles

mechanism – TTC – aims at achieving Pareto efficiency by exchanging priorities. If

students s1 and s2 are top ranked in the first choice of the other, they form a cycle

and we have efficiency gains in trading the priority of these colleges. The algorithm

can be described as follows:

Step 1: Each student points to her first choice. Each college, c, points to the student

who has the highest priority. There is at least one cycle of students and colleges,
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and every student can be only part of one cycle. Students in a cycle are assigned

to the college that they pointed to.

Step k ≥ 2: Remaining students point to her favorite college with remaining seats. Each

remaining college points to the student with the highest priority. There is at

least one cycle. Students in a cycle are assigned to the college that they pointed

to.

The algorithm terminates when unassigned students have exhausted their preference

list or there no seats available.

The TTC mechanism is strategy-proof and leads to a Pareto efficient match. If

we compare with the Boston mechanism, we note that Pareto efficiency might be

achieved if students reveal their true preferences. However, the mechanism is not

strategy-proof as TTC is. Straightforward incentives guarantee the match results

when preferences are private information. As a results, DA and TTC were considered

as alternatives to replace Boston (Abdulkadiroğlu and Sönmez (2003)). In the end,

the choice between these mechanisms boils down to a decision between stability – DA

– and efficiency – TTC.

3.2.4 Chinese Parallel Mechanism

In China, the college admission system has been centralized via standardized tests

since the second half of the twentieth century. However, each province implements

an independent matching mechanism. The parallel mechanism has been adopted in

most of the provinces which previously used the Boston mechanism (Chen and Kesten

(2017)). This mechanism lies between the Boston mechanism where every step is final,

and the DA where every step is temporary until all seats are filled. More precisely,

there are a number of rounds and in each round students select a set of ”parallel”

colleges to compete in that round. Next, a DA is run and the matches computed at

the and of each round are final.

The set of colleges to compete in each round are decided before the mechanism

starts, this means that there is no sequentiality in the process. Consider that there

is R rounds and in each round students may list kr colleges, thus the action space of

the students consists of a list of
∑R

r=1 kr colleges. The algorithm might be described

as below:
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Round 1: – Step k = 1: Each college consider students who list them as the first choice

for round 1 and tentatively assign seats following their priority order.

– Step k ≥ 2: Each student who was rejected in the previous step will have

her next preferred choice taken into account. Colleges considers the al-

ready assigned students with new applications and tentatively assign seats

according to their priority order. Any remaining applicants are rejected.

The round ends when all rejected students have exhausted their k1 colleges from

their list. Assignments are final. Students assigned and colleges who filled all

their seats leave the mechanism. The rest of colleges continue with reduced

seats.

Round r ≥ 2: – Step k = 1: Colleges that are still in the mechanism consider remaining

students who listed them as the first choice for round r (
∑r−1

j=1 kj+1 element

from their list), and tentatively assign students following their priority

order up to their capacity.

– Step k ≥ 2: Each student who was rejected in the previous step will

have her next preferred choice taken into account. Colleges considers the

already tentatively assigned students with new applications and tentatively

assign seats according to their priority order. Any remaining applicants

are rejected.

The round ends when all rejected students have exhausted their kr colleges for

round r from their list. Assignments are final. Students assigned and colleges

who filled all their seats leave the mechanism. The rest of colleges continue with

reduced seats.

Assignments being final at the end of each round may guarantee a seat to candi-

dates who list a ”safe choice” in the first round together with preferred options: the

mechanism is not strategy-proof.

Despite not being strategy-proof, there is no dominance of DA over Parallel mech-

anism (Chen and Kesten (2017)). When deciding between DA and TTC, there is a

trade-off between stability and efficiency of two strategy proof mechanism. The par-

allel mechanism balances some justified envy with a gain of efficiency, for students,

at the cost of straightforward incentives.
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Our goal in this paper is to evaluate and compare SISU with the mechanisms

described above in our simulations. However, an issue arises when a mechanism is

not strategy-proof, which, as we shall see, is the case of SISU, as well as the parallel

mechanism. We must carefully model the strategy that they will use and derive the

equilibrium acknowledging that a students’ choice need not correspond to her actual

ordering of colleges.

4 The Formal Representation of SISU

We now model the game induced by the SISU mechanism. First, we define the envi-

ronment of our model, following closely to the student placement problem framework.

Then, we describe the algorithm representation of SISU, and define the game induced

by the mechanism. With that, we expose some possible manipulations yielded by the

mechanism that we extend their analyses in our simulations.

4.1 Environment

Let there be a finite set of I students, S = {s1, . . . , sI}, and a finite set of N colleges

and an outside option c0, C = {c0, c1, . . . , cN}. The outside option may correspond

to stay unmatched or match with a college that is not in SISU.

Each student s ∈ S has strict preferences Ps over colleges and its outside option.

Ps may be represented by an ordering list and we let PS ≡ (Ps)s∈S be the preference

profile of the students. Each college c has capacity qc ∈ Z+, corresponding to the

number of seats available. Let q ≡ (qc1 , . . . , qcN ) be the list of capacities. The

preference of each college is given by its own weighting in the ENEM exam, then

programs with different weights may have different orderings of students. As the

exam has four skills categories and an essay, we consider in our model:

1. a set of K = 5 skills categories in the exam T = {t1, . . . , tK};

2. a list of test scores for all students m ≡ (ms1 , . . . ,msI ) , with ms ∈ RK
+ being

the score of student s in each category of ENEM;

3. a function t : C → RK
+ , where t(c) is the skill weighting.
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Then mc
s = t(c) ·ms gives student s score in college c. This student placement problem

will be defined by πSISU ≡ (S,C, PS,m, t, q).

As students are the only strategic agents, we define a matching as a list of as-

signments such that each student is assigned to one college or its outside option.

Formally, a matching is represented by a function µ : S → C such that no college is

assigned to more students than its capacity, |µ−1(c)| ≤ qc for every c ∈ C.

4.2 Algorithm Representation

The SISU system is open for R days. Each round r ∈ {0, 1, . . . , R} corresponds to an

update of the algorithm at the end of each day.

In r = 0: – Each student may apply for two institutions in order of preference. Once

they apply, they are informed about their score in that institution. They

may change their options as many time as they want before the round

ends.

– At the end of the round, each college c that was the first choice of stu-

dents receive applications. Those students with the highest qc-priority are

tentatively assigned to college c. The rest are rejected, and their second

choices will be considered.

– After the first options being computed, colleges receive new applications.

Among the new applications and the students that are already retained,

the ones with highest qc-priority are tentative assigned. The cutoff score is

obtained as the lowest score among the retained students in each program.

In r ≥ 1: – Students are informed if they are tentative assigned or rejected in the

previous round. They may change their options (or apply for the first

time) as many time as they want before the round ends.

– At the end of the round, for each college c that receives new applications

as first choice a new matching is computed. The highest qc-priority are

tentative assigned to college c. The rest are rejected, and their second

choices will be considered.

– After the first options being computed, colleges receives new applications

as second choices. Among the new applications and the students that are
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already retained, the ones with highest qc-priority are tentative assigned.

New cutoffs are computed.

At the end of round r = R the tentative assignments are final. Students who are

matched decided to enroll or not in their respective assignments.

As we described, in each round the mechanism runs a Deferred Acceptance with a

list of two options. With restricted list, we have already lost strategy-proof property

– Haeringer and Klijn (2009). This sequentiality of DA differs from the parallel

mechanism because at the end of each round the assignments are still temporary.

Thus, despite the mechanism allowing for a ”safe choice”, there is no guarantee that

it will be retained between rounds. We analyze in what ways there might be gains or

losses of this sequentiality of SISU in comparison with other mechanisms.

4.3 Candidates’ Behavior

Here, we describe the problem faced by the candidates, given the mechanism rules.

Although the action of each candidate may affect the cutoff and each player could

consider this when choosing its strategy, we will assume that they act only taking

into account the information available to them instead of the other players possible

behaviors. This is a reasonable approach considering the large number of agents

participating in the mechanism. In this sense, we model the problem considering a

equilibrium concept more related to an equilibrium in rational expectation than a

Nash equilibrium.

Usually centralized mechanism are direct, with each candidate’s strategy space

consisting of reports regarding her rankings of colleges with which the mechanism

computes the assignments. As we described, SISU can be seen as a sequential mech-

anism, more specifically, a Deferred Acceptance played sequentially, with no com-

mitment by the strategic part. We must emphasize that candidates do not have the

obligation to play in each sequential step. They decide whether to reveal a restricted

list up two programs. Moreover, candidates have access to partial cutoffs even if they

opt to not participate in one round. Summing up, the action space of the candidates

consists of a decision in each round, enter or not in the system; if they enter, they

may report at most two options by his preference order.

We model candidates as expected utility-maximizers. Utility is derived from pref-

erences over colleges. Let us(c) be the utility of student s when matched with college
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c. Let Mr = {m̄r1, . . . , m̄rN} be the set of cutoff scores observed in round r. The in-

formational set consists of these past cutoffs that are available to them and their own

score in each possible vacancy of interest. With the information available, candidates

form a belief about the probability to get a seat. In each round r, each student s

solve:

max
{x1,...,xN}∈{0,1}N

N∑

c=1

xc · Psr (c|{Mr′}r′<r,m
c
s) · us(c) s.t

N∑

c=1

xc ≤ 2 (1)

where Psr(c|{Mr′}r′<r,m
c
s) is her belief in being matched with c.

We deal with some results of the problem above later. For now, we just point out

that in each round the solution of (1) leads to a list of two colleges that the student

will apply, xc1 = xc2 = 1. Given these colleges, it will be always optimum that she

lists them according to her preferences. This means that xc1 is listed as her first choice

if us(c1) > us(c2). This is straightforward from DA as her second choice will only be

considered if she is not matched with her first choice, so it is always preferable to list

according to your preference order.

Considering the problem defined by (1), candidates beliefs are the key in how we

deal with it. Differences in beliefs may lead to different reports and, consequently,

to a different matching equilibrium. We explore different beliefs and how this may

change reports, and we seek to quantify the changes in the equilibrium through our

simulations.

Sisu Mechanism and Stability

Next, we present some manipulation possibilities that the mechanism allows. These

manipulations may lead to an unstable matching equilibrium. However, instability is

not only by the possibility of strategize, but also by the lack of coordination between

SISU and other admission process. By definition, a mechanism instability may be

driven by a justified envy or individually rationality. Individual rationality for a

student means that the student’s match is preferred to her outside option. The non-

coordination of SISU and other admission process may lead to individually rational

matching.

There is a large proportion of students who do not enrol in their assignments. The
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main reason for this to occur is the outside option prioritization. However, as students

has uncertainty about the possibility to get a seat in their preferred (outside) option,

they would be better off participating in the mechanism and competing for other

seats. Even if a student has a security preferred option outside the mechanism, as

sisu is a zero cost mechanism, anyone who took the exam can compete for a seat in the

mechanism. Candidates may not even realize that participating in the mechanism

with no intent to enrol in their assignment, they might take the vacancy of other

participants and generate instability.

4.4 Manipulation Field

Having set the problem faced by candidates in the mechanism, we now try to identify

incentives to strategize. Recall that, by definition, a mechanism is manipulable by a

player if a report, different than its true priority list, gives her a better match than

when revealing her true preferences. Thereby, we describe and investigate some of

the possible manipulations below and through simulations we seek to quantify how

these manipulations may affect the equilibrium.

Why Play?

Recalling that the last day of the mechanism, r = R, gives the only valid match

and all previous rounds works in order to provide information to players. This state-

ment directly raises two questions. First, what is the mechanism purpose in making

candidates play? Second, and more intriguing, why should candidates play?

There are studies that explore the gains in work with dynamic - parallel and

sequential - mechanisms (Bo and Hakimov (2019), Chen and Kesten (2017). However,

the main differences between these mechanisms and SISU are the lack of commitment

and the non-mandatory participation in rounds.

The information set available in the last round is the most reliable set containing

all the previous information sets. Moreover, the game is played R times but the

matches between rounds are independent, the only thing that changes is the infor-

mation set with {Mr′}r′<r ⊆ {Mr′}r′<R for any r ≤ R. Therefore, there is no private

value in entering the game in previous round, r < R, as participation gives only a

social value in feeding the information set for rivals.
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There may exist reasons for a candidate join the system previously. In Brazil,

many household do not have internet access yet, and those who have, can not always

rely on their network stability. Thus, fear of no internet access may be one of the

reasons to choose to enter the mechanism in the first days in order to ensure their

participation. Another possible reason concerns the anxiety of the players. As they

prepare all year long for the exam and wait for SISU, it is reasonable that most of

them are anxious for the system opening day and excited to get tentative matches

and make a prediction for the next rounds. Lastly, It might be the case that players

do not even realize that her participation on the first days does not affect the final

round if the other players are participating and constructing the information set.

If none of the above possibilities force candidates to access the mechanism in the

early days and their participation in the first rounds does not affect the problem they

face in the last round. It will be a weakly dominant strategy for candidates to play

only in the last round.

Proposition 1 If no assumptions are added to guarantee participation in the first

rounds, there is an equilibrium where no participant declares her options in r < R,

the information set is empty in r = R, and the game would be reduced to a DA with

a list of two options.

In our simulations we analyse how participation in each round may affect the final

matching and its properties. We call anxious participants those who play all rounds,

and not anxious those who randomize participation in rounds. As the proportion of

anxious candidates decrease, the convergence to a stable matching takes more rounds.

Sophisticated Students

The literature defines a sophisticated student as a candidate who maximizes ex-

pected utility, and as an unsophisticated the ones who simply report their true list of

preferred alternatives. In our model we define all players as utility maximizers, so we

do not consider unsophisticated candidates in this sense. But, in order to explore the

mechanism, we take into account possible heterogeneities between then which may

lead to different strategies.

A player may be anxious (or have internet issues). This type of candidate will

play in all rounds. Players who are not anxious may choose not to play in one or
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more rounds3. We call sophisticated student those who are not anxious and have no

internet issues. And we also define top rank sophisticated student, as those who are

sophisticated and got an exceptional score, so they have certainty that they will be

accepted in their choices.

Proposition 2 It is a weakly dominant strategy for a top rank student to only par-

ticipate in the mechanism in r = R. She will be assigned to her first option and may

cause matching instability.

The example below shows how these heterogeneities may affect the matching.

Example 1 Consider the set of students S = {s1, s2, s3, s4, s5} and the set of colleges

programs C = {c1, c2, c3}, with capacities qc1 = 2 and qc2 = qc3 = 1. Suppose that there

are two rounds, one tentative matching and a final one. In each round, candidates

report a list with two priorities. We assume that all students have beliefs given by

Pr (c|{Mr′}r′<r,m
c
s) = Pr+1(m

c
s > m̄rc) = 1. Students’ preferences are given by:

Ps1 = c2, c3

Ps2 = Ps3 = c1, c2, c3.

And scores are such that ms1 > ms2 >> ms3 > ms4 > ms5.

If there is no sophisticated student and everyone is anxious, this problem is strategy-

proof. As the algorithm runs two times, and in each of them students may report two

choices, they can try all their three options. This means that, regardless of beliefs, it

is a dominant strategy to report ones’ true preferences. Let pri be the report of student

si in round r. In r = 0 we have:

p1 = c2, c3 and p0i = c1, c2 ∀i 6= 1

In r = 1, s4 and s5 are unassigned and change their report for p14 = p15 = c2, c3.

The rest give the same report. Let µr be the match computed after round r, the

matches would be as follow:

c1 c2 c3

µ0 s2, s3 s1 -

µ1 s2, s3 s1 s4

3in simulations we consider that they randomize participation in each round
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s5 is unassigned and the matching is stable.

Now suppose that students s1 and s2 are not anxious and their score are sufficiently

high, being top rank students and reporting only in the last round. The other players

would give the same report in r = 0 resulting in the match:

c1 c2 c3

µ0 s3, s4 s5 -

In r = 1, the top rank students enter with their priorities, getting their first

options with s2 taking the seat of s4 in c1. As only s5 did not get her first choice, she

may change her choice to p15 = c2, c3. The others, s3 and s4, would not change their

reports4. These reports would result the matching:

c1 c2 c3

µ1 s2, s3 s1 s5

s4 is unassigned and she has justified envy of s5. Therefore, the matching is unstable.

Conservative Strategy

We consider the case where some students may not be able to form beliefs in the first

rounds and prefer to be more conservative in order to have the smallest loss. We say

that a student play a maximin strategy when her report consist of the options that

gives her the lowest return greater than the outside option. This strategy may not

seem rational, but exemplifies the case of a player who cannot form beliefs, which

means that she cannot play an equilibrium in rational expectations. She plays in

order to get the best of the worst case, and as the next round goes and she might be

able to get some information about the mechanism, she can never be worse off.

If some of the candidates play this kind of strategy, it can generate a decrease in

cutoffs between rounds, as we show in the next example.

Example 2 Considering the example above, with the same sets of students with the

same preferences, but now we consider that all colleges have only one seat. We suppose

that s2 can not form beliefs and plays a maximin strategy in the first round.

In r = 0, s3, s4 and s5 declares (c1, c2), s1 and s2 declares (c2, c3). We have,

4We can assume Psr(c|{Mr′}r′<r,m
c
s) = Pr+1(mc

s > m̄rc) = 1, or any other belief that does not
change the optimal choices for s2 and s3.
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Round c1 c2 c3

µ0 (cutoff) s3 (ms3) s1 (ms1) s2 (ms2)

With the tentative matches computed, s2 realizes that she might get her first option

and changes to (c1, c3). As s4 and s5 did not get any seat, they might also change

their report to (c1, c3). We would get,

Round c1 c2 c3

µ1 (cutoff) s2 (ms2) s1 (ms1) s4 (ms4)

College c3 cutoff drops to ms4. In this case, student s3 would have justified envy of

s4.

Note that s3 could change her report to (c1, c3), even being tentatively matched

with her first option, by realizing that the cutoff of her second option is higher than

c3. Even if she did that, the cutoff of c3 would decrease in the final round.

Different Beliefs

Candidates may form different beliefs, leading them to play different strategies asso-

ciated with possible inefficiencies and possible decreases of cutoffs. For example, some

students may believe that the grades distribution will go down because the exam was

more difficult from the past years, while other candidates believe that even though

the exam was more difficult, students were more prepared, and the scores will not

vary. The first students will play more aggressive in the first rounds, while the other

group will be more conservative.

To better understand this case we might consider that student s calculates her

probability of being accepted in college c according to its past cutoff and a belief

about how the cutoffs may vary this year. This could be expressed by the belief:

Psr(c|{Mr′}r′<r,m
c
s) = Psr(m

c
s > m̄c,r−1 + εs)

= Psr(εs < mc
s − m̄c,r−1)

Connecting the belief above with the example, the distribution of εs from the first

group of students would be stochastically dominated by the distribution of the second

group.

Candidates from the second group, being more conservative in the first round,

may not apply to a college that they would be accepted for. After the tentatively
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match computed, if some of them, who got a seat in a least preferred choice, change

their report to achieve a preferred choice that now they believe that they might get,

cutoffs from their previously match will decrease.

Cutoff fluctuations

We present two possible ways to generate decrease of cutoffs. What they both have

in common is that players strategize not following their preference order. For the

DA and TTC, Haeringer and Klijn (2009) proved that when players have constrained

list of k options to report, it is optimal to play an strategy in which they select k

colleges and raking them according to their true preferences. We state the following

proposition.

Proposition 3 In any sequential mechanism derived from DA, if students play an

strategy in which they report their choice according to the way they rank their prefer-

ences, for all colleges c ∈ C, we have:

cutoffr+1,c ≥ cutoffr,c

For example, the belief Pr(c|{COr′}r′<r,m
c
s) = Pr+1(m

c
s > cutoffrc) = 1 generates

strategies where students follow their preference order. Thus, if all students have this

same belief, the cutoff will never go down between rounds.

Decrease in cutoffs might be considered an inneficiency in sequential mechanism

for not generating good beliefs and, consequently, more complex strategies. If a

student has an expectation that one of her preferred choices might be feasible in a

following round, she may not apply to a choice where she has more certainty to get

a seat, opening up more room for inefficiencies and justified envy.

Once more, the lack of commitment is one of the causes here. As cutoffs only goes

down if a student leaves her match, this would not happen if she had to commti to

her matched college.

5 Computer Simulations

We want quantify the matching equilibrium generated by different beliefs and strate-

gies played in SISU. In this sense, computer simulations may provide good insights
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about the performance of the matching algorithm. With a match performed by SISU,

we can compare its perfomance with the D.A.

Construction of the markets

Our market is composed by S students and C colleges. We construct both groups

such that each side of the market has strict preferences over the other side of the

market. In a similar approuch to simulate versions of DA and TTC, ?? considers two

sources of utilities from both sides of the market. One that is common to all of the

market and other idiosyncratic source. We do not follow the same formulation of the

authors, but we also incorporate these two kind of sources.

We suppose that colleges are ranked by a national grade that is common knowledge

to all students. Thus, each college c ∈ {1, . . . , C} is characterized by: (1) its position

in the national ranking, (2) capacity –qc, and (3) location. As we are dealing with a

student placement problem, the preferences of colleges over students correspond only

to their grades. We let college C be highest ranked college, while c = 1 is the worst

ranked. We consider c = 0 as the outside option.

Each student s ∈ {1, . . . , } is characterized by:

1. Score obtained in the national exam, ms.

2. A vector of idiosyncratic shocks of preferences over colleges and the outside

option, (ξcs) ∈ RC+1. Shocks follow a distribution with mean zero and variance

σ2.

3. Location – `s– and location preferences – ds > 0.

4. A dummy indicating anxiety. Let pn be the probability that and non anxious

student does not participate in a round.

5. Top sophisticated or sophisticated.

Shocks and location preferences are the idiosyncratic source of utility for students.

Student s located in `s only consider colleges in the range (`s− ds, `s + ds). Location

might represent not only preferences, but a source of heterogeneity of income in which

students are restricted to move only to a certain distance. Let `c be the location of

college c. Utility of student s over college c, such that `c ∈ (`s − ds, `s + ds), will
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be given by us(c) = c + ξcs. Thus, ordering these utilities, we can define Ps for each

student s.

Anxiety and sophistication are the other sources of student heterogeneity in SISU.

An anxious student will play in all rounds, while not anxious will randomize their

participation. Topsophisticated students will play only in the last round.

Through simulation we set the parameters (C, q, S, σ, pa), and check how a change

in parameters may change the performance of the mechanism. We fix the parameters

C = 20 and q = 5, in all simulations. For each set of parameters we choose, we

generate 100 economies - set of students - and run the algorithms and take the average

of the results. We do this to eliminate the effects of the several idiosyncratic shocks.

For the measure of performance defined next, we use S ∈ {100, 200, 500} - equiv-

alent a 1, 2, and 5 students per seat. We assume σ ∈ {1, 3, 6} and pn ∈ {0, 0.5, 1}

Performance metrics

We measure the performance of the mechanism through irrationality, efficiency, and

fairness.

Given a resultant match, irrationality is computed as the number of violation of

individual rationality. A student who gets a seat in one of her reported options, but

her utility from the outside option is greater – us(0), generates a case of individual

rationality. Recalling that as SISU has no costs, students we always be better partic-

ipating in the mechanism, even if all their options in the mechanism are less preferred

that outside options.

Efficienfy is a measure of the capability of an algorithm to assign students to a

school as high as possible on their preference list. As a result, we will have a vector

(n1, . . . , nmax), with ni being the number of students matched with her i–th preferred

choice.

Lastly, fairness is computed as the number of occurrences of justified envy. Consider an

student s who gets a match with her fifth preferred college. All students s′ with ms > ms′

who gets a seat in a preferred college than the fifth choice of s, computes a case of justified

envy for student s.

As unrestriced DA leads to an stable matching, we also check conditions over SISU to

converge to DA equilibrium. If convergence happens, we compute the number of rounds

necessary to that.
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In order to measure the performances, we assume the simplest belief in which: if a

student observes a cutoff lower than her grade, she belive that she will be accepted with

probability one.

Results

Envy. Table 1 summarizes the average justified envy per candidates for each economy

that we consider in our simulations. We find that:

1. Justified envy per candidate decreases in more competitive markets.

2. When not anxious candidates always play – pn = 0, the number of justified envy is

lower in comparison when they only play in the last round – pn = 1. Thus, justified

envy increases if probability to not play increases.

3. Lastly, in economies with high dispersion of preferences – higher σ – presents less

justified envy.

pn
S σ 0 0.5 1

S = 200 1 11.9 13.7 19.9
S = 200 3 11.15 12.4 17.9
S = 200 6 9.7 10.4 16.2

S = 500 1 6.1 6.7 10.8
S = 500 3 5.6 6.1 9.9
S = 500 6 4.8 5 7.6

Table 1: Justified envy per student for different economies

Individual Rationality. In all the exercises we find a considerable proportion of

seats that are least preferred in comparison with the outside option of the match. Although

we recognize that individual rationality in our model is driven by shocks, we are able to

represent this effect through our model.

Efficiency. We also run for each of the set of parameters the D.A. In all our results

the vector of efficienfy of DA and SISU were very similar. As we pointed out in previous

sections, DA is not an mechanims that performs well in terms of efficiency, but he is a fair

mechanims.
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Therefore, we see that despite not having a worse performance in comparison with DA,

SISU does not bring forth the other good properties of DA, as fairness – no justified envy

– and truth-telling.

The Chinese mechanism, that is a closer mechanism to SISU, is able to balance some

fairness with efficiency. As showed in Chen and Kesten (2017), the mechanism perform

better in terms of efficiency than DA, even though brings some instability.

Summing up, SISU performs worse than the other mechanisms in place considering all

the metrics.

Convergence to DA stable matching equilibrium

One might ask if SISU, as a sequential mechanism derived from DA, converges to the

stable matching equilibrium resulting from DA. If so, how many rounds are necessary for

convergence.

One important finding is that in most of our simulations, even considering a significative

number of rounds, SISU did not converge to DA. Taking into account the result below:

Remark 1 If there is top ranked sophisticated students, the SISU mechanism may not

converge to DA stable matching equilibrium.

As top ranked sophisticated students only play in the last round, they always take the

place of another student that were alredy matched in the penultimate round. Thus, students

that lost their seat, might have also lost the chance to get another match, envying other

players.

Eliminating top ranked sophisticated students, the SISU should converge to DA. We

also assume that pn = 0, with all players participating in all rounds, we get a lower bound

of rounds necessary to convergence. Recall that we are assuming the simplest belief that

does not generate decrease of cutoffs. In these conditions, SISU takes on average 8 rounds

to converge to DA stable matching equilibrium for σ = 1, and 5 rounds for σ = 6.

It is worth noting that x rounds of SISU correspond to 2 ·x rounds of DA, with students

interacting and updating their beliefs in each interation.

Sophisticated beliefs and decrease of cutoffs

In this last exercise we consider other beliefs presented in the previous section, and verify

that they generate decrease in cutoffs as evidenced by the data.
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We implement a simulation where in the first round, as the players have no information,

some of then play maxmin strategy – the choices that gives them the lowest return greater

than the outside option. In the subsequent rounds, once they are able to form beliefs, they

play the simple strategy considered in the previous exercises, and maximize their expected

utility.

Thus, we are able to replicate the decrease of cutoffs with theses beliefs. Moreover,

assuming that there is no top ranked sophisticated student, the matching converges to DA.

Table (2) presents one of the example in which we simulate decrease of cutoffs, where we

assume S = 5, σ = 6 and pn = 0. With 5 rounds the matching converges.

College Cutoff r = 0 Cutoff r = 1 Cutoff r = 2 Cutoff r = 3 Cutoff r = 4

1 827.52 0.00 212.54 463.80 495.67
2 715.43 0.00 9.79 400.18 494.66
3 753.76 548.77 548.77 548.77 548.77
4 647.53 647.53 647.53 647.53 647.53
5 182.24 0.00 373.64 494.98 540.50
6 412.97 288.84 438.69 522.26 527.48
7 0.00 241.43 463.80 544.26 544.26
8 0.00 212.54 566.62 574.75 574.75
9 0.00 446.29 527.48 562.22 562.22
10 0.00 264.13 547.67 578.25 578.25
11 0.00 434.07 567.81 611.11 611.11
12 0.00 613.08 669.19 669.19 669.19
13 0.00 547.13 648.93 652.19 652.19
14 0.00 614.51 661.84 661.84 661.84
15 516.33 689.07 702.66 702.66 715.43
16 679.14 723.96 723.96 723.96 754.25
17 544.26 698.67 709.30 709.30 736.57
18 736.31 748.91 748.91 748.91 809.94
19 722.19 724.31 724.31 724.31 814.09
20 823.42 827.52 827.52 827.52 867.22

Table 2: Example of decrease in cutoffs generated through simulation.

As we are assuming a maxmin strategy, the cutoffs decreases in the least preffered

colleges. The same pattern of decrease in cutoffs is obtained if we let a proportion of

players – the ones that are not able to form beliefs – randomize in the first rounds.

Decrease in cutoffs is also obtained as a result of variantion in the economy from one year

to the next. We construct an empirical distribution of cutoffs, running SISU for enumerous

times for a set of parameters. Thus, we assume that players form their beliefs from this
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empirical distribution - cutoffs of the past years. However, we now drawn the students score

from another distribution – as the exam was more difficult, or there is less competition.

6 Conclusion

In this paper we studied and evaluated the centralized mechanism that match students with

colleges in Brazil. Despite the importance of SISU in allowing an increase in the access

to higher education, we show that the mechanism fails to achieve the properties that we

expected in a matching mechanism. A very detailed description of the mechanism and the

problem faced by participants is produced in this work. We classified SISU as a sequential

mechanism derived from DA with no commitment from both sides of the market. We see

the lack of commitment as one of the main causes of inefficiency in the mechanism, as well as

opening up possibilities for strategize. As SISU is not strategy-proof, it is difficult to analyse

it, as it is not possible to obtain the matching equilibrium. We solve this by modeling

candidates as expected utility maximizers, obtaining their players for reasonable beliefs.

We simulate this model and compare SISU with other known mechanisms. Considering

performance metrics based on the properties of efficieny, individual rationality, and stability,

we show that SISU performs worse than these other mechanism.
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1 Introduction

Increasing agricultural productivity is paramount to improve food security, a key element

of economic development. There is a large literature exploring different approaches to in-

crease productivity in the agricultural sector, such as increasing access to fertilizers (Duflo

et al. (2008)); adoption of more productive technologies (Conley and Udry (2010), Suri

(2011)); improvement of infrastructure (Fajgelbaum and Redding (2018)); and reducing

misallocation (Ayerst et al. (2020), Adamopoulos and Restuccia (2020)). Misallocation can

arise from frictions on different input markets, such as, capital, labor, and land. If farm-

ers and land have heterogeneous and complementary productivity, then misallocation of

land can be studied in a setting of sorting between farmers and land. One way of enrich-

ing our understanding of agricultural productivity is to acknowledge that land is defined

by multiple heterogeneous features. Nonetheless, optimal sorting in a multidimensional

setting has not been fully characterized in the literature.

In this paper, we combine a discrete choice model of crops with a multidimensional

sorting model of farmers and land to study how the misallocation between farmers and

land affects aggregate agricultural productivity in a multidimensional setting. Farmers are

characterized by a one dimensional space of productivity while land is characterized by

a multidimensional vector of characteristics, such as soil productivity and transportation

costs. To study the counterfactual where farmers can be relocated, we incorporate the

discrete choice model into a central planner’s matching problem that wishes to maximize

aggregate expected production. We derive necessary sorting conditions as a result of the

central planner’s problem of allocating farmers to land. These necessary conditions can be

used to compute a lower bound on the potential gain from relocating farmers. Imposing

an additional twist condition, which is a generalization of the Spence-Mirrlees condition

(Spence (1978),Mirrlees (1971)), our sorting characterization becomes both necessary and

sufficient for the optimal allocation of farmers.

Even though the optimal matching function linking farmers to land can be compli-
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cated, we are able to define our sorting conditions with respect to rankings of different

variables on both sides of the market, as in Hagedorn et al. (2017). Although land cannot

be naturally sorted, due to its multidimensional characterization, the marginal expected

land return with respect to farmer’s productivity is a one dimensional object that can be

sorted. The optimal sorting is then governed by this relation: the more productive the

farmer is, the more steep should be the marginal expected return of the land that they are

allocated to.

This general result arises when the expected land return – which gives the output

function of a matching – is convex with respect to farmer’s productivity. This convexity

is a property that implied by our discrete choice model, since increasing productivity not

only increases the production of a crop, but also the probability that a farmer will have

access to different crops of higher returns. The convexity of the output function is what

guarantees our sorting condition.

To motivate our theoretical results, we estimate the crop choice model by maximum

likelihood using highly disaggregated data from the most important agricultural producer

state in Brazil, the state of Mato Grosso. We observe yearly land use decisions at the pixel

level from 2003 up to 2017 in an area bigger than 900,000 km2. We merge this land use

data with data from the FAO GAEZ project - which gives land potential productivity for

different crops at the pixel level - and pixel level transportation cost of different crops to

international markets. This disagregated land use data coupled with the discrete choice

model allows us to recover a residual heterogeneity which we interpret as being farmer’s

heterogeneous productivity. In this particular application, the twist condition is not em-

pirically satisfied, but our sorting condition can be used to build a lower bound of the

benefit of relocating farmers.

The results point in the direction that there is a significant mismatch of farmers and

land. In our counterfactual results, we show that a better allocation of farmers to land

would be equivalent to increasing the overall productivity by as much as 34%. This shows

2



a poor allocation of farmers to land, with much room to improvement.

Our paper contributes to four main topics in economics. First, we contribute to the

recent works on multidimensional sorting that have been motivated by marriage and la-

bor markets applications (Chiappori et al. (2012), Chiappori et al. (2016), Chiappori et al.

(2017), Low (2014))1. By using a central planner’s problem to define the optimal allocation,

we find a sorting relation between farmers’ productivity and the marginal expected land

return. This result is in line with the model developed in Chiappori et al. (2017), where

the authors consider a continuous multidimensional sorting problem. Nonetheless, we

depart from their results in important ways. We show that in a discrete setting, when the

output function is convex with respect to the productivity on the one dimensional side of

the market, their results can be simplified and extended. Chiappori et al. (2017)’s results

show that the existence of positive assortative matching and the characterization of the

optimal allocation depend not only on the output function but also on the distribution of

characteristics from both sides of the market, in an edge of the knife condition. In our setting

this is no longer the case, as the distribution of characteristics is free to take any form and

our sorting condition is always present.

Additionally, one complication that we study is the absence of the twist condition, a

necessary condition for a range of results in Chiappori et al. (2016). In our application, the

marginal output function in different plots of land can cross each other, meaning that the

marginal expected return from land cannot be ordered without considering the matching,

the opposite of the twist condition. For applications that fall in this category, our sorting

condition builds a lower bound of the benefit of improving the sorting.

Second, we contribute to the literature of misallocation (Restuccia and Rogerson (2008)

and Hsieh and Klenow (2009)), more specifically misallocation in the agricultural sec-

tor (Bolhuis et al. (2020), Adamopoulos et al. (2017), Gollin and Udry (2021), Shenoy

1Notice that a multi-to-one or m-to-n sorting is different from a many-to-many or m-to-m sorting as in
(Lindenlaub (2017)), where the author considers firms that employ two types of skill and workers that have
two types of skill. In that setting, sorting can be defined separately for each type.
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(2017), Gottlieb and Grobovšek (2019), Adamopoulos and Restuccia (2020), Restuccia and

Santaeulalia-Llopis (2017)) and frictions in land markets (Chen et al. (2017) and Chari et al.

(2017)). Dispersion of marginal productivity of inputs across farms is the usual measure of

misallocation, since in an optimal equilibrium resources should be allocated to zero this

dispersion. Nonetheless, the measurement of this dispersion is conditional on the crop

choice, which in turn is conditional on the realized sorting between farmers and land.

Our paper shows how discrete choice models can help introducing sorting to this litera-

ture, by uncovering the role that multidimensional sorting may have on misallocation.

Third, we contribute to the literature of technology adoption in the agricultural sector,

as in Suri (2011), Griliches (1957), Griliches (1980), Conley and Udry (2010), Duflo et al.

(2008), Duflo et al. (2011), and Pellegrina et al. (2019). The existence of a poor matching

of farmers and land can be an important factor in explaining the non-adoption of appar-

ently profitable technologies. In Suri (2011), for example, the author concludes that the

low adoption rate of hybrid maize can be explained by heterogeneity of benefits and costs

of the technology. Nonetheless, this result is again conditional on the actual matching

of farmers and land, and therefore a different sorting can shift the distribution of hetero-

geneity, changing the adoption rate. Thus, the heterogeneity of costs and benefits can be,

at least in part, the result of land market frictions that leads to the observable sorting.

Finally, our paper is related to the literature of environmental conservation and defor-

estation (Alix-Garcia et al. (2015), Jayachandran et al. (2017), Burgess et al. (2012)), particu-

larly deforestation in the Amazon (Assunção et al. (2013), Assunção et al. (2015), Assunção

et al. (2019), Araujo et al. (2020), Burgess et al. (2019), Stabile et al. (2020), Souza-Rodrigues

(2019), Soares-Filho et al. (2006), Nepstad et al. (2014), Laurance et al. (2001), and Cochrane

and Schulze (1998)). Our study area, the state of Mato Grosso, is a fast expanding agri-

cultural frontier in the transition between the Cerrado biome to the Amazon biome. The

link between agricultural productivity and conservation has been studied with different

frameworks (Koch et al. (2019), Abman and Carney (2020a), Abman and Carney (2020b),

4



Assunçao et al. (2017)). A better understanding of the determinants of agricultural pro-

ductivity is key to conservation efforts.

The paper proceeds as follows. In section (2) we describe the discrete choice model

where farmers choose among crops. We then describe how to incorporate this model

inside a central planner’s matching problem. We derive optimality conditions and discuss

the counterfactual. In section (3) we discuss the estimation strategy. In section (4) we

present the data set. In section (5) we show the results of the estimation and in (6) the

results of the counterfactual. In section (7) we conclude.

2 Model

In this section, we formulate a discrete choice model in which every year a profit max-

imizing farmer chooses how to use each plot of land. The farmer can choose among a

range of different crops and double-crops. Through the discrete choice model we obtain

the output of a matching between farmer and land, which we incorporate into a central

planner’s matching problem. We derive our sorting condition and discuss when this con-

dition is enough to characterize the optimal matching. Finally, we show how to run the

counterfactual.

2.1 Discrete Choice Model

Environment

There are N farmers indexed by i with productivity xi ∈ X. A farmer owns a plot of

land (`) that belongs to a finite and discrete set L. There is a set of available crops K.

Each land ` is characterized by a vector of potential productivity for each crop denoted

by {z`,k} ∈ RK, a transportation cost to international markets (ports) for each crop {τ`,k},
and remaining factors such as precipitation, temperature, and slope of the terrain.

We differentiate between available crops k ∈ K and the production choice of the farmer
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κ ∈ K, where K is a set of subsets containing up to two elements of K. We do this to allow

a farmer to choose to employ a double-crop system, where two elements of K can be

produced in the same agricultural year. For example, a double-crop system of soybeans

followed by a mid-season corn. Our model is static, but we index the farmer’s decision

by each period t with t = {0, 1, ..., ∞}. Each choice κ ∈ K has a cost cκ,t of adoption. The

selling price in international markets of the production of crop k ∈ K in each period is

given by pk,t.

Choosing crops

At the beginning of each period t a farmer i matched with land ` ∈ L faces a discrete

choice problem. Each choice κ ∈ K has a return given by:

πi,`,κ,t = αxi

[
∑
k∈κ

z`,k(pk,t − τ`,k)

]
+ βκX`,t − cκ,t + εi,`,κ,t (1)

Where: (1) the parameter α normalizes the variance of the idiosyncratic error2; (2)

xi denotes the farmer’s productivity which, without loss of generality, we assume to be

xi ∈ [0, 1]; (3) βκ is a vector of parameters that governs how the controls (X`,t) - such as

precipitation and temperature - affect the cost of adoption. These characteristics should

affect the cost of planting and harvesting, so that we allow them to affect the return of

choice κ. These land characteristics should also influence crop yields. Nonetheless, this

effect should be fully captured by the potential yield measure (z`,k). Note that we allow for

the components of X`,t to affect each choice κ differently, through the vector of parameters

βκ; (4) cκ,t is a parameter that captures the cost of adopting the crop system κ; (5) The

idiosyncratic shock εi,`,κ,t, is drawn from a Frechet distribution (Fε) i.i.d across farmers,

choice, and time. This is a standard assumption in the discrete choice literature, that

2As we explain in more detail later, the idiosyncratic shock is assumed to have a Generalized Extreme
Distribution. It is standard in the literature of Discrete Choice Models to normalize the variance of the id-
iosyncratic shock to one. Therefore the parameter α is inversely proportional to the standard error of the
shock. This normalization is innocuous to the model, since in a discrete choice model the level of the util-
ity/profit does not matter for the choice decision. What matter is the difference between different decisions.
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allows us to derive a closed form solution to the probability of a farmer making a choice.

Each farmer i will choose a κ ∈ K in order to maximize profits

max
κ∈K
{πi,`,κ,t} (2)

Given the distribution of idiosyncratic shocks we are able to compute the probability

of choosing κ ∈ K3:

Pi,`,κ,t =
exp (αxi [∑k∈κ z`,k(pk,t − τr,k)] + βκX`,t − cκ,t)

∑η exp
(

αxi

[
∑j∈η z`,j(pj,t − τr,j)

]
+ βηX`,t − cη,t

) (3)

We can also compute the expected return from a matching of a farmer xi with a land

` prior to the realization of the idiosyncratic error. This expected return represents the

output of the matching (xi, `) in period t:

πt(xi, `) = Eε

[
max

κ
{πi,`,κ,t}

]

= ln

(
∑
κ

exp

(
αxi

[
∑
k∈κ

z`,k(pk,t − τr,k)

]
+ βκX`,t − cκ,t

))
+ γ

(4)

Where γ is the Euler’s constant.

2.2 The central planner’s problem

The central planner allocates farmers - which is equivalent to allocating xi - across avail-

able land in order to maximize the aggregate expected production. From the discrete

choice model we obtain Expression 4, that gives the expected output of a matching be-

tween land ` with a farmer with productivity xi in period t. Taking expectation with

respect to crop prices and cost of technology adoption, both varying over the years, we

define for each land a function that describes the expected return from land over the years

for each possible matching:

3See Train (2009) for a derivation of Expressions 3 and 4.
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πe
`(x) = Et[πt(x, `)] =

∫

Ω
πt(x, `)dP (5)

where dP is the probability measure of prices and costs with support in Ω. Expression 5

is the function that the central planner considers, since it gives the expected output of the

matching between land ` and a farmer with productivity x. We then define the following

central planner’s problem:

max
{xi}

∑
`

πe
`(xi) (6)

That is, the central planner allocates farmers (identified by its productivity xi) to plots

of land in order to maximize total expected production. A brute force approach to solve

the central planner’s problem would be computationally unfeasible, since we would need

to check every possible allocation which amounts to N! combinations. To the best of our

knowledge, the only references about solving a similar problem are Chiappori et al. (2017)

and Chiappori et al. (2016). The authors consider a continuous version of Expression 6,

which they are able to solve uniquely, under some conditions, using optimal transporta-

tion theory (Monge (1781), Kantorovich (1942)).

In the one-to-one literature the Spence-Mirrlees (or supermodularity) condition usu-

ally guarantees that sorting is efficient (Chade et al. (2017)). Thus, an important first step is

whether we can obtain an sorting relation as a result of optimality in a multi-to-one setting.

In a standard one-to-one matching environment, e.g., marriage market and labor market,

the usual result is a positive assortative matching relation between the one-dimensional

characteristic of each side of the market. For example, worker’s and firm’s productivity.

But, in our case of multi-to-one matching there is not a natural definition of sorting. Con-

sequently, we need to start by defining what sorting means in this environment. As it

turns out, in a multi-to-one matching, the sorting itself can be the characterization of the

optimal matching.
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This is exactly the case in Chiappori et al. (2017)’s approach, where a nested criterion

defines a sorting relation, which is used to build the optimal matching. Nonetheless, for

our application, the problem with Chiappori et al. (2017)’s approach is that the existence

of a positive assortative matching and the existence of a characterization of the optimal

matching is very restrictive, depending on conditions that the authors characterize as be-

ing sharp. Precisely, it depends on specific conditions that constraint not only the output

function (Expression 5 in our model), but also the distribution of characteristics on both

sides of the market – this contrast with the one-to-one dimensional matching, in which

the supermodularity condition is enough.

We then build on some particularities of our model to study the optimal matching. As

we will show, our definition of sorting will be closely related to the definition in Chiappori

et al. (2017). Nonetheless, the sorting conditions will depend only on the properties of the

surplus function and will not be sharp conditions.

Necessary conditions for optimality

Our model presents the important property that the output function of a matching (x, `)

is described by a strictly convex function, πe
`(x). As this property will be important in

what will follow, we state it here for further reference in Lemma 1.

Lemma 1. Consider the farmer discrete choice model described above. Expected output of land is

continuous, increasing and strictly convex with respect to farmers productivity

πe′
` (x) > 0 and πe′′

` (x) > 0.

Proof. See Appendix. �

We connect the central planner’s problem with sorting of farmers and land through

two propositions. In both propositions we will make use of the cross-difference function,

introduced by McCann (2012), that gives us the gain from relocating two farmers. Let x
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and x′ be farmers matched with plots of land ` and `′, respectively. In our setting, the

cross-difference function is defined on (X× L)2 by:

δ(x, `, x′, `′) = [πe
`′(x) + πe

`(x′)]− [πe
`(x) + πe

`′(x′)]. (7)

Expression 7 gives the surplus from a relocation between farmers x and x′. Therefore, the

planner would like to change farmers across lands whenever δ(x, `, x′, `′) > 0.

Define a matching as a map connecting farmers to land M : X → L. Our first proposi-

tion gives a necessary condition for optimality.

Proposition 1. Let πe
`(x) be the output function of a matching between land ` ∈ L and a farmer

with productivity x ∈ X. Consider that πe
`(·) is continuous, increasing and strictly convex. If the

matching M∗ is optimal then for all x, x′ ∈ X such that x > x′ and M∗(x) = `, M∗(x′) = `′,

we have:

πe′
` (x) > πe′

`′(x′)

Proof. Optimality implies that for any match we have δ(x, `, x′, `′) ≤ 0:

[πe
`′(x) + πe

`(x′)]− [πe
`(x) + πe

`′(x′)] ≤ 0⇔ πe
`(x)− πe

`(x′) ≥ πe
`′(x)− πe

`′(x′)

⇔ πe
`(x)− πe

`(x′)
x− x′

≥ πe
`′(x)− πe

`′(x′)
x− x′

Then, as πe
`(·) and πe

`′ are continuous, there exist x1, x2 ∈ (x′, x) such that

πe′
` (x1) =

πe
`(x)− πe

`(x′)
x− x′

≥ πe
`′(x)− πe

`′(x′)
x− x′

= πe′
`′(x2)

As x > x1 and x2 > x′, by convexity

πe′
` (x) > πe′

` (x1) ≥ πe′
` (x2) > πe′

`′(x′)

�
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This proposition gives us a sorting relation between xi and πe′
` (xi) that must be satis-

fied in the optimum. This result is in order with Chiappori et al. (2016), in the sense that a

more productive farmer will be matched with a land in which he gives a higher marginal

benefit. If we were to consider a land market, the land ` would be more willing to pay (or

to give a higher share of the output from the match) for a more productive farmer x to be

installed there, as the land benefits more from an increase in productivity.

Notice that, with Proposition 1, the convexity of the output function gives us a neces-

sary condition for the optimum and that this condition does not depend on the distribu-

tion of characteristics of land and farmers. With this proposition we start to move back

to a one dimensional setting, where sorting can be defined as the relation between two

variables. Although the cardinal relation of xi and πe
`
′(xi) can be very complicated, the

ordinal relation should be one to one in the optimal matching. For now, the optimal allo-

cation of farmers to land implies perfect sorting between xi and πe
`
′(xi), however, it is not

a sufficient condition. Even if an estimation of this sorting relation were close to one, it

would not mean that the allocation is close to the optimum.

Sufficient conditions to constrained optimality

We adapt to our setting the definition of Chiappori et al. (2016) of the twist condition and

show that this condition is sufficient to characterize the optimal allocation.

Definition 1. The function πe
`(·) satisfies the twist condition if for any `, `′ ∈ L such that ` 6= `′,

we have:

πe′
` (x) 6= πe′

`′(x)

for all x ∈ X.

This condition is equivalent to the injectivity of land – ` ∈ L – and the derivative of

the output function – πe′
` (x) – for each x ∈ X. This means that the derivatives of the land

expected return do not cross each other. In our model, the twist condition implies that
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each land can be uniquely characterized by its marginal returns to an increase in farmers

productivity.

To reach our sufficient condition, we start with the following lemma and proposition,

where we guarantee optimality in subsets of X× L.

Lemma 2. Consider any subset X′ × L′ ⊆ X × L. Let xm be the most productive farmer in X′.

If there is a land `m ∈ L′ such that πe′
`m
(x) > πe′

` (x) for all (x, `) ∈ X′ × L′, then xm should be

matched with `m in order to maximize the expected return in this subset of lands.

Proof. We just need to check that once xm is matched with `m, any relocation in X′ × L′

would lead to a loss in expected return, that is δ(xm, `m, x, `) < 0.

δ(xm, `m, x, `) =[πe
`m
(x) + πe

`(xm)]− [πe
`m
(xm) + πe

`(x)]

=[πe
`(xm)− πe

`(x)]− [πe
`m
(xm)− πe

`m
(x)]

=
∫ xm

x
πe′
` (s)ds−

∫ xm

x
πe′
`m
(s)ds =

∫ xm

x
(πe′

` (s)− πe′
`m
(s))ds < 0

�

The lemma above tells us that if we have a plot of land in which the marginal benefit

from increasing farmer’s productivity is the highest for every farmer in X′, then the most

productive farmer in this subset should be matched with this plot of land. This plot of

land is uniquely determined by its derivative. If we are able to build subsets of land in

which land is uniquely identified by their derivatives, then land may be sorted according

to their derivatives. A characterization of optimal conditions in this subset is given in

Proposition 2.

Proposition 2. Suppose there exists a non-empty set L′ ⊆ L such that for every `, `′ ∈ L′ the

functions πe′
` (x) 6= πe′

`′(x) for all x ∈ X, that is, the derivatives do not cross (the twist condition

is satisfied). Take any set of farmers X′ ⊆ X, such that the cardinality of X′ equals the cardinality

of L′. Then, the matching M in the subset X′ × L′ is optimal if and only if for all x, x′ ∈ X′ such
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that x > x′ and M(x) = `, M(x′) = `′, we have:

πe
`′(x) > πe′

`′(x′)

Proof. The proof follows from Lemma 2. In the subset L′ we can always manage to sort

land according to their derivatives. From Lemma 2, the most productive farmer should be

matched with the land with the highest derivative. Then, we consider the subset minus

this matching and we apply the lemma iteratively until all the farmers are matched with

a land. The resulting matching is the only one that satisfy the condition that the most

productive farmer matched with the land which he brings the highest return. As any

relocation from this match would fail to satisfy this condition, our result is necessary and

sufficient in any subset of lands in which the derivatives do not cross. �

Proposition 2 tells us that under the hypothesis that the derivatives of the surplus func-

tion do not cross each other, our sorting condition is necessary and sufficient. If it were

the case that L′ = L, then our proposition shows that the existence of positive assortative

matching is neither a sharp condition, nor depends on the distributions of both sides of

the market. Furthermore, the characterization of the optimal allocation is entirely defined

by the sorting relation. Different from Chiappori et al. (2017) that uses optimal transporta-

tion theory to solve their matching problem, here we are able to solve a similar problem

with basic calculus, given the convexity of the output function.

In the next subsection we show how we can use Propositions 1 and 2 to build a can-

didate for the optimal allocation of farmers. This candidate can be used to build a lower

bound on the benefit of better allocating farmers when only the necessary condition is

present, that is, when the twist condition is not satisfied. When the twist condition is sat-

isfied the candidate is the only candidate and therefore is the optimal one.
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2.3 Counterfactual

An algorithm to build a counterfactual allocation. We define the candidate allocation

Mc(x) as the allocation generated by the following algorithm.

1. Initialize the set of available farms L̄ = L.

2. For each xi ∈ X, starting from the most productive to the least one

(a) Compute πe′
` (xi) for all ` ∈ L̄

(b) Create a matching of xi with land ` that gives the highest computed derivative

(c) Eliminate the matched farm from L̄.

This algorithm matches a farmer with the highest possible derivative, given that all

farmers that are more productive have already been matched. It guarantees that the re-

sulted allocation will full fill the conditions of Propositions 1 and 2.

Measuring the benefit of relocation. After computing the candidate allocation, we

compare the average product in the two scenarios: with the estimated allocation of farm-

ers and the counterfactual one. To empirically assess the gain from the relocation, we

compute an equivalent increase in the overall productivity (∆) that would result in the

same gain in average return given by our new candidate matching. Denoting by xic the

counterfactual productivity matched with land `, we wish to find the constant ∆ > 0 that

solves

1
T ∑

t
∑
`

π`,t(∆xi) =
1
T ∑

t
∑
`

π`,t(xic) (8)

3 Estimation

We derive a likelihood expression that allows us to estimate the parameters of the dis-

crete choice model using standard maximum likelihood techniques. Denoting by I`,κ,t
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the indicator function of land ` being observed with choice κ in time t, we can write the

log-likelihood criterion function as

L(θ) = ∑
t

∑
`

I`,κ,t log Pi,`,κ,t (9)

Here, θ denotes the set of parameters to be estimated. This set can be divided in two

groups. The first one is composed of the parameters {{βκ}, {cκ,t}}, that is, the parameters

of controls and adoption costs. The second group controls the spatial distribution of xi,

which we further explain now.

We do not observe farmer’s productivity xi. Nonetheless, with the discrete choice

model we recover the spatial distribution of xi that rationalizes the choices observed in

the data. Ideally, we would like to estimate a non-parametric spatial distribution of xi.

Nonetheless, this would be unfeasible since it would amount to estimate hundreds of

thousand of objects. For that reason, we fit a flexible function that parameterizes the

spatial distribution of xi. Formally, let the variables lat` and lon` denote location variables

– in a two dimensional plane – of `. Then, for each xi matched with a ` we parameterize

the farmer’s productivity as

αxi =

(
η

∑
n=1

(hnlatn
` + vnlonn

` )

)2

(10)

Where η determines the order of the polynomial that we fit. This parametrization

does not mean that farmer’s productivity is an inherit characteristic of the land. After the

matching of farmers and land is completed, this matching generates a spatial distribution

of farmers and, as a result, a spatial distribution of farmers’ productivity. Our objective

with the expression above is to use a function that can flexibly fit possible spatial distri-

butions. By using a big enough η, we will be using higher order polynomials which can

approximate any function. We take the polynomial to a square power to constraint αxi to

be positive, since a negative value would not have an interpretation in our model.
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The functional form that we fit is a continuous one. This is necessary because we

estimate the model using the maximum likelihood estimator, which assumes that the like-

lihood function varies continuously with the parameters. Nonetheless, this functional

form does not imply that the distribution of farmer’s productivity we estimate is continu-

ous, since in our empirical specification our location variables are defined by the observed

units, which are non-continuously distributed in space. For the estimation, it means that

the function in Expression 10 can freely adapt in regions of the domain that we do not

observe a unity, in order to better fit the function in regions of the domain where we do

observe a unit.

Also, it is important to highlight that we parametrize αxi instead of just xi. The reason

is that we cannot separately estimate α and the parameters of the polynomial in Expres-

sion 10. Nonetheless, this restriction does not affect the counterfactual, since Expression

8 do not rely on the estimation of α. Notice also that the parameters of the polynomial is

fixed across time, that is, we assume farmers do not move. We decided to take this as our

main specification because when estimating the model separately year by year we found

a correlation above 0.97-0.99 for the ranking of farmers’ productivity across all years.

An important caveat on the identification of farmer’s productivity: the parametrize

distribution of xi estimates a residual heterogeneity that we interpret as farmer’s produc-

tivity. The variable xi could well be composed of other important factors, such as, mea-

surement error, unobservable heterogeneity of land productivity, and local institutions4.

As in our data we cannot identify farmers nor can see farmers moving, it is not possible to

identify what portion of xi can actually be traced back to farmer’s productivity. Nonethe-

less, we see our data serving as an application to motivate the theory of multidimensional

sorting, in a setting where multidimensionality has a natural application, given that the

same plot of land can be used to produce different crops.

Finally, we can define define θ the vector of parameters to be estimated as θ = {{βκ}, {cκ,t}}∪

4Gollin and Udry (2021) is an example of a paper that deals with disentangling these different sources
of heterogeneity.
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{{hn}, {vn}}. That is, our estimation recovers θ∗

θ∗ = arg max
θ
L(θ) = arg max

θ
∑

t
∑
`

I`,j,t log Pi,`,j,t (11)

4 Data

Our study area is the state of Mato Grosso, Brazil. This state, illustrated in Figure 1a, is a

global agricultural hub responsible for 10% of the global production of soybeans. At the

same time, it is home for three different biomes: the Cerrado - a Savannah like biome that

covers 38% of the territory - the Amazon - which covers 50% - and the Pantanal - wetlands

that covers 12% of the territory. The state is in the transition from the Cerrado to the Ama-

zon, and has become a hotspot of deforestation. It is located in a region denominated the

Arch of Deforestation, a frontier of rapid expansion of agricultural land in Brazil, advanc-

ing towards the Amazon. Almost 21% of its territory is demarcated as a protected area,

such as, conservation units and indigenous land.

In order to estimate the model we need data on potential land productivity, crop prices,

transportation cost, land use and additional control variables such as precipitation, tem-

perature, and slope of the terrain.

Land use choice is from Simoes et al. (2020). This data set classifies each pixel of 250m

resolution in the state of Mato Grosso from 2003 up to 2017 in several categories: pasture,

idle, soy and corn, soy, soy and cotton, fallow and cotton, soy and sunflower, and sugar-

cane.5 We sample the data at a resolution of 1 km for computational reasons. We exclude

from the sample pixels that lie inside protected areas - e.g., conservation units and indige-

nous land - since land use in those areas are subject to a complete different legislation6.

5The data set described in Simoes et al. (2020) starts at 2001. We exclude 2001 and 2002 from our estima-
tion because prior to 2003 sugarcane had not been introduced in the state of Mato Grosso. We also collapse
the land use soy and millet to only soy, since millet is not marketed.

6The polygons of protected area is from the Ministry of Environment and can be accessed at
https://antigo.mma.gov.br/areas-protegidas/cadastro-nacional-de-ucs/dados-georreferenciados.html

17



Figure 1: South America - Brazil - Mato Grosso - Sample

(a) South America - Brazil - Mato Grosso (b) Sample points

The map on the left shows the regions of South America (light gray), Brazil (gray), and the state of Mato
Grosso (white). Our study area is the state of Mato Grosso. The map on the right shows our sample points
inside the state of Mato Grosso, after excluding protected areas and pixel that were not deforested before

2001.

We also exclude pixels that were classified as native vegetation in 2001, prior to our first

year in the sample. We do this because modeling the drivers of deforestation is out of the

scope of this paper. Figure 1b shows the location of our sample points.

In Table 1, columns 1-8, we present a transition matrix for the land use data. Each

row-column shows the proportion of pixels that moved from row to column, across all

the years. Pasture grazing, sugarcane and fallow are the most persistent activities, as

evidenced by a total of 96%, 94% and 88% pixels in these activity not moving to any other

land use. Indeed, sugarcane is a semi-perennial crop, which should partially explain this

behavior.7 On the other hand, the persistence in fallow suggests that a great portion of

land is abandoned, instead of being used to rotate crops. Soy and sunflower see a small

proportion of pixels coming into the activity. Among cotton, soy and corn, soy, and soy

and cotton there is a much higher degree of transition. In our model, these transitions

7For a more in depth study of the economics of sugarcane in Brazil, see Sant’Anna (2017)
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Table 1: Transition matrix and proportion of land use (%)

Cotton Beef Soy Soy Soy Soy Sugar Fallow Prop.
Corn Cotton Snflwr

Cotton 40 11 21 16 13 0 0 0 1
Beef 0 94 1 0 3 0 0 1 69.7
Soy-Corn 2 6 72 4 17 1 0 0 10.7
Soy-Cotton 7 5 25 56 5 0 0 0 1.2
Soy 1 16 24 1 56 0 0 0 11.3
Soy-Snflwr 2 3 59 3 28 4 0 0 0.1
Sugar 0 2 1 0 1 0 96 0 0.9
Fallow 0 12 0 0 0 0 0 88 5.2

This table presents in columns 1-8 a transition matrix for the land use data across the years. Each
row-column shows the percentage of pixels that transited from land use row to land use column. In

column 9 the table shows the proportion of each land use with respect to all the sample. The land use data
is from Simoes et al. (2020). Protected areas data is from the Ministry of Environment.

are explained by market prices for the product, as well as varying costs of adoption. In

column 9 of Table 1 we show the proportion of each land use in our sample. Most of land

is devoted to pasture grazing, followed by a single-crop of soybeans and a double-crop of

soybeans and corn.

The potential soil suitability for each crop data - variable zc in the model - is from the

Global Agro-Ecological Zones of the Food and Agriculture Organization of the United Na-

tions project (FAO GAEZ)8. We retrieve this information for pixels inside the state o Mato

Grosso for corn, soybeans, cotton, sunflower, and sugarcane. Importantly, this dataset do

not depend on farmers decisions. It is built only with information related to climate and

soil characteristics. We convert the production of sugarcane to sugar using a technology

parameter of 0.16 and convert sunflower to sunflower oil using a technology parameter of

0.429. Table 2 shows descriptive statistics for the soil suitability variable. For the activity

of pasture grazing, we assign a constant productivity that equals the average productivity

of pasture in the state o Mato Grosso of 54 kg of beef per hectare. This data comes from

8Available at http://www.fao.org/nr/gaez/en/
9Both parameters is from Brazilian Agricultural Research Corporation (Embrapa). The conversion

parameter for sunflower is from www.embrapa.br/girassol and the parameter for sugarcane is from
www.agencia.cnptia.embrapa.br/gestor/cana-de-acucar/arvore/CONTAG01_109_22122006154841.html
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Table 2: Descriptive statistics.

temp. prec. slope corn soybeans cotton sugar snflwr

Soil suitability (ton/ha)

mean 0.987 0.478 0.909 5.980 3.833 0.514 1.503 0.667
std 0.006 0.088 0.795 1.252 0.237 0.121 0.156 0.335

25% 0.987 0.419 0.427 5.275 3.664 0.415 1.383 0.478
50% 0.987 0.473 0.744 5.449 3.821 0.534 1.549 0.639
75% 0.990 0.527 1.149 5.841 3.981 0.587 1.609 0.924

Transportation cost (Brazilian reais)

mean 132.209 131.587 169.376 138.680 153.052
std 15.376 15.676 15.870 14.480 16.365

25% 121.832 121.006 158.665 128.907 142.007
50% 132.437 131.818 169.610 138.894 153.294
75% 143.753 143.356 181.290 149.551 165.338

This table shows descriptive statistics for soil suitability of each crop (in tons by hectare), transportation
cost for each crop (in Brazilian reais of 2008), and remaining variables: temperature (temp.), precipitation
(prec.), and slope of the terrain (slope). The statics are mean, standard deviation (std) and the percentiles
25%, 50%, and 75%. Data of soil suitability is from FAO GAEZ. Transportation cost data is from Araujo

et al. (2020), Ministry of Transportation, and Esalq. Temperature and Precipitation is from Hersbach et al.
(2020), slope data is from Farr et al. (2007).

Brazilian Association of Meat Exporting Industries for the year of 2010.10

Average crop prices for each year are from the Federal Reserve Economic Data (FRED).

We collect international prices for crops and beef across the years, and convert it to Brazil-

ian reais (R$) using the average exchange rate of that year. Table 3 shows descriptive

statistics for the crop prices. Data for the average precipitation and temperature in the

agricultural year is from Hersbach et al. (2020) and data on the slope of the terrain is from

Farr et al. (2007). Table 2 shows descriptive statistics of the geographical variables.

Transportation cost is from Araujo et al. (2020), but we expand their data of soybeans

and corn to the rest of the crops in our land use data. The transportation cost data is built

using georefenced data on federal and states roads, Brazilian ports and waterways from

10Available here http://www.usp.br/agen/?p=73472
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Table 3: Descriptive statistics for crop prices

Soybeans Corn Sugar Cotton Sunflower Oil Beef

mean 733.37 356.26 590.05 3,352.32 2,125.35 6,596.95
std 119.45 58.86 93.92 706.44 519.93 1,436.25

25% 649.98 310.84 535.92 2,810.26 1,805.58 5,433.35
50% 712.19 339.40 577.11 3,114.91 2,052.83 6,862.50
75% 824.59 410.86 669.19 3,739.11 2,411.81 7,535.67

This table shows descriptive statistics for crop prices measured as Brazilian reais per ton across years. The
statics are mean, standard deviation (std) and the percentiles 25%, 50%, and 75%. The data is from Federal

Reserve Economic Data (FRED).

the Ministry of Transportation11.

This transportation network data is combined with data on transportation cost by road

of different products from the Group of Research and Extension in Agroindustrial Logis-

tics of the College of Agriculture Luiz de Queiroz (Esalq)12, which provides estimated

transportation cost per ton of each product (corn, soybeans, cotton, beef, sugar, and soy

oil13) between multiples Brazilian municipalities for the years of 2008-2013. We apply

Dijkstra’s shortest path algorithm on the raster of roads to fit the model described in Ex-

pression 12

costi,j,c,t = αc + βccost_rasteri,j,c + εi,j,c,t (12)

Where costi,j,c,t denotes the monetized cost of transportation of one ton of product c

between municipalities i and j in year t and cost_rasteri,j,c denotes the computed cost of

transportation from the raster – using the cost for each transportation mode from Araujo

et al. (2020) – between the centroids of municipalities i and j for product c. Finally, we

apply Dijkstra’s algorithm to compute the raster cost from every sample point of our data

to the nearest final port. This raster cost is transformed to a monetary value through the

11Available at https://www.gov.br/infraestrutura
12This data is available at https://sifreca.esalq.usp.br/
13We do not have information on transportation cost of sunflower oil. Nonetheless, given that this prod-

uct is very similar to soy oil, we use the transportation cost of soy oil as the transportation cost of sunflower
oil
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Table 4: Regression results of transportation cost

Product Soybeans Corn Cotton Sunflower Beef Sugar

Cost 0.070115 0.068772 0.070980 0.073196 0.092168 0.064765
from raster 0.000391 0.000428 0.003279 0.002624 0.003533 0.000884

Constant 10.47 13.41 46.76 26.61 68.12 26.802
0.39 0.52 5.61 2.22 7.80 0.68

# obs 4147 2557 191 166 258 1000
R2 0.88 0.90 0.71 0.82 0.72 0.84

This table shows regressions for each product. The unit of measure of the independent variable is
R$(2008)/ton, that is, Brazilian local currency as of 2008 for each ton of product. Note that, I do not have

data on transportation cost of sunflower product, so instead I use data of soybeans oil, a product that
shares similar characteristics and specificities of transportation. Data is from Araujo et al. (2020), Ministry

of Transportation, and Esalq.

fitted model 12. Table 4 shows the results for the regression of each product and Table 2

shows descriptive statistics of the transportation cost variable.

The average spatial distributions of the net revenue zk(pk,t − τk) for different k’s are

illustrated in Figure 2. We see that there is no clear spatial pattern of net revenue among

different crops. This is the main reason for which a multidimensional model is necessary.

If it were the case that all the different revenues were strongly spatially correlated than it

would be possible to simply order land from the one with highest revenue of all to the one

with the lowest revenue of all.

5 Estimation results

We estimate Expression 11 by maximum likelihood. To easy visualization we split the

estimation results in three parts: the cost variables (ck,t); the polynomial that characterizes

the spatial distribution of farmer’s productivity (xi); and the control variables (βκ).

Cost variables. Figure 3 plots the coefficients cκ,t for every crop and year. Although we

estimate some variation across time, the order of the coefficients remains stable.

The two double crop systems of Soy-Sunflower and Soy-Cotton have the highest costs
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Figure 2: Average values of net revenue

These maps shows the spatial distribution of z`,k(pk,t − τr,k), which is the potential revenue of crop system
k in time t net of transportation cost. The unit of measure is one thousand Brazilian reais per hectare, as of
2008. Data is from the FAO GAEZ project, FRED, Araujo et al. (2020), Esalq and Ministry of Transportation

.

of adoption for almost the entire series. Nevertheless, for the final period, we see that the

cost of adopting a single crop of cotton surpasses the cost of adopting the double crop soy-

cotton. This can be rationalized by possible benefits that a crop can have on the amount of

inputs used for a subsequent crop. The same inversion of costs is found in the adoption of
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the double crop soy-corn and the single crop soy. In the final period, the cost of the double

crop system is smaller than the single crop.

All those estimates are relative to the cost of leaving the land fallow, since we normal-

ized c f allow,t = 0. Therefore, a negative coefficient indicates that keeping some activity in

the plot of land may be a cost effective way of mitigating risks involved in leaving the land

idle, such as different taxes and the possibility of encroachment. Table 6 in the Appendix

shows the estimated values and standard deviations of cκ,t.

Figure 3: Adoption cost for each crop-system

Estimated values of ck,t for each choice and year. Due to the size of our sample, the standard deviations are
too small to be seen for most crops, therefore we do not show it here. See Table 6 in the Appendix for the

values.

Productivity parameters. Table 7 in the Appendix presents the estimates of the polyno-

mial that parametrize the spatial distribution of xi defined in Expression 10. It is diffi-

cult to interpret these estimates, since it is just a parametrization of a spatial distribution.

Therefore, in Figure 4a we plot the estimated polynomial surface evaluated at our sample

points. This distribution shows a high concentration of high values of xi in the center of

the state, even tough there are high values of xi also on the south-east and east regions.

Comparing Figure 4a with Figure 2 we see that there is no clear pattern of correlation

between xi and z̃k. This is reassuring, since a strong spatial correlation between the two
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Figure 4: Spatial distribution of xi

(a) Actual spatial distribution (b) Counterfactual spatial distribution

The on the left map shows the estimated spatial distribution of αxi as described by Expression 10. The map
on the rigth shows the spatial distribution of αxi. We normalized the values so that the highest αxi equals

one.

figures could indicate that the estimated xi is actually only a higher resolution land het-

erogeneity that we do not capture correctly. The lack of a clear spatial correlation indicates

that observable land heterogeneity would need to be significantly large in order to be the

major explanation of our estimated distribution of farmer’s productivity. Furthermore,

the concentration of farmers with estimated high productivity in the center of the state

implies that, if it were the case that we are only estimating land observable heterogeneity,

then our data should have an strong skewed bias toward the center of the state.

Controls variables. Table 5 presents the estimates of the parameters βk, that is, the

parameters that creates spatial heterogeneity in the adoption cost. Conditional on land

suitability and transportation cost, an increase in temperature and precipitation from the

mean and an increase in the slope of the terrain negatively affects the return of the crop

system. The only exception is that an increase in temperature, from its mean, increase the

return of the pasture activity. These results are consistent with Spangler et al. (2017) and

Cohn et al. (2016).
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Table 5: Estimated coefficients of temperature, precipitation, and slope

Land use (κ) Temperature Precipitation Slope

Cotton -548.647 -16.931 -1.305
(2.984) (0.118) (0.01)

Beef 4.023 -7.297 -0.157
(1.289) (0.034) (0.002)

Soy-Corn -392.524 -11.673 -1.465
(1.625) (0.049) (0.005)

Soy-Cotton -695.571 -12.06 -1.963
(2.67) (0.091) (0.01)

Soy -314.494 -12.155 -0.644
(1.529) (0.045) (0.004)

Soy-Sunflower -249.436 -15.106 -1.345
(6.996) (0.289) (0.035)

Sugar -163.008 -10.579 -0.879
(2.371) (0.092) (0.011)

This table presents the estimation results for the parameters that govern how the controls affect the cost of
adoption (βk). Values in parentheses are standard errors computed via Delta method.

6 Counterfactual results

In our counterfactual exercise we want to relocate farmers (xi) among plots of land (`)

in order to increase the aggregate production, as explained in subsection 2.3. To build a

lower bound of how far the actual allocation is from the optimal one we relocate farmers as

described in the counterfactual section, that is, we use our candidate allocation that fulfills

the conditions of propositions 1 and 2. Recall that this is a lower bound, since we do not

see the twist condition being satisfied by our data. We find that the relocation of farmers

from the actual allocation to the candidate one would generate an increase in production

equivalent to increasing the overall productivity by 34%, that is, from Expression 8 we

have that ∆ = 1.34. In other words, a relocation of farmers would have the same effect on

aggregate production as of increasing everyone’s productivity by 34%. This result does
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not take into account the possibility of relocating farmers to plots of land that have never

been used to agricultural production, since our sample only have plots of land that was

already being used for agriculture at least since 2001. That way, the relocation of farmers

increases production without generating deforestation and/or abandonment of previous

deforested areas.

In Figure 4b we show the spatial distribution of xi in our counterfactual allocation.

Compared with Figure 4a, where we have the spatial distribution of xi for the actual al-

location of farmers, we see that an increase in aggregated production can be achieved by

spreading farmers with higher productivity to the southeast and southwest regions.

The increase in production is the result of an first order stochastic dominant increase

in marginal productivity of the economy. In Figure 5a we plot the distributions of πe′
` (xi)

- the marginal expected return - in the two alternative scenarios. The relocation of farmers

considerably shifts the distribution of the marginal returns to the right. The effect of a

relocation of farmers can be seem as the result of two components. One is the direct effect

of a change in the productivity across all crops due to the change in xi; the other compo-

nent is the change in the probability of crop-system adoption due to the change in xi. In

the counterfactual scenario, a substantial portion of land sees a decrease in the probabil-

ity of using land for pasture grazing, as illustrated in Figure 5b, where we compared the

distribution of this probability in the actual and counterfactual scenarios. This decrease

in the probability of pasture grazing activity is compensated by marginal increases in the

probability of other crop systems, particularly Soy-Corn, Soy-Cotton, and Soy.

7 Conclusion

In this paper we studied sorting of farmers and land in a multidimensional setting. Farm-

ers are characterized by a one dimensional space of productivity, while land is characterize

by a multidimensional vector of characteristics, such as land productivity and transporta-
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Figure 5: Distribution in actual and counterfactual scenarios

(a) Distribution of πe′
` (xi) (b) Distribution of pasture

On the left, histogram for the πe′
` (xi) variable in the estimated spatial distribution of xi and in the

counterfactual one. On the right, histogram of the probability of adoption of the pasture grazing activity.

tion cost. We explored a discrete choice model over crop systems to recover a residual

heterogeneity which we interpret as being farmer’s productivity. We then incorporated

this discrete choice model inside a Central Planner’s problem that wants to maximize the

expected aggregated production by moving farmers around.

The Central Planner’s problem gives us a sorting condition that must be full filled in

an optimal allocation of farmers. This sorting condition connects farmer’s productivity

with the marginal expected return of the land for which this farmer is matched with. We

showed that this sorting condition is sufficient to characterize the optimal allocation when

the twist condition is satisfied. We also discussed that in the absence of the twist condition,

our sorting condition can be used to compute a lower bound of the benefit of relocating

farmers. After estimating the discrete choice model, we showed that a counterfactual

allocation of farmers in the state of Mato Grosso could increase the overall agricultural

productivity by at least 34%.

The theoretical results rely on the property that the surplus function is convex with
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respect to the productivity of the market side defined by a one dimensional space. This

property arises from the use of the discrete choice model. Therefore, applications that

do not possess the convexity property is in need of further research to develop a full

characterization of the optimal sorting.

Our empirical application introduces the possibility of employing discrete choice mod-

els as an alternative approach to discuss misallocation. An important caveat is our inter-

pretation of the residual heterogeneity as being the farmer’s productivity. We do not ex-

plore alternative data sets that would allow us to better disentangle farmer’s productivity

from potential (and likely) measurement errors, unobservable heterogeneity of land pro-

ductivity, and local institutions. This is likely to overstate the benefit of relocating farmers,

since relocation cannot be used to move measurement errors or unobservable heterogene-

ity of land productivity across plots of land. Therefore, further research is needed, with

different applications and data, in order to incorporate discrete choice models and multi-

dimensional sorting with a more complete estimation of productivity.
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Appendix A Mathematical Appendix

Here we present details of mathematical derivations of the results presented in the text.

Our surplus function of a matching between farmer with land ` in time t is given by

Expression 4:

πt(x, `) = ln

(
∑
κ

exp

(
αx

[
∑
k∈κ

z`,k(pk,t − τr,k)

]
+ βκX`,t − cκ,t

))
+ γ

First, we verify that the expected payoff is strictly convex with respect to farmers pro-

ductivity:

∂πt(x, `)
∂x

=
α · [∑κ∈K (∑k∈κ z̃`,k) · exp (∑k∈κ[αxz̃`,k + βkX`]− cκ)]

∑κ∈K exp (∑k∈κ[αxz̃`,k + βkX`]− cκ)
> 0 (13)

∂2πt(x, `)
∂x2 =

α2

(∑κ∈K exp (∑k∈κ[αxz̃`,k + βkX`]− cκ))
2 ·



(
(∑

k∈κ

z̃`,k)− (∑
j∈ι

z̃`,j)

)2

· exp

(
α[(∑

k∈κ

xz̃`,k + βkX) + (∑
j∈ι

xz̃`,j + β jX)]− (cκ + cι)

)
 > 0

(14)

We assume that farmers do not move across lands, but prices and costs vary over the

years. In order to describe the central planners problem, we define the expected return of

the land over the year. This is the surplus function for each land ` that we consider in our

problem, Expression 5:

πe
`(x) = E [πt(x, `)] =

∫

Ω
πt(x, `)dP

where dP is the probability measure of prices and costs with support in Ω.
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Expected return – πe
`(x) – is strictly increasing. As πt(x, `) is increasing, for any x′ > x:

πt(x′, `) > πt(x, `)

then,
∫

Ω
πt(x′, `)dP >

∫

Ω
πt(x, `)dP

⇒ πe
`(x′) ≥ πe

`(x)

Expected return – πe
`(x) – is strictly convex. As πt(x, `) is stricly convex, for any λ ∈

(0, 1) and any productivity x′ and x:

πt(x′ + (1− λ)x, `) < λπt(x′, `) + (1− λ)πt(x, `)

then,
∫

Ω
πt(x′ + (1− λ)x, `)dP <

∫

Ω

(
λπt(x′, `) + (1− λ)πt(x, `)

)
dP

⇒
∫

Ω
πt(x′ + (1− λ)x, `)dP < λ

∫

Ω
πt(x′, `)dP + (1− λ)

∫

Ω
πt(x, `)dP

Therefore,

πe
`(λx′ + (1− λ)x) < λπe

`(x′) + (1−)πe
`(x)

Appendix B Data Appendix
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Table 6: Estimated values of cost of adoption (cκ,t)

year Cotton Beef Soy-Corn Soy-Cotton Soy Soy-Sunflower Sugar

2003 3.611 0.029 -2.671 0.010 2.429 0.017 7.726 0.058 0.678 0.013 8.297 0.136 1.736 0.030
2004 2.970 0.028 -2.392 0.010 2.181 0.016 5.826 0.032 1.063 0.014 7.821 0.090 1.931 0.031
2005 1.746 0.027 -2.976 0.011 -0.294 0.015 3.928 0.038 -0.940 0.013 6.670 0.112 1.034 0.028
2006 1.529 0.027 -2.938 0.011 -0.813 0.015 2.503 0.029 -1.139 0.013 5.485 0.141 1.053 0.027
2007 1.576 0.026 -2.937 0.011 -0.241 0.014 3.641 0.033 -0.141 0.014 5.643 0.130 0.887 0.026
2008 0.667 0.024 -3.346 0.012 -0.200 0.016 3.047 0.032 -0.661 0.015 4.529 0.047 0.243 0.026
2009 1.385 0.027 -2.790 0.011 -0.599 0.014 3.001 0.030 -0.494 0.013 4.934 0.074 0.815 0.025
2010 2.282 0.038 -3.105 0.011 -1.298 0.014 2.261 0.025 -0.866 0.014 5.831 0.140 0.523 0.025
2011 1.907 0.028 -3.260 0.012 -0.429 0.015 3.009 0.025 -0.822 0.014 4.636 0.071 0.538 0.026
2012 0.767 0.025 -3.112 0.011 -0.440 0.014 1.624 0.021 -0.371 0.015 4.116 0.058 0.327 0.025
2013 2.266 0.038 -3.178 0.011 -0.701 0.014 2.269 0.024 -0.396 0.014 4.516 0.077 0.230 0.024
2014 1.595 0.036 -2.844 0.011 -1.507 0.013 0.951 0.019 -0.586 0.014 2.772 0.041 0.325 0.024
2015 2.042 0.034 -2.061 0.011 -0.943 0.014 1.106 0.021 -0.397 0.014 4.553 0.059 1.029 0.025
2016 2.230 0.047 -3.094 0.012 -1.549 0.014 1.312 0.021 -0.973 0.014 4.332 0.073 0.261 0.025
2017 3.017 0.043 -2.550 0.011 -1.381 0.012 1.607 0.019 -0.091 0.014 3.548 0.049 0.835 0.024

This table show the estimated values of cost of adoption (cκ,t) and the estimated standard deviations. This table generates Figure 3. For each
crop-system κ the table shows the coefficient (on the left) and standard deviation (on the right).
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Table 7: Polynomial coefficients that fits xi

Coefficient Estimates

h0 -3.401
(0.115)

h1 55.274
(0.801)

h2 -229.127
(1.981)

h3 339.535
(2.123)

h4 -163.066
(0.829)

v1 4.609
(0.333)

v2 -41.714
(0.95)

v3 78.572
(1.158)

v4 -42.95
(0.509)

This table presents the estimation results for the parameters that define the spatial distribution of farmers’
productivity (xi) as defined by expression (10)
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Abstract

This paper investigates how policies that take gender into account affect
the intra-marriage decision and the marriage market. We consider a model
that rationalize how allocation equilibrium within marriage and the marriage
market is affected by conditional cash transfers. In particular, we are interested
in Brazil’s Bolsa Família conditional cash transfer, a direct income transfer pro-
gram to low-income families that gives priority to women as recipients of the
cash benefit since its inception. Empowering women changes the household
choices in equilibrium and, consequently, prospective spouses’ decisions be-
fore entering the marriage market. We consider a two-stage game which we
solve by backward induction. In the second stage, bargain in marriage (BiM)
determines allocation within marriage. We assume that prospective spouses
foresee the utilities they can get from the bargain and rank their matching pos-
sibilities. The marriage market, the second stage of our problem, determines
who marries who. We incorporate targetting policies in our model and see
how it changes the equilibrium in each stage of the game. Despite benefiting
the allocation of the woman within the marriage, beneficiaries of the policy
are less attractive in the marriage market. Targeting policies increase the pro-
portion of single low-income women and increase the assortative matching
pattern of the market.

Keywords: Collective Household, Gender Policy, Bargain in Marriage, As-
sortative Matching.

JEL classification: C78, D13, I38.
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1 Introduction

Social programs in many countries have geared toward frameworks that explicitly
take into account the gender of recipient of transfers, in most cases, assigning to
wives such a role. The proximate goal is to empower women by giving them more
control over household resources. The ultimate goal, to increase women’s welfare.1

The goal of this paper is to check whether one such program, Brazil’s Bolsa Família,
accomplishes that.

The first step we must take is a consequence of noting that to rationalize this
design choice one must depart from a Unitary view of household behavior and rec-
ognize the importance of taking spouses conflicting interests into account. Indeed,
under the former view, the identity of the recipient is immaterial for household
choices and, consequently, spouses’ outcomes. While one could simply adopt this
view and assume that the program is doomed to fail, mounting evidence – Thomas
[1990] – suggests that this is not the case: allocations depend on the identity of the
recipient of unearned income.

So to examine the consequences of targeting transfers directly to wives, in the
context of Bolsa Família we consider a collective model of household behavior in
which spouses decide following a bargain procedure that satisfies Nash’s (1950)
axioms. The efficiency axiom in Nash’s formulation implies that spouses are able
to reach an agreement and choose an allocation in the frontier of their utility pos-
sibility set. The equilibrium point in the frontier, however, depends on the specific
objective, which in turn depends on spouses’ threat points. Key to our analysis
is the notion that unearned income by a spouse increases the value of his or her
threat point, thus moving the household choice closer to his or her preferred allo-
cation. This is the channel in our model that makes the policy goal to be attainable,
but does not imply that it will be reached.

The reason why the policy may backfire is because intra-marriage choices are
also affected by the policy. Indeed, because the expected welfare affects the deci-
sion to marry, we are able to assess how the prospect of women in the marriage
market changes as a consequence of this program. In this case, we can take an
ex-ante perspective and ask the impact on women’s welfare.

To connect the effect of policies in the decision within marriage to the marriage
market equilibrium, we consider a two-stage game that we solved by backward

1This is not the only goal. As the evidence in Thomas [1990] suggests, empowering women
increases the welfare of children, a valuable goal in itself.
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induction. In the second stage, bargain in marriage determines the allocation equi-
librium within each marriage, taking into account spouses’ threat points. In the
first stage – the marriage market – prospective spouses anticipates the bargaing
outcome for each prospective partner before entering in the marriage market. With
each man and woman having an strict preference order over the other side of the
market, the Gale-Shapley matching model is applied in this context.

An analitical solution for the bargaining problem is only feasible for simple
settings. We build our baseline model, which we are able to solve the bargaining
numerically, considering the possibility of the couples to file taxes jointly and indi-
vidually, and for different tax progressivity. Then, we include a policy – based on
Bolsa Família – to study and compare results from our baseline solutions.

Empowering women through targeting policies affects the two stages of our
problem. Tranfers directed to women affects only her threat point, giving her
more bargain power in marriage. Decision within marriage benefits woman, she
works less and consume more, while her partner works more and consume less.
Therefore, this result intra-marriage makes woman less attractive in the marriage
market. As a result, the proportion of single woman increases, and we show an
increase in the assortative matching pattern. We also find that an increase in pro-
gressivity increases the probability of forming couples different from the assorta-
tive one. Lastly, all the results are valid for both options of filing taxes, however,
the impact is always greater when couples file taxes jointly. When tax is levied on
total earnings of the household, decision within marriage and the resulting mar-
riage market equilibrium are more sensible to policies.

Section 2 describes the economy, the holsehold problem, and the marriage mar-
ket. In section 3 we present an quantitative analyses and results of the policy im-
plementation. Section 4 conludes.

Literature Review

Following the pioneering work of Becker [1991], a more careful perspective was
given to how one thinks about household choices. While aggregation issues were
already recognized as early as Samuelson [1956], it was only with the many empiri-
cal failures of the so-called Unitary approach to household behavior that economists
decided that the time was ripe to bring the inner workings of families highlighted
in Becker’s work to the forefront.

The Collective approach – Chiappori [1988, 1992] – has offered a set of testable
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restrictions on household choices that arises due to the assumption that spouses
are able to choose efficiently. Empirical regularities as the violation of income
pooling restrictions – Thomas [1990], a prediction of Unitary models of the house-
hold, can be accounted for under this approach. Under collective approach house-
hold demand must still satisfy symmetry type restrictions, which allows its as-
sessment.2 Our model is within the realm of the collective approach since one of
Nash’s (1950) bargain axioms is efficiency. However, in contrast with Chiappori’s
agnostic approach, we explicitly model the household decision process.

Also important, the welfare anticipated by potential spouses plays a role on
their decision whether to marry and whom to marry. Again, it was Becker [1973,
1974] that paved the way for the modern analysis of household formation. Nonethe-
less, no consensus has been reached at this point about the best marriage market
model. Recent work by Gayle and Shephard [2019], for example, studies opti-
mal taxation in a setting in which the Pareto weights, that play a crucial role in
the Collective approach, are the ’prices’ that clear marriage sub-markets. This ap-
proach generalizes Choo and Siow’s (2006) important contribution by relaxing per-
fect transferability. A potential drawback of Gayle and Shephard [2019] is that they
assume that spouses can perfectly commit at the marriage market stage. Hence,
any policy change can only impact households’ choices for couples which are yet
to be formed. We, instead, consider a Bargain-in-Marriage (BiM) model which
precludes any transfers at the marriage market stage.

With household decision being determined by BiM with internal threat points,
the Gale-Shapley matching model is the suitable framework to analyse the mar-
riage market – Pollak [2019].

For our analysis the BiM assumption allows us to address the question in the
title of this paper by separating the impact that policy has on spouses from that
on individuals before they enter the marriage market. We do not claim that BiM
perfectly describes marriage markets but rather that it simplifies the analysis while
retaining a role for policy on the choices of married couples without resorting to
the assumption that the household was formed after the policy has changed.3 Al-
though our approach can accommodate transfers at the marriage market stage, this

2Browning and Chiappori [1998] show that household compensated demand is the sum of a
symmetric negative semi-definite matrix and a rank one matrix. This property can be tested if one
observes household choices for five or more goods.

3Another possibility would be to assume that spouses redefine their Pareto weights in light of
marriage market changes. This however undermines the commitment assumption that underlies
both Galiani and Schargrodsky’s and Choo and Siow’s models.
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would substantially increase its complexity.

2 Environment

Households are comprised of two spouses, g = f,m, each endowed with prefer-
ences defined over consumption vectors ξ ∈ Rm

+ . We shall refer to g as the spouse’s
gender, although this is only intended to specify one spouse, with no necessary
connection to one’s genetic traits.

Final consumption goods are produced using spouses time and goods acquired
in the market. Let ξg ∈ Rm

+ , g = f,m be the consumption vector for spouse g. Let
c ∈ Rn denote the household transactions and ω ∈ Rn its endowment. Φ : Rn 7→ Rm

is a function mapping vectors c + ω ∈ Rn
+ into resources available for household

consumption. The set of feasible consumption vectors is {(ξf , ξm) ∈ R2m
+ | ξf +

ξm ≤ Φ(c+ ω)}
Under the collective approach to household behavior, the households’ decision

protocols, whatever it may be, leads to efficient choices. We shall further special-
ize by assuming that spouses choose following a bargain protocol which solution
satisfies Nash’s axioms.

Given transactions, c, we can, in this case, define the household program4.

U(c, (ūf , ūm)) = max
(ξf ,ξm)

[uf (ξf )− ūf ] [um(ξm)− ūm]

s.t.
ξf + ξm ≤ Φ(c+ ω).

The program above also defines

(ξf (c, (ūf , ūm)), ξm(c, (ūf , ūm))) = arg max [uf (ξf )− ūf ] [um(ξm)− ūm]

s.t.
ξf + ξm ≤ Φ(c+ ω),

and ūg(c, (ūf , ūm)) = ui(ξf (c, (ūf , ūm))), for g = f,m.

Note how this ’lower level’ optimization problem defines household prefer-
ences over transactions, c.

4Later we consider a more general technology for which the set of feasible consumptions is
defined by F (ξf , ξm, c+ ω) to allow for public goods.
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Example 2.1. As our leading example we consider a household where spouses have prefer-
ences for the consumption of a market good, x, a household produced good, z, and leisure, l.
The household is endowed with a household production technology represented by the pro-
duction function G(·, ·). Each spouse has also an efficiency adjusted time endowment L̄f
which can be sold in the market, n, used in household production, h, or consumed directly
in the form of leisure, l.

In this case, 


xf

zf

lf

0


+




xm

zm

0

lm


 ≤




x

G(hf , hm)

L̄f − nf − hf
L̄m − nm − hm




for

c =




x

−nf
−nm


 , ω =




0

L̄f

L̄m


 , ξf =




xf

zf

lf

0


 ξm =




xm

zm

0

lm


 .

Given the utility function, U(c, ū), for ū = (ūf , ūm), we may define the house-
hold problem of maximizing U(c, ū) subject to c ∈ B(q, I), where we assume that
the budget set is parametrized by (q, I) – a vector of prices and income.

The non-standard aspect of household choices, when compared to individual
choices is that ū = (ūf , ūm) itself may depend on variables that define the house-
hold budget set. In this sense, ’household preferences’ need not be invariant to
policy variables.

To accommodate this possibility we let ū = ū(q, I, χ), where χ are distribution
factors: variables that, despite not directly affecting welfare or budget sets, affect
household decisions through their impact on spouses’ relative power. For exem-
ple, χ could comprise how a transfer income is directed to a household, divorce
laws, cultural characteristics of a society, among other factors. We shall refer to the
tuple (q, I, χ) as the environmental variables.

The household optimal transactions c(q, I, χ) are, therefore, the solution to

max
c
U(c, ū(q, I, χ)) (1)

s.t.
c ∈ B(q, I).
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We allow both q and I to be arbitrary vectors, associated with prices and in-
comes. Two examples are

• B(q, I) = {c ∈ Rn|qc ≤ I}, in which prices are assumed to be linear and I is
exogenous income.

• B(q, I) = {(x,−nf ,−nm)|x ≤ (nf + nm)[1− τi] + Ii}, where τi is the marginal
tax rate that applies to income (nf +nm) and Ii the associated virtual income.

Two things are worth mentioning regarding the last example. First, we have
used nf and nm to denote efficiency units of labor, that are paid their marginal
productivity, assumed to be one. Second, the taxes only depend on household
earnings, not varying based on which spouse earns what.

Let us next, consider the properties of this household choice function, c(q, I, χ).
In order to do that, define c(q, I, χ) = c̄(q, I, ū(q, I, χ)). We start with this para-
metric approach to ū(q, I, χ) and then we offer an explicit model under which this
parametric assumptions are rationalized.

Household types and material utility

Thus far we have not mentioned the source of heterogeneity across agents. We
shall make this explicit by assuming that agents of each gender may be of different
individual types θi ∈ Θi, g = f,m. We therefore attach to a couple comprised of a
θf woman and a θm man a label θ = (θf , θm).

Individual types affect individual preferences, ui = ui(ξ, θi) and endowments
ωi = ωi(θi), whereas the household type θ affects the consumption technology Φ =

Φ
(
c+ωf (θf ) +ωm(θm)|θ

)
, and threat points ū = ū (q, I, χ|θ). As mentioned before,

for now we simply assume the dependence of threat points on policy variables,
distribution factors and types. We shall later consider explicit models that generate
such dependence.

Example 2.2. Back to our early example, spouses may vary in their cost for supplying
efficiency units of labor, ng, and household production time, hg in such a way that

lg = 1− ng
θwg
− hg
θhg
, for g = f,m.

where time endowments are L̄g = 1, for g = f,m. Additionally, one may allow the
household production function to depend on spouses’ types, G(·|θGf , θGm). Agent’s private
types are, in this case θg = (θwg , θ

h
g , θ

G
g ) for g = f,m.
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The solution to (1) identifies the material utilities, vf (q, I, χ|θ) and vm(q, I, χ|θ),
obtained by the spouses from a θ-couple when the environmental variables are
(q, I, χ).

Marriage Markets

Upon entering the marriage market a woman of individual type θf anticipates
from a marriage with a type θm man (resp. θ̂ man) a material utility vf (q, I, χ|θf , θm)

(resp. vf (q, I, χ|θf , θ̂m)). If we let vf (q, I, χ|θf ) denote the utility she obtains by mar-
rying with herself (i.e., remaining single), then if we arbitrarily order men’s types
we define a vector v(q, I, χ|θf ) encoding all possible material benefits from differ-
ent marriage market decisions.

Material gains is not all that marriage generates. We assume that associated
with each type of match there is an emotional payoff ζ(θ). Moreover each in-
dividual is subject to a courtship shock, ε(θ−i) that affects his or her preferences
regarding each of the other gender’s types.

These shocks creates for each person an ordering regarding the other gender’s
types such that a woman prefers a type θm man to a type θ̂m man if and only if

vf (q, I, χ|θf , θm) + ζ(θf , θm) + ε(θm) > vf (q, I, χ|θf , θ̂m) + ζ(θf , θ̂m) + ε(θ̂m).

Note that, the ε term allows two women of the same type to rank men differ-
ently. An analogous ordering is defined for men regarding their preferences for
different types of women.

Targeting Wives

Our focus in what follows is on a policy that changes χ while preserving B(q, I),
the couples budget set.

Consider, for concreteness, a tax system of the form y = Bf +Bm+[nf +nm](1−
τ). It defines for each spouse g, yg = ng(1 − τ) + Bg. The reform induced by the
program is ∆Bf = −∆Bm > 0. The crucial mediator for the causal impact of this
reform is χ = Bf/(Bf + Bm) due to ∂ūf/∂χ > 0 > ∂ūm/∂χ. Indeed, note that
yf = nf (1 − τ) + χB and ym = nm(1 − τ) + (1 − χ)B for B = Bf + Bm. Our
crucial assumption is that threat points are given by spouses’ utilities when they
act non-cooperatively and maximize their utilities subject to cg ≤ yg.

In order to exemplify this police we solve a simple problem with linear utilities.
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Example 2.3. Consider that individuals have utilities ug(x, n) = x− (n/θg)1+γ

1+γ
, where x is

consumption, n is the total of work, and θg is the productivity. The budget of the household
is given by

xf + xm = α(nf + nm)(1− τ) +B

where α is the gains from agreement, and B = Bf +Bm.
In disagreement, spouses play a non-cooperative game in which each one maximizes

their utility given the decision of their partner as given:

max
ng

xg −
(ng/θg)

1+γ

1 + γ
s.t. xg = ng(1− τ) +Bg

Thus, decision in disagreement defines n̄g = θ
1+γ
γ

g (1− τ)
1
γ and

ūg =
γ

1 + γ
(θg(1− τ))

1+γ
γ +Bg

In agreement, the household solves

max
(xf ,xm,nf ,nm)

[
xf −

(nf/θf )
1+γ

1 + γ
− ūf

]
·
[
xm −

(nm/θm)1+γ

1 + γ
− ūm

]

s.t., xf + xm = α(nf + zm)(1− τ) +B,

xf −
(nf/θf )

1+γ

1 + γ
≥ ūf ,

xm −
(nm/θm)1+γ

1 + γ
≥ ūm

The agreement solution is given by:

ng = θ
1+γ
γ

g α1/γ(1− τ)1/γ

and

xf =
1

2


α(nf + nm)(1− τ) +

(
nf
θf

)1+γ

−
(
nm
θm

)1+γ

1 + γ
+ ūf − ūm +B




In the example above we can see how the policy may affect threat points and
equilibrium allocation. Consumption in agreement will be a function of the differ-
ence between the threat points.
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3 Quantitative Analysis

In this section we numerically implement the policies discussed in previous sec-
tions. The idea is to emulate the introduction of targeting in the program.

We assume that preferences are represented by log-log utilities, u(x, n; θ) =

log x + A log
(
1− n

θ

)
, and we consider tax schedule of the form T (n) = n − λn1−ρ.

For now, our goal is to understand how the reforms can impact marriage market
and the decisions within marriage. In order to do that, we assume a simple econ-
omy with the same number of women and men, #W = #M = I, where each
agent of gender g is index by ig, with ig ∈ {1, . . . , I}. We consider four types of
productivities, Θ = (θ1, . . . , θ4), and we assume that there are the same number
of women and men of each type. Then, each individual of gender g is identified
by his or her productivity, index, and their preference order to be defined below,
(θig , ig,�ig).

Household Decision

As stated before, households choices are the solution to

max
(xf ,xm,nf ,nm)

[
lnxf + A ln

(
1− nf

θf

)
− ūf

]
·
[
lnxm + A ln

(
1− nm

θm

)
− ūm

]

s.t., xf + xm ≤ α (nf + nm − T (nf + nm) +B) ,

lnxf + A ln

(
1− nf

θf

)
≥ ūf ,

lnxm + A ln

(
1− nm

θm

)
≥ ūm

where ūf and ūm are the threat points; and α represents the potential material gains
from cohabitation.

Threat points are the utilities attained by spouses if they fail to reach an agree-
ment. In disagreement, spouses play a non-cooperative game in which each one
maximizes utility given the decision of their partner as given. We assume that
threat points are the divorce utilities, which will be equal to the utilities of remain-
ing single. The after tax income of a divorce is equivalent to the individual to be
married with a partner with the same productivity and obtain half of the income.
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Thus, disagreement utilities will be given by:

ūg = max
(xg ,ng)∈Bg

u(xg, ng), Bg =

{
(xg, ng) : xg ≤

λ

2
(2ng)

1−ρ +Bg

}

where Bg ≤ B is the transfer that goes directly to the individual ig once the couple
is in disagreement.

We solve the problem above numerically. We assume A = 1, α = 1.2 and
λ = 2.1. And we solve for ρ = 0.2 and ρ = 0.3 to understand how progressivity
affects the results.

We let (uf (θf , θm), um(θf , θm)) denote the utilities attained by spouses under
the policy above. The household decision stage determines the material utility
attained by each possible combination of couples, (θf , θm) ∈ Θ × Θ, in the econ-
omy.

Marriage Markets

For each woman of type θf the vector (vf (θf , θ
′
m))θ′m∈Θ defines the vector of all

material utilities that this type of woman can attain by marrying with different
types of men, θ′m ∈ Θ. Using the dummy (θf , θ

∅) to denote the material utility
associated with remaining single, we expand this vector to take into account all
possibilities for each type of woman in the marriage market.

In this numerial exercise, we comprise the emotional payoff and courtship
shocks into one idiosyncratic shock that we call love. Before entering the marriage
market and deciding whether to get married and whom to marry, each woman
(θif , if ) draws a non-material utility for remaining single, ξif (∅), and for each possi-
ble partner (θim , im) that she may encounter, ξimif (θm). Love shocks are non-material
utility which we assume drawn from a i.i.d distribution conditional on the produc-
tivities of the prospective couple, ξif (θf ) =

(
ξif (∅), {ξnmif (θm)}im≤I

)
∈ RI+1. Then,

the total utility that woman (θf , if ) attains when marry man (θim , im) will be given
by

νif (if , im) = uf (θif , θim) + ξimif (θim).

Shocks allow people with the same gender and productivity to prefer different
matches or to remaining single. With shocks, women are able to strictly order her
prefereces over men and the possibility to remain single. Let �if be the ordering
of woman if over her possibilities. We define the prefereces of each men over the
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set of women and the possibility of remain single analogously.
Thus, each woman and men, ig, is characterized by his or hers productivity and

preference order (θig ,�ig). We then run the Gale Shapley algorithm to obtain the
matches in this market.

Tax, Progressivity and Filing Options

As a first exercise, we build our baseline marriage market and understand how
sensitive the market is with respect to our tax schedule and the possibility of filing
tax separetely. We verify that depending on the progressivity of taxation and the
option to fill taxes individually, the sorting in the marriage market may change
considerably.

If spouses fill the taxes jointly, their budget set is given by:

BJ =
{

(xf , xm, nf , nm) : xf + xm ≤ α
(
λ
(
(nf + nm)1−ρ)+B

)}
.

In contrast, if they have the option to file individually, their decision must be in
the following:

BI =

{
(xf , xm, nf , nm) : xf + xm ≤ α

(
λ

2

(
(2nf )

1−ρ + (2nm)1−ρ)+B

)}
.

For now, we assume thatB = 0 and we ask how progressivity affects the vector
of material utilities, and if it might have an impact in who marries whom. Con-
sidering the divorce as the threat points leads to disagreement utilities that equals
to the utility of marrying a person with the same type, under both taxation sched-
ules. As we can see in Table (2), the diagonal of the matrix of material utility are
the same with both options. Thus, progressivity and filing options have effects
only with respect to the decisions and utility attained by marrying a person with a
different productivity.

Let i be an individual of productivity θi that considers to marry a type θj < θi.
As all individuals have the same preferences over leisure, they all choose to work
the same amount of hours in disagreement, n̄/θ. Then, i receives an income before
taxes θi/θj greater than j, which are the first two colums in Table (1) and Table (3).

Filing individually, tax is levied on each spouse, leading to the same income
after taxes, as in the disagreement case, times the gains from marriage. Thus, the
decision of work in agreement does not differ much from disagreement, with the
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spouse most productive working slightly more, and the less productive working
slightly less. However, when filing jointly the tax is levied on the couple’s total
earnings and the decision intra marriage is more distant with respect to disagree-
ment. Thus, when tax is levied over total income, it is more efficient for the couple
that the most productive spouse works considerably more and the low productivy
works less, relative to disagreement.

Couple Disagreement Filing Jointly Filing Individually
θ n̄f n̄m cf cm nf nm cf cm nf nm

(θ1, θ1) 0.444 0.444 1.136 1.136 0.440 0.440 1.136 1.136 0.440 0.440
(θ1, θ2) 0.444 1.333 1.167 2.829 0.350 1.429 1.230 2.686 0.420 1.369
(θ1, θ3) 0.444 2.667 1.248 5.037 0.220 2.914 1.307 4.607 0.380 2.733
(θ1, θ4) 0.444 4.444 1.365 7.641 0.060 4.854 1.410 7.020 0.340 4.652

(θ2, θ1) 1.333 0.444 2.829 1.167 1.429 0.350 2.686 1.230 1.369 0.420
(θ2, θ2) 1.333 1.333 2.766 2.775 1.339 1.339 2.766 2.775 1.339 1.339
(θ2, θ3) 1.333 2.667 2.761 4.849 1.188 2.793 2.838 4.736 1.278 2.733
(θ2, θ4) 1.333 4.444 2.835 7.391 1.007 4.753 2.976 7.017 1.248 4.551

(θ3, θ1) 2.667 0.444 5.037 1.248 2.914 0.220 4.607 1.307 2.733 0.380
(θ3, θ2) 2.667 1.333 4.849 2.761 2.793 1.188 4.736 2.838 2.733 1.278
(θ3, θ3) 2.667 2.667 4.808 4.824 2.672 2.672 4.808 4.824 2.672 2.672
(θ3, θ4) 2.667 4.444 4.835 7.313 2.491 4.652 4.938 7.164 2.612 4.551

(θ4, θ1) 4.444 0.444 7.641 1.365 4.854 0.060 7.020 1.410 4.652 0.340
(θ4, θ2) 4.444 1.333 7.391 2.835 4.753 1.007 7.017 2.976 4.551 1.248
(θ4, θ3) 4.444 2.667 7.313 4.835 4.652 2.491 7.164 4.938 4.551 2.612
(θ4, θ4) 4.444 4.444 7.255 7.255 4.450 4.450 7.255 7.255 4.450 4.45

Table 1: Decision in disagreement and agreement for ρ = 0.2 .

The material utility attained when filing jointly is at leat as greater than filing
individually, as we can verify in Table (2), that presents the material utility attained
by women for each possible marriage formation.

Let us analyze the case of an individual with productivity θi that considers to
marry a θj , with θj < θi, instead marrying an equal productive partner. Note that,
when filing jointly it is necessary a love shock in small magnitude in comparison
with when they file individualy. This suggests that a joint taxation allows more
formation of couples different from the assortative one. Moreover, the total in-
come, and consequently the consumption, generated by two couples (θi, θi) and
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(θj, θj), is slightly lower than from two couples (θi, θj) under joint taxation. There-
fore, matches that differ from the assortative one are preferred from a social point
of view.

Filing Jointly Filing Individually
θf\θm ūf θ1 θ2 θ3 θ4 θ1 θ2 θ3 θ4

θ1 -0.633 -0.453 -0.277 -0.027 0.249 -0.453 -0.338 -0.210 -0.072
θ2 0.246 0.393 0.426 0.511 0.633 0.379 0.426 0.488 0.553
θ3 0.800 0.952 0.952 0.981 1.039 0.920 0.947 0.981 1.026
θ4 1.209 1.369 1.355 1.364 1.389 1.323 1.341 1.362 1.389

Table 2: Material utility obtained by women for ρ = 0.2.

An increase in tax progressivity benefits the individuals with lower productiv-
ity. Having a lower incidence of tax for a lower income couple, makes him or her
more atractive for a higher productive suitor. Tables (3) and (4) show the equilib-
rium solutions and utilities attained for a higher tax progressivity, ρ = 0.3. We can
see from the tables that, when filing individually, a higher progressivity decreases
the difference of material utility that a higher productivity suitor obtains when
marrying a lower productive spouse. In other words, the increase in progressivity
increases the probability of forming couples different from the assortative one.

This effect is much greater when filing jointly. In some cases, the utility at-
tained when marrying a lower type exceeds the utility of marrying the same type,
as we can observe in table (4). In general, when the couple file jointly, for large
productivity diferences (θi/θj), there is a ρ that makes the material utility of the
most productive – when marry a type θj – greater than when marrying a partner
with the same type. Therefore, increase in ρ lead to a decrease in the assortative
matching pattern.

The matches of the marriage market are obtained through the Gale–Shapley al-
gorithm. We adjust the parameters of the distribution of love shocks in order to
obtain a reasonable distribution of marriages to be considered as our baseline mar-
ket. The shocks are conditional to each spouses productivities and are increasing
in the partners productivity, intensifiyng the sorting pattern. We consider the same
shock for the cases of filing either jointly or separately. As we can see from table
(5), the sorting pattern is slightly more robust when couples are taxed individually.

Now that we understand our baseline model, and how taxation and filing op-
tions might affect the resulting marriage market, we turn our analysis to the tar-
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Couple Disagreement Filing Jointly Filing Individually
θ n̄f n̄m cf cm nf nm cf cm nf nm

(θ1, θ1) 0.412 0.412 1.096 1.096 0.410 0.410 1.096 1.096 0.410 0.410
(θ1, θ2) 0.412 1.235 1.088 2.504 0.290 1.369 1.164 2.325 0.390 1.278
(θ1, θ3) 0.412 2.471 1.127 4.187 0.110 2.793 1.229 3.715 0.360 2.551
(θ1, θ4) 0.412 4.118 1.303 5.988 0.010 4.551 1.308 5.288 0.340 4.248

(θ2, θ1) 1.235 0.412 2.504 1.088 1.369 0.290 2.325 1.164 1.278 0.390
(θ2, θ2) 1.235 1.235 2.391 2.391 1.248 1.248 2.391 2.391 1.248 1.248
(θ2, θ3) 1.235 2.471 2.322 3.986 1.037 2.672 2.435 3.751 1.188 2.491
(θ2, θ4) 1.235 4.118 2.345 5.802 0.795 4.551 2.529 5.373 1.158 4.248

(θ3, θ1) 2.471 0.412 4.187 1.127 2.793 0.110 3.715 1.229 2.551 0.360
(θ3, θ2) 2.471 1.235 3.986 2.322 2.672 1.037 3.751 2.435 2.491 1.188
(θ3, θ3) 2.471 2.471 3.878 3.878 2.491 2.491 3.878 3.878 2.491 2.491
(θ3, θ4) 2.471 4.118 3.778 5.602 2.188 4.349 3.947 5.404 2.430 4.147

(θ4, θ1) 4.118 0.412 5.988 1.303 4.551 0.010 75.288 1.308 4.248 0.340
(θ4, θ2) 4.118 1.235 5.802 2.345 4.551 0.795 5.373 2.529 4.248 1.158
(θ4, θ3) 4.118 2.471 5.602 3.778 4.349 2.188 5.404 3.947 4.147 2.430
(θ4, θ4) 4.118 4.118 5.540 5.540 4.147 4.147 5.540 5.540 4.147 4.147

Table 3: Decision in disagreement and agreement for ρ = 0.3.

Filing Jointly Filing Individually
θf\θm ūf θ1 θ2 θ3 θ4 θ1 θ2 θ3 θ4

θ1 -0.618 -0.437 -0.258 0.003 0.254 -0.437 -0.342 -0.240 -0.147
θ2 0.151 0.308 0.332 0.418 0.544 0.288 0.332 0.386 0.440
θ3 0.636 0.806 0.793 0.817 0.876 0.759 0.786 0.817 0.854
θ4 0.994 1.183 1.151 1.152 1.175 1.112 1.128 1.151 1.175

Table 4: Material utility attained by women for ρ = 0.3.

geting policies.

Income Tranfers to Low Income Families

We consider a tax system that targets only low income couples. In our numeri-
cal exercise we let B > 0 only for couples (θ1, θ1). This is equivalent to transfers
condition on low income families, since we consider a sufficiently small transfer
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Filing Jointly Filing Individually
θf\θm Single θ1 θ2 θ3 θ4 Single θ1 θ2 θ3 θ4

θ1 0.060 0.143 0.039 0.006 0.002 0.062 0.153 0.032 0.003 0.000
θ2 0.074 0.038 0.114 0.022 0.002 0.077 0.031 0.124 0.016 0.001
θ3 0.083 0.009 0.022 0.125 0.011 0.084 0.004 0.017 0.135 0.010
θ4 0.068 0.003 0.003 0.013 0.163 0.069 0.000 0.001 0.010 0.169

Table 5: Women distribution in marriage market for ρ = 0.2

that does not induce any other couple formation to decrease their work decision to
have the right to receive the income.

First, we consider that the government transfers the same amount to husband
and wife, Bf = Bm = B

2
> 0. Once they form a family, even if they split up, both

continue to receive the benefit to suport them. Thus, the benefit increase the threat
point of both spouses for any possible match.

Results of these exercises are presented in the tables below. We show decision
and utilities only by couples formed by women with low productivity, as the prob-
lem is symmetric for low productive men, and other couples formation does not
change results from the baseline.

Filing Jointly Filing Individually
Couple n̄f n̄m cf cm nf nm cf cm nf nm

(θ1, θ1) 0.382 0.382 1.309 1.314 0.380 0.380 1.309 1.314 0.380 0.380
(θ1, θ2) 0.382 1.333 1.228 2.751 0.310 1.460 1.307 2.596 0.390 1.399
(θ1, θ3) 0.382 2.667 1.322 4.899 0.180 2.914 1.389 4.548 0.350 2.793
(θ1, θ4) 0.382 4.444 1.450 7.497 0.020 4.854 1.520 6.866 0.320 4.652

Table 6: Decisions in disagreement and agreement for couples formed by low productive
women receiving directed transfers, ρ = 0.2.

Jointly Individually
θm ūf uf uf

θ1 -0.175 -0.208 -0.208
θ2 -0.175 -0.166 -0.227
θ3 -0.175 0.081 -0.102
θ4 -0.175 0.352 0.033

Table 7: Material utility obtained by women with productivity θ1, for ρ = 0.2

16



Filing Jointly Filing Individually
θf\θm Single θ1 θ2 θ3 θ4 Single θ1 θ2 θ3 θ4

θ1 0.086 0.150 0.011 0.003 0.000 0.074 0.166 0.008 0.002 0.000
θ2 0.063 0.046 0.121 0.019 0.002 0.069 0.029 0.133 0.016 0.001
θ3 0.082 0.003 0.022 0.134 0.010 0.080 0.009 0.023 0.128 0.010
θ4 0.073 0.000 0.001 0.010 0.166 0.069 0.001 0.003 0.011 0.166

Table 8: Women distribution in marriage market for ρ = 0.2, with transfers to both
spouses

When targeting low income individuals, a fraction of the benefit fund low in-
come individuals to remaining single. They also decrease their income from work,
which decreases tax revenues.

Income Tranfers to Low Income Couples Targetting Women

Now we focus on the policy that motivates this work. Considering the last exercise,
we assume a policy that changes χ, preserving the budget set of the couples. With
tranfers directed at women, we have that Bf = B and Bm = 0 for (θ1, θ1) couples.
The policy affects only the woman threat point for all her possible marriages, in
comparison with our base line model. Taking into account the last exercise, the
policy increases women threat point while decreasing the threat point of the low
productivity men, for all possible couples formation.

Tables (9) (11) and (12) present the equilibrium allocation of the bargaing, utilites
and marriage market equilibrium, respectively. We focus only in the couples formed
by women with low productivity, as the others remain in the same equilibrium as
the baseline model.

Filing Jointly Filing Individually
Couple n̄f n̄m cf cm nf nm cf cm nf nm

(θ1, θ1) 0.323 0.444 1.459 1.185 0.320 0.450 1.475 1.166 0.330 0.440
(θ1, θ2) 0.323 1.333 1.301 2.678 0.280 1.490 1.379 2.559 0.360 1.460
(θ1, θ3) 0.323 2.667 1.386 4.868 0.140 2.975 1.487 4.493 0.330 2.854
(θ1, θ4) 0.323 4.444 1.556 7.524 0.010 4.955 1.602 6.847 0.290 4.753

Table 9: Decisions in disagreement and agreement for couples formed by low productive
women receiving directed transfers, ρ = 0.2 and A = 1.
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Jointly Individually
θm ūf uf uf

θ1 -0.175 -0.008 -0.012
θ2 -0.175 -0.065 -0.125
θ3 -0.175 0.176 -0.004
θ4 -0.175 0.432 0.129

Table 10: Material utility obtained by women with productivity θ1, for ρ = 0.2 and
with transfers direct to women and for couples with low productivity.

Jointly Individually
θm ūm um um

θ1 -0.633 -0.428 -0.428
θ2 0.246 0.299 0.273
θ3 0.800 0.898 0.857
θ4 1.209 1.334 1.279

Table 11: Material utility obtained by men when married with women of produc-
tivity θ1, for ρ = 0.2 and with transfers direct to women and for couples with low
productivity.

We have an increasing in women bargaining power over any marriage that she
might pursue. Thus, her consumption in any possible marriage is greater while
she works less in comparison with the baseline model, regardless her partner’s
productivity. On the other hand, her prospective partners with higher productivity
increase their supply of work while consuming less, as we verify in Table (9).

As a result, higher productive men are less likely to marry women that would
receive the benefit in case of divorce, increasing the assortative matching pattern.
Moreover, the proportion of single women slightly increases.

Filing Jointly Filing Individually
θf\θm Single θ1 θ2 θ3 θ4 Single θ1 θ2 θ3 θ4

θ1 0.075 0.172 0.001 0.002 0.000 0.068 0.181 0.000 0.001 0.000
θ2 0.062 0.042 0.122 0.023 0.002 0.069 0.029 0.133 0.016 0.001
θ3 0.078 0.009 0.025 0.129 0.010 0.084 0.003 0.019 0.136 0.010
θ4 0.071 0.001 0.002 0.010 0.166 0.066 0.000 0.001 0.010 0.172

Table 12: Women distribution in marriage market for ρ = 0.2, with transfers direct
to women for low productivity couples
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As we stated before, a higher dispersion of the assortative pattern is more ef-
ficient from a social perspective. Despite empowering women, the policy result
in a decrease of women’s welfare, as increases the proportion of singles and the
assortative matching pattern. 5

Increase in progressivity and policy targetting wives has opposite effects in
marriage market - one decrase the sorting patter while the other increases. A way
to balance these effects might be the joint policies. An increase in progressivity
even increase the tax revenues that could be directed to women benefits.

4 Conclusion

In this paper, we studied how allocation equilibrium within marriage and the mar-
riage market is affected by policies that prioritize women as the recipients of the
cash benefit, like Bolsa Famiília in Brazil. We consider a Nash-bargaining collective
household with threat points endogenous to the policy. We show that low-income
women, the primary beneficiary of the conditional cash transfer, increase her threat
point, giving her more control over the household resources and an increase in
welfare within marriage. However, when connecting the household bargain prob-
lem to the marriage market, empowered women turn out to be less attractive in
the marriage market. Using the Gale-Shapley matching model, which is the ap-
propriate model considering BiM as the second stage of the problem, we get the
marriage market’s equilibrium distribution. Targeting policy increase the propor-
tion of single women benefited by the program, and we also show an increase in
the assortative matching pattern – which results in decreased aggregate welfare.
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