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Abstract. In this work we propose a model that represents the relation between fish ponds, the
mosquito population and the transmission of malaria. It has been observed that in the Amazonic
region of Acre, in the North of Brazil, fish farming is correlated to the transmission of malaria when
carried out in artificial ponds that become breeding sites. Evidence has been found indicating that
cleaning the vegetation from the edges of the crop tanks helps to control the size of the mosquito
population.

We use our model to determine the effective contribution of the fish tanks to the epidemic. The
model consists of a nonlinear system of ordinary differential equations with jumps at the cleaning
time, which act as impulsive controls. We study the asymptotic behaviour of the system in function
of the intensity and periodicity of the cleaning, and the value of the parameters. In particular, we
state sufficient conditions under which the mosquito population is exterminated or prevails, and
under which the malaria is eradicated or becomes endemic.

Key words. example, LATEX

AMS subject classifications. 92B05, 92D30, 92D25, 34C12, 34C25

1. Introduction. Malaria is a disease caused by parasites of genus Plasmod-
ium, transmitted to human beings through the bite of the female Anopheles darlingi
mosquito. This species of mosquito is highly antropophilic and is present throughout
the whole Amazon river basin [6]. Symptoms of malaria range from fever, tired-
ness, shivers, vomits and headaches in mild cases, to coma or even death in severe
cases. It is specially dangerous to pregnant women and small children. Of the five
species of Plasmodium, Plasmodium falciparum causes the most virulent malaria, and
Plasmodium vivax is the most frequent cause of recurrent malaria.

In Brazil, 99.9% of cases of malaria are found in the Amazon region, with an
annual mean of 310,390 cases between 2000 and 2014 [6]. Even inside the Amazon
region, incidence of the disease is concentrated: 37 out of 808 counties have 80% of
all cases in 2013. In the state of Acre there are four counties with high incidence
of the disease: Cruzeiro do Sul, Mâncio Lima, Rodrigues Alves and Tarauacá [6].
In this region, fish farming was stimulated as a sustainable way to develop the local
economy, as part of the Brazilian Federal Government’s poverty alleviation program.
However, works such as [5] give evidence that fish ponds are correlated to an increase
in mosquito population, with fish ponds having four times more larvae than natu-
ral water bodies. Cases of malaria also spatially and temporally correlated with the
opening of fish ponds. The most significant predictor of larval incidence found in [5]
was percentage of border vegetation, which Anopheline larvae use to hide from po-
tential predators. Overall, increase of border covered with vegetation was correlated
with increase in larval abundance. A difference in infestation levels has been observed
between commercial and non-commercial ponds. In average, fishponds that contained
fish intended for sale were more infested than those for family use. However, if the
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amount of border vegetation is low enough, then commercial ponds were less infested
with larvae than non-commercial ponds; this is attributed to the high amount of fishes
predating on the mosquito larvae. We incorporate the possibility of presence of lar-
vae predatory fish in our model. Reduction of border vegetation depends crucially
on maintenance of fish ponds. Fish farmers keep ponds clean of vegetation due to
concerns regarding production, presence of snakes and other animals. While there is
government incentive for the construction of ponds, there is no incentive for mainte-
nance, neither for landfilling of ponds that are no longer in use. Due to the impact
border vegetation has on larval abundance, cleaning of border vegetation can be used
as a measure of malaria control. Fish farmers were interviewed for information re-
garding the cost of border cleaning and the speed of vegetation growth, during an
educational event organized by Oswaldo Cruz Foundation.

Some simplifying assumptions are made for the model we proposed here. The
system dynamics is considered spatially independent, and homogeneous for each com-
partment. We assume that vegetation cleaning is synchronized, happens periodically,
and its time frame is small when compared to the time frame of the mosquito popula-
tion and disease dynamics (i.e. cleaning is an event that happens in a few hours, and
after a number of days it occurs again; while larvae maturation, mosquito lifespan
and the spread of malaria through mosquito bites are phenomena that have a daily
timescale). Therefore, we model vegetation cleaning as impulses that are applied
to the vegetation variable, this is, at the cleaning instants we apply a jump to the
vegetation with the magnitude of the proportion of vegetation cleaned at that time.

The article is organized as follows. A detailed description of the model, its com-
ponents and assumptions are given in Section 2. We derive analytical and numeri-
cal results from the model. In Section 3 we apply Theorem B.3 to the study of the
asymptotic behaviour of our system, establishing sufficient conditions for the mosquito
population and the disease to either assume asymptotic periodic behaviour or to be
eradicated. In Section 4, we simulate the system numerically in order to illustrate
its different possible asymptotic behaviours. We also simulate different values for
cleaning periodicity, in order to show the effect of increased cleaning frequency on the
incidence of malaria.

1.1. Notation and preliminary definitions. In this section, we introduce
some notation and definitions that will be used throughout the article.

Given any function u defined in the interval (t, t + ε0) (resp., (t − ε0, t)), set
u(t+) := limε→0+ u(t + ε) (resp., u(t−) := limε→0− u(t − ε)). For x, y ∈ Rn, we write
x < y and x ≤ y if the inequalities hold component-wise. We use x � y if x ≤ y
and x 6= y. If x and y are matrices, then the inequalities should hold entry-wise.
For x < y, we define [x, y] := {z : x ≤ z ≤ y}, (x, y] := {z : x < z ≤ y} and
(x, y) = {z : x < z < y}.

Given an open set Ω ⊆ R × Rn, Our model will be a differential equation of the
form

(1.1) ẋ = F(t, x),

where F : Ω→ Rn is differentiable w.r.t. x, measurable and τ -periodic w.r.t. t. The
function F is called concave if 0 < x < y implies

DxF(t, x)  DxF(t, y),

where DxF(t, x) denotes the Jacobian matrix of F with respect to x. The system is
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called cooperative if
∂Fi
∂xj

(t, x) ≥ 0, for i 6= j,

for (t, x) ∈ Ω. This is equivalent to saying that DxF(t, x) has non-negative off-
diagonal terms.

Given a Cauchy problem associated to (1.1) and with initial condition x(t0) =
x0, we write x(t; t0, x0) to denote the value of an associated trajectory at time t.
A Carathéodory solution of a Cauchy problem is an absolutely continuous function
t 7→ x(t; t0, x0) defined on some interval [t0, t1] which satisfies (1.1) almost everywhere.
We may simply write x(t) if both t0 and x0 are implicit from the context.

If a set K ⊂ Rn is such that for every x0 ∈ K, the solution to the Cauchy problem
(1.1) with x(t0) = x0 satisfies x(t) ∈ K for every t > t0 for which the solution x is
defined, then we say that K is a forward invariant set for F . We say that a trajectory
x is globally asymptotic attractive for (1.1) if, for every (t0, x0) ∈ Ω, the solution x of
(1.1) with initial condition x(t0) = x0 satisfies

(1.2) lim
n→∞

max
t∈[n,∞)

|x(t; t0, x0)− x(t)| = 0.

An n×n-matrix A is called cooperative if its off-diagonal entries are non negative.
The Jacobian matrix of a cooperative system is a cooperative matrix. Any k × k-
submatrix of A formed by deleting n − k rows of A, and the corresponding n − k
columns is called a principal submatrix of A, and its determinant is called a principal
minor of order k. If the n − k removed lines and columns are the last ones, we say
that the resulting matrix is a leading principal submatrix, and its determinant is the
leading principal minor.

Given a time-dependent n × m-matrix A : [0, τ ] → Rn×m set, for i = 1, . . . , n,
j = 1, . . . ,m, āij := ess sup[0,τ ]aij(t), ¯

aij := ess inf [0,τ ]aij(t), and write Ā and
¯
A for

the n×m-matrices with entries āi,j and
¯
ai,j , respectively.

2. The Model. In this section we introduce the model. More precisely, in
subsection 2.1, we present a model for the interaction between the spread of malaria
and the mosquito population dynamics. Subsection 2.2 is dedicated to the model
for border vegetation growth and human action, that consists in border cleaning.
Finally, subsection 2.3 joins both models in order to asses cleaning border vegetation
as a control method for malaria.

2.1. Malaria Model. A rough malaria model will be introduced, joining ideas
e.g. from [11] and the classical model by Ross [14]. In the Amazonian region, the
prevalent malaria is due to Plasmodium vivax, which has negligible mortality and
a high rate of reinfection [5, 6]. We therefore disregard the possibility of gaining
immunity to the disease (that is, we discard the inclusion of a recovered compartment
R in our malaria SIS model).

We combine an SIS model for the disease with a two-stage aquatic-adult popu-
lation model for the mosquitoes. Both the human and adult mosquito populations
are divided in two compartments, namely susceptible and infected. The proportion of
susceptible humans is denoted by S, and the proportion of infected by I. In regard to
mosquito population, we consider an aquatic stage L gathering eggs, larvae and pu-
pae, which is subjected to resource competition; and two adult stages, the susceptible
adults MS and the infected adults MI .

Assuming initially that the carrying capacity for the larvae in the environment is
a positive constant K, the evolution of the state variables is given by the following
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system of differential equations:

Ṡ = −βvhSMI + κI,

İ = βvhSMI − κI,
ṀS = νL− βhvIMS − µMMS ,

ṀI = βhvIMS − µMMI ,

L̇ = α(MI +MS)

(
1− L

K

)
− (ν + µL)L,

(2.1)

where the meaning of the involved parameters is given in Table 1.

Parameter Biological Meaning

Kp,Kw

Aquatic stage carrying capacity of fish ponds with/without
predatory fish, respectively, as a function of border vegetation.

τ Period of vegetation cleaning in days.
α Intrinsic reproduction rate
ν Aquatic-to-adult transition rate.
µL Aquatic stage basic mortality rate.
µp Added mortality due to predatory fish.
µM Adult mosquito mortality rate.
κ Recovery rate for infected individuals.
βvh Mosquito-to-human infection rate.
βhv Human-to-mosquito infection rate.
r Rate of growth of vegetation.
γ Proportion of vegetation removed as a function of time.

Table 1
Biological meaning of the parameters for systems (2.1) and (2.3).

2.2. Dynamics of Vegetation. Next we present a model for the growth of
the border vegetation of the fish tanks, which is supposed to be affected by periodic
cleaning. Previous studies in the Alto Juruá region [5, 6] established a correlation
between lack of cleaning and presence of Anopheles larvae in fish farming ponds. We
model this in such a way that the carrying capacity of larvae is a function of the
proportion of ponds’ border covered by vegetation. We assume that the percentage
of border vegetation V : R+ 7→ [0, 1] grows proportionally to available space 1 − V ,
and that some cleaning occurs every τ days, in which a part γ of border vegetation
is removed. Hence γ : R+ 7→ [0, 1] is the fraction of vegetation cleaned as function of
time. More precisely, at day nτ , the proportion of vegetation removed is γ(nτ). We
propose the following system of impulsive ordinary differential equations to model the
described situation:

dV (t)

dt
= r(1− V (t)), for t 6= τn,

V (nτ+) = V (nτ)− γ(nτ)V (nτ), for n ∈ N\{0},
V (0) = V0,

(2.2)

where r > 0 is the vegetation growth rate (see Table 1).
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Proposition 2.1. Given any initial condition V0 ∈ [0, 1], there exists a unique
solution of (2.2), it is defined in [0,+∞), it is left-continuous and takes values in
[0, 1].

Proof. The proof follows by induction on n. For n = 1, let us consider the
interval [0, τ). It is straightforward that V (t) = 1− (1− V0)ert is a solution of (2.2)
in [0, τ ]. Moreover, it is unique, it is continuous and takes values in [0, 1]. Suppose
now that there exists a unique solution Vn defined on [0, nτ ] that is left-continuous

and takes values in [0, 1]. Set V +
n :=

(
1−γ

(
nτ
))
Vn(nτ−). Since Vn(nτ−) ∈ [0, 1] and

1 − γ
(
nτ
)
∈ [0, 1], we have that V +

n ∈ [0, 1]. Consider the initial value problem on
[nτ, (n+ 1)τ ] :

V̇ (t) = r(1− V (t)), V (nτ+) = V +
n .

It follows easily that V (t) = 1− (1− V +
n )ert is its unique solution. Set now

Vn+1(t) :=

{
Vn(t), for t ∈ [0, nτ ]

1− (1− V +
n )ert, for t ∈ (nτ, (k + 1)τ ].

The function Vn+1 is the unique solution of (2.2) in [0, (n + 1)τ ] and satisfies the
desired properties. This concludes the inductive step and the proof.

2.3. The Complete Model. We conclude the construction of our model by
putting together (2.1) and (2.2), and adding a new feature that consists in assum-
ing two different types of ponds, namely with predatory fish and without predatory
fish. This difference induces a splitting in the aquatic stage L into Lp and Lw, cor-
responding to larvae in ponds with and without predatory fish, respectively. Border
vegetation on fish ponds affects the dynamics through two effects. First, both carrying
capacities Kp and Kw are given, and they are strictly increasing continuous functions
of border vegetation that assume strictly positive values. Second, vegetation protects
larvae from predation in ponds with predatory fish by offering hiding places for larvae
[5], a feature that we model by adding the extra mortality rate µp(1−V ) to Lp, which
decreases predation as vegetation increases. The following system describes the joint
dynamics of malaria, aquatic-stage and adult mosquitoes, and vegetation:

V̇ = r(1− V ), for t 6= nτ,

V (nτ+) = V (nτ)− γ(nτ)V (nτ), for n ∈ N,
ṀS = ν(Lw + Lp)− βhvIMS − µMMS ,

ṀI = βhvIMS − µMMI ,

L̇p = α
Kp(V )

Kw(V ) +Kp(V )
(MI +MS)

(
1− Lp

Kp(V )

)
− (ν + µL + µp(1− V ))Lp,

L̇w = α
Kw(V )

Kw(V ) +Kp(V )
(MI +MS)

(
1− Lw

Kw(V )

)
− (ν + µL)Lw,

Ṡ = −βvhSMI + κI,

İ = βvhSMI − κI.

(2.3)

where the biological meaning of the parameters is given in Table 1. The compartmen-
tal diagram for system (2.3) is shown in Figure 1.
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V
r(1− V )

Lw

Lp

ν + µL

ν + µL + µp(1− V )

Kp(V )

Kw(V )
MS

MI

µM

µM

S

I

βhvI κ βvhMI

Fig. 1. Compartmental diagram for the dynamics described in system (2.3).

We now state and prove results concerning properties of solutions to initial value
problems for system (2.3). Consider the compact set
(2.4)

K :=

{
(V,MS ,MI , Lp, Lw, S, I) ∈ R7

+ : V ≤ 1, S + I ≤ 1,

MS +MI ≤ (ν/µM )(Lp + Lw), Lp ≤ max
V ∈[0,1]

Kp(V ), Lw ≤ max
V ∈[0,1]

Kw(V )

}
.

Proposition 2.2. Given an initial condition x0 belonging to K, there exists a
unique Carathéodory solution of (2.3) with value x0 at t = 0, it is defined in [0,∞)
and remains in K. The last assertion states that K is positively invariant under (2.3).

Proof. The equation for the vegetation can be solved independently of the rest
of the system, and gives a solution V that is left-continuous and bounded (thanks
to Proposition 2.1). Inserting this solution in the equations for MS ,MI , Lp, Lw, S, I
yields a system that satisfies the conditions of Theorem A.1 in the Appendix A, which
guarantees local existence.

Proof of positive invariance of K follows easily by checking that, when a trajectory
issuing from K hits the boundary of K, the dynamics pushes the trajectory inwards
the set.

The existence of a global solution is a consequence of Theorems A.1-A.3 in the
Appendix A.

3. Asymptotic behaviour. In this section we study the asymptotic behaviour
of system (2.3). We split this analysis in three parts. In subsection 3.1 our focus is the
vegetation system (2.2). We prove, in Proposition 3.1, that if cleaning at times t = nτ
tends to a constant value then border vegetation approaches a τ -periodic solution.
Subsection 3.2 is dedicated to the study of the behaviour of mosquito population when
border vegetation is periodic, and 3.3 investigates malaria incidence under periodic
vegetation cleaning. We derive sufficient conditions for the trajectories of (2.3) to
asymptotically approach either a positive solution or the origin.
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3.1. Asymptotic behaviour of vegetation. We focus now on the vegetation
model (2.2). We aim to prove that if cleaning is done every τ days and approaches a
constant value, then the vegetation converges to a periodic solution that is discontin-
uous at the cleaning times. We get the following result.

Proposition 3.1 (Periodic solutions for vegetation).
Let γ∗ ∈ [0, 1], and assume that γ : [0,∞) → [0, 1] is such that lim

t→∞
γ(t) = γ∗. Then

any trajectory V of (2.2) with initial condition in [0, 1] converges to the periodic
solution

Vper(t) := 1− γ∗e−r(t−nτ)

1− (1− γ∗)e−rτ
, for t ∈ [nτ, (n+ 1)τ),(3.1)

in the following sense:

max
t∈[nτ,(n+1)τ)

|V (t)− Vper(t)| → 0, as n→∞.(3.2)

Proposition 3.1 follows from a direct application of Lemma C.1 in the Appendix
C by setting γn := γ(nτ). We conclude that, under periodic cleaning, the border
vegetation approaches a periodic behaviour. Figure 2 illustrates Proposition 3.1, by
showing the solutions to the impulsive initial value problem (2.2) for a range of initial
values in [0, 1] and for values of γ sampled at each nτ from an uniform distribution
over the interval

[
0.65 ∗ (1− 5

nτ ), (0.65 + (1− 0.65) 5
nτ )
]
, so that the values of γ at nτ

converge to 0.65. Note that at each point of discontinuity, the trajectories come closer
together, and asymptotically approach Vper.

Fig. 2. Impulsive behaviour of System (2.2), for different initial values. Vper is shown in orange.

3.2. Asymptotic behaviour of mosquito population. We now turn to the
analysis of the asymptotic behaviour of the mosquito population, assuming that border
vegetation is periodic equal to Vper. Our aim is to derive sufficient conditions on the
parameters of the system for the mosquito population to either converge to 0, or have
asymptotic periodic behaviour with positive values.

Recalling system (2.3), there are two aspects to consider. First, that vegetation
behaviour impacts the system through the aquatic compartments Lw and Lp, then

7
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both carrying capacities Kw(Vper) and Kp(Vper) are also periodic. Second, by set-
ting M := MS + MI , we can isolate mosquito population dynamics in the following
subsystem:

L̇p = α
Kp(Vper)

Kw(Vper) +Kp(Vper)
M

(
1− Lp

Kp(Vper)

)
− (ν + µL + µp(1− Vper))Lp,

L̇w = α
Kw(Vper)

Kw(Vper) +Kp(Vper)
M

(
1− Lw

Kw(Vper)

)
− (ν + µL)Lw,

Ṁ = ν(Lp + Lw)− µMM.

(3.3)

Let us write the system in the compact form Ẋ(t) = F (t,X(t)) forX := (Lp, Lw,M)>,
F being the function on the r.h.s. of (3.3), and let us consider initial conditions on
the set

(3.4) KX :=
{

(t, Lp, Lw,M) ∈ R4
+ :

M ≤ ν

µM
(Lp + Lw), Lp ≤ Kp(Vper(t)), Lw ≤ Kw(Vper(t))

}
.

Due to the discontinuities and periodicity of Vper, the function F itself is piecewise-
continuous and τ -periodic both w.r.t. the time variable t. We next apply Theorem
B.3 of Appendix B to get the results on the asymptotic behaviour of (3.3) stated in
Theorem 3.2 below.

Let us first recall the formula for the basic offspring number

N :=
αν

µM (ν + µL)
,

that represents the average number of offspring that an individual produces during its
lifespan [19, 7], and is considered a measure of the growth of a population.

Theorem 3.2 (Asymptotic behaviour of the mosquito population). The follow-
ing assertions hold.
(i) If both conditions(

maxt∈[0,τ)
K′p(Vper)V̇per

Kp(Vper)
+ ν + µL + µp

(
1−mint∈[0,τ) Vper

))
mint∈[0,τ) (Kp(Vper) +Kw(Vper))

(ν + µL) maxt∈[0,τ)Kp(Vper)
≥ N ,(

maxt∈[0,τ)
K′w(Vper)V̇per

Kw(Vper)
+ ν + µL

)
mint∈[0,τ) (Kp(Vper) +Kw(Vper))

(ν + µL) maxt∈[0,τ)Kw(Vper)
≥ N ,

are satisfied, then the trajectories of (3.3) asymptotically approach the origin for any
initial condition in KX .
(ii) If one of the conditions(

mint∈[0,τ)
K′p(Vper)V̇per

Kp(Vper)
+ ν + µL + µp

(
1−maxt∈[0,τ) Vper

))
maxt∈[0,τ) (Kp(Vper) +Kw(Vper))

(ν + µL) maxt∈[0,τ)Kp(Vper)
< N ,(

mint∈[0,τ)
K′w(Vper)V̇per

Kw(Vper)
+ ν + µL

)
maxt∈[0,τ) (Kp(Vper) +Kw(Vper))

(ν + µL) mint∈[0,τ)Kw(Vper)
< N ,

is satisfied, then there exists a strictly positive periodic solution of (3.3) which attracts
all initial conditions in KX\{0}.
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Proof. The difficulty in dealing with system (3.3) is that the set KX (see (3.4))
where it is monotone is time-dependent, and then the results of Theorem B.3 are not
directly applicable. For this reason, we perform a change of variables. Let us set

L̃p(t) :=
Lp(t)

Kp(Vper(t))
, L̃w(t) :=

Lw(t)

Kw(Vper(t))
, for t ∈ [0, τ ].

Then, on [0, τ ], these functions are derivable and, in the variables L̃p, L̃w, M , system
(3.3) becomes

˙̃Lp =
α

Kw(Vper) +Kp(Vper)
M
(
1− L̃p

)
−

(
K′p(Vper)V̇per

Kp(Vper)
+ ν + µL + µp(1− Vper)

)
L̃p,

˙̃Lw =
α

Kw(Vper) +Kp(Vper)
M
(
1− L̃w

)
−
(
K′w(Vper)V̇per

Kw(Vper)
+ ν + µL

)
L̃w,

Ṁ = ν
(
Kp(Vper)L̃p +Kw(Vper)L̃w

)
− µMM.

Extending the latter system to t ∈ R by the periodicity of Vper, we obtain a system
that is cooperative in the time-independent set [0, 1]×[0, 1]×[0,Mmax], where Mmax :=
ν
µM

maxt∈[0,τ ]

(
Kp(Vper) + Kw(Vper)

)
, and that satisfies the conditions of Theorem

B.3.
Next, we compute the matrix A(t) := DxF (t, 0), and find conditions for all prin-

cipal minors of −Ā to be non-negative, and conditions for at least one of the principal
minor of −

¯
A to be negative (see definition of Ā and

¯
A in (B.4)-(B.5)). We have

−A(t) =
K′p(Vper)V̇per

Kp(Vper)
+ ν + µL + µp(1− Vper) 0 − α

Kw(Vper)+Kp(Vper)

0
K′w(Vper)V̇

Kw(Vper)
+ ν + µL − α

Kw(Vper)+Kp(Vper)

−νKp(Vper) −νKw(Vper) µM

 .
The seven principal minors of −Ā are:

p̄1 :=

(
max
t∈[0,τ)

K ′p(Vper)V̇per

Kp(Vper)
+ ν + µL + µp

(
1− min

t∈[0,τ)
Vper

))(
max
t∈[0,τ)

K ′w(Vper)V̇per
Kw(Vper)

+ ν + µL

)
µM

−
ανmaxt∈[0,τ)Kp(Vper)

mint∈[0,τ)(Kw(Vper) +Kp(Vper))

(
max
t∈[0,τ)

K ′w(Vper)V̇per
Kw(Vper)

+ ν + µL

)

−
ανmaxt∈[0,τ)Kw(Vper)

mint∈[0,τ)(Kw(Vper) +Kp(Vper))

(
max
t∈[0,τ)

K ′p(Vper)V̇per

Kp(Vper)
+ ν + µL + µp

(
1− min

t∈[0,τ)
Vper

))
,

p̄2 := µM

(
max
t∈[0,τ)

K ′w(Vper)V̇per
Kw(Vper)

+ ν + µL

)
−

ανmaxt∈[0,τ)Kw(Vper)

mint∈[0,τ)(Kw(Vper) +Kp(Vper))
,

p̄3 := µM

(
max
t∈[0,τ)

K ′p(Vper)V̇per

Kp(Vper)
+ ν + µL + µp

(
1− min

t∈[0,τ)
Vper

))
−

ανmaxt∈[0,τ)Kp(Vper)

mint∈[0,τ)(Kw(Vper) +Kp(Vper))
,

p̄4 :=

(
max
t∈[0,τ)

K ′p(Vper)V̇per

Kp(Vper)
+ ν + µL + µp

(
1− min

t∈[0,τ)
Vper

))(
max
t∈[0,τ)

K ′w(Vper)V̇per
Kw(Vper)

+ ν + µL

)
,

p̄5 := max
t∈[0,τ)

K ′p(Vper)V̇per

Kp(Vper)
+ ν + µL + µp

(
1− min

t∈[0,τ)
Vper

)
, p̄6 := max

t∈[0,τ)

K ′w(Vper)V̇per
Kw(Vper)

+ ν + µL,

p̄7 := µM .

9
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Principal minors p̄4, p̄5, p̄6 and p̄7 are trivially non-negative. We want conditions that
ensure that p1 ≥ 0, p2 ≥ 0 and p3 ≥ 0. Recalling that āij := ess sup[0,τ ]aij(t), we find
that

p̄1 = ā1,1p̄2 − ā3,1ā2,2ā1,3 = ā2,2p̄3 − ā3,2ā1,1ā2,3.

From latter equation, we have that p̄1 ≥ ā1,1p̄2, from which follows that p̄2 ≥ 0 ⇒
p̄1 ≥ 0. Analogously, p̄3 ≥ 0⇒ p̄1 ≥ 0. Therefore we only need to impose p̄2 ≥ 0 and
p̄3 ≥ 0. This gives

µM

(
max
t∈[0,τ)

K ′p(Vper)V̇per

Kp(Vper)
+ ν + µL + µp

(
1− min

t∈[0,τ)
Vper

))
≥

ανmaxt∈[0,τ)Kp(Vper)

mint∈[0,τ) (Kp(Vper) +Kw(Vper))
, and

µM

(
max
t∈[0,τ)

K ′w(Vper)V̇per
Kw(Vper)

+ ν + µL

)
≥

ανmaxt∈[0,τ)Kw(Vper)

mint∈[0,τ) (Kp(Vper) +Kw(Vper))
.

If both inequalities above are satisfied, then all principal minors of −Ā are non-
negative. Putting the basic offspring number N in evidence gives us(

maxt∈[0,τ)
K′p(Vper)V̇per

Kp(Vper)
+ ν + µL + µp

(
1−mint∈[0,τ) Vper

))
mint∈[0,τ) (Kp(Vper) +Kw(Vper))

(ν + µL) maxt∈[0,τ)Kp(Vper)
≥ N , and(

maxt∈[0,τ)
K′w(Vper)V̇per

Kw(Vper)
+ ν + µL

)
mint∈[0,τ) (Kp(Vper) +Kw(Vper))

(ν + µL) maxt∈[0,τ)Kw(Vper)
≥ N ,

which yields item (i) (in view of Theorem B.3).
The principal minors of −

¯
A are the principal minors of −Ā with all maxima

exchanged for minima, and vice-versa. Let us use
¯
p1,

¯
p2, ...,

¯
p7 to denote them. Again,

principal minors
¯
p4,

¯
p5,

¯
p6 and

¯
p7 are trivially non-negative. The same reasoning used

before shows us that
¯
p1 ≥ a1,1

¯
p2, from which it follows that

¯
p1 < 0 →

¯
p2 < 0 and,

conversely,
¯
p1 < 0→

¯
p3 < 0. These conditions means that if

¯
p1 < 0 then both

¯
p2 < 0

and
¯
p3 < 0. Therefore the weakest condition for a negative principal minor is

¯
p2 or

¯
p3. We arrive at the following conditions:

µM

(
min
t∈[0,τ)

K ′p(Vper)V̇per

Kp(Vper)
+ ν + µL + µp

(
1− max

t∈[0,τ)
Vper

))
<

ανmint∈[0,τ)Kp(Vper)

maxt∈[0,τ) (Kp(Vper) +Kw(Vper))
, or

µM

(
min
t∈[0,τ)

K ′w(Vper)V̇per
Kw(Vper)

+ ν + µL

)
<

ανmint∈[0,τ)Kw(Vper)

maxt∈[0,τ) (Kp(Vper) +Kw(Vper))
.

If either of the inequalities above is satisfied, then at least one principal minor of
−

¯
A is negative and there exists a strictly positive periodic solution which attracts all

non-zero initial conditions. Again, putting the basic offspring number N in evidence
gives us(

mint∈[0,τ)
K′p(Vper)V̇per

Kp(Vper)
+ ν + µL + µp

(
1−maxt∈[0,τ) Vper

))
maxt∈[0,τ) (Kp(Vper) +Kw(Vper))

(ν + µL) maxt∈[0,τ)Kp(Vper)
< N ,(

mint∈[0,τ)
K′w(Vper)V̇per

Kw(Vper)
+ ν + µL

)
maxt∈[0,τ) (Kp(Vper) +Kw(Vper))

mint∈[0,τ)Kw(Vper)
< N .

as stated in the theorem.

10

This manuscript is for review purposes only.



3.3. Asymptotic behaviour of malaria. Following the discussion of the pre-
vious subsection, we now analyze the behaviour of the infected human and mosquito
populations in the same manner. Assuming we are in situation 2 of Theorem 3.2, let
Mper be the periodic solution for the mosquito population. We get that the infected
components (MI , I) follow the dynamics:

ṀI = βhvI(Mper −MI)− µMMI ;

İ = βvh(1− I)MI − κI.
(3.5)

Note that system (3.5) is cooperative in the time-dependent domain

KY = {(t,MI , I) ∈ R3
+ : MI ≤Mper(t), I ≤ 1}.

We can apply Theorem B.3 to arrive at the following result:

Theorem 3.3 (Limit Behaviour of Disease).
If

βvhβhv maxt∈[0,τ)Mper(t)

κ
(
µM −mint∈[0,τ)

Ṁper(t)
Mper(t)

) ≤ 1,

then the trajectories (MI , I) of (3.5) verify lim
t→+∞

(MI , I)(t) = 0 for all initial condi-

tions in KY .
If

βvhβhv mint∈[0,τ)Mper(t)

κ
(
µM −maxt∈[0,τ)

Ṁper(t)
Mper(t)

) > 1,

then there exists a strictly positive periodic solution of (3.5) which attracts all initial
conditions in KY \{0}.

Proof. Following the same reasoning as as in the proof of Theorem 3.2, we can
define M̃I = MI/Mper, which gives us the system

˙̃MI = βhvI(1− M̄I)−

(
µM +

Ṁper

Mper

)
M̄I ;

İ = βvhMper(1− I)M̄I − κI.

(3.6)

from which we calculate −A to be

(3.7) −A =

(
µM − Ṁper

Mper
−βhv

−βvhMper κ

)
.

The principal minors of −Ā are

p̄1 = κ(µM − min
t∈[0,τ)

Ṁper(t)

Mper(t)
)− βvhβhv max

t∈[0,τ)
Mper(t);

p̄2 = βhv;

p̄3 = βvh max
t∈[0,τ)

Mper

(3.8)

Both p̄2 and p̄3 are always non-negative. We will therefore focus on the condition
that p̄1 ≥ 0, from which we get

(3.9)
βvhβhv maxt∈[0,τ)Mper(t)

κ
(
µM −mint∈[0,τ)

Ṁper(t)
Mper(t)

) ≤ 1.

11
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If the inequality is satisfied, then trajectories of solutions to (3.5) converge to 0 for all
initial conditions. However, if we consider the principal minors of −

¯
A, we arrive at

(3.10)
βvhβhv mint∈[0,τ)Mper(t)

κ
(
µM −maxt∈[0,τ)

Ṁper(t)
Mper(t)

) > 1.

If the inequality is satisfied, then there exists a strictly positive periodic solution of
(3.5) which attracts all feasible initial conditions, as stated.

It is interesting to compare the formula for the conditions of Theorem 3.3 with
the basic reproduction number R0 for the disease, defined for a constant mosquito
population M , which is given by

(3.11) R0 :=
βhvβvhM

κµM
.

This number is interpreted as the average amount of new infections an infected person
causes during one infective period if introduced in a completely susceptible population.
In standard compartmental models (see e.g. [17]), when R0 > 1, there is a locally
asymptotically stable endemic equilibrium. Conversely, when R0 < 1 the disease goes
extinct, with the infected state variables converging to zero. If we defined a time
dependent reproduction number by

(3.12) R(t) :=
βhvβvhMper(t)

κµM
,

which depends on the mosquito population at time t, our conditions would amount
to

max
t∈[0,τ)

R(t) ≤ 1

for convergence to 0 and to 1 < mint∈[0,τ)R(t) for the disease to be endemic, with a
globally attractive strictly positive periodic solution.

4. Numerical simulations. In this last section we present simulations to illus-
trate our model and results. In Table 2 we expose ranges of realistic values for the
parameters involved in system (2.3). In Subsection 4.2, we present some scenarios for
the possible asymptotic behaviours of the system, as predicted by Theorems 3.2 and
3.3. Subsection 4.3 explores the conditions from Theorems 3.2 and 3.3, analyzing the
effect of the system’s parameters on its asymptotic behaviour.

4.1. Parameters and Survey. The locality of Mâncio Lima, in the state of
Acre in northwestern Brazil, is an important malaria hotspot. There, malaria is
strongly associated with fish farming [5, 6]. In this area, there are ponds with commer-
cial fishes and ponds with natural fishes, and natural water bodies (creeks, swamps).
In Table 2 we gathered realistic parameters for the situation in Mâncio Lima. Some
data was gathered in a visit to the region in 2018.

Comments about Table 2:
1. From interviews with the fish farmers, it was inferred that it takes two months

for the vegetation to completely cover the fish tanks borders and border
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Parameter
Value/
Range

Note/
Ref.

Scenario 1 Scenario 2 Scenario 3

r 0.01666 day−1 1 0.01666 0.01666 0.01666
τ 30− 60 days 1 30 30 30
γ(t) 0.5− 1 dimensionless 1,[6, 5] 0.65 0.65 0.65

α 8.75− 43.66 day−1 [16, 13] 43.66 43.66 8.75

ν 1/(15.6± 2.86) day−1 [16] 0.0641 0.0641 0.0541

µL 0.51− 0.79 day−1 [18] 0.62 0.62 0.99

µp 0.11− 0.39 day−1 2 0.31 0.31 0.31

µM 0.089− 0.476 day−1 [2] 0.089 0.16 0.8

κ 0.024− 0.16 day−1 3 0.05 0.05 0.05

βvh 0.02− 0.25 day−1 [11] 0.2 0.1 0.2

βhv 0.05− 0.25 day−1 [11] 0.2 0.1 0.2
Table 2

Biologically feasible parameter ranges.

cleaning is done between 30 to 60 days. Moreover, at each cleaning episode
more than half of the border vegetation is removed, which makes the cleaned
proportion γ(t) greater than 0.5.

2. Pond vegetation interferes with the feeding behavior of the fish, and indirectly
protects the larvae from their predators [9]. Without vegetation, larvivorous
fishes can reduce the amount of larvae in 90%.

3. The range of values for κ is calculated from [1]. Adherence to treatment
directly affects the recovery rate [12]. We choose a value of κ for the simulation
corresponding roughly to 14 days of treatment and a week until symptoms
onset.

4.2. Numerical Validation of Theorems. We aim at illustrating Theorems
3.2 and 3.3 with numerical simulations. The following scenarios will be simulated.
Scenario 1: Positive periodic mosquito and infected human populations.
Scenario 2: Positive periodic mosquito population, and infected population con-

verging to 0.
Scenario 3: Mosquito population and infected population converging to 0.

The numerical values used for the simulations are given in Table 2. For Kw(V )
and Kp(V ), we choose the following arbitrary functions:

Kp(V ) :=
0.8

1 + e−5(V−0.5)
, Kw(V ) := 4V + 0.5.(4.1)

The equation for Kw(V ) was interpolated by taking Kw(0.2) = 1.3 thousand larvae
and Kw(0.8) = 3.7 thousand larvae [6, 5]. Kp is chose to be a sigmoid function with
arbitrary parameters such that Kp(0.5) = 0.4 thousand larvae. We chose two different
kinds of functions so as not to simplify the conditions on Theorem 3.2. We consider
that the vegetation has assumed periodic behaviour as described in Proposition 3.1,
with the asymptotic value γ∗ = 0.65. The values for µM and µL in Scenario 3 were
chosen outside of the biological feasible range in order to force the differential equation
system to assume the desired asymptotic behaviour. System (2.3) was integrated
numerically for each scenario fixing the initial conditions

(V, S, I,MS ,MI , Lp, Lw)(0) = (0.7, 0.9, 0.1, 0.5, 0, 2, 0.2).

The values for the conditional expressions of both Theorem 3.2 and 3.3 are given in
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Expression 1 2 3

N 45.967 25.569 0.567(
maxt∈[0,τ)

K′p(Vper)V̇per

Kp(Vper)
+ ν + µL + µp(1−mint∈[0,τ) Vper)

)
mint∈[0,τ) (Kp(Vper) +Kw(Vper))

(ν + µL) maxt∈[0,τ)Kp(Vper)
48.001 48.001 61.405

(
maxt∈[0,τ)

K′w(Vper)V̇per

Kw(Vper)
+ ν + µL

)
mint∈[0,τ) (Kp(Vper) +Kw(Vper))

(ν + µL) maxt∈[0,τ)Kw(Vper)
1.601 1.601 2.394

(
mint∈[0,τ)

K′p(Vper)V̇per

Kp(Vper)
+ ν + µL + µp(1−maxt∈[0,τ) Vper)

)
maxt∈[0,τ) (Kp(Vper) +Kw(Vper))

(ν + µL) maxt∈[0,τ)Kp(Vper)
5.194 5.194 7.317

(
mint∈[0,τ)

K′w(Vper)V̇per

Kw(Vper)
+ ν + µL

)
maxt∈[0,τ) (Kp(Vper) +Kw(Vper))

(ν + µL) mint∈[0,τ)Kw(Vper)
0.365 0.365 0.553

βvhβhv maxt∈[0,τ)Mper(t)

κ(µM −mint∈[0,τ)
Ṁper(t)
Mper(t)

)
10.073 0.684 0.000

βvhβhv mint∈[0,τ)Mper(t)

κ(µM −maxt∈[0,τ)
Ṁper(t)
Mper(t)

)
7.225 0.569 0.000

Table 3
Calculated values for the conditional expression.

Table 3. The simulations are shown in Figure 3. We could then validate numerically
the results predicted by Theorems 3.2 and 3.3.

4.3. Analysis. Using Table 2, we can calculate the range of biologically feasible
values for the basic offspring number N , that gives [0.953, 55.126]. It is possible
to observe that elimination of the mosquito population through border vegetation
removal is unfeasible if N is in the range of biologically feasible parameters. That is
the reason why, in order to simulate a situation like the one of Scenario 3, we chose
values for µM and µL that are outside the range observed in nature [2, 18].

Now, consider Theorem 3.3. In situation 1 of that theorem, the disease is eradi-
cated. In situation 2, it becomes endemic, with varying incidence levels. Again, both
conditions are sufficient conditions, and do not exhaust the possibilities. The case
where

βhvβvh mint∈[0,τ)Mper(t)

κµM
≤ 1 <

βhvβvh maxt∈[0,τ)Mper(t)

κµM
,

was observed through numerical simulation to assume periodic behavior close to 0.

From Theorem 3.3, the value
κµM
βhvβvh

is a threshold value for the mosquito popu-

lation. If the maximum value of the mosquito population is below this threshold, the
disease is eradicated. Again, Table 2 allows us to calculate the biologically feasible
range for it, giving [0.013, 29.260].

The biological meaning of the parameters in the conditions of Theorem 3.3 are
the transmission rates, the recovery rate, the mosquito mortality and the size of the
mosquito population. These give hints to the more effective ways of fighting malaria:
prevention of bites, treating infected individuals quickly, and controlling mosquito
population. From the epidemiologist or the public health practitioner point of view,
the most important issue is to have a grasp on the relative effects of each factor on
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Fig. 3. Behaviour of the system under each scenario. Both mosquitoes and larvae are in the
scale of thousands.

malaria transmission [11].
We simulate the effect of an increase in the frequency of cleaning, using the set of

parameters described in Table 4. The values for τ range from 70 to 5 days. In Figure
4, we represent the maximum and minimum value of both R(t) (as defined in (3.12))
and the size of the infected human population (after they assume periodic behaviour)
as a function of τ . The green line at 1 shows the threshold value for R(t).

The effect of an increased frequency of cleaning is a reduction of the average
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Parameter Values

r 0.01666
τ varying
γ 0.65
α 26.2
ν 0.0641
µL 0.62
µp 0.31
µM 0.16
κ 0.05
βvh 0.2
βhv 0.2

Table 4
Value of parameters for the simulation of the effect of cleaning frequency change. Biological

meaning of parameters is given in Table 1

mosquito population, and consequently a reduction of the average infected population.
Eventually, the solution’s asymptotic behaviour changes from asymptotically positive
periodic to convergence towards 0. Even with moderate efforts, the average proportion
of infected humans is significantly reduced.

Fig. 4. Behaviour of the disease under increasing cleaning frequency. It is possible to observe
that, as the threshold value for Theorem 3.3 becomes smaller than 1, the proportion of infected goes
to 0.

5. Summary and Conclusion. In this paper, we use field observations and
data about malaria in Acre, state in the Northwest of Brazil, to propose a system
of differential equations to model the interaction between the border vegetation of
fish ponds, the life cycle of Anopheles darlingi and the transmission of malaria. The
model considers the differences observed in commercially active and inactive ponds,
and the impact of maintenance on Anopheles larvae density. As far as we know, this
is the first model linking malaria and fish farming.

In our model, we assumed that fish pond cleaning happened periodically and
disregarded spatial effects on the dynamics. The model could potentially be improved
by dropping these assumptions. Another important development is the collection of
data to asses the validity of the model.

Through Theorems 3.2 and 3.3, we established conditions for determining the
asymptotic behaviour of the mosquito population and the incidence of disease. Nu-
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merical simulations of our model have shown that an increase in cleaning frequency
can reduce the mosquito population, which in turn reduces incidence of malaria. Our
results suggests that incentives for fish pond maintenance are potential public health
measures in the state of Acre.
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Appendix A. On Carathédory solutions.
Here we recall existence and uniqueness results for Cauchy problems with right-

hand side functions that are merely measurable with respect to time. In Section B.1
we employ these results to prove that the Poincaré map associated to this type of
system is well-defined, continuous and differentiable.

Basic Assumptions. For an open set Ω ⊂ R × Rn and a function g : Ω 7→ Rn, let
us consider the conditions (A) and (B) below.{

t 7→ g(t, x) is measurable on Ωx = {t : (t, x) ∈ Ω}, for all x,

x 7→ g(t, x) is continuous on Ωt = {x : (t, x) ∈ Ω}, for a.e. t.
(A)

{
For any compact set K ⊂ Ω, there exist CK > 0, LK > 0 such that

|g(t, x)| ≤ CK , |g(t, x)− g(t, y)| ≤ LK |x− y|, for all (t, x), (t, y) ∈ K.
(B)

We begin by recalling the following result [15, 3, 4].

Theorem A.1 (Carathéodory’s Existence Theorem). Given g : Ω→ Rn satisfy-
ing (A) and (B), and some (t0, x0) ∈ Ω, consider the Cauchy problem

(A.1) ẋ = g(t, x), x(t0) = x0.

The following assertions hold.
(i) There exists ε > 0 such that (A.1) has a local solution defined on [t0, t0 + ε].

(ii) Moreover, if Ω = R× Rn and there exist constants C,L such that
(A.2)
|g(t, x)| ≤ C, |g(t, x)− g(t, y)| ≤ L|x− y|, for all (t, x), (t, y) ∈ R× Rn,

then, for every t1 > t0, the initial value problem (A.1) has a unique global
solution defined on [t0, t1]. Moreover, the solution depends continuously on
the initial data x0.

Theorem A.2 (Uniqueness of solutions). Under the hypotheses of Theorem A.1,
let x1 and x2 be solutions of (A.1) defined on the intervals [t0, t1], [t0, t2], respectively.
If t′ := min{t1, t2}, then x1(t) = x2(t), for t ∈ [t0, t

′].

Theorem A.3 (Maximal solutions). Under the hypotheses of Theorem A.1, let
t∗ > t0 be the supremum of all times t1 for which (A.1) has a solution x defined on
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[t0, t1]. Then, either t∗ =∞ or

lim
t→t∗−

(
|x(t)|+ 1

d
(
(t, x(t)), ∂Ω

)) =∞.

Appendix B. Cooperative systems with time-measurable dynamics and
concave nonlinearities.

In this section we show properties of the Poincaré map associated to system (A.1).
These properties are used to extend Jifa’s result [8, Theorem 5.5] to time-measurable
differential equations.

B.1. Well-Definedness and Differentiability of Poincaré Map. Let us
introduce the following notation: for given (t0, x0) in Ω, we write x(t; t0, x0) to denote
the solution of (A.1) at time t, whenever it exists. For fixed t > t0, we define the
Poincaré map T corresponding to system (A.1) as the function that to each x0 with
(t0, x0) ∈ Ω, associates x(t; t0, x0), i.e. T (x0) := x(t; t0, x0).

Naturally, for the Poincaré map to be well-defined, we require that for any given
x0, the underlying Cauchy problem has a unique solution. In the case the system
admits a forward invariant and we can define the Poincaré map on this set for any
t > t0, as stated in the following corollary.

Corollary B.1 (Well-definiteness of the Poincaré map). Assume that the hy-
potheses of Theorem A.1 hold and that the differential equation ẋ = g(t, x) admits a
compact forward invariant set C, with [t0,∞)× C ⊆ Ω. Then, the associated Poncaré
map is well-defined on C.

Proof. It follows straightforwardly from Theorems A.1-A.3.

The following Theorem proves differentiability of the Poincaré map w.r.t. the
initial conditions.

Theorem B.2 (Differentiability of the Poincaré Map). Suppose that the hypothe-
ses of Corollary B.1 hold, and assume further that g is continuously differentiable with
respect to x. Let t0 ∈ R, t > t0 and consider the Poincaré map T associated to the
Cauchy problem (A.1) and time t. Then, the map x0 7→ Tx0 := x(t; t0, x0) is contin-
uously differentiable with respect to x0. Its Jacobian matrix is

(B.1) Dx0
T = M(t, t0),

where M(·, ·) is the fundamental matrix associated to the linear problem

(B.2) v̇(t) = Dxg(t,x(t; t0, x0)) · v(t).

Proof. It follows from [3, Theorem 2.10].

B.2. Asymptotic behaviour. In view of the properties of the Poincaré map
stated above, we can extend [8, Theorem 5.5] to the differential equation

(B.3) ẋ = F(t, x), (t, x) ∈ R+ × [0, p],

where p belongs to Rn+ and F is measurable over t. This way we get Theorem B.3
below.

Let us introduce some notation and the hypotheses imposed in Theorem B.3. Set

f(t, x, p− x) := F(t, x), for (t, x) ∈ R× [0, p],
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and consider the following condition for F and f :

f(t, x, y) is continuous on R× [0, p]× [0, p], τ -periodic in t,

Dxf(t, x, y), Dyf(t, x, y) are continuous in R× [0, p]× [0, p],

fi(t, x, p− x) ≥ 0, if xi = 0, 0 ≤ x ≤ p,
fi(t, x, p− x) < 0, if xi = pi, 0 ≤ x ≤ p,
∂fi
∂xj

(t, x, p− x)− ∂fi
∂yj

(t, x, p− x) ≥ 0, if i 6= j,

DxF(t, 0) is irreducible for t ∈ R,
DxF(t, x) > 6= DxF(t, y), if 0 < x < y < p.

(C)

Given a matrix-valued τ -periodic function C : [0, τ ]→ Rn×n, set

(B.4) c̄ij := max
t∈[0,τ ]

cij(t),
¯
cij := min

t∈[0,τ ]
cij(t),

and consider the matrices

(B.5) C̄ := (c̄ij),
¯
C := (

¯
cij).

Theorem B.3 (Conditions for Periodic Solutions). Let F : R× [0, p]× [0, p]→
Rn+ be a function verifying (C), where p ∈ Rn+. Assume further that F(t, 0) ≡ 0
and all the trajectories of (B.3) are bounded. Then, setting A(t) := DxF(t, 0), the
following conditions hold.

1. If all principal minors of −Ā are non-negative, then limt→∞x(t) = 0 for
every solution of (B.3) with initial condition in [0, p].

2. If −
¯
A has at least one negative principal minor, then (B.3) possesses a unique

τ -periodic solution which attracts all initial conditions in [0, p]\{0}.

Appendix C. Impulsive equations.

Lemma C.1. For a sequence (γn)n∈N ⊂ R and u0 ∈ R, consider the initial value
problem

du

dt
= r(1− u(t)), for t 6= nτ,

u(nτ+) = (1− γn)u(nτ−), for n ∈ N,
u(0) = u0.

(C.1)

Then, the following assertions hold.

(i) If γn = γ ∈ [0, 1] for all n ∈ N and u0 = 1 − γ

1− (1− γ)e−rτ
, then (C.1)

admits the periodic solution uper given by

uper(t) := 1− γe−r(t−nτ)

1− (1− γ)e−rτ
, for t ∈ [nτ, (n+ 1)τ).(C.2)

(ii) Moreover, if (γn) ⊂ [0, 1] is any sequence converging to γ, then any solution
u of (C.1) for any initial condition u0 ∈ [0, 1] verifies

max
t∈[nτ,(n+1)τ)

|u(t)− uper(t)| → 0 as n→∞.

Proof. Item (i) follows easily. Let us prove item (ii) assuming initially that γn = γ
for all n ∈ N. The proof consists in taking the sequence formed by the points of
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discontinuity and studying its convergence. We begin by calculating u
(
(n+ 1)τ+

)
as

a function of u
(
nτ+

)
. By solving the initial value problem

u̇(t) = r(1− u(t)), for t ∈ (nτ, (n+ 1)τ), u(nτ) = u(nτ+),

and taking the limit as t→ (n+ 1)τ−, we get:

(C.3) u
(
(n+ 1)τ−

)
= 1− [1− u

(
nτ +

)
]e−rτ .

On the other hand, we can write u((n + 1)τ+) as a function of u((n + 1)τ−), using
the impulse at (n+ 1)τ , as u

(
(n+ 1)τ+

)
= (1−γ)u

(
(n+ 1)τ−

)
. Using latter equation

and (C.3) yields

(C.4) u((n+ 1)τ+) = (1− γ)
(

1−
(
1− u(nτ+)

)
e−rτ

)
,

defining a recurrence relation for u(nτ+) induced by the function

(C.5) x 7→ f(x) := (1− γ)
(

1−
(
1− x

)
e−rτ

)
.

As f is a contraction over [0, 1], the sequence
(
u(nτ+)

)
n∈N converges to its fixed point

(C.6) u∗ =
(1− γ)(1− e−rτ )

1− (1− γ)e−rτ
.

This means that any solution u converges to uper given by:

uper(t) = 1− [1− u∗]e−r(t−nτ) = 1− γe−r(t+nτ)

1− (1− γ)e−rτ
, t ∈ [nτ, (n+ 1)τ), n ∈ N.

Finally, in the generic case, notice that for each γn, we have a corresponding fn. We
have to show that the infinite composition

lim
n→∞

fn ◦ · · · ◦ f1(x)

converges. As γn → γ > 0, from (C.5) we get that fn → f uniformly on [0, 1]. For
every n ∈ N, fn is a contraction, which implies it has a fixed point u∗n in the form of
equation (C.6). From (C.6), we can see that u∗n → u∗. These conditions guarantee
us (see [10]) that the infinite composition converges to the fixed point of its limit
function f . Thus the proposition has been proven.
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