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Resumo

Nos propomos um modelo teérico de escolha ocupacional em uma economia
com relagbes de insumo-produto, distor¢des setoriais e agentes heterogéneos. Obte-
mos solugoes analiticas para os objetos de equilibrio e mostramos que o Teorema
de Hulten nao é vélido em nosso ambiente, exceto em um caso limitrofe. E possivel
relacionar a validade de tal teorema com a dispersao das produtividades dos agentes
e a tecnologia de producao das firmas. Por fim, apresentamos alguns resultados
numéricos que ilustram como distorg¢oes setoriais afetam a economia.

Palavras-chave: Escolha ocupacional, insumo-produto, Hulten, agentes heterogé-

neos, distorgoes.



Abstract

We propose a theoretical model of occupational choice in an economy with
input-output links, sectoral wedges, and heterogeneous agents. We provide analytical
solutions for equilibrium objects and show that the Hulten’s theorem does not hold in
our framework. We show the limiting case in which the Hulten’s theorem holds. We
relate the validity of the theorem with the dispersion of entrepreneurial productivity
among agents and diminishing returns to scale in the production technology. We
also provide some numerical results of how wedges affect the economy.

Keywords: Occupational choice, Input-Output, Hulten, heterogeneous agents,
wedges.
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1 Introduction

Macroeconomists have, in general, abstracted from the complexity of the production
process using models with only a few inputs and representative firms. The idea that an
economy can produce final goods using only capital and labor is a simplification of a
sophisticated input-output (I-O) structure. Some authors have discussed the role played by
such structures to analyze the growth and the business cycles of an economy. The one-sector
assumption can be particularly critical when considering distorted economies. Since the
decision of opening a firm depends intrinsically on individual and sectoral characteristics
including, for example, sector-specific wedges (e.g. taxes), the use of representative agent

models abstains from relevant features of the economy.

This work addresses the following question: How do sector-specific wedges interact
to input-output relations between firms and shape the choice of occupation and sector
size in the economy? The idea is that linkages between firms through intermediate goods
deliver a multiplier similar to the one associated with capital in a neoclassical growth
model. Those links will spread distortions in one sector, affecting profits and optimal size

choice in other sectors of the economy.

We develop a theoretical model of occupational choice based on the Lucas Jr (1978)
span of control framework with sector-specific wedges and an [-O production structure.
This implies that our model is a non-trivial extension of the environment introduced by
Bigio and La’o (2017) since we allow for extensive margin misallocation and household

heterogeneity.

We can show analytically the amplification generated by the network structure. The
production functions are aggregated to a Cobb-Douglas in sectoral level, with parameters
depending on the distribution of entrepreneurial productivities. Furthermore, we can show
that the result from Hulten (1978) - which states that the effects of shocks on any sector
are proportional to its GDP share, independently of networks linkages - does not hold in
our heterogeneous agents’ framework. We discipline the validity of the theorem associating
it with diminishing returns to scale in firm-level, the dispersion of agents’ individual
productivity, and the absence of sectoral distortions. These results agree with previous

findings of the literature that argue that Hulten’s theorem may not hold in an economy
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with firm entry/exit decisions. On the other hand, for the best of our knowledge, our
work is the first to provide conditions for the validity of the theorem, relating it to the

heterogeneity among agents.

Using data from 2017 US Economic Census, we calibrate a simple version of
our model with only two sectors (services and manufacturing) to match the share of
entrepreneurs and the average firm size in each of those sector. Then we solve the model
and compute the thresholds of entrepreneurial ideas. We find that the minimum productivity
to become an entrepreneur is increasing in level of distortions. Moreover, we find that the

those thresholds are always higher in networked economies.

The remaining of this project is organized as follows. Section 2 provides a brief
review of the literature. Section 3 presents the theoretical model and some of its prop-
erties. First, we show that sectoral production functions aggregate to a Cobb-Douglas.
Second, we use firms optimality conditions taking labor supply as given to derive sectoral
sales/expenditures in equilibrium. Third, we find sectoral prices as function of sectoral sales.
Then, we close the economy and solve for general equilibrium using agents’ indifference
condition between working or managing a firm. Finally, we show that Hulten’s theorem
does not hold in our model, unless we are in a limiting case of an undistorted economy
with constant returns to scale, and no dispersion in managerial abilities. Section 4 presents
some of our quantitative exercises. First, we calibrate a simple version of our model using
data from 2017 US Economic Census. Second, we find the entrepreneurial thresholds for
both sectors, as well as the share of entrepreneurs in economies with different production
structures and different levels of distortions. Section 5 does a brief discussion of preliminary

results and gives the perspectives to the development of the research.
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2 Literature Review

This paper is related to two strands of literature. First, it is related to a growing
literature on inter-sectoral production networks. Second, it is associated to the literature

on the effects of micro-level distortions on aggregate productivity and firm entry.

2.1 Production Networks

Long Jr and Plosser (1983) and Acemoglu et al. (2012) are considered two canonical
multi-sector models to study the aggregate effects of sectoral productivity shocks, and
highlighting the importance of central sectors in the economy. Since then, many authors
have studied the role played by input-output links in spreading and amplifying misallocation.
In this work we abstract from sectoral shocks and consider persistent distortions, similarly
to what is done by Jones (2011) who used a simple static model and shows an analytical
solution for the effects of sectoral misallocation on aggregate GDP. However, our work
has an additional level of aggregation. We start aggregating firms’ technology to sectoral
production functions. One key characteristic of all those models is the fact that they take the
network structure as given. More recent papers (Taschereau-Dumouchel (2017), Oberfield
(2018)) have tried to endogenously generate the network structure of the economy. Similarly,
Boehm and Oberfield (2018) associates network formation and contract enforcement, in a
model with exogenous wedges associated with product differentiation. In this paper, we
also consider exogenous distortions and take firms’ technology as given. However, in our
model the sectoral intermediate inputs use is a result from the first layer of aggregations.
Moreover, we allow agents to choose whether to produce managing a firm or to work for a

wage.

More related to our work is Baqaee and Farhi (2018) who introduces a model with
production networks and heterogeneous agents. However, the authors focus on propagation
patterns while we analyze and characterize aggregate outcomes. Furthermore, we allow
for endogenous firm opening, which emphasizes the role played by extensive margin
misallocation in networked economies. Our paper is also closely related to Bigio and La’o
(2017), and Bagaee (2018). The first one builds a model of production networks in distorted

economies, and compute the network multiplier, calibrating the US economy and using
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sectoral spreads as the source of financial frictions. However, in their work sectoral size is
exogenous since each sector is populated by a representative firm. In our case, agents choose
whether to be a worker or an entrepreneur in one of the sectors of the economy, which
endogenously generates size discrepancies between sectors. The second paper considers the
role played by firm entry/exit in amplifying shocks in a model where sectoral centrality is
endogenously determined by the mass of entrants in each industry. Baqaee (2018) also
has some important conclusions on the validity of the results from Hulten (1978) in his
environment. He shows that in a framework with firm entry/exit the Hulten’s theorem
does not hold. One key difference to our work is the fact that occupational choice there is

also exogenous.

2.2 Effects of micro-level distortions on aggregate productivity

Hsieh and Klenow (2009) introduced the idea that misallocation can explain 30-50%
of TFP losses in the United States and 40-60% in China. Restuccia and Rogerson (2008)
considers a broader, abstract set of policies that may affect producers asymmetrically.
Their quantitative results are in line with the numbers found in Hsieh and Klenow
(2009). Banerjee and Moll (2010) focus on persistence of misallocation. They show that
asymptotically, and under pretty mild conditions, there is no misallocation either in the
intensive or extensive margin. Midrigan and Xu (2014) build a model with two sectors
(traditional and modern), where misallocation of the capital comes from two channels:
differences on producers’ wealth (age channel) and the rigidity that prevents producers
from adjusting capital (adjustment channel). ' Differently from our work, all those papers
abstract from the existent complexity in the production structure, and how it may interact

with misallocation.

Our work is closely related to Buera et al. (2011), which evaluates the effects of
financial frictions on two different sectors (manufacturing and services) in a framework
with sector-specific non-convexities. They found that manufacturing is more affected by

financial frictions due to its higher fixed cost. This paper presents a simpler static model

1 Besides the traditional misallocation literature, Gabaix (2011) also shows the macroeconomic implica-

tions of firm-level shocks. According to this paper, idiosyncratic shocks to large firms can generate
aggregate fluctuations when firm size distribution is fat-tailed. This is also closely related to the
conclusions obtained by Acemoglu et al. (2012) where the network structure and centrality measures
play the same role as large firms.
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with exogenous wedges, these features allow us to introduce input-output relations and

obtain an analytical characterization for the equilibrium of the model.
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3 Model

3.1 Environment

The economy is static and populated by a continuum of individuals of size N
who can choose to be either workers or entrepreneurs in a sector i € § = {1,2,...,n}
to produce an intermediate good. Fach individual is endowed with a vector talent for
managing, z := (z;);es, drawn from a distribution I'(z) of entrepreneurial ideas and chooses
whether to work for a wage, w or to be an entrepreneur in one sector ¢ € S and produce

an intermediate good (y;), using labor (1) and intermediary goods ().

3.2 Technologies

3.2.1 Intermediate Good Firms

An entrepreneur of a sector ¢ produces an intermediate good, y; choosing labor
(1) and intermediate goods (x;;), and produces according to a Cobb-Douglas production

function:

Y; = Zilei H JT;T;J‘, 91 + ZO'Z']' <1 (31)
JES J
—_———
i

Let 0; := 32, 045 and denote the sectoral scale by 7, := 6; + 0;

The wage is normalized to one. We abuse notation and let p = (p;)ics’, be the
vector of prices of each good j, produced by sector i. The entrepreneur takes all prices (p,
w) as given and maximize his profits.

rlnax ﬂ-i(l: a;iju P, Z)
sLij
where:
Wi(lvxij; p,z) = (1—7)p; [Zz‘lei H xf;]] B ijfij —1
T = jES

Recall that S is the set of sectors in our economy. However, since each sector ¢ produces only one
intermediate good j, we abuse notation and consider S the set of goods j produced by each sector
i € §. Another abuse of notation is to write y; to denote a good produced by sector i. This is without
loss of generality since there exists a clear bijection between goods and sectors. More formally, we
could consider a set G of goods, and define p = (p;);eg-
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In our model, distortions are rebated to the households. In Bigio and La’o (2017)
they can be either rebated to the households or wasted?. Since the wage is normalized to
one, the indifference condition of being a worker or an entrepreneurs in any sector ¢ € S is
given by the following equality.

mi(z) =1

3.2.2 Final Good Producer

We have a competitive final good producer that produces according to a Cobb-

Douglas production function.

Q=TI

jes
The final good producer chooses ¢; to maximize its profits.

maxpQ — . pic;
’ jes

3.3 Endowments

Agents draw a vector of entrepreneurial ideas from an independent Pareto distri-
bution z ~ I'(z). They choose whether to be workers with wage 1, or entrepreneurs with

profit 7;(z) and consume to maximize their utility.
maxU(q) st: pq(z) =up(z), where wuy(z):=max{m(z)+1t,1+1}

Agents derive utility from an aggregation of intermediary goods (¢) and have a positive
income, therefore, the budget constraint binds and agents basically choose their occupation.
Distortions are rebated to the agents. Workers and entrepreneurs receive back the same

amount of resources, t, such that: [¢:=Y,;.s [; ipiy(z)T(dz).?

3.4 Market Clearing Conditions

The equilibrium of the model is a vector of prices (p;);cs and policy functions: o(z),
l(z), z;;(z), q(z) and ¢;, for 4, j € S such that:

2
3

We can easily extend our model allowing only a fraction § of the distortions to be wasted.

It is easy to allow for a fraction of distortions to be wasted instead of rebated back to households, as
in Bigio and La’o (2017). This will not bring any significant difference or intuition to our results, since
rebated distortions will not affect decisions of consumption or labor supply as in their case.
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(Labor):

Where:
Xij = Nf{o(z)GS} 2;j(z)l'(dz) = N [ x,;(z)'(dz)

(Final Goods:)
[ a(z)r(dz) =@

3.5 Analytical Results

3.5.1 Sectoral Aggregation

In order to evaluate aggregate impacts of sectoral wedges we aggregate entrepreneurs
in a sectoral production function. As in Buera et al. (2011), we can show that each sector
produces according to a Cobb-Douglas function with a TFP term. For this aggregation to
be possible we assume that active entrepreneurs are a small fraction of the population.
This makes the computations much simpler since the measure of agents who are highly
productive in more than one sector is zero. Moreover, as in Buera et al. (2011) we impose

a technical condition over the parameters: ¢ > ( := max;es 1/(1 — ;).

Proposition 1: Assume that entrepreneurial talents for the n sectors follow mutually
Pareto distributions with the same tail parameter ¢, (z1,..., 2n) ~ ("(ILies zi) "¢V for
z;>1,14,7 €8, and the active entrepreneurs are a small fraction of the population. Then

the output of a sector equals:
S VIS 1/<+feiv+ i) 1/<+sz?:+ i)
Yi(Ls, Xij) = A;NTertiren L/t ored T X /et
jES

1-¢[1—(8;+0;)]

C(l - (01 + Uz)) ] m [ i 14+¢(0;+0;)
C(l — (0; + Ui)) —1 (1 —(6; + ai))(l -7

Ai:
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Where:
f_ 1
1+ (0 + 03)
n. — 0; g Tij
0= 1/¢+ (05 + o4) %

"¢+ (6 + o)
Proof: See Mathematical Appendix.

The term g;; is an entry of the Input-Output matrix, denoting the share of good
j in the total intermediate input use of sector . Note that sectoral wedges, 7; explicitly
reduce the TFP of sector ¢. For a given z, these distortions reduce the optimal choice of
inputs (intensive margin misallocation), reducing output and profits. Lower profits for
any level of entrepreneurial productivity increase the share of workers the population,

generating extensive margin misallocation in our model.

3.5.2 Equilibrium Characterization

We now provide an equilibrium characterization of the model. We start taking the
threshold of entrepreneurial ideas, Z, as given to find sectoral sales and expenditures in
equilibrium. Note that taking Z as given is exactly the same as considering an exogenous
supply of labor. The proceeding for the characterization mentioned is the following: (i) solve
the optimization problem of intermediate good firms; (ii) solve the optimization problem of

the final good producer; (iii) stack market clearing conditions for the intermediate goods.

Lemma 1: Let o denote the Hadamard (entrywise) product. For any labor supply, deter-
mined by a vector of thresholds Z, sectoral sales (G) and sectoral expenditures (U) are

linear in labor supply.

G = []In — %o (14) - ¢(1 — (6o 0+ 21)))] TR @)
U=do(0+51)0G

Proof: See Mathematical Appendix.

As in Bigio and La’o (2017) sectoral sales/expenditures are linear functions of the
aggregate labor supply. However, in our model the supply of labor will be defined by the
share of agents whose potential profits are lower than the wage (normalized to one). Our
next step is to solve for equilibrium prices using firms production function and sectoral

aggregations from Proposition 1.
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Proposition 2 (Equilibrium Prices): The equilibrium prices in the economy can be

written as a function of sectoral sales:

logp =

-1
[noEl/—Q] (logGo(l—Q—Ql)— (9+Ql)olog¢—%>

logp = ¢'(logp — log )

Where:
=&
140+ o)

~ - — 1 C(l—el—(f@)
— (0. 1 . og 6. 1 3 1
ki = (0; + Ej Gij) log ¢ + 6;log 6; + Ej Gijlog oy + T4 0 1 o) og [4(1—91—01‘)—1]

log(1 — 6; — o,
T cton o8 )

Proof: See Mathematical Appendix.

Notice that prices are also a function of the level of sectoral distortions and aggregate
input output relations. The first term in the right hand side in the above equation captures

the entire hierarchy of infinite-order network effects of distortions in prices.*

Next, we close the economy and solve for general equilibrium using prices, sectoral
sales, and agents’ indifference condition. Our strategy allow us to evaluate the size of
each sector in the economy, since we can solve for general equilibrium and find the

entrepreneurial thresholds for each sector using the indifference condition 7;(2) = 1.

Proposition 3 (Occupational Choice): The equilibrium thresholds of entrepreneurial

ideas, and sectoral sales (Lemma 1) are determined by the following non-linear system.

—1
logz = —(In—E) [InoEl’—Q} (logGo(l—Q—Ql)—{—R) -T

1

G = {]In — %o (1¢') - ¢(1 —(¢o(0+ 21)))/} YF(2)
Where:

T; = log ¢; + 0;1log0; + (1 — 0; — 0;) log(1 — 0; — 0;) + Za-ij log 0;;

J

Proof: See Mathematical Appendix.

4 This term is closely related to the Leontief inverse matrix, which will be detailed in the next subsection.
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This result is the key difference between our model and the current work in the
literature. The above non-linear system fully determines the thresholds of occupational
choice as a function of the distortions in one sector, its labor shares, and its input-output
relationships. We numerically show that entrepreneurial thresholds increase as the economy
becomes more distorted. The first equation describing the occupational choice of the agents
follows from the stacked indifference conditions. The second equation was already deduced

in Lemma 1 and expresses sectoral sales as a function of a given labor supply.

While in Bigio and La’o (2017) there is only intensive margin misallocation since
the choice of labor and intermediate inputs is distorted from the optimal, our model allow
for extensive margin misallocation since productive agents may choose to become workers
due to the high level of sectoral distortions. Proposition 3 also allow us to calculate

average firm size in each sector of the economy.

3.5.3 Hulten's Theorem

The Hulten’s Theorem (Hulten (1978)) states that the aggregate effect of any
sector’s TFP shock on aggregate GDP is proportional to its equilibrium share of sales
(Domar weight). It is a well know fact in the literature that Hulten’s Theorem does not
hold in distorted economies. However, we can also discipline the validity of the theorem in

an heterogeneous agents framework.

Starting from sectoral production functions, we can find an analytical solution
for total output. This closed-form solution allows us to analyze the effects of sectoral

distortions on aggregate output.

Proposition 3: In the competitive equilibrium, the solution for total production of aggre-

gate final good is:

Q= APNCLo
Where:
po=(1 =)
=1
=y (I-9Q)7C
0=y/'(I—Q)10

e=19'(I - Q) X+ V&
Q is the input-output matriz, with entries g;j, and ¢, and 6 were defined in Proposition
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1.
Proof: See Mathematical Appendix.

The term (I — 2) is the Leontief inverse matrix. Each entry of this matrix gives the
effect of a change in the productivity of sector 7 on the sector’s ¢ output. It also considers
all indirect effects. Multiplying the Leontief inverse matrix by the vector ¢/ we account
for the weight of this sector in the production of the final good, the resulting vector is
denoted by p. A similar vector is also found by Acemoglu et al. (2012) and Bigio and La’o
(2017), which they call the influence vector, summing the entries of this vector we get
the input-output multiplier, zi. We should note that u reveals the effects of sectoral TFP

shocks on the aggregate product of this economy.

dlog@

— M, Vi
dlog A; a ies

This result shows that Hulten’s Theorem does not hold for our economy®, oth-
erwise the effect of sectoral TFP shocks on GDP would be given by the Domar weight
of sector i. While network literature usually solves the problem of a representative firm
in each sector i, our model allows heterogeneity of firms within the sector, throughout
entrepreneurs’ vector of ideas z. Heterogeneity plays an important role here, since firms’
technology differs from sectoral technologies. While the vector of Domar weights is such
that: N\ = ¢/(I =), the vector of sectoral multipliers is p/ = (I —Q)~1. ¥ represents
the share of good j used by a firm in sector ¢, with entries o;; and € is the I-O matrix
of the whole economy, with entries ¢;;. By definition, u = N holds when o;; = g;;, or,

1/¢+6; + > 055 = 1. For more details see the proof of Proposition 4 in the Appendix.

Corollary 1: The Hulten’s theorem holds if (i) ( — oo (representative economy); (ii)
firms have constant returns to scale, ie, 0; + >, 0i = 1; and (i7) ¢ = 1 (undistorted

economy)
Proof: See Mathematical Appendix.

In the Mathematical Appendix, we prove that the three conditions are sufficient to
equalize the effects of sectoral TFP shocks to the Domar weights. Note that distortions

have a direct effect on the sales vector (G) that is not present in the influence vector. If we

5 One can define the Hulten’s Theorem in our framework as the effect of shocks in sectoral distortions

on aggregate output: jllggf
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set ¢ = 1, those two vectors become almost identical, except for the differences between

sectoral input shares and firms’ input shares.

The above corollary disciplines the validity of Hulten’s theorem. Although previous
works have already shown that the theorem may be valid for efficient economies, which
in our case are expressed by ¢ = 1, our result imposes additional requirements for it
to be true. One of the additional assumptions of Corollary 1 is that ( — oo, and the
Pareto distribution collapses to a Dirac, and the entrepreneurial ideas are homogeneously
distributed. Moreover, our model assumes diminishing returns to scale for the firms. This
is recurrent in the firm dynamics literature since it allows firms to have positive profits,
otherwise, if we had constant returns to scale firms would make zero profits and any
positive wage, w, would rule out the decision of opening new firms. When sectoral scale
approaches one, we are closer to a constant returns-to-scale economy when only the most
productive agent becomes an entrepreneur. Taking those assumptions together, we are

approximating our model to a representative agent economy.
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4 Numerical Results

We start calibrating and solving our model for a simple version with two sectors
(services and manufactures). A more detailed calibration with more sectors is exhibited in

the Appendix.

4.1 Calibration

We follow Buera et al. (2011) in targeting moments of the US economy. Specifically,
we use data from the 2017 US Economic Census. However, differently from the model in
Buera et al. (2011), our closed form solutions apply to both undistorted and distorted
economies. Therefore, alternative calibrations may also be ran with data from developing
countries. We start by a the calibration of the input-output economy, in which firms use

labor and intermediate goods to produce its own good.

Table 1: Calibration - I-O Economy

Targeted Moments US Data Model Parameters
Share of entrepreneurs 5% 4.39%  (=3.18
Average Firm Size - Services 16 14 ns = 0.625
Average Firm Size - Manufactures 40 40 Ny = 0.681
Agg. Labor share - Services (fs) 0.31 0.35 05 =0.325
Agg. Labor share - Manufactures (6,/) 0.18 0.22 6y =0.221
Agg. Services Share - Services (sss) 0.31 0.29 o055 =0.27
Agg. Manufacturing Share - Services (¢sas) 0.03 0.03  osy =0.03
Agg. Services Share - Manufacturing (¢azs) 0.19 0.19  oys=0.19

Agg. Manufacturing Share - Manufacturing () 0.35 0.27  oym = 0.27

The parameter ¢ controls dispersion of entrepreneurial talent. As { — oo, the
mass of low talented agents approaches one.! On the other hand, whether ¢ goes to its
lower bound, the distribution of entrepreneurial talent becomes more disperse, and the
heterogeneity among agents grows.? Sectoral scale determines the average size of firms in

each sector. Fixing the sum of technological parameters we calibrate 6; to match aggregate

1
2

More specifically, the mass of agents with the lowest possible productivity level approaches one.
The lower bound of ( is a technical condition that allows the aggregation process.
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labor share in services and manufacturing sector. We then used results from Valentinyi
and Herrendorf (2008) to calibrate o;;. We also consider the scenario of an Horizontal

Economy. In this case, we keep the scale parameters constant, that is: 7/ 0 — Horizontal

Table 2: Naive Calibration - Horizontal Economy

Parameters Value
Pareto Parameter (¢) 3.18
Scale Services (ng ¢ = gHerizontal) 0.625

Scale Manufacturing (i, ¢ = @4forizontal) () 681

4.2 Horizontal vs. I-O economy

In this section we show the differences between the horizontal economy and an
economy with all possible input-output linkages. In the former, the optimal choice of
inputs (labor) is distorted as long as ¢; € (0,1), Vi € S. However, the absence of sectoral
linkages will not spread distortions from one sector to another, and primary inputs have a

unique path from primary suppliers to households.
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Services Manufactures
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Figure 1: No I-O/Horizontal Economies

Services Manufactures

B
g

Figure 2: I-O Economies

On the other hand, in input-output economies as one sector uses intermediate
goods as input in the production process, distortions that affect one sector will spread

throughout network linkages. In this case, the allocative failures are amplified.

Horizontal Economy:

ys = 195725951 and gy = 0T 0 (4.1)

Input-Output Economy:

yg = 1% ngij and yy = I Hxﬁ? (4.2)
J J
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The indifference condition between managing a firm and working for a wage will
define two thresholds for each value of distortion. Both panels express a similar pattern.
The curves are increasing in the value of the distortion (decreasing in ¢;), indicating less

entrepreneurs in more distorted economies.

i Entrepreneurial Thresholds (Services) Entrepreneurial Thresholds (Manufactures)
. —— Horizontal 53 —— Horizontal
-0 -0
40 30
45
B B8
g 2
B g 40
= =
30 35
30
25
T T T T T T T T T 25— T T T T T T T T
060 065 070 075 080 085 090 085 100 060 065 070 075 080 085 090 085 100
Distortions - ¢ Distortions - ¢

Figure 3: Entrepreneurial Thresholds

The above results indicate that the share of agents above the lines in the horizontal
economy, that is, those who choose to manage a firm, is greater than in the networked

economies. Next we show the share of entrepreneurs in both economies.

Share of Entrepreneurs

—— Horizontal

10 -0

Share (%)
o

060 065 070 075 080 085 090 095 100
Distortions - ¢

Figure 4: Share of Entrepreneurs - I-O vs. Horizontal

Figure (4) is another evidence of extensive margin misallocation in networked
economies. As the thresholds are greater in I-O economies for any level of distortion, we
observe that the absence of sectoral links may be an important factor to firm entry /exit.
Note that for any level of sectoral wedges, the I-O economy has less entrepreneurs than the

horizontal economy. This reflects our primary intuition on the role played by input-output
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links in amplifying distortions. Also, the share of entrepreneurs falls more in the horizontal

case than in the I-O economy.

Avg. Firm Size (S&M)

—— Horizontal
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&
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Figure 5: Average Firm Size
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Figure 6: Average Firm Size - Services vs. Manufactures

Distortions have two opposite effects in firm size. First, it reduces the optimal

choice of labor for existent firms (intensive margin). Second, in a less distorted economy

profits are higher, which leads to a higher share of entrepreneurs, that is, more firms in

both sectors (extensive margin) which may reduce average firm size. According to Figure

(6), the second effect is stronger than the first one, that is, the number of new firms more

than compensate the increase in hired labor by incumbent firms in both sectors, reducing

average firm size. The higher share of entrepreneurs in the horizontal economy may also

explain the higher average firm size in Input-Output economies. Moreover, we should note

that the slope of average firm size as a function of distortions is higher in economies with

sectoral interlinks. This is an evidence that networked economies are more sensible to
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shocks, since those shocks are amplified by the input-output structure spreading through

the sectoral links.

Next, we evaluate the effects of distortions in aggregate TFP. These distortions
can generate effects on two different directions. First, in distorted economies firms are
not choosing inputs optimally. From Proposition 1 we can observe this negative partial
equilibrium effect.

dlog A, 1—¢(1—n) 1

= — >0
do; L+Cni ¢

Second, distorted economies increase the entrepreneurial thresholds. In this case,

only the most productive agents (the largest firms) choose to manage a firm, which
increases the productivity of the pool of active firms. According to Figure (7) the effect on

selection of entrepreneurs is dominated by the direct effects of distortions, since the TFP

losses are attenuated in general equilibrium. 3
Decomposition of TFP Losses (Horizontal) Decomposition of TFP Losses (1-0)
1000 1000
0993 0,995
. 0996 . 0.990
E E
0924 0.985
0992
— (General Eq. 0.980 General Eq.
Partial Eq. Partial Eq.
DggD T T T T T T T T T T T T T T T T T T
060 065 070 075 080 085 090 095 100 060 065 070 075 080 085 090 095 100
Distortions - ¢ Distortions - ¢

Figure 7: Decomposition - Partial Eq. vs. General Eq.

In Figure (7) we normalized the TFP in the undistorted economy to one.
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5 Conclusion

We have developed a model linking sectoral distortions, occupational choice, and
sectoral interlinks. Our model allows for two layers of aggregation. First, we can find analyt-
ical results for sectoral production functions depending on sectoral TFP terms. Second, we
find analytical solutions for equilibrium objects such as sectoral sales, sectoral expenditures,
prices, and entrepreneurial thresholds. We numerically compare entrepreneurial thresholds
in a horizontal economy and in a input-output economy. Furthermore, we can compare
the share of entrepreneurs and firm size in each sector for those two different production

structures.

Our second layer of aggregation shows that Hulten’s theorem does not hold in
our framework even when we consider an undistorted economy, characterized by ¢ = 1.
Moreover, we can fully discipline its validity relating it to the Pareto distribution of agents’
entrepreneurial ideas and diminishing returns to scale at the firm level. When the tail
parameter of the Pareto distribution goes to infinity, and sectoral scale goes to one we are
approximating our model to a representative agent economy, such as most of the previous

papers of the I-O literature.

Our quantitative exercises indicate that the share of entrepreneurs in horizontal
economies is higher than in networked economies, holding the scale parameters constant.
This result highlights the importance of extensive-margin misallocation in networked
economies. Moreover, we discuss two opposite effects of sectoral distortions on aggregate
TFP. First, it reduces the optimal choice of inputs and firms’ profits. Second, it increases
the productivity on the pool of active entrepreneurs. Numerical exercises indicate that
the second effect is stronger in the model, and the effects are different according to the

production structure.
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Appendix

Mathematical Appendix
Proof of Proposition 1

Solving for optimal choice of inputs we have:

i 1— Z T4j #
L= (dizipi) R <9> o H (UU> =D ;i
v J
Tij = (QbZZZPZ) 1_91_21' 7ij (91> 1791.,Zj 7ij (%) 1*9i*2j o5
v Pm
%
H <%> 10D 57
j#m \ Pj

Claim 1: [(z;) = (Z ) e Z i (ﬁ) (analogous to x;;).
Proof of Claim 1:

Tij

- T () ()
J

1——6; Z i pj

2

oij

1 % R
o= () y )
o(z)eS} o(z)eS} w j Dj

% Ty
& = (¢Zp)ﬁ (&) 1037 H <Uzj> 1-0;-) oij
N K3 U’

j \Pj

Li — Z;_ei_lzj 7ig Z(ZIZ) ]

e

1

Solving for the optimal profit we get that:
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As in Buera et al. (2011) there exist two threshold for entrepreneurial ideas, 2;(z_;),
dividing the occupational choice space into workers and entrepreneurs (services and

manufactures) and defined by two indifference conditions:

ij

(Gizips) "2 () 2 11 (C”) = (1 —0i - ZJZ’J) =w (2
J

Dj

9ij

((bzzlpz)m <l> 1-9, Z Tij H (Um)z:"’m( Z@g) (3)

w

o_ij

e (0 TS i\
(¢—iz—ip—i) 24574 <) > I1 (UJ> >
j

w pj
(1 — 971' - ZO',Z'])
J

Where —i € §/{i}. We want to aggregate firms output to get an expression for the output

of sector 7. Using Claim 1 we have:

oo 7:’_1'(21')
Y. = N / / Hx%r (dz)
5 J1

Where
0; +Zj ij

L) T )

Y, = ZN' R L ] X
J

Using the first order conditions, market clearing conditions, the optimal input
choices, assuming I'(dz) = ("([Tics 2:)~“*Y, for z; > 1, and that entrepreneurs are a
small fraction of the population, i.e, Z; is large for ¢« € S, we get a closed solution for the
threshold Z;.
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Using properties of the Pareto distribution:
1 _ 1—91'—2 . 045
C(l —0; — Ej Uij) 1*91'*2]- i ¢ j

Zi: Zi
C(1—0; —>;04) — 1

Claim 2: 0;/w = (L}~ /I, XU”N1 0= i%9)(1/¢ipiZ;) (analogous to L; and X;;)
Proof of Claim 2:

1-6;
0; 0 (21/23)* "2 (Li/N)-o L™
_— = O'ij - B = Py 1797 B |:|
w o dipizi]l; i D VICEE GipiZi 11; X;" N- 2.0
bipizi(zi/ Z;) YT I X;°
Using Claim 2 and the indifference between being worker or an entrepreneur in
sector i:
—6; Z 044
1 Z o
(1—6;,— Z% (Gipizi) i 7, TN HX"” -
Using 4:

[ S
w CA=0;—> . 0ij) 0t ;i RO+ i)
C(l—@i—zj O'ij)—l

6i(1 — 0 — X2, 03) N2 7 L T X

Using 4, 5 and Y; = ZiNl_ei_Zj 7i [0 [1; Xi;” we get the desired result. [
Equilibrium Characterization
Solution to Firm's Problem

max ¢;p;zil”" ] x? = 1= pjxi

= jes

FOC:

0 60EH) —1— () = o)

(xij) : ¢0ijpiyi(2) = DjTij == DjTij = ¢i0z‘jgi(2)

Define the expenditure of sector i, G;

Ui = [uz) = [l )+ S il = [ 69(2)0: + 02) = 6:Gi(0: + )
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Proof of Lemma 1

We start by the market clearing condition:

/yj (z) =c; + Zi:/o(a’z)i} ij(2)
/pjyj( = Djc +Z/ pjij(2)

{o(a,z)=i}
/gj(z) = Y /UO(Z) + Z/ gy P
{o(z)=i}
—_—— —_——
Revenue from product j Consumption of product j

Expenditure on good j, used as input

Recall that [ ug(z) is the total “household" expenditure of this economy. *

up(z) = w ['(dz) + ws(z)['(dz) + v (2)'(dz) + /Tigiz
S0l = 8 [y T+ [ @D [ m@)l ) +3 o)

Upg=F(z < 2,2 < 2 —i—Z/ ['(dz) —i—Z/ A ngz )I'(dz)

OZ7’L

Uo= Floi < 22 < 20 + 3 / oy [912) — i(2)]
i=1 z)=r

Uo = F(ZZ < ZA’Z-, i < 2_2‘) + Z(Gl — UZ)

i=1
Therefore:
Uo = F(ZZ < ZA’Z‘,Z_Z' < 2_1) + ]].,<G — U)

r T r 7 011 012 ...01p r b
Gy 1 $1G1
0921 09292 ...09p
G () P2Ga
_ = S| Uo+ | 031 032 ...03, .
Gn ¢n ¢nGn
- - - - i Opnt Op2 ...0pp ] - -
Z/

G = 'le(Zl < 21'7 < 2_1) + wll(G — U) + 2/<¢ o G)
From firm optimality, we have that firm expenditures satisfy u;(z) = ¢;g;(z), integrating
over z we get the expenditures from one specific sector ¢, stacking all those sectors we
have:
U=¢o(@+X1)oG

ug is the consumption expenditure of our economy.

1
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=Y (9o Q) +Y1'(G — (po (0 +X1)0G)) +¢F (2 < Zi, 24 < 24)

G [zf o (1¢') + ¢(1 — (po(0+ 21)))/1 G+ F (2 < 3,25 < 2_;)

G = []In ~ %o (14) - ¢(1 — (60 (0+ 21))>/]_1¢F(z) n (6)

Proceeding as Bigio and La’o (2017) we can get Uy as a linear function of labor

supply. We are still holding labor supply as fixed, taking occupational choice as exogenous.

Proposition 2 - Equilibrium Prices

This proposition characterizes the prices of the economy as a function of sectoral
distortions and the network. After having a closed form solution for prices we can use
those prices to calculate the profits as a function of parameters only and then get the

working/entrepreneurship occupational threshold, 2.

Starting from the production function:

= Zzle HIZ”, 91 +ZO’ij <1
J

/ /zzle Hma”

— 97; Sij
piYi = piAiL HXijJ

J

[1)= [b6:) = 5 =060
/x”(z) = /Uij¢ig(z) — ij = Uz‘j@fi

oo (5 (%)

G = pid; (@‘@;G) H (@UU > ’
i bj

log Gz = IOg Di + 10g Az + gz [log sz + 10g Qz + IOg Gz‘| + Z Cz’j 10g Uij + Z gij log sz
J J

By the FOC:

Hence we have:

+ Z Sijlog Gi — Z Sij log p;
J

J
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log G; = logp; +log A; +0;log Gi + > i log G — > glogp; + (0: + > ;) log ¢; + log k;
J J J

Where: log k; = 0;log 0; + > Sijlog o
But note that A; also depend on prices (following the derivation of Buera et al.

(2011)):

1-¢0-6;—0y)

A = ¢(1—6; — o) T e i TH(0;+7;)
1+ ¢(0; + 0:)

_ 1 ¢(1—0;i—0i) 1-¢(1-0;—04) .
Where cte = 0,70 log {c(l—ei—ai)—l} — TG toD) log(1 — 6; — ;) Therefore:

log A; = — log p; + cte

log G; = log p; — log p; + log G; <9z +> <ij) =Y qjlogp; + &
J J

¢ 5 - N
log Gy = ——7——logp; +10g G | 0i + ) <ij | — ) ijlogp; + (0 + ) i) log i + K,
1+ C(6; + 0y) Ej: J z]: J i+ ( 2]: i)
Where
- ¢(1—6; — o)
i = 0;log 0; ijlog oij 1
" s +%:§] BT T TG o) ® [C(l—@—%)—l
1+¢(6; +0y) o8 )
logG::logp+logGo(§+Ql)—Qlogp+(§+ﬂl)olog¢+/%
hmzy—gp%pzmy%4%00w+ﬁm—w+9nd%¢—g
—1 _ .
logp:{]noEl’—Q} (logGo(l—&—Ql)—(6’+Ql)ologgb—/%> (7)

Now we solve for the price of the final good.

pQ =min ) pjc; st Q=] c}pj
¢

JES jES
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By FOC:

p; — Ao%’? = 0= pjc; = Ao¥;Q
J

Summing all 7 goods we have:

PQ =Y pic; =MQ =D =X

jes
Thus: . ] bIONG b #
o-T1 - T1(%7) ~meTIL(})

Proof of Proposition 3 - Occupational Choice
Using the indifference condition we have that:
mi(%) =1
(Qsz?zpz)ﬁl_‘”@ljﬁ 11 <%> e (1 —0; — O'i) =1
S\ P
Taking the logs and multiplying both sides by (1 — 0; — 0;):

IOg §Z—|—logpl—z Oij lng]—FlOg ¢1+02 log 92 + (1 — 97, — O'i) log(l — 97, — O'i) + ZUZ']' IOg 045 = 0
J J

T;

log 2; 4+ log p; — Y 045 logp; +log ¢; + T; =0
J

log 5 + <1n —z) logp+1log ¢+ T = 0

-1
log 5+ <[n—2) {InoEl’—Q} (logGo(l—Q—Ql)—(9+Ql)olog¢—/%> Hlog di+T = 0

log 3 = —([n—E) [1,1051'—9} - <1og Go(1-G-Q1)— (§+Q1)olog ¢—g> “logé—T (8)
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Proof of Proposition 4 - Hulten's Theorem Validity

We can rewrite the market clearing conditions for intermediate good j such as:

cj + / T2 :/ iz
J Z (2)e5) i(2) o(z)es}%( )
—_— ————

Y;/N

pjcj Z 2)es) piTij(z) = o(z)@}pjy]( )

€S

By firms’ first order condition:

c; + / 1Yi3Yi / iY;\z
P;C; Z o(zES}p ]y ) {o(z)GS}pij()

€S

Y; Y;
pjc; + ; TiiPiny = pjﬁj
Using the fact that p; = ¥;pQ/c;, which follows from final producers’ first order

condition, we have:

_ Y Y, L
Y;pQ + ; OiPiny = pjﬁj (+pQ)
Y /N Y. /N
ieS 1 Cj
;Y /N |

Now define v; =

Cq

Yp+Yv=v= 0" =/ (I -%) ' =\
Where \; = %piYi /D@ is the Domar weight of sector ¢ and ¥ is the firm I-O matrix.

Recall that the first order condition of z;;: x;; = 0y; ;’%yi. Since p; = d”’gﬂ:
J 7

Wi ¢
7i (ye

We should note that this is the firm’s optimization problem, integrating over

yi(z)

zij(z) =

all firms:

(08 G

= 0;
i ¢

/ oy 92T 02) / L C)
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wzifi Cj Y X — Al}/j
Ci w] !

Now we should use Proposition 1 to get Y;(Y;)

O'ij)TjN

Y, = ANCLET] X0

JjeS

Where:
1/¢
1/CH 0 + 3 04
G _ 6. o oy
Y e gl]_1/<+‘9i+2jaij

(=

o YR AN
Y, = AiNCLfi (Ui.lﬂ>
Loy, w

The above equation relates the output of all sectors of this economy. Taking logs of this

expression:

i
= log 4; +(¢ — gij) logN—l—@ logLi+ Y gjlog (alj/\ ) + > Gy
T Je{M,S} Je{M,S}

a; n

We can rewrite y; in a matrix notation to get:
y=a+((( —g;)n+0log L+ x +wy

—(I-Q Y a+(C— Gij)n + flog L + x)

Remember the FOC of the final good producer: ¢; = v,;Y;/)\;. Taking logs and rewriting in

matricial notation:
CcC= éc + y

By final good producer’s production function:
log@Q =Y'e =y + )y

logQ =¢'&+ (1 — Q) (a+ (¢ —gy)n+0log L+ x)
log Q@ = /(I — Q) at-4/(I — ) (1T~ Q)+ /(1 — ) Flog L

W ¢ 0
logTFP
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+'(I — )X +¢'E

€

log@Q = pla+Cn+0log L+ €

Q = APNCLPe
Where ji = 1'u is the network multiplier.

Comparing the influence vector and the equilibrium sales vector from Lemma 1:

[]In ~ %o (14) - ¢(1 —(go(0+ 21)))1_11&

We can observe that when ¢ = 1 (undistorted economy) and if § + 1 = 1 (constant

returns-to-scale)we have that:

([n - 2>_1 = (In - Q)_l

Analogously. Using the production function for gross output product we have the
effect on sectoral TFP distortions on GDP:

dlogQ
dlog 4, 1"

Using the definition of p; and the definition of the Domar weights, N); we get that a
condition for the validity of the Hulten’s theorem in our case is:
L/CH 0 + 3, 04

Oij = Sij :O'U:>1/C+(91+20'U:1

j
The heterogeneity, expressed by the tail distribution parameter, ¢, and the diminishing
returns to scale (6; and o;;) determine whether the Hulten’s theorem holds. Note that
if we have constant returns to scale, 0; + 3, 0y; = 1, and firms make zero profit. In this
case the theorem holds when ( — oo, and the Pareto distribution colapses to a Dirac,

approximating our model to a representative agent economy. WM

Data Appendix

Here we present another possible calibration in a more general case considering an

economy with more sectors. 2

2 Data used


https://www.bea.gov/industry/input-output-accounts-data
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Table 3: Alternative Calibration

Target Moments US Data Model Parameters

Share of entrepreneurs - Total 5% ¢

Average Firm Size - Services 16 Ns
Average Firm Size - Manufactures 40 N
Average Firm Size - Agriculture 7 NA
Average Firm Size - Mining 22 e
Average Firm Size - Utilities 34 Ny
Average Firm Size - Construction 9 nc

Table 4: Allocation of Entrepreneurs

Target Moments US Data
Share of entrepreneurs - Services 86.32%
Share of entrepreneurs - Manufacturing  3.70%
Share of entrepreneurs - Agriculture 0.30%
Share of entrepreneurs - Mining 0.33%
Share of entrepreneurs - Utilities 0.24%
Share of entrepreneurs - Construction 9.11%

Table 5: Labor Shares - Alternative calibration

Sector Labor share (6;)
Manufacturing 0.18
Services 0.31
Agriculture 0.13
Mining 0.14
Utilities 0.18
Construction 0.34

Table 6: Input-Output Table (g;;) - Alternative calibration

Manufacturing Services Agriculture Mining Utilities Construction
Manufacturing 0.5357  0.2842 0.0257 0.0196  0.0069 0.1279
Services 0.0718  0.8836 0.0057 0.0132  0.0072 0.0185
Agriculture 0.7044  0.0520 0.2355 0.0004  0.0000 0.0077
Mining 0.7388  0.0103 0.0048 0.1143  0.0881 0.0437
Utilities 0.1683  0.7125 0.0136  0.0225  0.0695 0.0135
Construction 0.0737  0.8617 0.0087 0.0197  0.0352 0.0010
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