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Abstract

In recent years, advances in Optimal Transport have led to a surge of
applications in fields such as Economics, Quantitative Finance and Signal
Processing, among others. One area in which it has been found particularly
successful is Machine Learning. The development of computationally efficient
methods for solving Optimal Transport problems opened doors for creating
Machine Learning algorithms using concepts from Optimal Transport. These
new algorithms encompass many different sub-areas such as Transfer Learn-
ing, Clustering, Dimensionality Reduction, Generative Models, just to name
some.

This work provides an overview of the different ways in which Optimal
Transport has been used in Machine Learning, thus helping Machine Learn-
ing researchers to better understand its impact in the field and how to use
it. This thesis first introduces the main theoretical and computational as-
pects of Optimal Transport theory in an accessible way to Machine Learning
researchers, followed by a semi-systematic literature review focusing on the
main uses of Optimal Transport in Machine Learning.

Keywords: Optimal Transport, Wasserstein distance, Machine Learning,
Literature Review.
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Notation

The following symbols are used in the text without always recalling their
meaning.

� M(X),M+(X): Space of finite measures and finite positive measures
on X, respectively.

� P(X),Pp(X): Space of probability measures and space of probability
measures with pth finite moment, respectively.

� 1A(x): Indicator function of set A, i.e. 1A(x) = 1 if x ∈ A and 0
otherwise.

� 1n: n dimensional vector of ones.

� id: Identity operator, i.e. id(x) = x.

� ⊕: For φ : X → R, ψ : Y → R, then (φ⊕ ψ)(x, y) = φ(x) + ψ(y).

� πX : Projection operator on X, i.e. for πX : X × Y → X, then
πX(x, y) = x, ∀(x, y) ∈ X × Y .

� Π(µ, ν): Coupling of measures µ and ν.

� R+: Positive real number greater or equal than 0.

� R: Real numbers extended to include +∞ and −∞.

� C(X): Set of functions f : X → R, where f is continuous.

� Cb(X): Set of functions f : X → R, where f is continuous and
bounded.
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� C0(X): Set of functions f : X → R, where f is continuous and goes to
zero at infinity.

� Cc(X): Set of functions f : X → R, where f is continuous and has
compact support.

� µn ⇀ µ: Measure µn converges weakly to µ.

� OTc(µ, ν): Optimal Transport cost between measures µ and ν for a
ground cost function c.

� OTc,ε(µ, ν), OT c,ε(µ, ν): Entropic Optimal Transport distance and the
Entropic Optimal Transport cost between measures µ and ν for a
ground cost function c, respectively.

� Wp, Wp,ε, Sc,ε, SW , GW : Wasserstein distance, Entropic Wasser-
stein distance, Sinkhorn divergence, Sliced-Wasserstein distance and
Gromov-Wasserstein distance, respectively.

� KL: Kullback-Leibler divergence.
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Chapter 1

Introduction

Optimal Transport (OT) is a field of Mathematics that studies the problem
of transporting “mass” from one configuration to another while minimizing
the cost of transportation. The problem is usually posed as the following:
given two probability measures µ ∈ P(X), ν ∈ P(Y ) and a cost function
c : X × Y → [0,+∞], solve:

inf

{∫
X×Y

c(x, y)dγ : γ ∈ Π(µ, ν)

}
, (1.1)

where γ ∈ Π(µ, ν) implies that γ ∈ P(X, Y ) such that the marginal distri-
bution of γ with respect to X is equal to µ and the marginal with respect to
Y is equal to ν.

From this seemingly simple problem, the field of Optimal Transport has
expanded immensely, and recent advances in both the theory and compu-
tational methods have lead to new possibilities for applying it to Machine
Learning (ML).

1.1 Context and Motivation

One of the main uses of Optimal Transport on Machine Learning consists in
measuring the distance between probability distributions with the so called
Wasserstein distance. The Wasserstein distance is the minium transport cost
between these two probability distributions when the cost of transportation
is given by a distance metric1. This distance has the interesting property

1This is only an informal definition. A more correct definition is (2.17).
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of preserving the ground geometry of where the probability distributions are
defined, hence, even when the distributions don’t share the same support, a
meaningful distance can still be obtained.

One of the main problems of using such metric in Machine Learning comes
from the fact that solving an OT problem can be difficult. For example, to
compute the Wasserstein distance between empirical distributions with n
samples has O(n3) complexity [28]. Since ML algorithms are usually applied
on high-dimensional scenarios with large amounts of data, the use of OT had
been dormant, until new and more efficient methods started to emerge. Since
then, the use of OT with ML has been gaining traction in academia, as can
be seen in Figure 1.1.
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Figure 1.1: On the top, the evolution of the number of publications through
the years, revealing a growing trend. On the bottom, the distribution of the
number of citations, suggesting the relevance of many of these publications.

The use of OT has impacted several areas in Machine Learning, such as
Transfer Learning, Clustering, Dimensionality Reduction, Generative Mod-
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els, and others. Some of these applications have shown promising results,
up to the point of becoming standard implementations in the field, as the
case with the Wasserstein Generative Adversarial Networks (WGAN). De-
spite such steep growth in research, still no comprehensive review has been
done highlighting the different ways in which ML and OT have been used
together.

1.2 Objectives

This dissertation main goal is to provide detailed review of the applications
of Optimal Transport to Machine Learning, examining the connections that
have been drawn between these two subjects, and providing a clear view of
the advantages and challenges. Thus, helping Machine Learning researchers
to better understand how OT has impacted their field and how it can be used
to improve and devise ML algorithms. To achieve this goal, the following
objectives must be met:

� Introduce the theory of Optimal Transport necessary to understand
how and when it can be appropriately utilized;

� Present the main computational methods that have been used to solve
OT problems and which allowed the use of OT with Machine Learning;

� Review the literature on Optimal Transport for Machine Learning and
highlight the main contributions in the different areas of ML.

1.3 Methodology

Snyder [81] defines three different approaches to conduct a literature review:

� Systematic - Mostly used in the medical sciences, this approach serves
as a way to synthesize research findings, providing a reproducible way
of conducting the review. Hence, it is useful for comparing different
studies and making objective claims regarding a scientific field (e.g.
“most of the scientific literature in the topic agrees that ...”);

� Semi-systematic - This approach, also called Narrative review, might
be used when the literature regarding a topic is just too broad for one to

12



perform a systematic review. Also, this method is mostly used when the
goal is to provide an overview of a research topic, highlighting relevant
findings, instead of objectively comparing research results across the
literature;

� Integrative - The aim here is to analyze, synthesize and critique the
literature in the topic of interest, in such a way as to generate new
knowledge, by, for example, proposing new frameworks or developing
new perspectives. In this approach, there need not be a systematic way
of collecting information, thus allowing for a more “creative” collection
methodology.

For this dissertation, we will be using the semi-systematic approach, since
our aim is to provide an overview of the recent advances regarding Optimal
Transport and Machine Learning, and not to compare the performance of
the different algorithms. Therefore, we establish a methodology for collecting
and filtering the data, but leave some leeway to add interesting research that
might not be covered under our systematic collection.

1.3.1 Collection Methodology

The relevant literature was collected using the Microsoft Academic platform
[1]. It was noted that the search results obtained through Microsoft Aca-
demic, were very similar to the ones obtained using other platforms such
as Google Scholar and Dimensionality.ai, hence, only Microsoft Academic
was used. The data for this dissertation (e.g. papers, authors, publications,
number of citations) are from March 4th of 2021.

Three different search terms were used:

� “Optimal Transport” “Machine Learning”;

� “Wasserstein” “Machine Learning”;

� “Wasserstein” “GAN”;

Two different search methods were used. The first one consisted in us-
ing the search engine of the platform without any filtering, while the other
consisted of searching results only on selected publications. The reason for
this is that filtering by publications allows for a more assertive search, while
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searching without filtering allows for more broad results, which might still
be relevant.

The publications used were:

� “Neural Information Processing Systems”(NeurIps);

� “International Conference on Machine Learning” (ICML);

� “International Conference on Artificial Intelligence and Statistics” (AIS-
TATS);

� “International Conference on Learning Representations” (ICLR);

� “Journal of Machine Learning Research” (JMLR);

� “arXiv: Learning”;

� “arXiv: Machine Learning”.

Note that besides the Machine Learning conferences and journals, two
arXiv publications were used. This was done in order to obtain relevant
research that might have not yet been published.

1.3.2 Selection Methodology

A total of 444 different papers were originally collected using the methodology
specified in the section above. This initial collection was intentionally broad,
and another methodology was applied for selecting the works to be included
in the review. This selection methodology consisted in two main criteria,
namely: impact on the field and thematic relevance.

The impact on the field consisted in evaluating where the paper was
published and number of citations2. Papers published in conferences such as
“NeurIPS” were deemed more relevant in comparison to papers published on
arXiv.

The thematic relevance consisted in evaluating how much the content of
each paper was aligned with the goals of this review. Hence, the papers were
classified in four main categories:

2Number of citations was obtained from Microsoft Academic.
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1. Algorithms for ML using OT- This category is the main interest in
this review. It consists of the papers that introduce new algorithms for
Machine Learning using Optimal Transport. One prominent example
in this category is the paper “Wasserstein GAN” by Arjovsky et al. [5];

2. Computational Optimal Transport - This is comprised of papers
dealing with computational methods for solving Optimal Transport
problems. One of the main challenges in using OT for Machine Learn-
ing is the computational efficiency. Hence, developing efficient methods
for solving OT problems is necessary if one wants to develop Machine
Learning algorithms with OT. In this category, the book Computa-
tional Optimal Transport by Peyré et al. [61] is perhaps the most im-
portant example;

3. Theoretical Optimal Transport and Machine Learning - This
comprise papers dealing with theoretical aspects such as proof of learn-
ing bounds using Optimal Transport inequalities, reformulation of Ma-
chine Learning problems as OT problems, etc. Examples in this cat-
egory consists of papers such as “A geometric view of optimal trans-
portation and generative model” by Lei et al. [48] and “On the Global
Convergence of Gradient Descent for Over-parameterized Models using
Optimal Transport” by Chizat and Bach [16];

4. Applications - This is comprised of papers focused on specific applica-
tions of Machine Learning algorithms that use OT. An example in this
category is the paper “Low-Dose CT Image Denoising Using a Gener-
ative Adversarial Network With Wasserstein Distance and Perceptual
Loss” by Yang et al. [98].

Since the goal of this review is to highlight the different usages of OT for
Machine Learning applications, we restricted our review to papers of the
first category. Some papers of the second category are present in Chapter 3,
where we introduce the computational aspects of Optimal Transport. But
our goal was merely to explain some of the main methods for solving OT
that are used in the Machine Learning applications. Also, as noted above, a
book [61] has recently been published on the subject.

Although we only focus on the category of “Algorithms for ML with OT”,
this category is also the one with the most papers, and it has a relevant
number of citations per paper3, as shown in Figure 1.2.

3Category “Algorithms for ML with OT” has a median of 4 citations per paper.
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From the 200 papers in this category, a total of 70 were selected for the lit-
erature review. As can be seen in Table 1.1, the selected papers covered 94%
of the total number of citations. Some Machine Learning subcategories, such
as “Privacy Learning” and “Representation Learning” ended up not having
any papers selected, and for this reason they are not present in Chapter 4.
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Figure 1.2: Visualization showing the number of papers and citations per
paper category, and a box-plot of the distribution of the number of citations.

ML Category ML Subcategory Papers Citations % Covered
Selected Total Selected Total Papers Citations

Semisupervised 17 47 1.102 1.193 36% 92%
Reinforcement Learning 0 3 0 3 0% 0%

Transfer Learning 17 44 1.102 1.190 39% 93%

Supervised 23 42 2.781 2.935 55% 95%
Adversarial Robustness 3 12 421 460 25% 92%

Classification 7 9 1.978 1.979 78% 100%
Fairness Learning 2 5 37 83 40% 45%
Privacy Learning 0 1 0 1 0% 0%

Ranking 4 4 9 9 100% 100%
Regression 7 11 336 403 64% 83%

Unsupervised 30 111 12.819 13.652 27% 94%
Generative Modelling 22 60 1.2286 12.388 37% 99%

Representation Learning 8 51 533 1.264 16% 42%

Total 70 200 16.702 17.780 35% 94%

Table 1.1: Comparison between collected versus selected papers under cat-
egory “Algorithms for ML with OT”.
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1.3.3 A Taxonomy of Optimal Transport for Machine
Learning

Papers in the category “Algorithms for ML using OT” were classified both
according o their Machine Learning taxonomy (Figure 1.3) and the way Op-
timal Transport was utilized (Figure 1.4). Note that these two are parallel
classifications, as ML algorithms in the same classification may use OT dif-
ferently.

Machine Learning

Supervised

Regression
Classification

Ranking

Adversarial Robustness

Fairness Learning

Privacy Learning

Semisupervised

Transfer Learning

Online Learning

Reinforcement Learning

Unsupervised

Representation Learning
(e.g. Clustering;
Dimensionality Reduction)

Generative Modeling

Figure 1.3: Taxonomy for Machine Learning Algorithms according to learn-
ing paradigm.
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Optimal Transport Application to Machine Learning

Optimal Transport
Usage Type

Optimal Transport
Cost as Metric

Optimal Transport
Mapping

Optimal Transport
Problem Formulation

Wasserstein

Entropic Wasserstein

Sliced-Wasserstein

Gromov-Wasserstein

Other

Figure 1.4: Taxonomy for the different ways that OT is used in Machine
Learning.

As shown above in Figure 1.4, the usage of Optimal Transport for Machine
Learning has two parallel main subdivisions.

The category Optimal Transport Usage Type classifies the Machine
Learning applications according to the way they utilize OT. Applications
usually make use of either the optimal transport plan or the optimal transport
cost, we divide them in the following two subcategories:

� Optimal Transport Cost as Metric - Consists of those Machine
Learning applications that make use of the optimal transport cost as a
metric. Hence, this category contains applications such as Wasserstein
Generative Adversarial Networks, in which the Wasserstein distance is
used as a loss function where the output of the model is a probability
distribution;

� Optimal Transport Mapping - Consists of those Machine Learning
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applications that make use of the optimal transport plan. These trans-
port plans are used, for example, to do dataset alignment in Transfer
Learning by transporting the source dataset distribution to the target
dataset distribution.

Optimal Transport Problem Formulation

The Optimal Transport Problem can be quite computationally costly to
solve making it unusable on Machine Learning applications. Thus, many
variations have been proposed, which modify the problem formulation mak-
ing it easier to solve. We categorized the ML algorithms according the OT
formulation they use. We propose the 5 following subcategories:

� Wasserstein - Uses the original OT problem formulation;

� Entropic Wasserstein - Ads an Entropic Regularization term to the
Optimal Transport problem;

� Sliced-Wasserstein - Projects the probability distributions in 1-D
and solves the OT problem;

� Gromov-Wasserstein - Modifies the OT problem in order to mean-
ingfully compute a transport plan between different spaces (e.g. mea-
sures from R1 to R2);

� Others - All variations not present in the former subcategories;

Note that in the literature, it is common to refer to the Wasserstein dis-
tance as analogous to the minimum cost of an OT problem, but this is not
100% accurate. The actual definition of the Wasserstein distance requires
that the cost function for the problem be given by c(x, y) = d(x, y)p, where
d is a metric (Definition 6.2.1) and p ∈ [1,+∞). In many situations, au-
thors call their discrepancy function “Wasserstein distance”, even though this
would not be accurate. In the classification above, we do the same “semantic
overloading” with the term, hence, we classify applications as “Wasserstein”
even if the cost function is not of the form d(x, y)p.

Finally, Figure 1.5 shows the distribution of papers based on ML task and
the OT usage type. We observe that the use of OT on Machine Learning is
most prevalent for Unsupervised Learning and the use of “OT as metric” is
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also more common, with the “OT Mapping” more concentrated on Transfer
Learning.
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1.3.4 Structure of the Dissertation

This dissertation is composed of three main chapters, the theory of Opti-
mal Transport, the computational methods for solving Optimal Transport
problems, and the applications to Machine Learning.

The first chapter correspond to a brief, yet dense, introduction to the
mathematical theory of Optimal Transport. The focus is on establishing
some fundamental results regarding OT such as existence conditions, the
relation of the Monge Problem and the Kantorovich Problem, Duality theo-
rems and properties of the Wasserstein distance. The results presented are
fundamental for a clear understanding of the subject, and cover most of the
theoretical results and definitions usually present in the literature of Optimal
Transport applied to Machine Learning. Most of the results presented are
proved in the Appendix, with Santambrogio [72] serving as the main source
for the chapter.

The second chapter focuses on presenting the computational methods
used for solving Optimal Transport problems. This is necessary due to the
fact that we need to solve OT problems if we wish to use OT in our Machine
Learning algorithms. Hence, we explain some of the main methods used when
coupling OT with ML. Besides these methods, we also present some varia-
tions to the Wasserstein distance that are commonly used in the literature,
such as Sliced-Wasserstein and Gromov-Wasserstein. Peyré et al. [61] is the
main reference in this topic, and we recommend it for any reader interested
in a more complete exposition of Computational Optimal Transport.

Finally, the third chapter constitutes the actual survey of the many ap-
plications of Optimal Transport for Machine Learning. Since our focus is
on ML researchers, we divided the survey according to the Machine Learn-
ing categories. The goal is to be comprehensive, covering the most relevant
works in each area. Much of the literature share common concepts, hence,
we expanded the explanation on some of the most relevant papers in order
to clarify the applications as a whole. Readers already comfortable with Op-
timal Transport theory and computation may want to skip Chapters 2 and
3, and go straight to Chapter 4.
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Chapter 2

Optimal Transport Theory

The field of Optimal Transport has grown quite substantially in recent years1,
and going through the theory in order understand how it applies to Machine
Learning can be a challenging task for ML researchers not acquainted with
the field. Hence, we have filtered the main theoretical results necessary for
understanding the applications of Optimal Transport to Machine Learning
presented in this dissertation.

This section is mainly based on the book “Optimal Transport for Applied
Mathematicians” by Santambrogio [72].

2.1 A Brief Introduction to Optimal Trans-

port

Before delving into formal definitions, theorems and proofs, let’s give an
informal overview of what is Optimal Transport, what are the main results
we are interested in and how they relate to Machine Learning applications.

The main subject of study of Optimal transport theory is the problem
of optimally transporting quantities from one configuration to another given
a cost function. Although it may seem like a very narrow subject, this
seemingly simple problem has a plethora of variations and can be significantly
hard not only to solve, but to even prove that a solution exists.

The origin of the field of Optimal Transport is usually attributed to Gas-
pard Monge (1746-1818), a French mathematician, who was interested in the

1Villani [90] is roughly a thousand pages of theoretical results on OT.
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problem of “what is the optimal way to transport soil extracted from one
location and move to another where it will be used, for example, on a con-
struction?”2[90]. Monge studied this problem restricting the transportation
assignment to deterministic maps, i.e. the soil extracted from location x
should be moved entirely to an specific location y (see Figure 2.1), a con-
dition that is known as “non-mass splitting”. Monge also considered that
the cost of transportation was proportional to the distance traveled (i.e.
c(x, y) = |x− y|), but different cost functions can be used.

Although it has been considered the founding problem of Optimal Trans-
port, the Monge Problem is not actually the most common formulation when
it comes to applications in Machine Learning. The formulation most used
when referring to the Optimal Transport problem is actually due to Leonid
Kantorovich (1912-1986), a Russian mathematician. Kantorovich proposed
a relaxation of the non-mass splitting condition, such that the optimal trans-
portation solution could now transport the mass “excavated” from x to many
locations (see Figure 2.2).

x
y

Figure 2.1: The figure illustrates the original Monge Problem, where all the
mass is excavated from location x is transported to a deterministic location
y. The transport assignment map is represented by the arrow in green.

The transportation assignment that solves the Monge Problem is called
the Optimal Transport map, while the solution to the Kantorovich Problem
is called the Optimal Transport plan. As we will show in the following sec-
tions, if the Monge Problem has a solution so does the Kantorovich Problem,
but the contrary is not always true. From here on out, every time we refer to
the OT problem, we’ll be implicitly referring to the Kantorovich formulation,
unless stated otherwise.

2This is not a quote from Monge.
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Although the original OT problem is about soil excavation, we can ap-
ply it to abstract mathematical objects such as probability distributions.
Consider two 1-dimensional probability distributions µ and ν, and define an
Optimal Transport problem where the objective is to transport distribution
µ to ν with c(x, y) = |x− y|p for p ∈ [1,+∞). Note that, if the OT problem
has a solution, then there exists a minimum total cost. This minimum cost of
transporting µ to ν is known as the Wasserstein distance (Wp(µ, ν)). The use
of the Wasserstein distance to measure the discrepancy between probability
distributions is one of the main applications of OT on Machine Learning.

x

Figure 2.2: The figure illustrates the Optimal Transport Problem with the
Kantorovich relaxation. The transportation assignment now can split the
mass in blue, transporting it to many positions.

If we want to use the Wasserstein distance, then many questions have to
be answered:

� Does the transport plan exist?

� If the transport plan exists, how does one obtain it and then calculates
the Wasserstein distance?

� If the Wasserstein distance between two probability distributions goes
to zero, does this imply convergence in probability?

The field of Optimal Transport has addressed these types of questions,
thus the importance of understanding the theory before using it on real ap-
plications.

We end this brief introduction to OT with a description of the contents
addressed in each of the following sections:

(i) Monge Problem - We formally define the Monge Problem;
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(ii) Kantorovich Problem - We formally define the Kantorovich Problem
and the notion of relaxation. Then, we prove that under certain condi-
tions the Kantorovich Problem is a relaxation of the Monge Problem;

(iii) On the Existence of Transport Plans - This section focuses on the
existence of solutions to the Optimal Transport problem. We prove the
existence for compact metric spaces with continuous cost functions, and
leave the proof of the more general cases to the Appendix;

(iv) Duality Results - The Kantorovich Problem admits a dual formula-
tion, which, under some conditions, yields the same optimal cost as the
primal formulation (i.e. Strong Duality). This section focuses on for-
mally introducing the Dual Problem and stating the conditions under
which Strong Duality holds. We close the section with the celebrated
Kantorovich-Rubinstein Duality Theorem, which is used in Machine
Learning applications such as WGANs;

(v) Wasserstein Distance - We formally define the Wasserstein distance
and present some of its properties. Next, we state topological results
of the Wasserstein space. We end the section with comments on the
properties of the Wasserstein distance and why it is useful to fields like
Machine Learning.
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2.2 Monge Problem

Let’s start by providing some definitions that will be used throughout this
section.

Definition 2.2.1. Given (Ω,F) where F is a σ-algebra, then, µ : F →
[0,+∞] is a measure if:

i) µ(∅) = 0

ii) (An)n∈N ⊂ F with Aj ∩ Ai = ∅, ∀i, j ∈ N =⇒ µ(∪n∈NAn) =∑
n∈N µ(An)

We say that µ is a probability measure if besides the two properties above,
we also have µ(Ω) = 1.

Definition 2.2.2. We call P(X) the space of probability measures defined
on (X,F), where the σ-algebra F is implicit and usually refers to the Borel
σ-algebra.

Definition 2.2.3. (Pushforward) Let (X,F) and (Y,G) be measurable spaces,
T : X → Y a F/G-measurable map and µ ∈ P(X). We call T#µ the push-
forward of µ, where:

T#µ(B) = µ(T−1(B)), ∀B ∈ G (2.1)

With these definitions, we can state the so called Monge Problem, which
is known as the motivating problem that gave birth to the field of Optimal
Transport.

Definition 2.2.4. (Monge Problem) Given two probability measures µ ∈
P(X), ν ∈ P(Y ) and a cost function c : X × Y → [0,+∞], solve:

(MP ) inf

{∫
X

c(x, T (x))dµ : T#µ = ν

}
(2.2)

In the Monge Problem, no mass can be split. Therefore, one can easily
come up with situations in which there is no solution to the problem, as
shown in 2.3. A viable solution T to MP is called a Transport Map.
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Figure 2.3: Example of two Optimal Transport Problems. On the left, there
exists an optimal transport plan, while on the right there is no possible
solution.

2.3 Kantorovich Problem

The Monge Problem is hard to solve due to its constraint on T which is not
closed under weak convergence [72], and it might not have a solution even
for “simple” probability distributions (e.g. Figure 2.3). Because of these
limitations, we focus the relaxed version, the so called Kantorovich Problem.
This relaxation consists of allowing mass to be split, thus making the set
of possible solutions larger. Before stating the Kantorovich Problem, let’s
introduce some more definitions.

Definition 2.3.1. (Projection and Marginal) Let γ ∈ P(X × Y ) and πX :
X × Y → X such that πX(x, y) = x,∀(x, y) ∈ X × Y . Hence, we say that
πX is the projection operator on X. We then call (πX)#γ = µ the marginal
distribution of γ with respect to X.

Equivalently, if for every measurable set A ⊂ X, we have γ(A × Y ) =
µ(A), then µ is the marginal of γ with respect to X.

Definition 2.3.2. (Coupling) Let (X,µ) and (Y, ν) be probability spaces.
For γ ∈ P(X × Y ), we say that γ is a coupling of (µ, ν) if (πX)#γ = µ and
(πY )#γ = ν. Also, we call Π(µ, ν) the set of Transport Plans:

Π(µ, ν) := {γ ∈ P(X × Y ) : (πX)#γ = µ and (πY )#γ = ν} (2.3)
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Finally, we can state the Kantorovich Problem.

Definition 2.3.3. (Kantorovich Problem) Given two probability measures
µ ∈ P(X), ν ∈ P(Y ) and a cost function c : X × Y → [0,+∞], solve:

(KP ) inf

{∫
X×Y

c(x, y)dγ : γ ∈ Π(µ, ν)

}
(2.4)

One can prove that indeed every time the Monge Problem has a solution,
so will the Kantorovich Problem. More than that, the minimal cost of both
problems will indeed coincide. Note that when the Monge Problem has a
solution T : X → Y , then γ = (id, T )#µ is a solution to the Kantorovich
Problem.

We stated in the beginning of this section that (KP) was a relaxed version
of (MP). Let’s now formalize this concept.

Definition 2.3.4. (Lower Semi-Continuity) A function f : X → R is lower
semi-continuous (l.s.c) if

∀x ∈ X, f(x) ≤ lim inf
xn→x

f(xn) (2.5)

Definition 2.3.5. (Relaxation) Given a metric space X and functional F :
X → R∪{+∞} bounded below. We call F̄ : X → R∪{+∞} a of relaxation
of F if:

F̄ (x) := inf
{

lim inf
n

F (xn) : xn → x
}

(2.6)

Hence, F̄ is the maximal functional G where G is lower semi-continuous and
G ≤ F .

Figure 2.4 illustrates an example of a relaxation. As a consequence of
this definition, infx F = infx F̄ . Therefore, if we can prove that Kantorovich
Problem is a relaxation of the Monge Problem, we would get that inf (KP) =
inf (MP).

To prove that indeed (KP) is a relaxation of (MP) under some conditions,
we use the following theorem, for which the complete proof can be found on
Santambrogio [72].
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Figure 2.4: Example of a function F and it’s relaxation.

Theorem 2.3.1. (Santambrogio 1.32) Let Ω ⊂ Rd compact, with c : Ω×Ω :→
[0,+∞] continuous and µ ∈ P(Ω) atomless (i.e., for every x ∈ Ω, we have
µ({x}) = 0). Then, the set of plans γT = (id, T )#µ induced by the map T is
dense in Π(µ, ν).

We can now prove the following:

Theorem 2.3.2. For Ω ⊂ Rd compact, c : Ω×Ω :→ [0,+∞] continuous and
µ ∈ P(Ω) atomless. Then, (KP) is a relaxation of (MP).

Proof. First, let’s restate the Monge Problem as

inf{J(γ) : γ ∈ Π(µ, ν)}

Where, γT := (id, T )#µ, and

J(γ) =

{
K(γ) =

∫
Ω
c(x, T (x)) dµ =

∫
Ω×Ω

c dγT , if γ = γT

+∞ otherwise

Note that indeed minimizing J is equal to minimizing the Monge Problem,
since we only consider the transport plans γT that coincide with the cost when
using a transport map T .

For K(γ) =
∫

Ω×Ω
c dγ, we can show that K is continuous with respect to

weak convergence (see 6.2.2), since

γn ⇀ γ ⇐⇒ ∀f continuous,

∫
fdγn →

∫
fdγ =⇒

=⇒ K(γn) =

∫
Ω×Ω

c dγn → K(γ), for c continuous.
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Also, by the definition of J , for any γ ∈ Π(µ, ν), then K(γ) ≤ J(γ).
By Theorem 2.3.1, for any γ ∈ Π(µ, ν) we can create a sequence of γTn ⇀

γ. And by the continuity of K with respect to weak convergence, we have
that J(γTn) = K(γTn)→ K(γ). Therefore:

∀γ ∈ Π(µ, ν),∃(γTn) : lim inf
n→+∞

J(γTn) = K(γ)

Hence,
inf{lim inf

n→+∞
J(γn) : γn ⇀ γ} ≤ K(γ) ≤ J(γ)

We can conclude that

inf{lim inf
n→+∞

J(γn) : γn ⇀ γ} = K(γ)

2.4 On the Existence of Transport Plans

As stated before, it is not trivial to know when the Monge Problem indeed has
a solution. It is easier to work with the Kantorovich Problem. In this section
we present some results that relate to the existence of Optimal Transport
Plans for the Kantorovich Problem. We start with more restrictive conditions
and move to the more general case.

Theorem 2.4.1. (Santambrogio 1.4) Let X and Y be compact metric spaces.
Given µ ∈ P(X), ν ∈ P(Y ) and c : X × Y → [0,+∞], if c is continuous,
then (KP) admits a solution.

Proof. We begin by using the notion of weak convergence to characterize
continuity of functions defined on probability measures.

Note that since c is continuous and (X × Y ) is compact, then c is con-
tinuous and bounded. Also, K(γ) =

∫
X×Y c dγ is continuous with respect to

weak convergence, since γn ⇀ γ, if, and only if, for every f continuous and
bounded function,

∫
f dγn →

∫
f dγ.

Now, let’s show that Π(µ, ν) is compact. Take γn ∈ Π(µ, ν). Note
that γn is tight (6.2.3), because (X × Y ) is compact. Then, by Prokhorov
Theorem 6.2.3, ∃γnk ⇀ γ.
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Take φ(x) ∈ Cb(X) and ψ(y) ∈ Cb(Y ). Therefore,∫
φ(x) dµ =

Cor.6.2.2

∫
φ(x) dγnk →

∫
φ(x) dγ∫

ψ(y) dν =
Cor.6.2.2

∫
ψ(y) dγnk →

∫
ψ(y) dγ

We conclude that γ ∈ Π(µ, ν), which implies that Π(µ, ν) is compact.
Finally, sinceK(·) is continuous with respect to weak convergence and defined
on a compact set, it attains a minimum. In other words, there exists a
transport plan γ that minimizes the Kantorovich Problem.

Theorem 2.4.2. (Santambrogio 1.5) Let X and Y be compact metric spaces.
Given µ ∈ P(X), ν ∈ P(Y ) and c : X × Y → [0,+∞], if c is lower semi-
continuous, then (KP) admits a solution.

Theorem 2.4.3. (Santambrogio 1.7) Let X and Y be Polish (complete and
separable) metric spaces. Given µ ∈ P(X), ν ∈ P(Y ) and c : X × Y →
[0,+∞], if c is lower semi-continuous then (KP) admits a solution.

The proof for these two theorems can be found in the Appendix 6.1.

2.5 Duality of the Kantorovich Problem

We begin this section introducing the notion of the Dual formulation for the
Kantorovich Problem, followed by the definition of c-transforms. Next, we
state the main Duality Theorems without the proofs, which can be found
in the Appendix 6.1. We close the section with the celebrated Kantorovich-
Rubinstein Duality Theorem.

The Kantorovich Problem (2.3.3) is equivalent to:

inf
γ∈M+(X×Y )

∫
X×Y

c(x, y)dγ + sup
(φ,ψ)∈B

{∫
X

φ(x) dµ

+

∫
Y

ψ(y) dν −
∫
X×Y

φ(x) + ψ(y) dγ

}
(2.7)

Where B := {φ ∈ Cb(X) and ψ ∈ Cb(Y )}. The Dual Problem consists of
exchanging the order of the inf and the sup, for the Kantorovich Problem
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reformulated according: By Lemma 6.1.1, we can reformulate (KP) With
(KP) reformulated, the Dual Problem consists of exchanging the order of the
inf and the sup:

� Primal:

inf
γ∈M+(X×Y )

sup
(φ,ψ)∈B

∫
X×Y

c dγ+

∫
X

φ dµ+

∫
Y

ψ dν−
∫
X×Y

φ⊕ψ dγ (2.8)

� Dual:

sup
(φ,ψ)∈B

inf
γ∈M+(X×Y )

∫
X×Y

c dγ+

∫
X

φ dµ+

∫
Y

ψ dν−
∫
X×Y

φ⊕ψ dγ (2.9)

Note that in the Dual formulation, we can rewrite it as:

sup
(φ,ψ)∈B

∫
X

φ dµ+

∫
Y

ψ dν − inf
γ∈M+(X×Y )

∫
X×Y

c− (φ⊕ ψ) dγ (2.10)

If there exists an A such that for all ∀(x, y) ∈ A, φ(x) + ψ(y) ≥ c(x, y),
then infγ

∫
c− (φ⊕ ψ) dγ = −∞ since we can choose any γ ∈M+(X × Y ).

Therefore, we can formally state the Dual Problem as:

Definition 2.5.1. Given µ ∈ P(X), ν ∈ P(Y ) and a cost c : X × Y → R+.
The Dual Problem is given by

(DP) sup

{∫
X

φ dµ+

∫
Y

ψ dν : φ ∈ Cb(X) , ψ ∈ Cb(Y ) , φ⊕ ψ ≤ c

}
(2.11)

We call Weak Duality if (DP) ≤ (KP), and we call Strong Duality if
(DP) = (KP). When Strong Duality is true, the functions φ, ψ that maximize
the Dual Problem are called the Kantorovich Potentials. One can easily
prove that for (KP), the Weak Duality is always true (Lemma 6.1.2). The
more interesting question is “When is Strong Duality true?”.

Before stating the main theorems regarding Strong Duality, we must in-
troduce the concept of c-transform.

32



Definition 2.5.2. (c-Transform) Given f : X → R, and c : X×Y → R, the
c-transform of f is:

f c(y) := inf
x
c(x, y)− f(x) (2.12)

Function f c is also called the c-conjugate of f . Moreover, we say that f is
c-concave if ∃ g : Y → R such that gc(x) = f(x).

Note that the c-transform is a generalization of the Legendre-Fenchel
transform, which is defined as:

f ∗(y) := sup
x
x · y − f(x) (2.13)

Theorem 2.5.1. For X and Y compact metric spaces, and c : X × Y → R
continuous. Then, max (DP) = min(KP), and DP admits a solution (φ, φc).

Theorem 2.5.2. For X and Y Polish spaces and c : X × Y → R uni-
formly continuous and bounded. Then, (DP) admits a solution (φ, φc) and
max(DP) = min(KP).

One cost that is of special interest is the quadratic cost 1
2
|x − y|2. Note

that this cost is neither bounded nor uniformly continuous for non-compact
metric spaces. Hence, the previous theorems do not address it. But one can
still prove that Strong Duality is true for such case.

Theorem 2.5.3. (Santambrogio 1.40) Let µ, ν ∈ P(Rd), with c(x, y) = 1
2
|x−

y|2. Suppose that
∫
|x|2dµ,

∫
|y|2dν < +∞3. Instead of the original Dual

Problem, consider the following formulation:

(DP′) sup

{∫
Rd
φ dµ+

∫
Rd
ψ dν : φ ∈ L1(µ) , ψ ∈ L1(ν) , φ⊕ ψ ≤ c

}
(2.14)

Therefore, (DP’) admits a solution (φ, ψ) and max(DP′) = min(KP).

The most general result regarding Strong Duality is the following:

3This is Theorem 1.40 in Santambrogio [72], but note that there is a small typo in the
book, where it states

∫
|x|2dx,

∫
|y|2dy < +∞ instead of the correct

∫
|x|2dµ,

∫
|y|2dν <

+∞.
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Theorem 2.5.4. (Santambrogio 1.42) For X and Y Polish spaces and c :
X × Y → R ∪ {+∞} l.s.c and bounded from below. Then, sup(DP) =
min(KP). Note that in this theorem, one cannot guarantee the existence of
the (φ, ψ) that maximize the Dual Problem.

Note that under the conditions of Theorem 2.5.4, one cannot guarantee
the existence of the optimal Kantorovich Potentials.

If the cost c(x, y) is actually a distance metric (Def. 6.2.1), then we can
prove the following result:

Lemma 2.5.1. Let X be a metric space, and c : X ×X → R, where c is a
distance metric. Therefore, a function f : X → R is c-concave if and only
if it is Lipschitz continuous with a constant less than 1 with respect to the
distance c. We call Lip

(c)
1 this set of Lipschitz functions with constant less

than 1. Moreover, f c = −f .

Lastly, using Theorem 2.5.4 and Lemma 2.5.1, one obtains the famous
Kantorovich-Rubinstein Duality:

Theorem 2.5.5. (Kantorovich-Rubinstein)
Let (X, d) be a Polish space with metric d, and cost function c(x, y) =

d(x, y). Then, for µ, ν ∈ P(X), the Kantorovich Problem is equivalent to

sup

{∫
X

φ dµ−
∫
X

φ dν : φ ∈ Lip1(X)

}
(2.15)

2.6 Wasserstein Distance

In this section we focus on how the minimal transport cost can be used as a
distance metric in the space of probability measures.

Definition 2.6.1. (Probability space with p-Moments) Let (X, d) be a met-
ric space with p ∈ [1,+∞).

Pp(X) := {µ ∈ P(X) :

∫
X×X

d(x, y)p dµ(x)dµ(y) < +∞} (2.16)

Note that this is equivalent to the set of probability measures such that∫
X
d(x, x0) dµ < +∞ for every x0 ∈ X. The proof of this statement can be

found in Garling [30] Proposition 21.1.1.
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Definition 2.6.2. (Wasserstein Distance)
Let (X, d) be a Polish metric space, with c : X × X → R such that

c(x, y) = d(x, y)p, and p ∈ [1,+∞). For µ, ν ∈ Pp(X), the Wasserstein
Distance is given by:

Wp(µ, ν) :=

(
inf

γ∈Π(µ,ν)

∫
X×X

d(x, y)p dγ

)1/p

(2.17)

Note that the restriction to µ, ν ∈ Pp(X) is necessary for Wp to be a distance
metric. Moreover, for p = 1, then c(x, y) = d(x, y) is a metric onX, therefore,
for X Polish, one can use Kantorovich-Rubinstein’s Duality Theorem 2.5.5
to obtain:

W1(µ, ν) = sup
φ∈Lip1

∫
X

fd(µ− ν) (2.18)

Proposition 2.6.1. Wp(·, ·) is a metric on Pp(X).

Definition 2.6.3. (Wasserstein Space) For a Polish space X, we call Pp(X)
a Wasserstein space if it is endowed with the p-Wasserstein metric. Note
that is also common to see this space symbolized by Wp(X).

Proposition 2.6.2. For a bounded Polish space X, p ∈ [1,+∞), µ, ν ∈
Pp(X) and M ∈ R+, then

W1(µ, ν) ≤ Wp(µ, ν) ≤MW1(µ, ν)1/p (2.19)

Next, let’s present some of the topological properties of such space.

Theorem 2.6.1. Let (X, d) be a Polish compact space with µn, µ ∈ Pp(X)
and p ∈ [1,+∞), then Wp(µn, µ)→ 0 ⇐⇒ µn ⇀ µ.

Theorem 2.6.2. For (X, d) a Polish metric space, µn, µ ∈ Pp(X) and x0 ∈
X. Then

Wp(µn, µ)→ 0 ⇐⇒
∫
X

d(x, x0)pdµn →
∫
X

d(x, x0)pdµ and µn ⇀ µ.

(2.20)
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Let’s just put some words on these last results we introduced. We showed
that the p-Wasserstein distance metrizes weak convergence of probability
measures in the space Pp(X), with (X, d) a Polish space. Such property is
very useful and is not present in many other commonly used distances such
as Total Variation and the Kullback-Leibler Divergence.

Yet, there are many other ways to metrize weak convergence, such as
Prokhorov’s distance and bounded Lipschitz distance. So, besides this metriza-
tion, Villani [90] gives the following reasons that make Wp such an interesting
metric:

(i) Its definition makes it a natural choice in OT problems;

(ii) The distance has a rich duality, especially for p = 1;

(iii) Since it’s defined with an infimum, it is easy to bound from above;

(iv) Wasserstein distances incorporate information of the ground geometry.

For applications in Data Science, the equivalence with weak convergence
and the incorporation of the ground geometry are probably the most attrac-
tive characteristics. Figure 2.5 highlights how Wp takes into account the
underlying geometry compared to the Kullback-Leibler divergence, which
does not.

Figure 2.5: Comparison between Wasserstein distance and KL Divergence,
based on Montavon et al. [56]. On the left, there is a large overlap between
the two distributions, but a large geometrical distance for a portion. On the
right, there is much less overlap, but the whole distribution is geometrically
closer. These two cases clearly highlight how Wp incorporates geometrical
information while KL does not.
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Chapter 3

Optimal Transport
Computational Aspects

In this section we briefly introduce some computational aspects of Optimal
Transport. Most of the content of this section is based on Computational
Optimal Transport: With Applications to Data Science by Peyré et al. [61].
Solving an Optimal Transport Problem can be quite challenging depending
on the type of distributions and costs involved, hence, the search for efficient
numerical methods is a quite active area of research.

3.1 Exact Solution of the Wasserstein Dis-

tance

3.1.1 One Dimensional Optimal Transport

For µ, ν ∈ Pp(R), the Wasserstein has a closed form solution, which relies on
the pseudoinverse of the cumulative distribution function.

Definition 3.1.1. Let µ ∈ P(R). The cumulative distribution function
(CDF) is

Fµ(x) := µ((−∞, x]) (3.1)

Note that Fµ is a nondecreasing and right-continuous function.

Definition 3.1.2. Given a nondecreasing and right-continuous function F :
R→ [0, 1], its pseudoinverse is

F−1(x) := inf{y ∈ R : F (y) ≥ x} (3.2)
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After introducing these definitions, we can present the formula for com-
puting the Wasserstein distance (Remark 2.30 on Peyré et al. [61]):

Wp(µ, ν)p =

∫ 1

0

|F−1
µ (x)− F−1

ν (x)|pdx (3.3)

Note that for p = 1 and µ, ν both atomless, then there exists an optimal
Monge map T = F−1

ν ◦ Fµ.
For the discrete 1-D distributions, an even simpler algorithm can be de-

vised. Let µ =
∑n

i = 1uiδxi and ν =
∑m

j = 1viδvj , where x1 ≤ x2 ≤ ... ≤ xn
and y1 ≤ y2 ≤ ... ≤ ym. Consider that each position xi has mass ui and each
position yj has capacity vj. The optimal transport plan consists of moving
particle xi to the closest position yj, until capacity vj is filled.

Figure 3.1: Illustration of the algorithm for optimally transporting distribu-
tion µ in blue to distribution ν in red.

3.1.2 Distance between Gaussians

The distance between Gaussian distributions also has a closed form. Let
µ ∈ N(mµ,Σµ) and ν ∈ N(mν ,Σν) defined on Rd. Then, there exists an
optimal map of the form:

T : x→mν + A(x−mµ) (3.4)

with
A = Σ−1/2

µ

(
Σ1/2
µ ΣνΣ

1/2
µ

)1/2
Σ−1/2
µ (3.5)
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Using such map, one can then obtain a closed formula for the 2-Wasserstein
distance:

W 2
2 (µ, ν) = |mµ −mν |2 + tr

(
Σµ + Σν − 2

(
Σ1/2
µ ΣνΣ

1/2
µ

)1/2
)

(3.6)

3.1.3 Transport Between Discrete Measures

Let µ be a finite discrete probability measure, hence

µ :=
n∑
i=1

uiδxi (3.7)

Where x = (x1, ..., xn) ∈ Rn×d represent the location of each mass particle
i ∈ {1, ..., n}. Vector u ∈ Rn×1, with components ui ∈ (0, 1], is the vector of
weights, representing the amount of “mass” of each particle. Hence, discrete
measures might be represented by a vector x of positions, and u of weights.

Now, suppose that both µ and ν are discrete measures. Let u ∈ Rn×1 and
v ∈ Rm×1 represent the vector of weights, and x ∈ Rn×d,y ∈ Rm×d represent
the positions of each particle of µ and ν, respectively. In this scenario, the
Optimal Transport Problem might be reformulated as the following. The
cost function c(x, y) can be substituted by a cost matrix C ∈ Rn×m, where

Ci,j := c(xi, yj), i ∈ {1, ..., n}, j ∈ {1, ...,m} (3.8)

Any transport plan γ can be written as a matrix P ∈ Rn×m
+ , such that Pi,j

represents the amount of mass flowing from particle i to particle j. Since
γ ∈ Π(µ, ν), the set of possible transport plans can be written as:

U(u,v) :=
{
P ∈ Rn×m

+ : P1m = u, PT1n = v
}

(3.9)

Where 1n is a vector with n components, each equal to 1. In words, the
sum of each row of P must be equal to u and the sum of each column must
be equal to v.

The Kantorovich Problem can be written as:

(KP-Disc.) LC(u,v) := min
P∈U(u,v)

〈C,P〉 = min
P∈U(u,v)

n∑
i=1

m∑
j=1

Ci,jPi,j (3.10)
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The Dual Problem becomes:

(DP-Disc.) LC(u,v) := max
(f ,g)∈R(C)

〈f ,u〉+ 〈g,v〉 (3.11)

Where

R(C) := {(f ,g) ∈ Rn ×Rm : ∀(i, j) ∈ {1, ..., n} × {1, ...,m}, f ⊕ g ≤ C}
(3.12)

The Discrete Optimal Transport Problem is actually a Linear Program-
ming (LP) problem. Hence, one can rearrange Equation (3.10) to the stan-
dard form of LP.

Definition 3.1.3. (Optimal Transport as standard LP)

minimize cTp

subject to Ap =

[
u
v

]
,

p ≥ 0

Where

p :=



P1,1

P2,1
...

Pn,1

P2,1
...

Pn,m


, c :=



C1,1

C2,1
...

Cn,1

C2,1
...

Cn,m


, A :=

[
1T
n ⊗ Im

In ⊗ 1T
m

]
,

Note that In stands for the identity matrix, and ⊗ is the tensor product.

Definition 3.1.4. (Optimal Transport Dual Problem as LP)

minimize

[
u
v

]T

h

subject to ATh ≤ c

Where h = [f1, . . . , fn, g1, . . . , gm]T, with c and A the same as in the primal
LP.
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Since the Optimal Transport Problem is actually a Linear Programming
Problem, therefore, one can use known methods for solving such problems,
such as Simplex or Interior Point Method. An explanation on how to solve
such LP problems in OT can be found in Chapter 3 of Peyré et al. [61].

3.1.4 Entropic Regularization

For measures µ, ν ∈ Pp(Rd), one can approximately find the Wasserstein
distance by discretizing the distributions, and solve the Linear Programming
problem for discrete measures. The problem with such approach is that
it can be quite costly, specially in Machine Learning scenarios, where high
dimensionality is the norm. Hence, more efficient methods are necessary if
one wants to use OT in Machine Learning.

One way of reducing the computational complexity of OT problems is to
use the Entropic Regularization.

Definition 3.1.5. (Entropic Regularized KP - General Formulation)
Let µ ∈ P(X), ν ∈ P(Y ), c : X × Y → R and ε > 0. Then, the

regularized problem is:

(KP-ER) OT c,ε(µ, ν) := inf
γ∈Π(µ,ν)

∫
X×Y

c(x, y) dγ + εKL(γ|µ⊗ ν) (3.13)

Where µ ⊗ ν is the product measure and KL(·||·) is the Kullback-Leibler
divergence:

KL(γ||µ⊗ ν) :=

∫
X×Y

log

(
dγ

d(µ⊗ ν)

)
dγ (3.14)

Let γ∗ be the optimal transport plan that solves the Entropic Regularized
Kantorovich Problem, then

OTc,ε(µ, ν) :=

∫
X×Y

c(x, y) dγ∗ (3.15)

is called Entropic Regularized OT distance (EROT), or Entropic Regularized
Wasserstein distance, in case c(x, y) = d(x, y). Note that, this distance is
not an actual metric, since for ε > 0, it’s possible that OTc,ε(µ, µ) > 0. But
by multiplying it by 1µ 6=ν one can show that it becomes a metric [51].
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Before moving on, let’s briefly clarify some point of confusion. In the
literature, some authors use the use “Sinkhorn distance” to refer to func-
tion OTc,ε, while others instead use “Sinkhorn distance” to refer to OT c,ε.
Even more confusing, there is also another distance which is usually called
Sinkhorn divergence, that actually refers to an unbiased version of the En-
tropic Regularization OT distance (3.22).

To keep things clear, we’ll avoid using the term “Sinkhorn distance”.
Instead, we’ll only use the term “Sinkhorn divergence” to refer to (3.22),
Entropic Regularized OT distance for OTc,ε and Entropic Regularized OT
cost for OT c,ε.

3.1.5 Entropic Regularization for Discrete OT

Although we just presented the general formulation, entropic regularization
is most useful for the case of discrete measures. In such scenario, there exists
efficient algorithms for solving the optimization problem.

Definition 3.1.6. (Entropic Regularized KP - Discrete Formulation)
Let µ and ν be discrete probability measures, with a cost matrix C,

transport plan matrix P and ε > 0.

LC,ε(u,v) := min
P∈U(u,v)

〈C,P〉 − εH(P) (3.16)

Where H(·) is the discrete entropy 1:

H(P) := −
∑
i,j

Pi,j(log(Pi,j)− 1) (3.17)

Note that adding the regularization term to the problem makes it strongly
ε-convex, smooth and less costly to solve. Also, as shown in Figure 3.2, the
entropic regularization decreases the sparsity of the optimal plan.

Below, we present a proof that as the regularization term decreases, the
minimum optimal transport cost approaches the real minimum cost.

Proposition 3.1.1. (Peyré et al. [61] Proposition 4.1)

1Note that this formula for entropy is slightly different from what is commonly used,
since a 1 is subtracted. This formulation is taken from Peyré et al. [61].
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Let Pε be the solution to the regularized problem for discrete measures.
Then,

Pε
ε→0−−→ arg min

P
{−H(P) : P ∈ U(u,v), 〈C,P〉 = LC(u,v)} (3.18)

This means that as ε goes to 0, then the solution of the regularized problem
converges to the solution of the original Kantorovich Problem with the most

entropy. Hence, LεC(u,v)
ε→0−−→ LC(u,v).

Proof. First, let µ ∈ P(X) and ν ∈ P(Y ) be discrete measures. More-
over, the support of γ is compact, since γ ∈ P ({x1, . . . , xn} × {y1, . . . , ym}).
Therefore, U(u,v) is compact. Now, take εn → 0, where Pn is the solu-
tion of the regularized problem. Since (Pn) ⊂ U(u,v), there there exists a
subsequence Pnk → P∗

Now, let P be the optimal solution to the unregularized problem. Note
that, for any εnk

〈C,P〉 − εnkH(P) ≥ 〈C,Pnk〉 − εnH(Pnk
)

∴

0 ≤ 〈C,Pnk〉 − 〈C,P〉 ≤ εnk(H(Pnk
)−H(P))

We know that H is continuous, which implies that H(Pnk)→ H(P∗), hence
〈C,P∗〉 = 〈C,P〉 and H(P) ≤ H(P∗). Since H is strictly convex, then
there is only one P∗ that maximizes entropy, which means that any sequence
εn → 0 also converges to the same P∗.

ε = 0.0 ε = 0.01 ε = 0.1 ε = 1.0

Figure 3.2: Impact of the regularization term ε in the optimal transport
plan of discrete measures. The points in red and blue represent the discrete
distributions, while the lines in black is the transport plan.
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3.1.6 Sinkhorn Algorithm

One way to solve this discrete Entropic OT problem is with the Sinkhorn
algorithm. This algorithm has become quite prominent after Cuturi [20]
showed it’s efficiency in solving OT problems, which is mainly due to its
parallelization.

Before presenting the algorithm, we prove the following proposition:

Proposition 3.1.2. (Peyré et al. [61] Proposition 4.3)
The solution of (3.16) is of the form

Pi,j = wiKi,jzj (3.19)

Where (w, z) ∈ Rn
+×Rm

+ are two scaling variables, and K is a Gibbs Kernel,
i.e. Ki,j := exp(−Ci,j/ε).

Proof. First, take the Lagrangian of the optimization problem, where
f ,g are the dual variables:

L(P, f ,g) = 〈P,C〉 − εH(P)− 〈f ,P1m − u〉 − 〈g,PT1n − v〉

Since this is a convex optimization problem, the optimal is where the gradient
is null, then:

∂L(P, f ,g)

∂Pi,j

= Ci,j + ε log(Pi,j)− fi − gj = 0 ⇐⇒ Pi,j = efi/εe−Ci,j/εegj/ε

Therefore, w = efi/ε and z = egj/ε.

By knowing the form of the optimal solution, the Sinkhorn algorithm
performs successive iterations in order to obtain the final w and z. These
iterations are based on the fact that P ∈ U(u,v), which means that:

diag(w)Kdiag(z)1m = u diag(z)KTdiag(w)1n = v (3.20)

Hence, one obtains that:

w =
u

Kz
and z =

v

Kw
(3.21)

Where the division in the equation above is element-wise. Below we
present the actual Sinkhorn algorithm implementation.
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Algorithm 1: Sinkhorn(u,v,C, ε,N)

K = exp(−Ci,j/ε) ; // applied element-wise

z = 1m ; // initialize vector of 1’s

for i=1 to N do

w = u
Kz

; // division element-wise

z = v
KTw

; // division element-wise

end

return diag(w)Kdiag(z)

In this version of Sinkhorn, the variable N, which represents the number
of iterations, is freely defined, but this can be altered by using convergences
criterions, such as the size of the variation in each iteration.

One of the issues with Sinkhorn’s algorithm is numerical stability. As
ε → 0, the convergences of the algorithm deteriorates, due to the fact that
the matrix product Kw and KTz become too small, resulting in a division by
0. There are ways to improve such stability, such as doing the computations
in the log domain. For a more comprehensive exposition of Sinkhorn and
Entropic Regularization, the interest reader can read the work of Peyré et al.
[61].

3.1.7 Sinkhorn Divergence

Using entropic regularization, one can obtain an optimal plan γε and calcu-
late the cost such that OTc,ε :=

∫
Ω×Ω

c(x, y) dγε. Thus, one can define the
Sinkhorn Divergence as:

Sc,ε(µ, ν) := OTc,ε(µ, ν)− 1

2
OTc,ε(µ, µ)− 1

2
OTc,ε(ν, ν) (3.22)

The terms OTc,ε(µ, µ) and OTc,ε(ν, ν) are introduced due to the fact that
OTc,ε(µ, µ) is not always equal to 0 when ε > 0.

Recently, Feydy et al. [26] proved the following :

Theorem 3.1.1. (Properties of Sinkhorn Divergence)
For Ω compact metric space, and c(x, y) a Lipschitz function that induces

a positive universal kernel kε(x, y) := exp(−c(x, y)/ε) and ε > 0. Then,
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Sc,ε is symmetric positive definite, smooth and convex in each input. Also, it
metrizes weak convergence, i.e. Sc,ε(µn, µ)→ 0 ⇐⇒ µn ⇀ µ.

Note that for Ω ⊂ Rd compact, and c(x, y) = |x − y| or |x − y|2, the
conditions of the theorem are valid.

3.2 Sliced Wasserstein

Besides regularization, another popular distance used as a proxy of the
Wasserstein distance is the Sliced Wasserstein (SW). Introduced by Bon-
neel et al. [10], this distance is equivalent to the Wasserstein distance of the
Radon transformation of the original measures. First, let’s define the Radon
Transform and then define the Sliced Wasserstein.

Definition 3.2.1. (Definition from Kolouri et al. [42])
Let R : L1(Rd)→ L1(R× Sd−1), where Sd−1 := {θ ∈ Rd : ||θ|| = 1} is the

unit sphere 2. R is a Radon transform if for any f ∈ L1(Rd)

Rf(t, θ) =

∫
Rd
f(x)δ(t− 〈x, θ〉)dx (3.23)

For (t, θ) ∈ R× Sd−1 .

This defines the Radon transform for functions. To define a transform
for measures, we first need the adjoint.

Definition 3.2.2. (Definition adapted from Bonneel et al. [10])
R∗ : C0(R × Sd−1) → C0(Rd) is the adjoint Radon (back projection)

operator if for every g ∈ C0(R× Sd−1), then

R∗g(x) =

∫
Sd−1

g(〈x, θ〉, θ)dθ (3.24)

With this, we can use the duality of P(Rd) with C0(Rd) to define a trans-
form on measures.

Definition 3.2.3. (Radon transform for probability measures)

2Note that Peyré et al. [61] uses a different notation, where Sd is equivalent to Sd−1.
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Let µ ∈ P(Rd). Hence, Rµ = ν if for all g ∈ C0(R× Sd−1) then∫
R×Sd−1

g(t, θ)dν(t, θ) =

∫
Rd

(R∗g)(x)dµ(x) (3.25)

Thus, R : P(Rd)→ P(R× Sd−1).

We can now define the Sliced Wasserstein distance.

Definition 3.2.4. Let µ, ν ∈ Pp(Rd), the p-Sliced Wasserstein distance is
the p-Wasserstein distance of the Radon transformed measures, i.e.

SWp(µ, ν) := Wp(Rµ,Rν) (3.26)

Bonneel et al. [10] proves that this is also equivalent to

SWp(µ, ν) =

(∫
Sd−1

[Wp(Pθ#µ, Pθ#ν)]pdθ

) 1
p

(3.27)

Where Pθ : Rd → R is the projection operator.

Note that to estimate SW, one only needs to calculate the 1-dimensional
Wasserstein and integrate over the sphere. In this case, the Wasserstein
distance has a closed form solution and for discrete measures consists of a
sorting algorithm. While the integration can be performed via Monte Carlo.
Figure 3.3 illustrates how the SW distance is calculated.

P# P#

Figure 3.3: Schematic drawing of the calculation of the Sliced Wasserstein
distance.
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3.3 Gromov-Wasserstein

The Wasserstein metric and its variants presented until now are restricted to
measures defined in the same space. Yet, there are many possible applications
where one is interested in defining distances for measures across different
spaces, for example, comparing images with different sizes which is akin to
comparing measures defined on spaces with different dimensions. To address
this issue, the Gromov-Wasserstein distance was introduced by Mémoli [54].

Definition 3.3.1. (Gromov-Wasserstein)
Let (X, dx, µx) and (Y, dy, νy) be two metric measure spaces3 where dx, dy

are the distance metrics and µx, νy probability measures defined in each re-
spect space. Then, the Gromov-Wasserstein (GW) distance is given by:

GWp(µx, νy) := inf
γ∈Π(µx,νy)

(∫
X2×Y 2

|dx(x, x′)− dy(y, y′)|pdγ(x, y)dγ(x′, y′)

) 1
p

(3.28)

The GW distance is a metric between measures in different spaces up to
an isometry, where two metric measure spaces are said to be isometric if ∃f :
X → Y such that f is a bijection satisfying f#µx = νy and dy(f(x), f(x′)) =
dx(x, x

′). Therefore, if the measure spaces are isometric, then the Gromov-
Wasserstein distance is equal to zero. This can be shown by noting that the
bijective function that defines the isometry can be used as optimal transport
map.

Note that since GW is a distance up to an isometry, then such distance is
invariant to transformations such as translations and rotations. Intuitively,
what this distance does is take a pair of particles of measure µx and compare
how much their distance changed after transportation. Figure 3.4 exemplifies
how the Gromov-Wasserstein is calculated.

Similarly to the Wasserstein distance, the Gromov-Wasserstein also has
an entropic regularized version, which can be used to approximate GW [61].

Finally, another variant of this metric is the so called Fused Gromov-
Wasserstein (FGW), which was recently introduced by Titouan et al. [84].
This new distance is used on what the authors define as Structured Objects.
One example of such objects are undirected labeled graphs.

3A metric measure space is a triple (X, d,m) consisting of a space X, a complete
separable metric d on X and a Borel probability measure m on it.
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2,2

1,1

d(x1,x2)

d(y1,y2)

x

y

Figure 3.4: Example of Gromov-Wasserstein for discrete measures, with X =
R1 and Y = R2.

Definition 3.3.2. (Structured Object)
Let (Ω, d) be a metric space, which is called feature space. A structured

object is the triplet (X ×A, dx, µ), where (X, dx) is a compact metric space
called structure space, A ⊂ Ω is compact, and µ ∈ P(X × A). µA is the
marginal measure on (A, d) and µx the marginal on (X, dx).

From Vayer et al. [89], we formally define the FGW distance as the fol-
lowing4:

Definition 3.3.3. (Fused Gromov-Wasserstein)
Let G1,G2 be two structured objects on (X ×A, dx, µ) and (Y ×B, dy, ν),

respectively, and with feature space (Ω, d). For α ∈ [0, 1] and p, q ≥ 1, the
Fused Gromov-Wasserstein (FGW) distance is given by:

inf
γ∈Π(µ,ν)

(∫
E

D(q)
α (a, b, x, x′, y, y′)p dγ((x, a), (y, b))dγ((x′, a), (y′, b))

) 1
p

(3.29)
Where

D(q)
α (a, b, x, x′, y, y′) := ((1− α)d(a, b)q + α|dx(x, x′)− dy(y, y′)|q) (3.30)

E := X × A× Y ×B (3.31)

4There seems to be a typo in the definition from the paper from Vayer et al. [89]. The
authors integrate in terms of γ((x′, a′), (y′, b′)), but the correct should be γ((x′, a), (y′, b))
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Note that when α = 0, then the FGW is equal to the Wasserstein distance
on the feature space, and when α = 1 it becomes equal to the Gromov-
Wasserstein in the structure space. Thus the reason for it’s name. Figure
3.5 exemplifies the use of this metric.

x y
GW(  ,  )x y Wp(  ,  )A B

A B

Figure 3.5: Example of Fused Gromov-Wasserstein for measures defined on
undirected labeled graphs. The color represents the feature space where
a Wasserstein distance is defined, while the graphs represent the structure
space. Note that the FGW distance is a combination of both.

3.4 Barycenter in Optimal Transport

In Machine Learning and Statistics, there are several instances where one
is interested in computing a “mean” or some sort of point estimate that
represents a set of data points. The generalization of this notion of mean for
metric spaces is known as Fréchet mean. In a similar manner, Agueh and
Carlier [2] introduced the notion of a barycenter for Wasserstein spaces. As
shown in Figure 3.6, the Wasserstein barycenter preserves the shape of the
measures, while the Euclidean mean smooths out the distribution.

The generalized definition of barycenters for Optimal Transport is given
below.
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Definition 3.4.1. Let (X, d) be a metric space and (νs)s∈S ⊂ P(X). The
barycenter of the set (νs)s∈S is defined as:

β((νs)) := argmin
µ∈P(X)

S∑
s=1

λsOTc(µ, νs) (3.32)

Where OTc(·, ·) is the minimum transport cost, λs ≥ 0 and
∑S

s=1 λs = 1.
If c(x, y) = d(x, y)p, then this is called the p-Wasserstein barycenter, and is
given by:

β((νs)) := argmin
µ∈Pp(X)

S∑
s=1

λsW
p
p (µ, νs) (3.33)

Interestingly, the notion of p-Wasserstein barycenter is directly related to
k-means. Let (νs) = {ν}, that is, the set containing only one measure. Also,
let (Rn, d) be an Euclidean space with d(x, y) = ||x − y||2 and p = 2. By
reformulating the barycenter problem as:

min
µ∈Σk(Rn)

W 2
2 (µ, ν) (3.34)

Where Σk is the set of discrete measures supported on k points. Then, the
solution to (3.34) is equivalent to k-means Peyré et al. [61].

For discrete measures, the barycenter problem might be formulated as
a Linear Program, but it’s complexity becomes prohibitively large even for
medium scale problems [61]. Similarly to the Wasserstein distance, there are
many variants to the Wasserstein barycenter, which use other distances such
as entropic regularized Wasserstein [21] and Sliced Wasserstein [10].
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Euclidean Average
Wasserstein Barycenter

Figure 3.6: In the left you have different distributions, and in the right, there
is a comparison between averaging these distribution versus finding the OT
Barycenter.
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3.5 Unbalanced Optimal Transport

All the methods presented until now deal with the case where measures
µ, ν have the same total mass. Yet, in some ML problems, such as image
segmentation, one has to deal with unnormalized measures. These cases are
called Unbalanced Optimal Transport.

Definition 3.5.1. (Definition from Peyré et al. [61])
Let µ ∈ M+(X) and ν ∈ M+(Y ), where

∫
X
dµ 6=

∫
Y
dν. Hence, the

Unbalanced Optimal Transport problem is defined as:

OT (τ1,τ2)
c (µ, ν) := inf

γ∈M+(X×Y )

∫
X×Y

c(x, y) dγ

+ τ1Dφ((πx)#γ, µ) + τ2Dφ((πy)#γ, ν) (3.35)

Where τ1, τ2 ∈ R+ and Dφ is a divergence function, such as Kullback-Leibler.

Note that this formulation seeks to find a transport plan γ that is not
necessarily a coupling of µ and ν anymore. Instead, the coupling condition
is relaxed through the use of a penalization on the difference between the
marginal distributions of γ and the measures µ and ν. We can see that this
is indeed a relaxation of the original problem since when τ1, τ2 → +∞ and∫
X
dµ =

∫
Y
dν, the original OT problem is obtained.
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Chapter 4

Optimal Transport for Machine
Learning

Now that we’ve introduced both theoretical and the computational aspects
of Optimal Transport, we can delve into its usage on Machine Learning.
In this section, we start with an overview of the subject before going into
detail of the applications themselves. This overview is aimed at providing
an organized look at the whole landscape of applications. After that, we
review the many methods developed in the literature. We divide the section
according to each learning task shown in Figure 1.3. Note that there is no
single taxonomy that is agreed upon on Machine Learning, hence, its use in
this work is mostly aimed on providing a cohesive way to present the different
applications.

4.1 Overview - The Landscape of Applica-

tions

The field of Machine Learning is very broad and tackles many different prob-
lems, thus, OT has also been applied in different ways. Yet, there are mainly
two categories in terms of how OT used in ML (recall Figure 1.4).

Optimal Transport is most frequently used as a metric. In ML, we are reg-
ularly working with probability distributions, hence, metrics such as Wasser-
stein are very helpful, since it metrizes weak convergence and preserves the
geometric properties of the underlying space, producing meaningful distances
even when the distributions do not share the same support.
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The usefulness of these properties comes in many ways. For example, in
Generative Adversarial Network, the model seeks to learn the latent distri-
bution of the dataset, thus, the loss function consists in comparing the gen-
erated distribution versus the real dataset distribution. The original GAN
introduced by Goodfellow et al. [33] uses the Jensen-Shannon Divergence
(JSD)1 as loss function, which is a symmetric version of the Kullback-Leibler
divergence.

A problem with such divergence is that when the supports of the distri-
butions do not overlap, or the overlap is too small, the divergence converges
to log 2 producing a gradient of zero. Hence, the model becomes difficult to
train, as one usually relies on gradient descent to update the weights in the
network. This is illustrated in Figure 4.12.
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Figure 4.1: Comparison between the Jensen-Shannon divergence and the 1-
Wasserstein distance for two Gaussian distributions µ and ν. The image on
the left illustrates how each of these distances change as the distributions
move apart. On the right, we show two examples of µ and ν, first when they
are 3 units apart and then when they are 12 units apart.

In the scenario shown in Figure 4.1, while the JSD gradient quickly van-
ishes, the Wasserstein distance returns meaningful gradients in all cases.
Thus, even when the distributions are very far apart, the network is still able
to learn. This is one of the great advantages of models such as WGAN [5].

Besides been used as a loss functions, OT distances can also be used to
measure the discrepancy between input datasets (e.g. Alvarez-Melis and Fusi
[3]) and even between models themselves (e.g. Li et al. [49]).

1JSD(µ||ν) := 1
2KL(µ||µ+ν

2 ) + 1
2KL(ν||µ+ν

2 )
2The JSD is scaled by 10 to improve the visibility of the plot.
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Yet, this flexibility comes at a cost. The use of distances such as Wasser-
stein requires that we solve an Optimal Transport problem, which, in the
case of discrete metrics, corresponds to solving a Linear Program. This
means that when training a model, we would need to solve a Linear Program
before every gradient descent step, which is too costly for practical use.

Many alternative metrics have been developed with the aim of approxi-
mating the Wasserstein distance, but with increased computational efficiency.
Some of these alternative metrics were already introduced in Section 3.

The other common application consists in using the actual optimal trans-
port plan. The most prominent example is the use of the OT plan for dataset
alignment for Transfer Learning (e.g. [17]). The idea consists in transport-
ing the source dataset to the target dataset, in a way that a model trained
on the transported source can be used in the target data. There are many
variations to this idea, such as the addition of regularization to enforce that
datasets with the same label are kept together.

Transport plans are also used to calculate the OT barycenter. As ex-
plained in Section 3.4, the OT barycenter can be intuitively understood as
a kind of averaging that preserves the “shape” of the distributions. It has
been naturally employed in model ensembling methods [25].

The least common are ML algorithms that reformulate its original prob-
lem turning it into an Optimal Transport problem. In these situations, the
proposed algorithms are usually quite unique, and the learning process usu-
ally involves the solution of an Optimal Transport problem. An example
of this is the work of Liutkus et al. [50], where the authors reformulate the
generative modeling problem turning it into a gradient flow problem. An-
other example of this is the work of Cuturi et al. [22], where a the authors
reformulate the problem of ranking as an Optimal Transport problem, and
use entropic regularization to create a differentiable ranking operator.

Figure 4.2 summarizes on a single visualization how the 70 selected papers
are distributed across the different taxonomies proposed (i.e. ML paradigm,
OT Usage Type, OT Problem Formulation).
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4.2 Unsupervised Learning

Mohri et al. [55] defines Unsupervised Learning as:

The learner exclusively receives unlabeled training data, and makes
predictions for all unseen points. Since in general no labeled ex-
ample is available in that setting, it can be difficult to quanti-
tatively evaluate the performance of a learner. Clustering and
dimensionality reduction are examples of unsupervised learning
problems.

In our survey, the category Unsupervised Learning has the most applica-
tions of Optimal Transport, with almost all of them consisting in using OT
as a metric.

4.2.1 Generative Modelling

Generative Modelling assumes that the dataset can be described by an para-
metric probability distribution and the goal is to learn it [77]. Hence, one
would be able to generate samples from this distribution, which is the case
of algorithms such as Generative Adversarial Networks (GAN).

Although classified as an Unsupervised Learning task, there are cases
where Generative Models (GM) might be used for Supervised Learning. Yet,
they are mostly used in unsupervised scenarios as shown in this recent survey
by Harshvardhan et al. [37].

Restricted Boltzmann Machine (RBM) with Wasserstein Distance

One of the first uses of OT for generative modeling was Montavon et al.
[56]. The authors proposed using Entropic Regularized Wasserstein cost for
training a Restricted Boltzmann Machine. RBMs are graph based models
with one layer for input variables and a hidden layer for latent variables, with
the capacity to learn a representation of the data. RBMs usually try to the
KL Divergence, but in this work, the authors propose the following objective
function:

min
θ∈Θ

W1,ε(p̂, pθ) + λ Ω(θ), (4.1)

where p̂ is the empirical distribution, W1,ε is the Entropic Regularized 1-
Wasserstein cost and λ Ω(θ) is a regularization term added to confer stability
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to the optimization. The Wasserstein-RBM model produced distributions
with lower Wasserstein distance from the original and performed better than
the regular RBM in tasks such as completion and denoising.

Wasserstein Generative Adversarial Networks

Generative Adversarial Networks were introduced by Goodfellow et al.
[33], with the goal of generating realistic synthetic data based on real samples.
The general idea behind GANs consists in using two neural networks to
compete against one another, where one is responsible for generating the
synthetic samples (Generator), and the other tries to identify which data is
real and which is synthetic (Discriminator).

During training, the GAN seeks to solve the following minmax problem:

min
G

max
D

V (D,G) = EPdata(x) [log (D(x))] + EPz(z) [log(1−D(G(z))] , (4.2)

Where Pdata(x) is the probability distribution of the data, Pg is the distribu-
tion of the generated samples, Pz(z) is the prior distribution of the input, D
is the discriminator network and G is the generator. If the discriminator is
optimal, the minimization problem for the generator becomes equivalent to
minimizing the Jensen-Shannon Divergence (JSD).

The Wasserstein GAN (WGAN), introduced by Arjovsky et al. [5], mod-
ifies the original GAN by changing the loss function from Jensen-Shannon
Divergence to a 1-Wasserstein Distance, as shown in Figure 4.3.

G D

Real Data

Generated Data

Real Dist.

Pz

~

W1(Pg,Pdata)

Figure 4.3: Schematic drawing of a WGAN.

Note that for the 1-Wasserstein Distance, the cost function is a metric,
hence, one can make use of the of the Kantorovich-Rubinstein’s Theorem
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(2.5.5). Therefore, the Dual of the 1-Wasserstein distance can be written as
the supremum of 1-Lipschitz functions. Thus, in the optimization problem
for the WGAN the generator seeks to minimize the Wasserstein distance
between the generated distribution and the real distribution:

min
G
W1(Pdata, Pg) = min

G
max
D∈Lip1

EPdata
[D(x)]− EPg [D(x)] (4.3)

The goal of network D now is to approximate the 1-Lipschitz function that
solves the Optimal Transport between Pdata and Pg. For WGAN, one usually
calls D a critic instead of a discriminator, since the output of D is not
restricted to [0, 1] anymore.

Arjovsky et al. [5] also showed that one could differentiate W1(Pdata, Pg),
obtaining ∇θgW1(Pdata, Pg) = −EPz [∇θf(g(z))], where θg are the parameters
of the generator network. Hence, this allows the use of stochastic gradient
descent to train the model.

The authors proposed that to reinforce the Lipschitz condition in (4.3) the
weights of the neural network of D should be clipped between [−a, a], a ∈ R+.
However, Arjovsky et al. [5] argue that clipping is not an appropriate method
for guaranteeing the Lipschitz condition, as it becomes another hyperparam-
eter to tune and makes D a very sparse and unstable networks.

Gulrajani et al. [35] suggested using a gradient penalization as a means
to guarantee the Lipschitz condition, which the authors showed to work both
in theory and empirically. The penalized loss function becomes:

EPdata
[D(x)]− EPg [D(x)] + λEPx̂ [(||∇x̂D(x̂)||2 − 1)2] (4.4)

Where x̂ = εx+ (1− ε)x̃, ε ∼ U [0, 1], x ∼ Pdata, x̃ ∼ Pg and λ > 0.
Another method for enforcing this Lipschitz condition was proposed by

Saito et al. [68], which they called Singular Value Clipping. The method
consists in performing Singular Value Decomposition (SVD) in the matrix
of weights of each layer, and then replacing all singular values larger then
one with one, thus satisfying the 1-Lipschitz constraint. Since the neural
network consists of a composition of functions, the authors argued that if
every fi ∈ Lip1, then fN ◦ fN−1 ◦ ... ◦ f1 = D ∈ Lip1.

Motivated by the lack of stability of gradient descent for WGANs, Na-
garajan and Kolter [57] suggested the addition of a regularization term to the
gradient descent. Their proposal does not seek to enforce the Lipschitz con-
dition, but only provide more stability to the gradient descent. The modified
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gradient descent step proposed was

θ(i+1)
g := θig − α∇θg(W1(Pdata, Pg) + η||∇θDW1(Pdata, Pg)||2) , η > 0. (4.5)

Finally, Cao et al. [14] extended the WGAN to the problem of multiple
marginal matching, where one wants to generate samples for multiple target
distributions instead of just one. While the original WGAN solves a regular
Optimal Transport problem, this new model requires the solution of a multi-
marginal Optimal Transport problem.

Generative Networks with Sinkhorn Divergence

Genevay et al. [32] introduced a method for training generative models
using Sinkhorn Divergence3. With this, the objective function for the genera-
tor becomes minθ Sc,ε(µθ, ν). To solve this optimization problem, the authors
proposed to approximate Sc,ε with a mini-batch sampling and use an L fixed
number of steps in the Sinkhorn Algorithm 1, which allows the use auto-
matic differentiation techniques to obtain the gradient. Note that since Sc,ε
is solved using Sinkhorn, this model does not actually need a discriminator
(critic) network.

By solving the primal problem instead of the Kantorovich-Rubinstein
dual, one can choose different cost functions besides using a distance metric.
Hence, Genevay et al. [32] proposed to obtain the cost function c as:

cφ(x, y) := ||fφ(x)− fφ(y)|| (4.6)

Where fφ is modeled using neural networks similarly role to the discriminator
in a GAN. Note that if this cost function estimation is not performed, the
actual model if composed only of a generator network, since the Sinkhorn
divergence is calculated via the Sinkhorn algorithm.

The use of Sinkhorn with a fixed amount of steps has the great advantages
of been fully tractable. Nevertheless, it has the disadvantage of not been a
valid metric and that fixed mini-batch sizes are not unbiased estimators of the
gradients [69]. To address this issue, Salimans et al. [69] proposed a model
called Optimal Transport GAN. The model also uses the Sinkhorn Diver-
gence, introduces a new metric called Minibatch Energy Distance (MED)
given by:

D2
MED(µ, ν) := 2E[Sc,ε(x̂b, ŷb)]− E[Sc,ε(x̂b, x̂′b)]− E[Sc,ε(ŷb, ŷ′b)] (4.7)

3The authors used a version slightly different from the one in Equation (3.22), by
multiplying it by 2.
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Where x̂b, x̂′b are independently sampled mini-batches from distribution µ
and ŷb, ŷ′b are independently sampled mini-batches from distribution ν. The
authors also propose to learn the cost function adversarially.

In Sanjabi et al. [71], the authors also proposed the use of Sinkhorn
Divergence, calling their model Smoothed WGAN. Differently from Genevay
et al. [32], the Sinkhorn algorithm is not used to approximate the optimal
transport plan, but to use a discriminator network to solve the regularized
dual problem and then estimate the gradient of the Sinkhorn Divergence. The
authors proved that the Entropic Wasserstein distance is smooth with respect
to the generator parameters, which is not true under the original WGAN
model. They also proved the convergence of stochastic gradient descent to
a stationary solution. In the experiments performed, the Smoothed WGAN
obtained faster convergence and better inception score when compared to the
original WGAN, the model by Genevay et al. [32] and the model by Salimans
et al. [69].

Generative Networks with Sliced-Wasserstein

Another interesting variation of generative network is the Sliced-Wasserstein
Generator (SWG) proposed by Deshpande et al. [24]. Similar to Genevay
et al. [32], the model does not have a discriminator network, only a genera-
tor which is trained using the Sliced-Wasserstein distance. To estimate the
Sliced-Wasserstein distance, several random projections are sampled, hence,
the actual optimization problem becomes

min
θ

1

|Θ̂|

∑
θ∈Θ

W 2
2 (P θ

g , P
θ
data), (4.8)

where P θ
g and P θ

data are the 1-dimensional projections of the empirical dis-

tributions, and |Θ̂| is the set of randomly sampled unit vectors in which the
data is projected.

Wu et al. [93] proposed the use of Sliced-Wasserstein distance to Gen-
erative Adversarial Networks (SWGAN). The authors devised a method for
approximating SW using a small number of parametrized orthogonal pro-
jection. Their model uses a discriminator network D to solve the dual for-
mulation of the Sliced-Wasserstein distance via this method of orthogonal
projections.
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Generative Networks with Other OT Metrics

Guo et al. [36] proposed a method called Relaxed Wasserstein GAN, which
used a new distance named Relaxed Wasserstein (RW). The main difference
to the Wasserstein distance is that the cost function for RW is not necessarily
a metric, but a Bregman cost function Bφ, defined as

Bφ(x, y) = φ(x)− φ(y)− 〈∇φ(y), x− y〉, (4.9)

where φ is strictly convex and continuously differentiable. Note that many
distances are Bregman costs, such as the Euclidean distance (i.e. ||x− y||2)
and the KL divergence. The authors focused on using the KL divergence
as a cost, and devised a similar dual formulation to the W1 distance. The
RWGAN model is very similar to the WGAN, in which the critic is trained by
clipping the weights in order to ensure the Lipschitz condition. The authors
reported results similar to WGAN, but the model was able to produce real
looking images with less training.

Chen et al. [15] developed a metric called Feature-Mover’s distance (FMD)
to be used on Generative Adversarial Networks for text generation. The
model uses a learned word embedding to turn each word into a vector and
each sentence into a matrix, and then a neural-network to extract a feature
vector. The Feature-Mover’s distance is the minimum transport cost between
two set of feature, with the cost function equal to the cosine distance between
features. The authors proposed the use of the Inexact Proximal point method
for solving Optimal Transport problem (IPOT) [96] to calculate the FMD.
The generative model with FMD is shown in Figure 4.4

Figure 4.4: Illustration from Chen et al. [15] showing the GAN model using
FMD for text generation.
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In Berthelot et al. [9], instead of minimizing W1, the authors suggested
to minimize a lower bound of W1 in order to train an auto-encoder based
GAN.

Wasserstein Auto-Encoder

Besides Generative Adversarial Networks, another very popular method
in Machine Learning for generative modelling are Variational Auto-Encoders
(VAE) [41]. Variational Auto-Encoders seeks to minimize

DV AE(Pdata, Pg) = inf
Q(Z|X)∈Q

EPX [KL(Q(Z | X)||PZ)]]−EQ(Z|X)[log pG(X | Z)],

(4.10)
where pG(X | Z) is a density function and Q is a family of distributions. Q is
typically chosen to be the set of Gaussian withQ(Z | X) = N (Z;m(X),Σ(X)),
such that m(X) is the mean and Σ(X) is the diagonal covariance, both
parametrized by a neural network [12]. A VAE works by first learning an
encoder that approximates a distribution P (Z | X) via Q(Z | X), where
X ∼ Pdata, and Z ∼ Pz, and then learning a decoder that reconstructs the
real data base on samples from Q(Z | X).

Building on the theoretical analysis performed by Bousquet et al. [12],
Tolstikhin et al. [85] devised a new family of regularized Auto-Encoders,
called Wasserstein Auto-Encoders (WAE). Bousquet et al. [12] proved that
the OT distance was equivalent to

OTc(PX , PG) = inf
P∈Π(PX ,PG)

EP [c(X,G(Z))] = inf
Q:QZ=PZ

EPXEQ(Z|X)[c(X,G(Z))]

(4.11)
Instead of solving an optimization problem with hard constraints, the

authors suggest to enforce the condition QZ = PZ using a penalization, thus,
the objective function becomes

DWAE(PX , PG) := inf
Q:Q(Z|X)∈Q

EPXEQ(Z|X)[c(X,G(Z))]+λD(QZ , PZ), (4.12)

where λ > 0 and D is some divergence function. Tolstikhin et al. [85] pro-
posed two variations of WAE by varying the divergence function. The first,
called WAE-GAN, uses the Jensen-Shannon divergence and approximates it
via adversarial training. The second uses the Maxium Mean Discrepancy
and is called WAE-MMD. The performance of the models were evaluated in
the MNIST dataset, with both models outperforming a regular VAE, and
the WAE-GAN obtaining the best results among the three models.
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Following Tolstikhin et al. [85], the work of Kolouri et al. [42] proposes
instead to use the Sliced-Wasserstein distance as D, which avoids the need to
perform adversarial training in the encoding space. To calculate SW , Kolouri
et al. [42] used the same sampling method as Deshpande et al. [24]. The
model, which the authors called Sliced-Wasserstein Auto-Encoder (SWAE),
was shown to be competitive in the experiments performed.

Another variation of the Wasserstein Auto-Encoder was proposed by Pa-
trini et al. [59]. The Sinkhorn Auto-Encoder used the Sinkhorn divergence as
D and restricted the use of cost functions to the form c(x, y) = d(x, y)p, such
that OTc(·, ·) = Wp(·, ·). The reason for this restriction was due to a theoret-
ical finding by the authors in which it was shown that for the optimization
problem at hand, equation (4.12) would provably approximate (4.11).

Zhao et al. [101] and Zhang et al. [100] proposed two models based on
Wasserstein Auto-Encoders. The former focused on learning generative mod-
els for discrete sequences such as text data, and the latter adapted the WAE
for collaborative filtering.

Generative Modelling via Gradient Flow

Liutkus et al. [50] proposed to recast the generative modelling problem
as a gradient flow problem. While models such as GAN and VAE rely on
approximating the data distribution with a family of parametric functions
modeled via neural networks, generative models based on gradient flow are
non-parametric. The model proposed by Liutkus et al. [50], named Sliced-
Wasserstein Flow (SWF), uses the Sliced-Wasserstein distance to measure
the dissimilarity between the generated distribution and the real data distri-
bution. The model seeks to minimize

min
µ∈P2(Ω)

Fνλ (µ) := min
µ∈P2(Ω)

1

2
SW 2

2 (µ, ν) + λH(µ), (4.13)

where ν is the dataset distribution we are trying to generate, λ > 0 and H
in the negative entropy4. Thus, the model tries to approximate ν with µ by
modelling the gradient flow given by

∂tµt = −∇W2Fνλ (µt) (4.14)

4H(µ) :=
∫

Ω
ρ(x) log ρ(x)dx if µ has a density ρ with respect to a Lebesgue measure

and H(µ) = +∞ otherwise
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Liutkus et al. [50] developed a practical algorithm that approximates the
solution to problem similarly to stochastic gradient Markov Chain Monte
Carlo Methods (MCMC).

Generative Modelling Across Incomparable Spaces

Tackling a different kind of problem, Bunne et al. [13] used the Gromov-
Wasserstein distance with a GAN (GWGAN) to learn generative models
across incomparable spaces, e.g. spaces with different dimensions or different
data types.

Due to the computational complexity to solve the Gromov-Wasserstein
distance, it was proposed the use of Entropic Regularization together with
a bias correction, similarly to the Sinkhorn Divergence. Experiments were
performed first to guarantee that the model worked as a regular GAN. After
that, other experiments were done showing that the model was indeed able to
generate data in different dimensions and to recover the manifold structure
on the generated distribution (Figure 4.5).

Figure 4.5: In (a) the model is receiving a 3-dimensional Gaussian mixture
and generating a 2-dimensional gaussian mixture. While in image (b), one
observe the preservation of the manifold. Figure adapted from Bunne et al.
[13].
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4.2.2 Representation Learning

Bengio et al. [8] define Representation Learning as:

Learning representations of the data that make it easier to extract
useful information when building classifiers or other predictors.
In the case of probabilistic models, a good representation is often
one that captures the posterior distribution of the underlying
explanatory factors for the observed input.

Note that this encompass many different sub-tasks, such as Clustering,
Dimensionality Reduction, Feature Engineering, and more. Sometimes, the
term Representation Learning also refers to learning a neural network such
that the architecture and weights might be reused for similar tasks.

Dictionary Learning with Wassersteins Distance

A branch of Representation Learning is called Dictionary Learning. In
Dictionary Learning, for a collection of observations X = (x1, ..., xm) of m
vectors with dimension n, we seek to find a dictionary D = (d1, ..., dk) of k
elements and also dimension n, such that there exists a matrix of weights
H = (h1, ..., hm) with DH ≈ X. Note that for non-negative observations,
this problem is also known as Non-negative Matrix Factorization (NMF) and
is given by

min
D∈Rn×k+ ,H∈Rk×m+

m∑
i=1

l(xi,Dhi) +R(D,H), (4.15)

where l is a divergence measures such as KL divergence or the Euclidean
distance, and R is regularization function. For observations consisting of
discrete distributions, Sandler and Lindenbaum [70] were the first to propose
the use of Wasserstein distance as loss function l. Their method did not use
any regularization and required the solution of a Linear Program in order
to estimate the Wasserstein distance. Hence, it was not applicable to large
problems. Rolet et al. [65] solved this scalability problem by proposing the
use of Entropic regularization. The use of Entropic regularization makes the
problem convex in D and H, individually. Therefore, the authors suggest to
solve (4.15) using block-coordinate descent on D and H. Figure 4.6 illustrates
the different results obtained when using the Wasserstein distance instead of
KL divergence.
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Schmitz et al. [73] proposed a non-linear Dictionary Learning algorithm
by using the Wasserstein Barycenter. The goal of the algorithm is also to find
a dictionary D and a weight matrix H, but, instead of using DH to approxi-
mate X, each observation in X is approximated via the Entropic Regularized
Wasserstein Barycenter. Hence, the minimization problem becomes

min
D∈Rn×k+ ,H∈Rk×m+

m∑
i=1

l(xi, β
ε
hi

(D)), (4.16)

where βεhi(D) is the Entropic Wasserstein Barycenter of with respect to the
histograms d1, ..., dk with weights hi.

Figure 4.6: Figure from Rolet et al. [65]. The image on the right shows exam-
ples of histograms sampled from a mixture of randomly shifted Gaussians. In
the middle is shown the dictionaries learned using Wasserstein NMF, while
in the left is shown the dictionaries learned with KL NMF.

Wasserstein Principal Geodesic

A method commonly used in ML for Dimensionality Reduction is the
Principal Component Analysis. The method consists in finding a set of or-
thogonal vectors that maximize the variance of the projected data. Seguy
and Cuturi [74] proposed a new algorithm for obtaining what they call the
Wasserstein Principal Geodesic (WPG). Similarly to PCA, the WPG is used
for Dimensionality Reduction, but the goal in this case consists in finding
curves in P(X) that summarize a family of probability measures on a Hilbert
space X. Such curves are named geodesics and consist of functions describ-
ing the optimal flow from a set of measures (µi). Seguy and Cuturi [74]
define the geodesic as gt(v1, v2) := (id− v1 + t(v1 + v2))#γ

∗, t ∈ [0, 1], where
µ̄ is 2-Wasserstein barycenter of the set of measures, and id− v1, id + v2 are
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optimal mappings. The algorithm devised by Seguy and Cuturi [74] solves
the following minimization problem for a family of empirical measures (µi):

min
v1,v2∈L2(µ̄,X)

λ(〈v1, v2〉L2 − ||v1||L2 · ||v2||L2)2 +
N∑
i=1

min
t∈[0,1]

W 2
2 (gt(v1, v2), µi),

(4.17)

such that λ > 0, and v1 + v2 ∈ span({v(i)
1 + v

(i)
2 })⊥. Figure 4.7 exemplifies

the WPG for a toy model of empirical measures in 2 dimensions.

Figure 4.7: Figure from Seguy and Cuturi [74]. Two examples of empirical
measures and the Principal Geodesic component. In the left, only the first
component is shown, while in the right the first two are shown.

Self-labelling via Optimal Transport Clustering

Self-supervision is an increasingly popular technique where unlabeled data
is labeled through clustering at the same time that a Neural Network learns
to classify based on this synthetic label. Asano et al. [6] devised a method
that uses a Deep Neural Network to perform classification, while OT is used
to cluster the data. For the method to work, the number K of labels is
defined by the user. The algorithm enforces that the data of size N to be
divided equally among the K labels. The training method is the following.
Let Φ(·) represent the feed-forward of the Deep Neural Network, such that
xi represents a sampled data (e.g. an image) and Φ(xi) returns a vector

w(i) where each entry w
(i)
j corresponds to the probability of xi belonging to

label yj. In the first training step, each data sample is attributed a label
randomly with equal probability. Then, the Neural Network is trained using
cross-entropy to classify according to the given label. Thus, a matrix W is
obtained, such that Wi,j = Φ(xi)j = P (yj | xi). Such matrix is used as a
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cost matrix in an Entropic Regularized OT problem

min
Q∈U(u,v)

〈W,Q〉 − εH(Q), (4.18)

where u = 1
K

1 and v = 1
N

.
The Sinkhorn Algorithm is used to obtain an optimal plan Q, that maps

each data to the respective label. With these new labels, the deep neural
network is trained, and the process is repeated.

Co-clustering via Optimal Transport

For a given dataset X ⊂ Rn×m, most clustering algorithms focus on per-
forming the clustering only in the data samples, that is, in the rows of ma-
trix X. Co-clustering consists in performing clustering of both data samples
(rows) and features (columns) simultaneously. The output of these kinds of
models consists of blocks of data which are called co-clusters, and are useful
in different kinds of applications, such as recommendation systems and text
mining [46].

In the work of Laclau et al. [46], the authors devised a co-clustering
algorithm using Entropic Optimal Transport. The method defines a trans-
portation problem between two discrete measures

µ̂ :=
1

n

n∑
i=1

δxi and ν̂ :=
1

m

m∑
j=1

δyj , (4.19)

where xi is a data sample, and yj is a feature sample. The cost matrix is
calculated using the Euclidean norm, hence Ci,j = ||xi − yj||. In case n > m
or n < m, the larger dimension is sampled in order to guarantee that xi and
yj have the same dimension. In order to avoid such sampling operation, the
authors proposed another method in which the cost matrix was calculated
using the Gromov-Wasserstein distance, which is appropriate, since the GW
distance can deal with vectors in different dimensions.

As shown in Section 3.1.4, the optimal transport for the Entropic OT
problem can be expressed as γ∗ = diag(w)Kdiag(z). Laclau et al. [46] sort
the vectors w and z, and apply a non-parametric jump detection algorithm
in order to find the number of clusters. Each “significant” jump in the vector
is seen as a possible cluster. The jump locations define the matrix co-cluster.
Finally, the authors showed through experimental results that their method
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outperformed the other state-of-the-art methods used for co-clustering, while
also being computationally efficient and capable of detecting the number of
co-clusters.

Wasserstein Procrustes

The Procrustes analysis is a method for learning a linear transformation
between two sets of observations given by X ∈ Rn×d and Y ∈ Rn×d. By
restricting the linear transformations to orthogonal matrices, one obtains
the following problem

min
Q∈O(n)

||XQ−Y||2, (4.20)

where O(n) = {Q ∈ Rn× : QTQ = I}. Equation (4.20) is called the
orthogonal Procrustes problem. Suppose that X and Y are word em-
beddings, such that, for example, the rows of X are phrases in portuguese
and the rows of Y are phrases in english. By solving (4.20), matrix Q can
be used to translate from portuguese to english.

Grave et al. [34] proposed to use OT on this cross-lingual by adapting the
orthogonal Procrustes problem. Their algorithm uses the 2-Wasserstein dis-
tance to measure the discrepancy between XQ and Y, thus, the minimization
problem becomes

min
Q∈O(n)

W 2
2 (XQ,Y) = min

Q∈O(n)
min
P∈Pn

||XQ−PY||22, (4.21)

where Pn = {P ∈ {0, 1}n×n, P1n = 1n, PT1n = 1n} is the set of permu-
tation matrices, and P is the optimal transport map. The authors propose
to solve this minimization problem by applying stochastic gradient descent
alternating between P and Q.

Alvarez-Melis and Jaakkola [4] used the Gromov-Wasserstein distance on
word embeddings in the orthogonal Procrustes problem. While Grave et al.
[34] solved the Procrustes problem and the Optimal Transport problem simul-
taneously, Alvarez-Melis and Jaakkola [4] first finds the Optimal Transport
plan γ∗ for the GW distance and then solves the Procrustes problem

min
Q∈O(n)

||Xγ∗ −PY||. (4.22)

The authors use Entropic Regularization to the Gromov-Wasserstein dis-
tance in order to efficiently solve it.
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4.3 Semisupervised Learning

According to Mohri et al. [55], Semisupervised Learning is defined by:

The learner receives a training sample consisting of both labeled
and unlabeled data, and makes predictions for all unseen points.
Semisupervised learning is common in settings where unlabeled
data is easily accessible but labels are expensive to obtain. Var-
ious types of problems arising in applications, including classifi-
cation, regression, or ranking tasks, can be framed as instances
of semi-supervised learning.

This category is less common in Machine Learning than Unsupervised
or Supervised learning. For the case of Optimal Transport applications,
although Reinforcement Learning is a popular branch of Machine Learning,
not many works were obtained. Transfer Learning was the only subcategory
with a significant amount of work to be revised.

4.3.1 Transfer Learning

Transfer Learning consists in adapting the knowledge gained from one domain
to another. The domain where labeled data is available is called source
domain, and the transfer of knowledge is done to a target domain. We can
formally define it as the following:

Definition 4.3.1. (Transfer Learning)
Let Ds = {Xs, Ps(xs)} and Ts = {Ys, Ps(ys | xs)} define the domain

source and task source, and Dt = {Xt, Pt(xt)} and Tt = {Yt, Pt(ytxt)} define
the domain target and task target. Then Transfer Learning aims to improve
the learning of the target predictive function Pt(yt | xt), using knowledge
gained from the source, where (Ds, Ts) 6= (Dt, Ts).

The field of Transfer Learning can be split in many subcategories ac-
cording to the assumptions made on the domain and tasks of both source
and target. The most studied subcategory is Domain Adaptation, where the
source and target are assumed to share the same task, but have different
marginal distributions on the data. In the Appendix 6.4, we expand on the
different ways Transfer Learning is usually categorized.
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Besides the different types of Transfer Learning problems, there are also a
vast number of methods for transferring knowledge. For example, sharing the
model parameters, using re-weighting schemes to account for the difference in
data distribution or finding a similar subspace where both source and target
domains can be represented.

Optimal Transport for Label Propagation in Graphs

To our knowledge, Solomon et al. [82] was the first to use OT for semi-
supervised learning. The authors tackled the problem known as label prop-
agation in graphs. Suppose that only a portion of the vertices have known
information, and this information consists in a distribution. The goal is to
predict the distribution in the vertices of the graph where there is no infor-
mation. This type problem is very common in Transfer Learning. Take for
example traffic prediction, where one has the traffic distribution of 24-hours
in some intersections, and the goal is to somehow predict the distribution in
the intersections where there is no information. Other example is weather
forcasting, where information there is information only in a subset of cities,
and we wish to predict this information for where there is no data.

The model proposed by Solomon et al. [82] consisted in using the 2-
Wasserstein distance to propagate the distributions across the vertices, where
the weight in the edges symbolized the geometric distance. Given two distri-
butions µ and ν in two vertices, and a vertice in the middle with unknown
information. The model proposed by Solomon et al. [82] seeks to minimize
the Dirichlet energy, in which the Wasserstein distance is used to measure
the discrepancy between the distributions:

ED[f ] :=
∑

(v,w)∈E

ωeW2(µv, µw), (4.23)

where E is the set of edges, v and w are two vertices connected by an edge,
ωe is the weight of the edge, µv and µw are the distributions on each vertex.

Optimal Transport Domain Adaptation

Similar to the work of Arjovsky et al. [5], the work of Courty et al. [17]
is seminal in the use of Optimal Transport for Machine Learning. From it,
many other works have been developed, either extending it or proposing new
methods base on the main idea introduced in the paper.
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Courty et al. [17] proposed to use OT to tackle the problem of Unsu-
pervised Domain Adaptation, that corresponds to the case where there is no
label at all in the target. The authors assume that the difference in the source
and target distribution is due to an unknown transformation T : Xs → Xt,
but that this transformation still preserves the conditional distribution:

Ps(y | xs) = Pt(y | T (xs)). (4.24)

The main idea behind the model, which we call OTDA, consists in finding an
Optimal Transport map from the source data distribution µs =

∑ns
i=1 u

s
iδxsi

to the target data distribution µt =
∑nt

i=1 u
t
iδxti . Then, use it to transport

the source data to the target data. After this, the model trained on the
transported source data can be immediately used on the target data. This
process is illustrated in Figure 4.8.

Original Dataset Transported Dataset

Figure 4.8: Schematic drawing of the OTDA algorithm. T corresponds to
the unknown transformation between the source and the target. The shape
of the markers represent the class label of each data sample, and the color
indicates from which dataset they belong (blue for source and red for target).
The line in green represents the learned classifier.

To find an Optimal Transport map, one would need to solve the Monge
Problem, which would be quite computationally expensive. Instead, Courty
et al. [17] suggest to solve the Kantorovich Problem with Entropic Regular-
ization, thus, using the Sinkhorn algorithm to find the Optimal Transport
plan. One cannot use the transport plan to transport the source data, since
the transport plan may split the sample data. Instead, the authors propose
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the use of barycentric mapping, which is

x̂si = argminx
∑
j

γ∗(i, j)c(x, xtj), (4.25)

where γ∗ is the OT plan with entropic regularization. Note that if the cost
function is the squared L2 distance, then this mapping is just the weighted
average. The barycentric mapping is illustrated in Figure 4.9.

0.3

0.4

0.2
0.1

Figure 4.9: Example of barycentric coordinate mapping if the cost function is
the squared L2 distance in R2. The circle in blue represents one data sample
from the source, the circles in red represent the target data, the circle in blue
with dotted line represents the barycentric mapping of the source sample,
and the lines in gray represent the optimal transport plan.

Courty et al. [17] also proposed the addition of an extra regularization
term to the Entropic OT problem in order to enforce transport only inside
the same class label. The idea is to avoid transport plans where, for example,
a data sample xtj receives the same amount of mass from samples xsi and xsk,
where sample i has a class label different than sample k. Therefore, the OT
problem becomes:

γ∗ = argmin
γ∈Π(µs,µt)

OT c,ε(µs, µt) + η
∑
j

∑
l

||γ(Il, j)||pq , (4.26)

where η > 0, Il is the set of indices of samples with class label l, and γ(Il, j)
is a vector containing the coefficients of the jth column of the transport plan
matrix γ associated to class l.

Courty et al. [17] used p = 1/2 and q = 1 for algorithmic reasons. In a
follow up paper, Courty et al. [18] suggested using p = 1 and q = 2, also
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known as group-lasso regularizer, and devised an efficient algorithm for solv-
ing (4.26). The authors also proposed to use Laplacian regularization, but
the experimental results comparing the three types of regularization showed
that the group-lasso outperformed the others.

Rousselle and Canu [66] proposed two new algorithms for the case where
there is some known labels in the target data. In both algorithms the target
data with known labels (Xk) is transported to the target data with unknown
label (Xu) using the OT formulation from Courty et al. [17]. The first algo-
rithm consisted in splitting the data according to class label, and then finding
an OT plan for couple (X l

s, X
l
k), where X l

s is the portion of the source dataset
with label l, and X l

k is the portion of the target dataset with known label l.
The second algorithm consisted in finding a plan between Xs to Xk without
caring for the classes, and then performing a post processing on the optimal
transport plan matrix γ such that each entry of the matrix with class-crossing
is sent to zero, and the matrix is renormalized.

Joint Distribution Domain Adaptation

The OTDA algorithm assumed that the labels were transported along
the features, which might not always be true. Courty et al. [19] devised
the model named Joint Distribution Domain Adaptation (JDOT), where
such restriction was relaxed. The main idea of the model is to align the
feature/label space of the source and target, at the same time the classifier
f is learned.

The JDOT algorithm seeks to solve the following optimization problem:

min
f∈H

OTc(P̂s, P̂t,f )

s.t. c((x1, y1), (x2, y2)) = α||x1 − x2||2 + L(y1, y2), (4.27)

where α > 0, L(y1, y2) is the loss function for a classification task, P̂s is the
empirical distribution of (Xs, Ys) and P̂t,f is the distribution of (Xt, f(Xt)).
Note that since the target is unlabeled, we use the learned classifier to come
up with the labels.

Problem (4.27) can be optimized in an alternative way. First, fixing f , we
have to solve an Optimal Transport problem, which can be done using Linear
Programming algorithms such as the Simplex, or, we can regularize the prob-
lem and solve with the Sinkhorn algorithm. Then, for a fixed transport plan
γ∗, we minimize f . Courty et al. [19] suggested the use of either Block Gra-
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dient Descent or Gauss-Sidel method. The authors showed that the JDOT
method outperformed many state-of-the-art Transfer Learning algorithms,
including OTDA.

Damodaran et al. [23] expanded the JDOT model with their DeepJDOT,
which uses Deep Neural Networks to learn a representation g of the data at
the same time it learns the classifier f . The new optimization problem then
becomes

min
P∈P,f,g

1

n(s)

∑
i

Ls(y(s)
i , f(g(x

(s)
i ))) +

∑
i,j

Pi,j(α|g(x
(s)
i )− g(x

(t)
j )|2

+ λtLt(y(s)
i , f(g(x

(t)
j ))), (4.28)

where Ls and Lt are the loss functions used in the source and target re-
spectively. The authors proposed to solve this minimization problem with
stochastic approximations using gradient descent in both the source and tar-
get. Experimental results showed that DeepJDOT consistently outperformed
the other Deep Learning methods to which it was compared, such as Deep-
CORAL [83].

Figure 4.10: Figure from Damodaran et al. [23] illustrating the DeepJDOT
model.

Another model based on JDOT was proposed by Redko et al. [62]. While
JDOT focuses on covariate shift (Figure 6.3), the model proposed by Redko
et al. [62], called Joint Class Proportion and Optimal Transport (JCPOT),
focuses on the problem of target shift (Figure 6.2)5. The main idea of the

5Target shift is also known as prior shift.
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model is to reweigh samples in the source to compensate the discrepancy
in class proportion between the sources and the target. Both the Optimal
Transport plans and the class proportion in the target are estimated jointly
by solving a constrained Entropic Wasserstein Barycenter problem.

Let µt be the empirical distribution of the target dataset, to which we
don’t know the label, µs1, ..., µ

s
k the empirical distribution for the sources to

which we do know the label, and nsi the number of samples in each source
data. For each source, define hi to be the vector containing the proportion
of each class, and Dhi a linear transformation such that Dhihi = [ 1

nsi
, ..., 1

nsi
]T

which is the vector of equal weights of the empirical distribution µsi
6. This

allows us to write the source distribution as a function of the proportions
of each label as µs = (Dihi)δXi

. Thus, the optimization for the Barycenter
problem for JCPOT becomes

argmin
h∈∆l

k∑
j=1

λjW1,ε

(
(Dihi)δXi

, µt
)
, (4.29)

where ∆l := {α ∈ Rl
+ :

∑l
i=1 αi = 1} and l is the number of classes. Solving

(4.29) gives an estimate on the class proportions of the target, and one can
reconstruct the sources distributions as µsi = (Dih

∗) wher h∗ is the argument
that minimizes (4.29). The next step is to find the Entropic OT plan from
each µsi to µ. The labels in the target are estimated by calculating the
proportion of mass coming from each label in the source, akin to a boosting
technique. Figure 4.11 compares the JCPOT with OTDA by Courty et al.
[17], which does not take into account the target shift.

Turrisi et al. [87] uses the same modified Wasserstein distance as JDOT,
but apply it instead to the case of multiple sources. The authors propose to
weight each source according to its proximity to the target. The optimization
problem proposed is

min
α∈δS ,f

WJDOT

(
p̂f ,

S∑
s=1

αsp̂s

)
, (4.30)

where S is the number of sources and δS is the simplex of dimension S.

6Remember that µsi = 1
ns
i

∑ns
i
j δxs

j
, where each sample has equal weight.
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Figure 4.11: Figure from Redko et al. [62] illustrating the importance of pro-
portion estimation for target shift: (a) 2 sources and 1 target with different
class proportions; (b) Transport plan from OTDA [17]; (c) Transport plan
using OTDA with reweigh based on true class proportions; (d) Transport
plan obtained with JCPOT without knowing the true class proportion.

Transport plans obtained from the solution of discrete OT problems can-
not be used for out-of-sample data, since they are matrices transporting each
data point on which the model was trained. The work of Perrot et al. [60] is
perhaps the first to address this issue by proposing a method to estimate the
underlying transport map T that approximates the learned optimal transport
plan. The authors propose a joint optimization problem, where one seeks to
learn a transformation T regularized by a transport plan. The optimization
problem is

argmin
T∈H,γ∈Π(µs,µt)

1

n(s)dt
||T (X(s))− n(s)γX(t)||2 +

λγ
max(C)

〈γ,C〉+
λT
dsdt

R(T ),

(4.31)
where ds, dt are the dimensions of the source and target, λs and λt are hyper-
parameters, R(·) is a generic regularization term. For the space H of possible
transport maps, the authors experimented with the space of linear maps, and
the space of non-linear maps using the kernel trick.

Geometric Dataset Distance

Models such as JDOT assume that the label set from the source and
the target are the exact same, but this is not always true. For example,
one might want to transfer knowledge from a model trained on the MNIST
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dataset to perform handwritten digits recognition, to instead perform hand-
written letters recognition. The work of Alvarez-Melis and Fusi [3] proposes
a very elegant way of measuring the distance between dataset (i.e. features
and labels). This new metric is a hierarchical Optimal Transport distance,
because it uses an OT metric inside another OT metric. The authors named
this new metric as Optimal Transport Dataset Distance (OTDD) and is given
by

dz((x, y), (x′, y′)) := (dx(x, x
′)p +Wp(αy, αy′))

1/p, (4.32)

where x is a sample in the feature set, y is a sample from the label set, dx is
a metric defined in the feature space, and αy(x) := P (X = x | Y = y) is the
conditional distribution of obtaining a sample x given a label y. Note that to
calculate dz one needs to solve an OT problem inside another OT problem,
thus becoming quite computationally expensive. Alvarez-Melis and Fusi [3]
proposed different methods for dealing with such computational complexity,
such as using the Sinkhorn divergence, and considering αy to be Gaussian
which leads to a closed form solution. Then, the authors showed how OTDD
correlated with transferability capacity of different datasets, such that it
could be used as criterion for source dataset selection to perform transfer
learning. Figure 4.12 exemplifies the capacity of OTDD to the use of label-
agnostic OT distance.

Figure 4.12: Figure from Alvarez-Melis and Fusi [3] illustrating the OTDD
distance.
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Transfer Learning with Adversarial Networks

In Transfer Learning, there are many methods that use adversarial learn-
ing to train a discriminator to distinguish source and target, while a generator
tries to learn a representation of the data. Lee et al. [47] proposed the use of
Sliced-Wasserstein distance with the task-specific adversarial learning model,
introduced by Saito et al. [67]. They named their model Sliced-Wasserstein
Discrepancy (SWD).

The model consists of a generator and two discriminators that are initial-
ized with different weights. Hence, the model produces two different decision
boundaries. The training then consists of freezing the parameters of the
generator, and maximizing the discrepancy between the decision boundaries
while keeping the classification accuracy of each discriminator. Then, freezing
the discriminators, and training the generator to minimize the discrepancy.
Lee et al. [47] contribution consists in using the Sliced-Wasserstein distance
to measure such discrepancy. The method is summarized in Figure 4.13.

Figure 4.13: Figure from Saito et al. [67] illustrating the task-specfic adver-
sarial learning algorihtm.

.

Model Ensemble and Feature Selection

Shen et al. [78] used a Neural Network with structure similar to WGAN,
where a discriminator was used to estimate the Wasserstein distance between
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the source and target samples, while another network optimizes a feature ex-
tractor. This model was named Wasserstein Distance Guided Representation
Learning (WDGRL).

Another very unique approach was proposed by Singh and Jaggi [79],
where it was proposed a method of ensembling neural networks, which suc-
cessfully yielded “one-shot” knowledge transfer. The method consisted in
using the Wasserstein barycenter as a way of averaging the weights in the
neural networks, performing Optimal Transport layer by layer.

Similarly to Singh and Jaggi [79], the work of Li et al. [49] also uses OT
on a Neural Network architecture, but instead of finding a barycenter for
model parameters, this work proposes to use the discrepancy in the source
network and the target network as a regularizer when training the target
network. Again, the use of OT comes to metrize the discrepancy in the
networks. Figure 4.14 sketches how the algorithm works.

Figure 4.14: Figure from Li et al. [49] illustrates the process of training
the target Neural Network by adding the regularization term based on the
discrepancy with the parameters of the source Network. In the image, M is
the transport cost matrix, P is the optimal transport plan matrix, and ΩP

represents the regularization term.

Gautheron et al. [31] proposed to use Entropic OT for feature selection
for unsupervised Domain Adaptation. The authors argue that every dataset
is composed of cartesian product of a feature space F (i.e. column space)
and an instance space (i.e. row space). The main idea consists in finding
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an Optimal Transport plan γF from the feature space of the source to the
feature space of the target, such that the k features with higher transport rate
from and to itself, i.e. γFi,i are selected. Since the number of rows is usually
different between source and target, a sampling method is proposed in order
to select rows such that both end up with the same size, thus enabling the
use of OT, where each feature (column) is a point mass δfi with dimension
equal to the number of rows.

Transfer Learning Across Incomparable Spaces

The work of Yan et al. [97] tackled the problem of Heterogeneous Domain
Adaptation (HDA), in which the space of the source and the target is different
(e.g. source is in R3 and target is in R2). Due to the differing spaces,
the authors use the entropic Gromov-Wasserstein metric (EGW) to find the
optimal transport between the source and the target. Their method, called
Semi-supervised Gromov-Wasserstein (SGW), is similar to OTDA proposed
by Courty et al. [17], and it also works by transporting the source to the
target and then performing the training.
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4.4 Supervised Learning

Supervised Learning is the most common scenario in ML, and consists in
the learner receiving a batch of labeled data as training set, thus making
prediction on the unlabeled set [55]. Although it was the category with the
least amount of papers, it was the most diverse in terms of applications.

4.4.1 Classifcation and Regression

Classification and Regression are two of the main tasks of Supervised Learn-
ing. Classification accounts for the cases where the prediction set is finite,
while regression is used when the prediction set is not finite.

Word Mover’s Distance

Similar to the WGAN, the work of Kusner et al. [45] is one of the first suc-
cessful cases of applying Optimal Transport to Machine Learning, with more
than a thousand citations today. This work introduced the Word Mover’s
Distance (WMD), which is a distance function between documents using the
1-Wasserstein distance. Consider X ∈ Rd×n a word2vec matrix, where each
column represents a word in the corpus. Each document is represented as a
normalized bag-of-words, that is, it’s a vectors of size n, where each element
represents the percentage of times a word appeared in the document in terms
of the total number of words in the document . For example, suppose that
word “blue” is the 10th column of matrix X, and in document d(j) there are
100 words, and “blue” appeared 20 times, hence, d

(j)
10 = 20

100
.

The authors define the cost function to be the Euclidean distance between
words, that is c(i, j) = ||xi − xj||2 where xi,xj are the columns of X. Since
each document can be seen as an empirical probability measure, the WMD
is defined as the 1-Wasserstein distance between each document.

Kusner et al. [45] evaluated the WMD using it on kNN classification for
document categorization tasks. The WMD outperformed 7 state-of-the-art
alternative document distances in 6 of the 8 classification tasks that were
performed in the paper.

Huang et al. [38] extended the Word Mover’s Distance by using the label
of each document, creating a new metric named Supervised Word Mover’s
Distance (S-WMD). While the WMD only uses the feature space to measure
the distance between each document, the S-WMD incorporates information
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of the label of each document, enforcing that documents with the same label
are closer and with different labels are distant. To do this, the authors
trained a linear mapping A and an importance vector w to re-weight the
word histograms of each document. Thus, the new distance becomes:

DA,w(d(i),d(j)) := min
P≥0

n∑
i,j=1

Pi,j||A(xi − xj)||22 (4.33)

s.t. P1n = d̃(i), PT1n = d̃(j).

The authors proposed the use of entropic regularization to solve the Op-
timal Transport problem in order to make the training process less compu-
tationally costly.

Wasserstein Distance for Label Space Similarity

In classification problems, it can be the case that the underlying label
space is comprised of some structure, which might be of interest when making
predictions. For example, when doing digits image recognition, one might
want to enforce actual numerical difference, such the fact that predicting a
2 instead of a 4 is more costly then predicting a 3 instead of a 4.

Frogner et al. [29] were the first to address this kind of problem by using
Optimal Transport. The authors developed a loss function for multi-label
learning using the Entropic Wasserstein cost. Note that when the output of
a model is a probability distribution, the gradient for the entropic regularized
Wasserstein has a closed formula given by:

∂W p
p

∂h(x)
=

log w

λ
− log wT1

λK
1, (4.34)

where h(x) is the learned classifier (e.g. a neural network), w and K are the
terms presented in the Sinkhorn Algorithm [1]. Hence, one can use stochastic
gradient descent to train a Neural Network. The experimental results showed
that the use of Entropic Wasserstein as loss function increased the smoothness
in predictions on the output space such that the model misclassified, it tended
to guess a category semantically closer to the real label.

While Frogner et al. [29] used the Entropic Wasserstein cost to approxi-
mate the Wasserstein distance as loss function, the work of Luise et al. [51]
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used the Entropic Wasserstein distance7, and obtained better experimental
results. Although, the authors note that the use of Entropic Wasserstein
distance increases the computational complexity of the algorithm.

Consider the problem of model stacking, where one is interested in com-
bining multiple forcasts in order to improve the final prediction. There are
simple methods, such as taking the arithmetic average, and there are more
complex methods such as training a decision tree to perform the final predic-
tion based on the output of each model. Under the assumption that output
space has some sort of similarity structure, Dognin et al. [25] proposed the
use of Wasserstein barycenter on the output predictions. Their experimental
results showed that the barycenter ensemble outperformed the use of arith-
metic and geometric average.

WGAN for Regression

Manchanda et al. [53] uses the WGAN for regression, but proposes a
method for solving the primal problem, instead of the dual, thus avoiding
the problems with enforcing the 1-Lipschitz condition. The model takes as
input a sample x ∈ Rn of the feature space and a noise vector z ∈ Rd, and
tries to reproduce a sample y ∈ Rm that looks like it was originated from
p(y | x). Since the model assumes that both x and y are continuous, es-
timating p(y | x) becomes non-trivial since there will only be one sample
for each distribution. Thus, the authors propose instead to sample from the
joint distribution and constraint the transport plans to only map (x(i),y(i))
to (x(j),y(j)) if they are close in the feature space. Since the computation of
the Wasserstein distance involves the solution of a LP, the authors sparsify
the cost matrix by precomputing the x-neighbors thus removing high-cost
edges, and using an efficient method for sparse linear assignment. Experi-
ments conducted on synthetic data with non-Gaussian noise showed that this
method was able to outperform Deep Neural Networks, XGBoost, Regression
with Gaussian Process, among others.

Wasserstein Multi-task Regression

Janati et al. [39] proposed the use of Entropic Wasserstein cost as a

7The Entropic Wasserstein cost incorporates the regularization term in the cost, while
the Entropic Wasserstein distance uses the transport plan from the regularized OT problem
to calculate the cost of transportation. Check Section 3.1.4.
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regularizer for multi-task regression learning. The problem of multi-task
regression can be posed as jointly estimating the coefficients θ(1), ..., θ(T ) ∈ Rp,
such that Y (t) = X(t)θ(t) + ε(t), where each t ∈ {1, ..., T} symbolizes a task
and ε(t) are Gaussian noise. Hence, the objective function can be written as:

min
θ(1),··· ,θ(T )

1

2n

T∑
t=1

||X(t)θ(t) − Y (t)||22 + J(θ(1), · · · , θ(T )) (4.35)

In this work, the authors proposed the following formulation for the regular-
ization function J :

J(θ(1), · · · , θ(T )) :=
ξ1

T

T∑
t=1

[W1,ε(θ
(t)
+ , θ̄+) +W1,ε(θ

(t)
− , θ̄−)] +

ξ2

T

T∑
t=1

||θ(t)||1,

(4.36)
where ξ1, ξ2 > 0, θ+ := max{0, θ}, θ− := {0,−θ} and θ̄ is the Wasserstein
barycenter of the parameters {θ(1), ..., θ(T )}. This problem is actually an

Unbalanced OT problem, since θ
(t)
+ are not normalized. Janati et al. [39]

showed using experiments with both real and synthetic data that the WMT
model obtained better results than other multi-task regression methods such
as Multi-Level Lasso.

Optimal Transport for Graph Classification

When the input data is a graph, one can use the so called Graph Neural
Networks (GNN). Bécigneul et al. [7] developed a new GNN using Opti-
mal Transport. Their model, which was named OT-GNN, used the Wasser-
stein distance to measure the discrepancy between the point cloud of em-
beddings from the Graph Neural Network and the prototype point clouds.
Such Wasserstein distances then becomes the input to a final Multi-layer
Perceptron which performs the regression/classification task. The authors
also added contrastive regularization for improving the model’s performance.
Four computational experiments were conducted on molecular property pre-
diction, with the OT-GNN model outperforming the state-of-the-art baseline
models.

With a very different approach, Vayer et al. [89] introduced the Fused
Gromov-Wasserstein distance (3.29) in order to measure the distance of
structured objects such as graphs. They performed classification on these
graphs using a Support Vector Machine algorithm with indefinite kernel
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matrix e−ξFGW . The authors compared their SVM model with four other
state-of-the-art graph kernel methods. Their model either reached or out-
performed the other models in all the 12 benchmark datasets with which
they experimented.

Barycentric Coordinate Regression

Bonneel et al. [11] devised what they called Barycentric Coordinate Re-
gression (BRC). This new problem formulation is a histogram regression,
where the input data is a discrete measure q ∈ ΣN , and for a set of discrete
measures (ps), the goal is to find a probability vector λ ∈ Σs such that the
Wasserstein barycenter βλ((ps)) ≈ q. This is an inverse problem in relation
to the original barycenter problem, in which one already knows λ and is in-
stead interested in finding the barycenter. The authors used the Entropic
Regularized Wasserstein cost instead of pure Wasserstein, which enabled the
creation of a faster algorithm for solving the regression. The work empirically
showed that the BRC can be successfully used for tackling problem such as
inferring missing data.

Wasserstein Discriminant Analysis

Flamary et al. [27] created a new method named Wasserstein Discrimi-
nant Analysis (WDA), which is a supervised linear dimensionality reduction
algorithm. This method uses Entropic Regularized Wasserstein distance and
searches for a projection linear map A : Rd → Rp where p is much smaller
then d. The algorithm optimizes

max
A∈∆

∑
l,l′>lWλ(AX(l′),AX(l))∑
lWλ(AX(l),AX(l))

, (4.37)

where ∆ := {A = [a1, ..., ap] : ai ∈ Rd, ||ai||2 = 1 and aT
i aj = 0 ∀i 6= j}, and

X(l) represents the data with label l. Hence, note that the optimization prob-
lem is maximizing the ratio between the distance of inter class and intra-class.
Compared to other popular methods such as PCA, FDA (Fisher Discrimi-
nant Analysis), LFDA (Local Fisher Discriminant Analysis), the Wasserstein
Discriminant Analysis obtained the best overall performance for kNN classi-
fication.

Wasserstein Market Basket
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The market basket problem consists in trying to predict which products
a client will purchase in the next visit to a store, using as input the purchase
history of all the clients. Kraus and Feuerriegel [44] developed a new algo-
rithm for such problem using Optimal Transport. The main idea behind the
proposed algorithm is to find the most similar subsequence of market baskets
that matches the history of the target client, and then use it to predict what
the client will buy next. To achieve this, the algorithm does the following:
first creates an embedding of the products; then uses the Wasserstein metric
to measure the distance between market baskets; with these distances, the
closest subsequence of market baskets is found using the k-Nearest Neigh-
bors algorithm together with Subsequence Dynamic Time Wrapping (kNN-
SDTW). Experimental results showed that the model outperformed the other
baseline models.

4.4.2 Ranking

According to Shalev-Shwartz and Ben-David [77]:

Ranking is the problem of ordering a set of instances according
to their relevance.” A typical application is ordering results of a
search engine according to their relevance to the query. Another
example is a system that monitors electronic transactions and
should alert for possible fraudulent transactions. Such a system
should order transactions according to how suspicious they are.

Wasserstein for Ranking Learning

The work of Yu et al. [99] tackled the learning to rank problem by creating
a new method called WassRank. The goal of the algorithm is to predict the
relevance of a list of documents given a query. The proposed method used the
Entropic Regularized Wasserstein cost to measure the discrepancy between
the predicted and the real relevance vectors. The model consists in training
a Neural Network that receives a query and returns a vector of relevance
score for each document, which are then normalized. Thus, the Entropic
Wasserstein distance is calculated, using a custom cost function devised by
the authors. Using two benchmark datasets, the empirical results showed
that the WassRank outperformed other four listwise ranking methods (i.e.,
LambdaRank, ListNet, ListMLE and ApxNDCG).
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Another ranking learning problem, but with a slightly different objec-
tive, is the top-K recommendation problem. Given a list of users i ∈ D,
its assumed that each user has an ordered list of preferred items Di :=
{I1, ..., I|Di|}, where each Ij is an item. Each training sample constitutes
a list Si of already known preferred items and Ti of unknown items (i.e.
Si ∩Ti = ∅, Si ∪Ti = Di). The goal is to recommend an ordered list Xi that
is closer to Ti, such that Si ∩ Xi = ∅ and |Xi| ≤ k. Ma et al. [52] proposed
a model for this problem that works by embedding the users and items in
an Euclidean space with latent dimension h, and assumes that each one is
represented by a Normal distribution with mean m and co-variance Σ which
are both learned. Then, the recommendation is done for each user i by eval-
uating the Wasserstein distances between the user and each item, where the
k items closer to the user and not in Si are recommend. The use of Normal
distribution allows for an easy computation of the Wasserstein distance (3.6).
A comparison was done using five real-world datasets against five state-of-
the-art methods, and the proposed model outperformed the others by 4-22%
in terms of recall on the top-K recommendation.

Differentiable Ranking Operators with Optimal Transport

Many Machine Learning applications rely on sorting, for example the k-
Nearest Neighbors. Yet, a common problem of such operators is that they
are not differentiable, hence, one cannot use ranking as a loss function with
gradient descent. To address such issues, Cuturi et al. [22] used Entropic
Regularized Optimal Transport in order to define a differentiable sorting
operator. The link between OT and sorting is quite clear in 1-D, where the
Optimal Transport plan consists in moving the most left mass in µ to the most
left mass in ν (check section 3.1.1). Hence, for a vector x ∈ Rn unsorted
and a sorted auxiliary vector y ∈ Rm, one can construct an OT problem
where the µ is a discrete measure with mass proportional to the values of x
and supported on the vector’s indexes, and ν is the equivalent for y. Cuturi
et al. [22] then shows how to construct the sorting and ranking operators
as functions of the optimal transport plan. Using regularization and the
Sinkhorn algorithm with fixed number of iterations, the sorting algorithm
becomes easily differentiable, thus allowing its use for supervised learning
tasks.

While Cuturi et al. [22] proposed a differentiable sorting operator, Xie
et al. [95] used Entropic OT to create a differentiable version of the top-
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K operator. While a sorting operator returns the sorted array, the top-K
operator returns only the first k largest or smallest elements in an array.
To obtain the k largest elements of x, make µ =

∑n
i=0 δi1/n where n is

the number of elements of x, and ν = δ0k/n + δ1(n − k)/n. Thus, the
(n − k) smallest xi will be transported to position 0 and the k largest to
position 1. The top-K operator can be written as A = nγ∗ · [0, 1]T where
γ∗ is the optimal transport plan. With entropic regularization A becomes
differentiable in terms of positions x. Hence, one can, for example, use the
top-K operator to train a Neural Network based on kNN.

4.4.3 Adversarial Learning and Robust Modelling

Adversarial Learning and Robust Modelling are two related subjects in Ma-
chine Learning. While Adversarial Learning focuses on devising methods for
producing adversarial attacks to ML models, Robust Modelling consists in
finding way to make the ML models robust to this type of attacks. A very
common example in this regard are the adversarial attacks to Convolutional
Neural Networks in which small noise is added to the images, and although
the noise is almost imperceptible to the human eye, it is still able to fool the
CNN.

Distributional Robustness in the Wasserstein Ball

Shafieezadeh Abadeh et al. [75] proposed a distributionally robust lo-
gistic regression, where the Wasserstein distance is used to define the ball
radius of the space of acceptable probability distributions. While stochas-
tic programming framework assumes that the uncertainty is governed by a
known probability distribution, and robust optimization framework aims to
minimize the worst-case scenario. The distributionally robust optimization
framework (DRO) seeks to minimize the worst-case probability distribution
given a family of distributions. In this work, the family of distributions used
consists in all the probability measures that have a Wasserstein distance at
most ε from the empirical distribution. Therefore, the new logistic regression
model seeks to optimize the following problem:

inf
β

sup
µ∈Bε(νN )

Eµ[lβ(x, y)], (4.38)

where νN := 1
N

∑N
i=1 δ(xi,yi) is the empirical distribution of the training
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dataset, Bε(µ̂N) := {µ ∈ P : W1(µ, νN) ≤ ε} is the Wasserstein ball of ra-
dius ε, and lβ is the logloss function8. To solve this new problem, the authors
devised a new convex tractable formulation. The model was tested in both
synthetic and real world examples. In both cases, the model outperformed
the vanilla logistic regression and the regularized logistic regression in terms
of correct classification ratio in test sets and the conditional value-at-risk in
out-of-sample logloss distribution.

Shafieezadeh-Abadeh et al. [76] extends the work of Shafieezadeh Abadeh
et al. [75] by introducing many other distributionally robust models (e.g. ro-
bust linear regression, support vector regression, quantile regression, robust
linear classification, ...) using the Wasserstein ball. This work also presents
a new perspective on regularization theory by showing that the classical
regularized learning models emerge as special cases of the Wasserstein dis-
tributionally robust framework as the ground cost function changes.

Sinha et al. [80] devised a method for training Neural Networks with
small to moderate amounts of robustness by penalizing the perturbation
of the data distribution inside the Wasserstein ball. For this, the authors
showed the following equivalence with regards to the distributionally robust
optimization problem with Lagragian relaxation and a fixed penalty λ ≥ 0

min
θ

sup
P

EP [`(θ;Z)]− λWc(P, P0) = EP0 [φλ(θ; z0)], (4.39)

where φλ(θ; z0) = supz∈Z `(θ; z)−λc(z, z0), such that c represents the cost to
adversarially perturb the data and ` is the loss function. The authors then
propose an algorithm to solve such problem, which consists in solving φy via
stochastic gradient ascent on z, and then perform stochastic gradient descent
on θ.

Wasserstein Adversarial Attacks

While Sinha et al. [80] used the Wasserstein distance to perturb the un-
derlying data distribution, Wong et al. [92] proposes to use the Wasserstein
distance to perturb each example. The idea here is to devise a method for
generating adversarial examples that can dissuade the original trained model,
but that still resemble the original training dataset very closely. One of the
most common methods to do this is the Projected Gradient Descent (PGD),
which seeks to find projection of a sample x in a ball Bε(x) that maximize

8lβ(x, y) = log(1 + exp(−y〈β, x〉)).
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the loss function, by moving in the direction of gradient that increases the
error. The PGD adversarial attack consists in the following iteration:

x(t+1) = projBε(x)

(
x(t) + argmax

||v||≤α
vT∇`(x(t), y)

)
, (4.40)

where α is the step size, ` is the loss function (e.g. cross-entropy), y is the
label for this training sample x, and proj is the projection operator. The
innovation proposed by Wong et al. [92] consists in using the projection in
the Wasserstein ball, instead of the more common L2 or L∞. The authors
devised an efficient method for calculating this projection with the use of
Entropic Regularization, performing what they called Sinkhorn Projection.

Wu et al. [94] reformulates the Wasserstein attack proposed by Wong et al.
[92], obtaining stronger adversarial examples with a faster algorithm. While
the original formulation consisted in maximizing over the loss in the image
space, this new proposal maximizes the loss in the transport space, thus
searching for a transportation plan such that the cost is inside the Wasserstein
ball. Using this new formulation, the authors developed two algorithms for
generating the adversarial examples, one using PGD and another using the
Frank-Wolfe algorithm. Examples of adversarial images are shown in Figure
4.15.

Figure 4.15: Example of adversarial images generated by Wu et al. [94]. The
figure makes it clear how different the Wasserstein attack is compared to L2

or L∞ attacks.
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4.4.4 Fairness Learning

In the learning process, the ML algorithm can implicitly take into account
variables that are not considered “fair”, such as gender, ethnicity, and others.
The idea is that once a model is trained, one can check if it is biased against
a set of chosen “sensitive” variables. Hence, Fairness Learning is concerned
in trying to guarantee that the model in independent of such set of variables.

In order to enforce fairness in classifier models, Jiang et al. [40] used the
1-Wasserstein to achieve what they called strong demographic parity (SDP).
Given a sensitive random variable A, the SPD criterion consists in ensuring
that the belief variable S, that corresponds to the output of a logistic re-
gression model, is independent of A. The authors introduced two methods
to achieve the SPD criterion: by post-processing the model beliefs to match
the Wasserstein barycenter; and by penalizing the logistic regression. The
barycenter that achieves SPD is given by

pS̄ = argmin
p∗∈P(Ω)

∑
a∈A

paW1(pSa , p
∗), (4.41)

where A is the set of sensitive variables and pSa = P (S | A = a). The
penalized loss function for the logistic regression is

LW1(θ) := α`(θ) + (1− α)β
∑
a∈A

W1(p̂Sa , p̂S̄), (4.42)

where p̂ are the empirical distributions, ` is the logistic regression loss func-
tion, β > 0 and α ∈ [0, 1].

Risser et al. [64] proposed the use of 2-Wasserstein regularized logistic
regression for addressing the same fairness problem. Although, their model
assumes that the sensitive variable is binary, hence, the regularization term
can be computed without the need to estimate the barycenter. The new
penalized loss function thus becomes

LW1(θ) := `(θ) + βW 2
2 (p̂S0 , p̂S1), (4.43)

where p̂S0 and p̂S1 are the empirical distributions of the output variable S in
case the sensitive variable is equal to 0 or equal to 1, respectively.
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Chapter 5

Conclusion

Our main goal was to provide a detailed review of the applications of Optimal
Transport to Machine learning, serving as a guide to new ML researchers in-
terested in understanding how OT can be used to improve Machine Learning
algorithms.

By searching for papers relating Optimal Transport to Machine Learning,
a total of 444 papers were initially collected from the Microsoft Academic
platform. From this initial collection, the papers were classified and 200 were
considered to be on the topic of interest for this dissertation, i.e. “Algorithms
for Machine Learning with Optimal Transport”. A final selection of 70 papers
were chosen to be part of the review. This accounted for roughly 94% of
all citations for the 200 papers in the category of “Algorithms for Machine
Learning”.

Before going into the actual literature review, we presented both theoret-
ical and computational aspects of Optimal Transport. We selected the main
topics necessary for understanding the ML applications in the review.

Based on the literature in the subject, we proposed a taxonomy for clas-
sifying the applications according to the OT problem formulation and how is
was used in the algorithm. Categorizing the papers based on this new taxon-
omy and on the Machine Learning task (e.g. Transfer Learning, Generative
Modeling, Representation Learning), we were able to provide an overview
of how these two fields have been combined. For example, it became clear
that optimal transport plans are used mostly on Transfer Learning, while
the other areas of Machine Learning tend to use the optimal transport cost,
which defines a distance metric between probability distributions.

Finally, we concluded the main objective of this dissertation by reviewing
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the 70 selected papers, which covered applications in all three sub-fields of
Machine Learning, i.e. Supervised, Unsupervised and Semisupervised Learn-
ing.
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timal transport and mmd using sinkhorn divergences. In The 22nd In-
ternational Conference on Artificial Intelligence and Statistics, pages
2681–2690. PMLR, 2019.
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[49] Xuhong Li, Yves Grandvalet, Rémi Flamary, Nicolas Courty, and De-
jing Dou. Representation transfer by optimal transport. arXiv preprint
arXiv:2007.06737, 2020.

[50] Antoine Liutkus, Umut Simsekli, Szymon Majewski, Alain Durmus,
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ing with a smoothed wasserstein loss. In Artificial Intelligence and
Statistics, pages 630–638. PMLR, 2016.
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Chapter 6

Appendix

6.1 Optimal Transport theory - Extra

This section is focused on providing the proofs for the results presented in
Chapter 2. The proofs are mainly based on the book “Optimal Transport
for Applied Mathematicians” by Santambrogio [72]. We do not prove the
measurability of the sets, functions and maps, although it can be indeed
shown that the ones presented here are measurable.

6.1.1 On the Existence of Transport Plans

Theorem 2.4.2. (Santambrogio 1.5) Let X and Y be compact metric spaces.
Given µ ∈ P(X), ν ∈ P(Y ) and c : X × Y → [0,+∞], if c is lower semi-
continuous, then (KP) admits a solution.

Proof.
This proof follows the same ideas from the proof of Theorem 2.4.1. The

only thing we need to prove is that K(γ) is l.s.c with respect to weak con-
vergence.

For c : X → R ∪ {+∞} bounded from below, then, c is l.s.c if and only
if there exists a sequence of k−Lipschitz functions ck such that ∀x ∈ X,
supk ck(x) = c(x) (see Lemma 6.2.1).

Since c is indeed l.s.c and bounded from below, we know that c = supk ck,
and by the Monotone Convergence Theorem,

K(γ) =

∫
c dγ =

∫
sup
k
ck dγ = sup

k

∫
ck dγ

109



Note that we also know that ck are Lipschitz, hence, they are also all con-
tinuous and bounded. This implies that Kk(γ) =

∫
ck dγ is also bounded and

continuous with respect to weak convergence. Therefore, K(γ) = supkKk(γ),
which implies that K(γ) is l.s.c and bounded. By the Weierstrass’s Theo-
rem, we conclude that there exists a transport plan γ that minimizes the
Kantorovich Problem.

Theorem 2.4.3. (Santambrogio 1.7) Let X and Y be Polish (complete and
separable) metric spaces. Given µ ∈ P(X), ν ∈ P(Y ) and c : X × Y →
[0,+∞], if c is lower semi-continuous then (KP) admits a solution.

Proof.
Let’s prove that Π(µ, ν) is compact. To do this, we prove that Π(µ, ν)

is tight (6.2.3), and therefore, by Prokhorov’s Theorem (i) 6.2.3, it is pre-
compact. Once this is done, the proof follows in the same manner as Theorem
2.4.1.

Note that since µ and ν are probability measures, then, the families {µ}
and {ν} each containing only one element are pre-compact (actually, com-
pact). Since X is Polish, we can use Prokhorov (ii) 6.2.3, to conclude that
µ and ν are tight. Hence, for ε > 0,∃KX ⊂ X and KY ⊂ Y both compacts,
such that µ(X \KX), ν(Y \KY ) < ε/2.

Next, note that

(X × Y ) \ (KX ×KY ) ⊂ (X \KX × Y ) ∪ (X × Y \KY )

Therefore, for any γn ∈ Π(ν, µ) we obtain

γn((X × Y ) \ (KX ×KY )) ≤ γn((X \KX)× Y ) + γn(X × (Y \KY ))

Finally, note that γn(A× Y ) = µ(A). Hence,

γn((X × Y ) \ (KX ×KY )) ≤ µ(X \KX) + ν(Y \KY ) < ε

Which shows that every sequence γn ∈ Π(µ, ν) is tight, concluding our
proof.

6.1.2 Duality of the Kantorovich Problem

Auxiliary Lemmas
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Lemma 6.1.1. The Kantorovich Problem (2.3.3) is equivalent to:

inf
γ∈M+(X×Y )

∫
X×Y

c(x, y)dγ + sup
(φ,ψ)∈B

{∫
X

φ(x) dµ

+

∫
Y

ψ(y) dν −
∫
X×Y

φ(x) + ψ(y) dγ

}
(6.1)

Where B := {φ ∈ Cb(X) and ψ ∈ Cb(Y )}.

Proof. Let’s suppose that γ /∈ Π(µ, ν). Then, without lost of generality,
∃A : µ(A) 6= γ(A, Y ). Hence, can make φ(x) = M in A and null elsewhere.
So, ∫

A

φ dµ−
∫
A

φ dγ = M(µ(A)− γ(A, Y ))

Since we can make M arbitrarily large or small, we conclude that

sup
(φ,ψ)∈B

∫
X

φ(x) dµ+

∫
Y

ψ(y) dν −
∫
X×Y

φ(x) + ψ(y) dγ = +∞

This implies that for γ /∈ Π(µ, ν), equation (2.7) is +∞. If γ ∈ Π(µ, ν),
then we return to

inf
γ∈Π(µ,ν)

∫
X×Y

c dγ

With this, we proved that the argument that minimizes equation (2.7) must
be inside {γ ∈ Π(µ, ν)}, which is the original Kantorovich Problem.

Lemma 6.1.2. The Dual Problem for the Kantorovich Problem always sat-
isfies the Weak Duality, i.e. (DP) ≤ (KP).

Proof. Since φ⊕ ψ ≤ c,∫
X

φ dµ+

∫
Y

ψ dν =

∫
X×Y

φ⊕ ψ dγ ≤
∫
X×Y

c dγ

Lemma 6.1.3. Let c : X × Y → R be uniformly continuous. Define two
functions φ : X → R and ψ : Y → R Therefore, φc and ψc have the same
modulus of continuity 1 as c.

1Check Theorem 6.2.5 for the definition of modulus of continuity
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Proof. By Theorem 6.2.5, there exists a modulus of continuity ω, such
that

|c(x, y)− c(x′, y′)| ≤ ω(d(x, x′) + d(y, y′))

Observe that for gx(y) = c(x, y)− φ(x)

|gx(y)− gx(y′)| = |c(x, y)− c(x, y′)| ≤ ω(d(x, x) + d(y, y′)) = ω(d(y, y′))

Hence, gx has modulus of continuity ω. Now, using the Inf-Sup Inequality
6.3.1

| inf
x
gx(y)− inf

x
gx(y

′)| = |φc(y)− φc(y′)| ≤ sup
x
|gx(y)− gx(y′)| =

= sup
x
|c(x, y)− c(x, y′)| ≤ ω(d(y, y′))

Using the same argument for ψc, we showed that both c−transforms have
the same modulus of continuity.

Lemma 2.5.1. Let X be a metric space, and c : X ×X → R, where c is a
distance metric. Therefore, a function f : X → R is c-concave if and only
if it is Lipschitz continuous with a constant less than 1 with respect to the
distance c. We call Lip

(c)
1 this set of Lipschitz functions with constant less

than 1. Moreover, f c = −f .

Proof.
=⇒ ) Let f : X → R be a c-concave function. Hence, ∃ g : X → R such

that
f(x) := inf

y
c(x, y)− g(y)

Using the triangle inequality of the cost, we get:

c(x, y) ≤ c(x, z) + c(z, y) =⇒ sup
y
c(x, y)− c(y, z) ≤ c(x, z)

c(y, z) ≤ c(y, x) + c(x, z) =⇒ sup
y
c(y, z)− c(x, y) ≤ c(x, z)

∴

sup
y
|c(y, z)− c(x, y)| ≤ c(x, z)
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Therefore,

|f(x)− f(z)| = | inf
y
{c(x, y)− g(y)} − inf

y
{c(z, y)− g(y)}| ≤

≤
6.3.1

sup
y
|c(x, y)− c(z, y)| ≤ c(x, z)

⇐= ) Let f ∈ Lip
(c)
1 . Using the Lipschitz inequality,

f(x)− f(y) ≤ c(x, y) =⇒ f(x) ≤ inf
y
c(x, y) + f(y)

But note that f(x) = c(x, x) + f(x) ≥ infy c(x, y)− f(y). This implies that
f(x) = infy c(x, y) + f(y). Hence, f(x) = gc(x), where g(y) = −f(y). Which
proves that f is c-concave, and f = (−f)c. Finally, note that −f is also Lip1,
therefore, the same argumentation leads to −f = f c.

Proving the Duality Theorems

This subsection focuses on proving the Duality Theorems that were stated
without proof on Chapter 2. Before proving them, we’ll need to some more
definitions and results.

Theorem 6.1.1. (Santambrogio 1.11)
For X and Y compact metric spaces, and c : X × Y → R continuous.

Then, the Dual Problem has a solution (φ, φc) for φ c−concave. Hence

max(DP) = max
φ∈c−conc.(X)

∫
X

φ dµ+

∫
Y

φc dν (6.2)

Proof. Let (φn, ψn) be a maximizing sequence of the Dual problem. Note
that the c-transforms always improve the Dual Problem, since φn ⊕ ψn ≤ c,
which implies that

φcn(y) := inf
x
c(x, y)− φn(x) ≥ ψn(y)

ψcn(x) := inf
y
c(x, y)− ψn(y) ≥ φn(x)∫

X

φn dµ+

∫
Y

ψn dν ≤
∫
X

φn dµ+

∫
Y

φcn dν
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Hence, the sequence (φn, φ
c
n) is also maximizing.

Since X × Y is compact, the cost c is uniformly continuous. Therefore,
by Lemma 6.1.3, the c−transforms of φn and ψn are bounded by the same
modulus of continuity ω as the cost function c.

Instead of using
ψcn(x) = inf

y
c(x, y)− ψ(y)

We will use
ψcn(x) := inf

y
c(x, y)− φcn(y) = φccn (x)

This sequence is still maximizing, since

φcn(y) = inf
x
c(x, y)− φn(x) ≥ ψn(y) =⇒ φn(x) + φcn(y) ≤ c(x, y)

=⇒ ψcn(x) = inf
y
c(x, y)− φcn(y) ≥ φn(x)

Therefore, for a maximizing sequence (φn, ψn), we can instead take the
maximizing sequence (ψcn, φ

c
n) = (φccn , φ

c
n).

Our goal now is to use the Àrzela-Ascoli Theorem (6.2.6), so we can take
a subsequence converging uniformly. To use the theorem, we’ll show that our
sequence (ψcn, φ

c
n) is Equicontinuous (see Definition 6.2.5) and Equibounded

(see definition 6.2.6).
First, note that (ψcn, φ

c
n) is in fact Equicontinuous, since for any ε >

0, we can take δ > 0 such that d(y, y′) < δ =⇒ w(d(y, y′)) < ε and
|φcn(y)− φcn(y′)| ≤ w(d(y, y′)) < ε, for every n ∈ N.

Next, let’s prove that the sequence is Equibounded. Taking the supremum
of the inequality, we obtain

sup
y,y′
|φcn(y)− φcn(y′)| ≤ sup

y,y′
w(d(y, y′)) = w(diam(Y ))

The equality in the equation above is true because the function ω is increas-
ing, and the set Y is compact. Again, the same argument works for ψcn.

Next, realize that we can add and subtract constants from the Dual Prob-
lem without modifying the results:∫

X

ψcn dµ+

∫
Y

φcn dν =

∫
X

ψcn + Cn dµ+

∫
Y

φcn − Cn dν

Let’s take Cn = miny φ
c
n(y). We now change the sequence of functions

to (ψcn + Cn, φ
c
n − Cn), which preserves the maximizing property. Note that

miny φ
c
n − Cn = 0. Hence,
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sup
y,y′
|φcn(y)− φcn(y′)| = max

y
φcn(y)−min

y
φcn(y) = max

y
φcn(y) ≤ ω(diam(Y ))

Also, for any x ∈ X:

ψcn(x) = inf
y
c(x, y)− φcn(y) ∈ [min

y
c(x, y)− ω(diam(Y )),max

y
c(x, y) ]

With this, we showed that the sequence is Equibounded. Therefore, since
we are on a compact set and the sequence (ψcn, φ

c
n) is both Equicontinuous

and Equibounded, we can apply the Àrzela-Ascoli Theorem 6.2.6. Thus, we
can obtain a subsequence (ψcnk , φ

c
nk

) that converges uniformly to (ψ, φ). As
a consequence of this uniform convergence∫

X

ψcnk dµ+

∫
Y

φcnk dν →
∫
X

φ dµ+

∫
Y

ψ dν

With this, we proved that there exists a pair of functions (φ, ψ) that are the
limits of a maximizing sequence and that satisfy the constraint (i.e. φ(x) +
ψ(y) ≤ c(x, y)), hence, the Dual Problems has a solution. Also, since φc ≥ ψ,
then (φ, φc) is also an optimal solution for the Dual, and this maximization
problem can be restricted to searching in c-concave functions, i.e.:

max(DP) = max
φ∈c−conc.(X)

∫
X

φ dµ+

∫
Y

φc dν

Definition 6.1.1. (Cyclic Monotonicity) For c : X × Y → R, a set Γ ⊂
X × Y is called c-cyclical monotone (c-CM) if ∀n ∈ N and (xi, yi) ∈ Γ for
i ∈ {1, ..., n}

n∑
i=1

c(xi, yi) ≤
n∑
i=1

c(xi, yσ(i)) (6.3)

Where σ(i) is a permutation of the indexes.

Note that this is a stronger property than monotonicity, since for n = 2
and c(x, y) = 〈x, y〉, if Γ is c-CM, then monotonicity is satisfied:

〈x1, y1〉+ 〈x2, y2〉 ≤ 〈x1, y2, 〉+ 〈x2, y1〉 (6.4)
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Definition 6.1.2. For X a separable metric space, we define the support of
a a measure µ as

spt µ :=
⋂
{A : A is closed and µ(X \ A) = 0} (6.5)

We can now give an overview of the proof of first Strong Duality Theorem.
The proof consists of showing that for an optimal plan γ, its support spt(γ)
is c-CM and that for a c-CM set there exists a c-concave function φ(x) such
that φ(x) + φc(y) = c(x, y) for (x, y) ∈ spt(γ). Hence, this would prove that∫

X×Y
c(x, y) dγ =

∫
X

φ(x) dµ+

∫
Y

φc(y)dν (6.6)

Theorem 6.1.2. (Santambrogio 1.37) Suppose Γ 6= ∅ and is c-CM with
c : X × Y → R. Then, there exists a c-concave function φ : X → R∪ {−∞}
(different than the constant value −∞) such that

Γ ⊂ {(x, y) : φ(x) + φc(y) = c(x, y)} (6.7)

In other words, ∀(x, y) ∈ Γ, c(x, y) = φ(x) + φc(y).

Proof. Fix a point (x0, y0) ∈ Γ. For x ∈ X, let

φ(x) := inf{c(x, yn)− c(xn, yn) + c(xn, yn−1)− c(xn−1, yn−1) + ...+

+ c(x1, y0)− c(x0, y0) : n ∈ N, (xi, yi) ∈ Γ ∀i = 1, ..., n}

ψ(y) := − inf{−c(xn, y) + c(xn, yn−1)− c(xn−1, yn−1) + ...+

c(x1, y0)− c(x0, y0)) : n ∈ N, (xi, yi) ∈ Γ ∀i = 1, ..., n, yn = y}

Note that if y /∈ (πY )(Γ), then there is no (xn, y) = (xn, yn) ∈ Γ. Therefore,

ψ(y) = − inf{∅} = −∞

This implies that ψ(y) > −∞ ⇐⇒ y ∈ (πY )(Γ). Note that:

ψc(x) = inf
y
c(x, y)− ψ(y) = inf

y∈(πY )(Γ)
c(x, y)− ψ(y)

= inf
y∈(πY )(Γ)

c(x, y) + inf{−c(xn, y) + ...+ +c(x1, y0)− c(x0, y0)) :

n ∈ N, (xi, yi) ∈ Γ ∀i = 1, ..., n, yn = y}
= φ(x)
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Hence, φ(x) is c-concave, and φ(x) is not constantly equal to −∞, since
for x = x0, we have

c(x0, yn) + (
n−1∑
i=0

c(xi+1, yi))−
n∑
i=0

c(xi, yi) ≥ 0

=⇒ φ(x0) = inf{c(x0, yn) + (
n−1∑
i=0

c(xi+1, yi))−
n∑
i=0

c(xi, yi)} ≥ 0

Note that the inequality above is true due to the fact that Γ is c-CM.
Now, the only thing left to prove is that φ(x) + φc(y) = c(x, y) for every

(x, y) ∈ Γ. First, note that for ε > 0 and (x, y) ∈ Γ, then:

φ(x) = ψc(x) = inf
y
c(x, y)− ψ(y) = inf

y∈(πY )(Γ)
c(x, y)− ψ(y) =⇒

∃ȳ ∈ (πY )(Γ) : φ(x) + ε > c(x, ȳ)− ψ(ȳ)

Also, note that from the definition of ψ, we have:

−ψ(y) ≤ −c(x, y) + c(x, ȳ)− c(x̄n, ȳ) + ...− c(x̄0, ȳ0) : ∀i, (x̄i, ȳi) ∈ Γ

Since this is true for any chain on Γ starting on ȳ, it’s true for the infimum,
therefore:

−ψ(y) ≤ −c(x, y) + c(x, ȳ)− ψ(ȳ) ≤ −c(x, y) + φ(x) + ε

Since the ε was arbitrary, we can conclude that c(x, y) ≤ φ(x, y) + ψ(x).
But, we also know that

φc(y) = ψcc(y) = inf
x
c(x, y)− φ(x)

= inf
x
c(x, y)− inf

y
c(x, y)− ψ(y)

≥ inf
x
c(x, y)− c(x, y) + ψ(y)

= ψ(y)

Hence, φ(x) + φc(y) ≥ φ(x) + ψ(y) ≥ c(x, y).
Lastly, one would need to show that this φ is indeed measurable. The

general proof is complicated, but, if we assume that c is uniformly continuous,
then, we know that c-transforms are continuous (this was shown in Theorem
6.1.1). Since φ = ψc, then, φ is continuous, therefore, it is measurable if we
consider the Borel σ-algebra.
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Theorem 6.1.3. (Santambrogio 1.38) If γ is an optimal transport plan for
cost c continuous, then spt γ is c-CM.

Proof. The proof consists in supposing that spt γ is not c-CM. Then, we
construct a γ̃ ∈ Π(µ, ν) such that

∫
X×Y c(x, y) dγ̃ <

∫
X×Y c(x, y) dγ, which

contradicts the optimality of γ.
Check Santambrogio [72] for the complete proof.

With these results, we can prove the first Strong Duality theorem.

Theorem 2.5.1. For X and Y compact metric spaces, and c : X × Y → R
continuous. Then, max (DP) = min(KP), and DP admits a solution (φ, φc).

Proof. Using Theorem 2.4.1, we obtain that ∃γ ∈ Π(µ, ν) such that
it minimizes the Kantorovich Problem, therefore, by Theorem 6.1.3, sptγ is
c-CM.

By Proposition 6.1.1, we know that a solution to the Dual Problem can
be found in the set of c-concave functions. Using 6.1.2, we can assert that
there is a set of c-concave functions such that φ(x)+φc(y) = c(x, y) for every
(x, y) ∈ spt γ. Since X × Y is compact, then c is uniformly compact, which
implies that φ and φc are continuous and bounded.

Hence, since we already know that max(DP) ≤ min(KP), we conclude
that max(DP) = min(KP).

Theorem 2.5.2. For X and Y Polish spaces and c : X × Y → R uni-
formly continuous and bounded. Then, (DP) admits a solution (φ, φc) and
max(DP) = min(KP).

Proof. First, note that since X and Y are Polish and c is continuous,
one can use Theorem 2.4.3 and affirm that exists an optimal solution γ to
(KP).

By the same arguments used on the proof of Theorem 2.5.1, we stablish
that spt γ is c-CM, and that φ, φc are continuous functions such that ∀(x, y) ∈
spt γ, φ(x) + φc(y) = c(x, y).

In the Dual Problem, the admissible functions φ and ψ must be continuous
and bounded. Hence, we just need to prove that the φ and φc are indeed
bounded. Note that, since c is bounded, then, |c| ≤M ∈ R and

φc(y) = inf
x
c(x, y)− φ(x) ≤ inf

x
M − φ(x) = M − sup

x
φ(x)
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Note that in 6.1.2, we showed that φ is not constantly −∞. Therefore,

−∞ < L < sup
x
φ(x) =⇒ φc(y) ≤M − sup

x
φ(x) ≤M − L

Similarly, since φ = ψc and φc(y) ≥ ψ(y) (shown in 6.1.3), then:

φ(x) = inf
y
c(x, y)− ψ(y) ≥ −M − sup

y
ψ(y) ≥ −M − sup

y
φc(y)

≥ −M −M + L

Hence, we obtained an upper bound for φc and a lower bound for φ. Now,
we obtain an upper bound for φ and a lower bound for φc using a similar
argument and relying on the fact that supψ(y) > L > −∞:

φ(x) = inf
y
c(x, y)− ψ(y) ≤M − sup

y
ψ(y) ≤M − L

φc(x) = inf
x
c(x, y)− φ(x) ≥ −M − sup

x
φ(x) ≥ −M −M − L

Finally, using the same arguments as Theorem 2.5.1, we conclude that
max(DP) = min(KP) and that (φ, φc) are a solution for the Dual Problem.

Theorem 2.5.3. (Santambrogio 1.40) Let µ, ν ∈ P(Rd), with c(x, y) = 1
2
|x−

y|2. Suppose that
∫
|x|2dµ,

∫
|y|2dν < +∞2. Instead of the original Dual

Problem, consider the following formulation:

(DP′) sup

{∫
Rd
φ dµ+

∫
Rd
ψ dν : φ ∈ L1(µ) , ψ ∈ L1(ν) , φ⊕ ψ ≤ c

}
(2.14)

Therefore, (DP’) admits a solution (φ, ψ) and max(DP′) = min(KP).

Proof. First, in the same way as the proof of Theorem 2.5.2, (KP) has
an optimal solution γ with spt γ that is c-CM and ∀(x, y) ∈ spt γ we have

φ(x) + ψ(y) = c(x, y). We also have that −ψ(y) = −φc(y) = supx−
|x−y|2

2
+

2This is Theorem 1.40 in Santambrogio [72], but note that there is a small typo in the
book, where it states

∫
|x|2dx,

∫
|y|2dy < +∞ instead of the correct

∫
|x|2dµ,

∫
|y|2dν <

+∞.
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φ(x). Note that, for h(x) := |x|2
2
− φ(x)

h∗(y) := sup
x
〈x, y〉 − h(x) = sup

x
〈x, y〉 − |x|

2

2
+ φ(x) =

|y|2

2
+ sup

x
−|x− y|

2

2
+ φ(x) =

|y|2

2
− ψ(y)

Therefore, h(x) is equal to the Legendre-Fenchel transform of |y|
2

2
+ ψ(y),

which implies that h is convex l.s.c. The same argument can be used to show

that |y|
2

2
− ψ(y) is also convex l.s.c.

Since |x
2|

2
− φ(x) is convex, there exists a supporting hyperplane, hence,

it is bounded from below by a linear function, which implies that

|x2|
2
− φ(x) ≥ α〈x, y〉+ β =⇒ φ(x) ≤ |x

2|
2
− α〈x, y〉 − β

=⇒
∫
Rd
φ(x) dµ ≤

∫
Rd

|x2|
2
− α〈x, y〉 − β dµ < +∞

The same argument can be made for ψ, which means that φ+ ∈ L1(µ)
and ψ+ ∈ L1(ν). Due to the fact that φ(x) + ψ(y) = c(x, y) in the support
of γ, then ∫

Rd×Rd
φ⊕ ψ dγ =

∫
Rd×Rd

c dγ ≥ 0

Which implies that the negative portions of φ and ψ are also integrable,
leading us to conclude that φ ∈ L1(µ) and ψ ∈ L1(ν).

Finally, by the same arguments as the previous theorems, we prove that
max(DP′) = min(KP).

We restate the stronger Duality theorem, but we do not present a proof.
We defer the interested reader again to Santambrogio [72].

Theorem 2.5.4. (Santambrogio 1.42) For X and Y Polish spaces and c :
X × Y → R ∪ {+∞} l.s.c and bounded from below. Then, sup(DP) =
min(KP). Note that in this theorem, one cannot guarantee the existence of
the (φ, ψ) that maximize the Dual Problem.

6.1.3 Wasserstein Distance

Proposition 2.6.1. Wp(·, ·) is a metric on Pp(X).
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Proof. Let’s prove each of the three properties that categorize a metric.

i) d(x, y) = 0 ⇐⇒ x = y.

If µ = ν, then (id, id)#µ = γ, hence
∫
X×X d(x, y)p dγ =

∫
X×X d(x, x)p dµ = 0.

If Wp(µ, ν) = 0, then
∫
X×X d(x, y)p dγ = 0. Therefore, γ is concentrated

on {x = y}, otherwise, there would exist a set A×B such that γ(A×B) > 0
and x 6= y. Therefore

∫
X
d(x, y)pdγ > 0.

Since γ is concentrated on {x = y}, then for any set Borel set K ⊂ X:

γ(K) =

∫
X×X

1K(x, y) dγ =

∫
x=y

1K(x, y) dγ =

∫
x=y

1K(x) dµ =

∫
x=y

1K(y) dν

We can conclude that µ(K) = ν(K) for every Borel set K, therefore µ = ν
almost everywhere.

ii) d(x, y) = d(y, x).

Wp(µ, ν) =

(∫
X×X

d(x, y)pdγ

)1/p

=

(∫
X×X

d(y, x)pdγ

)1/p

= Wp(ν, µ)

iii) d(x, z) ≤ d(x, y) + d(y, z).
Let µ, ν, ρ ∈ Pp(X), and γ+ ∈ Π(µ, ρ), γ− ∈ Π(ρ, ν) are the optimal

transport plans for the respective measures. Using the Gluing Lemma 6.1.4,
we know that there exists a measure σ ∈ P(X×X×X), where (πX,Y )#σ = γ+
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and (πY,Z)#σ = γ−. Also, let γ := (πX,Z)#σ. Hence,

Wp(µ, ν) ≤
(∫

X×X
d(x, z)p dγ

)1/p

=

(∫
X×X

d(x, z)p d(πX,Z)#σ

)1/p

=
Thm.6.2.8

(∫
X×X×X

d(x, z)p dσ

)1/p

≤
(∫

X×X×X
(d(x, y) + d(y, z))p dσ

)1/p

= ||d ◦ (πX,Y )(x, y, z)− d ◦ (πY,Z)(x, y, z)||Lp(σ)

≤
6.3.2
||d ◦ (πX,Y )(x, y, z)||Lp(σ) + ||d ◦ (πY,Z)(x, y, z)||Lp(σ)

=

(∫
X×X×X

d(x, y)p dσ

)1/p

+

(∫
X×X×X

d(y, z)p dσ

)1/p

=

(∫
X×X

d(x, y)p dγ+

)1/p

+

(∫
X×X

d(y, z)p dγ−
)1/p

= Wp(µ, ρ) +Wp(ρ, ν)

Which proves the triangle inequality for the Wasserstein distance.

Proposition 2.6.2. For a bounded Polish space X, p ∈ [1,+∞), µ, ν ∈
Pp(X) and M ∈ R+, then

W1(µ, ν) ≤ Wp(µ, ν) ≤MW1(µ, ν)1/p (2.19)

Proof. Let p ≤ q ∈ [1,+∞) and γ ∈ Π(µ, ν). Hence, φ(x) = xq/p is a
convex function, so by Jensen’s inequality:

φ

(∫
d(x, y)pdγ

)1/q

=

(∫
d(x, y)pdγ

)1/p

≤
(∫

φ(d(x, y)p)dγ

)1/q

=

(∫
(d(x, y)q)dγ

)1/q

This implies thatWp(µ, ν) ≤ Wq(µ, ν), when p ≤ q. In particular, W1(µ, ν) ≤
Wp(µ, ν) for p ≥ 1.
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Now, since X is bounded, then d(x, y) ≤ supx,y∈X d(x, y) = d(X). Hence,

d(x, y)p ≤ d(X)p−1d(x, y)

∴(∫
d(x, y)pdγ

)1/p

≤
(∫

d(x, y)dγ

)1/p

d(X)
p−1
p

Therefore, we conclude that Wp(µ, ν) ≤ d(X)
p−1
p W1(µ, ν)1/p

Theorem 2.6.1. Let (X, d) be a Polish compact space with µn, µ ∈ Pp(X)
and p ∈ [1,+∞), then Wp(µn, µ)→ 0 ⇐⇒ µn ⇀ µ.

Proof.
=⇒ ) Let Wp(µn, µ) → 0. Since X is compact and c is a continuous

function, by Theorem 2.4.1 the Kantorovich Problem has a solution. Also,
by Theorem 2.5.1, we obtain that max(DP) = min(KP). First, we prove for
p = 1. In this case, using the Lipschitz version of DP:

W1(µ, ν) = max

{∫
X

φ dµ−
∫
X

φ dν : φ ∈ Lip1(X)

}
→ 0

This implies that for any f ∈ Lip1,
∫
fdµn →

∫
fdµ. Note that, by linearity,

the same is true for any Lipschitz function. Since X is compact, then Lip-
schitz functions are dense on C(X) (see Theorem 6.2.7), which leads us to
conclude that µn ⇀ µ (by Portmanteau 6.2.1). Now, by Proposition 2.6.2,
the same is valid for any p ≥ 1.
⇐= ) Let µn ⇀ µ. Define a subsequence µnk such that limkW1(µnk , µ) =

lim supnW1(µn, µ). By the same arguments already used, we know that for
each µnk there is a φnk ∈ Lip1 such that W1(µnk , µ) =

∫
X
φnkd(µnk − µ).

For an arbitrary ε > 0, make δ = ε. Since φnk is 1-Lipschitz, if d(x, y) < δ,
then |φnk(x) − φnk(y)| ≤ d(x, y) < ε, ∀k ∈ N. Therefore, the sequence is
Equicontinuous.

Also, for x0 ∈ X, we can make φ′nk(x) := φnk(x) − φnk(x0). Note that
these functions are 1-Lipschitz and still satisfyW1(µnk , µ) =

∫
X
φ′nkd(µnk−µ).

Hence, let’s use φ′nk as our new subsequence. In this case,

|φ′nk(x)| = |φnk(x)− φnk(xo)| ≤ d(x, xo) ≤ d(X) < +∞
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This implies that this sequence of φ′nk is Equibounded. With this, we can use
Arzelà-Ascoli Theorem (6.2.6) to obtain a sub-subsequence that converges
uniformly to a φ ∈ Lip1(X). Replace and relabel the original subsequence,
obtaining:

W1(µnk , µ) =

∫
X

φnkd(µnk − µ)

=

∣∣∣∣∫
X

φnkdµnk +

∫
X

φdµnk −
∫
X

φdµnk +

∫
X

φdµ−
∫
X

φdµ−
∫
X

φnkdµ

∣∣∣∣
≤
∣∣∣∣∫
X

φnkdµnk −
∫
X

φdµnk

∣∣∣∣︸ ︷︷ ︸
Goes to 0,due to φnk→uφ

+

∣∣∣∣∫
X

φdµ−
∫
X

φnkdµ

∣∣∣∣︸ ︷︷ ︸
Goes to 0,due to φnk→uφ

+

∣∣∣∣∫
X

φdµnk −
∫
X

φdµ

∣∣∣∣︸ ︷︷ ︸
Goes to 0,due to µnk⇀µ

Therefore lim supnW1(µn, µ) ≤ 0 =⇒ W1(µnµ) → 0. To conclude the
proof for any p ∈ [1,+∞), we use Proposition 2.6.2:

0 ≤ Wp(µn, µ) ≤ CW1(µn, µ)1/p ≤ 0

Lemma 6.1.4. (Gluing Lemma)
Let (X, d) be a metric space. For µ, ν, ρ ∈ P(X) and γ+ ∈ Π(µ, ρ),

γ− ∈ Π(ρ, ν). Then, ∃ σ ∈ P(X × X × X) such that (πX,Y )#σ = γ+, and
(πY,Z)#σ = γ−.

Proof. First, use disintegration (Def. 6.2.4) with respect to f = πY to
obtain γ+

y and γ−y . We know that such disintegration exists and is essentially
unique since X is Polish (see Theorem 6.2.4). Note that disintegrated mea-
sures are actually defined on X × {y} ⊂ X ×X, but, by abuse of notation,
we’ll consider that they are measures on X, and y is only an index.

Therefore, make σ = γ+
y ⊗ρ⊗γ−y , and let φ : X×X → R be a measurable

function. Hence:∫
X×X×X

φ(x, y) dσ
Fubini

=

∫
X

∫
X

∫
X

φ(x, y) dγ+
y (x)⊗ ρ(y)⊗ γ−y (z)

Indep.
=

∫
X

dγ−y (z)

∫
X

∫
X

φ(x, y) dγ+
y (x)⊗ ρ(y)

Disint.
=

∫
X

dγ−y (z)

∫
X×X

φ(x, y) dγ+(x, y)

=

∫
X×X

φ(x, y) dγ+(x, y)
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Since φ(x, y) is arbitrary, then by Corollary 6.2.2, we can conclude that
(πX,Y )#σ = γ+. By the same argument, we obtain (πY,Z)#σ = γ−, which
concludes our proof.

Lemma 6.1.5. For a space of probability measures, we say that µn converges
weakly to µ, i.e. µn ⇀ µ ⇐⇒ ∀f ∈ Cc(X),

∫
f dµn →

∫
f dµ, where

Cc(X) is the space of continuous functions with compact support. Note that
Cc(X) ⊂ C0(X) ⊂ Cb(X).

Proof.
=⇒ ) If µn ⇀ µ , then f ∈ Cc(X) ⊂ Cb(X), hence

∫
fdµn →

∫
fdµ.

⇐= ) Suppose that ∀f ∈ Cc(X),
∫
fdµn →

∫
fdµ. Hence, note that for

any constant M ,
∫
f +Mdµn =

∫
fdµn +M →

∫
fdµ+M . Take g ∈ Cb(X)

and make g′ = g + M ≥ 0 and g′1[−k,k] = fk ∈ Cc(X). Which implies that
fk ↑ g′. Now,∣∣∣∣∫ gdµn −

∫
gdµ

∣∣∣∣ =

∣∣∣∣∫ g′dµn −
∫
g′dµ

∣∣∣∣
≤
∣∣∣∣∫ g′dµn −

∫
fkdµn

∣∣∣∣+

∣∣∣∣∫ fkdµn −
∫
fkdµ

∣∣∣∣+

∣∣∣∣∫ fkdµ−
∫
g′dµ

∣∣∣∣
Since fk ∈ Cc(X), then for n big enough,

∣∣∫ fkdµ− ∫ fkdµn∣∣ < ε. Therefore,∣∣∣∣∫ gdµn −
∫
gdµ

∣∣∣∣ ≤ ∣∣∣∣∫ g′dµn −
∫
fkdµn

∣∣∣∣+ ε+

∣∣∣∣∫ fkdµ−
∫
g′dµ

∣∣∣∣
Since fk ↑ g′, then, by the Monotone Convergence Theorem,

lim
k→+∞

∣∣∣∣∫ g′dµn −
∫
fkdµn

∣∣∣∣ = 0

lim
k→+∞

∣∣∣∣∫ fkdµ−
∫
g′dµ

∣∣∣∣ = 0

∴

lim
k→+∞

∣∣∣∣∫ gdµn −
∫
gdµ

∣∣∣∣ =

∣∣∣∣∫ gdµn −
∫
gdµ

∣∣∣∣ ≤ ε
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Theorem 6.1.4. For X ⊂ Rn, µn, µ ∈ Pp(X), x0 ∈ X and d is metric on
X, then

Wp(µn, µ)→ 0 ⇐⇒
∫
X

d(x, x0)pdµn →
∫
X

d(x, x0)pdµ and µn ⇀ µ (6.8)

Proof.
=⇒ ) Let Wp(µn, µ) → 0. Since X is Polish, and c is a continuous

function, by Theorem 2.4.3 the Kantorovich Problem has a solution. Also,
by Theorem 2.5.4, we obtain that sup(DP) = min(KP). We know that
Wp(µn, µ) ≥ W1(µn, ν) ≥ 0, hence, using the Lipschitz version of the Dual
Problem for W1:

sup

{∫
X

φ dµn −
∫
X

φ dµ : φ ∈ Lip1(X)

}
→ 0

This implies that for any f ∈ Lip1,
∫
fdµn →

∫
fdµ. Note that, by

linearity, the same is true for any Lipschitz function, not only Lip1. Finally,
since Lipschitz functions are dense on Cc(X) (see Theorem 6.2.7), we can use
Lemma 6.1.5 to conclude that µn ⇀ µ.

To prove the other condition (i.e.
∫
X
d(x, x0)pdµn →

∫
X
d(x, x0)pdµ),

define δx0 as a measure with mass on x0. Which means that the optimal
transport plan γn is in Π(µn, δx0). This implies that γn(x, y) = 0 for any
y 6= x0. Therefore

Wp(µn, δx0)
p =

∫
X×X

d(x, y)pdγn =

∫
X×{x0}

d(x, y)pdγn

=

∫
X

d(x, x0)pdµn → Wp(µ, δx0)
p =

∫
X

d(x, x0)pdµ

Where we used the fact that W (µn, δx0) → W (µ, δx0), which is true since
W (µn, δx0)−W (µ, δx0) ≤ W (µn, µ).

⇐= ) Consider now that µn ⇀ µ and Define πR : X → B(R), which is
the projection on the closed ball with radius R centered at x0. Since Wp(·, ·)
is a metric, we have:

Wp(µn, µ) ≤ Wp(µn, (πR)#µn) +Wp((πR)#µn, (πR)#µ) +Wp((πR)#µn, µ)
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For sake of clarity in the proof, let’s define, without loss of generalization,
that d(x, x0) = |x| and d(x, y) = |x − y|. Now, note that |x − πR(x)| =
|x| − |x| ∧ R and that the plan (id, πR)#µ is a possible solution to the OT
Problem of transporting µ to (πR)#µ. Therefore:

Wp(µ, (πR)#µ)p ≤
∫
X×X

|x− y|pd(id, πR)#µ =

∫
(id,πR)−1(X×X)

|x− πR(x)|pdµ

=

∫
X

|x− (x ∧R)|pdµ =

∫
B(R)c

(|x| −R)pdµ

And using the same arguments:

Wp(µn, (πR)#µn)p ≤
∫
B(R)c

(|x| −R)pdµn

Now, note that∫
X

|x|p−(|x|∧R)pdµ =

∫
B(R)

|x|p−|x|pdµ+

∫
B(R)c

|x|p−Rpdµ ≤
∫
B(R)c

|x|pdµ

Since µn, µ ∈ Pp(X), we know that
∫
X
|x|pdµ = C < +∞ and

∫
X
|x|pdµn =

C < +∞ then∫
B(R)c

|x|pdµ = C −
∫
B(R)

|x|pdµ ∴ lim
R→0

∫
B(R)c

|x|p = 0

Using that (|x| −R)p ≤ |x|p − (|x| ∧R)p for every x ∈ B(R)c, we get

Wp(µn, (πR)#µ)p ≤
∫
B(R)c

(|x| −R)pdµn ≤
∫
B(R)c

|x|p −Rpdµn ≤
∫
B(R)c

|x|p

Now, note that since
∫
|x|pµn →

∫
|x|pdµ and that (|x| ∧ R) is continuous

and bounded,

lim
n
Wp(µn, (πR)#µn) ≤ lim

n

∫
B(R)c

(|x| −R)pdµn

≤ lim
n

∫
B(R)c

|x|p −Rpdµn =

∫
B(R)c

|x|p −Rpdµ ≤
∫
B(R)c

|x|pdµ

127



Hence,

lim
R

lim
n

(Wp(µn, (πR)#µn) ≤ lim
R

∫
B(R)c

|x|pdµ = 0

lim
R

(Wp(µ, (πR)#µ) ≤ lim
R

∫
B(R)c

|x|pdµ = 0

Lastly, note that since B(R) is compact, then we can use Theorem 2.6.1
to stablish that

lim
n
Wp((πR)#µn, (πR)#µ) = 0

We can then conclude that

lim sup
n

Wp(µn, µ) ≤ lim
R

lim sup
n

(Wp(µn, (πR)#µn)

+Wp((πR)#µn, (πR)#µ)

+Wp((πR)#µn, µ))

= 0

The Theorem above was proved for X ⊂ Rd. The proof more general
result for Polish spaces (Thm. 2.6.2) can be found in Villani [90] under
Theorem 6.9.

6.2 Auxiliary - Probability and Analysis

This section contains definitions and results in Probability and Analysis that
are used throughout the text. These results are listed here mostly without
proofs.

Definition 6.2.1. Let d : X ×X → R+. We say that d is a metric on the
set X if for all x, y, z ∈ X, the following three assertions are true:

i) d(x, y) = 0 ⇐⇒ x = y

ii) d(x, y) = d(y, x)

iii) d(x, z) ≤ d(x, y) + d(y, z) (triangle inequality)
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Definition 6.2.2. (Weak convergence) We say that µn ⇀ µ if and only if
∀f continuous and bounded, we have

∫
f dµn →

∫
f dµ.

Note that this is equivalent to the notion of convergence in distribution,
which is more commonly known in probability.

Theorem 6.2.1. (Portmanteau) Given µ ∈ P(X), where X is a metric
space. Then, the following statements are equivalent:

i) µn ⇀ µ;

ii) ∀f bounded and uniformly continuous, we have
∫
f dµn →

∫
f dµ;

iii) ∀F ⊂ X closed, µ(F ) ≥ lim supn µn(F );

iv) ∀F ⊂ X open, µ(A) ≤ lim infn µn(A);

v) ∀B such that µ(∂B) = 0, then µn(B)→ µ(B).

Note that every set B with µ(∂B) = 0is called a continuity set. And ∂B
is the boundary set of B, hence ∂B := B̂ \ B̊.

Theorem 6.2.2. Let X, Y be metric spaces and µn ⇀ µ. Given a continuous
map h : X → Y , then h#µn = µn ◦ h−1 ⇀ h#µ.

Corollary 6.2.1. If µn ⇀ µ with h : X → Y such that µ(Dh) = 0 where Dh

is the set of points of discontinuity. Then, µn ◦ h−1 ⇀ µ ◦ h−1.

Proposition 6.2.1. If X is Polish, and d is a lower semi-continuous metric
on X. For p ∈ [1,+∞) and x0 ∈ X, µn ⇀ µ and

∫
X
d(x, x0)pdµn →∫

X
d(x, x0)pdµ, if, and only if, µn ⇀ µ and limR→∞

∫
d(x,x0)≥R d(x, x0)dµn → 0

(uniformly integrable).

Definition 6.2.3. (Tight) A family of probability measures A is tight if for
ε > 0, ∃K ⊂ X compact, such that for any µα ∈ A, µα(X \K) < ε

Theorem 6.2.3. (Prokhorov) This theorem consists in two separate results.

i) If the family G = {µα}α∈Λ is tight, then G is sequentially pre-compact,
i.e. for any (µn) ⊂ G, ∃µnk ⇀ µ, where µ ∈ G;
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ii) If X is Polish and G = {µα}α∈Λ ⊂ P(X) is pre-compact. Then G is
tight. In other words, for X polish, and µn ∈ P(X) with µn ⇀ µ, then
the sequence (µn) is tight.

Definition 6.2.4. (Disintegration)
For a Borel measurable space X with a measure µ. Given a function

f : X → Y . We say that the family (µy)y∈Y is a Disintegration of µ according
to f if every measure µy is concentrated on f−1({y}), and for every φ ∈ C(X),
the map φ 7→

∫
X
φdµy is Borel measurable with∫

X

φ dµ =

∫
Y

∫
X

φ dµy(x) dν(y), where ν = f#µ (6.9)

Note that the existence and uniqueness of disintegration families depend on
the spaces where the probabilities are defined, to which we introduce the
next theorem.

Theorem 6.2.4. (Garling [30] 16.10.1) Suppose that X and Y are Polish
spaces, that µ ∈ P(X) and that f is a Borel measurable map from X to
Y . Then, the f -disintegration of µ exists, and is essentially unique (i.e.
µ(f−1(B)) = 0, with B := {y ∈ f(X) : µy 6= µ′y} where µy and µ′y are two
disintegrations).

Theorem 6.2.5. f : X → R is uniformly continuous ⇐⇒ ∃ ω : R+ →
R+ , such that ω is increasing and limx→0w(x) = 0 with |f(x) − f(y)| ≤
ω(d(x, y)), ∀x, y ∈ X. We call ω the modulus of continuity.

Definition 6.2.5. (Equicontinuous) For a metric space X, the sequence of
functions fn : X → R is equicontinuous if ∀ε > 0, ∃δ > 0 : d(x, y) < δ =⇒
d(fn(x), fn(y)) < ε for every n ∈ N.

Definition 6.2.6. (Equibounded) We say that a sequence (or family) of
functions (fn) is equibounded, if ∃M > 0 : |fn(x)| < M < +∞ ∀n ∈ N. In
words, there is a value M that bounds all functions in the sequence.

Theorem 6.2.6. (Arzelà-Ascoli) If X is a compact metric space with fn
equicontinuous and equibounded, then ∃fnk →unif. f , where f is continuous.

Theorem 6.2.7. Let (X, d) be metric space. Thus, if X is compact, then
Lip(X) is dense in C(X).
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Proof. (Proof from user125646 [88]) Let g : X → R be a continuous
function, then since X is compact, g is uniformly continuous. Therefore, for
any ε > 0, one can take a δ > 0 such that d(x, y) < δ implies |g(x)−g(y)| < ε.
Now, let M = supx |g(x)| and define

f(x) := sup
y
g(y)− 2Md(x, y)

δ

Now, note that f is Lipschitz, since

f(x1)− f(x2) = sup
y

(
g(y)− 2Md(x1, y)

δ

)
− sup

y

(
g(y)− 2Md(x2, y)

δ

)
≤ sup

y

2M(d(x1, y)− d(x2, y))

δ
)

By the triangle inequality, d(x1, y)− d(x2, y) ≤ d(x1, x2), then

sup
y

2M(d(x1, y)− d(x2, y))

δ
≤ sup

y

2Md(x1, x2)

δ
=

2Md(x1, x2)

δ

The same argument is valid by exchanging x1 and x2, so f has Lipschitz
constant 2M

δ
. Next, let’s prove that supx |g(x)− f(x)| < ε.

A first point to notice is that f(x) ≥ g(x), since for y = x, we have
f(x) = g(x). For d(x, y) ≥ δ,

f(x) = sup
y
g(y)− 2Md(x, y)

δ
≤ sup

y
−2M ≤ −M ≤ g(x)

Hence f(x) ≥ g(x) ≥ f(x), so we obtain an equality.
For d(x, y) < δ,

f(x)− g(x) = sup
y
g(y)− g(x)− 2Md(x, y)

δ
≤ ε− 2Md(x, y)

δ
< ε

We conclude that 0 < f(x)− g(x) < ε, so supx |f(x)− g(x)| < ε.

Theorem 6.2.8. Let T : X → Y be a measurable map between (X,F , µ) and
(Y,G). Then, T#µ is a measure on (Y,G) and ∀f measurable and integrable
with respect to T#µ one has:∫

Y

fdT#µ =

∫
X

f ◦ Tdµ (6.10)

131



Proof. Let fn be a simple positive measurable function. Hence

fn(y) =
N∑
i=0

ai1Ai(y) ∴
∫
Y

fn dT#µ =
N∑
i=0

aiT#µ(Ai) =
N∑
i=0

aiµ(T−1(Ai))

(fn ◦ T )(x) =
N∑
i=0

ai1Ai(T (x)) =
N∑
i=0

ai1T−1(Ai)(x)

∴∫
X

fn ◦ T dµ =
N∑
i=0

aiµ(T−1(Ai))

Hence,
∫
X
fn ◦ T dµ =

∫
Y
fn dT#µ.

Now, for a positive integrable measurable function f , there exists a se-
quence of positive simple functions such that fn ↑ f . Then, by the Monotone
Convergence Theorem,∫

Y

f dT#µ =

∫
Y

lim
n→+∞

fn dT#µ = lim
n→+∞

∫
Y

fn dT#µ =

= lim
n→+∞

∫
X

fn ◦ T dµ =

∫
Y

f dT#µ

If f is non-positive, just use the same argument by splitting the negative
and positive portions of the function.

Corollary 6.2.2. Given γ ∈ P(X × Y ), µ and ν are the marginals in X
and Y , respectively ⇐⇒ for every f, g integrable measurable non-negative
functions, we have ∫

X×Y
f + g dγ =

∫
X

fdµ+

∫
Y

gdν

Proof. =⇒ ) Note that (f ◦ πX)(x, Y ) = f(πX(x, Y )) = f(x), therefore,∫
X×Y

f(x) dγ =

∫
X×Y

f ◦ πX(x, y) dγ =
Theo.1

∫
X

f d(πX)#γ =

∫
X

f dµ
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⇐= ) If for all integrable measurable non-negative functions f, g we have∫
X×Y

f + g dγ =

∫
x

fdµ+

∫
Y

gdν

Then, for any A ⊂ X measurable, make f(x) = 1A(x) and g(y) = 0. Hence,

γ(A× Y ) =

∫
X×Y

1A×Y (x, y) dγ =

∫
X×Y

1A(x) dγ =

∫
X

1A(x) dµ = µ(A)

Lemma 6.2.1. Let (X, d) be a metric space and fk : X → R be l.s.c and
bounded from below for every k ∈ N. Then, f = supk fk is also l.s.c and
bounded from below.

Proof. Since fk > L, then supk fk > L, thus f is bounded from below.
Next, since fk is l.s.c, therefore for xn → x:

fk(x) ≤ lim
j

inf
n≥j

fk(xn) =⇒ sup
k
fk(x) ≤ sup

k
lim
j

inf
n≥j

fk(xn)

Note that infn≥j fk(xn) ≤ supk infn≥j fk(xn), hence

lim
j

inf
n≥j

fk(xn) ≤ lim
j

sup
k

inf
n≥j

fk(xn) =⇒ sup
k

lim
j

inf
n≥j

fk(xn) ≤ lim
j

sup
k

inf
n≥j

fk(xn)

Also, note that infn≥j fk(xn) ≤ infn≥j supk fk(xn), hence

sup
k

inf
n≥j

fk(xn) ≤ inf
n≥j

sup
k
fk(xn) =⇒ lim

j
sup
k

inf
n≥j

fk(xn) ≤ lim
j

inf
n≥j

sup
k
fk(xn)

We conclude that supk f(x) ≤ limj infn≥j supk fk(xn). So f is l.s.c.

6.3 Auxiliary - Inequalities

Lemma 6.3.1. (Inf-Sup Inequality)

| inf
x∈A

f(x)− inf
x∈A

g(x)| ≤ sup
x∈A
|f(x)− g(x)| (6.11)
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Proof. Let’s write supx∈A f(x) as supA f for simplicity. Note that f =
f − g + g, hence,

sup
A
f = sup

A
f − g + g ≤ sup

A
(f − g) + sup

A
g =⇒

sup
A
f − sup

A
g ≤ sup

A
f − g ≤ sup

A
|f − g|

Using the same argument for g, we obtain that

| sup
A
f − sup

A
g| ≤ sup

A
|f − g| (6.12)

Finally, note that

| sup
A
f − sup

A
g| = | inf

A
(−f)− inf

A
(−g)| = | − inf

A
f + inf

A
g| =

= | inf
A
f − inf

A
g| ≤ sup

A
|f − g|

Lemma 6.3.2. (Minkowski’s Inequality) Let X be a measurable space, for
p ∈ [1,+∞) and f, g ∈ Lp(X). Therefore,

||f + g||Lp(X) ≤ ||f ||Lp(X) + ||g||Lp(X) (6.13)

Where ||f ||pLp(X) =
∫
X
|f |pdµ.
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6.4 Transfer Learning Categories

In the literature, there are several ways of categorizing the field of Transfer
Learning. A first way is in terms of the differences in the target and source.

1. Inductive transfer learning - Same domain and different tasks (i.e Ds =
Dt, Tt 6= Tt).

2. Transductive transfer learning - Different domains and the same task
(i.e Ds 6= Dt, Tt = Tt).

3. Unsupervised transfer learning - Different domains and different tasks
(i.e Ds 6= Dt, Tt 6= Tt).

A word of caution. This categorization appears in the literature with
different meanings. This first classification was introduced by Pan and Yang
[58]. Their categorization was also based on the presence or lack of labeled
data. Redko et al. [63] use the same categories, but in their case, they
consider that the feature spaces are all equal (i.e Xs = Xt and Ys = Yt), with
the only difference being in the probability distributions.

Figure 6.1: Categorizations defined by Redko et al. [63].

Besides this initial categorization, there are many others present in the
literature, which classify based on the different modeling techniques, different
data perspectives, and others. A good overview is presented by Zhuang et al.
[102].
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Another source of confusion is the term Domain Adaptation. This
term is also very present in the literature. Arguably, this term is almost as
ubiquitous as the term “Transfer Learning”, so much so, that some authors,
such as Kouw and Loog [43],use these two terms interchangeably. Other
authors, such as Zhuang et al. [102] and Pan and Yang [58] consider Domain
Adaptation to be a modeling technique, while Redko et al. [63] considers
Domain Adaptation to be equivalent to the transductive transfer learning
for the same feature and label space and different probability distributions
(i.e Xs = Xt, but P (Xs) 6= P (Xt)), hence, it is a subcategory of Transfer
Learning. In this dissertation, we adopt the same definition as Redko et al.
[63].

Although Transfer Learning has become quite popular, advances in the
theory are still lagging behind. Most of the surveys in the field focus on the
different modeling methodologies, which are mostly developed without the-
oretical guarantees. As shown in the previous section, the field of Transfer
Learning is quite large, and there are many scenarios to explore. Each cat-
egory of Transfer Learning is a world of its own, with different assumptions
necessary to develop theory. More than that, each different modeling solu-
tion (e.g boosting methods, parameter transfers,...) also entails a different
theoretical perspective of tackling the problem.

The main question that the current theory of Transfer Learning tries
to address is “when and how can a classifier generalize from a source to a
target domain?” [43]. Therefore, researchers have tried to both establish
statistical guarantees for transfer learning (e.g [86]), as well as to prove in
which scenarios learning is not possible (e.g [91]).

In terms of theory, the most advanced branch of Transfer Learning is
Domain Adaptation. By assuming that the only differences are in the prob-
ability distributions, one can more easily find error bounds given some as-
sumption of similarity between the source and the target.
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Usually, one is interested in minimizing the target risk Rt:

Rt(h) =
∑
y∈Y

∫
X
L(h(x) | y)pt(x, y)dx

=
∑
y∈Y

∫
X
L(h(x) | y)pt(x, y)

ps(x, y)

ps(x, y)
dx

=
∑
y∈Y

∫
X
L(h(x) | y)ps(x, y)

pt(x, y)

ps(x, y)
dx

Note that h is the learned hypothesis function, and the risk can be esti-
mated by the empirical sample average:

R̂t(h) =
1

n

n∑
i=1

L(h(xi), yi)
pt(xi, yi)

ps(xi, yi)

Note that the samples are drawn from the source, and not the target.
By decomposing the joint distribution (i.e p(x, y) = p(x | y)p(y) = p(y |
x)p(x)), some assumptions can be made regarding the different probability
distributions.

� Prior Shift or Target Shift - The prior distribution of the labels are
different, ps(y) 6= pt(y), but the conditional distributions are equivalent,
ps(x | y) = pt(x | y);

Figure 6.2: Example of Prior Shift [43].
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� Covariate Shift - The prior for the feature space are different, ps(x) 6=
pt(x), but the posteriors are equal, ps(y | x) = pt(y | x);

Figure 6.3: Example of Covariate Shift [43].

� Concept Shift - The posterior distributions are different, ps(y | x) 6=
pt(y | x), but the prior distributions of the feature space are equal,
ps(x) = pt(x).

Figure 6.4: Example of Concept Shift [43].

Other than probability shifts, there are many other assumptions neces-
sary for obtaining interesting theoretical results. Redko et al. [63] provides
a thorough review of the theory developed for Domain Adaptation, listing
many of the different assumptions and results obtained in the literature.
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