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Abstract
In this study, we unwrap information design in two stages, one of information acquisition
design and another of communication. We present a framework where one is able to commit
to an endogenously designed information acquisition mechanism in the first stage, but
not to a communication rule in the second one. For comparison, Bayesian Persuasion
contains commitment in both (or only in the second one), and Cheap Talk in none.
We provide partial characterizations of equilibria, show how Cheap Talk equilibria can
be more simply characterized under our framework, and show how Cheap Talk differs
qualitatively from Information Acquisition Design, as we call it. We also ask when we
attain the same outcomes as Bayesian Persuasion, and show that whenever Cheap Talk
does not achieve that, then neither does Information Acquisition Design. This shows that
Bayesian Persuasion envelope results are not robust to a lack of commitment during the
communication stage.

Key-words: information design. information acquisition. information transmission. credi-
bility.
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1 Introduction
Kamenica and Gentzkow’s 2011 prosecutor famously designs the search of criminal evidence
in order to persuade a judge. There are two key aspects to what came to be widely known
as the main example of Bayesian Pesuasion. The first is information acquisition design:
the prosecutor designs information retrieval about the state of the world, possibly not
obtaining full information. The second one is commitment in communication: the prosecutor
is required somehow to inform the judge of all the information retrieved.

Cheap Talk as from the seminal paper by Crawford and Sobel (1982) does not
allow for either of the two. The prosecutor would observe the state of the world fully,
and attempt to persuade the judge by communicating messages without commitment or
verifiability.

In this paper we aim to understand the effects of information acquisition design
when talking is still cheap. That is, we allow the Sender to commit during an information
design stage to an information acquisition mechanism, but we do not allow any form
of commitment power in the communication stage that follows. Equivalently, we may
interpret this as allowing the Sender to design publicly a private experiment, so that the
difference from Bayesian Persuasion is that there is no verifiability on the experiment’s
result. Hence, we aim to understand the value of being able to commit to a communication
rule, or equivalently, of verifiability of the statistical experiment designed.

Consider a professor who tests a student and then communicates about their quality.
She might not be able to provide proof of any message transmitted, but she might be
able to design a more or less informative test. Less informative tests might lessen ex-post
conflicts of interest, providing more credibility, and hence more effective communication,
albeit cheap. The following example, which applies our framework to Crawford and Sobel’s
1982 classical game, should illustrate this further.

Example 1 (Crawford and Sobel’s 1982 Biased Expert Game). Consider a Sender (S)
and a Receiver (R) who have utilities uS(a, θ) = −(a− θ − b)2 and uR(a, θ) = −(a− θ)2,
depending on a, R’s action, and θ, the state of the world, both on [0, 1], and some b
exogenous in the same interval. Assume both agents know θ to be uniformly distributed.

In the classic game by Crawford and Sobel (1982), S knows the state of the world.
Considering b = 1/12, the authors show that the communication strategy shown in Figure
1 constitutes the Sender-preferred equilibrium, where S reveals truthfully in which of the
two intervals of the partition θ falls into.

At the heart of it constituting an equilibrium is that for no θ would S want to lie
and say it is is an element of the other interval. On the figure, this means that, on the
blue interval, the blue parabola is always above the orange one and vice-versa. We can
think of this as incentive compatibility constraints for each θ, but it is a rather strong set
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Figure 1 – Each color represents a different interval of the partition. Correspondent parabo-
lae are indirect utilities when each partition is revealed truthfully. Given the
bias, parabolae’s vertices are -1/12 away from the expected value in each of
the intervals.

of constraints. If IC only needed hold in expectation in each interval, for example, it still
would, but there would be considerable slackness to the constraints.

What Information Acquisition Design does is exactly allow IC to hold only in
expectation for measures chosen by S herself. At the information design stage, the Sender
designs publicly the information structure whose outcome she will later observe. At the
communication stage, she observes the outcome of such information structure, and sends
a message to the Receiver, without commitment. The previous information structure is
available, and communication will be believable because IC holds, but its slackness allows
us to do better.

Consider, then, for b = 1/12 as before, the information structure designed by S
which reveals in which of the 6 equal-length intervals of [0, 1] θ is. We represent in Figure
2 such information structure and S’s indirect utilities when R believes S is revealing all
her private information.

For S to reveal all available information in equilibrium, a condition would be what
we have called so far S’s IC constraints. If R believes S to be always revealing her privately
received information fully, saying that θ lies on the blue (orange) interval induces indirect
utility on the blue (orange) parabola. So, for S not to want to lie, the expected value on
the blue interval of the blue parabola must be larger or equal to that of the orange one
(and vice-versa, and for all combinations of intervals). Clearly, the most binding constraints
are the neighboring intervals, and indeed in this case, the blue and the orange area are
the same.1

Such equilibrium is strictly more informative than the most informative one when
1 Remember that given S’s information structure, all posteriors are also uniform, although on the smaller

interval.
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Figure 2 – As in Figure 1, each of the six intervals has a correspondent parabola for indirect
utility if S claims θ to be in this interval and R believes it. The second picture
outlines a pair of areas which represent an IC constraint: the blue integral must
be larger or equal to the orange one.

S knows θ fully, represented in Figure 1, and both the Sender’s and the Receiver’s expected
payoffs are larger.2 This is, in fact, the equilibrium to our game with maximum Sender-
payoff. It remains, however, strictly less informative than that of Bayesian Persuasion,
where S reveals θ fully. Information Acquisition Design does not attain Bayesian Persuasion
payoffs, but we are able to prove that its payoffs converge much quicker to those than
Cheap Talk payoffs do, as b approaches 0.

It is the ability to choose coarser information that induces such a tradeoff between
informativity to the Sender and credibility. When information is finer, the possibility
of deviating to choose actions more precisely may hinder credibility, which may in turn
2 In fact, Ivanov (2010) unknowingly studies this game in such a framework; in his paper, it is the

Receiver who chooses the Sender’s information acquisition design, but given that IC conditions remain
the same, and (using notation from next sections) Eτ [uS(ρ∗(µ), µ)] = Eτ [uR(ρ∗(µ), µ)] − b2, we are
able to prove that both frameworks are equivalent in this specific case.

7
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worsen expected payoffs. Thus, when the Sender is able to publicly design information
acquisition, albeit private, it might be useful to do so.

Our work builds upon the setting made widespread by Kamenica and Gentzkow
(2011), and we are able to transform our problem into a constrained information design one.
Although our costs arise naturally from the credibility problem, we relate to the literature
on costly information acquisition, particularly to Lipnowski et al. (2020), where a well-
intentioned designer provides information to a Principal who does not take into account
the exogenous costs of information processing. The way we model it, a well-intentioned
designer, one with utility equal to the Sender, or the Sender’s own past self designing
information are equivalent.

We are also closely related to the more recent Cheap Talk literature, which considers
Cheap Talk problems more generally, as Chakraborty and Harbaugh (2010) and Lipnowski
and Ravid (2020), but we abandon the state-independency assumption about the Sender’s
preferences.

In Section 2 we define our model and equilibria, and provide a Revelation Principle
which facilitates our analysis. In Section 3, we consider the case where the Sender has state-
independent preferences, and show that in this case, our framework is equivalent to Cheap
Talk, as studied generally in Lipnowski and Ravid (2020). In Section 4, we look to full
acquisition equilibria, Cheap Talk, and provide partial equilibrium characterization results,
which reveal the qualitative difference between Information Acquisition Design equilibria
and Cheap Talk equilibria. In Section 5 we consider the problem of attaining Bayesian
Persuasion outcomes and show that allowing agents to design information acquisition
is not enough to achieve that, if Cheap Talk does not attain them already. We do this
by providing necessary and sufficient conditions for Sender-Receiver games to achieve
Bayesian Persuasion outcomes in each of the frameworks.

2 Model and Equilibria
Let the state of the world be a drawn θ ∈ Θ, such that all three players have a common
prior µ0 ∈ ∆(Θ). S∗ chooses a two-stage lottery τ0 ∈ ∆(∆(Θ)) that integrates down to
µ0.3 S observes the first-stage draw of τ0, some µ ∈ ∆(Θ), and sends a message m ∈M to
R who then chooses action a ∈ A. Utilities are uS(a, θ) and uR(a, θ).

We impose some technical conditions on the model: Θ, M , and A must all be
metrizable compact spaces, M must be sufficiently rich,4 and uS and uR must both be
continuous.
3 This is equivalent to publicly designing a privately-observed statistical experiment on θ, as in Kamenica

and Gentzkow (2011).
4 We show later on that ∆(Θ) ⊆M is enough.
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Given a choice of τ0, equilibria objects consist of three measurable maps: S’s
messaging strategy σ : ∆(Θ) → ∆(M), R’s strategy ρ : M → ∆(A) and R’s beliefs
β : M → ∆(Θ).

A direct implication from Rokhlin’s Disintegration Lemma is the following propo-
sition, which helps us define equilibrium concepts. We provide an overview of Rokhlin’s
lemma in Appendix 1.

Proposition 1. Given τ0 and σ, there is a distribution νM over M of which messages
are spoken, and a system of conditional measures (νm)m∈M . I.e., there is for νM -almost
all m a probability distribution of θ conditional on message m.

The conditional measures coincide with integrating a distribution of posteriors
τm ∈ ∆(∆(Θ)) given message m whenever this distribution can be found through Bayesian
updating. Define uj(ρ, µ) :=

∫
a∈A

∫
θ∈Θ uj(a, θ)dµ(θ)dρ(a), so equilibrium (given a τ0) is

defined as a triple (σ, ρ, β) such that,

1. β(m) = νm for νM -almost all m;

2. ρ(m) maximizes uR(ρ, β(m)) for νM -almost all m;

3. σ(µ) maximizes
∫
M uS(ρ(m), µ)dσ for τ0-almost all µ.

To put it simply, beliefs are consistent w.p. 1, and the Receiver’s strategy given
their beliefs is optimal w.p. 1, as is the Sender’s strategy. This formulation provides
technical feasibility for our next result, but may not necessarily give us sequentially
rational equilibria.5 However, we argue that a sequentially rational version of it exists, with
no change to expected payoff. It suffices to shrink the set of messages by the νM -null set
of messages Q for which R’s beliefs are not consistent, or their strategy is not maximizing.
Equivalently, we may choose any message m∗ ∈ M \ Q and distribute its probability,
whenever spoken, to all messages in Q∪ {m∗}, besides making beliefs and actions coincide
(to the original ones for m∗) for this entire set. As in most work on Cheap Talk, this
assumes “all messages are used in equilibrium.” Because τ0 is given, it is more intuitive
why we only require almost sure optimality of S’s reporting strategy; whatever S reports
on a τ0-null set of ∆(Θ) is irrelevant, so whether they maximize utility in that set makes
no difference.6

Throughout the paper, we say that an equilibrium given a choice of τ0 as defined
is a τ0-acquisition equilibrium. Furthermore, we say these are truthful equilibria when σ(µ)
attributes probability one to a distinct message for each µ ∈ F , a full τ0-measure subset
of ∆(Θ).
5 Consider off-the-path messages, for example.
6 In short, anything that breaks sequential rationality which we allow for is payoff-irrelevant.
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Proposition 2 (“Revelation Principle”). If there is a τ0-acquisition equilibrium (σ, ρ, β)
which induces expected payoff s to the Sender, then there is a τ̃0-acquisition equilibrium
(σ̃, ρ̃, β̃) which is truthful and also induces expected payoff s to the Sender.

Proof. Appendix 2

From now on, we assume, without loss of generality, that in truthful equilibria,
σ(µ) = µ. Define ρ∗ : ∆(Θ)⇒ ∆(A) such that

ρ∗(µ) = arg max
ρ∈∆(A)

uR(ρ, µ).

The following lemma provides us with a characterization of truthful equilibria
depending only on τ0, ρ∗ and uS.

Lemma 1. A given τ0 allows for a truthful equilibrium with actions τ0-almost surely equal
to ρ if, and only if, there exists F of full τ0-measure, such that ρ(µ) ∈ ρ∗(µ) for all µ ∈ F
and

uS(ρ(µ), µ) ≥ uS(ρ(µ′), µ), ∀µ, µ′ ∈ F.

Proof. Fix a truthful τ0-acquisition equilibrium with actions ρ̃ which coincide with ρ on a
F1 a full τ0-measure set. By definition of equilibrium, ρ̃(µ) ∈ ρ∗(µ) for all µ ∈ F2, another
full τ0-measure set. Also, since µ maximizes uS(ρ̃(m), µ) for τ0-almost all µ, we know
that uS(ρ̃(µ), µ) ≥ uS(ρ̃(m), µ) for any message m, including any µ′ ∈ ∆(Θ), whenever
µ ∈ F3, another full τ0-measure set. Take F = F1 ∩ F2 ∩ F3 and we are done with the first
implication.

Now fix τ0 and ρ such that ρ(µ) ∈ ρ∗(µ) for all µ in some full τ0-measure set
F ⊆ ∆(Θ), and assume

uS(ρ(µ), µ) ≥ uS(ρ(µ′), µ), ∀µ, µ′ ∈ F.

Since F has full τ0-measure, it is not empty. Take µ ∈ F . Now define

ρ̃(m) =

ρ(m), if m ∈ F

ρ(µ), otherwise.

Clearly, ρ̃ and ρ coincide on a full measure set, ρ is νM -almost surely optimal, and
µ w.p. 1 maximizes

∫
M uS(ρ(m), µ)dσ for τ0-almost all µ, so we are done.

In order to simplify our characterization, if we consider Θ finite, we are able to
prove that it suffices, payoff-wise, to look at finitely supported information acquisition
mechanisms τ0, much as in Bayesian Persuasion.

10
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Proposition 3. When Θ is finite, any expected payoff s to the Sender attainable in
equilibrium can be attained in a τ0-acquisition equilibrium where τ0 has support no larger
than |Θ|+ 1.

Proof. We only consider truthful equilibrium, so fix a τ̃0-acquisition equilibrium truthful
and which achieves expected payoff s with actions ρ̃. There is then a full τ0-measure set
F ⊆ ∆(Θ) such that IC holds as in Lemma 1. Consider then

G := {(µ, uS(ρ(µ), µ)) : µ ∈ F}.

Even if F is not finite, note that from Lemma 10, (µ0,
∫

∆(Θ) uS(ρ(µ), µ)dτ0) ∈ co(G). By
Carathéodory’s Theorem, then, it can be written as a convex combination of at most
|Θ|+ 1 points in F , a subset to which IC still holds, and we are done.

Corollary 1. When Θ is finite, if there is an optimal expected payoff s to the Sender
attainable in equilibrium, it can be attained in a τ0-acquisition equilibrium where τ0 has
support no larger than |Θ|.

Proof. Given Proposition 3, it suffices to consider the support of τ0 of at most |Θ| + 1
points. Define G in the same way, but note that it is now closed. Now (µ0, s) is in the
boundary of G. There is then a hyperplane which supports G and passes through (µ0, s),
it suffices to apply Carathéodory’s theorem to this hyperplane, of dimension |Θ| − 1, and
we are done.

Hence, when Θ is finite, our characterization lemma has a much simpler formulation;
it suffices to consider τ0 of support smaller than |Θ|. We simply require optimality of ρ on
supp(τ0) and that uS(ρ(µ), µ) ≥ uS(ρ(µ′), µ), ∀µ, µ′ ∈ supp(τ0).

A technical result we find is the following concerning existence.

Proposition 4. When Θ is finite, there is a Sender-optimal information acquisition
equilibrium.

Proof. Given µ0 and a vector of n beliefs (µ1, . . . , µn) such that µ0 ∈ co({µ1, . . . , µn}),
there are (not necessarily unique) weights λi such that µ0 = ∑n

i=1 λiµi. Not only that, but
we can choose the map (µ1, . . . µn) 7→ (λ1, . . . λn) to be continuous. Consider then, the
function ϕ : ∆(Θ)n → [−∞,∞) such that

ϕ(µ1, . . . µn) = max
ρ

{ n∑
i=1

λiuS(ρ(µi), µi) : ρ(µi) ∈ ρ∗(µi), uS(ρ(µi), µi) ≥ uS(ρ(µj), µi)∀i, j
}
.

It is rather clear to see that ϕ is upper semicontinuous, since ρ∗ is upper hemicontinuous,
and uS is continuous on both arguments. By Proposition 3, we are done.

11
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Example 2. Consider a prosecutor (Sender) who investigates a large company in which
there may or may not exist some wrong-doing (a binary state of the world, θ = 0 if there is
wrong-doing in the company). After an initial investigation, the Prosecutor communicates
unverifiably with the CEO (Receiver) of the company, and the latter has the opportunity
to take three actions; namely, Settlement, Wait and See and Bonified Transparency. Payoffs
to the Sender are described as follows.

Receiver’s Actions

Settlement Wait
and See

Bonified
Transparency

Wrong-Doing 1 2.5− c 0.5
No Wrong-Doing 1 −c 0

A settlement provides payoff 1 to the prosecution’s office regardless of the state
of the world. If the company does nothing (Wait and See), the prosecution incurs a cost
c of investigating and preparing a report, besides gaining prestige whether they find a
wrong-doing.7 Lastly, bonified transparency by the company annuls the cost of building a
report, but attenuates the prestige of catching a wrong-doing.

We do not model the CEO’s payoffs explicitly. Instead we assume that settling is
interesting for high enough belief, and that bonified transparency is interesting for low
enough belief of there being a wrong-doing in the company.8

Importantly, we assume that the CEO’s and the prosecutions’s priors about the
state of the world are the same; say the company is big and the CEO has been just recently
appointed.

Figure 3 represents the prosecution’s indirect utilities, and IC constraints whenever
we analyze a particular truthful information acquisition equilibrium, that is, an information
acquisition design and Receiver-optimal actions on its support.

Note that at c = 1/8, 2/3 and 1, there are information acquisition equilibrium
with τ0 supported on 1/3 and 1 where R waits at µ = 1/3. Whenever c > 2/3, however,
it would be beneficial to have the Receiver play Settle instead, but this is not possible
due to the IC constraint at belief 1. The prosecution would rather lie if they found no
wrong-doing.
7 Here we abstain from modeling the continuation of this game; the prosecution will discover the state

of the world, and payoffs follow without any further strategic interaction.
8 We may achieve this by assuming that if there is wrong-doing, transparency is expected to incur a

larger punishment. This can happen if the CEO fears the prosecution might find more wrong-doing
about the company, shall there be any, under transparency.

12
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What can be done in equilibrium, however, is have R mix between settling and
waiting, enough so that its expected payoff when there is no wrong-doing is 0, the same as
if they chose transparency. This makes truthfulness incentive-compatible to the Sender.

uS

µ1
3

2
3

Settle Wait Transp.

uS

µ1
3

2
3

Settle Wait Transp.

uS

µ1
3

2
3

1Settle Wait Transp.

uS

µ1
3

2
3

Settle Wait Transp.

Figure 3 – Graphs represent in blue indirect utilities and in dashed orange the indirect
utilities of potential equilibrium actions as c assumes values 1/8, 2/3 and 1.
IC holds whenever blue dots are above the correspondent orange ones, as
represented by the arrows.

3 Transparent Motives
For the special case where the Sender’s motives are transparent, i.e., uS does not depend
of θ, we are able to prove an inverse of our Revelation Principle, which shows that in this
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case, our framework is equivalent to Cheap Talk.

Proposition 5. If the Sender’s preferences are state-independent, every expected payoff s

induced to the Sender by a truthful τ̃0-information acquisition design equilibrium can be
induced by a full acquisition equilibrium (σ, β, ρ).9

Proof of Proposition 5. Suffices to note that since τ̃0 integrates down to µ0, there is some
information policy σ which induces the distribution of posteriors p = τ̃0. Let σ be so that
each m induces the same posterior as in the truthful equilibrium (σ̃, β̃, ρ̃). Take ρ := ρ̃,
and we are done.

That our framework is equivalent to Cheap Talk in this case is not unexpected, since,
under transparent motives, information is only useful for the Sender through transmission
to the Receiver, not in and of itself. Importantly, we realize that most work in the
persuasion literature which deal with “Pure Persuasion” rely particularly on verifiability,
or commitment to communication, to not obtain the same results as Cheap Talk. We
generalize the following notion later on, but Information Acquisition Design only attains
Bayesian Persuasion equilibrium outcomes if Cheap Talk already does, in which case
designing information is unimportant.

Furthermore, we show that our framework is a generalization of Lipnowski and
Ravid (2020) on a slightly different direction than that of simply allowing for state-
dependent Sender preferences. Our next section does, however, cover results on this, in
order to compare it to Information Acquisition Design.

4 Full Acquisition Equilibria
In order to compare Cheap Talk and Information Acquisition Design, we provide a few
results about a general characterization of Cheap Talk equilibrium outcomes. What we
consider is how full acquisition equilibria reduce to truthful equilibria, and prove that under
these conditions, more generally than Proposition 5, we are able to retrieve the original
full acquisition equilibria. It is then much easier to understand Cheap Talk equilibria, or
full acquisition equilibria, via these conditions on distributions over posteriors.

Proposition 6. Consider the following condition on τ0 and ρ: there is a function α : Θ→
R, such that for τ0-almost all µ,

α(θ) ≥ uS(ρ(m), θ),∀m ∈M, with equality when m = µ for µ-almost all θ.

Then,
9 Full acquisition equilibria are equilibria to the standard cheap talk game.

14



CONTENTS

1. Every expected payoff of a full acquisition equilibrium can be achieved in a truthful
τ0-information acquisition equilibrium with actions ρ such that the condition holds,
and;

2. If the condition holds for some truthful τ0-information acquisition equilibrium with
actions ρ, then its expected payoff s can be achieved in a full acquisition equilibrium
which induces distribution of posteriors τ0 to the Receiver.

Proof of (1). Fix a full acquisition equilibrium (σ, β, ρ). We assume, through Lemmas 8
and 9 that different messages already induce different beliefs. Assume, without loss of
generality, that β(µ) = µ for all µ ∈ ∆(Θ).

Now let α(θ) = supm∈M uS(ρ(m), θ), and note that µ0-almost surely, α(θ) =
uS(ρ(m), θ) for νMθ -almost all messages. From Lemma 5, we have that for νM -almost all
m, α(θ) = uS(ρ(m), θ) for νMθ -almost all θ.

Since νM is the information acquisition design of the truthful equilibrium, νMθ is
each information point drawn from it, and actions remain the same, we are done.

Proof of (2). Fix τ0 and ρ which define a truthful equilibrium such that the condition
described holds. Consider then full acquisition and define σ̃ which induces a distribution
over posteriors τ0 for the Receiver (this is possible just as it is possible for τ0 to be
an information acquisition design, because it integrates to µ0). Label messages so that
β̃(µ) = µ, and so assume without loss of generality that M = ∆(Θ). Also, let ρ̃ = ρ. It
is only left to prove that it is µ0-almost always optimal for the Sender to follow such
communication strategy.

This, however, comes similarly to lemma 5. Consider for m ∈ ∆(Θ),

Sm = {θ ∈ Θ : α(θ) = uS(ρ(m), θ)},

whenever it has full νΘ
m-measure. Remember that whenever m = µ, νΘ

m = µ, so we know
that we have defined Sm for a νM -full set (since νM is equal to τ0).

Then, we have that θ ∈ Sm for νMθ -almost all m, µ0-almost surely. Meaning that
α(θ) =

∫
M uS(ρ(m), θ)dσ, and we are done.

We may write this result slightly differently so that it collapses to Lipnowski and
Ravid’s 2020 characterization lemma whenever S’s utility is state-independent. Let Rµ be
the subset of functions on RΘ

+ which vanish on supp(µ).
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Corollary 2. Consider a subset H ⊆ ∆(Θ) of posteriors. If

⋂
µ∈H

(
uS(ρ∗(µ), ·) +Rµ

)
6= ∅,

then these payoffs can be achieved through cheap talk for µ0 ∈ co(H). The prior µ0 then
defines which equilibrium is optimal to the Sender.

Proof. Such convex and closed intersection characterizes the possible α for Proposition
6. Maximizing α · µ0 then defines which full acquisition equilibrium is optimal to the
Sender.

This result provides an intuition that Cheap Talk IC constraints need hold less
loosely than Information Acquisition Design’s, with equality under states of the world
on the support of both µ and µ′. Cheap Talk requires too much indifference, specially
considering posteriors interior to ∆(Θ), pushing optimal posteriors to the border, whereas
Information Acquisition Design allows more easily for credible coarser information, as
expected.

Figure 4 represents the full acquisition equilibrium outcomes for the investigation
game we present in Example 2. Note that whenever µ0 ∈ [0, 1/3], there is no information
transmission. For large enough c, any other µ0 would provide information which induces
posteriors 1/3 and 2/3, on the panels to the right. However, this is not always the case.

No matter c, equilibria require the CEO to mix between settling and waiting
at at µ = 1/3. Otherwise, depending on which action is taken purely, whenever the
prosecutor knew there to be some wrong-doing, they would rather lie and say there was
not, making inducing posterior 1/3 impossible. This mixing however provides worse payoffs
than no information for µ larger than 1/3 but close enough to it whenever c is small
(smaller than 2/3). This is represented in the first panel, the only case we present where
Cheap Talk outcomes are below those of Information Acquisition Design. In fact, for
c = 1/8, we have BP > IAD > CT . For c = 2/3, BP = IAD = CT . And for c = 1,
BP > IAD = CT , where we are always comparing the function which maps µ to the
Sender-optimal equilibrium in each framework. We prove our results for A and Θ finite
only. 10 In the next section, we discuss whether Bayesian Persuasion envelope results can be
attained by Information Acquisition Design, that is BP = IAD, and we show a necessary
condition for such. We then show that this condition is also sufficient for BP = CT ,
meaning the last inequality possible between the three “envelopes” cannot occur. This, in
turn, means that Information Acquisition Design cannot be useful in reproducing Bayesian
Persuasion.
10 We know, however, some of these results to hold true for Θ compact. Compact A however is not

enough, we rely on the fact that the hypograph of our indirect utility is a polytope.
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Figure 4 – Graphs represent in blue indirect utilities for the same values of c as Figure 3.
In red, we have Cheap Talk maximal outcomes and important posteriors for
such.

5 Reaching Bayesian Persuasion with Both A and Θ Finite
Example 1, as well as 2, show us that designing acquisition of information may be useful to
the Sender. We may ask then whether it can be as useful as to attain Bayesian Persuasion
outcomes even without verifiability. In this section we show that if Information Acquisition
Design achieves Bayesian Persuasion outcomes for every prior, then so does Cheap Talk.
Phrasing it differently: if Cheap Talk already does not attain Bayesian Persuasion outcomes,
then allowing the Sender to design information acquisition is not enough to do so. We
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prove our results for A and Θ finite only. 11

In order to do this, first we define a condition we call local agreement, a local
condition on a prior. We then prove that the sufficient and necessary conditions for Bayesian
Persuasion outcomes to be attained in equilibrium are the same, that local agreement
is valid on a set of points. In order to define that condition, let v(µ) = u(ρ∗(µ), µ), S’s
indirect utility correspondence under truthfulness, and let v̂ be v’s concave envelope.

Definition 1 (Local Agreement). We say that local agreement holds for a prior µ ∈ ∆(Θ)
if for any µ∗ close enough to µ, there is an action ρ ∈ ρ∗(µ) such that u(ρ, µ) = v̂(µ) and
u(ρ, µ∗) ≤ v̂(µ∗).

Then, we prove first that Bayesian Persuasion being attainable by Information
Acquisition Design implies that local agreement holds for a specific set of points. This, in
turn, we prove to be sufficient for Cheap Talk outcomes to also attain Bayesian Persuasion
ones. The monotonicity concludes our equivalence.

So let Ha := {µ ∈ ∆(Θ) : a ∈ ρ∗(µ)}, the set of beliefs to which playing a is optimal
to the Receiver. Also, consider H the projections onto the ∆(Θ) axis of the vertices of
the hypograph of the indirect utility correspondence. We know that setting posteriors
beliefs only to these points is enough for Bayesian Persuasion maximal outcomes. It is not
obvious that the same points are enough for Information Acquisition Design. We prove
accidentally, however, that it is the case whenever Bayesian Persuasion outcomes can be
attained.

Theorem 1. If Information Acquisition Design can achieve Bayesian Persuasion outcomes
for every prior, then for each µ ∈ H, local agreement holds.

Proof. Fix µ ∈ H and take µ∗ distinct but close enough to µ so that µ∗ and µ lie on
a same facet of the hypograph of uS(ρ∗(µ), µ), furthermore we assume without loss of
generality that on this facet, v̂ is 0. Equivalently, we say there is H′ ⊆ H of size |Θ| such
that µ ∈ H′, µ∗ ∈ co(H′) and v̂(H′) = {0}. Note that v̂(µ) < 0 for any point not on co(H′).
Importantly, we impose no restriction on the direction of µ∗ − µ apart that it is not zero.

Consider then a sequence of priors defined by µn = µ+ εn(µ∗ − µ) where εn � 0.
Because µn ∈ co(H′), v̂(µn) = 0, and Bayesian Persuasion outcomes can be achieved
through Information Acquisition Design for every prior, we find a (finite) distribution of
posteriors τn supported only on points in co(H′) and Receiver-optimal actions ρn which
constitute a truthful equilibria with expected payoff 0.

Note that there is always a posterior on the support of τn with minimal distance
to µ, call any of them µn. Importantly, µn → µ. Note that we may aggregate the IC
11 We know, however, some of these results to hold true for Θ compact. Compact A however is not

enough, we rely on the fact that the hypograph of our indirect utility is a polytope.
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conditions which involve revealing µn into

0 = uS(ρ(µn), µn) ≥ uS(ρ(µn), µn).

Now because (ρ(µn))n lies on a compact, we may assume without loss of generality
that it converges. Thus, because of the upper hemicontinuity of ρ∗, ρ(µn) → ρ ∈ ρ∗(µ).
Note, however, that whatever positive weight in ρ implies that that weight is bounded away
from 0 from some n forward on all ρ(µn). We may assume that all our sequences start then,
so that whatever positive weights in ρ are also positive in all ρ(µn). The most important
implication of this is that because 0 = uS(ρ(µn), µn)→ uS(ρ, µ), uS(ρ(µn), µ) = 0 for all
n.

Consider then the aggregate IC constraint above,

0 ≥ uS(ρ(µn), µn)

= uS(ρ(µn), µn) + uS(ρ(µn), ·)(µn − µn)

= uS(ρ(µn), ·)(µn − µ+ µ− µn)

= uS(ρ(µn), ·)
(
εn(µ∗ − µ) + µ− µn

)
= εn

(
uS(ρ(µn), µ∗)− uS(ρ(µn), µ)

)
+ uS(ρ(µn), µ)− uS(ρ(µn), µn).

Because the last two terms are 0, we have simply

0 ≥ uS(ρ(µn), µ∗)− uS(ρ(µn), µ)

for all n. As n→∞, we get 0 ≥ uS(ρ, µ∗).

Now we want to show that this is enough for Cheap Talk (that is, full acquisition)
outcomes to attain Bayesian Persuasion ones. In order to do this, first we show that under
a strong condition we call strong local agreement at a prior µ, any hyperplane through
(µ, v(µ)) and locally above v can be written as a convex combination of actions optimal at
µ (plus a function which vanishes at supp(µ)). Then, we modify our game to show that
under local agreement at µ ∈ H, any hyperplane through (µ, v̂(µ)) locally above v̂ can be
written likewise. This shows that under local agreement for all priors in H, Cheap Talk
outcomes attain Bayesian persuasion ones.

Definition 2 (Strong Local Agreement). We say that strong local agreement holds for a
prior µ ∈ ∆(Θ) if the Sender is indifferent at µ between any action in ρ∗(µ). I.e., v(µ) is a
singleton.

Lemma 2. If strong local agreement holds at µ ∈ ∆(Θ), then any hyperplane which passes
through (µ, v(µ)) and is locally above v at µ can be written as an expected payoff of actions
optimal at µ plus a function on Rµ.
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Proof. We assume that v(µ) = 0, and that the hyperplane concerned is the ∆(Θ) axis,
locally above v at µ. Results follow without loss of generality.

Let Aµ be the set of receiver-optimal actions at µ. Assume, by way of contradiction,
that

0 /∈ co{(uS(a, θ))θ∈Θ : a ∈ Aµ}+ coni{(1{θ′}(θ))θ∈Θ : θ′ /∈ supp(µ)}.

Using a separation argument, we find l : Θ \ {0} → R nonzero such that
∑
θ∈Θ

us(a, θ)l(θ) > 0

for all a ∈ Aµ and
∑
θ∈Θ

α1{θ′}(θ)l(θ) +
∑
θ∈Θ

us(a, θ)l(θ)

= αl(θ′) +
∑
θ∈Θ

us(a, θ)l(θ) > 0

for all θ′ /∈ supp(µ), a ∈ Aµ, α ∈ R+. Fixing some a ∈ Aµ, and taking α → ∞, we get
l(θ′) ≥ 0 for all θ′ /∈ supp(µ).

Now note that l may not be unique. In fact, since ∑θ∈Θ uS(a, θ)µ(θ) = 0, and
µ(θ′) = 0 for all θ′ /∈ supp(µ), then l + rµ also satisfies the inequalities. We can then
choose l so that the sum of its coordinates is 0.12 Note that l is still nonzero, and l(θ) ≥ 0
for any θ /∈ supp(µ). Hence, for small enough ε, µ+ εl ∈ ∆(Θ).

Furthermore, there is a sequence of µ + εnl with εn → 0 all in the same Ra∗ , by
closedness, µ ∈ Ra∗ , so a∗ ∈ Aµ.

Hence, ∑
θ∈Θ

us(a∗, θ)l(θ) > 0

and ∑
θ∈Θ

us(a∗, θ)(µ(θ) + εnl(θ)) > v(µ) = 0.

Since a∗ is optimal for all µ+ εnl, we have v(µ+ εnλ) > 0, a contradiction to the ∆(Θ)
axis being a horizontal hyperplane through (µ, v(µ)) locally above v.

Lemma 3. If local agreement holds at µ ∈ H, then any hyperplane which passes through
(µ, v̂(µ)) and is locally above v̂ at µ can be written as an expected payoff of actions optimal
at µ plus a function on Rµ.
12 Start with any l and then select r = −

∑
θ∈Θ l(θ).
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Proof. Fix µ ∈ H for which local agreement holds. Assume v̂(µ) = v(µ) = 0.

First, we can assume that for each µ∗ close enough to µ, there is a pure action,
which we index by µ∗, aµ∗ optimal at µ such that u(aµ∗ , µ) = 0 and u(aµ∗ , µ∗) ≤ v̂(µ∗).

Note that because of linearity, we may choose a such that the set of points µ for
which aµ = aµ∗ is convex and contains all points on segments (µ, µ∗].

What we do now is consider a different game around µ. One where a is Receiver-
optimal as long as aµ = a (along with points on the closure of this set). Clearly in this
game, strong local agreement holds at µ and we are able to write as a combination of
actions in a subset of Aµ any hyperplane through 0 and locally above our new indirect
utility function v at µ.

It suffices now to prove that any hyperplane through 0 and locally above v̂ at µ is
locally above v at µ as well. This, however, is rather simple since v(µ∗) = u(aµ∗ , µ∗) ≤ v̂(µ∗),
and we are done.

Theorem 2. If local agreement holds for each µ ∈ H, then Information Acquisition Design
can achieve Bayesian Persuasion outcomes with full acquisition.

Proof. Fix µ0 ∈ ∆(Θ)). We assume the axis ∆(Θ) is v̂’s supporting hyperplane on µ.
There is, then, τ ∈ ∆(∆(Θ)) which integrates down to µ0 and supported on H such that
v(µ) = 0 for all µ ∈ supp(τ).

Fix µ ∈ supp(τ). Importantly, v̂(µ′) ≤ 0 for all µ′ ∈ ∆(Θ), which means the ∆(Θ)
axis passes through (µ, v̂(µ)) and is globally above v̂.

Then, by Lemma 3, there is ρ ∈ ∆(Aµ) = ρ∗(µ) such that

(uS(ρ, θ))θ∈Θ ≤ 0

with equality for all θ ∈ supp(µ). By Corollary 2, we are done.

Hence, we have the following corollary, which follows from the monotonicity between
Cheap Talk, Information Acquisition Design and Bayesian Persuasion outcomes.

Corollary 3. The following are equivalent:

1. Local agreement holds for every µ ∈ H.

2. Information Acquisition Design can achieve Bayesian Persuasion outcomes for every
prior.
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3. Cheap Talk can achieve Bayesian Persuasion outcomes for every prior.

Written more simply: whenever Cheap Talk outcomes do not attain Bayesian
Persuasion ones, then neither does Information Acquisition Design; commitment to a
communication rule matters for attaining Bayesian Persuasion’s concave envelope.

6 Discussion
We present here an intermediary communication framework between two main ones,
opposite in terms of the power available to the Sender. We allow the Sender to design
publicly private experiments, but we do not allow for any verifiability of their results; one
can commit to an information acquisition mechanism, but talk is still cheap.

We see that this is not innocuous. There is an improvement in comparison to Cheap
Talk, and we understand why by relating Cheap Talk equilibria to truthful acquisition
equilibria with a larger set of constraints. An interesting conclusion we draw thereof is
simply that if there are better outcomes, then they come necessarily from acquisition
equilibria which cannot be reproduced by full acquisition. That is, the Sender may benefit
from designing their acquisition mechanism more coarsely, even without exogenous costs
of information.

The idea of deteriorating information for sake of credibility is also present in
Lipnowski and Ravid (2020), but there it is in the form of coarse transmission rather than
acquisition. As we show, their study does not only apply to a specific case of Cheap Talk, but
also of Information Acquisition Design under the same assumption of transparent motives.
In this case, a Sender would not find relevancy in whether they should design acquisition
or transmission, but without this assumption we show that information acquisition design
is relevant. Even if a Sender might not deteriorate their own information acquisition by
enough so that the equilibrium is truthful, they might be strictly better by acquiring
information somewhat coarsely.

The gains from designing acquisition, however, are limited. It does not serve as
grounds for attaining Bayesian Persuasion outcomes at every prior, for example. We
show that whenever Cheap Talk outcomes do not achieve Bayesian Persuasion ones, then
neither do Information Acquisition Design ones. This shows that commitment in the
communication stage matters; equivalently, the verifiability of statistical experiments
outcomes matters. That is, Bayesian Persuasion concave envelope results are not robust
to the fragility of this assumption.

Note that the critique which comes implicitly from this is not necessarily to
particular Bayesian Persuasion outcomes. For some priors, even many of them, information
acquisition design may improve upon Cheap Talk largely enough to attain Bayesian
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Persuasion outcomes.

Consider for example the upper right panel in Figures 3 and 4. If the Settling
interval shrinks, no matter how small, IAD achieves BP outcomes for all priors not on that
interval, and CT does not. Designing information acquisition then may justify Bayesian
Persuasion ones for a large set of priors, but our results input some fragility on the concave
envelope results, and the fact that most work in the more recent persuasion through
communication literature uses it with no consideration of the Sender’s communication
IC constraints. A stronger critique is due to work on “pure persuasion,” as we know that
it is commitment to a communication rule which achieves all between the quasi-concave
envelope and the concave envelope.

Another interesting discussion comes from the Revelation Principle of Proposition
2 being anterior to the endogeneity of our information acquisition mechanism. For any
τ0-acquisition equilibrium, there is a τ̃0-acquisition truthful equilibrium which yields the
same expected payoffs to S. Whether it is S∗ with utility equal to the Sender, or a Designer,
D, with their own motives, who designs the information acquisition mechanism, it still
holds. Clearly, D’s payoff does not change when we reduce to truthfulness, and so we need
only ever consider truthful equilibria, even when the designer has ulterior motives. Of
course, we lose comparability with other typical communication frameworks, but we could
ask how such a Designer would affect our Sender.
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1 Rokhlin’s Disintegration Lemma
For sake of a complete exposition, we include this brief appendix on Rokhlin’s lemma
before using it intensively in order to prove our revelation principle generally in Appendix
2. Results here are left unproved, but comprehensive proofs can be found in Viana and
Oliveira (2016).13

Let Z be a compact metric space, µ a Borel probability measure on Z and P a
partition of Z into measurable subsets. The idea is to formally define conditional measures
µP for P ∈ P which translate the idea of a probability induced by the measure µ when
one conditions to each subset P ∈ P .

First, we define µP the push-forward measure on P . Let π be the mapping which
takes z ∈ Z onto the set P ∈ P which contains z. Now let P := {Q ⊆ P : π−1(Q) ∈ B(Z)},
a σ-algebra on P and define µP(Q) = µ(π−1(Q)) on (P ,P). µP represents the probability
of falling onto the parts of the partition under µ, the original distribution over Z.

Definition 3. A system of conditional measures with respect to P is a family (µP )P∈P of
probability measures on Z such that

1. µP (P ) = 1 for µP-almost every P ∈ P , and

2. given any continuous function ϕ : Z → R, the mapping P 7→
∫
ϕdµP is measurable

and
∫
ϕdµ =

∫ ( ∫
ϕdµP

)
dµP .

Proposition 7. If (µP )P∈P is a system of conditional measures with respect to P, then
the map P 7→

∫
ψdµP is measurable and

∫
ψdµ =

∫ ( ∫
ψdµP

)
dµP for any µ-integrable

function ψ : Z → R.

Proposition 8. If (µP )P∈P and (νP )P∈P are two systems of conditional measures with
respect to P, then µP = νP for µP-almost every P ∈ P.

Definition 4. P is a measurable partition if there exists a sequence (En)n∈N of measurable
subsets of Z such that

P = {E1, Z \ E1} ∨ {E2, Z \ E2} ∨ . . . ∨ {En, Z \ En} ∨ . . . (mod 0),

that is, there is a sequence of measurable sets En such that P is µP -almost surely equal to
the coarsest partition finer than every {En, Z \ En}.

Example 3. If P is a finite or countable partition, it is measurable. In fact, a few references
define a measurable partition equivalently as one for which there exists a sequence of
increasingly finer countable partitions P1 - P2 - . . . - Pn - . . . such that P = ∨n∈NPn
(mod 0).
13 Further detail can also be provided upon request.
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Example 4. If Z = X × Y , where X and Y are compact metric spaces, P = {X × {y} :
y ∈ Y } is a measurable partition of Z. It suffices to take a sequence of increasingly finer
finite open coverings of Y .

Theorem 3 (Rokhlin’s Theorem). If P is a measurable partition, there exists some system
of conditional measures of µ relative to P.

Given our framework, we give special attention to Example 4, so that along with
Rokhlin’s result, we guarantee a system of conditional measures over types given messages,
for example.

2 Proof of the Revelation Principle
Fix τ0 ∈ ∆(∆(Θ)) and an equilibrium (σ, ρ, β) which induces expected payoff s to the
Sender. So the exposition becomes tractable, we define a couple of objects first. Given σ,
a draw of µ according to τ0 not only determines the distribution of θ, but also that of
messages said. In fact, τ0 along with σ induce a measure ν over Θ×∆(Θ)×M , determining
the probability of a draw (θ, µ,m), a triple of realizations: the state of the world itself, the
first-stage lottery previously drawn (from which θ was drawn), and m, a message, drawn
according to σ(µ).

Note that Θ, ∆(Θ) and M are all compact metrizable spaces.14 Rokhlin’s Disinte-
gration Theorem then allows us to find systems of conditional measures given θ, µ, m or a
combination. By construction, we know what measures conditional on µ look like, but not
conditional on m, what the Receiver observes.

We denote conditional and push-forward measures in the following way: subscripts
are conditionings, so νm is the conditional measure on Θ × ∆(Θ) × M given m, and
superscripts are the space where the measure is defined, and we write it even when it
seems redundant. So we can write νΘ×∆(Θ)×M which is ν itself, and νΘ, the push-forward
measure of ν over the partition {{θ} ×∆(Θ)×M : θ ∈ Θ}, or simply the measure of ν
over Θ. We can combine those notations and define νMθ , and notice that it still makes
sense to write νMm , even though we can guarantee that this is, νM -a.s. (for almost all m,
we may say), the Dirac measure on m.

Lemma 4. The following equality holds for νM -almost all m (whenever νΘ×∆(Θ)×M
m is

well-defined),∫
Θ

∫
A
uS(a, θ)dρ(a|m)dνΘ

m′ =
∫

∆(Θ)

∫
Θ

∫
A
uS(a, θ)dρ(a|m)dµdν∆(Θ)

m′ .

14 ∆(Θ) is compact in the weak* topology, which is metrizable.
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Proof. Consider disintegrating νm′ onto ν(m′,µ),∫
Θ×∆(Θ)

∫
A
uS(a, θ)dρ(a|m)dνΘ×∆(Θ)

m′ =
∫

∆(Θ)

∫
Θ×∆(Θ)

∫
A
uS(a, θ)dρ(a|m)dνΘ×∆(Θ)

(m′,µ) dν
∆(Θ)
m′

=
∫

∆(Θ)

∫
Θ

∫
A
uS(a, θ)dρ(a|m)dνΘ

(m′,µ)dν
∆(Θ)
m′

=
∫

∆(Θ)

∫
Θ

∫
A
uS(a, θ)dρ(a|m)dµdν∆(Θ)

m′ ,

We may also disintegrate νm′ onto ν(m′,θ) instead, we get

∫
Θ×∆(Θ)

∫
A
uS(a, θ)dρ(a|m)dνΘ×∆(Θ)

m′ =
∫

Θ

∫
Θ×∆(Θ)

∫
a∈A

uS(a, θ)dρ(a|m)dνΘ×∆(Θ)
(m′,θ) dνΘ

m′

=
∫

Θ

∫
a∈A

uS(a, θ)dρ(a|m)dνΘ
m′ ,

and we are done.

Lemma 5. For ν∆(Θ)-almost all µ, fix a full-νMµ measure set Sµ of messages. Then,
m ∈ Sµ for ν∆(Θ)

m -almost all µ, νM -almost surely.

Proof. Take∫
M

∫
∆(Θ)×M

ϕdν∆(Θ)×M
m dνM =

∫
∆(Θ)×M

ϕdν∆(Θ)×M =
∫

∆(Θ)

∫
∆(Θ)×M

ϕdν∆(Θ)×M
µ dν∆(Θ),

and set ϕ(m,µ) = 1

{
m ∈ Sµ

}
.

We find that∫
M

∫
∆(Θ)

1

{
m ∈ Sµ

}
dν∆(Θ)

m dνM =
∫

∆(Θ)

∫
M
ϕdνMµ dν

∆(Θ) =
∫

∆(Θ)
dν∆(Θ) = 1

=⇒
∫

∆(Θ)
1

{
m ∈ Sµ

}
dν∆(Θ)

m = 1, νM -a.s.

⇐⇒ m ∈ Sµ for ν∆(Θ)
m -almost all µ, νM -a.s.

Lemma 6. In equilibrium,

m ∈ arg max
m′∈M

∫
Θ

∫
A
uS(a, θ)dρ(a|m′)dνΘ

m

for νM -almost all m.
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Proof. We get from Lemma 4 that the term to maximize can be written∫
∆(Θ)

∫
Θ

∫
A
uS(a, θ)dρ(a|m′)dµdν∆(Θ)

m

for νM -almost all m.

For all µ to which the above is maximized in equilibrium (ν∆(Θ)-a.s.) define Sµ :=
arg maxm∈M uS(ρ(m), µ), which has full νMµ -measure. Then, by Lemma 5, m ∈ Sµ for
ν∆(Θ)
m -almost all µ, νM -a.s. so that m maximizes∫

Θ

∫
A
uS(a, θ)dρ(a|m′)dµ

for ν∆(Θ)
m -almost all µ, νM -a.s., which implies our lemma.

Lemma 7. There is a full νM -measure set M∗ such that

νΘ
m1 = νΘ

m2 =⇒
∫

Θ

∫
A
uS(a, θ)dρ(a|m1)dνΘ

m1 =
∫

Θ

∫
A
uS(a, θ)dρ(a|m2)dνΘ

m2 ,

for any m1,m2 ∈M∗.

Proof. It suffices to take, from Lemma 6, M∗, the full νM -measure set for which

m ∈M∗ =⇒ m ∈ arg max
m′∈M

∫
Θ

∫
A
uS(a, θ)dρ(a|m′)dνΘ

m,

so that for any m1,m2 ∈M∗, νΘ
m1 = νΘ

m2 implies that m1 and m2 maximize the objective
function, which yields our equality.

Lemma 8. There is an equilibrium which also induces expected payoff s to the Sender
such that

νΘ
m1 = νΘ

m1 =⇒ ρ̃(m1) = ρ̃(m2).

Proof. Let τ̃0 = τ0, σ̃ = σ, β̃ = β. Let Mµ := {m ∈M : νΘ
m = µ}. For each Mµ ∩M∗ 6= 0,

choose mµ ∈Mµ ∩M∗. Otherwise, pick mµ ∈Mµ (note that this still does not define Mµ

for all µ). Importantly, mνΘ
m
∈M∗ for a full νM -measure set M∗∗.

Then, define
ρ̃(m) := ρ(mνΘ

m
),

that is, the action for any message m becomes that of the chosen “representative” message
out of those which induce the same posterior as m.

It suffices then to prove that m ∈ arg maxm′∈M
∫

Θ
∫
A uS(a, θ)dρ̃(a|m′)dµ, ν∆(Θ)

m -
almost surely, for νM -almost all m, for which it suffices to show that

mνΘ
m
∈ arg max

m′∈M

∫
Θ

∫
A
uS(a, θ)dρ(a|m′)dµ
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ν∆(Θ)
m -almost surely, for νM -almost all m.

Define h(θ,m′) =
∫
A uS(a, θ)dρ(a|m′). Assume, by way of contradiction, that there

is a non νM -null set K such that for each m ∈ K, there is a non ν∆(Θ)
m -null set Lm such

that
∫

Θ h(θ,m)dµ >
∫
Θ h(θ,mνΘ

m
)dµ for all µ ∈ Lm, so we find

∫
∆(Θ)

1Lm

(∫
Θ
h(θ,m)dµ

)
dν∆(Θ)

m >
∫

∆(Θ)
1Lm

(∫
Θ
h(θ,mνΘ

m
)dµ

)
dν∆(Θ)

m

Now from Lemma 4 and Lemma 7, we get that for every m ∈ K ∩M∗ ∩M∗∗, of
non null νM -measure,

∫
∆(Θ)

1LC
m

(∫
Θ
h(θ,mνΘ

m
)dµ

)
dν∆(Θ)

m >
∫

∆(Θ)
1LC

m

(∫
Θ
h(θ,m)dµ

)
dν∆(Θ)

m ,

a contradiction, since it would mean that for each m in a non-null νM -measure set, there
is a non ν∆(Θ)

m -null set, subset of LCm, such that
∫

Θ h(θ,mνΘ
m

)dµ >
∫

Θ h(θ,m)dµ.

Lemma 9. There is a (not necessarily truthful) equilibrium which induces the same
outcomes such that no posterior is induced by two different messages.

Proof. From Lemma 8, we may assume without loss of generality that for our equilibrium,
no different actions are played whenever the Receiver has equal beliefs. We construct
thereupon an equilibrium such that no posterior is induced by different messages, simply
by aggregating those messages.

So let τ̃0 = τ0, ρ̃ = ρ, β̃ = β but let

σ̃(µ) := mνΘ
m
.

Since ρ̃(mνΘ
m

) = ρ̃(m) and ρ̃ = ρ, clearly σ̃ is optimal, and ρ̃ is also optimal by construction.
We must only prove that β̃ is consistent with σ. Let ν̃ be the new measure induced by τ̃0

and σ̃ over Θ×∆(Θ)×M , what we want to show then is that if m′ = mνΘ
m
, ν̃Θ

m′ = νΘ
m for

νM -almost all m.15

Fix m, and consequently m′ = mνΘ
m
. Let M ′ = {m′′ ∈M : νΘ

m′′ = νΘ
m′}. Because σ

polls M ′ all together, ν̃Θ
m′ = νΘ

M ′ , νM -a.s., where the last measure conditions on the whole
set M ′, well defined for νM -almost all m.

Now consider ϕ which depends only on θ
15 Note that so far, we had not yet needed change the measure ν, since it is defined by τ0 and σ only.
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∫
Θ
ϕdνΘ

M ′ =
∫

Θ×M
ϕdνΘ×M

M ′

=
∫
M

∫
Θ×M

ϕdνΘ×M
M ′,m dν

M
M ′

=
∫
M

∫
Θ
ϕdνΘ

mdν
M
M ′

=
∫

Θ
ϕdνΘ

m′ ,

and we are done. Note that because νΘ×M
M ′,m is a system of conditional measures on m, and

so it is equal to νΘ×M
m and νΘ×M

m′ for νM -almost all m′, so that the equality holds for
νM -almost all m, which is enough.

Proof of the general form of Proposition 2. Finally, we can prove our revelation principle.
Assume without loss of generality then, from Lemma 9 that originally, no posterior is
induced by different messages.

Define τ̃0 = p. Let σ̃(β(m)) = m w.p. 1, β̃ := β and ρ̃ = ρ. We must only show
that m′ = σ̃(β(m′)) belongs to

argmaxm∈M

∫
θ∈Θ

∫
a∈A

uS(a, θ)dρ̃(a|m)dβ(θ|m′)

for νM -almost all m′. Notice in fact that β(m′) is actually νΘ
m′ .

By Lemma 6, we are done.

3 Additional Proofs

Lemma 10. Let (S,Σ) be a measure space and consider a function f : S → Rn integrable
w.r.t. a probability measure µ. Then,

∫
S fdµ ∈ co(f(S)).

Proof. If n = 1, the result is clear. It suffices to consider the sup and inf of the range of S
and whether they are attained or not.

Now assume n > 1 and the statement is true for smaller dimension. Let e :=
∫
S fdµ.

Assume, by way of contradiction, that e /∈ co(f(S)). Then, there is a hyperplane which
separates {e} and co(f(S)), i.e., ∃p ∈ Rn \ {0} such that

p · f(s) ≤ p · e, ∀s ∈ S.

However, since p · e = p ·
∫
S fdµ =

∫
S p · fdµ, we get that p · f(s) = p · e for all s in

a full µ-measure set K. Since p · f(s) is fixed for all s ∈ K, f(K) must have dimension at
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most n− 1. Thus, by our induction hypothesis e ∈ co(f(K)) ⊆ co(f(S)), and we reach a
contradiction.
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