
BIT Numer Math (2012) 52:357–382
DOI 10.1007/s10543-011-0360-2

Convergence rate of strong Local Linearization schemes
for stochastic differential equations with additive noise

J.C. Jimenez · H. de la Cruz Cancino

Received: 4 November 2010 / Accepted: 1 September 2011 / Published online: 23 September 2011
© Springer Science + Business Media B.V. 2011

Abstract There is a variety of strong Local Linearization (LL) schemes for the nu-
merical integration of stochastic differential equations with additive noise, which dif-
fer with respect to the algorithm that is used in the numerical implementation of
the strong Local Linear discretization. However, in contrast with the Local Linear
discretization, the convergence rate of the LL schemes has not been studied so far.
In this paper, two general theorems about this matter are presented and, with their
support, additional results are derived for some particular schemes. As a direct ap-
plication, the convergence rate of some strong LL schemes for SDEs with jumps is
briefly expounded as well.
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Additive noise · Numerical integration
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1 Introduction

Stochastic Differential Equations (SDEs) with additive noise arise as natural mathe-
matical models for describing random processes in a variety of fields. For instance,
models for the blood clotting systems [13], cellular energetics [39], stochastic an-
nealing [14], electrical activity of neural masses [34, 38] and noisy oscillators in a
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diversity of physical systems [15]. Simulation of the trajectories of such systems pro-
vides considerable insight into their qualitative behavior and dynamics [1, 5, 18, 27],
which is a major motivation for the construction of strong numerical integrators for
these equations. Recent reviews on such strong integrators can be found in [5, 18,
35]. Specifically designed for SDEs with additive noise, the Adams-type schemes
proposed in [3, 12], the Euler-type schemes in [20], as well as the Runge-Kutta meth-
ods considered in [7, 17] and the Local Linearization integrators [2, 21, 26, 32, 36]
are well-known.

In particular, the Local Linearization (LL) method—early introduced in [31]—was
proposed as an alternative integration method that attempts to overcome the instabil-
ities of the conventional integrators for SDEs with additive noise. Simulation studies
have shown that, for a variety of test equations, the LL integrators preserve much
better the stability and dynamical properties of the actual solutions than the conven-
tional integrators with less computational effort [2, 9, 11, 26, 33]. Theoretical studies
have revealed that the discretizations derived from LL method have a number of dis-
tinctive properties. For instance: (1) they are A-stable, which implies the preservation
of the random attractor and ergodicity of the linear equations for any step-size [11];
(2) they are geometrically ergodic for some class of nonlinear SDEs [16]; and (3) they
reproduce key features of the stochastic linear oscillators over long integration inter-
vals: the linear growth of the second moment of the solution, an infinitely-oscillation
property, and the symplectic structure of the Hamiltonian system [9].

This work deals with an open problem related with the Local Linearization (LL)
method. The kernel for the construction and study of such a method is the concept of
order-κ Local Linear discretization, which was early introduced in [22] and recently
extended in [11]. Starting from this discretization a variety of numerical schemes can
be constructed, which essentially would differ respecting the algorithm employed in
the numerical implementation of the discretization. This feature provides flexibility
to the LL method for adjusting itself when is applied to certain types of equations,
for instance, stiff equations, large systems of SDEs, etc. However, in contrast with
the Local Linear discretization, the convergence rate of the numerical schemes has
been not studied so far. This is a crucial issue that must be addressed for constructing
computationally efficient LL schemes.

In this paper, two main theorems on the convergence rate of strong LL schemes
for SDEs with additive noise are derived and, with their support, additional results
are obtained for some particular schemes. Furthermore, as a direct application of the
mentioned results, the convergence rate of some strong LL schemes for SDEs with
jumps is briefly expounded as well. A brief summary about previous outcomes on the
LL method is provided for facilitating the subsequent presentation.

2 Notations and preliminaries

Let (Ω,F ,P ) be a complete probability space, and {Ft , t ≥ t0} be an increasing
right continuous family of complete sub σ -algebras of F . Consider a d-dimensional
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diffusion process x defined by the stochastic differential equation with additive noise

dx(t) = f(t,x(t))dt +
m∑

i=1

gi (t)dwi (t), (2.1)

x(t0) = x0, (2.2)

where the drift coefficient f : [t0, T ] × R
d → R

d and the diffusion coefficient gi :
[t0, T ] → R

d are differentiable functions, w = (w1, . . . ,wm) is an m-dimensional
Ft -adapted standard Wiener process, and x0 is an Ft0 -measurable random vector.
The standard conditions for the existence and uniqueness of a strong solution are
assumed.

Consider the time discretization (t)h = {tn : n = 0,1, . . . ,N}, with maximum step-
size h ∈ (0,1), defined as a sequence of F -stopping times that satisfy t0 < t1 <

· · · < tN = T and supn(hn) ≤ h, w.p.1, where tn is Ftn -measurable for each n =
0,1, . . . ,N , and hn = tn+1 − tn.

2.1 Local Linear discretization [22]

Definition 2.1 For a given time discretization (t)h, the order-γ (= 1,1.5) strong
Local Linear discretization of the solution of (2.1)–(2.2) is defined by the recursive
relation

yn+1 = yn + φγ (tn,yn;hn) + ξ(tn,yn;hn), (2.3)

starting with y0 = x0, where

φγ (tn,yn; δ) =
∫ δ

0
efx(tn,yn)(δ−u)(fx(tn,yn)yn + aγ

n (tn + u))du

and

ξ (tn,yn; δ) =
m∑

i=1

∫ tn+δ

tn

efx(tn,yn)(tn+δ−u)gi (u)dwi (u).

Here,

aγ
n (s) =

{
f(tn,yn) − fx(tn,yn)yn + ft (tn,yn)(s − tn), for γ = 1,

a1
n(s) + 1

2

∑m
j=1(Id×d ⊗ gᵀ

j (tn))fxx(tn,yn)gj (tn)(s − tn), for γ = 1.5,

fx, ft denote the partial derivatives of f with respect to the variables x and t , respec-
tively, and fxx the Hessian matrix of f with respect to x.

By construction, the value yn+1 of the Local Linear discretization (2.3) is solution
of the piecewise linear SDE

dy (t) = (Any(t) + aγ
n (t))dt +

m∑

i=1

gi (t)dwi (t), t ∈ (tn, tn+1], (2.4)
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y (tn) = yn (2.5)

at tn+1 for all tn+1 ∈ (t)h, where An = fx(tn,yn).
In what follow, the following conventional definitions and notations from [27] are

needed.
Let M be the set of all the multi-indexes α = (j1, . . . , jl(α)) with ji ∈ {0,1, . . . ,m}

and i = 1, . . . , l(α), where m is the dimension of w in (2.1). l(α) denotes the length
of the multi-index α and n(α) the number of its zero components. −α and α—are the
multi-indexes in M obtained by deleting the first and the last component of α, respec-
tively. The multi-index of length zero will be denoted by v. C1,2 denotes the space
of functions from R × R

d to R
d that are once and twice continuously differentiable

in their first and second argument, respectively. Hα denotes the set of adapted right
continuous processes h = {h(t), t ≥ t0} with left hand limits such that {Iα−[h(·)]ρ,t ,

t ≥ t0} ∈ H(jl(α)), where Iα−[h(·)]ρ,t is a multiple Ito integral of h. Further,

L0 = ∂

∂t
+

d∑

k=1

fk
∂

∂xk
+ 1

2

d∑

k,l=1

m∑

j=1

gk
j gl

j

∂2

∂xk∂xl

denotes the diffusion operator for the SDE (2.1), and

Lj =
d∑

k=1

gk
j

∂

∂xk
,

for j = 1, . . . ,m.

Lemma 2.1 (Lemma 8 in [22]) With γ = 1,1.5, let

Aγ =
{
α ∈ M : l(α) + n(α) ≤ 2γ or l(α) = n(α) = γ + 1

2

}
(2.6)

be a hierarchical set, and B(Aγ ) = {α ∈ M \Aγ : −α ∈ Aγ } the remainder set of
Aγ . Suppose that the Ito Coefficient Functions λα defined for each multi-index α =
(j1, . . . , jl) by

λα =
{

Lj1 · · ·Ljl(α)−1 f, for jl(α) = 0,

Lj1 · · ·Ljl(α)−1 gjl(α)
, for jl(α) �= 0,

(2.7)

satisfy |λα(t,u) − λα(t,v)| ≤ K1|u − v| for all α ∈ Aγ , t ∈ [t0, T ] and u,v ∈ R
d;

λ−α ∈ C1,2 and λα ∈ Hα for all α ∈ Aγ ∪ B(Aγ ); and |λα(t,u)| ≤ K1(1 + |u|) for
all α ∈ Aγ ∪ B(Aγ ), t ∈ [t0, T ] and u ∈ R

d . Then, the Local Linear discretization
(2.3) satisfies

E
(
|yn|2

∣∣ Ft0

)
≤ C(1 + |y0|2)

and

E
(
|x(tn) − yn|2

∣∣ Ft0

)
≤ C(tn − t0)(1 + |x0|2)h2γ

for all tn ∈ (t)h, where C is a positive constant.



Convergence rate of strong LL schemes for SDE 361

2.2 High order Local Linear discretization [11]

Let us consider numerical integrators of the form

un+1 = un + Λyn(tn,un;hn) (2.8)

for the auxiliary SDE

dr (t) = qγ (tn,yn; t, r(t)) dt +
m∑

j=1

gj (t) dwj (t), t ∈ (tn, tn+1], (2.9)

r (tn) = 0, (2.10)

with drift coefficient

qγ (tn,yn; s, r) = f(s,yn + φγ (tn,yn; s − tn) + r)

− fx(tn,yn)(yn + φγ (tn,yn; s − tn)) − aγ
n (s) , (2.11)

where φγ and aγ
n are defined as in (2.3).

Definition 2.2 For a given time discretization (t)h, the order-κ (≥2) strong Local
Linear discretization of the SDE (2.1)–(2.2) is defined by the recursive expression

yn+1 = yn + φγ (tn,yn;hn) + Λyn(tn,0;hn), (2.12)

starting at y0 = x0, where Λyn(tn,0;hn) is the approximation to r(tn+1) provided by
a numerical integrator of the form (2.8) in such a way that

E
(
|x (tn) − yn|2

)
= O(h2κ )

holds for all tn ∈ (t)h.

In addition, let us consider the order-κ strong Ito-Taylor discretization [27]

un+1 = un +
∑

α∈Aκ

ρtn,yn
α (tn,un) Iα [1]tn,tn+hn

, (2.13)

where Aκ is an hierarchical set defined as in (2.6), Iα[·]tn,tn+hn denotes the multiple
Ito integrals, and

ρtn,yn
α (·) =

{
Lj1 · · ·Ljl−1qγ (tn,yn; ·), for jl = 0,

Lj1 · · ·Ljl−1gjl
, for jl �= 0,

denotes the Ito Coefficient functions corresponding to the auxiliary equation
(2.9)–(2.10) for all α ∈ Aκ .
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Theorem 2.1 (Theorem 4.2 in [11]) Suppose that the Ito Coefficient functions (2.7)
satisfies the conditions of Lemma 2.1 for the hierarchical set Aκ . Let un+1 = un +
Λyn(tn,un;hn) be the order-κ general strong Ito scheme defined by

Λyn (tn,un;hn) =
∑

α∈Aκ

ρ̃tn,yn
α (tn,un) Ĩα [1]tn,tn+hn

+ εtn,yn(tn + hn), (2.14)

where the first right hand term is an approximation to the Ito-Taylor expansion
(2.13) and εtn,yn is the remainder term. Further, suppose that the approximations
ρ̃

tn,yn
α and Ĩα to ρ

tn,yn
α and Iα , and the remainder term εtn,yn satisfy the con-

ditions E(|ρtn,yn
α (tn,0) − ρ̃

tn,yn
α (tn,0)|2) ≤ Kh2κ , E(|Iα − Ĩα|2) ≤ Kh2κ+1, and

E(|∑0≤i≤n−1ε
ti ,yi (ti+1)|2) ≤ Kh2κ for all tn ∈ (t)h, α ∈ Aκ , and some constant

K > 0. Then the Local Linear discretization (2.12) satisfies

E
(

max
n

|x (tn) − yn|2
∣∣Ft0

)
≤ Ch2κ ,

where C is a positive constant.

3 Local Linearization schemes

It can be noted from their definitions that the Local Linear discretizations are still not
tractable for numerical implementation purposes. The reason is that, in general, the
integrals appearing in φ and ξ as well as the solution of auxiliary SDE for q can not
be analytically computed. Thus, depending on the way of computing these functions,
different numerical schemes could be obtained. A precise definition for such schemes
is the following.

Definition 3.1 For an order-κ strong Local Linear discretization yn+1 = yn +
�κ (tn,yn;hn) of a SDE, all recursions of the form

ỹn+1 = ỹn + �̃κ (tn, ỹn;hn), with ỹ0 = y0,

where �̃κ denotes a numerical algorithm to compute �κ , is generically called strong
Local Linearization scheme.

Regularly, the numerical implementation of an order-κ Local Linear discretization
with κ = 1,1.5 is simply called Local Linearization (LL) scheme. Otherwise, that is
if κ > 1.5, the numerical implementation is called High Order Local Linearization
(HOLL) scheme.

3.1 LL schemes

There is a large variety of LL schemes which differ with respect to the algorithm that
is used in the numerical implementation of the Local Linear discretization

yn+1 = yn + φγ (tn,yn;hn) + ξ(tn,yn;hn)
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defined in (2.3). Depending of the way of computing φγ and ξ , different LL schemes
can be obtained.

In previous works [10, 23] on LL schemes for Ordinary Differential Equations
(ODEs), detailed reviews of a number of methods for computing φγ were presented.
Note that, for such type of equations, the LL discretizations for SDEs reduces to the
form yn+1 = yn + φγ (tn,yn;hn) with γ = 1. Thus, in this section, we will mostly
focus on the computation of ξ .

A directly way to compute ξ is by means of the stochastic quadrature rule or by
its composite version (see, e.g., [40]), which yields to the approximations

ξ̃ (tn, ỹn;hn) =
m∑

i=1

eÃnhngi (tn)(wi (tn+1) − wi (tn)) (3.1)

and

ξ̃ (tn, ỹn;hn) =
rn−1∑

j=0

e
1
rn

Ãnhn(rn−j)
m∑

i=1

gi (τj )(wi (τj+1) − wi (τj )), (3.2)

respectively, where Ãn = fx(tn, ỹn), rn is a integer number such that rn ∼ 1
hα

n
with

α ≥ 0 and τj = tn + jhn/rn.
Alternatively, since the integrand of integral involved in the definition of ξ does

not dependent of the Winner process w, ξ can be rewritten as

ξ (tn,yn;hn) =
m∑

i=1

gi (tn+1)wi (tn+1) − eAnhngi (tn)wi (tn)

−
∫ tn+1

tn

eAn(tn+1−u)

(
d

du
gi (u) − Angi (u)

)
wi (u)du.

By applying the deterministic composite Trapezoidal rule (see, e.g., [8]) to the inte-
gral in the last expression, the following approximation to ξ is obtained

ξ̃ (tn, ỹn;hn) =
m∑

i=1

gi (tn+1)wi (tn+1) − eÃnhngi (tn)wi (tn)

− hn

2rn

rn−1∑

j=0

qi (j + 1) + qi (j), (3.3)

where qi (j) = e
1
rn

Ãnhn(rn−j)
( d
du

gi (τj ) − Ãngi (τj ))wi (τj ), and rn and τj defined as
before.

Approximations of the form (3.2) and (3.3) have been consider in [36] and in
[2, 26], respectively. Approximations (3.3) with α = 0, and (3.1) satisfy the inequality

E
(∣∣ξ(tn, ỹn;hn) − ξ̃ (tn, ỹn;hn)

∣∣2 ∣∣ Ftn

)
≤ Ch

2γ+1
n
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with γ = 1 due to theorems of Sect. 4.8 in [8] and Theorem 2 in [40], respectively.
Whereas, due to the mentioned theorems, approximations (3.3) with α = 1, and (3.2)
with α = 0.5 satisfy the same inequality but with γ = 1.5.

On the other hand, conventional numerical integrators can be applied to com-
pute ξ . Indeed, since

ξ (tn,yn; t − tn) = eAntη(t), (3.4)

where

η(t) =
m∑

i=1

∫ t

tn

e−Anugi (u)dwi (u)

is the solution of the SDE

dη(t) =
m∑

i=1

e−Anugi (u)dwi (u),

η(tn) = 0

for t ∈ [tn, tn+1], the application of the Ito formula to (3.4) yields

dρ(t) = Anρ(t)dt +
m∑

i=1

gi (u)dwi (u),

ρ(tn) = 0

for t ∈ [tn, tn+1], where ρ(t) ≡ ξ(tn,yn; t − tn). Thus, any approximation to ρ given
by a numerical integrator is also an approximation to ξ . When the Euler or Milstein
scheme is used for that propose the approximation

ξ̃ (tn, ỹn;hn) =
m∑

i=1

gi (tn)
(
wi (tn+1) − wi (tn)

)
(3.5)

is obtained. A different approximation is provided, for instance, by the order-1.5
strong Taylor scheme defined in [27]. This yields to the approximation

ξ̃ (tn, ỹn;hn) =
m∑

i=1

(
gi (tn)Δwi

n + Ãngi (tn)Δzi
n + dgi (tn)

dt
(Δwi

nhn − Δzi
n)

)
, (3.6)

where Δwi
n = wi (tn+1) − wi (tn) and Δzi

n is the double Ito integral Δzi
n =∫ tn+1

tn

∫ s2
tn

dwi (s1)ds2. The random variable Δwi
n is normally distributed with mean

E(Δwi
n) = 0 and variance E((Δwi

n)
2) = hn, whereas Δzi

n is a Gaussian ran-
dom variable with mean E(Δzi

n) = 0, variance E((Δzi
n)

2) = 1
3h3

n and covariance
E(Δwi

nΔzi
n) = 1

2h2
n. Clearly, approximations (3.5) and (3.6) are computationally

less demanding than the others previously mentioned.
Alternatively, conventional numerical integrators can be also directly applied to

approximate the piecewise linear equation (2.4)–(2.5) for each interval [tn, tn+1]
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for obtaining an approximation to the LL discretization yn+1 at each point tn+1 ∈
(t)h. For instance, the approximations provided by the numerical schemes proposed
in [28], which are specifically designed for linear SDEs.

3.2 HOLL schemes

In general, the numerical implementation of HOLL methods requires the calculation
of φγ as well as the simulation of multiple stochastic integrals involved in the nu-
merical integration of the auxiliary equation (2.9)–(2.10). Obviously, the best way to
deal with these tasks strongly depends on the specific HOLL scheme under consid-
eration. However, there are a number of common implementation issues that will be
discussed here.

When implementing the HOLL discretization

yn+1 = yn + φγ (tn,yn;hn) + Λyn (tn,0;hn) ,

that is, when a HOLL scheme is constructed, the required evaluations of the map
φγ (tn,yn; ·) at a number of points t − tn ≤ hn can be computed by different algo-
rithms. This yields the two basic recursions:

ỹn+1 = ỹn + φ̃γ (tn, ỹn;hn) + Λ̃ ỹn (tn,0;hn)

and

ỹn+1 = z̃(tn + hn; tn, ỹn) + Λ̃ ỹn (tn,0;hn) ,

where φ̃γ is a numerical implementation of φγ , z̃ is a numerical solution of the linear
ODE

dz (t) = (
Bnz(t) + bγ

n (t)
)
dt, t ∈ (tn, tn+1], (3.7)

z (tn) = ỹn, (3.8)

and Λ̃ỹn is the map of the numerical scheme applied to the SDE

dv (t) = q̃γ (tn, ỹn; t,v (t)) +
m∑

i=1

gi (t)dwi (t), t ∈ (tn, tn+1], (3.9)

v (tn) = 0, (3.10)

with drift coefficient

q̃γ (tn, ỹn; s, ξ) = f(s, ỹn + φ̃γ (tn, ỹn; s − tn) + ξ)

− fx(tn, ỹn)(̃yn + φ̃γ (tn, ỹn; s − tn)) − bγ
n (s) ,

for the first kind of recursion, or

q̃γ (tn, ỹn; s, ξ) = f(s, z̃ (s; tn, ỹn) + ξ) − fx(tn, ỹn)̃z (s; tn, ỹn) − bγ
n (s)



366 J.C. Jimenez, H. de la Cruz Cancino

for the second one. In (3.7), Bn = fx(tn, ỹn) is a d × d constant matrix and

bγ
n (s) =

{
f(tn, ỹn) − fx(tn, ỹn)̃yn + ft (tn, ỹn)(s − tn), for γ = 1,

b1
n(s) + 1

2

∑m
j=1(Id×d ⊗ gᵀ

j (tn))fxx(tn, ỹn)gj (tn) (s − tn), for γ = 1.5

is a d-dimensional linear vector function.
In this way, two classes of HOLL discretizations have been considered [11]: the

Local Linear-Taylor (LLT) and Local Linear-Runge Kutta (LLRK) discretizations.
In the former, the solution of the auxiliary equation (3.9)–(3.10) is approximated by
means of some explicit Ito-Taylor scheme, whereas in the later, explicit Runge Kutta
(RK) schemes are used for this purpose. Specifically, HOLL schemes based on the
order-2 strong Taylor scheme described in [27] Sect. 10.5, and the order-2 explicit
RK schemes described in [4] and [27] have been studied in detail.

4 Convergence rate of the Local Linearization schemes

Clearly, the error of an LL scheme depends of both, the discretization error presented
in Sect. 2 and the error derived from the numerical implementation of the LL dis-
cretization. This is the focus of this section.

In what follows, suppose that the drift and diffusion coefficient of (2.1) have com-
ponents

fj ∈ C 2κ,2κ+1
B ([t0, T ] × R

d ,R) and gj
i ∈ C 2κ

B ([t0, T ],R), (4.1)

where C l
B denotes the space of l time continuously differentiable functions with uni-

formly bounded partial derivatives up to order l, and κ is the order of the LL dis-
cretization under consideration.

4.1 LL schemes

Theorem 4.1 Let x be the solution of the SDE (2.1)–(2.2),

yn+1 = yn + φγ (tn,yn;hn) + ξ(tn,yn;hn)

the Local Linear discretization defined in (2.3), and

ỹn+1 = ỹn + φ̃γ (tn, ỹn;hn) + ξ̃ (tn, ỹn;hn)

a numerical implementation of yn+1, where φ̃γ and ξ̃ denote numerical algorithms
to compute φγ and ξ . Suppose that φ̃γ and ξ̃ fulfill the local conditions

∣∣E
(
φγ (tn, ỹn;hn) − φ̃γ (tn, ỹn;hn)

∣∣ Ftn

)∣∣ ≤ K1(1 + |̃yn|2)1/2 hk1
n , (4.2)

(
E

(∣∣φγ (tn, ỹn;hn) − φ̃γ (tn, ỹn;hn)
∣∣2 ∣∣ Ftn

))1/2 ≤ K1(1 + |̃yn|2)1/2 h
k2+1/2
n (4.3)

and
∣∣E

(
ξ(tn, ỹn;hn) − ξ̃ (tn, ỹn;hn)

∣∣ Ftn

)∣∣ ≤ K2(1 + |̃yn|2)1/2 h
p1
n , (4.4)
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(
E

(∣∣ξ(tn, ỹn;hn) − ξ̃ (tn, ỹn;hn)
∣∣2 ∣∣ Ftn

))1/2 ≤ K2(1 + |̃yn|2)1/2 h
p2+1/2
n (4.5)

for some positive numbers k2,p2 ≥ 1/2, k1 ≥ k2 + 1, p1 ≥ p2 + 1 and all tn ∈ (t)h,
where K1 and K2 are positive constants. Then there exist positive constants M1 and
M2 such that

E
(
|̃yn|2

∣∣Ft0

)
≤ M1(1 + |̃y0|2)

and

E
(
|x(tn) − ỹn|2

∣∣ Ft0

)
≤ M2h

min{2γ,2k2,2p2}

hold for all tn ∈ (t)h.

Proof Let us denote by x(tn+1; tn, ỹn) the solution of the SDE (2.1) at the time t =
tn+1 with initial value x(tn; tn, ỹn) = ỹn. Since (4.1) holds, Theorem 5 in [6] implies
that

∣∣E
(
x(tn+1; tn, ỹn) − ỹn − φγ (tn, ỹn;hn) − ξ(tn, ỹn;hn)

∣∣ Ftn

)∣∣

≤ C1(1 + |̃yn|2)1/2hβ+1
n ,

where C1 is a positive constant, β = 1 for γ = 1 and β = 2 for γ = 1.5. From this,
and conditions (4.2) and (4.4) follows that

∣∣E
(
x(tn+1; tn, ỹn) − ỹn+1

∣∣ Ftn

)∣∣

≤ ∣∣E
(
x(tn+1; tn, ỹn) − ỹn − φγ (tn, ỹn;hn) − ξ(tn, ỹn;hn)

∣∣ Ftn

)∣∣

+ ∣∣E
(
φγ (tn, ỹn;hn) − φ̃γ (tn, ỹn;hn)

∣∣ Ftn

)∣∣

+ ∣∣E
(
ξ(tn, ỹn;hn) − ξ̃ (tn, ỹn;hn)

∣∣ Ftn

)∣∣

≤ D1(1 + |̃yn|2)1/2h
min{β+1,k1,p1}
n , (4.6)

where D1 is a positive constant. On the other hand, since (4.1) holds, Lemma 2.1
implies that

E
(∣∣x(tn+1; tn, ỹn) − ỹn − φγ (tn, ỹn;hn) − ξ(tn, ỹn;hn)

∣∣2 ∣∣ Ftn

)

≤ C2(1 + |̃yn|2)h2γ+1
n ,

where C2 is a positive constant. From this, and conditions (4.3) and (4.5) follows that

E
(
|x(tn+1; tn, ỹn) − ỹn+1)|2

∣∣ Ftn

)

≤ 3E
(∣∣x(tn+1; tn, ỹn) − ỹn − φγ (tn, ỹn;hn) − ξ(tn, ỹn;hn)

∣∣2 ∣∣ Ftn

)

+ 3E
(∣∣φγ (tn, ỹn;hn) − φ̃γ (tn, ỹn;hn)

∣∣2 ∣∣ Ftn

)

+ 3E
(∣∣ξ(tn, ỹn;hn) − ξ̃ (tn, ỹn;hn)

∣∣2 ∣∣ Ftn

)
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≤ D2(1 + |̃yn|2)hmin{2γ+1,2k2+1,2p2+1}
n , (4.7)

where D2 is a positive constant. The proof is completed by Theorem 1.1 in [29] and
inequalities (4.6)–(4.7). �

Similarly, the following result can be derived.

Theorem 4.2 Let x be the solution of the SDE (2.1)–(2.2), and let ỹn+1 be the solu-
tion provided at tn+1 by an one-step numerical integrator when applies to piecewise
linear SDE

dz (t) = (Bnz(t) + bγ
n (t))dt +

m∑

i=1

gi (t)dwi (t), t ∈ (tn, tn+1],

z (tn) = ỹn,

where Bn = fx(tn, ỹn) is a constant matrix,

bγ
n (s) =

{
f(tn, ỹn) − fx(tn, ỹn)̃yn + ft (tn, ỹn)(s − tn), for γ = 1,

b1
n(s) + 1

2

∑m
j=1(Id×d ⊗ gᵀ

j (tn))fxx(tn, ỹn)gj (tn)(s − tn), for γ = 1.5.

Suppose that ỹn+1 fulfills the local conditions

∣∣E
(
z(tn+1) − ỹn+1

∣∣ Ftn

)∣∣ ≤ K(1 + |z (tn)|2)1/2 h
p1
n ,

(
E

(∣∣z(tn+1) − ỹn+1
∣∣2 ∣∣ Ftn

))1/2 ≤ K(1 + |z (tn)|2)1/2 h
p2+1/2
n

for some positive numbers p2 ≥ 1/2, p1 ≥ p2 + 1 and all tn ∈ (t)h, where K is a
positive constant. Then there exist positive constants M1 and M2 such that

E
(
|̃yn|2

∣∣ Ft0

)
≤ M1(1 + |̃y0|2)

and

E
(
|x(tn) − ỹn|2

∣∣ Ft0

)
≤ M2h

min{2γ,2p2}

hold for all tn ∈ (t)h.

In order to illustrate the application of previous theorems, let us consider the LL
schemes obtained from the Padé approximation for the computation of φγ and by
numerical schemes for the integration of ξ .

We recall from [21] that φγ can be rewritten in the general form

φγ (tn, ỹn;hn) = LeD̃nhnr,
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where the matrices D̃n, L and r have different form depending of the type of (2.1)
and value of γ . That is,

D̃n =
⎡

⎣
fx(tn, ỹn) ft (tn, ỹn) + 1

2

∑m
j=1(Id×d ⊗ gᵀ

j (tn))fxx(tn, ỹn)gj (tn) f(tn, ỹn)

0 0 1
0 0 0

⎤

⎦

∈ R
(d+2)×(d+2),

L = [ Id 0d×2 ] and rᵀ = [01×(d+1) 1 ] for nonautonomous SDEs and γ = 1.5;

D̃n =
⎡

⎣
fx(tn, ỹn) ft (tn, ỹn) f(tn, ỹn)

0 0 1
0 0 0

⎤

⎦ ∈ R
(d+2)×(d+2),

L = [ Id 0d×2 ] and rᵀ = [01×(d+1) 1 ] for nonautonomous SDEs and γ = 1; and

D̃n =
[

fx(̃yn) f(̃yn)

0 0

]
∈ R

(d+1)×(d+1),

L = [ Id 0d×1 ] and rᵀ = [01×d 1 ] for autonomous SDEs and γ = 1. If the compu-

tation of ehnD̃n is carried out by means of the rational Padé approximation with the
“scaling and squaring” procedure [30], the following approximation to φγ is obtained

φ̃γ (tn, ỹn;hn) = L(Pp,q(2−knD̃nhn))
2kn

r, (4.8)

where Pp,q(2−knD̃nhn) denotes the (p, q)-Padé approximation of e2−kn
n D̃nhn and kn

is the smallest integer number such that |2−knD̃nhn| ≤ 1
2 .

Proposition 4.1 Let φ̃γ defined by (4.8) and

ξ̃γ (tn, ỹn;hn) =
m∑

i=1

gi (tn)Δwi
n

+ δ1.5
γ

m∑

i=1

(
fx(tn, ỹn)gi (tn)Δzi

n + dgi (tn)

dt
(Δwi

nhn − Δzi
n)

)

be the approximations to φγ and ξ provided by the Padé approximation for exponen-
tial matrices and the numerical schemes (3.5)–(3.6), respectively, where δ denotes
the delta of Kronecker. Then

(i) φ̃γ fulfills the conditions (4.2)–(4.3) with k1 = p + q + 1 and k2 = p + q; and
(ii) the error of the LL scheme

ỹn+1 = ỹn + φ̃γ (tn, ỹn;hn) + ξ̃γ (tn, ỹn;hn) (4.9)
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is given by

E
(
|x(tn) − ỹn|2

∣∣ Ft0

)
≤ Mh2 min{γ,p+q}

for all tn ∈ (t)h, where M is a positive constant.

To prove this proposition the following general result is useful. This generalizes a
previous one obtained in [30] (Appendix 1) and [23] (Proposition 2).

Lemma 4.1 Let X be a square matrix, and let Pp,q(2−kX) be the (p, q)-Padé the

approximation of e2−kX, where k is the smallest integer number such that |2−kX| ≤ 1
2 .

Then, the relative and absolute errors of the Padé approximation with “scaling and
squaring” procedure

Fk
p,q(X) = (Pp,q(2−kX))2k

(4.10)

are given by

|eX − Fk
p,q(X)|

|eX| ≤ εp,q |X|eεp,q |X|

and ∣∣∣eX − Fk
p,q(X)

∣∣∣ ≤ cp,q(k, |X|) |X|p+q+1 ,

respectively, where εp,q = α( 1
2 )p+q−3, cp,q(k, |X|) = α2−k(p+q)+3e(1+εp,q )|X|, α =

p!q!
(p+q)!(p+q+1)! .

Proof It is well known (see Appendix 1 in [30]) that, for an integer number k such
that |2−kX| ≤ 1

2 , the identity

(Pp,q(2−kX))2k = eX+E

holds, where the matrix E commutes with X and |E| ≤ α2−k(p+q)+3|X|p+q+1 ≤
α( 1

2 )p+q−3|X| with α = p!q!
(p+q)!(p+q+1)! .

Since XE = EX and |eE − I| ≤ |EeE| it is obtained that

|eX+E − eX|
|eX| = |eX(eE − I)|

|eX|
≤ |eE − I|
≤ |E|e|E|,

and so ∣∣∣eX+E − eX
∣∣∣ ≤ |E| e|E|+|X|.

The proof is completed by using the above mentioned bounds for |E| in the last two
inequalities. �
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Proof of Proposition 4.1 Lemma 4.1 implies that

∣∣φγ (tn, ỹn;hn) − φ̃γ (tn, ỹn;hn)
∣∣ =

∣∣∣LeD̃nhnr − L(Pp,q(2−knD̃nhn))
2kn

r
∣∣∣

≤ cp,q(kn, |D̃n|)|L||r||D̃n|p+q+1h
p+q+1
n ,

where cp,q(k, ρ) = α2−k(p+q)+3e(1+α( 1
2 )p+q−3)ρ with α = p!q!

(p+q)!(p+q+1)! . By condi-

tion (4.1) there exists a positive constant M such that |D̃n| ≤ M for all n, and so
|D̃n|2 ≤ M2(1 + |̃yn|2) for all n. From these two bounds for |D̃n| follows that

∣∣φγ (tn, ỹn;hn) − φ̃γ (tn, ỹn;hn)
∣∣ ≤ M1(1 + |̃yn|2)1/2h

p+q+1
n ,

where M1 = cp,q(0,M)|L||r|Mp+q . From this follows that
∣∣E

(
φγ (tn, ỹn;hn) − φ̃γ (tn, ỹn;hn)

∣∣ Ftn

)∣∣

≤ E
(∣∣φγ (tn, ỹn;hn) − φ̃γ (tn, ỹn;hn)

∣∣ ∣∣ Ftn

)

≤ M1(1 + |̃yn|2)1/2hk1
n

and
(
E

(∣∣φγ (tn, ỹn;hn) − φ̃γ (tn, ỹn;hn)
∣∣2 ∣∣ Ftn

))1/2 ≤ M1(1 + |̃yn|2)1/2h
k2+1/2
n ,

with k1 = p + q + 1 and k2 = p + q , which imply assertion (i).
On the other hand, because the strong mean-square convergence rate of both the

Milstein and the Platen-Warner strong Ito-Taylor scheme of order 1.5, the inequali-
ties (4.4)–(4.5) hold with p2 = γ . From this and (i), the assertion (ii) is obtained as
directly consequence of Theorem 4.1. �

We recall from [11] that LL schemes like those considered in previous proposition
are A-stable, therefore they preserve the random attractor and ergodicity of the linear
SDEs. They also are geometrically ergodic for some class of nonlinear SDEs [16].
However, because the use of Padé approximations to compute φγ such schemes are
not appropriate for large dimensional systems of SDEs. In such a case, LL schemes
based on Krylov approximation for φγ are recommended. Indeed, when the Krylov
method [19] is used, the function φγ can be approximated by

φ̃γ (tn, ỹn;hn) = Lkp,q
mn,kn

(hn, D̃n, r), (4.11)

where kp,q
mn,kn

(hn, D̃n, r) denotes the Krylov-Padé approximation of ehnD̃n r. More
precisely,

kp,q
m,k(δ,A,v) = βVmFk

p,q(δHm)e1, (4.12)

where β = |v|, e1 is the m-dimensional unitary vector, and the matrices Vm =
[v1, . . . ,vm] and Hm are the orthonormal basis of the Krylov space Km =
span(v,Av, . . . ,Am−1v) and the upper Hessenberg matrix, respectively, result-
ing both from the well known Arnoldi algorithm. In addition, Fk

p,q(δHm) =
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(Pp,q(2−kδHm))2k
denotes the (p, q)-Padé approximation with “scaling and squar-

ing” procedure for the computation of eδHm , and k is the smallest integer number
such that |2−kδHm| ≤ 1

2 .
The second illustrative convergence result is then the following.

Proposition 4.2 Let φ̃γ defined as in (4.11) and

ξ̃γ (tn, ỹn;hn) =
m∑

i=1

gi (tn)Δwi
n

+ δ1.5
γ

m∑

i=1

(
fx(tn, ỹn)gi (tn)Δzi

n + dgi (tn)

dt
(Δwi

nhn − Δzi
n)

)

be the approximations to φγ and ξ provided by the Krylov-Padé approximation to
exponential matrices and the numerical schemes (3.5)–(3.6), respectively. Suppose
that mn ≥ 2hn|D̃n|2 for all n, where | · |2 denotes the Euclidean norm. Then

(i) φ̃γ fulfills the conditions (4.2)–(4.3) with k1 = min{m,p + q + 1} and k2 =
min{m − 1,p + q}, where m = min{mn}; and

(ii) the error of the LL scheme

ỹn+1 = ỹn + φ̃γ (tn, ỹn;hn) + ξ̃γ (tn, ỹn;hn)

is given by

E
(
|x(tn) − ỹn|22

∣∣ Ft0

)
≤ Mh2 min{γ,m−1,p+q}

for all tn ∈ (t)h, where M is a positive constant.

To prove this proposition the following general result is useful. This generalizes a
previous one obtained in [25].

Lemma 4.2 Let kp,q
m,k(t,A,v) be the (m,p,q, k)-Krylov-Padé approximation of etAv

defined as in (4.12). Then, with m ≥ 2 |tA|2, the error of the Krylov-Padé approxima-
tion of etAv is bounded by

∣∣∣etAv − kp,q
m,k(t,A,v)

∣∣∣
2
≤ C

p,q
m,κ(|v|2 , |tA|2) |tA|min{m,p+q+1}

2 ,

where C
p,q
m,κ(β,ρ) = αβ2−κ(p+q)+3e(1+α( 1

2 )p+q−3)ρ + 12βem−ρ( 1
m

)m, with α =
p!q!

(p+q)!(p+q+1)! and κ = k. Alternatively, κ (≥ k) is the smallest integer number such

that log2 |2tA|2 ≤ κ .

Proof By the triangular inequality,
∣∣∣etAv − kp,q

m,k(t,A,v)

∣∣∣
2
≤

∣∣∣etAv − km(t,A,v)

∣∣∣
2
+

∣∣∣km(t,A,v) − kp,q
m,k(t,A,v)

∣∣∣
2
,

where km(t,A,v) = βVmetHme1 is the Krylov approximation of etAv.
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Since Hm = V∗
mAVm and |Vm|2 = 1, |Hm|2 ≤ |A|2. By combining this with

Lemma 4.1 follows that
∣∣∣km(t,A,v) − kp,q

m,k(t,A,v)

∣∣∣
2
=

∣∣∣βVmetHme1 − βVmFk
p,q(tHm)e1

∣∣∣
2

≤ β |Vm|2
∣∣∣etHm − Fk

p,q(tHm)

∣∣∣
2

≤ β cp,q(k, |tA|2) |tA|p+q+1
2 ,

where cp,q(k, ρ) = α2−κ(p+q)+3e(1+α( 1
2 )p+q−3)ρ , α = p!q!

(p+q)!(p+q+1)! and β = |v|2.
On the other hand, from Theorem 5 in [19]

∣∣∣etAv − km(t,A,v)

∣∣∣
2
≤ 12 |v|2 em−|tA|2

(
1

m
|tA|2

)m

.

Then, by substituting the last two inequalities into the first one the first assertion is
obtained.

The alternative assertion is derived by taking into account that k is the smallest
integer number such that |2−ktHm|2 ≤ 1

2 , and |tHm|2 ≤ |tA|2. �

Proof of Proposition 4.2 From Lemma 4.2 follows that

∣∣φγ (tn, ỹn;hn) − φ̃γ (tn, ỹn;hn)
∣∣
2 =

∣∣∣LeD̃nhnr − L kp,q
mn,kn

(hn, D̃n, r)
∣∣∣
2

≤ |L|2
∣∣∣ehnD̃nr − kp,q

mn,kn
(hn, D̃n, r)

∣∣∣
2

≤ C
p,q
mn,kn

(1, |D̃n|2)|hnD̃n|min{mn,p+q+1}
2 .

By condition (4.1) there exists a positive constant M such that |D̃n|2 ≤ M for all n,
and so |D̃n|22 ≤ M2(1 + |̃yn|22) for all n. From these two bounds for |D̃n| follows that

C
p,q
mn,kn

(1, |D̃n|2) ≤ C
p,q
m,κn

(1,M),

and
∣∣φγ (tn, ỹn;hn) − φ̃γ (tn, ỹn;hn)

∣∣
2 ≤ M1(1 + |̃yn|22)1/2h

min{m,p+q+1}
n ,

where m = min{mn} and M1 = C
p,q

m,0(1,M)Mmin{m−1,p+q}. From this follows that

∣∣E
(
φγ (tn, ỹn;hn) − φ̃γ (tn, ỹn;hn)

∣∣ Ftn

)∣∣
2

≤ E
(∣∣φγ (tn, ỹn;hn) − φ̃γ (tn, ỹn;hn)

∣∣
2

∣∣ Ftn

)

≤ M1(1 + |̃yn|22)1/2hk1
n

and
(
E

(∣∣φγ (tn, ỹn;hn) − φ̃γ (tn, ỹn;hn)
∣∣2
2

∣∣ Ftn

))1/2 ≤ M1(1 + |̃yn|22)1/2h
k2+1/2
n ,
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with k1 = min{m,p + q + 1} and k2 = min{m− 1,p + q}, which imply assertion (i).
On the other hand, because the strong mean-square convergence rate of both the

Milstein and the Platen-Warner strong Ito-Taylor scheme of order 1.5, the inequali-
ties (4.4)–(4.5) hold with p2 = γ . From this and (i), the assertion (ii) is obtained as
directly consequence of Theorem 4.1. �

In the above theorem the restriction to the norm | · |2 results from the condition
mn ≥ 2hn|D̃n|2, which is required to establish the convergence of the Krylov approx-
imation to the exponential matrices in Lemma 4.2. Nevertheless, depending on the
class of the matrix D̃n and/or the location and shape of its spectrum (see for instance
[19] and references in [37]), such restriction might be discarded.

4.2 HOLL schemes

Clearly, a HOLL scheme will preserve the order κ of the underlying HOLL discretiza-
tion only if φ̃γ and Λ̃ are suitable approximations to φγ and Λ. This requirement is
considered in what follows.

Theorem 4.3 With tn, tn+1 ∈ (t)h, let z̃n+1 = z̃n + Λ1(tn, z̃n;hn) and ṽn+1 = ṽn +
Λ

z̃n

2 (tn, ṽn;hn) be one-step explicit integrators of the ODE (3.7)–(3.8) and SDE
(3.9)–(3.10), respectively. Suppose that these integrators are of order r and p, re-
spectively, where the convergence for the second one is assumed to be in the strong
mean-square sense. Then, the numerical scheme

ỹn+1 = ỹn + Λ1 (tn, ỹn;hn) + Λ
ỹn

2 (tn,0;hn) (4.13)

satisfies

E
(
|̃yn|2

∣∣ Ft0

)
≤ M1(1 + |̃y0|2)

and

E
(
|x(tn) − ỹn|2

∣∣ Ft0

)
≤ M2h

2 min{r,p}

for all tn ∈ (t)h, where M1 and M2 are positive constants.

Proof First, set ỹn = x(tn) in (3.7)–(3.8) and (3.9)–(3.10). Taking into account
that [11]

x(tn+1) = x(tn) + φγ (tn,x(tn);hn) + r(tn + hn; tn,x(tn)),

where r(t; tn,x(tn)) denotes the solution of (2.9)–(2.10) with yn = x(tn), it is ob-
tained that

∣∣∣x(tn+1) − x(tn) − Λ1(tn,x(tn);hn) − Λ
x(tn)
2 (tn,0;hn)

∣∣∣

≤ ∣∣φγ (tn,x(tn);hn) − Λ1(tn,x(tn);hn)
∣∣
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+ |r(tn + hn; tn,x(tn)) − v(tn+1)|
+

∣∣∣v(tn+1) − Λ
x(tn)
2 (tn,0;hn)

∣∣∣ (4.14)

and
∣∣∣E

(
x(tn+1) − x(tn) − Λ1(tn,x(tn);hn) − Λ

x(tn)
2 (tn,0;hn)

∣∣ Ftn

)∣∣∣

≤ ∣∣E
(
φγ (tn,x(tn);hn) − Λ1(tn,x(tn);hn)

∣∣ Ftn

)∣∣

+ ∣∣E
(
r(tn + hn; tn,x(tn)) − v(tn+1)

∣∣ Ftn

)∣∣

+
∣∣∣E

(
v(tn+1) − Λ

x(tn)
2 (tn,0;hn)

∣∣ Ftn

)∣∣∣ , (4.15)

where v(tn+1) is the solution at t = tn+1 of (3.9)–(3.10) with ỹn = x(tn).
By subtracting (3.9) to (2.9) it is obtained that

d(r(t; tn,x(tn)) − v (t)) = (q(tn,x(tn); t, r(t; tn,x(tn))) − q̃(tn,x(tn); t,v (t)))dt.

Since condition (4.1) and the Finite Increments Inequality imply that q(tn,x(tn); t, ·)
is a Lipschitz function with constant λ = sups,u |fx(s,u)|, it follows that

dp (t) ≤ (λp (t) + |q(tn,x(tn); t,v (t)) − q̃(tn,x(tn); t,v (t))|) dt,

for all t ∈ [tn, tn+1], where p(t) = |r(t; tn,x(tn))−v(t)|. Furthermore, condition (4.1)
implies that

|q(tn,x(tn); t,v (t)) − q̃(tn,x(tn); t,v (t))|
≤ 2λ sup

t∈[tn,tn+1]
∣∣φγ (tn,x(tn); t − tn) − Λ1(tn,x(tn); t − tn)

∣∣ .

Thus, since p(tn) = 0,

p (t) ≤ ε + λ

∫ t

tn

p (s) ds, (4.16)

for t ∈ [tn, tn+1], where

ε = 2λ sup
t∈[tn,tn+1]

∣∣φγ (tn,x(tn); t − tn) − Λ1(tn,x(tn); t − tn)
∣∣ .

By applying the Gronwall inequality to (4.16) it is obtained that p(tn+1) ≤ εeλhn , and
so

|r(tn + hn; tn,x(tn)) − v(tn+1)| ≤ εeλ.

On the other hand,

φγ (tn,x(tn); t − tn) − Λ1(tn,x(tn); t − tn)

= z (t) − z (tn) − Λ1(tn, z (tn) ; t − tn), (4.17)
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since z(t) = x(tn) + φγ (tn,x(tn); t − tn) is the solution of the linear ODE (3.7)–(3.8)
with ỹn = x(tn). In addition, since z̃n+1 = z̃n + Λ1(tn, z̃n;hn) is an order r integrator
of that deterministic equation, its local truncation error implies that there exists a
positive constant C such that

∣∣E
(
z (t) − z (tn) − Λ1(tn, z (tn) ; t − tn)

∣∣ Ftn

)∣∣

≤ C(1 + |z (tn)|2)1/2(t − tn)
r+1 (4.18)

and

(
E

(∣∣z (t) − z (tn) − Λ1(tn, z (tn) ; t − tn)
∣∣2 ∣∣ Ftn

))1/2

≤ C(1 + |z (tn)|2)1/2(t − tn)
r+1 (4.19)

≤ C(1 + |z (tn)|2)1/2(t − tn)
r+1/2, (4.20)

for all t ∈ [tn, tn+1]. Thus, from (4.17), (4.19) and the Lyapunov inequality follows
that

ε = 2λ sup
t∈[tn,tn+1]

E
(∣∣φγ (tn,x(tn); t − tn) − Λ1(tn,x(tn); t − tn)

∣∣ ∣∣ Ftn

)

≤ 2λC(1 + |z (tn)|2)1/2hr+1
n ,

and so

|r(tn + hn; tn,x(tn)) − v(tn+1)| ≤ C1(1 + |z (tn)|2)1/2hr+1
n ,

where C1 = 2λCeλ. This implies that
∣∣E

(
r(tn + hn; tn,x(tn)) − v(tn+1)

∣∣ Ftn

)∣∣ ≤ C1(1 + |z (tn)|2)1/2hr+1
n (4.21)

and

(
E

(∣∣r(tn +hn; tn,x(tn))−v(tn+1)
∣∣2 ∣∣ Ftn

))1/2 ≤ C1(1+|z (tn)|2)1/2h
r+1/2
n . (4.22)

Furthermore, the inequalities

∣∣E
(
v(tn+1) − Λ

x(tn)
2 (tn,0;hn)

∣∣ Ftn

)∣∣ ≤ C2(1 + |z (tn)|2)1/2h
p1
n (4.23)

and

(
E

(∣∣v(tn+1) − Λ
x(tn)
2 (tn,0;hn)

∣∣2 ∣∣ Ftn

))1/2 ≤ C2(1 + |z (tn)|2)1/2h
p+1/2
n (4.24)

also hold, since ṽn+1 = ṽn + Λ
z̃n

2 (tn, ṽn;hn) is an order p integrator for the auxiliar
SDE (3.9)–(3.10) in the sense of strong mean-square convergence. Here, C2 is a
positive constant, and p1 ≥ p + 1.

The proof concludes in three simple steps: (1) by substituting (4.24), (4.22) and
(4.20) into the inequality resulting from the conditional expectation value of (4.14)
square; (2) by substituting (4.23), (4.21) and (4.18) into inequality (4.15); and (3) by
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applying Theorem 1.1 and Lemma 1.2 in [29] with the inequalities resulting from
steps 1 and 2. �

In order to show the application of previous theorem let us consider the numerical
implementation of the order-2 strong LLT discretization proposed in [11] by means
of the Padé approximation for φγ , and by a truncated Fourier series for the multiple
Stratonovish integrals Jα .

Proposition 4.3 Let

φ̃γ

(
tn, ỹtn;hn

) = L(Pp,q(2−knD̃nhn))
2kn

r,

be the approximation to φγ provided by the Padé approximation (4.8), and let

Λ̃ỹn
γ (tn,0;hn) =

m∑

j=1

gj (tn)Δwj
n +

m∑

j=1

fx(tn, ỹn)gj (tn) J̃ 2
(j,0) +

m∑

j=1

dg
j (tn)

dt
J̃ 2

(0,j)

+
m∑

j1,j2=1

(
Id×d ⊗ gᵀ

j2
(tn)

)
fxx(tn, ỹn)gj1 (tn) J̃ 2

(j1,j2,0)

+ δ1.5
γ

h2
n

4

m∑

j=1

(
Id×d ⊗ gᵀ

j (tn)
)

fxx(tn, ỹn)gj (tn)

be the map derived from the application of the order-2 strong Ito-Taylor scheme to the
auxiliary equation (3.9)–(3.10). Here, J̃ 2

α is an order-2 approximation to the stochas-
tic multiple Stratonovish integral Jα . Then the error of the scheme

ỹn+1 = ỹn + φ̃γ (tn, ỹn;hn) + Λ̃ỹn
γ (tn,0;hn)

is given by

E
(
|x(tn) − ỹn|2

∣∣ Ft0

)
≤ Mh2 min{2,p+q}

for all tn ∈ (t)h, where M is a positive constant.

Proof From assertion (i) of Proposition 4.1 the integrator ỹn+1 = ỹn + φ̃γ (tn, ỹn;hn)

converges to the solution of the ODE (3.7)–(3.8) with order p + q . On the other
hand, the strong Ito-Taylor scheme ṽn+1 = ṽn + hnΛ

ỹn

2 (tn, ṽn;hn) converges to the
solution of the SDE (3.9)–(3.10) with order 2 in strong mean-square sense. Then, the
proof is obtained as directly consequence of Theorem 4.3. �

For high dimensional SDEs we have the following result.

Proposition 4.4 Let

φ̃γ

(
tn, ỹtn;hn

) = L kp,q
mn,kn

(hn, D̃n, r)
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be the approximation to φγ provided by the Krylov-Padé approximation (4.11), and
let

Λ̃ỹn
γ (tn,0;hn) =

m∑

j=1

gj (tn)Δwj
n +

m∑

j=1

fx(tn, ỹn)gj (tn) J̃ 2
(j,0) +

m∑

j=1

dg
j (tn)

d
tJ̃ 2

(0,j)

+
m∑

j1,j2=1

(
Id×d ⊗ gᵀ

j2
(tn)

)
fxx(tn, ỹn)gj1 (tn) J̃ 2

(j1,j2,0)

+ δ1.5
γ

h2
n

4

m∑

j=1

(
Id×d ⊗ gᵀ

j (tn)
)

fxx(tn, ỹn)gj (tn)

be the map derived from the application of the order-2 strong Ito-Taylor scheme to the
auxiliary equation (3.9)–(3.10). Here, J̃ 2

α is an order-2 approximation to the multiple
Stratonovish integral Jα . Then, if mn ≥ 2hn|D̃n|2 for all n, the error of the scheme

ỹn+1 = ỹn + φ̃γ (tn, ỹn;hn) + Λ̃ỹn
γ (tn,0;hn)

is given by

E
(
|x(tn) − ỹn|22

∣∣ Ft0

)
≤ Mh2 min{2,m−1,p+q}

for all tn ∈ (t)h, where m = min{mn} and M is a positive constant.

Proof From assertion (i) of Proposition 4.2 the integrator ỹn+1 = ỹn + φ̃γ (tn, ỹn;hn)

converges to the solution of the ODE (3.7)–(3.8) with order min{m−1,p+q}. On the
other hand, the strong Ito-Taylor scheme ṽn+1 = ṽn +hnΛ

ỹn

2 (tn, ṽn;hn) converges to
the solution of the SDE (3.9)–(3.10) with order 2 in strong mean-square sense. Then,
the proof is obtained as directly consequence of Theorem 4.3. �

We remain from [11] that the value of γ does affect neither the order of conver-
gence nor the A-stability property of the HOLL discretizations. Typically, with the
value γ = 1, the resulting HOLL schemes have less computational cost than those
with γ = 1.5 (see for instance the schemes of the two previous propositions). There-
fore, HOLL schemes derived from discretizations with γ = 1 are more common.
Here, both cases are included by completeness.

5 Extension to SDEs with jumps

Consider a d-dimensional jump diffusion process z defined by the SDE

dz(t) = f(t, z(t))dt +
m∑

i=1

gi (t)dwi (t) +
p∑

i=1

hi (t, z(t))dqi (t), (5.1)

z(t0) = z0, (5.2)
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where f, gi ,w are defined as in (2.1), hi : [t0, T ] × R
d → R

d is a function, and qi (t)

is a Ft -adapted Poisson counting process ni (t) with intensity μi . It is assumed that
wi (t) and qj (t) are all independent with zero probability of simultaneous jumps for
all t .

Consider the sequence of jump times {σ }μi = {σi,n : n = 0,1,2, . . .} associated
to qi (t), which is defined as an increasing sequence of random variables such that
σi,n+1 − σi,n is exponentially distributed with parameter μi , for all n and i. It is
assumed that {σ }μi ⊂ (t)h for all i = 1, . . . , p, where (t)h is a time discretization
defined as before.

Definition 5.1 [24] For a given time discretization (t)h, the order-κ strong Local Lin-
ear discretization of the jump diffusion process z is defined by the recursive relation

zn = zn− +
p∑

i=1

hi (tn, zn−)Δni
n, (5.3)

where zn− denotes the value yn of an order-κ strong Local Linear discretization of
diffusion process defined by (2.1) on [tn−1, tn] with initial condition x(tn−1) = zn−1,
and Δni

n is the increment of the process ni
n at the time instant tn.

The following general result is a straightforward consequence of Theorem 1
in [24].

Corollary 5.1 Let yn = yn−1 + �(tn−1,yn−1;hn−1) be a numerical integrator for
the SDE (2.1)–(2.2) such that

E
(
|yn|2

∣∣ Ft0

)
≤ K(1 + |y0|2)

and

E
(
|x (tn) − yn|2

∣∣ Ft0

)
≤ Kh2κ

for all tn ∈ (t)h, where K is a positive constant. Let {zn} be the sequence defined by

zn = zn− +
p∑

i=1

hi (tn, zn−)Δni
n,

where zn− denotes the value yn of the numerical integrator when applies to (2.1) on
the interval [tn−1, tn] with initial condition x(tn−1) = zn−1. If the functions hi defined
in (5.1) satisfy the conditions

|hi (t,u) − hi (t,v)| ≤ K |u − v| (5.4)

and

|hi (t,u)| ≤ K(1 + |u|) (5.5)
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for t ∈ [t0, T ] and u,v ∈ R
d , then there exists a positive constant C such that

E
(

max
n

|zn|2
∣∣ Ft0

)
≤ C(1 + |z0|2)

and

E
(

max
n

|z (tn) − zn|2
∣∣ Ft0

)
≤ Ch2κ ,

where z (tn) is the solution of the SDE with jumps (5.1)–(5.2) at tn.

From the results of previous sections, it is easy to realize that a numerical imple-
mentation z̃n of the Local Linear discretization (5.3) implies the use of an LL scheme
for SDEs with no jumps. Indeed, an Local Linearization scheme z̃n for the integration
of the SDE with jumps (5.1)–(5.2) can be defined as

z̃n = z̃n− +
p∑

i=1

hi (tn, z̃n−)Δni
n, (5.6)

where z̃n− denotes the value ỹn of an order-κ LL scheme for the SDE (2.1) on
[tn−1, tn] with initial condition x(tn−1) = z̃n−1. In this case, we have the following
general convergence result.

Theorem 5.1 Let z̃n be the order-κ LL scheme defined in (5.6) for the SDE with
jumps (5.1)–(5.2), and suppose that conditions (5.4)–(5.5) hold. Then

E
(

max
n

|z (tn) − z̃n|2
∣∣ Ft0

)
≤ Ch2κ .

Proof It follows from Corollary 5.1 and Theorem 4.1 or 4.3 in correspondence with
the order κ of the LL discretization used in (5.6). �

Note that the above definitions and results can be easily adapted for SDEs driven
for nonhomogeneous and/or compensated Poisson processes too.

6 Discussion

Results of the previous sections state order conditions on the approximations to φ and
ξ in such a way that the resulting LL scheme preserves the convergence order of the
underlaying LL discretization. This provides, for first time, a clear guideline for the
construction of computationally efficient LL schemes for SDEs. According to this,
it is not difficult to realize that the available LL schemes are not so efficient as they
could be. Typically, they are based on approximations to ξ and φ with higher order
of convergence than that needed, which involve an unnecessary extra computational
cost. Concerning to the approximations for ξ , this subject was already discussed in
Sect. 3. However, the approximations for φ require the following additional expla-
nation. The high performance of the modern computers has allowed to professional
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mathematical softwares (e.g., Matlab, Octave, etc.) to provide subroutines for the
computation of complex matrix operations up to the precision of the floating-point
arithmetic. This includes the computation of inverse matrix, exponential matrix, and
Schur decomposition required by various LL schemes. Therefore, most of the LL
schemes use an “exact” (up to the precision of the floating-point arithmetic) algo-
rithm to compute φ. For instance, the LL schemes (4.9) currently implemented in
Matlab use the building-in subroutine “expm”, which computes the (6,6)-Padé ap-
proximation to exponential matrices. However, according to the Proposition 4.1, the
lower order (1,1)-Padé approximation is sufficient for preserving the order of con-
vergence of these integrators. In this case, five matrix multiplications could be saved
at each integration step, which implies a sensible reduction of the overall computa-
tional cost. This illustrates the important practical value of the study carried out in
this paper.
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