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SUSTAINABILITY OF THE BRAZILIAN PUBLIC DEBT –                                                      

AN ANALYSIS USING MULTICOINTEGRATION 

 

Abstract 

 
According to Bohn (1995, 2008), the conventional sustainability tests, based on analyzing 

cointegration between government revenues and expenditures, are inconclusive for determining 

the sustainability of fiscal policy. This paper uses multicointegration (Granger and Lee, 1989) to 

investigate the validity of a long-term relationship between revenues and expenditures 

accumulated over time and the government debt/GDP ratio. According to Leachman et al. (2005) 

and Engsted et al. (2007), this technique enables conclusions to be reached regarding the 

sustainability of fiscal policy under more robust conditions. We propose a specification that 

allows for the evaluation of the reaction of both revenues and expenditures to variations in the 

debt/GDP ratio. The possibility of a nonsustainable debt/GDP trajectory cannot be disregarded.  

Key words: public debt, debt dynamics, debt sustainability, multicointegration.  
JEL classification codes: H 30, H 60, E 50. 

 

 

1. Introduction 

Fiscal policy is defined as sustainable if the expected primary surpluses for the future, duly 

discounted at present value, are sufficient to make up for the level of current indebtedness. In 

other words, this means that the government’s intertemporal budgetary constraint is satisfied, so 

that the expected value of public debt in the long term, when converted into present value, tends 

to cancel out (Blanchard et al, 1990). 

The traditional focus for the empirical investigation of sustainability involves two approaches. 

The first consists of testing the stationarity of the public debt time series (see, for example, 

Hamilton and Flavin (1986), Wilcox (1989), and Davig (2005)). The second approach consists of 

analyzing cointegration between the series of government revenues and expenditures (see, for 

example, Trehan and Walsh (1988), Hakkio and Rush (1991), Bohn (1991), Quintos (1995) and, 

for the Brazilian case, Pastore (1994), Rocha (1997), and Issler and Lima (2000)). 

Bohn (1998) presents a criticism of these two approaches by broadening the sustainability 

condition. The author demonstrates that the non-rejection, using the usual tests, of the unit root 

hypothesis for the debt series (and/or the absence of cointegration between the revenues and 

expenditures series) is insufficient to conclude that the debt is unsustainable. According to Bohn, 

a sustainable fiscal policy is compatible with an integrated debt/GDP1 ratio series of any finite 

order, which makes it impossible to reject sustainability using these tests. 

A relevant question: if the conventional approach does not allow for the conclusion that the debt 

is unsustainable, would this be sufficient in the case of concluding the opposite, i.e., that the debt 

is sustainable? 

The answer to this question is also negative. According to Leachman et al. (2005), it is possible 

for the revenues and expenditures series to cointegrate, but for the primary deficit to remain on a 

rising trajectory, so that the debt is never effectively paid off. This situation may occur if the 

                                                             
1 The variables deficit and debt, when not otherwise specified, are always to be considered here as a fraction 

of GDP.  



government honors at least the interest on the debt, but without reducing the deficit/GDP ratio. In 

this respect, see also Kia (2008), Kia and Gardner (2011), and Kiran (2011). 

To overcome this problem, it is necessary to adopt a rule that evaluates not only the long-term 

relationship between revenues and expenditures, but also between these variables and the stock 

of debt.   

The methodology that enables this type of stock-flow between fiscal variables relationship to be 

investigated is called multicointegration, and it was proposed by Granger and Lee (1989). 

Leachman et al. (2005) show that the existence of multicointegration is enough to prove 

sustainability. 

Tronzano (2014) applies this methodology to data from India, Camarero et al. (2015) apply it to 

OECD countries, and Triches and Bertussi (2017) use it for Brazil. In the Brazilian case, using 

quarterly data, the authors conclude that the debt was weakly sustainable between 1997 and 2015. 

The present study uses monthly data and a longer period, from January of 1997 to July of 2018, 

considering a sample with high frequency and horizon. We get quite different results from those 

obtained by Triches and Bertussi (2017), even when using the same period (1997-2015). When 

these results are compared with those obtained with the wider sample (up to 2018), a large 

discrepancy is also observed between the estimated coefficients, possibly due to the greater lack 

of control of the public accounts in the last few years.  

2. Objectives 

This paper uses the multicointegration method to investigate: 1) whether and how cumulative 

revenues and expenditures reacted to variations in the stock of public debt over the study period; 

and 2) whether there is an equilibrium relationship between cumulative revenues and expenditures 

and the stock of debt, characterizing a sustainable policy, or at least between revenues and 

expenditures, characterizing weak sustainability, according to the definition from Quintos (1995). 

3. Data 

Here we work with central government data taken from the Central Bank website. The series used 

were 𝑦𝑡 = revenue2, 𝑥𝑡 = total spending (that is, including debt interest payments)3, and 𝑏𝑡 = net 

debt, covering the period from December of 1997 to June of 2018, with a monthly frequency, for 

which the data are available. All the series above were expressed as percentages of nominal gross 

domestic product. 

 

4.  Multicointegration 

 

4.1 - Definition and Variables 

 

According to Engle and Granger (1987), k series (stored on an xt vector) are said to be 

cointegrated in a (d,b) order if: 1) they are integrated in the same order d > 0; and 2) there is at 

                                                             
2 This aggregate contains the revenue administered by the federal revenue department, fiscal incentives, 
net collections for the RGPS pension system, and revenues not administered by the federal revenue 
department. 

3 Total spending contains personal pensions and charges, other obligatory spending, Executive Branch 
spending, and public investments.   



least one non-null  vector (kx1) such that: ´xt ~ I(d-b), 0 < b  d. In this case, we say that xt ~ 

CI(d,b). 

Note that, according to this definition, since k > 2, it is not necessary for the k series to have the 

same order of integration, as occurs in the case that involves only two series. For example, let’s 

consider three series yt ~ I(2), zt ~ I(2), and wt ~ I(1). We can have: )1(I~kzy
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The multicointegration method is characterized as enabling an equilibrium relationship to be 

tested between the different order integrated variables, in particular for flow and stock type 

variables. This is warranted from the moment the literature proves that the simple analysis of 

cointegration between revenues and expenditures is insufficient to formulate conclusions 

regarding sustainability, with it being necessary to evaluate a more complex relationship between 

these variables and the level of public debt. This relationship, if it exists, consists of a 

multicointegration relationship. 

 

In this paper, this methodology is used to investigate a long-term relationship between revenues 

and expenditures accumulated over the study period, that is, 𝑌𝑡 = ∑ 𝑦𝑗
𝑡
𝑗=1  and 𝑋𝑡 = ∑ 𝑥𝑗

𝑡
𝑗=1 , and 

the stock of public debt in relation to GDP, 𝑏𝑡, over the same period. 

 

Leachman et al. (2005) demonstrate that if there is a long-term relationship, that is, 

multicointegration exists between 𝑌𝑡 , 𝑋𝑡, and ∆𝑋𝑡 , it can be concluded that the public debt is 

sustainable. To evaluate the existence of multicointegration, Engsted et al. (1997) propose the 

following model: 
 

 𝑌𝑡 = 𝛿0 + 𝛿1𝑡 +  𝛿2 𝑡2 + 𝐾0𝑋𝑡 + 𝐾1∆𝑋𝑡 + 휀𝑡  (4.1) 

 

in which 𝑡 and 𝑡2 are linear and quadratic trend4 terms, respectively, ∆𝑋𝑡 = 𝑥𝑡; and 휀𝑡  represents 

the error term. Equation (4.1) enables two levels of cointegration between the revenues and 

expenditures series to be tested simultaneously, using a generalization of the Engle-Granger 

(1987) test, considering a stock-flow type relationship between the series. 

 

Triches and Bertussi (2017) propose substituting the spending flow variable (∆𝑋𝑡) for the stock 

of central government public debt (𝑏𝑡). The model is then characterized as testing the equilibrium 

relationship between flow (cumulative revenues and expenditures) and stock (debt) variables, 

becoming: 
 

                                                             
4 Introducing deterministic trend components into equation (4.1) is warranted by the fact that the I(2) 

variables included in the cointegration regression may present drift in their generating process. 



 𝑌𝑡 = 𝛾0 + 𝛾1𝑡 +  𝛾2𝑡2 + 𝐶0𝑋𝑡 + 𝐶1𝑏𝑡 + 휀𝑡                   (4.2) 

 

In this paper, specification (4.2) was chosen, which enables a more direct analysis of the long-

term relationship between the relevant fiscal variables. In particular, it enables it to be investigated 

whether and in what proportion cumulative revenues and expenditures react to increases in the 

level of debt. 

 

An essential step in this paper is to test the existence of two unit roots, since it only makes sense 

to talk of multicointegration if there is at least two I(2) series, which in this case would be 𝑌𝑡 , 𝑋𝑡. 

However, according to Dickey and Pantula (1987), the right procedure for this type of test is to 

begin by testing the existence of a d number of roots (let’s say 3); in the case of rejection of this 

hypothesis, repeating the test for d-1 roots, and so on. 

 

Carrying out the test in the opposite direction (from fewer to more roots) generally leads to finding 

fewer roots than necessary, as the simulation studies carried out by the authors indicate. Thus, 

here the methodology of Dickey and Pantula (1987) was used to verify the existence of two unit 

roots. The results indicated that 𝑌𝑡  and 𝑋𝑡 are both I(2), while 𝑏𝑡 is I(1), confirming suitable 

behavior for applying the multicointegration method. 

 

Once equation (4.2) is estimated, unit root tests must be carried out in the ̂𝑡  residuals. If they are 

I(2), there is no multicointegration. In this case, it is concluded that fiscal policy is unsustainable. 

If ̂𝑡  is I(1), the series cointegrate in an I(1) order process, that is, [Yt,Xt] ~ CI(2,1). In this case, 

fiscal policy is classified as weakly sustainable (Quintos, 1995), which means that revenues and 

expenditures evolve together, but they have no long-term relationship with the debt/GDP ratio. 

Thus, they are not reactive to increases in the level of debt. Finally, if ̂𝑡  is I(0), [Yt,Xt] ~ CI(2,2) 

and there is multicointegration. In this case, it can be concluded that the public debt lies on a 

sustainable trajectory (Leachman et al., 2005). 

 

It should be highlighted that here the Dickey and Pantula (1987) test is again fundamentally 

important. This is because choosing fewer unit roots in the case of the residuals of equation (4.2) 

would lead to the erroneous conclusion that Brazilian fiscal policy is weakly sustainable.  

 

Another point that warrants mentioning is the direct interpretation of the parameters of the model: 

if 𝐶0 > 1, cumulative revenues are on average higher than cumulative expenditures, leading to 

the accumulation of surpluses; if 𝐶0 = 1, an equilibrium budget prevails, on average; if 𝐶0 < 1, 

expenditures tend to accumulate at a higher rate than revenues, which generates a warning for the 

possibility of insolvency. In this last case, fiscal sustainability requires 𝐶1 > 0, in order to ensure 

that expenditures can fall to accommodate increases in the debt. 

 

One alternative explored in this paper is inverting cumulative revenue and spending, so that 𝑋𝑡  

becomes the dependent variable. Evaluating this change makes economic sense, since total 

spending – including the payment of interest on the debt – is being considered in the computation 

of 𝑋𝑡, and not only primary expenditures. Thus, the dynamic that contributes to cumulative 

spending is strongly influenced by the level of debt itself, whose impact is enhanced by the high 

interest rates practiced in Brazil, in particular in 2011 and 2015, in which the Selic was gradually 



increased from 7.25% to 14.25% in July of 2015, a level that was maintained until October of 

2016. The resulting specification is given below5: 
 

 𝑋𝑡 = 𝛾0 + 𝛾1𝑡 + 𝛾2𝑡2 + 𝐶0𝑌𝑡 + 𝐶1𝑏𝑡 + 휀𝑡  (4.3) 

To evaluate the econometric sense of equation (4.3), Granger causality tests based on error 

correction models will be presented in section 6, indicating a two-way causality relationship 

between cumulative revenues and expenditures, in the presence of the debt.  

 

Finally, to make the analysis robust to the specification of the deterministic terms (t and t2) of the 

generating process, the suggestion of Tronzano (2014) was adapted here to model (4.1), 

estimating the constrained versions of equations (4.2) and (4.3) presented in table 4.1 below. 

 

Table 4.1 – Constrained and Unconstrained Specifications of the Models of Equations (5.2)-

(5.3) 

Model Specification 

 [A] 
𝑌𝑡 = 𝛾0 + 𝐶0𝑋𝑡 + 𝐶1𝑏𝑡 + 휀𝑡  
𝑋𝑡 = 𝛾0 + 𝐶0𝑌𝑡 + 𝐶1𝑏𝑡 + 휀𝑡  

 [B] 
𝑌𝑡 = 𝛾0 + 𝛾1𝑡 + 𝐶0𝑋𝑡 + 𝐶1𝑏𝑡 + 휀𝑡  
𝑋𝑡 = 𝛾0 + 𝛾1𝑡 + 𝐶0𝑌𝑡 + 𝐶1𝑏𝑡 + 휀𝑡  

 [C] 
𝑌𝑡 = 𝛾0 + 𝛾1𝑡 + 𝛾2𝑡2 + 𝐶0𝑋𝑡 + 𝐶1𝑏𝑡 + 휀𝑡  
𝑋𝑡 = 𝛾0 + 𝛾1𝑡 + 𝛾2𝑡2 + 𝐶0𝑌𝑡 + 𝐶1𝑏𝑡 + 휀𝑡  

 

In the next sections, the specifications of equations (4.2)-(4.3) will be considered, henceforth 

called: 
 

Model 1 - equation (4.2) - Yt as the dependent variable. 

Model 2 - equation (4.3) - Xt as the dependent variable. 

 

5. Results for Model 1 (Revenue as the Dependent Variable) 

 

Table 5.1a below presents the results of the multicointegration test (Dickey and Pantula test 

applied to the residuals) under model 1, according to the specifications of table 4.1.  
 

Table 5.1 - Estimates of Model 1 and Results of the Multicointegration Tests 
 

Models 
   

 

 

Residuals 

(DP) 

[A] 
0.1838   0.3703 0.0596 

I(1) 
(3.911) 

  
(2.5661) (2.2828) 

       

[B] 
0.1659 0.1150  0.3821 0.0653 

I(1) 
(3.769) (3.735) 

 
(3.0484) (2.4392) 

       

[C] 
0.1592 0.1033 1.9*10-5* 0.3221 0.0337* 

I(1) 
(3.3241) (3.597) (1.5782) (2.4797) (1.4510) 

General: [C] 𝑌𝑡 = 𝛾0 + 𝛾1𝑡 +  𝛾2𝑡2 + 𝐶0𝑋𝑡 + 𝐶1𝑏𝑡 + 휀𝑡 .   

                                                             
5 The interpretation of the coefficients is similar; all that is needed is to invert the signs of the coefficients. 

𝛾0 𝛾1 𝛾2 𝐶0 𝐶1 



Constrained: [A] 𝛾1 = 𝛾2 = 0 and [B] 𝛾2 = 0. 

       The values in parentheses represent the t statistic.     * = non-significant at the 0.05 level.  

       To formulate the conclusions of the Dickey and Pantula (DP) test, the 0.05 level was considered.  

 

It is concluded that, at the 0.05 level, there is no multicointegration: according to the last column 

of table (5.1a), the Dickey and Pantula test does not provide statistical evidence favoring this 

hypothesis – which would correspond to I(0) residuals – under any of the specifications [A], [B], 

or [C]. On the other hand, the fact that the residuals are I(1) indicates weak sustainability of fiscal 

policy, that is, revenues and expenditures evolve together, but no long-term relationship is verified 

between the accumulation of these variables, or of any one of them, and the stock of public debt. 

In particular, the results in table 5.1a indicate that public revenues have not reacted – at least 

sufficiently – to the increases in the debt observed in the last few years. 

 

It should be highlighted that the three models presented C0 estimates lower than 1 (around 0.35), 

indicating that the variations in government expenditures exceed, on average, the variations in its 

revenues, confirming what had been identified in figure 3.1. Triches and Bertussi (2017) find a 

value of around 0.78 for this coefficient, indicating lower growth in cumulative expenditures in 

relation to cumulative revenues than verified in this paper.  

 

In addition, the positive sign of C1 suggests that – all else remaining constant – the reaction of 

revenues to the accumulation of public debt occurred in the appropriate direction, that is, as the 

debt increases, an increase in revenue is observed. This reactive behavior of cumulative revenues 

to variations in the debt may be partially responsible for the weak sustainability of fiscal policy, 

which will be found further on. Yet, it is observed that the magnitude of this reaction is low 

(coefficients lower than 0.1), it is not significant at the 0.05 level in model [C], and it is not 

significant at the 0.01 level (although it is at the 0.05 level) in models [A] and [B]. This could 

explain the absence of multicointegration – or of strong sustainability – that is found. 

 

Comparing the relative coefficients to the stock of debt, Triches and Bertussi (2017) found 

negative values (of around -0.87), suggesting that as the debt falls, an increase in revenues is 

observed, that is, an opposite movement to the one verified in this paper.  

 

Of the models in table 5.1a, specification 1[B] was the one that led to the lowest values for the 

AIC and BIC information criteria6. The residuals of this model are presented below: 

 

Figure 5.1 – Residuals of Model 1[B] –                                                                                          

Revenue as the Dependent Variable 
 

                                                             
6 AIC = Akaike Information Criteria and BIC = Bayesian Information Criteria.  



 
 

A decreasing trend is clearly observed, reflecting the result of the Dickey and Pantula test, which 

indicated a 1st order integrated series. 
 

The multicointegration model from Triches and Bertussi (2017) also led to I(1) residuals for 

model 1, as found in this paper, revealing first order cointegration between cumulative revenues 

and expenditures. However, there were divergences between the coefficients found in this paper 

and in Triches and Bertussi (2017). For a fair comparison, here the model was implemented for 

the same time period, that is, from 1997 to 2015. 

Thus, table 5.2 below presents the results of the multicointegration test under model 1 for the 

period from January of 1997 to December of 2015, in comparison with the results obtained by 

Triches and Bertussi (2017), according to the specifications of table 4.1. It should be highlighted 

that this author did not implement version A (indicated in the table as NA). 

 

Table 5.2 - Estimates of Model 1 and Results of the Multicointegration Tests 

 

    Coefficients 

Models   
Triches and 

Bertussi (2017) 
This paper 

(up to 2015) 

[1A] 
  

  NA 
-0.1141 
(2.1513) 

  NA 
0.3763 

(2.9218) 

 NA 
0.0782 

(2.5764) 

        

[B] 
  

 

0.14 -0.1589 
(3,62) (-2.584) 

 

0.1 0.0819 
(4,87) (2.6783) 

 

0.82  0.3165 
(***) (2.9845) 

  

-0.87 0.0594 
(-4,10) (2.2546) 

        [C] 
  

 

0.11 -0,0863 

(3,09) (2.0192) 

𝛾0 

𝐶0 

𝐶1 

𝛾0 

𝐶0 

𝛾0 

𝛾1 

𝛾1 

𝐶1 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The values in parentheses represent the t statistic.     * = non-significant at the 0.05 level. 

 

Two important differences can be highlighted. The first is the magnitude of the reaction of 

revenues to the increase in expenditures, measured by the C1 coefficient, whose module was lower 

than 1 in both models (as expected), presents a substantially smaller magnitude in this paper 

(0.32x0.82 in model [1B] and 0.27x0.74 in model [1C]). The second difference in relation to 

Triches and Bertussi (2017) concern the reaction of revenues to the increase in public debt. While 

in the Triches and Bertussi model it is negative, in our model it is positive, although as we will 

see further on, it is not enough to make up for the growth in expenditures in the period. 

 

6. Results for Model 2 (Spending as the Dependent Variable) 

 

In this section, the model with expenditures as the dependent variable was estimated. This re-

specification, although suggested in the paper by Engsted (1997), for robustness analysis 

purposes, has not been implemented for Brazilian data. The importance of this alternative model 

for the Brazilian case is the acceleration of the growth in spending, notably in the last few years. 

 

The estimates of model 2, in which cumulative spending becomes the dependent variable, are 

presented in table 6.1 below. 

 

Table 6.1 – Estimates of Model 2 and Results of the Multicointegration Tests 

 

0.02 0.0195* 

(6,31) (1.0117) 

 0.00 -0.0204* 

(-4.54) (-1.3117) 

 

  

0.74 0.2712 

(32.84) (2.2345) 

 
 
  

-0.79 0.0285* 

(-4.21) (1.5546) 

𝛾2 

𝐶0 

𝐶1 



Models           
Residuals 

(DP) 

[2A] 
0.1634   1.2344 0.0461 

I(2) 
(3.4491) 

  
(2.9623) (2.6425) 

[2B] 
0.1658 0.0915  1.2618 0.0352 

I(2) 
(3.8103) (2.1670) 

 
(3.4081) (2.5391) 

[2C] 
0.1386 0.0263* -2.6*10-5* 1.2069 0.0246 

I(1) 
(3.3839) (1.6244) (-1.6105) (2.5793) (2.3167) 

General: [C] 𝑌𝑡 = 𝛾0 + 𝛾1𝑡 +  𝛾2𝑡2 + 𝐶0𝑋𝑡 + 𝐶1𝑏𝑡 + 휀𝑡 .  Constrained: [A] 𝛾1 = 𝛾2 = 0 and [B] 𝛾2 =
0. 

       The values in parentheses represent the t statistic.     * = non-significant at the 0.05 level.  

       To formulate the conclusions of the Dickey and Pantula (DP) test, the 0.05 level was considered. 

 

The conclusions are different from those obtained for model 1. Two of the three versions 

considered indicate I(2) residuals, that is, the absence of a long-term relationship even between 

revenues and expenditures, which indicates an unsustainable fiscal policy. This conclusion is 

consistent with those of Triches and Bertussi (2017), although they do not consider model 2 in 

his paper. 

 

In addition, the three models presented 𝐶0 estimates higher than 1, providing indications that the 

variations in government expenditures exceed, on average, the variations in its revenues, as 

expected. Moreover, the positive sign of 𝐶1 suggests that, all else remaining constant, as the debt 

grows, an increase is observed in expenditures. This reaction, besides occurring in the opposite 

direction to that which would be desirable for the purposes of controlling the fiscal situation, is 

statistically significant at the 0.05 level for all three models. 

 

It is therefore concluded that cumulative expenditures respond to variations in the debt, but in the 

opposite way to that which would be necessary to contribute to the sustainability of fiscal policy. 

In other words, the increase in expenditures, without a sufficient offsetting of revenues, appears 

to have been responsible for the unsustainable path taken by the Brazilian public debt. Of the 

models in table 6.1, specification 2[B] was the one that led to the lowest values for the AIC and 

BIC information criteria. The residuals of this model are presented below: 

 

Figure 6.1 – Residuals of Model 2[B] –  

Spending as the Dependent Variable  

𝛾0 
𝛾1 𝛾2 𝐶0 𝐶1 



 
 

The rising trend with accelerated growth over the years, together with the non-significance of the 

quadratic trend term in model 2[C], is consistent with the residuals of the Dickey and Pantula test, 

indicating a 2nd order integrated series. 

 

7. Conclusions 

 

This paper investigated the validity of a long-term relationship between revenues and 

expenditures accumulated over time and the stock of public debt in relation to GDP, using a 

technique called multicointegration (Granger and Lee, 1989). According to Leachman et al. 

(2005), this technique allows evaluating whether or not fiscal policy is sustainable, unlike the 

conventional unit root and cointegration tests found in the literature. The problem was approached 

from both the revenues and expenditures side, to identify which fiscal variable was responsible 

for any regime transition observed in the period. 

 

The results of the multicointegration tests indicate two paths. 

 

On the revenues side (model 1), a first level equilibrium relationship is validated, but the 

multicointegration hypothesis is rejected, that is, there is not a stock-flow type relationship 

between cumulative revenues and expenditures and the stock of public debt/GDP ratio. This can 

be interpreted as saying that, in the study period, the government did not implement sufficient 

corrective measures for revenues flows as expenditures and the stock of debt increased. Thus, 

from the revenues perspective, fiscal policy in Brazil presents weak sustainability. 

 

On the other hand, considering the model for expenditures, we conclude that the public debt/GDP 

ratio did not present even weak sustainability in the study period. That is, fiscal policy was unable 

to adequately control public expenditures during the rise in the debt/GDP ratio. The graph of the 

residuals in figure 7.1 indicates that the last years of the sample (2015-2018) may have contributed 

to the public debt taking an unsustainable path.  
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