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Abstract

This paper proposes a financial approach to economic forecasting which can be

applied to data bases of surveys of forecasts. We model the forecasting decision

of an individual from first principles (i.e., microfounded) and show that surveys of

forecasts obey an affi ne factor structure with a single factor which is the conditional

expectation of the target variable based on common information (public and private).

This holds in a context where individuals have access to public information and also

have access to private information with common and idiosyncratic components. We

show that asymptotically effi cient forecasts of the target variable can be built using

the generalized method of moments in a panel-data context, when N and T diverge

or when T diverges with N fixed. In this context, the optimal forecast is a function

of the consensus forecast of the survey (a cross-sectional average of survey forecasts)

after appropriately filtering out two bias terms. This links the financial approach of

economic forecasting to the forecast-combination literature, where idiosyncratic risk

of individual forecasts can be diversified out. Our microfounded approach is applied

to a world-class data base on surveys of expectations and the techniques advanced

here fare best when compared with competitive alternatives.

Keywords: Forecast Combination, Affi ne Model, Common Factors (Features), Big

Data.
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1 Introduction

Faust and Wright (2013) argue that subjective forecasts of inflation seem to outperform

model-based forecasts in certain dimensions, often by a wide margin. They discuss some

reasons why this is the case, which points out to the choice of boundary values and

the fact that professional forecasters quite often have access to econometric models and

add expert judgment to these models. Along the same lines, Ang et al. (2007) argue

that economists use four main methods to forecast inflation: time-series models of the

ARIMA variety; structural models built based upon the Phillips Curve; methods using

information embedded in asset prices —in particular, the term-structure of interest rates;

and methods that employ survey-based measures provided by economic agents (consumers

and/or professional forecasters). They find that true out-of-sample survey forecasts (e.g.

Michigan or Livingston) outperform a large number of out-of-sample single-equation and

multivariate time-series competitors.

The objective of this paper is to propose a financial approach to economic forecasting

suitable for surveys of forecasts, which have become increasingly popular as a source of

forecasting methods after the work of Ang et al. and Faust and Wright. The approach

is based on first principles, where we take seriously the optimization problem that survey

respondents face in posting forecasts on a given data base.

We assume that the minimized loss function is of unknown form, heterogeneous across

agents, and that agents condition on heterogeneous information as well. We also assume

that the forecasting agent has no knowledge of the data generating process (DGP) of

the target variable of the survey, but relies on the location-scale family of distributions

that encompasses several distributions used in practice: the Normal, Uniform, Student-t,

Logistic, etc. In this context, we show that optimal forecasts obey a factor model with

an affi ne structure, mimicking canonical models in finance. This allows employing this

setup as a basis to forecast economic series combining the point forecasts contained in

the survey. As far as we know, this is the first paper to propose such a holistic approach

connecting optimal forecasts and financial models.

Our setup deals with heterogeneous information sets consisting of public and private

information used by forecasting agents. Public information is known to all agents and pri-

vate information contains common and idiosyncratic components. Optimal point forecasts

obey an affi ne model where its common factor is the conditional expectation of the target

variable based on the common information set —public and common private. Intuitively,

the fact that all survey respondents are asked to forecast the same random variable nat-

urally works in favor of the existence of a factor structure. But, this is not suffi cient to

guarantee it. Indeed, existence of a common factor must also rely on the fact that agents

condition on common information. We give concrete examples of why this is plausible in
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the context of surveys of forecasts.

Using standard econometric techniques based on the generalized method of moments

(GMM), we show how one can identify and estimate the common factor, i.e., the condi-

tional expectation based on public and on common private information. An alternative

identification and estimation method based on principal-component analysis is also feasi-

ble. Using a quadratic loss in a pseudo-out-of-sample forecasting exercise, our estimate of

the common component performs best when compared with commonly used alternatives.

The motivation to propose a financial approach to economic forecasting is not new.

The main idea behind forecast combinations is that, if the number of forecasts is large

enough, an appropriate combination of these forecasts will eliminate idiosyncratic fore-

cast errors, thereby reducing the uncertainty in forecasting. In 2006, Timmermann coined

the phrase “a financial approach to economic forecasting”based on the idea of forecast

combination originally proposed by Bates and Granger (1969): “A simple portfolio diver-

sification argument motivates the idea of combining forecasts, c.f., Bates and Granger.”

Several authors have worked on what could be labelled now as a financial approach to

economic forecasting, e.g., Granger and Ramanathan (1984), Palm and Zellner (1992),

Stock and Watson (1999, 2002a and b), Elliott and Timmermann (2004), Capistrán and

Timmermann (2009), Issler and Lima (2009), Gaglianone and Lima (2012, 2014), Hsiao

and Wan (2014), and Lahiri, Peng, and Sheng (2015).

To employ survey-of-expectation data in our setup, we propose two layers of decision

making. In the first layer, we ask what is the optimal survey response from the point-of-

view of a given respondent and what is the proper environment they generate this forecast?

It is an environment where observers do not know which (heterogeneous) loss function is

being optimized by each agent and where agents have no knowledge of the DGP of the

target variable. We assume that survey respondents employ a potentially different location-

scale model to approximate the unknown DGP, all conditioning on different covariates

(heterogeneous information). Despite all these potential differences for forecasters, the

existence of a common-factor model for the survey of forecasts still holds: every forecaster

is forecasting the same random variable in the survey and the information used by different

agents usually have a common component. The latter holds even when all of them employ

different covariates in their respective location-scale models, as long as these variables

share a common factor as in Stock and Watson (2002b) or as in Forni et al. (2000)1.

In the second layer of decision making, the final user of these economic forecasts —

the econometrician —observes several forecasts posted by economic agents, indexed by

i = 1, 2, · · · , N , across time, indexed by t = 1, 2, · · · , T . The econometrician has the
knowledge that there exists a common-factor structure that holds for this panel data

1Stock and Watson’s model has a slight advantage fitting our setup since it is based on a static version
of the factors, instead of a dynamic version as in Forni et al. (2000).
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base. If the econometrician employs a mean-squared-error (MSE) risk function, which is

typically the case for the government, a central bank, a large risk-neutral firm, etc., it will

be optimal for her/him to extract from the survey of expectations its common factor —the

conditional expectation of the target variable given a common information set2. We show

how to estimate consistently this conditional expectation by employing a GMM approach.

This estimate is a combination of forecasts —a bias-corrected combination of forecasts.

The techniques discussed above are appropriate to be applied to current surveys of

economic forecasts, which are panels characterized by a limited number of respondents

(limited N) and a large and increasing number of time-series observations (large T ), e.g.,

The Survey of Professional Forecasters, The Michigan Survey, The Livingston Survey, The

Bloomberg Survey of Economists, etc. In a world where there is an increasing availability

of reliable data provided electronically, it is interesting to examine how one could effi ciently

use this wealth of information, since, in the future, we will be dealing more and more with

big data surveys —very large N and T . Indeed, the techniques proposed in this paper

also apply to future big data surveys as well. This is important since as Einav and Levin

(2014) have put it: “The most common uses of “big data”by companies are for tracking

business processes and outcomes, and for building a wide array of predictive models”.

The ideas in this paper are related to research done in three different fields. From

econometrics, it is related to the common factor literature after Geweke (1977) and Sar-

gent and Sims (1977), perhaps best represented by the work of Forni et al. (2000) and

Stock and Watson (2002b), and the common features literature after Engle and Kozicki

(1993). Regarding the latter, we attempt to bridge the gap between a large literature on

common features applied to macroeconomics, e.g., Vahid and Engle (1993, 1997), Engle

and Issler (1995), Issler and Vahid (2001, 2006) Vahid and Issler (2002), Hecq et al. (2006),

Athanasopoulos et al. (2011), and the econometrics literature on forecasting related either

to common factors or to forecast combination, perhaps best represented by the work of

Bates and Granger (1969), Granger and Ramanathan (1984), Palm and Zellner (1992),

Davies and Lahiri (1995), Forni et al. (2000, 2005), Stock and Watson (2002a,b, 2006),

Elliott and Timmermann (2004, 2005), Timmermann (2006), Patton and Timmermann

(2007), Issler and Lima (2009), Atak, Linton and Xiao (2011), Gaglianone et al. (2011),

Gaglianone and Lima (2012, 2014), and Lahiri, Peng, and Sheng (2015). In this context,

it is also related to the literature on the role of loss functions, e.g., Elliott et al. (2008)

and Capistrán and Timmermann (2009). From big data econometrics it is related to the

work of Diebold (2012), Einav and Levin (2014), and Varian (2014).

The techniques proposed here are applied to a world-class data base on inflation ex-

pectations —The Focus Survey of forecasts —a unique panel data base put together by

2Of course, different risk functions in the second layer would imply extracting a different target. This
is not a problem here, given that we have properly characterized the first layer of decisions.
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the Brazilian Central Bank (BCB). It collects daily expectations from professional fore-

casters in commercial banks, asset management firms, consulting firms and non-financial

institutions, followed throughout time with a reasonable turnover. It contains a set of

298 registered institutions in the system, with a smaller active group of around 100 in-

stitutions. Our sample covers daily inflation forecasts of monthly IPCA inflation from

January, 2nd, 2006, to June 7th, 2018 (3, 165 working days). The forecast horizon ranges

from one day up to 400 days, forming a three-dimensional unbalanced panel containing

a total amount of 4, 712, 424 observations. Under MSE risk, our estimate of the common

factor (feature) of inflation expectations fares better than frequently employed forecast-

combination techniques, the best ARMA model chosen using Schwarz Criterion, as well

as principal-component based techniques. When we compare our method with alterna-

tive forecast-combination techniques, MSE reductions can reach up to 10%. Reductions

vis-à-vis the MSE associated with forecasts of the best ARMA model can reach up to 49%.

The rest of the paper is divided as follows. Section 2 introduces a microfounded-based

framework to study the forecast error under risk functions more general than the usual

MSE. Section 3 presents a real-time forecasting exercise with data from The Focus Survey

of Brazilian inflation expectations, comparing the out-of-sample performance of different

forecasting approaches. Section 4 concludes.

2 Microfounded forecasting under a general risk func-

tion

The techniques discussed in this section are appropriate for forecasting a strictly stationary

and ergodic univariate process {yt}, with finite first and second moments, using a large
number of forecasts. Covariates used in forecasting are also strictly stationary and ergodic

with finite first and second moments. We restrict these forecasts to be the result of a

survey on the target variable yt. We can also imagine that some (or all) of these responses

are generated using econometric models, but then the econometrician that observes these

forecasts has no knowledge of them.

We label individual forecasts of yt, computed using information sets lagged h periods,

by fhi,t, i = 1, 2, . . . , N , and t = 1, 2, . . . , T . Therefore, fhi,t are h-step-ahead forecasts of yt,

formed at period t−h, and N is the number of respondents of this survey of expectations

regarding yt.

In this paper, we show that, optimal forecasts obey a factor model with a single factor

Et−h(yt) —the conditional expectation of yt computed using a common information set
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lagged h periods3:

fhi,t = khi + βhi Et−h(yt) + εhi,t, (1)

where khi , β
h
i and ε

h
i,t, represent, respectively, a heterogeneous intercept bias-correction

term, a heterogeneous slope bias-correction term, and an idiosyncratic error term.

The core idea

Before formalizing the assumptions needed to derive our main results, we believe the

reader will benefit from a basic explanation of what this paper is about. Consider the

setup in Patton and Timmermann (2007), where each individual i chooses the optimal

point forecast fhi,t so that the conditional expected loss function (Li) is minimized:

fhi,t = arg min
fi

E
[
Li(yt; fi) |Fi,t−h

]
. (2)

Here, fi ∈ R represent all possible point-forecast choices for forecaster i; the conditioning
information set Fi,t−h varies across forecasters (heterogeneous information) and is based on
both public and private information; there is an unknown risk function used by forecaster

i (loss-function heterogeneity), and an unknown conditional DGP of yt used by the agent

to compute E [Li(yt; fi) |Fi,t−h ] and therefore to forecast yt.

We assume that the optimizing agent i employs the location-scale model with one

covariate alone4, different for every agent, where the conditional quantile function of yt,

Qyt (τ |Fi,t−h ), reads as:

Qyt (τ |Fi,t−h ) = αh0,i (τ) + αh1,i (τ)xi,t−h, (3)

where xi,t−h is the covariate used by agent i in the location-scale model, τ ∈ [0, 1] is a

quantile of the conditional distribution of yt, and αh0,i (τ) and αh1,i (τ) are parameters that

vary across quantiles (τ), agents (i), and forecast horizons (h), but do not vary across time

to preserve stationarity. To simplify notation here, we drop the dependence of αh0,i (τ) and

αh1,i (τ) on h in what follows.

We must stress that we assume an extreme case that works against common informa-

tion, since each agent employs a different covariate xi,t−h in their respective location-scale

model (heterogeneity in information). Despite that, these covariates, xi,t−h, should be

correlated with each other, since they are all used to model and forecast the same random

variable yt and therefore must all have some predictive power for yt5. One well-known

3Indeed, (1) is an encompassing model. Some results we derive in the Appendix, as well as in the
Online Technical Appendix, represent restrictions on this general formula.

4The generalization for a multi-covariate setup is discussed in the Online Technical Appendix.
5A regression model is a good example, where it is usually the case that regressors are cross correlated.
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model in the forecasting literature which delivers correlated regressors is Stock and Wat-

son’s (2002b) factor model. In our context, it reads:

yt = β′FFt−h + β′wwt−h + ξt,

xt = ΛFt + et, (4)

where xt = (x1,t, x2,t, · · · , xN,t)′ stacks all the covariates used by the agents to forecast yt;
Ft stacks a reduced number of r (r � N) latent factors capturing the common components

of these covariates and generating their cross-correlation; wt stacks additional regressors

used to forecast yt, e.g., its lags; and ξt and et are errors terms which are allowed to be both

serially correlated and (weakly) cross-sectionally correlated. In what follows we assume

that either (4) holds or that a similar factor structure holds to assure that the covariates

have a common component.

An important result from Patton and Timmermann (2007) regarding an optimal point

forecast fhi,t is that it is associated with a given quantile level of Qyt (τ |Fi,t−h ), labelled

here as τ ∗i , which may differ across i, as follows:

fhi,t = Qyt (τ ∗i |Fi,t−h ) = F−1i,t|t−h (τ ∗i ) . (5)

In words, the point forecast fhi,t is a specific conditional quantile of yt, where Fi,t|t−h (·) is the
conditional cumulative distribution function of yt. The key here is that each point forecast

lies in the domain of the conditional cumulative distribution, so that the conditional

probability of yt ≤ fhi,t could be computed and Fi,t|t−h (·) inverted. Given (3), we can
apply this result to (5) to obtain:

fhi,t = Qyt (τ ∗i |Fi,t−h ) = α0,i (τ
∗
i ) + α1,i (τ

∗
i )xi,t−h. (6)

Notice that this establishes an affi ne relationship between the covariate in the location-

scale model and the optimal individual forecast. However, for every respondent, we can

go one step further to relate the latter with the conditional mean of yt, E (yt |Fi,t−h ) ≡
Ei,t−h(yt), given all the information available to the agent. This could be accomplished
by using another important result (Koenker, 2005), which relates the conditional quantile
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function with the conditional mean Ei,t−h(yt):∫ 1

0

Qyt (τ |Fi,t−h ) dτ = Ei,t−h(yt), or,

Ei,t−h(yt) =

∫ 1

0

[α0,i (τ) + α1,i (τ)xi,t−h] dτ

=

∫ 1

0

α0,i (τ) dτ + xi,t−h

∫ 1

0

α1,i (τ) dτ , or,

= α0,i + α1,ixi,t−h, (7)

where α0,i =
∫ 1
0
α0,i (τ) dτ and α1,i =

∫ 1
0
α1,i (τ) dτ .

Combining (6) and (7), we arrive at:

fhi,t =

(
α0,i (τ

∗
i )−

α1,i (τ
∗
i )α0,i

α1,i

)
+
α1,i (τ

∗
i )

α1,i
Ei,t−h(yt), (8)

which establishes an affi ne relationship between the optimal individual forecast and the

individual conditional expectation Ei,t−h(yt) of agent i.
We now turn to the components of the individual information sets used by every agent.

The information set Fi,t−h is partitioned into three mutually orthogonal (and non-empty)
components: Ft−h, FPCt−h, and FPIi,t−h, where Fi,t−h = Ft−h ∪ FPCt−h ∪ FPIi,t−h. The public
information set, denoted by Ft−h, is the information set available to all forecasters. Private
information is in turn decomposed into the private-common information set FPCt−h (e.g.,
paid-up news and forecasts used by agents in the market, paid macroeconomic reports, etc.)

and the private-idiosyncratic information set FPIi,t−h (e.g., idiosyncratic private information
(paid-up or not), individual expert judgement, etc.).

One important result widely used in the Nowcasting literature, e.g., Bańbura, Gian-

none, and Reichlin (2011), is the orthogonal-component decomposition6:

Ei,t−h (yt) ≡ E (yt | Fi,t−h) = E (yt | Ft−h) + E
(
yt | FPCt−h

)
+ E

(
yt | FPIi,t−h

)
, (9)

where it becomes clear that heterogeneity appears only in the last term of (9), while

Et−h (yt) ≡ E (yt | Ft−h) + E
(
yt | FPCt−h

)
contains the common part of expectations for all

6A simple example of this decomposition relates to the linear regression model:

y = Xβ + ε,

where the OLS estimator decomposes y as:

y = Xβ̂ + ε̂

= X (X ′X)
−1
X ′y +

[
I −X (X ′X)−1X ′

]
y,

the first term being a projection onto the space of X and the second being a projection onto the orthogonal
space of X.

8



agents i = 1, ..., N . Combining (8) and (9), we arrive at:

fhi,t =

(
α0,i (τ

∗
i )−

α1,i (τ
∗
i )α0,i

α1,i

)
+
α1,i (τ

∗
i )

α1,i
Et−h(yt) +

α1,i (τ
∗
i )

α1,i
E
(
yt | FPIi,t−h

)
=

(
α1,i (τ

∗
i )

α1,i
E (yt) + α0,i (τ

∗
i )−

α1,i (τ
∗
i )α0,i

α1,i

)
+
α1,i (τ

∗
i )

α1,i
Et−h(yt)

+
α1,i (τ

∗
i )

α1,i

[
E
(
yt | FPIi,t−h

)
− E (yt)

]
=

(
α1,i (τ

∗
i )

α1,i
E (yt) + α0,i (τ

∗
i )−

α1,i (τ
∗
i )α0,i

α1,i

)
+
α1,i (τ

∗
i )

α1,i
Et−h(yt) + εhi,t, (10)

where εhi,t =
α1,i(τ∗i )
α1,i

[
E
(
yt | FPIi,t−h

)
− E (yt)

]
is the conveniently demeaned idiosyncratic

component of individual expectations.

As promised, equation (10) delivers an affi ne factor model with a single factor related

to common information sets among forecasters in the survey. We can use (10) to check well

known results in the literature. Suppose that the loss function being used by individual i

is quadratic. Then, her/his optimal forecast is the conditional mean:

fhi,t = Et−h(yt) + E
(
yt | FPIi,t−h

)
= Ei,t−h(yt), (11)

which is the result obtained from (10) since the optimal alphas will be their respective

means in this case, i.e., α0,i (τ ∗i ) = α0,i and α1,i (τ ∗i ) = α1,i. Additionally, if the conditional

density function of yt is symmetric, then, for agent i, α1,i (τ ∗i ) = α1,i (1/2) = α1,i, α0,i (τ ∗i ) =

α0,i (1/2) = α0,i. Using these results in (10) gives:

fhi,t = Et−h(yt) + E
(
yt | FPIi,t−h

)
= Ei,t−h(yt) = Mediani,t−h (yt) . (12)

Now we interpret our key result here. First, the two examples in (11) and (12) illustrate

that asymmetry of the loss function is responsible for the intercept and slope terms in (10),

therefore, this is the basis for the affi ne structure. Second, the fact that we have obtained

a factor model with a single common factor is not surprising, since all surveys respondents

are asked to forecast the same random variable yt. Intuitively, some commonality is

expected to be present. However, in our extreme case, all agents employ a different

covariate in forecasting. The common-component survives at the end because all survey

respondents forecast the same random variable and because their information sets have

common components, as (4) makes explicit, despite the fact that all covariates are different.

Third, in a context where it only exists public information, the optimal forecast under

MSE risk in the second layer will be E (yt | Ft−h). In the presence of private information as
well, if all the econometrician observes is public information, but not the (common) private

information observed by individual agents, then, the common factor will actually give a
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bonus to the econometrician: the optimal forecasts in the second layer of decision making

would still be E (yt | Ft−h), but the common factor will deliver Et−h (yt) = E (yt | Ft−h) +

E
(
yt | FPCt−h

)
, which will have a superior forecasting performance, since the conditioning

set was expanded. Third, in the more realistic case where the econometrician has access

to public and common-private information, then her/his optimal forecasts in the second

layer will be Et−h (yt) = E (yt | Ft−h) + E
(
yt | FPCt−h

)
, exactly the common factor of the

survey of forecasts.

Identification and GMM estimation

The optimal forecasts fhi,t took the encompassing general form:

fhi,t = khi + βhi Et−h(yt) + εhi,t, (13)

where a full mapping from (10) to (13) is straightforward to obtain:

khi =
α1,i (τ

∗
i )

α1,i
E (yt) + α0,i (τ

∗
i )−

α1,i (τ
∗
i )α0,i

α1,i
,

βhi =
α1,i (τ

∗
i )

α1,i
,

εhi,t =
α1,i (τ

∗
i )

α1,i

[
E
(
yt | FPIi,t−h

)
− E (yt)

]
.

Now consider an econometrician who operates under MSE risk and only observes a

survey of individual forecasts fhi,t (all optimal, in principle) and the target variable yt.

Given the existence of (13), she/he could rely on the affi ne structural model to estimate

(or extract) the latent factor Et−h(yt) from survey data. The survey is a three-dimensional
panel, with t = 1, ..., T , i = 1, ..., N , and h = 1, ..., H. Although the horizon can in

principle increase without bound, when forecasting one usually keeps H small, since in a

stationary-ergodic world, as H increases, conditional forecasts converge to their uncondi-

tional counterparts, making the case for large H unappealing.

As argued before, our framework entails two interesting cases. The first is T → ∞,
with small N and H, which applies to some long standing surveys with an almost constant

number of respondents throughout time. The second is T → ∞, N → ∞, and small H,
which applies to large surveys taken across a long period of time. At the time of writing,

we see no surveys of expectations that could fit this profile. But, this does not mean that

we should ignore it. In a world where there is an increasing availability of reliable data

provided electronically, it is interesting to examine how one could effi ciently use this wealth

of information for forecasting. There is already a large literature on big data in statistics,

but it could benefit from economic interpretation offered by the (quasi-structural) factor
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model discussed above. In the future, surveys of expectations would include the abundant

information on thousands or millions of respondents on an almost continuous-time basis.

This makes the big data setup where T → ∞, N → ∞, and small H, of interest to be
applied in the Surveys of the Future, being the reason why we discuss them here.

There is one hurdle to overcome when N and T are large —the curse of dimensionality

when N → ∞. Even when H is small, the system of equations (13) has too many

parameters that grow without bound. This poses a problem for the identification of

Et−h(yt). One key issue is that we do not need the identification of all khi and β
h
i , i =

1, ..., N , to be able to identify Et−h(yt). Indeed, under suitable conditions, we only need
to know their respective means.

Our basic proposed approach to identify and estimate Et−h(yt) is to employ the gen-
eralized method of moments (GMM), relying on T asymptotics. However, the fact that

Et−h(yt) is a latent variable is a drawback, since the moments used in GMM estimation

must be a function of observables and parameters alone. However, one can always decom-

pose the series yt into Et−h(yt) and an unforecastable martingale-difference component ηht ,
such that Et−h(ηht ) = 0:

yt = Et−h(yt)− ηht . (14)

Combining (13) and (14) leads to:

fhi,t = khi + βhi (yt + ηht ) + εhi,t (15)

= khi + βhi yt + vhi,t, (16)

where vhi,t ≡ βhi η
h
t +εhi,t is a composite error term. Notice that, by construction, Et−h

(
ηht
)

=

0, so Et−h
(
vhi,t
)

= 0 if one assumes that Et−h(εhi,t) = 0. Starting with (16) and Et−h
(
vhi,t
)

=

0, and using the law of iterated expectations and valid observable instruments zt−s, where

s ≥ h, we obtain:

E
[(
fhi,t − khi − βhi yt

)
⊗ zt−s

]
= 0, (17)

which is valid for all i = 1, ..., N , t = 1, ..., T , and h = 1, ..., H. The system (17) has

2NH parameters and (at least) 2NH moment conditions, provided that dim(zt−s) > 2,

which is critical for over-identification. Despite that, one problem remains: as N → ∞,
the amount of parameters in (17) diverges, which goes against consistency.

To eliminate the curse of dimensionality problem, we take the cross-sectional averages

of terms fhi,t − khi − βhi yt, leading to the following moment restrictions:

E
[(
fh·,t − kh − βhyt

)
⊗ zt−s

]
= 0, (18)
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t = 1, ..., T , and h = 1, ..., H, where fh·,t = 1
N

N∑
i=1

fhi,t, kh = 1
N

N∑
i=1

khi and β
h = 1

N

N∑
i=1

βhi ,

represent cross-sectional averages for each h.

Therefore, the system in (18) can be the basis to estimate kh and βh consistently in a

context where T →∞, with small N and H.7 It is straightforward to show identification

of Et−h(yt) using the conditional version of (18):

Et−h
[(
fh·,t − kh − βhyt

)
⊗ zt−s

]
= 0. (19)

For every instrument in zt−s, say, zj,t−s, j = 1, 2, · · · , k, where k > 2, we can solve (19) to

obtain:

0
k×1

= Et−h





(
fh·,t − kh − βhyt

)
× z1,t−s(

fh·,t − kh − βhyt
)
× z2,t−s

...(
fh·,t − kh − βhyt

)
× zk,t−s



 =





(
fh·,t − kh − βhEt−h (yt)

)
× z1,t−s(

fh·,t − kh − βhEt−h (yt)
)
× z2,t−s

...(
fh·,t − kh − βhEt−h (yt)

)
× zk,t−s



 .
(20)

since the average forecast, fh·,t, and all the instruments zj,t−s, j = 1, 2, · · · , k, are observable
regarding the information set Ft−h ∪FPCt−h. If we divide every equation in the system (20)

by its respective instrument, and then solve them all for Et−h (yt), we obtain the same

result:

Et−h (yt) =
fh·,t − kh

βh
=

1

N

N∑
i=1

fhi,t − kh

βh
.

Hence, as long as we can estimate kh and βh consistently by GMM, we can identify

Et−h (yt), relying on T -asymptotics.

Once one deals successfully with consistency, one can start worrying about effi ciency

in a GMM context. One way to exploit all possible moment conditions implicit in (18) is

to stack all the restrictions across h (finite) as:

E




f 1·,t − k1 − β1yt
f 2·,t − k2 − β2yt

...

fH·,t − kH − βHyt

⊗ zt−s
 = 0, (21)

where our problem collapses to one where we have H × dim(zt−s) restrictions and 2H

parameters to estimate. As before, over-identification requires that dim(zt−s) > 2. Given

a choice of H, GMM estimation of (21) is effi cient. A less effi cient alternative to estimate

7This is also true when N,T →∞, with small H, as discussed below.
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the whole stacked system (21) is to estimate separately (18) for every horizon h, which

could also be attempted for computational reasons.

In the context of N, T → ∞, with H small, we now discuss the case where we

first let N → ∞ and then let T → ∞, using the sequential asymptotic framework
of Phillips and Moon (1999). Under suitable conditions, the cross-sectional averages

in (18) and (21) would converge in probability to a unique finite limit as N → ∞,

i.e., −∞ < plim 1
N

N∑
i=1

βhi = βh < ∞, −∞ < plim 1
N

N∑
i=1

khi = kh < ∞, and −∞ <

plim 1
N

N∑
i=1

fhi,t = fh·,t < ∞, for all t = 1, 2, . . . , T . Then, a key condition for T -consistent

estimation is that (18) and (21), evaluated at these limits are a unique solution for each

of them respectively. Take now moments (18), considering that N →∞:

E
[(
fh·,t − kh − βhyt

)
⊗ zt−s

]
= 0, or, (22)

E
[(
βhηht

)
⊗ zt−s

]
= 0, (23)

under 1
N

N∑
i=1

εhi,t
p→ 0, as N →∞, t = 1, ..., T , and h = 1, ..., H. Note that (23) is attained

by construction, since ηht is a martingale-difference and must be orthogonal to all series

dated t− h or before. In this context, GMM provides a consistent estimate for parameter

means as T →∞.
To prove it, first define θh = [kh; βh]′ and consider the following assumptions —(A1-A3)

—all laid out in the Appendix A. Assumption A1 guarantees that the errors εhi,t can be

diversified away, and that cross-sectional dependence is not a problem. By its nature, εhi,t
is a function of expectations based upon idiosyncratic information, therefore diversifiable.

Assumption A2 just requires finite convergence of different cross-sectional averages, which

bounds the degree of cross-sectional and time-series dependence due to spatial dependence.

Assumption A3 deals with GMM identification and is standard in the literature. We can

now state an important result, which allows for consistent estimation of Et−h (yt).

Proposition 1 Under assumptions A1-A3, the Extended BCAF (Bias Corrected Aver-

age Forecast) 1
N

N∑
i=1

fhi,t−k̂h

β̂h
, based on T -consistent GMM estimates θ̂h =

[
k̂h; β̂h

]′
, obeys

plim
(N,T→∞)seq

(
1
N

N∑
i=1

fhi,t−k̂h

β̂h

)
= Et−h (yt) = E (yt | Ft−h)+E

(
yt | FPCt−h

)
, where (N, T →∞)seq

denotes the sequential asymptotic approach proposed by Phillips and Moon (1999), when

we let first N →∞, and then let T →∞.

In the context of N, T → ∞, an alternative to GMM estimation is to employ the

principal-component analysis proposed in the common factor literature in economics and
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finance based on the results of Forni et al. (2000) and Stock and Watson (2002b). There,

consistent estimation of the common factor requires both N and T to diverge without

bound. Therefore, they fit perfectly well the setup of what we have called the Surveys of

the Future, where N, T → ∞. However, they do fit exactly the setup of current surveys
of expectations, where T → ∞ but N is fixed. In this case, GMM estimation has the

advantage of relying on T asymptotics alone to estimate kh and βh, regardless of whether

N → ∞ or not. In the empirical section, we compare the forecasting accuracy of GMM

based estimates of Et−h (yt) with that of principal-component based estimates.

We now turn to the case where we let T →∞ with N fixed, or to the case of sequential

asymptotics where we let first T → ∞, and then N → ∞. The critical issue of letting
T →∞ first is that, when we take cross-sectional averages as in (18) or (21), but N is not

large, we have to guarantee that for all possible ensemble averages Et−h (yt) is identified.

When we assume the opposite sequential order, we have only to worry about identification

of a single limit case. An added complication for N small is that 1
N

N∑
i=1

εhi,t does not vanish

in probability. Recall that A3 imposes that E
(
εhi,t
)

= 0 for all i and t, given h. This is

not suffi cient to guarantee that moments (18) and (21) can be cast in terms of ηht alone.

However, employing the assumption that Et−h(εhi,t) = 0 is suffi cient to validate (18) and

(21). Thus, we employ two assumptions (A4-A5) laid out in the Appendix A.

Proposition 2 Under assumptions A4-A5, the Extended BCAF (Bias Corrected Aver-

age Forecast) 1
N

N∑
i=1

fhi,t−k̂h

β̂h
, based on T -consistent GMM estimates θ̂h =

[
k̂h; β̂h

]′
, obeys

plim
T→∞

(
1
N

N∑
i=1

fhi,t−k̂h

β̂h

)
= Et−h (yt) = E (yt | Ft−h)+E

(
yt | FPCt−h

)
, where we let T →∞, with

N fixed. The convergence to Et−h (yt) also happens when we let first T → ∞ and then

let N →∞, that is, plim
(T,N→∞)seq

(
1
N

N∑
i=1

fhi,t−k̂h

β̂h

)
= Et−h (yt) = E (yt | Ft−h) + E

(
yt | FPCt−h

)
,

where (T,N →∞)seq denotes the sequential asymptotic approach proposed by Phillips and

Moon (1999).

Notice that assumptions A4 and A5 suffi ce to provide T -consistent GMM estimates

for all bounded N . Indeed, fixed N is a special case of (T,N → ∞)seq, where we do

not let N diverge after T → ∞, the context being identical otherwise. For the sake of
completeness, it is interesting to cover the case of joint convergence, where we can establish

a link between sequential convergence and joint convergence following Phillips and Moon

(1999). However, to save space in the main text, this is done in section 2 of the Online

Technical Appendix of this paper.
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Decomposing information

Once we have a consistent estimate of:

Et−h (yt) = E (yt | Ft−h) + E
(
yt | FPCt−h

)
,

we can estimate a mixed-effect panel-data model (also known as the mixed linear model)

that takes into account individual heterogeneity in regression coeffi cients; see Cameron

and Trivedi (2009) for a basic introduction in a panel-data context and Searle, Casella,

and McCulloch (1992) and McCulloch, Searle, and Neuhaus (2008) for a more general

treatment:

fhi,t = khi + βhi Et−h(yt) + εhi,t, where (24)

khi = kh0 + µi, µi ∼ N
(
0, σ2µ

)
,

βhi = βh0 + νi, νi ∼ N
(
0, σ2ν

)
.

Following the mixed-effect panel-data literature, we estimate (24) by maximum likeli-

hood assuming a random-effect specification for µi and νi. This allows the identification of

the demeaned idiosyncratic component εhi,t = βhi
[
E
(
yt | FPIi,t−h

)
− E (yt)

]
, whose estimate

will be the regression residual. Indeed, we can solve for E
(
yt | FPIi,t−h

)
as:

E
(
yt | FPIi,t−h

)
=

1

βhi
εhi,t + E (yt) ,

therefore being able to identify E
(
yt | FPIi,t−h

)
given a consistent estimate for εhi,t, β

h
i , and

E (yt). Since Propositions 1 and 2 offer a consistent estimate of

Et−h (yt) = E (yt | Ft−h) + E
(
yt | FPCt−h

)
, (25)

we can identify:

Ei,t−h (yt) = Et−h (yt) + E
(
yt | FPIi,t−h

)
, (26)

and decompose individual conditional expectations into two distinct terms: a common

component and an idiosyncratic component.

In our context, the common component in (25) is based on public and private infor-

mation. But, the key difference between them is that the former is freely available for all

agents whereas the latter has to be paid for, despite being common. The fact that the pri-

vate common information is available to every agent gives it a public flavor. Therefore, we

can regard (26) as decomposition of individual expectations into a “public” and a private

component, which are orthogonal.

Investigating the relative importance of public versus private information is related to
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the social value of public information as examined by Morris and Shin (2002). The way

they label information is as follows: “to the extent that one decision maker’s choice is

made in isolation from others, more information is generally beneficial. This conclusion

is unaffected by whether the incremental information is public (shared by everyone) or

private (available only to the relevant individual).”So the definition of public and private

hinges solely upon whether it is shared by everyone or it is only available to an individual,

matching exactly our definitions of common and idiosyncratic, respectively.

As Shiller (2000) puts it, “significant market events generally occur only if there is

similar thinking among large groups of people,” which occurs if the importance of the

common (public) component is high. The decomposition in (26) allows measuring the

relative importance of its two terms. Since they are orthogonal:

1 =
VAR [Et−h (yt)]

VAR [Ei,t−h (yt)]
+
VAR

[
E
(
yt | FPIi,t−h

)]
VAR [Ei,t−h (yt)]

, (27)

will give the relative importance of Et−h (yt) and E
(
yt | FPIi,t−h

)
in (26) across time and

agents.

Discussion

The optimal forecasts in Propositions 1 and 2 are a function of the consensus forecast of

the survey (a cross-sectional average of survey forecasts) after appropriately filtering out

two bias terms, therefore being a forecast-combination approach. This links the financial

approach to economic forecasting to the forecast-combination literature. Indeed, if the

number of forecasts is large enough, i.e., N → ∞, all idiosyncratic forecast risks are

diversified away, since 1
N

N∑
i=1

εhi,t
p→ 0. Indeed, this is a basic principle behind large portfolio

analysis.

The GMM approach in Propositions 1 and 2 works under N, T → ∞, but it also
works with T → ∞ and N fixed. Alternative identification strategies could be pursued,

especially those that are based on principal-component analysis, e.g., Stock and Watson

(2002b). Indeed, we also employ these techniques to estimate the optimal forecast in the

second layer and compare results with our GMM approach. As noted above, the principal-

component approach requiresN, T →∞. This is an extreme assumption in view of the fact
that current surveys of expectations have a limited number of respondents, i.e., N < ∞.
Therefore, current data does not fit the asymptotic assumptions in this literature.

Another possibility is to employ a within-group method proposed by Bai (2009). This

allows for the joint presence of additive and interactive effects. In our notation, Bai’s
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structure would be:

fhi,t = Xi,tγ + µ+ khi + ηht + βhi Et−h (yt) + εhi,t. (28)

One could think that our affi ne structure could be viewed as a special case of Bai’s model,

where Xi,t = 0 and µ = 0. However, identification of Bai’s latent factor (Et−h (yt) here)

requires constraining
∑N

i=1 β
h
i = 0 and

∑T
t=1 Et−h (yt) = 0, which our method avoids.

One important character of our method is that it extends the previous literature on a

financial approach to economic forecasting using panel data, e.g., Palm and Zellner (1992),

Davies and Lahiri (1995), Davies (2006), Issler and Lima (2009), Gaglianone and Lima

(2014), and Lahiri, Peng, and Sheng (2015). For example, our setup encompasses that of

Davies and Lahiri (and Davies), reproduced below with our notation:

yt − fhi,t = −
(
khi + ηht + εhi,t

)
, (29)

since they impose βhi = 1 for all i = 1, ..., N and all h = 1, ..., H. Also, we generalize the

results in Issler and Lima, who use βhi = 1 for all i = 1, ..., N in (13), since they have only

one source of bias correction —the intercept.

Finally, our factor model has an important contribution to rationality tests in fore-

casting, after Mincer and Zarnowitz (1969). For a given horizon h, we have proposed to

estimate the parameters in fh·,t − kh − βhyt, i.e., (18), by using instrumental-variable (IV)
techniques. In the GMM approach, the regression of interest is fh·,t − kh − βhyt whereas
the elements in zt−s are valid instruments. Here, the IV regression estimates the aver-

age intercept and slope biases, respectively, kh and βh, and we can think that fh·,t is the

dependent variable and yt and a constant term are the regressors.

In contrast, the aggregate version of the Mincer and Zarnowitz (1969) approach starts

from an inverse regression relating yt to fh·,t, and tests for no bias involving zero intercept

and unit slope, i.e., it uses:

fh·,t = kh + βhyt + vh·,t, to get the inverse regression, (30)

yt = −k
h

βh
+

1

βh
fh·,t −

vh·,t

βh
, (31)

where (31) is the usual aggregate Mincer-Zarnowitz regression. The standard procedure

is to estimate − kh

βh
and 1

βh
by least squares, which is then used to test for an unbiased

consensus: a joint test of kh = 0 and βh = 1; see the discussion in Gaglianone, Issler

and Matos (2017). What is striking here is that, in the presence of the factor model (16),

one cannot estimate (31) by least squares, since the regressor fh·,t is correlated with the

error term −vh·,t

βh
, due to (30). Therefore, to test for rationality one must use instruments,

17



something the literature on Mincer-Zarnowitz testing misses.

3 Empirical Application

Data

The Focus Survey of forecasts is a world-class panel database put together by the Brazilian

Central Bank (BCB), which collects daily information from professional forecasters of

commercial banks, asset management firms, consulting firms and non-financial institutions,

followed throughout time with a reasonable turnover. As new participants are often added

to the survey, and others drop out, the panel of survey forecasts is unbalanced. From a set

of 298 registered institutions in the system, there is a smaller active group of around 100

institutions that frequently update their nowcasts and forecasts. These are supplied over

different forecast horizons and for a large array of macroeconomic time series; see Marques

(2013).

Our target variable is Brazilian inflation, as measured by the Broad National Consumer

Price Index (IPCA), collected at the monthly frequency. IPCA inflation is a key variable

for the Brazilian Inflation-Targeting Regime, since it is the offi cial inflation-target variable.

If the number of survey respondents were very large, this could potentially serve to

approximate a large N, T environment, since our data covers forecasts collected every

working day from the period of January 2nd, 2006, to June 07th, 2018 (3, 165 working

days)8. However, since we must rely (with respect to nowcasts) on the active group of

about 100 institutions to comprise the cross-section, the framework here is that of a large

T with fixed N , or, at best, one in which we let first T →∞, and then let N →∞.
In every working day considered within our sample, market agents, i = 1, ..., N , may in-

form their expectations regarding inflation rates all the way up to the next 14 months. The

raw data contains forecasts for "fixed-events" and varying forecast horizons; see Bakhshi

et al. (2005). To fit the setup discussed in (18) and (21), the original forecasts are re-

organized to form time-series of fixed horizons h and time-varying events (t = 1, ..., T = 150

months). As a result, the original data set formed an unbalanced panel (N ×T ×H) con-
taining 4, 712, 424 observations. However, due to the transformation from fixed-event to

fixed-horizon, as well as to the application of a filter for agents that had a reduced num-

ber of time-series observations, the final data base used in this paper contains 3, 594, 951

observations.

Decomposing our total of 3, 594, 951 observations into N , T , and H, gives the following

breakdown: t = 1, ..., T = 150 months (or events), h = 1, ..., H = 400 days (or forecast

8The Focus Survey database has been collected since 1999, the year in which the Brazilian inflation-
targeting regime was created. However, in its inception, the survey had only a small coverage (small N),
that being the reason why we start the forecasting exercise in 2006.
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horizons), and an average of i = 1, ..., N = 59.92 forecasters, when considering the full

term-structure of 14 monthly forecasts. We must also stress that the great majority of

survey respondents provided nowcasts and/or short-term forecasts, but only a smaller set

of respondents inform their forecasts for the full term-structure of forecasts, up to the

longest horizon.

To implement our forecasting exercise, we split our time-series sample into two consecu-

tive sub-periods: the first (t = 1, ..., T1) is labeled as “training sample”, where realizations

of yt are usually confronted with forecasts provided by the survey, and potential bias-

correction terms are estimated using either (18) or (21). We choose T1 = 60 months. The

second sub-period is where genuine out-of-sample forecasts are entertained. This period

comprises the last P observations of our sample (t = T1+1, ..., T ) —where P = T−T1 = 90

months. These P observations are thus used to compare different forecasts, computing

forecast-accuracy measures.9

To evaluate a given forecast method, we compute MSEh = 1
P

T∑
t=T1+1

(
yt − f̂ht

)2
, where

f̂ht is the h-step ahead forecast (of yt formed at period t− h) of any given method. Here,
we considered five types of forecast methods. The first is the one proposed in this paper —

which we have labelled the extended bias-corrected average forecast (EBCAF). The second

is the simple cross-sectional average forecast —average forecast (AF) for short. It has

a long tradition in econometrics, all the way from Granger (1969), to Stock and Watson

(2006), and Capistrán and Timmermann (2009), among others. The third is the bias-

corrected average forecast —BCAF for short. It was proposed by Issler and Lima (2009)

and performs an intercept correction of the average forecast. The fourth is the Principal

Component Analysis (PCA), which is a well-known data-reduction technique, applied here

to summarize the information content of the cross-section of forecasts; see Stock and

Watson (2002b). The last method is the AR (1) model: within the ARMA class, it is the

best one-step ahead predictor of Brazilian inflation for our sample as a whole (T = 150

months) according to several different Information Criteria. It will be used here as our

basic benchmark.

In constructing the EBCAF, we used a set of instruments containing lagged inflation

πt and interest it rates (IPCA and SELIC, respectively). Interest rates are transformed

by first-differences of logs. The results are based on the following set of instruments:

zt−s = [1;πt−s; πt−s−1; πt−s−4; ∆ ln it−s−1; ∆ ln it−s−4; ∆ ln it−s−10]
′ with s = 14 months to

cover the longest horizon. In GMM estimation, the key parameters in the extended BCAF

were estimated using (18) for each horizon (h), instead of using its stacked version —

9We use a recursive estimation scheme (i.e., increasing training sample size). In this context, each
model is initially estimated using the first T1 = 60 observations (excepting the average forecast method)
and the out-of-sample point forecasts of yT1+h, h = 1, ...,H, are generated. We, then, add an additional
observation at the end of the training sample, re-estimate the models and generate again out-of-sample
forecasts. This process is repeated along the remaining data.
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equation (21). In practice, estimation of the stacked version (21) was not feasible. The

empirical exercise was conducted using the R software (version 3.2.2 i386), and the package

"GMM" encoding the "two step" approach of Hansen (1982) was employed, although the

"iterative" procedure of Hansen et al. (1996) yielded very similar results.

Empirical Results

Figure 1 shows the monthly CPI inflation (IPCA) in Brazil. Inflation seems to conform

to a stationary-ergodic process. For example, all tests for unit roots reject I (1)-ness.

As noted before, within the ARMA class, inflation is best described by an AR (1) model

with an estimated AR (1) coeffi cient of 0.682 —estimated standard error of 0.059. Figure 2

plots monthly inflation and the respective daily forecast for survey respondents at horizons

h = 30, 60, 180, 360 days. It also presents the AR(1) forecasts, the average forecasts, the

PCA10 forecasts, the BCAF, and the extended BCAF, at these same horizons.

Figure 1 - Inflation rate (yt) in Brazil: % monthly

Table 1 reports GMM estimates for the extended BCAF. Hansen’s (1982) over-identifying

restriction test (J-test) does not reject the orthogonality between errors and instruments

on all occasions. Estimates of the average intercept are not statistically significant, but

estimates of the average slope are all highly significantly different to zero at any given

horizon. Moreover, they are all significantly different to one from horizon h = 30 days

onwards. A Wald test for zero average intercept and unit average slope rejects the null

for all horizons at the 10% level11, showing the usefulness of the approach proposed in

this paper. Figure 3 plots the average intercept and slope across daily horizons with 95%

confidence bands around them.
10We employed the first principal component of the panel of forecasts, computed recursively along the

out-of-sample forecasting exercise. For h = 1, 6 and 12 months, it accounts, respectively, for 88%, 79%
and 78% of total variability of the forecasts.
11At the 5% level we do not reject the null for the 10-day and the 180-day horizons, although results

are borderline.
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Figure 2 - Inflation rate yt and inflation forecasts for selected horizons

(h = 30, 60, 180 and 360 days, respectively)

Notes: Yellow lines present the AR(1) forecasts. Gray lines show the forecasts fhi,t of survey participant i for yt

made at period t− h. Red represent the average forecast, orange denotes the PCA forecast, and the green and

blue lines show, respectively, the BCAF and the Extended BCAF forecasts. Black line is the inflation rate yt.

Table 1 - GMM estimation results

horizon h (days) k̂h β̂h Wald test (p-value) OIR test (p-value)

10 0.0363
(0.0246)

0.9025
(0.0513)

0.0528 0.2619

20 0.0417
(0.0352)

0.8788
(0.0689)

0.0299 0.1655

30 0.0543
(0.0433)

0.8058
(0.0813)

0.0001 0.4785

60 0.0669
(0.0504)

0.7672
(0.1041)

0.0132 0.3014

90 0.0713
(0.0498)

0.7611
(0.1064)

0.0306 0.3266

180 0.0725
(0.0536)

0.7602
(0.1175)

0.0689 0.2089

360 0.0536
(0.0576)

0.7600
(0.1164)

0.0152 0.1681

Notes: Robust standard errors in parentheses. Wald test refers to Ho : [kh; βh] = [0; 1].

Last column shows the p-value of the Over-Identifying Restriction (OIR) J-test due to Hansen (1982).
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Figure 3 - Estimates k̂h (left panel) and β̂h (right panel)

and 95% confidence intervals

Next, we compare the out-of-sample MSE of each of the five forecast methods employed

here: the AF, the PCA, the BCAF, the extended BCAF and the AR (1) model. Figure 4

plots the daily horizon results for these methods12, jointly with the minimum and maxi-

mum MSEs across all survey respondents. The first interesting feature is the comparison

between the AR (1) model and the forecast-combination techniques discussed here —the

AF, the PCA, the BCAF, and the extended BCAF. The AR (1) model is usually close to

upper bound of the MSE for the forecasts in the data base, while the other four methods

are all close to the lower bound in the very short horizons and are all below the mid-range

in the medium/long horizons. This shows that forecast combination works in practice —in

our case, the optimal combination of survey forecasts. These results mimic those obtained

by Ang et al. (2007) and Faust and Wright (2013).

Figure 4 - Mean Squared Error (MSE)

Note: Max (Min) denotes the maximum (minimum) MSE, for each horizon, across all forecasters.

Next, Table 2 compares the MSE of the five methods discussed above for short horizons

(30, 60 or 90 days). There is a pecking order : the extended BCAF is superior to the BCAF

and the PCA, which in turn dominate the AF, which in turn dominates the AR (1) model.

12Recall that the AR(1) model is estimated at the monthly frequency.
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For longer horizons (180 or 360 days), the extended BCAF is superior to the BCAF, which

in turn dominates the AF, which in turn dominates the PCA, which in turn dominates

the AR (1) model. This validates the view that the bias corrections performed either by

the BCAF, or by the extended BCAF, are a useful device for forecasting using surveys.

As shown in Table 2 and Figure 5 (left panel), when we compare the extended BCAF

with the BCAF, AF or the PCA, forecasting MSE reductions can reach up to 10% at the

30 days horizon and are significant for the AF and the BCAF. MSE reductions vis-à-vis

the AR (1) model can reach up to 49% for the extended BCAF.

Table 2 - Mean Squared Error (MSE)

horizon h

(days)
AR(1) PCA

Average

Forecast
BCAF

Extended

BCAF

30 0.0471∗
[0.0009]

0.0255
[0.2794]

0.0264∗
(0.0253)

0.0263
(0.0080)

∗ 0.0239

60 0.0691∗
[0.0277]

0.0439
[0.3255]

0.0446
(0.1131)

0.0439
(0.0805)

∗ 0.0409

90 0.0804∗
[0.0685]

0.0515
[0.3667]

0.0525
(0.1522)

0.0516
(0.1198)

0.0491

180 0.0962∗
[0.0549]

0.0601
[0.3312]

0.0594
(0.1904)

0.0581
(0.1902)

0.0564

360 0.0955
[0.1340]

0.0674
[0.3876]

0.0672
(0.2327)

0.0652
(0.2234)

0.0645

Notes: The second and third columns show [in brackets] the p-values of the test of Diebold-Mariano (1995)

which compares the Extended BCAF with the forecast in each column. The other columns show (in parenthesis) the

p-values of the test of Clark and West (2007), which compares the Extended BCAF and the forecast in each column.

In all cases, * indicates a rejection of the null at a 10% level. Bold figures indicate the lowest MSE in each horizon.

We now test whether or not forecast errors differ in a statistical sense. Figure 5 (right

panel) presents the equal-predictive-accuracy test of Clark and West (2007) for nested

models at different horizons. Results suggest that, vis-à-vis the average forecast (and the

BCAF), the extended BCAF can statistically reduce (at the 10% significance level) out-

of-sample MSE for horizons up to 30 days for the AF (and up to 60 days for the BCAF).

Comparisons of the extended BCAF with the AR (1)model using a Diebold-Mariano (DM)

test for equal variances shows that the former is statistically superior to the latter (at the

10% significance level) at horizons up to 180 days. The DM test also indicates that the

extended BCAF is not statistically different to the PCA-based forecast at all horizons;

although the extended BCAF exhibits lower MSEs compared to the PCA-based forecasts

for all horizons shown in Table 2.
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Figure 5 - MSE comparison (left panel) and

Clark and West (2007) test (p-values, right panel)

Note: On the right panel, the red line represents a p-value of 0.10. Ho: equal predictive accuracy.

Next we use our consistent estimate of Et−h (yt) to run a mixed-effect model taking

into account individual agent heterogeneity as in (24). Maximum likelihood estimates

are presented in Table 3. First, note that the so-called both fixed-effect parameters kh0
and βh0 are highly statistically significant. Moreover, point estimates are very close to

GMM estimates presented in Table 1. This is reassuring given the potential generated-

regressor problem due to the use of a consistent estimate for Et−h (yt) in its place.13

Regarding random-effects estimates, the variance of µi is only statistically significant at

the shortest horizon (30 days), whereas that of νi is significant at all horizons except 180

days. Goodness-of-fit statistics reveal a high signal-to-noise ratio, since all the pseudo-R2

statistics are much closer to the unity than to the zero, suggesting that market professional

forecasters attach more weight to common information (public and private) than to private

idiosyncratic information. Indeed, for all horizons listed above, idiosyncratic information

only accounts for about 20% to 30% of forecast variation. Therefore, common information

accounts for 70% to 80%. Figure 6 plots the cross-sectional distribution of the estimates

of khi and β
h
i for selected horizons. It shows the importance of considering heterogeneity

in estimating the affi ne-model parameters.

13Our estimate of Et−h (yt) relies on asymptotic theory, but the sample size is relatively large, especially
in the time-series dimension. Perhaps that explains the small differences between IV (GMM) estimates
and the mixed-effect estimates for all horizons.
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Table 3 - Mixed-effect model estimation

fhi,t = khi + βhi Et−h(yt) + εhi,t

khi = kh0 + µi, µi ∼ N
(
0, σ2µ

)
βhi = βh0 + νi, νi ∼ N (0, σ2ν)

h (days) kh0 βh0 σ2µ σ2ν Obs. Pseudo-R2

30 0.050
(0.005)

0.801
(0.010)

1.2E − 03
(4.0E−04)

6.1E − 03
(1.6E−03)

9, 576 0.810

60 0.062
(0.004)

0.764
(0.009)

3.8E − 05
(5.1E−05)

9.7E − 04
(2.4E−04)

9, 413 0.762

90 0.068
(0.004)

0.758
(0.009)

3.1E − 05
(3.9E−05)

8.8E − 04
(2.2E−04)

9, 330 0.752

180 0.062
(0.005)

0.757
(0.011)

2.0E − 19
(3.8E−13)

1.2E − 03
(2.7E−03)

8, 610 0.709

360 0.048
(0.006)

0.770
(0.012)

4.4E − 05
(8.8E−05)

1.8E − 03
(4.2E−04)

6, 655 0.689

Notes: Robust standard errors in parentheses. Pseudo-R2 is computed as 1-var(resid)/var(resid_null),

where var(resid) denotes the residual variance of the model of interest and var(resid_null) represents

the residual variance of the null model (also referred to as the empty model or the intercept model).

Figure 6 - Mixed-effect intercepts (khi ) and slopes (β
h
i )

h = 30 days
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Figure 7 - Actual (fhi,t) and fitted (f̂hi,t) individual forecasts

for h = 30 days (left) and 360 days (right)
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Figure 7 presents a graphical comparison between the actual (fhi,t) and fitted (f̂
h
i,t)

individual survey forecasts —the best linear unbiased predictors (BLUPs). Perfect forecasts

would lie on the red 45-degree line. Figure 7 shows a good balance for the two horizons

listed (30 and 360 days ahead).

Finally, using (27) we can measure the importance of the public (common) and the

private (idiosyncratic) component of individual expectations using:

1 =
VAR [Et−h (yt)]

VAR [Ei,t−h (yt)]
+
VAR

[
E
(
yt | FPIi,t−h

)]
VAR [Ei,t−h (yt)]

.

Table 4 below presents the results of this decomposition. Using Morris and Shin’s

(2002) definition of public and private information, the public (common) component ac-

counts for approximately 70 − 80% of total variance of individual expectations, whereas

the importance of the private (idiosyncratic) term is relatively small, reaching at most 29%

at the longest horizon. We can safely say that the importance of private (idiosyncratic)

information is relatively small in forecasting Brazilian inflation. Figure 8 presents a picture

of forecast components —common (public) versus idiosyncratic (private) —using Morris

and Shin’s definition, for selected horizons. It confirms the high relatively importance of

public (common) information in forecasting inflation in Brazil.

Finally, using a dynamic panel-data model, estimated using the Arellano-Bond tech-

nique, we test if the private (idiosyncratic) component of individual expectation, E
(
yt | FPIi,t−h

)
,

does not Granger cause relevant Brazilian aggregate series. At the 5% significance level,

the monthly growth of the Brazilian target interest rate (SELIC), the stock market in-

dex (IBOVESPA) and the country risk-premium (EMBI+BR) are not Granger-caused by

E
(
yt | FPIi,t−h

)
. While we should expect individual idiosyncratic expectation components

to be important for some agents and/or for some time periods, its average importance

should be reduced across the market and time periods.
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Table 4 - Variance decomposition of individual expectations

h (days) VAR [Ei,t−h (yt)] VAR [Et−h (yt)] VAR
[
E
(
yt | FPIi,t−h

)]
30 0.0722

(100%)
0.0581
(80%)

0.0141
(20%)

60 0.0512
(100%)

0.0400
(78%)

0.0111
(22%)

90 0.0460
(100%)

0.0352
(77%)

0.0108
(23%)

180 0.0382
(100%)

0.0278
(73%)

0.0104
(27%)

360 0.0356
(100%)

0.0251
(71%)

0.0104
(29%)

Note: Figures in parentheses denote the relative importance of the variance terms.

Figure 8 - Inflation and forecast components

Common (public) versus idiosyncratic (private)

For h = 30 days (left) and 360 days (right)
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4 Conclusion

This paper proposes a financial approach to economic forecasting which can be applied to

data bases of surveys of forecasts. From a forecasting perspective, the focus on surveys is

important, since Faust and Wright (2013) have shown forcefully that subjective forecasts

of inflation seem to outperform model-based forecasts. We model the forecasting decision

of an individual from first principles (i.e., microfounded) and show that surveys of fore-

casts obey an affi ne factor structure with a single factor which is the common component

of the conditional expectation of the target variable. This holds in a context where indi-

viduals only have access to public and private information with common and idiosyncratic

components.

Our approach involves two layers of decision making. In the first, individuals choose

the best forecast to be posted in the database containing surveys of forecasts. In the

second, an econometrician uses the survey to forecast the target variable optimally. From

the point of view of the econometrician, it is important to estimate the common factor
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of the survey, which is the optimal forecast under an MSE risk function in a variety of

contexts. We show how this can be performed using GMM-based estimates: the optimal

forecast is a function of the consensus forecast of the survey (a cross-sectional average of

forecasts) after appropriately filtering out two bias terms. This links the financial approach

of economic forecasting to the forecast-combination literature, where idiosyncratic risk of

individual forecasts can be diversified out.

Our results are applicable to two types of surveys with a large enough number of time-

series observations (T →∞): one of current surveys of forecasts, which possess a limited
number of respondents (N < ∞), and one that we have labelled as the Surveys of the
Future, where the number of respondents is also large (N → ∞). The latter connects
this paper with the literature on big data. In standard GMM moment estimation, we

circumvent the curse of dimensionality that arises from the factor structure (large N) by

employing cross-sectional averages. In a big-data context, this allows the use of all the

information contained in the survey, while estimating a parsimonious factor model, with

only two bias terms —an intercept and a slope bias.

We apply the techniques advanced in this paper to forecast Brazilian inflation using

the Focus Survey, organized by the Central Bank of Brazil. It is a unique panel database,

which collects daily information from 298 registered professional institutions, which are

followed throughout time with a reasonable turnover. There is a smaller active group of

about 100 institutions that frequently update their forecasts. Forecasts are supplied at

the daily frequency for a large array of macroeconomic time-series at different forecast

horizons. Our sample covers forecasts for inflation rates from December 2005 to May 2018

(t = 1, ..., T = 150 months), and the forecast horizons range from h = 1, ..., H = 400

days. The final data base used in this paper contains 3, 594, 951 observations, forming a

three-dimensional panel of agents.

We compare the truly out-of-sample mean-squared error (MSE) of five different forecast

methods —four of them widely used in the forecasting literature: the method proposed

here —the extended bias-corrected average forecast (extended BCAF), the average forecast

(AF, the cross sectional average of forecasts), the principal-component analysis (PCA), the

bias-corrected average forecast (BCAF), and the forecast of the AR (1) model for inflation,

which is the best ARMA model in sample using the Schwarz Criterion. For short horizons

(up to 90 days), there is a pecking order : the extended BCAF is superior to the BCAF

and the PCA, which in turn dominate the AF, which in turn dominates the AR (1) model.

For longer horizons, the extended BCAF is also superior to the other models in terms of

MSE. When we compare the extended BCAF with the AF, MSE reductions can reach up

to 10% at short horizons. Reductions vis-à-vis the MSE associated with forecasts of the

AR (1) model can reach up to 49%.
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Appendix A - Assumptions and Additional Results

We next present the assumptions A1-A5 used in Propositions 1-2 and provide some com-
plementary results closely linked to these Propositions.

Assumption A1 Let εht =
(
εh1,t, ε

h
2,t, . . . , ε

h
N,t

)′
be a N × 1 vector stacking the errors

εhi,t associated with all possible forecasts. Assume that the vector process
{
εht
}
is

covariance-stationary and ergodic for the first and second moments, uniformly on
N , and that E

(
εhi,t
)

= 0 for all i and t, given h. Furthermore, we assume that

plim
N→∞

1

N2

N∑
i=1

N∑
j=1

∣∣E (εhi,tεhj,s)∣∣ = 0, for all t and s, given h. (32)

Assumption A2 plim
N→∞

1
N

N∑
i=1

βhi = βh 6= 0,
∣∣βh∣∣ <∞, plim

N→∞

1
N

N∑
i=1

khi = kh,
∣∣kh∣∣ <∞, and

plim
N→∞

1
N

N∑
i=1

fhi,t = fh·,t,
∣∣fh·,t∣∣ <∞, for all t = 1, 2, . . . , T .
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Assumption A3 The identification conditions for GMM estimation are met and there is
a unique set of values θh0 = [kh0 ; βh0 ]

′, h = 1, 2, . . . , H, that solve either (21) or (18)
for each h separately14. We further assume that the additional regularity conditions

used by Hansen (1982) in proving T -consistency of GMM estimates θ̂h = [k̂h; β̂h]′

are met as well.

Assumption A4 Let εht =
(
εh1,t, ε

h
2,t, . . . , ε

h
N,t

)′
be a N × 1 vector stacking the errors

εhi,t associated with all possible forecasts. Assume that the vector process
{
εht
}
is

covariance-stationary and ergodic for the first and second moments, uniformly on
N , and that Et−h(εht ) = 0 for all t, given h.

Assumption A5 Define 1
N

N∑
i=1

βhi = βh and 1
N

N∑
i=1

khi = kh. We assume that, for all N ,

the identification conditions for GMM estimation are met and that there is a unique
set of values θh0 = [kh0 ; βh0 ]

′, h = 1, 2, . . . , H, that solves either (18) or (21) for each
h separately. We further assume that the additional regularity conditions used by
Hansen (1982) in proving consistency of GMM are met as well.

Next, we provide some complementary results regarding forecast optimality within our
framework. The optimal (point) individual forecasts of yt, labelled fhi,t, are obtained as
follows:

fhi,t ≡ arg min
fi

E
(
Li(yt; fi) | Fi,t−h

)
(33)

where fi ∈ R are all possible choices of the i-th forecaster and E(. | Fi,t−h), or Ei,t−h(.),
denotes the conditional expectation of yt given Fi,t−h. Regarding the choice in (33), we
assume it is made with no knowledge of the data-generating process of the target variable
yt. Therefore, individual i must use tools to approximate the density function of yt to
be able to solve the problem. We also assume that individual i alone has knowledge on
the loss function Li(yt; fi) used to solve (33). Standard assumptions on the shape of the
loss function will be made as well. On that regard, a natural assumption is that if one
forecasts without error, then no forecast loss arises, but, if there is an error, the larger it
is, the greater will be the loss.

Assumption A6 (Loss function) Li depends solely15 on the forecast error ehi,t ≡ yt− fhi,t,
that is Li = L(ehi,t). To simplify notation, we hereafter denote the forecast error e

h
i,t

simply as ei.

Assumption A7 (Shape of the loss function) The loss function exhibits the following
properties: (i) Li(0) = 0; (ii) Li(ei) is continuous, homogeneous and non-negative
∀ei ∈ R; and (iii) Li(ei) is monotonic non-decreasing (for ei > 0 or ei < 0), and
differentiable at least twice almost everywhere.

In practical terms, the symmetry of the loss function might be a restrictive hypothesis
to be considered by an econometrician. Granger and Newbold (1986, p.125) provide
two examples of situations where nonsymmetrical cost functions arise. In these cases, it

14Since the restrictions are linear, the θh0 , h = 1, 2, . . . ,H, are identified up to nonzero scalar multipli-
cation.
15This is the same Assumption L1 of Patton and Timmermann (2007). According to them, although

it rules out certain loss functions (e.g., those which also depend on the level of the predicted variable),
many common loss functions are of this form.
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would be interesting to check if the agent forecast is optimal under a broader class of loss
functions. A simple way to consider an asymmetric function, and account for the "degree
of asymmetry", is given by the following assumption:

Assumption A8 (Asymmetry of the loss function) The loss function Li(ei) can be decom-
posed as Li(ei) = gi(ei)h

i(ei), where gi(ei) is a non-negative and symmetric function

about ei = 0; gi′(ei) and gi′′(ei) exist almost everywhere; hi(ei) =

{
βi1 ; ei < 0
βi2 ; ei > 0

where {βi1; βi2} are positive constants.

Assumptions A6-A8 are standard in the literature (e.g. Granger and Newbold, 1986;
Patton and Timmermann, 2007). Note that A8 includes the symmetric case when βi1 = βi2.
It is quite general, covering a great deal of loss functions commonly mentioned in the
literature, such as: mean squared error (MSE), mean absolute error (MAE), asymmetric
linear (Lin-Lin), asymmetric quadratic, among many others.

Assumption A9 (DGP - stationarity and regularity of the CDF) The time series {yt} is a
strictly stationary and ergodic univariate process and the conditional cumulative dis-
tribution function (CDF) of yt, given Fi,t−h (denoted by Fi,t|t−h(·) or Fi,t(· | Fi,t−h)),
is absolutely continuous, with continuous densities fi,t|t−h uniformly bounded away
from 0 and ∞ at the points F−1i,t|t−h(τ), ∀τ ∈ (0; 1), where τ denotes the quantile
level with respect to the (conditional) CDF of yt.

Assumption A10 (DGP - location-scale) The DGP of yt follows a location-scale model,
with conditional mean and variance dynamics defined as yt = X ′i,t−hδi+

(
X ′i,t−hγi

)
ηi,t,

in which
(
ηi,t|Fi,t−h

)
∼ i.i.d. Fη,i,h (0, 1), where Fη,i,h (0, 1) is some distribution with

zero mean and unit variance, which depends on h and i but does not depend on
Fi,t−h; Xi,t−h ∈ Fi,t−h is a m × 1 vector of covariates (which includes the inter-
cept, and that can be predicted using information available at time t − h) and
δi = [δ0,i; δ1,i; ...; δm−1,i] and γi = [γ0,i; γ1,i; ...; γm−1,i] are m × 1 vectors of parame-
ters.16

Assumption A9 is a mild technical condition on the DGP of yt. Assumption A10 deals
with how an individual i will approximate the conditional DGP of yt. Notice that no
parametric structure is placed on Fη,i,h (·) and the covariates affect both the location and
the scale of the conditional distribution of yt. Moreover, A10 implies that Qyt (τ |Fi,t−h ) =
α0,i(τ) + α1,i(τ)xi,t−h for some τ ∈ [0, 1] and E(yt | Fi,t−h) = α0,i + α1,ixi,t−h; where
Qyt(.) is the conditional quantile function of yt, [α0,i(τ);α1,i(τ)] depends on (δi; γi), L

i and

Fη,i,h (0, 1); and α0,i ≡
1∫
0

α0,i(τ)dτ , α1,i ≡
1∫
0

α1,i(τ)dτ . The previous expressions for both

the conditional quantile and the conditional expectation of yt (under A10) will be exploited
next to deliver a linear connection between the optimal forecast and the conditional mean.

Proposition 3 (Location-scale model) If A6-A10 hold, then: (i) the optimal forecast is
an affi ne function of the conditional mean of yt, so that fhi,t = khi +βhi Et−h(yt)+εhi,t; (ii) in
the absence of scale effects on the DGP (γ1 = γ2 = ... = γm−1 = 0) it follows that βhi = 1,
for all i, i.e., fhi,t = khi + Et−h(yt) + εhi,t.

16For ease of notation, we assume that X ′i,t−h = (1, xi,t−h) is a 2 × 1 vector, δi = (δ0,i, δ1,i)
′, and

γi =
(
γ0,i, γ1,i

)′
. See the Online Technical Appendix (section 4) for possible ways to consider the multi-

covariates case.
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A natural way for survey respondents to estimate (13) based on a location-scale model
is by using quantile-regression techniques, pioneered by Koenker and Bassett (1978), with
further developments discussed in Koenker (2005). Indeed, under standard assumptions
about the data, which are likely to hold in our context, it is possible for the survey
respondent to estimate consistently khi , β

h
i and Et−h(yt). However, this is only available

for the individual forecaster in the first layer of decision making, since we assumed that
only the survey respondent knows her/his own loss function, but not the econometrician
in the second layer.17

Indeed, the survey respondent will deliver a bias and error ridden conditional expecta-
tion to the final user of the survey in the second layer —the econometrician. So, from the
point of view of the second layer, we are facing a typical signal-extraction problem, which
we solve exploiting the fact that all forecasts are functions of the common factor Et−h(yt).
This is the basis of a generalized-method-of-moment estimate of Et−h(yt) as previously
discussed in the paper.

Appendix B - Proofs of Propositions

Proof of Proposition 1. From (13), the optimal forecast of yt is of the form:
fhi,t = khi + βhi Et−h(yt) + εhi,t. Then, assumptions A1-A3 are used to achieve the set of
orthogonality conditions (18) or (21), which are used to estimate the set of parameters
θh = [kh; βh]′ within a T -consistent GMM context. To show that, first consider the affi ne
function fhi,t = khi + βhi Et−h(yt) + εhi,t = khi + βhi yt + βhi η

h
t + εhi,t, where η

h
t ≡ Et−h(yt)− yt.

Taking the cross-sectional average and letting N → ∞, it follows from A2 that fh·,t =

kh+βhyt+βhηht + plim
N→∞

1
N

N∑
i=1

εhi,t. Now, evaluate the previous equation at respective GMM

estimates θ̂h = [k̂h; β̂h]′, such that: fh·,t = k̂h+ β̂hyt+plim
N→∞

1
N

N∑
i=1

v̂hi,t, where plim
N→∞

1
N

N∑
i=1

v̂hi,t =

β̂hη̂ht + plim
N→∞

1
N

N∑
i=1

ε̂hi,t. Notice that also letting T → ∞ in the previous equation, it fol-

lows that plim
(N,T→∞)seq

1
N

N∑
i=1

v̂hi,t = plim
N→∞

1
N

N∑
i=1

vhi,t = βhηht + plim
(N,T→∞)seq

1
N

N∑
i=1

ε̂hi,t = βhηht +

plim
N→∞

1
N

N∑
i=1

εhi,t = βhηht , since from A1 and Lemma 1 of Issler and Lima (2009), it fol-

lows that plim
N→∞

1
N

N∑
i=1

εhi,t = 0. Thus, plim
(N,T→∞)seq

1
N

N∑
i=1

v̂hi,t = βhηht . On the other hand,

recall that plim
N→∞

1
N

N∑
i=1

v̂hi,t = fh·,t − k̂h − β̂hyt and, thus,
(
fh·,t−k̂h

β̂h

)
= yt +

plim
N→∞

1
N

N∑
i=1

v̂hi,t

β̂h
.

17To save space here, we provide in the Online Technical Appendix (section 1) several special cases of
interest where the optimizing agent knows the DGP.
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Now, letting T → ∞, it follows that plim
(N,T→∞)seq

(
fh·,t−k̂h

β̂h

)
= yt + plim

T→∞


plim
N→∞

1
N

N∑
i=1

v̂hi,t

β̂h



= yt +

plim
(N,T→∞)seq

1
N

N∑
i=1

v̂hi,t

plim
T→∞

(
β̂h
) = yt +

βhηht
βh

= Et−h(yt), since (from A2-A3) it follows that

plim
T→∞

(
β̂h
)

= βh = βh0 6= 0, where (for notation purposes) we used θh = [kh; βh]′ to denote

the populational parameters of the equation (13) and θh0 = [kh0 ; βh0 ]
′ as the unique set of

values that solves (within a GMM setup) either (18) or (21) for each h separately.

Proof of Proposition 2. From A4, and based on the definition of ηht , it follows that
Et−h

(
εhi,t
)

= Et−h
(
ηht
)

= 0. Thus, for a given survey respondent i and respective set
of parameters θhi = [khi ; βhi ]

′ it follows that Et−h
(
fhi,t − khi − βhi yt

)
= Et−h

(
βhi η

h
t + εhi,t

)
=

βhi Et−h
(
ηht
)

+ Et−h
(
εhi,t
)

= 0 and, thus, Et−h (yt) =
(
fhi,t−khi
βhi

)
, for all i, t and given h. It

also follows that Et−h (yt) = 1
N

N∑
i=1

fhi,t−khi
βhi

= 1
N

N∑
i=1

fhi,t−kh

βh
, where the first equality is simply

the cross-section average applied to the equation Et−h (yt) =
(
fhi,t−khi
βhi

)
, and the second

equality comes from A5 (definition of average parameters θh = [kh; βh]′). Now, evaluate

the previous equation at respective GMM estimates θ̂h =

[
k̂h; β̂h

]′
, such that: Êt−h (yt) =

1
N

N∑
i=1

fhi,t−k̂h

β̂h
. Then, let T →∞ to obtain plim

T→∞

(
1
N

N∑
i=1

fhi,t−k̂h

β̂h

)
= 1

N

N∑
i=1

fhi,t−kh

βh
= Et−h (yt) ,

due to A5 (consistency of θ̂h =

[
k̂h; β̂h

]′
estimates for all N). In addition, letting (se-

quentially) N → ∞ does not change the convergence to the conditional mean, that is,

plim
(T,N→∞)seq

(
1
N

N∑
i=1

fhi,t−k̂h

β̂h

)
= 1

N

N∑
i=1

fhi,t−kh

βh
= Et−h (yt), provided that (also from A5), for

all N , there is a unique set of values θh0 = [kh0 ; βh0 ]
′ that solves either (18) or (21) for each

h separately.

Proof of Proposition 3. (i) Parts of this proof follows Granger (1969), Patton and Tim-
mermann (2007) and Gaglianone and Lima (2012). Recall that, without loss of generality,
we assumed that X ′i,t−h = (1, xi,t−h) is a 2× 1 vector and δi = (δ0,i, δ1,i)

′, γi =
(
γ0,i, γ1,i

)′
.

Under assumptions A6-A10, the optimal forecast can be represented in the following way:

fhi,t =
arg min

ỹ

∫
Li(y − ỹ)dFi,t|t−h(y)

=
arg min

ỹ

∫ [
gi

(
1

X ′i,t−hγi

)]−1
Li

(
1

X ′i,t−hγi
(y − ỹ)

)
dFi,t|t−h(y)

=
arg min

ỹ

∫ [
gi

(
1(

γ0,i + γ1,ixi,t−h
))]−1 Li( 1(

γ0,i + γ1,ixi,t−h
) (y − ỹ)

)
dFi,t|t−h(y)
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=
arg min

ỹ

∫
Li

(
1(

γ0,i + γ1,ixi,t−h
) (y − ỹ)

)
dFi,t|t−h(y)

=
arg min

ỹ

∫
Li

(
1(

γ0,i + γ1,ixi,t−h
) (δ0,i + δ1,ixi,t−h + γ0,iηi,t + γ1,ixi,t−hηi,t − ỹ

))
dFη,i,h(η).

Now represent a forecast ỹ of yt made at period (t− h) by δ0,i+δ1,ixi,t−h+
(
γ0,i + γ1,ixi,t−h

)
ζ̃.

This way, the optimal forecast fhi,t is given by:

fhi,t = δ0,i + δ1,ixi,t−h +
(
γ0,i + γ1,ixi,t−h

)
·

arg min

ζ̃

∫
Li

(
1(

γ0,i + γ1,ixi,t−h
) (δ0,i

+δ1,ixi,t−h +
(
γ0,i + γ1,ixi,t−h

)
ηi,t − δ0,i − δ1,ixi,t−h −

(
γ0,i + γ1,ixi,t−h

)
ζ̃))dFη,i,h(η)

= δ0,i + δ1,ixi,t−h +
(
γ0,i + γ1,ixi,t−h

)
·

arg min

ζ̃

∫
Li
(
ηi,t − ζ̃

)
dFη,i,h(η)

= δ0,i + δ1,ixi,t−h +
(
γ0,i + γ1,ixi,t−h

)
ζ i,h

= δ0,i + γ0,iζ i,h + δ1,ixi,t−h + γ1,ixi,t−hζ i,h
= α0,i(τ

∗
i ) + α1,i(τ

∗
i )xi,t−h,

where α0,i(τ ∗i ) ≡
(
δ0,i + γ0,iζ i,h

)
and α1,i(τ ∗i ) ≡ (δ1,i + γ1,iζ i,h), in which we have used the

fact that Fη,i,h(η) is time-invariant by definition, and ζ i,h ≡
arg min

ζ̃

∫
Li
(
ηi,t − ζ̃

)
dFη,i,h

or, equivalently, ζ i,h = F−1η,i,h (τ ∗i ) since f
h
i,t = F−1i,t|t−h(τ

∗
i ). Therefore, the location-scale as-

sumption for the DGP implies that the optimal forecast fhi,t can be viewed as a linear con-
ditional quantile of yt, evaluated at the specific quantile τ ∗i ∈ [0, 1], so that fhi,t = α0,i(τ

∗
i )+

α1,i(τ
∗
i )xi,t−h. On the other hand, we know that integrating a conditional quantile function

of yt over the entire domain τ ∈ [0, 1] yields the conditional mean of yt; see Koenker (2005,
p.302). In other words, provided that yt is given by a location-scale model (A10), it follows
that a conditional quantile of yt is given by F−1i,t|t−h(τ) = α0,i(τ)+α1,i(τ)xi,t−h , for some τ ∈

[0, 1] ∴ Ei,t−h(yt) =
1∫
0

F−1i,t|t−h(τ)dτ =
1∫
0

(α0,i(τ) + α1,i(τ)xi,t−h) dτ = α0,i + α1,ixi,t−h, where

αj,i =
1∫
0

αj,i(τ)dτ ; j = {0; 1}. Thus, Ei,t−h(yt) = α0,i + α1,ixi,t−h ∴ xi,t−h =
Ei,t−h(yt)−α0,i

α1,i
=

fhi,t−α0,i(τ∗i )
α1,i(τ∗i )

, where the last equality comes from fhi,t = α0,i(τ
∗
i ) + α1,i(τ

∗
i )xi,t−h. This

way, fhi,t = α0,i(τ
∗
i ) + α1,i(τ

∗
i )
(
Ei,t−h(yt)−α0,i

α1,i

)
=
(
α0,i(τ

∗
i )−

α1,i(τ
∗
i )α0,i

α1,i

)
+

α1,i(τ
∗
i )

α1,i
Ei,t−h(yt)

=
(
α0,i(τ

∗
i )−

α1,i(τ
∗
i )α0,i

α1,i

)
+

α1,i(τ
∗
i )

α1,i

(
Et−h(yt) + E

(
yt | FPIi,t−h

))
. Now, define khi = α0,i (τ

∗
i )−

α1,i(τ∗i )α0,i
α1,i

+
α1,i(τ∗i )
α1,i

E (yt); β
h
i =

α1,i(τ∗i )
α1,i

; εhi,t =
α1,i(τ∗i )
α1,i

[
E
(
yt | FPIi,t−h

)
− E (yt)

]
. Therefore,

it follows that fhi,t = khi + βhi Et−h(yt) + εhi,t. Notice that k
h
i and β

h
i are functions of α0,i (·)

and α1,i (·), which depend on the vector of parameters
(
δ0,i; δ1,i; γ0,i; γ1,i

)′
of the location-

scale model and on ζ i,h, which is a constant that depends only on Fη,i,h (0, 1) and on
the loss function Li. (ii) In the case of no scale effects on the DGP, it follows that only
the intercept function α0,i(τ) varies across the quantile levels τ and, thus, it follows that
α1,i(τ) = α1,i for all τ ∈ [0, 1] ∴ βhi = 1.
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1 Loss and DGP known

In this section, we assume for illustrative purpose that the econometrician in the second layer

of decision making has full knowledge of the loss function used by individual agents. So, there

is full disclosure not only of survey-forecast results but also of the loss function from the part of

survey respondents. In addition, we assume homogeneous beliefs, that is Ei,t−h(yt) = Et−h(yt)
for all i. This investigated setup, although more simple when compared to the one discussed in

the paper, enables us to build a set of additional propositions that help us to better understand

the role of asymmetry of the loss function and/or the DGP in the construction of the optimal

forecast fhi,t.

Proposition 4 (Asymmetric loss and density) Under assumptions A6-A9: (i) If β1 > β2 and

E
(∣∣∣gi′(eit|t−h)∣∣∣) ≤ K, where K ≡

fhi,t∫
−∞
gi′(ei)ft|t−h(y)dy/

fhi,t∫
−∞
ft|t−h(y)dy, and ft|t−h is a unimodal

and asymmetric conditional density of yt, where Medt−h(yt) < Et−h (yt) and Medt−h(yt) is

the conditional median of yt, then fhi,t < Medt−h(yt) < Et−h (yt). Also, for two forecast-

ers i and j such that βi1/β
i
2 > βj1/β

j
2 > 1, then fhi,t < fhj,t < Et−h (yt). (ii) If β1 < β2,

E
(∣∣∣gi′(eit|t−h)∣∣∣) ≥ K and ft|t−h is unimodal and asymmetric, where Medt−h(yt) > Et−h (yt),

then fhi,t > Medt−h(yt) > Et−h (yt). For two forecasters i and j such that β
i
1/β

i
2 < βj1/β

j
2 < 1,

then fhi,t > fhj,t > Et−h (yt).

Proposition 5 (Asymmetric loss and symmetric density) Assume A6-A9 and that the prob-

ability density function
(
ft|t−h

)
of yt is unimodal and symmetric. (i) If β1 > β2, then

fhi,t < Et−h (yt). (ii) If β1 < β2, then f
h
i,t > Et−h (yt).

1



Proposition 4 states two important results: First, asymmetries in both the loss and the

DGP generate departures of the optimal forecast from the central tendency (e.g., mean) of the

conditional distribution of yt. Second, for the same DGP, the higher the degree of asymmetry

in the loss function the greater will be the distance between the optimal forecast and the

conditional mean. From Proposition 5, note that the symmetry of the conditional density of

yt is not a suffi cient condition to ensure the conditional mean to be the optimal forecast.

According to Proposition 6, next presented, under the MSE loss, and assuming the existence

of the conditional mean of yt for all t and h, the optimal forecast is the conditional mean of yt,

which is the well-known result of the conditional mean optimality under MSE risk function, due

to Granger (1969). On the other hand, the exact relationship between the optimal forecast’s

quantile level τ ∗i , with respect to the CDF of yt, and the parameters {β1; β2} can be obtained
if one considers a more restrictive assumption on the class of loss functions. Proposition 7

presents an example.

Proposition 6 (MSE loss, Granger, 1969) Assume the MSE loss function. If |Et−h(yt)| <∞
for all t = 1, ..., T and h = 1, ..., H, then fhi,t = Et−h(yt).

Proposition 7 (Linear loss, Granger and Newbold, 1986) If A6-A9 hold and the loss function

is a Lin-Lin function, i.e., if L(ei) =


−β1ei ; ei < 0

0 ; ei = 0

β2ei ; ei > 0

, where β1, β2 > 0, then, fhi,t =

F−1
t|t−h(τ

∗
i ) in which τ

∗
i = β2/(β1 + β2).

Under a symmetric loss function such as the MSE, the only forecast that is unbiased1 is

the optimal forecast given by fhi,t = Et−h(yt). However, under an asymmetric loss function, we
should expect that the optimal forecast will differ from the conditional mean. Intuitively, an

asymmetric loss with, say, β1 > β2, indicates that the negative forecast errors are relatively

more costly to the forecaster. Thus, an individual forecaster will choose an optimal forecast

that corresponds to some low quantile of yt (i.e., τ ∗i < 0.5) and therefore it is natural to obtain a

result where positive errors are more likely to be observed with historical data —which explains

the forecast bias.

Granger (1969) argues that symmetry of both the loss function and the conditional density

of yt is not a suffi cient condition for the optimum predictor to be equal to the conditional mean.

In fact, he provides a counter-example in which the conditional mean would be sub-optimal

under symmetric functions (both loss and the probability density function − PDF). In order
to better understand the relationship between the optimal forecast and the conditional mean,

we next assume specific parametric versions for the DGP, as follows:

1See Granger and Newbold (1986, p.144).
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Proposition 8 (DGP - parametric PDFs) If A6-A9 hold and the conditional PDF of yt is:

(i) Gaussian, Two-piece Normal, or Logistic, then, fhi,t = khi + Et−h(yt); (ii) Log-normal or
Weibull, then, fhi,t = βhi Et−h(yt); (iii) Beta(a = 1, b > 0), then, fhi,t = khi + βhi Et−h(yt); (iv)
Beta(a > 0, b = 1), then, fhi,t = βhi ϕ(Et−h(yt); τ ∗i ), where ϕ(Et−h(yt); τ ∗i ) = exp(

ln(τ∗i )

Et−h(yt)
) and

τ ∗i ≡ Ft|t−h(f
h
i,t).

With the exception of case (iv), it is instructive to note that Proposition 8 delivers an

encompassing result that:

fhi,t = khi + βhi Et−h(yt), (1)

where different parametric PDFs deliver different restrictions on either intercepts and/or slopes

of the affi ne function (1). Different intercepts and slopes are usually a result of the interaction

between the DGP and the loss function, in some cases being linked to asymmetry of the loss

function. If both are asymmetric, as in (iv) above, we do not obtain an affi ne function, but a

nonlinear factor model on Et−h(yt).

2 Loss and DGP unknown (with joint convergence)

Knowledge of the loss function (by the econometrician) and the DGP (by the agent) are too

stringent assumptions, making them of limited practical interest. Thus, we now turn into a

more realistic case, where we assume that the loss function is unknown by the econometrician.

Moreover, the DGP is also unknown by the agent and the econometrician. However, it can

be approximated using the location-scale model by the agent i in forming her/his optimal

forecast using both public and private information (heterogeneous beliefs). In other words, the

parameters δi and γi associated with the location-scale model (see assumption A10) can be

consistently estimated.

Under double asymptotics, we discussed in the paper the sequential convergence approach

(Propositions 1 and 2); where either (N, T →∞)seq or (T,N →∞)seq, for the Extended BCAF

estimator. Next, we ask under which conditions we can establish a link between sequential

convergence and joint convergence. Following Phillips and Moon (1999), we state the additional

conditions for the sequential convergence to imply joint convergence in our setup.

Assumption A11 Let first hold N , T , and h fixed, and define Y1 =

(
1
N

N∑
i=1

fhi,t−k̂h

β̂h

)
. Letting

now T → ∞, this defines Y2 ≡ plim
T→∞

Y1 =

(
1
N

N∑
i=1

fhi,t − 1
N

N∑
i=1

kh

)
/

(
1
N

N∑
i=1

βh

)
. If both

N, T → ∞, this defines Y3 ≡ plim
N,T→∞

Y1 = yt + ηht = Et−h(yt). We assume that Y1, Y2, and Y3

are random variables on the same probability space (Ω,F , P ).
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Assumption A12 lim sup
N,T

P {‖Y1 − Y2‖ > ε} = 0,∀ε > 0, where ‖A‖ is the Euclidean norm

(tr (A′A))1/2.

Proposition 9 If A1-A5 and A11-A12 hold, then, the Extended BCAFs

(
1
N

N∑
i=1

fhi,t−k̂h

β̂h

)
and(

1
N

N∑
i=1

fhi,t−k̂h

β̂h

)
, based respectively on T -consistent GMM estimates θ̂h =

[
k̂h; β̂h

]′
and θ̂

h
=

[
k̂h; β̂h

]
, obey Et−h(yt) = plim

(T,N→∞)

(
1
N

N∑
i=1

fhi,t−k̂h

β̂h

)

= plim
(T,N→∞)

(
1
N

N∑
i=1

fhi,t−k̂h

β̂h

)
, regardless of the order in which N and T diverge.

Our results above imply that we can estimate consistently Et−h (yt), respectively, as follows:

Êt−h (yt) = 1
N

N∑
i=1

fhi,t−k̂h

β̂h
or Êt−h (yt) = 1

N

N∑
i=1

fhi,t−k̂h

β̂h
, depending on whether we let first N →∞,

and then let T → ∞, or, we either let first T → ∞, and then let N → ∞, or hold N fixed

after T → ∞. In any case, estimation of
[
kh, βh

]
or of

[
kh, βh

]
is performed by GMM under

T -asymptotics. These estimates of Et−h (yt) can be viewed as bias-corrected versions of survey

forecasts. If the mean kh
(
or kh

)
is zero and the mean βh

(
or βh

)
is unity, these estimates

converge to the same probability limit of the average (consensus) forecast 1
N

N∑
i=1

fhi,t.

3 Proofs of Propositions

Proof of Proposition 4. Define the objective function Φ(ỹ) ≡ E (L(y − ỹ) | Ft−h) =
∞∫
−∞
L(y − ỹ)f(y)dy =

ỹ∫
−∞
β1g(y − ỹ)f(y)dy +

∞∫̃
y

β2g(y − ỹ)f(y)dy, where the last equality is due

to A8, and recall that e = y − ỹ. Note that we omit the i index in Li and gi to simplify the
notation. Differentiating Φ(ỹ) with respect to ỹ and equating it to zero gives us the optimal

forecast ỹ∗. Thus, ∂Φ(ỹ)/∂ỹ = 0 ∴ β1

ỹ∗∫
−∞
g′(e)f(y)dy = −β2

∞∫̃
y∗
g′(e)f(y)dy or β1γ1 = −β2γ2,

where γ1 ≡
ỹ∗∫
−∞
g′(e)f(y)dy ≥ 0, since f(y) ≥ 0, for all y ∈ R, and from A7-A8, g′(e) = ∂g/∂ỹ

= (∂g/∂e) (∂e/∂ỹ) = −∂g/∂e ≥ 0 for all e ≤ 0 or y ∈ (−∞; ỹ∗]. In addition, define γ2 ≡
∞∫̃
y∗
g′(e)f(y)dy ≤ 0, since g′(e) ≤ 0 for all e ≥ 0, or y ∈ [ỹ∗;∞), from A7-A8.

(i) If β1 > β2, then γ1 < −γ2, since β1γ1 = −β2γ2, {β1; β2} > 0, γ1 ≥ 0 and γ2 ≤ 0.

This way,
ỹ∗∫
−∞
g′(e)f(y)dy < −

∞∫̃
y∗
g′(e)f(y)dy. Since g(e) is symmetric around e = 0, that is

g(e) = g(−e), and g′ exists almost everywhere, then g′ is antisymmetric around e = 0, so
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that g′(e) = −g′(−e). Thus, one can rewrite the previous inequality as
ỹ∗∫
−∞
g1(e)f(y)dy <

∞∫̃
y∗
g1(e)f(y)dy, where g1(e) ≡

{
g′(e) ; e ≤ 0

−g′(e) ; e > 0
. Since g′(e) ≥ 0 for all e ≤ 0, and −g′(e) ≥ 0

for all e > 0, then g1(e) ≥ 0, for all e ∈ R, and symmetric around e = 0. By using the Second

Mean Value Theorem for Integrals on each side of the previous inequality of integrals, it follows

that g1(ξL)
ỹ∗∫
−∞
f(y)dy < g1(ξU)

∞∫̃
y∗
f(y)dy, for some ξL ∈ (−∞; ỹ∗] and some ξU ∈ [ỹ∗;∞). Since

E (|g′(e)|) = E (g1(e)) ≤
ỹ∗∫
−∞
g1(e)f(y)dy/

ỹ∗∫
−∞
f(y)dy ∴

(
ỹ∗∫
−∞
g1(e)f(y)dy +

∞∫̃
y∗
g1(e)f(y)dy

)
ỹ∗∫
−∞
f(y)dy

≤
ỹ∗∫
−∞
g1(e)f(y)dy ∴

∞∫̃
y∗
g1(e)f(y)dy

ỹ∗∫
−∞
f(y)dy ≤

ỹ∗∫
−∞
g1(e)f(y)dy

(
1−

ỹ∗∫
−∞
f(y)dy

)
∴
∞∫̃
y∗
g1(e)f(y)dy

/
∞∫̃
y∗
f(y)dy ≤

ỹ∗∫
−∞
g1(e)f(y)dy /

ỹ∗∫
−∞
f(y)dy ∴ g1(ξU) ≤ g1(ξL). This way, g1(ξL)

ỹ∗∫
−∞
f(y)dy <

g1(ξU)
∞∫̃
y∗
f(y)dy ≤ g1(ξL)

∞∫̃
y∗
f(y)dy. Since g1(e) ≥ 0 for all e ∈ R, it follows that

ỹ∗∫
−∞
f(y)dy <

∞∫̃
y∗
f(y)dy = 1−

ỹ∗∫
−∞
f(y)dy. Thus,

ỹ∗∫
−∞
f(y)dy < 0.5 ∴ fhi,t < Medt−h(yt) < Et−h(yt).

On the other hand, since β1γ1 = β2 (−γ2) ≥ 0 and βi1/β
i
2 > βj1/β

j
2, then −γi2/γi1 > −γ

j
2/γ

j
1

∴ −γi2γj1 > −γj2γi1 ∴
∞∫̃
yi
∗
− g′(ei)f(y)dy

ỹj
∗∫

−∞
g′(ej)f(y)dy >

∞∫̃
yj
∗
− g′(ej)f(y)dy

ỹi
∗∫

−∞
g′(ei)f(y)dy.

Thus,
∞∫̃
yi
∗
g1(ei)f(y)dy

ỹj
∗∫

−∞
g1(ej)f(y)dy >

∞∫̃
yj
∗
g1(ej)f(y)dy

ỹi
∗∫

−∞
g1(ei)f(y)dy. Since g1(ej) is sym-

metric around ej = 0, it follows that
∞∫̃
yi
∗
g1(ei)f(y)dy

ỹj
∗∫

−∞
f(y)dy >

∞∫̃
yj
∗
f(y)dy

ỹi
∗∫

−∞
g1(ei)f(y)dy.

Now, since g1(ei) is symmetric around ei = 0, it follows that
∞∫̃
yi
∗
f(y)dy

ỹj
∗∫

−∞
f(y)dy >

∞∫̃
yj
∗
f(y)dy

ỹi
∗∫

−∞
f(y)dy ∴

(
1−

ỹi
∗∫

−∞
f(y)dy

)
ỹj
∗∫

−∞
f(y)dy >

(
1−

ỹj
∗∫

−∞
f(y)dy

)
ỹi
∗∫

−∞
f(y)dy ∴

ỹj
∗∫

−∞
f(y)dy >

ỹi
∗∫

−∞
f(y)dy

∴ Ft|t−h(ỹj
∗) > Ft|t−h(ỹi

∗) ∴ fhj,t > fhi,t. Since β
j
1/β

j
2 > 1 ∴ fhj,t < Et−h(yt), thus fhi,t < fhj,t <

Et−h(yt).
(ii) If β1 < β2, based on similar arguments of the proof for item (i), it follows that fhi,t >

Medt−h(yt) > Et−h(yt) and fhi,t > fhj,t > Et−h(yt).

Proof of Proposition 5. (i) If β1 > β2, then from the proof of Proposition 4, it follows

that
ỹ∗∫
−∞
g1(e)f(y)dy <

∞∫̃
y∗
g1(e)f(y)dy. Since f is a unimodal and symmetric function around

Et−h(yt) = Medt−h(yt) and g1 is symmetric around e = 0 or y = ỹ∗ (from A7-A8), and using

the fact that both f and g1 are non-negative for all y ∈ R, it follows that fhi,t < Et−h(yt). (ii)
If β1 < β2, based on a similar argument, it follows that f

h
i,t > Et−h(yt).
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Proof of Proposition 6. See Granger (1969).

Proof of Proposition 7. See Granger and Newbold (1986, p.126).

Proof of Proposition 8. In the proof of Proposition 4, the optimal forecast fhi,t is viewed as

a conditional quantile of yt, such that τ ∗i ≡ Ft|t−h(f
h
i,t). Now, consider the following parametric

PDFs of yt:

(ia) Gaussian distribution (µ, σ2): fhi,t = µt|t−h + σt|t−hΦ
−1(τ ∗i ) = Et−h(yt) + khi , where

khi = σt|t−hΦ
−1(τ ∗i ). Under symmetry of the loss function (β1 = β2), it follows that k

h
i =

σt|t−hΦ
−1(τ ∗i = 0.5) = 0.

(ib) Two-piece normal (µ, σ2
1, σ

2
2): according to Julio (2007), the conditional quantiles of a

two-piece normal distribution, where µ denotes2 Et−h(yt), are given by: µ−
√

2/π(σ2 − σ1) +

σ1Φ−1( τ
C
√

2πσ1
) where C =

√
2
π

(σ1 + σ2)−1 for τ ≤ Pr[x ≤ µ −
√

2/π(σ2 − σ1)]; or equal to

µ −
√

2/π(σ2 − σ1) + σ2Φ−1( τ+C
√

2πσ2−1
C
√

2πσ2
) for τ > Pr[x ≤ µ −

√
2/π(σ2 − σ1)]. In both cases,

it follows that fhi,t = Et−h(yt) + khi .

(ic) Logistic distribution (a, b): The conditional quantiles are given by a+ b ln
(

τ
1−τ
)
, where

a = Et−h(yt) ∴ fhi,t = Et−h(yt) + khi , where k
h
i = b ln

(
τ∗i

1−τ∗i

)
. Under symmetry of the loss

function (β1 = β2), it follows that k
h
i = b ln

(
0.5

1−0.5

)
= 0.

(iia) Log-normal (µ, σ2): The conditional quantiles are given by exp(µ + σΦ−1(τ)), thus,

fhi,t = exp(µt|t−h + σt|t−hΦ
−1(τ ∗i )), whereas Et−h(yt) = exp(µt|t−h + σ2

t|t−h/2). Therefore, it

follows that fhi,t = βhi Et−h(yt), where β
h
i = exp(σt|t−hΦ

−1(τ ∗i )− σ2
t|t−h/2).

(iib) Weibull (b, k): The conditional quantiles are given by b [− ln(1− τ)]1/k, thus fhi,t =

b [− ln(1− τ ∗i )]
1/k, whereas Et−h(yt) = bΓ(1 + 1/k). Therefore, it follows that fhi,t = βhi Et−h(yt),

where βhi =
[− ln(1−τ∗i )]

1/k

Γ(1+1/k)
.

(iii) Beta (a = 1, b > 0): The conditional quantiles are given by 1 − (1 − τ)1/b, whereas

Et−h(yt) = a
a+b

= 1
1+b
, then fhi,t = khi + βhi Et−h(yt); where khi = −(1− τ ∗i )1/b and βhi = 1 + b.

(iv) Beta (a > 0, b = 1): The conditional quantiles are given by τ 1/a, then ln(fhi,t) =

ln((τ ∗i )
1/a) ∴ a =

ln(τ∗i )

ln(fhi,t)
. Since Et−h(yt) = a

a+b
= a

a+1
=

ln(τ∗i )
ln(fh

i,t
)

1+
ln(τ∗

i
)

ln(fh
i,t
)

=
ln(τ∗i )

ln(τ∗i )+ln(fhi,t)
∴ ln(fhi,t) =

ln(τ∗i )

Et−h(yt)
− ln(τ ∗i ) ∴ fhi,t = exp(

ln(τ∗i )

Et−h(yt)
) exp(− ln(τ ∗i )). Therefore, f

h
i,t = βhi ϕ(Et−h(yt)), in which

βhi = exp(− ln(τ ∗i )) and ϕ is the non-linear function ϕ(Et−h(yt)) = exp(
ln(τ∗i )

Et−h(yt)
).

Proof of Proposition 9. Assumptions A1-A5 provide suffi cient conditions for the sequential

convergences (N, T → ∞)seq and (T,N → ∞)seq to hold in our setup (Propositions 1 and 2).

By also assuming conditions A11-A12, joint convergence directly follows from Lemma 6a of

Phillips and Moon (1999).

2Julio (2007) uses µ to denote the mode, whereas in this proof we use µ to denote the mean = mode +√
2/π (σ2 − σ1).
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4 Location-scale model with k covariates

If agent i assumes a location-scale model with k covariates (x1,t, ..., xk,t)
′ as the DGP of yt,

then, the linear conditional quantile of yt is given by F−1
i,t|t−h(τ) = α0,i(τ) + α1,i(τ)x1,t−h +

... + αk,i(τ)xk,t−h = α0,i(τ) +
k∑
j=1

αj,i(τ)xj,t−h, for τ ∈ [0, 1]. In order to obtain the result of

the optimal forecast as an affi ne function of the conditional expectation in the context of k

covariates, we need additional assumptions. Next, we provide two possible routes:

(i) No-scale effects: in the absence of scale effects, only the intercept function α0,i(τ) varies

across the quantile levels τ , that is αj,i(τ) = αj,i for all j = 1, ..., k and all τ ∈ [0, 1]. This way,

the conditional quantile of yt becomes F−1
i,t|t−h(τ) = α0,i(τ) +

k∑
j=1

αj,ixj,t−h. Now, integrating

both sides of the previous equation, and using the fact that integrating a conditional quantile

function over the entire domain τ ∈ [0, 1] yields the conditional mean (Koenker, 2005, p.302),

gives:

Ei,t−h(yt) =

1∫
0

F−1
i,t|t−h(τ)dτ =

1∫
0

(
α0,i(τ) +

k∑
j=1

αj,ixj,t−h

)
dτ

∴
k∑
j=1

αj,ixj,t−h = Ei,t−h(yt)− α0,i,

where α0,i =
1∫
0

α0,i(τ)dτ . On the other hand, from the first part of the proof of Proposition

3, it follows that the optimal forecast fhi,t is a linear conditional quantile of yt, evaluated

at the optimal level τ ∗i , that is f
h
i,t = α0,i(τ

∗
i ) +

k∑
j=1

αj,i(τ
∗
i )xj,t−h = α0,i(τ

∗
i ) +

k∑
j=1

αj,ixj,t−h,

where the last equality comes from the assumption of no-scale effects. Now, we use the fact

that
k∑
j=1

αj,ixj,t−h = Ei,t−h(yt) − α0,i to get the expression for the optimal forecast: fhi,t =

α0,i(τ
∗
i ) − α0,i + Ei,t−h(yt) = α0,i(τ

∗
i ) − α0,i + Et−h(yt) + E

(
yt | FPIi,t−h

)
= khi + Et−h(yt) + εhi,t,

where we defined khi = α0,i (τ
∗
i ) − α0,i + E (yt) and εhi,t =

[
E
(
yt | FPIi,t−h

)
− E (yt)

]
. Note that

βhi = 1 due to the absence of scale effects.

(ii) Joint-scale effects: we assume here that a linear combination of the k covariates jointly

accounts for the scale effects. In other words, we assume that the individual scale effects (i.e.,

the slopes αj,i(τ)) can be decomposed into the multi-covariate dimension j and the quantile-

level dimension τ , as follows: αj,i(τ) = α̃i(τ)wj, for all j = 1, ..., k and τ ∈ [0, 1]. This way, it
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follows that:

F−1
i,t|t−h(τ) = α0,i(τ) + α1,i(τ)x1,t−h + ...+ αk,i(τ)xk,t−h = α0,i(τ) +

k∑
j=1

αj,i(τ)xj,t−h

= α0,i(τ) + α̃i(τ)
k∑
j=1

wjxj,t−h = α0,i(τ) + α̃i(τ)x̃t−h,

where the single-covariate x̃t−h =
k∑
j=1

wjxj,t−h is a linear combination of the original k

covariates. Now, integrate both sides of the previous equation over the entire domain τ ∈ [0, 1],

in the following way:

Ei,t−h(yt) =

1∫
0

F−1
i,t|t−h(τ)dτ =

1∫
0

α0,i(τ)dτ +

1∫
0

α̃i(τ)x̃t−hdτ ∴ x̃t−h =
Ei,t−h(yt)− α0,i

α̃i

where α0,i =
1∫
0

α0,i(τ)dτ and α̃i =
1∫
0

α̃i(τ)dτ . Now, evaluate the conditional quantile at the

optimal level τ ∗i to get the optimal forecast, that is:

fhi,t = α0,i(τ
∗
i ) + α̃i(τ

∗
i )x̃t−h = α0,i(τ

∗
i ) + α̃i(τ

∗
i )

(
Ei,t−h(yt)− α0,i

α̃i

)
= α0,i(τ

∗
i ) + α̃i(τ

∗
i )

(
Et−h(yt) + E

(
yt | FPIi,t−h

)
− α0,i

α̃i

)
= khi + βhi Et−h(yt) + εhi,t,

where khi =
(
α0,i(τ

∗
i )−

α0,iα̃i(τ
∗
i )

α̃i
+

α̃i(τ
∗
i )

α̃i
E (yt)

)
, βhi =

α̃i(τ
∗
i )

α̃i
and εhi,t =

α̃i(τ
∗
i )

α̃i

[
E
(
yt | FPIi,t−h

)
− E (yt)

]
.
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