
FUNDAÇÃO GETULIO VARGAS
ESCOLA DE ECONOMIA DE SÃO PAULO

JOÃO PEDRO RUDGE LEITE

INFORMATION ASYMMETRY AND DEBT SUSTAINABILITY

São Paulo

2019



JOÃO PEDRO RUDGE LEITE

INFORMATION ASYMMETRY AND DEBT SUSTAINABILITY

Dissertação apresentada à Escola de Econo-
mia de São Paulo como pré-requisito à ob-
tenção de título de mestre em Economia de
Empresas.

Orientador: Luis Fernando Oliveira de Araujo.

Coorientador: Victor Filipe Martins da Ro-
cha.

São Paulo
2019



 

 

 

 

 

 

 

 

 

 

 

 

 

  
Leite, João Pedro Rudge. 
     Information asymmetry and debt sustainability / João Pedro Rudge Leite. - 
2019. 
     48 f. 
  
     Orientador: Luis Fernando Oliveira de Araujo. 
     Co-orientador: Victor Filipe Martins-da-Rocha. 
     Dissertação (mestrado CMEE) – Fundação Getulio Vargas, Escola de 
Economia de São Paulo. 
  
     1. Dívida pública. 2. Dívida externa. 3. Informação assimétrica. 4. Equilíbrio 
econômico. I. Araujo, Luis Fernando Oliveira de. II. Martins-da-Rocha, Victor 
Filipe. III. Dissertação (mestrado CMEE) – Escola de Economia de São Paulo. 
IV. Fundação Getulio Vargas. V. Título. 
  
  

CDU 336.3 
  

  
Ficha Catalográfica elaborada por: Isabele Oliveira dos Santos Garcia CRB SP-010191/O 
Biblioteca Karl A. Boedecker da Fundação Getulio Vargas - SP 

 



JOÃO PEDRO RUDGE LEITE

INFORMATION ASYMMETRY AND DEBT SUSTAINABILITY

Dissertação apresentada à Escola de Econo-
mia de São Paulo como pré-requisito à ob-
tenção de título de mestre em Economia de
Empresas.

Data de aprovação: / /

Banca examinadora:

Prof. Dr. Luis Fernando Oliveira de Araujo
FGV-EESP (Orientador)

Prof. Dr. Victor Filipe Martins da Rocha
FGV-EESP (Coorientador)

Dr. Toan Phan
Federal Reserve Bank - Richmond



Agradecimentos

Agradeço a meu orientador, Victor Filipe Martins da Rocha, pelo apoio e orientação
no decorrer da elaboração desta dissertação e pela paciência nos últimos dois anos. Agradeço
também aos membros da banca, professores Luis Araujo e Toan Phan, pela disposição em
ler meu trabalho e oferecer suas críticas.

Dentro do corpo docente, gostaria de agradecer em especial o professor Braz
Camargo, o qual contribuiu com sugestões relevantes na elaboração desta dissertação.
Ademais, suas aulas foram de tremendo auxílio para minha formação acadêmica. No que
toca a esse último ponto, as disciplinas dos professores Bernardo Guimarães e Daniel
Monte também foram essenciais. Agradeço a eles e a todos os professores do Mestrado da
FGV-EESP, com os quais tive o privilégio de ter aula.

Aos meus colegas Victor, Gabriel, Nícolas, Bruna, Leonardo, Ariel e Túlio gostaria
de agradecer o apoio e convivência nestes últimos anos. Sei que não foi fácil escutar quase
todo dia falar que “b dois” era crescente em “y dois”. No fim, sabemos que de fato era.
Em particular, gostaria de agradecer ao Victor que sempre esteve ali para escutar minhas
dúvidas e fornecer suas opiniões. Aos meus amigos da graduação Fabio, João Otávio
e Guilherme que desempenharam o papel de me incentivarem durante este processo e
forneceram momentos de fugas do estresse do dia-a-dia.

Por fim, agradeço aos meus pais, Fernando e Giselle, que me apoiaram quando
decidi cursar o mestrado e os quais tornaram possível a minha atual formação. Agradeço
também a minha namorada, Saori, cujo companheirismo e carinho contribuiu para facilitar
esta última etapa de minha formação.

O presente trabalho foi realizado com apoio da Coordenação de Aperfeiçoamento
de Pessoal de Nível Superior – Brasil (CAPES) – Código de Financiamento 001.



Resumo
Bulow and Rogoff (1989) provaram que, em um mercado financeiro competitivo, apenas a
ameaça de exclusão de crédito não consegue sustentar dívida, pois o governo inadimplente
ainda pode entrar em contratos de seguro “cash in advance”. Phan (2016) estende a análise
para o caso onde o governo possui alguma informação privada quanto à distribuição futura
de dotações. Ele prova que, em um ambiente estratégico onde um soberano troca com
vários investidores estrangeiros em competição, existe um equilíbrio Bayesiano perfeito
onde repagamento de dívida é sustentado. O objetivo deste artigo é expandir a análise
em Phan (2016) em vários sentidos. Primeiro, nós fazemos uma minuciosa análise das
propriedades da função valor estacionária e providenciamos uma rigorosa prova para a
existência de um auto-imposto e “not-too-tight” limite de dívida no modelo de Phan
(2016). Depois nós demonstramos que os incentivos para repagamento no limite endógeno
da dívida são os mesmos para ambos os tipos de governo. Finalmente, nós refinamos o
conceito de equilíbrio em Phan (2016) ao requerer que as crenças dos investidores sejam
consistente com as estratégia do governo dentro do caminho de equilíbrio (tal como Phan
(2016)) e também fora dele. Nós demonstramos que nosso equilíbrio refinado existe somente
se as crenças dos investidores quanto à distribuição futura de renda do governo não é tão
otimista.

Palavras-chave: Dívida Soberana; Sustentabilidade; Assimetria de Informação; Contratos
de Seguro.



Abstract
Bulow and Rogoff (1989) proved that, in a competitive financial market, the threat of credit
exclusion alone cannot sustain repayment of sovereign debt, as the defaulting government
can still enter cash-in-advance insurance contracts. Phan (2016) extended the analysis
to the case where the government has some private information about the underlying
distribution of future economic shocks. He proved that, in a strategic environment where
a sovereign trades with several competing foreign investors, there exists a perfect Bayesian
equilibrium with signaling where a high type government repays some positive level of
debt while the low type government prefers to default. The objective of this paper is to
push forward the analysis in Phan (2016) in several directions. We first make a thorough
analysis of the properties of the stationary value function and provide a rigorous proof of
existence of a positive self-enforcing and not-too-tight debt limit in the model of Phan
(2016). We then show that the repayment incentives at the endogenous debt limit are the
same for both types of government. Finally, we refine the equilibrium concept in Phan
(2016) by requiring investors’ beliefs to be consistent with the government’s strategies
along the equilibrium path (as in Phan (2016)) but also out-of-equilibrium paths. We show
that our refined equilibrium exists only if investors’ belief about the government’s future
income is not too optimistic.

Keywords: Sovereign Debt; Sustainability; Information Asymmetry; Insurance Contract.
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1 Introduction

Sovereign debt is characterized by the limited mechanisms for enforcement: there
is no collateral or bankruptcy procedure. In the absence of clear punishments, why would
countries repay their debt? The simplest answer is the well-known reputational argument:
countries choose to repay their debts because they would like to borrow again in the future.

In a seminal theoretical contribution, Bulow and Rogoff (1989) proved that the
reputational argument fails when sovereigns can save after default. Formally, when a country
reaches its upper debt limit, it can choose to default and use the scheduled payments to
purchase cash-in-advance contracts and generate a higher utility. This repayment paradox
has been extended by Auclert and Rognlie (2016) to an environment where the government
can only trade non-contingent debt as in the quantitative sovereign debt limit that started
with the seminal paper by Eaton and Gersovitz (1981).

One argument in favor of debt sustainability in the absence of a punishment can be
found in Thomas (1992). The author demonstrates that when there is private information
over the utility function, a long-term contract which induces truth-telling can be sustained.
This occurs because the country can insurance against negative shocks better than with
cash-in-advance contracts.

Another example showing that some alterations of the Bulow and Rogoff (1989)
framework are enough to sustain debt is Amador (2007). Under the context of competition
between different groups to access limited government resources, there exists some political
economy forces that induces some endogenous default costs.

Recently, Phan (2016) provided a different answer to why countries repay their
debts in the absence of direct sanctions. A key feature of the model in Bulow and Rogoff
(1989) is symmetric information. Phan (2016) proposed to consider the case where the
government has some private information about the underlying distribution of future
economic shocks. He proved that, in a strategic environment where a sovereign trades
with several competing foreign investors, there exists a perfect Bayesian equilibrium where
positive levels of debt can be sustained. Debt repayment can serve as a costly signal to
reveal that a government’s type is high.

The combination of sovereign debt and private information also appears in Atkeson
(1991) and Cole et al. (1995). While Atkeson (1991) focuses on the impacts of moral
hazard in capital flow, in Cole et al. (1995) debt settlements are used to signal a change
in government’s preferences (their discount rate). However, neither of them is about
contingent debt, as in Bulow and Rogoff (1989).
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Phan (2016) considers an infinite horizon discrete time model where at the second
date the government observes a signal revealing his type: high or low that affects the
distribution of endowments at the third period. Given the realization of the third period
endowment, the distribution of future income realization is symmetric. In particular,
the no-debt result of Bulow and Rogoff (1989) applies and foreign investors only offer
“cash-in-advance” contracts at any date after the second period. The main issue concerns
the existence of some debt level at the beginning of the second period that is compatible
with repayment incentives. Phan (2016) argue that a high type government is willing to
signal his type by repaying debt and obtain insurance contracts at a lower cost.

The objective of this paper is to push forward the analysis in Phan (2016) in three
directions. First, we provide a rigorous proof of existence of a positive self-enforcing and
not-too-tight debt limit. The argument in Phan (2016) uses the property that optimal
contingent insurance payments offered by foreign investors is a decreasing function of
income. We show that this condition is satisfied by making a thorough analysis of the
stationary value function described the government’s continuation value under symmetric
information. Our analysis is in the line of Rampini and Viswanathan (2018) but follows a
different approach.

Our second contribution is to show that the repayment incentives at the endogenous
debt limit are the same for both types of government. Finally, we refine the equilibrium
concept in Phan (2016) by requiring investors’ beliefs to be consistent with the government’s
strategies along the equilibrium path (as in Phan (2016)) but also out-of-equilibrium paths.
We show that our refine equilibrium exists only if if investors belief about the government’s
future income is not too optimistic. Indeed, in our refined equilibrium, for any debt level at
the beginning of the second period that is lower than the self-enforcing and not-too-tight
debt limit, both governments’ best response is to default. In that case, foreign investors
do not update their beliefs and should offer an optimal self-selecting menu of insurance
contracts. However, adapting the arguments in Rothschild and Stiglitz (1976), we can
show that there does not exists an optimal self-selecting menu of insurance contracts when
investors’ prior belief is too optimistic about the likelihood of a high type government.
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2 The Model with Symmetric Information

We analyze the decision of a sovereign government trading with foreign investors
to smooth consumption over time and uncertainty. We start by describing the standard
environment with symmetric information. Time is discrete and infinite. We denote by
Y = {z1, z2, . . . , zn} ⊂ (0,∞) the finite set of possible current endowments with

z1 < z2 < . . . < zn.

Let ∆(Y) denote the space of probability measures on Y (endowed with the algebra 2Y).
The initial shocks y0 ∈ Y is given. For every t ≥ 1, a history (y0, y1, y2, . . . , yt) is denoted
by yt and we let

Y t := {y0} × Y × . . .× Y︸ ︷︷ ︸
t times

be the set of possible date-t histories. The tree Y∞ of all histories is defined by

Y∞ :=
⋃
t≥1
Y t.

The sovereign’s preferences are represented by a standard expected utility function
with discount factor β ∈ (0, 1) and Bernoulli function u : [0,∞)→ R that is assumed to
be continuous, strictly concave, strictly increasing and bounded on [0,∞). The function u
is also assumed to be differentiable on (0,∞) and to satisfy the standard Inada’s condition
at the origin.1 Since u is bounded and strictly increasing, we can assume without any loss
of generality that u(0) = 0.

At every period, there are several foreign investors who live for two periods and
are risk-neutral. They compete with each-other offering one-period-ahead state-contingent
contracts to the sovereign nation. Moreover, we assume that they have unlimited access to
funds at rate 1 + r and are fully committed to any contract specified by them. Since we
restrict attention to symmetric equilibria, we also assume that investors choose the same
strategy and only offer contracts that will be accepted by the government with positive
probability.

The events happen as follows. For t = 0, if the government starts with some debt,
it may opt to default or honor the debt. Foreign bankers compete by offering one period
state contingent contracts to the sovereign. The sovereign accepts (or not) one of the
contracts.2 For t ≥ 1, Nature draws an endowment and the events proceed in the same
fashion as before.
1 That is limc→0(u(c)− u(0))/c =∞.
2 If the government is indifferent between a number of contracts, it will pick one at random following an

uniform distribution.
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For simplicity, we assume that for every y ∈ Y, there exists a Markov Chain
(p(y′|y))y′∈Y ∈ ∆(Y) such that

Prob{(yt, yt+1)} = p(yt+1|yt) Prob({yt}). (2.0.1)

For any function f : Y → R, we denote by E(f |y) the following expectation

E(f |y) :=
∑
y′∈Y

f(y′)p(y′|y).

From now on, we assume that the Markov chain (p(y′|y))y′∈Y is first order
stochastically monotone in the sense that for every ỹ > y, we have

∀k ∈ {1, . . . , n− 1}, p ({z1, z2, . . . , zk}|ỹ) ≤ p ({z1, z2, . . . , zk}|y) .

Equivalently, for any decreasing f : Y → R, we have E(f |ỹ) ≤ E(f |y).

Given the dynamic game described above, we analyze sub-game perfect Nash
equilibria. We start by defining strategies.

2.1 Strategies
The strategies of each player are as follows. At t = 0, the government chooses a

repayment strategy contingent to the inherited debt d0:

δ̃0 : d0 7−→ δ̃0(d0) =

0 (payment),

1 (default).

Afterwards, investors choose a strategy contingent to the sovereign’s repayment decision δ0:

(b̃0, d̃1(·)) : δ0 7−→ (b̃0(δ0), d̃1(·, δ0)) ∈ R× RY

where b̃0(δ0) denotes government borrowing, i.e., payment from the investor to the govern-
ment, and d̃1(y1, δ0) denotes government debt, i.e., a promised payment contingent to the
realization of future endowment.

For any t ≥ 1 and given history H t = (yt, (δk, (bk, dk+1))0≤k≤t−1) of endowments,
repayment decisions and accepted contracts, the government chooses a default strategy
δ̃t(H t) ∈ {0, 1}. Since we are interested in debt sustainability, we impose that

dt ≤ 0 =⇒ δ̃t(H t) = 0.

Given (H t, δt) where δt ∈ {0, 1}, investors choose a strategy (b̃t(H t, δt), d̃t+1(·|H t, δt)) ∈
R× RY , among all possible contracts.
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2.2 Payoffs
At every period t, there are several foreign investors who live for two periods and

are risk-neutral. Given an history (H t, δt) and the sovereign’s strategy δ̃t+1, if the contract
(bt, dt+1) ∈ R× RY offered by some investor is chosen, her payoff is

−bt + 1
1 + r

∑
yt+1∈Y

p(yt+1|yt)dt+1(yt+1)[1− δ̃t+1(H t, (bt, dt+1), yt+1)].

The payoff associated to the contract (bt, dt+1) depends on the sovereign’s repayment
strategy δ̃t+1. Therefore, given a contract (bt, dt+1) offered by investors, if there exists
some ŷt+1 ∈ Y such that the government defaults, i.e., δ̃t+1(H t, (bt, dt+1), ŷt+1) = 1, we can
replace the promised payment dt+1(ŷt+1) by the corresponding effective payment of zero.
Therefore, without any loss of generality, we can restrict the investor’s choice of contract
to satisfy the repayment incentive constraint

δ̃t+1(H t, (bt, dt+1), yt+1) = 0, for all yt+1 ∈ Y .

Fix an arbitrary time period t and history of plays H t = (yt, (δk, (bk, dk+1))0≤k≤t−1).
Consider a sequence of investors’ strategies (b̃k, d̃k+1)k≥t and a possible strategy (δ̃)k≥t
for the government. Denote by (bk, dk+1)k≥t and (δk)k≥t the outcome associated to these
strategies contingent to the history H t. Observe that date k outcomes depend only on the
fixed history of plays H t and on the exogenous history of endowments yk. The government’s
payoff is ∑

k≥t
βk−t

∑
yk�yt

p(yk|yt)u(ck(yk|H t))

where
ck(yk|H t) := yk − dk(yk|H t)(1− δk(yk|H t)) + bk(yk|H t).

2.3 No Debt at Equilibrium
Denote by PV(yt) the natural borrowing limit at date t contingent to the endowment

history yt and defined by

PV(yt) :=
∑
k≥t

1
(1 + r)k−t

∑
yk�yt

p(yk|yt)yk

where yk � yt means that yk = (yt, yt+1, . . . , yk) for some finite sequence (yt+1, . . . , yk) of
endowment realizations.

We assume that for any history, the investors are restricted to choose a contract
satisfying the natural borrowing limit constraint, i.e.,

dt+1(yt+1) ≤ PV(yt+1).3
3 This is imposed to eliminate the possibility of sustainable debt as a rational bubble as in Hellwig and

Lorenzoni (2009).
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When debt is restricted by natural borrowing limits, the following theorem holds.

Theorem 1 (Phan (2016), Bulow and Rogoff (1989)). Consider a sub-game perfect Nash
equilibrium (

(b̃t, d̃t+1)t≥0, (δ̃)t≥1
)
.

There is no debt repayment, i.e., for any possible history (H t, δt) of plays, the investors’
strategies satisfy

d̃t+1(H t, δt) ≤ 0.

Intuitively, after a default decision, a government can benefit from the competition
among investors and trade one-period-ahead contingent contracts that involve an expected
utility at least as good as the one obtained from cash-in-advance contracts à la Bulow and
Rogoff (1989). We can then reproduce the dynamic no-arbitrage argument of Bulow and
Rogoff (1989) to deduce that equilibrium strategies do not involve positive levels of debt
along equilibrium and out-of-equilibrium paths (see the arguments in Phan (2016) for
details). Competition among investors is crucial for this no-trade result. If the sovereign
were interacting with a single long-lived foreign investor, we would be able to implement
trade since the foreign investor could credibly threat to impose a stronger punishment
(like autarky) for default.
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3 Adverse Selection

We have so far considered an environment where information was complete for
both agents, and, consequently, debt could not be sustained. We shall now present Phan
(2016)’s model, in which the government has private information over the distribution of
endowments.

For simplicity, assume that income y1 ∈ Y at date t = 1 is fixed. At t = 1, Nature
draws one of two probability measures ph and pl on Y. Investors have a common prior
µ0 ∈ (0, 1) that Nature picks type h. Moreover, this distinction of two possible distributions
exists only for one period, t = 1. Afterwards, for any t ≥ 2, given the current history, the
probability of yt+1 conditional to history yt remains p(yt+1|yt).

At t = 1, the government observes his type i ∈ {h, l}, but investors do not.
Investors infer from the government’s actions the probability µ ∈ [0, 1] of facing the high
type government. To help the reader’s understanding, we use the following notations

µh := 1 and µl := 0.

Assumption 1. The probability measure ph strong first order stochastically dominates
pl in the sense that

ph({z1, . . . , zk}) < pl({z1, . . . , zk}), for all k ∈ {1, . . . , n− 1}.

This assumption is equivalent to

Eh(f) :=
∑
y′Y

f(y′)ph(y′) >
∑
y′Y

f(y′)pl(y′) := El(f)

for any increasing and non-constant function f : Y → R.

To simplify our presentation, we assume that the government has the same inter-
temporal discount rate as the market.

Assumption 2. β = (1 + r)−1.

The new timing of the model occurs as follows.

At t = 0:

1. If there exists an inherited debt, the government chooses whether to default or
honor the debt.

2. Investors offer a one-period-ahead contract to the sovereign, (b0, d1) ∈ R× R.
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3. The government chooses (or not) a contract among the offered contracts.

At t = 1:

1. Nature draws the government type.

2. After observing its type, the government chooses between repayment or default.

3. After observing the government’s action, investors update their belief via
Bayes Rule and offer a menu of one-period-ahead state-contingent contracts
accordingly.

4. The government chooses (or not) one of the contracts in the menus.

For t ≥ 2, the timing of the game is the same as the one described in the previous
section. We will properly specify the strategies of each player in the next section.

By construction, at t = 2, the information asymmetry problem has already been
solved. Applying Theorem 1, we deduce that investors do not offer contracts involving
debt repayment at any date t ≥ 2. Since for any t ≥ 1, investors only offer a contract
involving a non-positive payment dt+1 ≤ 0 from the sovereign to investors, we use the
following notations: σt := −bt and ht+1 := −dt+1 for any t ≥ 1.

For any t ≥ 2, we denote by Vt(ht, yt) the government’s value function with initial
financial wealth ht ≥ 0 and initial endowment yt ∈ Y. Following the arguments in
Phan (2016), competition among investors under symmetric information implies that the
investors’ best response is to offer a contingent insurance contract (σt, ht+1) ∈ R × RY+
that maximizes the government’s expected utility

u(yt + ht − σt) + β
∑

yt+1∈Y
p(yt+1|yt)Vt+1(ht+1(yt+1), yt+1)

under the zero-profit constraint

σt = β
∑

yt+1∈Y
p(yt+1|yt)ht+1(yt+1) =: βE(ht+1|yt)

and the government’s budget constraint: βE(ht+1|yt) ≤ yt + ht. We then get the following
recursive formulation

Vt(ht, yt) = max
{
u(yt + ht − βE(ht+1|yt)) + βE(Vt+1(ht+1(·), ·)|yt) : ht+1 ∈ RY+

and βE(ht+1|yt) ≤ yt + ht} .

We show in Section A.1 that the Bellman equation admits a stationary solution V? :
R+ × Y → R that satisfies the following properties.

Proposition 1. For every y ∈ Y, there exists a function V? : [−y,∞) that satisfies the
following stationary Bellman equation

V?(h, y) = max{u(y + h− βE(h′|y)) + βE(V?(h′(·), ·)|y) : h′ ∈ H′(h, y)}
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where H′(h, y) is the set of functions h′ : Y → R+ such that βE(h′|h) ≤ y+h. The function
h 7→ V?(h, y) is continuous, strictly concave and strictly increasing on [−y,∞). It is also
differentiable on (−y,∞) and admits a righ-derivative at −y.

We denote by h′?(h, y) ∈ H′(h, y) the unique solution of the maximization problem
defining V?(h, y). The corresponding optimal consumption policy is denoted by c?(h, y) :=
y + h− βE(h′?(·|h, y)|y).

Since the Markov chain (p(y′|y))y′∈Y) is first order stochastically monotone, we
show in Section A.1 that the following monotonicity properties are satisfied.

Proposition 2. Fix two current levels h̃ ≥ h ≥ 0 of savings and two current income levels
ỹ ≥ y.

1. The function (h, y) 7→ V?
′(h, y) is strictly decreasing, i.e.,

V?
′(h̃, ỹ) ≤ V?

′(h, y)

with a strict inequality if h̃ > h or ỹ > y.

2. The function (h, y) 7→ c?(h, y) is strictly increasing.

3. The function y′ 7→ h′?(y′|h, y) is decreasing and strictly decreasing on the set {y′ ∈
Y : h′(y′|h, y) > 0}.

4. For every y′ ∈ Y ,
h′?(y′|h̃, ỹ) ≥ h′?(y′|h, y)

with a strict inequality if (h̃, ỹ) > (h, y) and h′?(y′|h̃, ỹ) > 0.

Propositions 1 and 2 play a crucial role when the prove the existence of a positive
self-enforcing debt limit. Indeed, given the above properties, insurance payments decrease
as endowments increase. Therefore, it is less costly for the government with distribution ph

to buy an insurance contract. Such property is the crucial step when proving the existence
of a self-enforcing debt limit. See Section 4 for details.

3.1 Strategies
If at t = 0, the government has some initial debt d0 > 0, the government chooses a

strategy

δ̃(d0) =

0 (payment)

1 (default).

Afterwards, given the sovereign’s repayment decision δ0, investors choose a strategy
(b̃0(δ0), d̃1(δ0)) ∈ R× R. The government accepts or rejects the contract.
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At t = 1, after observing his type i, the government chooses a strategy

δ̃i1 : d1 ∈ R 7−→ δ̃i1(d1) ∈ {0, 1},

where 0 means “repayment” and 1 “default” on debt d1. Let de1 := (1− δ1)d1 denote the
effective debt payment at the beginning of t = 1 and let ȳ1 := y1 − de1 denote the net
income after debt repayment.

Investors update their beliefs accordingly

µ̃ : (d1, δ1) ∈ R× {0, 1} 7−→ µ̃(d1, δ1) ∈ [µl, µh].

Afterwards, they offer a menu of one period state-contingent contracts, which will be
specified in the next section.

3.2 Menu of Contracts
Denote by C the set of contracts (σ, h) where σ ∈ (−∞, ȳ1] and h : Y → R+. A

priori, there is no reason to restrict the payment σ to be non-negative (this will be a
property of the equilibrium concept we consider), but the government cannot pay more
than ȳ1.

We use i to represent a government’s type in {l,h}. Assume that type i government
accepts the contract (σ, h) ∈ C. The payoff is then

V i
1 (σ, h) := u(ȳ1 − σ) + βEi[V?(h(·), ·)],

where V?(h(y), y) represents the sovereign’s value function starting with endowment y and
insurance payment h(y) ≥ 0.1

Since there are only two types, we can restrict attention to self-selective menus
with at most two elements

m = {(σl, hl), (σh, hh)} ⊆ C.

The menu should satisfy the incentive compatibility (or self-selective) constraints

V h
1 (σh, hh) ≥ V h

1 (σl, hl), (ICh)

and
V l

1 (σl, hl) ≥ V l
1 (σh, hh), (ICl)

together with the participation constraints

V h
1 (σh, hh) ≥ V h

1 (0, 0), (PCh)

and
V l

1 (σl, hl) ≥ V l
1 (0, 0). (PCl)

1 The formal definition of V? and some important properties are presented Section A.1
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Definition 1. Given a belief µ ∈ [µl, µh] of facing the high-type government, we denote by
M(µ) the set of menus with two insurance contracts satisfying the incentive compatibility
constraints (ICh) and (ICl) together with the participation constraints (PCh) and (PCl).
If a menu m ∈M(µ) is such that (σh, hh) = (σl, hl), we say that this menu is pooling.
We denote this subset of contracts byMP (µ). If a menu m ∈M(µ) is such that (σh, hh) 6=
(σl, hl), we say that this menu is separating. We denote this subset of contracts by
MS(µ).

If a government of type i selects the contract (σi, hi) in the menu offered by some
investor, then the investor’s expect profits are

Πi(σi, hi) := σi − βEi(hi).

Assume that an investor believes that the government is high-type with probability
µ ∈ [µl, µh]. Given a menu m = {(σl, hl), (σh, hh)} ∈ M(µ) offered by the investor, her
corresponding expected payoff is

µahΠh(σh, hh) + (1− µ)alΠl(σl, hl),

where ai ∈ [0, 1] is the probability that the government of type i chooses the contract
(σi, hi) offered by the investor. The probability ai depends on the set of menus offered by
the other investors. We make the following assumptions:

1. If type h (resp. l) government is indifferent between (σh, hh) and (σl, hl) in some
menu, then the government chooses the contract (σh, hh) (resp. (σl, hl)).

2. If type i government is indifferent between several contracts ((σik, hik))k∈{1,...,n} avail-
able in n menus, then he randomly chooses one of the contracts according to the
uniform distribution on {1, . . . , n}.

Assume there is a finite set J of investors offering the list of menus(
{(σl

j , h
l
j), (σh

j , h
h
j )}

)
j∈J

.

Given the above assumptions, the probability aij that government of type i picks the
contract (σij, hij) offered by investor j is given by

aij =

1/n if j ∈ argmax{V i
1 (σij′ , dij′) : j′ ∈ J}

0 elsewhere

where n is the number of investors offering the best contract for type i, i.e., n is the
cardinal of argmax{V i

1 (σij′ , hij′) : j′ ∈ J}.
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Without any loss of generality, we can assume that there are only two investors.
Since investors are identical, we restrict attention to symmetric equilibria where all investors
offer the same menu m = {(σl, hl), (σh, hh)} ∈ M(µ). Therefore, the probability ai that
the government of type i selects the contract (σi, hi) belongs to the set {0, 1/2, 1}.

A strategy for the investors is a function that maps the level of debt and the default
decision of the government into a menu offer

m̃ : (d1, δ1) ∈ R× {0, 1} 7−→ m̃(d1, δ1) ∈M(µ).

3.3 Consistent Beliefs
Contingent to the government’s debt d1 ∈ R and default decision δ1 ∈ {0, 1}, the

bankers’ beliefs µ̃(d1, δ1) should be consistent with each government strategy δ̃i1(d1) by
means of Bayes’ rule updating when possible. That is,

µ̃(d1, δ1) =


µh if δ̃h

1 (d1) = δ1 and δ̃l
1(d1) 6= δ1,

µl if δ̃l(d1) = δ1 and δ̃h
1 (d1) 6= δ1,

µ0 if δ̃h(d1) = δ1 and δ̃l
1(d1) = δ1

where µ0 is the exogenous time-0 prior belief of foreign investors. When δ1 6∈ {δ̃h(d1), δ̃l(d1)},
we cannot apply Bayes’ rule and µ̃(d1, δ1) can be any number in [µl, µh].

A subgame perfect Nash equilibrium with consistent beliefs as defined above corre-
sponds to the concept of “almost Perfect Bayesian equilibrium” where beliefs are disciplined
by Bayes’ rule not only along the equilibrium path, but also for out-of-equilibrium paths
(in the line of subgame perfection).2

Observe that when d1 ≤ 0, independently of his type i ∈ {h, l}, the government
has not the option to default, i.e., δ̃i1(d1) = 0. We then impose that

∀d1 ≤ 0, µ̃(d1, δ1) = µ0.

This definition differs from Phan (2016), because on his sequential game the beliefs
out-of-equilibrium are not required to be consistent with the governments’ strategies.

2 See Mailath (2019), pg.151
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4 Self-Enforcing Debt Limit

Fix a government debt d1 ≥ 0 at t = 1. If investors believe the government’s type
is j ∈ {l,h}, they offer the insurance contract (σj?(d1), hj?(·|d1)) that is the unique pair
(σ, h(·)) ∈ R× RY+ maximizing the government’s expected utility

u(y1 − d1 − σ) + βEj[V?(h(·), ·)]

under the zero expected-profits restriction σ = βEj(h) and the solvability constraint
y1 − d1 − σ ≥ 0.

For each type i ∈ {h, l} and each (d1, j) ∈ R× {l,h}, we pose

V i
1 (d1, µ

j) := u(y1 − d1 − σj?(d1)) + βEi[V?(hj?(·|d1), ·)].

Observe that V i
1 (d1, µ

j) is the expected utility of type i government when he trades with
foreign investors who believe that he is of type j ∈ {l,h}.

A self-enforcing and not-too-tight debt limit d̄1 ≥ 0 is defined as the debt level
satisfying

V h(d̄1, µ
h) = V h(0, µl). (4.0.1)

The amount d̄1 is the largest debt level compatible with repayment incentives of the
high type government under the assumption that investors believe that the government’s
type is high if the debt d̄1 is repaid and low if there is default. The objective of this section
is to show that there exists a positive self-enforcing and not-too-tight debt limit. We start
by identifying a sufficient condition.

Proposition 3. If the optimal insurance function hl?(·|0) is decreasing and not constant
equal to zero, then there exists a positive self-enforcing and not-too-tight debt level.

Proof. Since the function d1 7→ V h
1 (d1, µ

h) is strictly decreasing, it is sufficient to show
that V h

1 (0, µh) > V h
1 (0, µl). Recall that V h

1 (0, µh) maximizes

u(y1 − βEh(h)) + βEh[V?(h(·), ·)]

under the no-debt constraint h ≥ 0 and the solvability constraint βEh(h) ≤ y1. Choose
h(·) := hl?(·|0). Since hl?(·|0) is decreasing, we have βEh(h) ≤ βEl(h) ≤ y1 and the
solvability constraint is satisfied. This implies that

V h
1 (0, µh) ≥ u(y1 − βEh[hl?(·|0)]) + Eh[V?(hl?(·|0), ·)].
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Since hl?(·|0) is not constant equal to zero, we can apply our assumption that ph strong
first order stochastically dominates pl to deduce that Eh[hl?(·|0)] < El[hl?(·|0)]. We then
get that

V h
1 (0, µh) > u(y1 − βEl[hl?(·|0)]) + Eh[V2(hl?(·|0), ·)] = V h(0, µl).

We still have to investigate under which conditions the function hl?(·|0) is decreasing
and not constant equal to zero. Recall that first order conditions associated to the optimal
contract (σl?(0), hl?(·|0)) imply the existence of λl(·|0) ∈ RY+ such that

u′(y1 − σl?(0)) = V ′?(hl?(y2|0), y2) + λl(y2|0) and λl(y2|0)hl?(y2|0) = 0. (4.0.2)

Recall that
∀y2 ∈ Y , V ′?(h, y2) = u′(y2 − h− σ?(h, y2)) (4.0.3)

where σ?(h, y2) := βE[h′?(·|h, y2)|y2]. The above equations imply that

hl?(y2|0) > 0 =⇒ hl?(y2|0) = y1 − σi?(d1)− y2 + σ?(hl?(y2|0), y2).

We then deduce that for every y2 ∈ Y

hl?(y2|0) = max{0, y1 − σl?(d1)− y2 + σ?(hl?(y2|0), y2)}. (4.0.4)

Phan (2016) claims that the function y2 7→ hl?(y2|0) is decreasing by arguing that

hl?(y2|0) = max{0, y1 − σl?(d1)− y2}.

However, the above equation is not correct. Phan (2016) has omitted the last term
σ?(hl?(y2|0), y2). To prove that y2 7→ hl?(y2|0) is decreasing, we follow a different route.
We build on the FOC (4.0.2) and the monotonicity properties satisfied by V?.

Lemma 1. The function y2 7→ hl?(y2|0) is decreasing.

Proof. Fix two endowments ỹ2 > y2. The FOC (4.0.2) implies that

V ′?(hl?(y2|0), y2) + λl(y2|0) = V ′?(hl?(ỹ2|0), ỹ2) + λl(ỹ2|0).

Assume, by way of contradiction, that hl?(ỹ2, 0) > hl?(y2, 0). We deduce that λl(ỹ2|0) = 0
and get that V ′?(hl?(ỹ2|0), ỹ2) ≥ V ′?(hl?(y2|0), y2). This contradicts the first property of V?
described in Proposition 2.

We still have to identify sufficient conditions to guarantee that y2 7→ hl?(y2|0) is
not constant equal to zero. This is done below.
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Lemma 2. If y1 is not the lowest income level in Y, i.e., y1 6= z1, then the function
y2 7→ hl?(y2|0) is not constant equal to zero.

Proof. Fix y1 > z1. Assume, by way of contradiction, that hl?(y2|0) = 0 for each y2 ∈ Y2.
We then deduce that βEl(hl?(·|0)) = 0. The first order condition corresponding to the
optimal choice hl?(z1|0) = 0 contingent to y2 = z1 is

u′(y1) ≥ u′(z1 − σ?(0, z1)).

Since σ?(0, z1) ≥ 0 and z1 < y1, we get a contradiction.

If any government starts at t = 1 with the lowest income level (i.e., y1 = z1) and
zero debt (i.e., d1 = 0), then the optimal insurance contract offered by investors is involves
zero insurance payments, i.e., hi?(y2|0) = 0 for any possible next-period-contingency y2 ∈ Y .
In that case, we obviously have that d̄1 = 0. We refer to Appendix A.2 for the details of
the proof of the following result.

Lemma 3. If y1 is the lowest income level in Y, i.e., y1 = z1, then hi?(y2|0) = 0 for each
y2 ∈ Y and each i ∈ {h, l}.

To avoid the issue of the corner solution described above, we make the following
assumption.

Assumption 3. From now on, we assume that y1 is not the lowest income level in Y , i.e.,
y1 6= z1.

We can provide a correct proof of Proposition 1 in Phan (2016) that we state below
using our notations.

Theorem 2. There exists d̄1 > 0 such that

V h
1 (d̄1, µ

h) = V h
1 (0, µl).

Proof. It follows from Proposition 3, Lemma 1 and Lemma 2.

The above result corresponds to Proposition 1 in Phan (2016). Assume that bankers
believe that a government’s type is h when it repays the debt d̄1 and l when it defaults
on d̄1. Given these beliefs, the type-h-government is indifferent between repaying the debt
d̄1 or defaulting.

In contrast to Phan (2016) who claimed that the low type government strictly
prefers to default when its current is d̄1, i.e., V l

1 (d̄1, µ
h) < V l

1 (0, µl) (see his Lemma 4),
we show below that the type-l-government has the same repayment incentives as the
type-h-government.
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Theorem 3. The low type government is also indifferent between repaying the debt level
d̄1 when foreign investors believe that only the high type government repays, i.e.,

V l
1 (d̄1, µ

h) = V l
1 (0, µl).

The intuition for this result stems from the characterization of optimal insurance
contracts offered by investors. Assume that investors believe that the government is of
type i ∈ {l,h}. If the government’s current debt level is d1, the optimal contract offered
by investors satisfies the following first order conditions (FOC)

u′(c1) = V?
′(h(y2), y2) + λ(y2) and λ(y2)h(y2) = 0

where c1 := y1 − d1 − Ei(h) is the consumption implemented by the insurance payments
h ∈ RY+ and λ ∈ RY+ are the Lagrange multipliers associated to the non-negativity constraint
h ≥ 0. The crucial observation is that the FOC do not depend directly depend on the
investors’ beliefs or the government’s debt level. The type i and the debt d1 only appear
in the consumption level c1. In particular, if we consider a different belief j 6= i and a
different debt level d̃1, investors then offer a (possibly) different optimal contract h̃ that
implements a (possibly) different consumption c̃1. However, the pair (c̃1, h̃) satisfies the
same FOC, i.e.,

u′(c̃1) = V?
′(h̃(y2), y2) + λ̃(y2) and λ̃(y2)h(y2) = 0.

Given the properties of the value function V?, we can show that the solution to the FOC
is pinned down by the consumption level. Formally, we have the following monotonicity
result: if c1 ≤ c̃1, then h ≤ h̃ (and, symmetrically, if c1 ≥ c̃1, then h ≥ h̃). In particular, if
the pairs (c1, h) and (c̃1, h̃) implement the same expected utility

u(c1) + β
∑
y∈Y

ph(y)[V?(h(y), y)] = u(c̃1) + β
∑
y∈Y

ph(y)[V?(h̃(y), y)], (4.0.5)

then the pairs (c1, h) and (c̃1, h̃) must coincide. Now, if they coincide, the equality in (4.0.5)
is valid for any probability, in particular for pl. The formal arguments are presented below.

Proof of Theorem 3. Fix an arbitrary debt level d1 ≥ 0 at t = 1. Recall that the pair
(σi?(d1), hi?(·|d1)) denotes the optimal contract offered by investors when they believe that
the government’s type is i. We have seen that σi?(d1) = βEi[hi?(·|d1)]. This implies that
the first order conditions (FOC) associated to the investors’ maximization problem are:
for every y2 ∈ Y , there exists λi(y2|d1) ≥ 0 such that

u′(ci?1 (d1)) = V?
′(hi?(y2|d1), y2) + λi(y2|d1) and λi(y2|d1)hi?(y2|d1) = 0 (4.0.6)

where ci?1 (d1) := y1 − d1 − σi?(d1) is the associated government’s consumption at t = 1.
The crucial observation is that the first order conditions (4.0.6) do not depend on the
government’s type i. This implies that the two pairs

(ch?
1 (d̄1), hh?(·|d̄1)) and (cl?

1 (0), hl?(·|0))
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satisfy the same first order conditions and implement the same expected utility

u(ch?
1 (d̄1)) + βEh(V?(hh?(·|d̄1), ·)) = V h

1 (d̄1, µ
h)

= V h
1 (0, µl)

= u(cl?
1 (0)) + βEh(V?(hl?(·|0), ·)). (4.0.7)

This is possible only if the two pairs (ch?
1 (d̄1), hh?(·|d̄1)) and (cl?

1 (0), hl?(·|0)) coincide.
Indeed, assume by way of contradiction, that ch?

1 (d̄1) < cl?
1 (0) (the other case can be

treated symmetrically). We claim that we must have hh?(·|d̄1)) ≤ hl?(·|0). Assume this is
not the case. Then there exists y2 ∈ Y such that hh?(y2|d̄1)) > hl?(y2|0). In particular, we
have λh(y2) = 0. Since V?′(·, y2) is strictly decreasing, we also have V?′(hh?(y2|d̄1)), y2) <
V?
′(hl?(y2|0), y2). It then follows from the FOC (4.0.6) that

u′(ch?
1 (d̄1)) = V?

′(hh?(y2|d̄1)), y2) < V?
′(hl?(y2|0), y2) + λl(y2) = u′(cl?

1 (0)).

Since u′ is strictly decreasing, we get the following contradiction: ch?
1 (d̄1) > cl?

1 (0). We have
thus proved that hh?(·|d̄1)) ≤ hl?(·|0). Since we assumed that ch?

1 (d̄1) < cl?
1 (0), we get that

(ch?
1 (d̄1), hh?(·|d̄1)) < (cl?

1 (0), hl?(·|0))

but this contradicts (4.0.7). Once we proved that the two pairs (ch?
1 (d̄1), hh?(·|d̄1)) and

(cl?
1 (0), hl?(·|0)) coincide, the desired result follows immediately since

V l(d̄1, µ
h) = u(ch?

1 (d̄1)) + βEl(V?(hh?(·|d̄1), ·))

= u(cl?
1 (0)) + βEl(V?(hl?(·|0), ·))

= V l(0, µl).

Since we have established that both agents are indifferent between repaying or
defaulting at the endogenous debt limit, we can now define a set of strategies and beliefs
that are consistent with the Bayes’ Rule, for a more robust approach to our problem.
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5 Almost Perfect Bayesian Equilibrium

First, we must remember the equilibrium suggested by Phan (2016). The author
established that, if foreign bankers observe debt repayment, they believe that the gov-
ernment is h-type. Otherwise, they believe they are facing a l-type government. It was
proposed that, if y0 was low enough, debt was sustained in equilibrium via the following
update rule

µ(δ1) :=

µ
h if δ1 = 0 and d1 ≥ d̄1

µl otherwise,

and default strategies for every d1 ≥ 0 are

δh
1 (d1) :=

0 if d1 ≤ d̄1

1 if d1 > d̄1

and δl
1(d1) := 0.

However, notice that at d1 = d̄1 is the only level of debt such that the types can
differentiate their optimal strategy. Take for instance d1 6= d̄1, given this belief structure,
both types would prefer to default than pay this obligation.

Since we established that beliefs are only consistent at d1 = d̄1, we suggest the
following structure of beliefs and strategies. Investors’ beliefs are updated as follows

µ(δ1) :=


µh if δ1 = 0 and d1 ≥ d̄1

µl if δ1 = 1 and d1 ≥ d̄1

µ0 otherwise

and default strategies for every d1 ≥ 0 are

δh
1 (d1) :=

0 if d1 = d̄1

1 if d1 6= d̄1

and δl
1(d1) := 0.

Notice that for all possible histories H1 and H1× δ1 beliefs are consistent. However,
this equilibrium is not valid for any prior belief about government’s type.

In our appendix, we show that if our interior belief is above a threshold, there
does not exist a best-response menu, similarly to Rothschild and Stiglitz (1976). The non-
existence of an equilibrium in one of the nodules invalidates the argument for sustainability
of debt.1

1 See our Appendix, Section A.3.
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6 Conclusion

Since Bulow and Rogoff (1989), it has been shown that reputation alone is insuf-
ficient to sustain debt, if the only threat for a default is the exclusion from the credit
markets. Basing our model in Phan (2016), we considered whether information asymmetry
over the distribution of endowments can change the results from Bulow and Rogoff (1989),
in a similar way to Thomas (1992) and Amador (2007), where debt repayment serves
as a signal. One of our main results is the uniqueness of the self-enforcing debt limit,
implying that the equilibrium in Phan (2016) lacks robustness. Moreover, when we specify
a refinement of the equilibrium, we find that for some beliefs above a threshold, there
does not exist a best-response menu, à la Rothschild and Stiglitz (1976). Consequently, we
showed that the results presented by Phan (2016) depends crucially on the prior structure
of belief.

Our results are not necessarily robust, since, possibly, there is some prior belief
such that the signalling may be an equilibrium. For such, we would be required to
prove that under some conditions, there exists a best response menu with interior belief.
Thus, whenever the inherited debt is equal to the self-enforcing limit, the signaling is an
equilibrium.



27

Bibliography

Amador, M. (2007). Sovereign Debt and the Tragedy of the Commons. 2007 Meeting
Papers 1000, Society for Economic Dynamics.

Atkeson, A. (1991). International lending with moral hazard and risk of repudiation.
Econometrica 59(4), 1069–1089.

Auclert, A. and M. Rognlie (2016). Unique equilibrium in the eaton gersovitz model of
sovereign debt. Journal of Monetary Economics 84, 134 – 146.

Bulow, J. and K. Rogoff (1989). Sovereign debt: Is to forgive to forget? American Economic
Review 79(1), 43–50.

Cole, H. L., J. Dow, and W. B. English (1995). Default, settlement, and signalling:
Lending resumption in a reputational model of sovereign debt. International Economic
Review 36(2), 365–385.

Eaton, J. and M. Gersovitz (1981). Debt with potential repudiation: Theoretical and
empirical analysis. The Review of Economic Studies 48(2), 289–309.

Hellwig, C. and G. Lorenzoni (2009). Bubbles and self-enforcing debt. Econometrica 77(4),
1137–1164.

Mailath, G. J. (2019). Modeling Strategic Behavior. World Scientific.

Phan, T. (2016). Information, insurance and the sustainability of sovereign debt. Review
of Economic Dynamics 22(Supplement C), 93–108.

Rampini, A. A. and S. Viswanathan (2017). Household risk management. NBER Working
Paper 22293.

Rampini, A. A. and S. Viswanathan (2018). Financing insurance. Mimeo.

Rothschild, M. and J. Stiglitz (1976). Equilibrium in competitive insurance markets:
An essay on the economics of imperfect information. The Quarterly Journal of
Economics 90(4), 629–649.

Thomas, J. P. (1992). Sovereign debt: Ignorance can be bliss. Journal of Development
Economics 39(2), 389–396.



28

A Appendix

A.1 Stationary Value Function
We follow the arguments of Rampini and Viswanathan (2018), such as imposing a

monotonicity property on the Markov Chain and restricting the domain of the operator in
order to have at least one optimal policy that is decreasing. However, we shall highlight
how our reasoning differs from theirs.

We let W ⊆ R× Y be the set of non-negative initial wealth defined by

W := {(h, y) ∈ R× Y : h+ y ≥ 0}.

Observe that R+ × Y is a subset of W .

Denote by B(W) the space of bounded real functions V :W → R such that, for
every y ∈ Y , the function h 7→ V (h, y) is continuous, concave and increasing on [−y,∞).
For any (h, y) ∈ W , we denote by H′(h, y) the set of functions h′ : Y → R+ such that

βE(h′|y) ≤ y + h.

Observe that the set H′(h, y) is a non-empty and compact subset of RY .

Let T : B(W)→ B(W) be the operator defined by

[TV ](h, y) := max {u(y + h− βE(h′|y)) + βE(V (h′(·), ·)|y) : h′ ∈ H′(h, y)} .

We omit the standard arguments showing that TV belongs to B(W). We denote by
h′V (·|h, y) an optimal investment policy in H′(h, y) that solves the maximization problem
defining [TV ](h, y). The corresponding optimal current consumption, denoted by cV (h, y)
is defined by

cV (h, y) := y + h− βE(h′V (·|h, y)|y).

The optimal investment policy h′V (·|h, y) is not necessarily unique when the functions
V (·, y′) are not strictly concave. However, the optimal current consumption cV (h, y) is
unique since u is strictly concave. When there is no ambiguity, we omit the dependence
on (h, y) by writing h′V (y′) and cV .

Since the function h 7→ V (h, y) is concave, it is right and left differentiable at
h > −y and right-differentiable at −y. We denote by V ′+(h, y) and V ′−(h, y) the right and
left differential respectively.

Lemma 4. Optimal consumption is strictly positive when wealth is strictly positive.
Formally, for every (h, y) ∈ W, if h+ y > 0, then cV (h, y) > 0.
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Proof. Fix (h, y) ∈ W such that h + y > 0 and let h′V (·|h, y) be an optimal investment
policy that implements cV (h, y). In particular, we have

cV (h, y) = h+ y − βE(h′V (·|h, y)|y).

Assume, by way of contradiction, that cV (h, y) = 0. Since h+ y > 0, there must exist ȳ′

such that h′V (ȳ′|h, y) > 0. Choose ε > 0 small enough and let h′ε : Y → R+ be defined by

h′ε(y′) :=

h
′
V (ȳ′|h, y)− ε if y′ = ȳ′

h′V (y′|h, y) elsewhere.

We let

∆(ε) := u(h+ y − βE(h′ε|y))− u(cV (h, y))

+ β [E(V (h′ε(·), ·)|y)− E(V (hV (·|h, y), ·)|y)] .

We have

∆(ε) = u(βp(ȳ′|y)ε) + βp(ȳ′|y) [V (h′V (ȳ′|h, y)− ε, ȳ′)− V (h′V (ȳ′|h, y), ȳ′)] .

It then follows that

lim
ε→0

∆(ε)
ε

= βp(ȳ′|y)
[
lim
c→0

u(c)
c
− V ′−(h′V (ȳ′|h, y), ȳ′)

]
.

We can then deduce that ∆(ε) > 0 for every ε > 0 small enough. This contradicts the
optimality of the investment function h′V (·|h, y).

Lemma 5. If total wealth is positive, i.e., h + y > 0, then the first order conditions
associated to the optimal investment h′V (·|h, y) are

u′(cV (h, y)) ≥ V ′+(h′V (y′|h, y), y′), ∀y′ ∈ Y (A.1.1)

and
u′(cV (h, y)) ≤ V ′−(h′V (y′|h, y), y′), ∀y′ ∈ {h′V (·|h, y) > 0}.1 (A.1.2)

Proof. Assume that h+ y > 0. Lemma 4 implies that cV (h, y) > 0. Fix y′ ∈ Y and ε > 0.
Let h′ε : Y → R+ be defined by

∀ỹ′ ∈ Y , h′ε(ỹ′) :=

h
′
V (y′|h, y) + ε if ỹ′ = y′,

h′V (ỹ′|h, y) elsewhere.
1 We make use of the following standard notation: if f ∈ RY , then {f > 0} represents the set {y ∈
Y : f(y) > 0}.
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Since cV (h, y) > 0, for any ε > 0 small enough, we have h′ε ∈ H′(h, y). If then follows form
optimality of h′V (·|h, y) that

u(cV (h, y)− βp(y′|y)ε) + βp(y′|y)V (h′V (y′|h, y) + ε, y′) ≤

u(cV (h, y)) + βp(y′|y)V (h′V (y′|h, y), y′).

We then deduce that
u(cV (h, y))− u(cV (h, y)− βp(y′|y)ε)

ε
≥ βp(y′|y)V (h′V (y′|h, y) + ε, y′)− V (h′V (y′|h, y), y′)

ε
.

Passing to the limit when ε tends to zero, we get the desired result:

u′(cV (h, y)) ≥ V ′+(h′V (y′|h, y), y′).

If h′V (y′|h, y) > 0, we can replace ε by −ε and deduce that

u′(cV (h, y)) ≤ V ′−(h′V (y′|h, y), y′).

Lemma 6. For any V ∈ B(W) and any y ∈ Y, the function h 7→ TV (h, y) is continuous,
strictly concave, strictly increasing on [−y,∞), and differentiable on (−y,∞) with

∀h > −y, [TV ]′(h, y) = u′(cV (h, y)).

Proof. We omit the details of the standard arguments proving that h 7→ TV (h, y) is
continuous, strictly concave, strictly increasing on [−y,∞). To prove differentiability, fix
(h̄, ȳ) ∈ W such that h̄ > −ȳ. Lemma 4 implies that cV (h̄, ȳ) > 0. In particular, there
exists ε > 0 small enough such that

∀h ∈ (h̄− ε, h̄+ ε), ȳ + h− βE(h′V (·|h̄, ȳ)|ȳ) > 0.

This implies that the investment strategy h′V (·|h̄, ȳ) is also admissible for h close enough
to h̄. Formally,

h′V (·|h̄, ȳ) ∈ H′(h, ȳ), ∀h ∈ (h̄− ε, h̄+ ε).

We let v : (h̄− ε, h̄+ ε)→ R be defined by

v(h) := u(ȳ + h− βE(h′V (·|h̄, ȳ)|ȳ)) + βE(V (h′V (·|h̄, ȳ), ·)|ȳ).

The definition of [TV ](·, ȳ) implies that

∀h ∈ (h̄− ε, h̄+ ε), v(h) ≤ [TV ](h, ȳ).

Moreover, v(h̄) = [TV ](h̄, ȳ). Since v and [TV ](·, ȳ) are concave, we must have that

v′+(h̄) ≤ [TV ]′+(h̄, ȳ) and v′−(h̄) ≥ [TV ]′−(h̄, ȳ).
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Since v is differentiable, we must have v′+(h̄) = v′−(h̄), and we get that the right and left
derivative of [TV ](·, ȳ) at h̄ must coincide with v′(h̄), i.e., [TV ](·, ȳ) is differentiable at h̄
and

[TV ]′(h̄, ȳ) = v′(h̄) = u′(cV (h̄, ȳ)).

Denote by D the subset of all functions V ∈ B(W) satisfying

V (h+ δ, ỹ)− V (h, ỹ)
δ

≤ V (h− γ, y)− V (h, y)
γ

(A.1.3)

for any ỹ ≥ y, h ≥ 0, δ > 0 and γ ∈ (0, h − y).2 Observe that a function V ∈ B(W)
belongs to D if, and only if,

V ′+(h, ỹ) ≤ V ′−(h, y) (A.1.4)

for any ỹ ≥ y and h ≥ 0.3

Remark 1. In Rampini and Viswanathan (2017, 2018), the authors utilize a different closed
subset, to claim that the policy function y′ 7→ h′V (y′|h, y) is decreasing. Instead, we claim
there exists at least one optimal policy that has this property. Although their proposition
still holds, their argument may not be valid in case V is not strictly concave.

Lemma 7. For any function V in D and any (h, y) ∈ R+ × Y, there exists an optimal
policy function y′ 7→ h′V (y′|h, y) that is decreasing.

Proof. Since (h, y) is fixed, we omit to specify the dependence on (h, y). Fix an optimal
policy function y′ 7→ h′V (y′). Assume that there exists ỹ′ > y′ such that h′V (ỹ′) ≥ h′V (y′).
We consider an alternative choice h̄ ∈ H′ defined as follows:

∀z ∈ Y , h̄′(z) :=


h′V (ỹ′)− εp(ỹ′|y)−1 if z = ỹ′,

h′V (y′) + εp(y′|y)−1 if z = y′,

h′V (z) elsewhere;

where ε > 0 is chosen such that h̄′(ỹ′) = h̄′(y′). Observe that by construction, we have

βE(h̄′|y) = βE(h′V |y).

Moreover, since V ∈ D, we have

p(ỹ′|y)
[
V (h̄′(ỹ′), ỹ′)− V (h′V (ỹ′), ỹ′)

]
+ p(y′|y)

[
V (h̄′(y′), y′)− V (h′V (y′), y′)

]
≥ 0.

This implies that
E(V (h̄′(·), ·)|y) ≥ E(V (h′V (·), ·)|y).

2 Since y ≥ z1 > 0, we have h− y > 0 for any h ≥ 0 and any y ∈ Y.
3 Since h ≥ 0 implies that h+ y > 0, the left derivative V ′−(h, y) is well-defined.
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We have thus proved that h̄′ is also an optimal policy function.

Since Y is finite, we can repeat the above procedure to ensure the existence of
an optimal policy h̄′ that is decreasing. We first claim that we can select an optimal
investment policy h′V such

h′V (z1) ≥ h′(y′), ∀y′ ≥ z1.

Indeed, if there exists y′ > z1 such that h′V (y′) > h′V (z1), we can apply the procedure
described above by decreasing h′V (y′) and increasing h′V (z1) such that these two values are
equal and the new investment policy is still optimal. We can repeat this for any possible
y′ satisfying h′V (y′) > h′V (z1). At each step, we potentially decrease h′V (y′) for y′ > z1 and
increase h′V (z1). At some point (before n− 1 iteration of the above argument), we must
reach a situation where h′V (z1) ≥ h′(y′), for all y′ ≥ z1

Once we achieve this property, we repeat the above argument to show that we can
modify the optimal investment policy h′V on the set {z2, . . . , zn} (by increasing h′V (z2) and
decreasing h′V (y′) for y′ > z2) to ensure that h′V (z2) ≥ h′V (y′) for all y′ ≥ z2. It is also
important to observe that new value h′V (z2) cannot be strictly larger than h′V (z1) since it
is a weighted of all h′V (y′) for y′ > z2 that satisfy h′(y′) ≤ h′V (z1).

Lemma 8. For any function V in D and any h ≥ 0,

ỹ > y =⇒ [TV ]′(h, ỹ) ≤ [TV ]′(h, y).

In particular, we have T (D) ⊆ D.

Proof. Fix ỹ > y and assume, by way of contradiction, that [TV ]′(h, ỹ) > [TV ]′(h, y).
It follows from Lemma 6 that u′(cV (h, ỹ)) > u′(cV (h, y)). Since u is strictly concave, we
deduce that

ỹ + h− βE(h′V (·|h, ỹ)|ỹ) = cV (h, ỹ) < cV (h, y) = y + h− βE(h′V (·|h, y)|y) (A.1.5)

where h′V (·|h, ỹ) and h′V (·|h, y) are decreasing optimal investment policies.4 We claim that
there exists y′ ∈ Y such that h′V (y′|h, ỹ) > h′V (y′|h, y). Indeed, if it is not the case, then
we must have

h′V (·|h, y) ≥ h′V (·|h, ỹ). (A.1.6)

This implies that
E(h′V (·|h, y)|y) ≥ E(h′V (·|h, ỹ)|y).

Since ỹ > y, the inequality (A.1.5) implies that

E(h′V (·|h, ỹ)|ỹ) > E(h′V (·|h, y)|y).
4 The existence of decreasing optimal investment policies follows from Lemma 7.
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Combining the last two inequalities, we get that

E(h′V (·|h, ỹ)|ỹ) > E(h′V (·|h, ỹ)|y).

Since the function h′V (·|h, ỹ) is decreasing, this last inequality contradicts stochastic
monotonicity of the Markov chain.

We have thus proved that there exists y′ ∈ Y such that h′V (y′|h, ỹ) > h′V (y′|h, y).
Concavity of V then implies that

V ′+(h′V (y′|h, y), y′) ≥ V ′−(h′V (y′|h, ỹ), y′).

First order conditions associated to the optimality of the investment policies h′V (·|h, y)
and h′V (·|h, ỹ) imply that5

u′(cV (h, y)) ≥ V ′+(h′V (y′|h, y), y′) ≥ V ′−(h′V (y′|h, ỹ), y′) ≥ u′(cV (h, ỹ))

and we deduce the following contradiction: cV (h, y) ≤ cV (h, ỹ).

The set D is a closed subset of B(W) for the sup-norm. Since B(W) is complete,
we deduce that D is also complete. The operator T is clearly a contraction and we have
T (D) ⊆ D. We can then apply the Contraction Mapping Theorem to deduce the existence
of a function V? ∈ D satisfying V? = TV?. The function h 7→ V?(h, y) is continuous, strictly
concave and strictly increasing on [−y,∞). It is also differentiable on (−y,∞) and admits
a right-derivative at −y.

We denote by h′?(h, y) ∈ H′(h, y) the unique solution of the maximization problem
defining [TV?](h, y), i.e.,

h′? := h′V?
.6

It follows from Lemma 7 that y′ 7→ h′(y′|h, y) is decreasing for any (h, y). The optimal
current consumption is denoted by c?(h, y).

Proof of Proposition 2. Since V? = TV?, we can apply Lemma 8 to get that

V?
′(h, ỹ) = [TV?]′(h, ỹ) ≤ [TV?]′(h, y) = V?

′(h, y).

We first prove (iv) with a large inequality. Lemma 6 implies that

V?
′(h̃, ỹ) = [TV?]′(h̃, ỹ) = u′(c?(h̃, ỹ)) and V?

′(h, y) = [TV?]′(h, y) = u′(c?(h, y)).

Since h̃ ≥ h, we can use the (strict) concavity of V?(·, ỹ) to deduce that

V?
′(h̃, ỹ) ≤ V?

′(h, ỹ) ≤ V?
′(h, y),

5 Observe that h′V (y′|h, ỹ) > 0.
6 The optimal investment policy is unique since V? is strictly concave as a fixed point of T .
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which implies that
u′(c?(h̃, ỹ)) ≤ u′(c?(h, y)).

Fix now an arbitrary y′ ∈ Y. If h′?(y′|h, y) = 0, then we get the desired result since
h′?(y′|h̃, ỹ) ≥ 0. Assume therefore that h′?(y′|h, y) > 0. From the first order conditions
associated to the definition of [TV?]′(h̃, ỹ) and [TV?]′(h, y), we have

V?
′(h′?(y′|h̃, ỹ), y′) ≤ u′(c?(h̃, ỹ)) ≤ u′(c?(h, y)) = V?

′(h?(y′|h, y), y′).

Since V?(·, y′) is strictly concave, we deduce that h′?(y′|h̃, ỹ) ≥ h′?(y′|h, y).

We now prove (i). We have already proved that V?′(h, ỹ) ≤ V?
′(h, y) for any

ỹ ≥ y. If h̃ > h, then strict concavity V?(·, ỹ) implies that V?′(h̃, ỹ) < V?
′(h, ỹ) and we

deduce that V?′(h̃, ỹ) < V?
′(h, y). Now let ỹ > y and assume, by way of contradiction,

that V?′(h, ỹ) = V?
′(h, y). It follows from Lemma 6 that u′(c?(h, ỹ)) = u′(c?(h, y)). Strict

concavity of u implies that c?(h, ỹ) = c?(h, y). We claim that the optimal investment policies
h′?(·|h, ỹ) and h′?(·|h, y) must coincide. We have already proved that h′?(·|h, ỹ) ≥ h′?(·|h, y).
Assume, by way of contradiction, that there exists y′ ∈ Y such that h′?(y′|h, ỹ) > h′?(y′|h, y).
Strict concavity of V?(·, y′) combined with the first order conditions associated to the
optimal investment policies lead to

u′(c?(h, ỹ)) = V ′?(h′(y′|h, ỹ), y′) < V ′?(h′(y′|h, y), y′) ≤ u′(c?(h, y)).

The above strict inequality implies that c?(h, ỹ) > c?(h, y): contradiction.

Property (ii) follows directly from (i) u′(c?(h, y)) = V?
′(h, y).

We prove (iv) with a strict inequality. Assume that (h̃, ỹ) > (h, y) and h′?(h̃, ỹ) > 0.
If ỹ > y, we can apply (i) to deduce that V?′(h, ỹ) < V?

′(h, y). It then follows that
V?
′(h̃, ỹ) < V?

′(h, y). If h̃ > h, strict concavity of V?(·, ỹ) implies that V?′(h̃, ỹ) < V?
′(h, ỹ).

It then follows that V?′(h̃, ỹ) < V?
′(h, y). We have thus proved that if (h̃, ỹ) > (h, y), then

V?
′(h̃, ỹ) < V?

′(h, y) and, consequently u′(c?(h̃.ỹ)) < u′(c?(h, y)). Fix now an arbitrary
y′ ∈ Y. If h′?(y′|h, y) = 0, then we get the desired result since h′?(y′|h̃, ỹ) > 0. Assume
therefore that h?(y′|h, y) > 0. From the first order conditions associated to the definition
of [TV?]′(h̃, ỹ) and [TV?]′(h, y), we have

V?
′(h′?(y′|h̃, ỹ), y′) = u′(c?(h̃, ỹ)) < u′(c?(h, y)) = V?

′(h?(y′|h, y), y′).

Since V?(·, y′) is strictly concave, we deduce that h′?(y′|h̃, ỹ) > h′?(y′|h, y).

Finally, we prove (iii). Since V?(·|y′) is strictly concave for every y′ ∈ Y, we
deduce that there exists a unique optimal investment policy h′?(·|h, y). It then follows
from Lemma 7 that h?(·|h, y) is decreasing. If h′?(y′|h, y) = 0 for any y′, then the function
h′?(·|h, y) is constant. Assume now that there exists some y′ ∈ Y such that h′?(y′|h, y) > 0
and let z′ > y′. If h′?(z′|h, y) = 0, then we get the strict inequality: h′?(y′|h, y) > h′?(z′|h, y).
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Assume now that h′?(z′|h, y) > 00. By the first order conditions associated to the definition
of TV?(h, y), we have

V?
′(h′?(y′|h, y), y′) = u′(c?(h, y)) = V?

′(h′?(z′|h, y), z′).

Applying (i), we deduce that

V?
′(h′?(y′|h, y), y′) = V?

′(h′?(z′|h, y), z′) < V?
′(h′?(z′|h, y), y′).

Strict concavity of the function V?(·|y′) implies the desired result: h?(y′|h, y) > h′?(z′|h, y).

A.2 Self-Enforcing Debt Limit
This section is devoted to the omitted proofs of Section 4.

To prove that hi?(·|0) = 0 when y1 = z1, we first prove the following intermediary
result.

Lemma 9. Starting at the lowest income z1 with zero initial saving h = 0, the optimal
strategy is to invest zero, i.e., σ?(0, z1) = 0.

Proof. We shall prove that h′?(y′|0, z1) = 0 for every y′ ∈ Y . To simplify the presentation,
we pose ψ(y′) := h′?(y′|0.z1). The optimal investment policy ψ ∈ RY+ necessarily satisfies
the following first order conditions: for every y′ ∈ Y , there exists γ(y′) ≥ 0 such that

u′(z1 − βE(ψ|z1)) = V?
′(ψ(y′), y′) + γ(y′) and γ(y′)ϕ(y′) = 0.

Assume, by way of contradiction, that there exists y′ ∈ Y such that ψ(y′) > 0. Since V? is
strictly concave, we then deduce that

u′(z1 − βE(ψ|z1)) = V?
′(ψ(y′), y′) < V?

′(0, y′).

Moreover, we have proved that z 7→ V?
′(0, z) is decreasing. This implies that

u′(z1 − βE(ψ|z1)) < V?
′(0, z1).

We also proved that

V?
′(0, z1) = [TV?]′(0, z1) = u′(z1 − βE(ψ|z1)),

and we get a contradiction.

We can now prove that for each i ∈ {h, l}, we have hi?(·|0) = 0.
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Proof of Lemma 3. To simplify the presentation, we pose ϕ(y2) := hi?(y2|0). The optimal
insurance policy ϕ ∈ RY+ necessarily satisfies the following first order conditions: for every
y2 ∈ Y , there exists γ(y2) ≥ 0 such that

u′(z1 + βEi(ϕ)) = V ′?(ϕ(y2), y2) + γ(y2) and γ(y2)ϕ(y2) = 0.

Assume, by way of contradiction, that there exists y2 ∈ Y such that ϕ(y2) > 0. Since V? is
strictly concave, we then deduce that

u′(z1 + βEi(ϕ)) = V?
′(ϕ(y2), y2) < V?

′(0, y2).

Moreover, we have proved that y2 7→ V?
′(0, y2) is decreasing. This implies that

u′(z1 + βEi(ϕ)) < V?
′(0, z1).

By Equation (4.0.3), we know that

V?
′(0, z1) = u′(z1 − σ?(0, z1)).

Lemma 9 then leads to the following contradiction:

u′(z1 + βEi(ϕ)) < u′(z1).

To simplify the presentation, we introduce the following notations

ch?
1 (d̄1) := y1 − d̄1 − σh?(d̄1) and cl?

1 (0) := y1 − σl?(0)

where we recall that

σh?(d̄1) = βEh[hh?(·|d̄1)] and σl?(0) = βEl[hl?(·|0)].

We also pose
c?2(h, y2) := y2 − h+ σ?(h, y2).

The first order conditions associated to the optimal investment policies can be described
as follows: for every y2 ∈ Y and every type i ∈ {l,h}, there exists λi(y2) ≥ 0 such that

u′(ch?
1 (d̄1)) = u′(c?2(hh?(y2|d̄1), y2)) + λh(y2) and λh(y2)hh?(y2|d̄1) = 0 (A.2.1)

and

u′(cl?
1 (0)) = u′(c?2(hl?(y2|0), y2)) + λl(y2) and λl(y2)hl?(y2|0) = 0. (A.2.2)

We first show that consumption at t = 1 must coincide.

Lemma 10. We have ch?
1 (d̄1) = cl?

1 (0).
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Proof of Lemma 10. Assume, by way of contradiction, that ch?
1 (d̄1) 6= cl?

1 (0). We first
analyze the case ch?

1 (d̄1) < cl?
1 (0) and let the reader see that similar arguments can be

applied to the second case (ch?
1 (d̄1) > cl?

1 (0)). We need to prove the following result
intermediate result.

Claim 1. We have hl?(y2|0) ≥ hh?(y2|d̄1) for every y2 ∈ Y. In other words, a higher
consumption at t = 1 implies a higher insurance payment at t = 2.

Proof of Claim 1. Assume, by way of contradiction, that there exists ŷ2 ∈ Y such that
hl?(ŷ2|0) < hh?(ŷ2|d̄1). The first order conditions (A.2.1), (A.2.2), and strict concavity of
V2 imply

u′(ch?
1 (d̄1)) = u′(c?2(hh?(ŷ2|d̄1), y2)) < u′(c?2(hl?(ŷ2|0), y2)) ≤ u′(cl?

1 (0)).

From this inequalities we can deduce that ch?
1 (d̄1) > cl?

1 (0), a contradiction.

Since h 7→ V2(h, y2) is increasing, Claim 1 implies that

∀y2 ∈ Y , V2(hh?(y2|d̄1), y2) ≤ V2(hl?(y2|0), y2).

Recall that d̄1 is such that

u(ch?
1 (d̄1)) + βEh[V2(hh?(·|d̄1), ·)] = u(cl?

1 (0)) + βEh[V2(hl?(·|0), ·)].

We then get that u(cl?
1 (0)) ≤ u(cl?

1 (d̄1)) which contradicts our assumption that ch?
1 (d̄1) <

cl?
1 (0).

We have proved that consumption at t = 1 coincide. We now show that consumption
at t = 2 also coincide.

Lemma 11. We have hh?(y2|d̄1) = hl?(y2|0) for every y2 ∈ Y.

Proof of Lemma 11. We have proved that ch?
1 (d̄1) = cl?

1 (0).

Then, assume, by way of contradiction, that there exist ŷ2 ∈ Y such that hh?(y2|d̄1) 6=
hl?(y2|0). We will analyze the particular case of hh?(y2|d̄1) > hl?(y2|0) and let the reader
see that similar arguments can be applied to the second case (hh?(y2|d̄1) < hl?(y2|0)). The
first order conditions (A.2.1), (A.2.2) and strict concavity of V2 imply

u′(ch?
1 (d̄1)) = u′(c?2(hh?(y2|d̄1), y2)) < u′(c?2(hl?(y2|0), y2)) ≤ u′(cl?

1 (0))

Contradicting our property.

Since insurance payment is the same for every state at t = 2, we can deduce that
consumption will also be equalized in both contracts.
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Proof of Theorem 3. Recall that

V l(d̄1, µ
h) = u(ch?

1 (d̄1)) + βEl[V2(dh?
2 (·|d̄1), ·)]

and
V l(0, µl) = u(cl?

1 (0)) + βEl[V2(dl?
2 (·|0), ·)].

Combining Lemma 10 and Lemma 11, we get the desired result.

A.3 Menu of Contracts
From hereafter, as we conclude that the endogenous debt limit is d̄1, we will limit

our analysis of de1 to the interval [0, d̄1]. Moreover, for simplicity, we drop µ fromMC(µ),
as all the following menus are with interior beliefs.

Competition among investors implies that expected profits must be zero.

Lemma 12. For any best response menu m = {(σl, hl), (σh, hh)} ∈ MC, investors make
zero expected profits

µΠh(σh, hh) + (1− µ)Πl(σl, hl) = 0.

Proof. Assume, by way of contradiction, that there exists a best responsem = {(σl, hl), (σh, hh)} ∈
MC that exhibits positive expected profit, i.e.,

π := µΠh(σh, hh) + (1− µ)Πl(σl, hl) > 0.

Each investor’s expected profit is π/2. For any ε > 0 small enough, we can apply the
Intermediate Value Theorem and deduce that there exist αh(ε) > 0 and αl(ε) > 0 satisfying

u(ȳ1 − σh + αh(ε)) = u(ȳ1 − σh) + ε and u(ȳ1 − σl + αl(ε)) = u(ȳ1 − σl) + ε.

Moreover, we have
lim
ε→0

(αh(ε), αl(ε)) = (0, 0).

Thus, we can choose ε small enough such that
π

2 < π − µαh(ε)− (1− µ)αl(ε) = µΠh(σh − αh(ε), hh) + (1− µ)Πl(σl − αl(ε), hl).

Consider the menu m̃ defined by

m̃ := {(σl − αl(ε), hl), (σh − αh(ε), hh)}.

The definition of (αh(ε), αl(ε)) is such that incentive compatibility constraints and par-
ticipation constraints are both satisfied. Moreover, each government (l and h) strictly
prefers the corresponding contract in m̃. This implies that government of type i chooses
the contract (σi − αi(ε), hi) with probability 1. We then get that the expected profits for
the investor offering the menu m̃ is π− µαh(ε)− (1− µ)αl(ε) which is strictly larger than
π/2. We have thus proved that m̃ is a profitable deviation.
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Proposition 4. Fix a type i ∈ {l,h} and assume that µ = µi, i.e., investors believe that
the government is of type i. A menu m is a best response if, and only if,

m = {(σi?, hi?)}

where the contract (σi?, hi?) solves the following maximization problem

(σi?, hi?) ∈ argmax{V i
1 (σ, h) : (σ, h) ∈ C and Πi(σ, h) ≥ 0}.

Moreover, we have Πi(σi?, hi?) = 0, σi? < ȳ1, the insurance payment function hi? : Y → R+

is decreasing and strictly decreasing on {hi? > 0}.

Proof. We provide the arguments for i = h. The other case follows almost verbatim. Fix a
best response m = {(σl, hl), (σh, hh)} ∈ MC . Since 1− µh = 0, we can assume, without
any loss of generality that (σl, hl) = (0, 0) since investors have no incentives to offer a
contract that would unnecessarily restrict the incentive compatibility constraint (ICh). By
Lemma 12, we must have Πh(σh, hh) = 0. Assume, by way of contradiction, that there
exists another contract (σ̃, h̃) ∈ C such that

Πh(σ̃, h̃) ≥ 0 and V h
1 (σ̃, h̃) > V h

1 (σh, hh).

If σ̃ < ȳ1, then choose ε > 0 small enough such that

σ̃ + ε ≤ ỹ1 and V h
1 (σ̃ − ε, h̃) > V h

1 (σh, hh).

The menu m̃ := {(σ̃ − ε, h̃), (0, 0)} is a profitable deviation. Indeed, with probability 1,
the government (of type h) selects the contract (σ̃ − ε, h̃) and the investor’s profits are

Πh(σ̃ − ε, h̃) ≥ ε.

Assume now that σ̃ = ȳ1. Since (σh, hh) satisfies the participation constraint, we have

u(0) + βEh(V?(h̃(·), ·)) = V h
1 (σ̃, h̃) ≥ V h

1 (0, 0) = u(ȳ1) + βEh(V?(0, ·)).

Therefore, there must exist ỹ ∈ Y such that h̃(ỹ) > 0. Choose ε > 0 small enough such
that

ε < h̃(ỹ) and V h
1 (σ̃, h̃− ε1{ỹ}) > V h

1 (σh, hh).

The menu m̃ := {(σ̃, h̃− ε1{ỹ}), (0, 0)} is a profitable deviation.

We have thus proved that

(σh, hh) ∈ argmax{V h
1 (σ̃, h̃) : (σ̃, h̃) ∈ C and Πh(σ̃, h̃) ≥ 0}.

Now, we prove that σh < ȳ1. Assume that σh = ȳ1. Since Πh(σh, hh) = 0, there must exist
y ∈ Y such that hh(y) > 0. For ε > 0 small, we can consider the contract

(σ̃, h̃) := (σh − βph(y)ε, hh − ε1{y}).
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We have Πh(σ̃, h̃) = 0 and, by Inada’s condition, V h
1 (σ̃, h̃) > V h

1 (σ, h): contradiction. Since
σh < ȳ1, the first order condition associated to the maximization problem can be written
as follows

u′(ȳ1 − σh) = V?
′(hh(y), y) + γ(y), ∀y ∈ Y

where γ(y) ≥ 0 is such that γ(y)hh(y) = 0. Let y, z ∈ Y such that y < z. We claim that
hh(y) ≥ hh(z). Assume, by way of contradiction, that hh(y) < hh(z). This implies that
γ(z) = 0 since hh(z) > 0. We then get

V?
′(h(z), z) = u′(ȳ1 − σh) = V?

′(hh(y), y) + γ(y) ≥ V?
′(hh(y), y).

This contradicts the property that V?′ is strictly decreasing. We have thus prove that
hh(y) ≥ hh(z). If moreover, hh(z) > 0, then γ(y) = γ(z) = 0 and we get that V?′(hh(z), z) =
V?
′(hh(y), y). This only occurs when hh(y) > hh(z).

We have proved that the conditions in Proposition 4 are necessary. Proof for
sufficiency follows standard arguments.

The contract (σi?, hi?) is called type i’s first best contract. It corresponds to
the best contract government of type i can obtain when his type is known by investors.
The function hi? is determined by the first order conditions

u′(ȳ1 − σi?) ≥ V?
′(hi?(y), y), with an equality if hi?(y) > 0

together with the zero profit condition σi? = βEi(hi?).

Lemma 13. Assume that ȳ1 > z1. The first best insurance payment function hi? is not
constant equal to zero and we have

V l
1 (σh?, hh?) > V l

1 (σl?, hl?).

Proof. Assume ȳ1 > z1. First, we show that this assumption implies a positive insurance
payment for at least y2 = z1. Remember that the first order condition associated with
(σl?, hl?) implied that for every y2 ∈ Y , we had

u′(ȳ1 − σl?) = u′(c2(hl?(y2), y2)) + γ(y2) and γ(y2)hl?(y2) = 0

Thus, if we have hl?(z1) = 0, as y2 7→ V ′2(0, y2) is strictly decreasing, we can conclude,
hl?(y2) = 0 for every y2 ∈ Y .

However, observe that
u′(ȳ1) < V ′2(0, z1).

Thus, considering the alternative contract

ĥl?(z1) :=

ε if y2 = z1

0 otherwise.
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with ε > 0 and satisfying u′(ȳ1 − βEl[ĥl?(·)]) < V ′2(ε, z1). We can deduce, by the Mean
Value Theorem, that this new contract is strictly preferred to hl?(·) = 0. Therefore, it
cannot be the solution of the maximization problem.

As hl?(z1) > 0, we conclude that y2 7→ hl?(y2) is decreasing and non-constant.

Now, we show that ȳ1 − σh? > ȳ1 − σl?.

Assume, by way of contradiction, that ȳ1 − σh? ≤ ȳ1 − σl?. Since y2 7→ hl?(y2) is
decreasing and non-constant, we have

ȳ1 − Eh[hl?(·)] > ȳ1 − El[hl?(·)]

Moreover, since ȳ1 − σh? > ȳ1 − σl?, by the first order conditions associated with
both maximization problem, we can deduce

hl?(y2) ≥ hh?(y2), ∀y2 ∈ Y

Therefore,
ȳ1 − Eh[hh?(·)] ≥ ȳ1 − Eh[hh?(·)],

a contradiction.

Finally, as ȳ1−σh? > ȳ1−σl?, we can conclude hl?(y2) ≤ hh?(y2), ∀y2 ∈ Y . Since
h 7→ V?(h, y) is strictly increasing we get the desired result.

Lemma 13 implies that the menu {(σl?, hl?), (σh?, hh?)} does not satisfy the incen-
tive compatibility constraints.

We can identify several types of possible profitable deviations.

Lemma 14. Let m = {(σl, hl), (σh, hh)} ∈ C be a best response menu.

1. There does not exist a contract (σ, h) ∈ C such that

V h
1 (σ, h) > V h

1 (σh, hh), V l
1 (σl, hl) ≥ V l

1 (σ, h) and Πh(σ, h) ≥ 0.

2. There does not exist a contract (σ, h) ∈ C such that

V l
1 (σ, h) > V l

1 (σl, hl), V h
1 (σh, hh) ≥ V h

1 (σ, h) and Πl(σ, h) ≥ 0.

3. There does not exist a contract (σ, h) ∈ C such that

V h
1 (σ, h) > V h

1 (σh, hh), V l
1 (σ, h) > V l

1 (σl, hl)

and
µΠh(σ, h) + (1− µ)Πl(σ, h) ≥ 0.
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Proof. We first prove property (1). Let (σ, h) ∈ C be a contract satisfying V h
1 (σ, h) >

V h
1 (σh, hh), V l

1 (σl, hl) ≥ V l
1 (σ, h) and Πh(σ, h) ≥ 0.

If σ < ȳ1, we can choose ε > 0 small enough such that σ+ε ≤ ȳ1 and V h
1 (σ+ε, h) >

V h
1 (σh, hh). We also have V l

1 (σl, hl) ≥ V l
1 (σ + ε, h) and Πh(σ + ε, h) > 0. The menu

m̃ := {(σ + ε, h)} is then a profitable deviation. Indeed, if an investor offers the menu m̃,
then the type h government selects the contract in m̃ with probability 1 while the type l
government selects the contract (σl, hl) with probability 1. Therefore, the investor offering
the menu m̃ gets the positive payoff Πh(σ − ε, h) > 0: a contradiction.

If σ = ȳ1, then there exists y ∈ Y such that h(y) > 0. We can choose ε > 0 small
enough such that h(y) − ε ≥ 0 and V h

1 (σ, h − ε1{y}) > 0. We also have V l
1 (σl, hl) ≥

V l
1 (σ, h − ε1{y}) and Πh(σ, h − ε1{y}) > 0. The menu m̃ := {(σ, h − ε1{y})} is then a

profitable deviation: contradiction.

The proof of property (2) is the same as property (1), permutting the roles of h and
l. We now prove property (3). Let (σ, h) ∈ C be a contract satisfying the inequalities of
property (3). By increasing σ or reducing h(y) for some specific state y, we can follow the
same arguments as above and construct a contract (σ̃, h̃) such that V h

1 (σ̃, h̃) > V h
1 (σ, h),

V l
1 (σ̃, h̃) > V l

1 (σ, h) and µΠh(σ̃, h̃) + (1− µ)Πl(σ̃, h̃) > 0. In particular, offering the menu
{(σ̃, h̃)} is a profitable deviation.

A.3.1 Best Response Menus cannot be Pooling

Proposition 5. If ȳ1 > z1, then a best response menu cannot be pooling.

Proof. Let m = {(σl, hl), (σh, hh)} ∈ MC be a best response menu. Assume, by way of
contradiction, that (σl, hl) = (σh, hh). This common contract is denoted by (σ, h). Since
expected profits must be zero, we have

λΠh(σ, h) + (1− λ)Πl(σ, h) = 0.

There are three cases: (i) Πh(σ, h) > 0, (ii) Πl(σ, h) < 0 and (iii) Πh(σ, h) = Πl(σ, h) = 0.

Before analyzing each case, we observe that we must have σ < ȳ1. Indeed, assume
that σ = ȳ1. Since expected profits must be zero, there exists y ∈ Y such that h(y) > 0.
Fix an arbitrary γ > 0 and choose ε > 0 small enough such that h(y) > ε and σ > γε.
Consider the contract (σε, hε) defined by

σε := σ − γε and hε := h− ε1{y}.

Given Inada’s condition, for ε > 0 small enough, we must have

V h
1 (σε, hε) > V h

1 (σ, h) and V l
1 (σε, hε) > V l

1 (σ, h).
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Moreover, we have

λΠh(σε, hε) + (1− λ)Πl(σε, hε) = ε[−γ + λβph(y) + (1− λ)βpl(y)].

We can now choose γ such that λΠh(σε, hε) + (1− λ)Πl(σε, hε) > 0. Applying property (3)
of Lemma 14, we get a contradiction.

We start by analyzing case (i). We can choose ε > 0 small enough such that there
exists αl(ε) > 0 satisfying

u(ȳ1 − σ)− u(ȳ1 − σ − αl(ε)) = pl(zn)[V?(h(zn) + ε, zn)− V?(h(zn), zn)].

The amount αl(ε) is such that

V l
1 (σ + αl(ε), h+ ε1{zn}) = V l

1 (σ, h).

Since ph(zn) > pl(zn), we deduce that

V h
1 (σ + αl(ε), h+ ε1{zn}) > V h

1 (σ, h).

Since Πh(σ, h) > 0, for ε > 0 small enough, we also have Πh(σ + αl(ε), h + ε1{zn}) > 0.
The contract (σ + αl(ε), h+ ε1{zn}) corresponds to a deviation of type (1) in Lemma 14.

The case (ii) can be analyzed exactly as case (i), by permuting the roles of h and l.
We still have to analyze the case (iii) where Πh(σ, h) = Πl(σ, h) = 0. Given Proposition 4,
we have

V l
1 (σ, h) ≤ V l

1 (σl?, hl?).

Since ȳ1 > z1, it follows from Lemma 13 that hl? cannot be constant and equal to zero.
Since Πl(σl?, hl?) = 0 and ph strongly stochastically dominates pl, we deduce that

Πh(σl?, hl?) > 0.

It then follows that we must have

V l
1 (σ, h) = V l

1 (σl?, hl?)

otherwise, we could get a profitable deviation by offering the menu {(σl? − ε, hl?)} for
some ε > 0 small enough.7 Strict concavity of V l

1 in turn implies that we must have
(σ, h) = (σl?, hl?) which contradicts the fact that Πh(σ, h) = 0.

Lemma 15. ȳ1 > z1

7 Whether type h government the contract (σl? − ε, hl?) is not important since the impact in terms of
profits is non-negative.
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Proof. As we restricted d1 ≤ d̄1, it is sufficient to show that y1 − d̄1 > z1.

Remember that d̄1 > 0 was such that

hh?(y2|d̄1) = hl?(y2|0), ∀y2 ∈ Y

and that hl?(y2|0) > 0, i.e., not constant and equal to zero.

Then, assume by contradiction that y1−d̄1 < z1. We must record that h′?(·|0, z1) = 0.
First order condition would imply

u′(y1 − d̄1) > u′(c?(0, z1))

Since y′ 7→ V ′?(0, y′) is strictly decreasing, we would have hh?(y2) = 0, for every y2 ∈ Y , a
contradiction.

A.3.2 Separating Menus

We now restrict attention to separating menus.

Lemma 16. A best response menu m = {(σl, hl), (σh, hh)} ∈ MS (that is necessarily
separating) must be such that investors make zero expected profits in both contracts, i.e.,

Πh(σh, hh) = 0 and Πl(σl, hl) = 0.

Proof. Let m = {(σl, hl), (σh, hh)} ∈ MS be a best response separating menu. Assume, by
way of contradiction, that there is a type j ∈ {h, l} such that πj := −σj +βEj(hj) > 0. To
simplify the presentation, we assume that j = h. The other case can be handled similarly.
Let m̃ := {(σh, hh)} be the degenerate menu where only contract (σh, hh) is offered. Since
(σl, hl) 6= (σh, hh), the low type government prefers to select contract (σl, hl). This implies
that the expected profits of the investor offering the menu m̃ is µπh/2 > 0. This deviation
is profitable since the initial contract m must display zero expected profits. We then get a
contradiction.

Proposition 6. In a best response separating menu m = {(σl, hl), (σh, hh)} ∈ MS, the
first best contract is offered to the low type government, i.e.,

(σl, hl) = (σl?, hl?).

Proof. Recall that the contract (σl, hl) display zero expected profits. We then deduce
that V l

1 (σl, hl) ≤ V l
1 (σl?, hl?). Assume, by way of contradiction, that (σl, hl) 6= (σl?, hl?).

Since V l
1 is strictly concave, we must have

V l
1 (σl, hl) < V l

1 (σl?, hl?).
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By continuity of V l
1 , there must exist ε > 0 small enough such that

V l
1 (σl, hl) < V l

1 (σl? + ε, hl?).

Consider the degenerate menu

m̃ := {(σl? − ε, hl?)}.

By choice of ε, the low type government prefers the contract in m̃ than the contract (σl, hl)
in m. We now analyze two cases.

1. If the high type still prefers the contract (σh, hh) in m, then the expected profit of
the investor offering m̃ is

(1− µ)[σl? + ε− El(hl?)] = (1− µ)ε > 0.

2. If, otherwise, the high type also prefers the contract in m̃ than the contract (σh, hh)
in m, then the expected profit of the investor offering m̃ is

(1− µ)ε+ µ[σl? + ε− Eh(hl?)]

Since hl? is decreasing and ph strong first order stochastic dominates pl, we deduce
that Eh[hl?] ≤ El(hl?), which implies that the investor offering the menu m̃ is strictly
better off: contradiction.

Proposition 7. In a best response separating menu

m = {(σl?, hl?), (σh, hh)} ∈ MS

the incentive compatibility constraint of the low type government is binding, i.e.,

V l
1 (σl?, hl?) = V l

1 (σh, hh).

Proof. Assume, by way of contradiction, that V l
1 (σl?, hl?) > V l

1 (σh, hh). We propose to
exhibit a profitable deviation of type (1) in Lemma 14. Observe that Lemma 13 implies
that (σh, hh) 6= (σh?, hh?). Therefore, we must have V h

1 (σh?, hh?) > V h
1 (σh, hh). For every

ε ∈ [0, 1], we let
(σε, hε) := (1− ε)(σh, hh) + ε(σh?, hh?)

Observe that Πh(σε, hε) = 0 and for every ε ∈ (0, 1]

V h
1 (σε, hε) > V h

1 (σh, hh).

Since we assumed that V l
1 (σl?, hl?) > V l

1 (σh, hh), we can choose ε > 0 small enough
such that V l

1 (σl?, hl?) > V l
1 (σh

ε , h
h
ε ). The contract (σh

ε , h
h
ε ) is a type (1) deviation of

Lemma 14.
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The following proposition collects all the previous results about separating best
response menus.

Proposition 8. If m is a best response menu, then we must have

m = {(σl?, hl?), (σh, hh)}

where (σh, hh) solves the following maximization problem

max{V h
1 (σ, h) : (σ, h) ∈ C, V l

1 (σl?, hl?) ≥ V l
1 (σ, h) and Πh(σ, h) ≥ 0}.

Moreover, the restrictions of the maximization problem must be binding at the optimum,
i.e.,

V l
1 (σl?, hl?) = V l

1 (σh, hh) and Πh(σh, hh) = 0. (A.3.1)

Proof. The fact that the contract offered to the low type government is the first best
follows from Proposition 6. The fact that the contract offered to the high type involves
zero profits, i.e., Πh(σh, hh) = 0, follows from Lemma 16. The fact that the incentive
compatibility constraint of the low type government binds follows from Proposition 7.
Finally, the fact that (σh, hh) solves the aforementioned maximization problem follows
from property (1) of Lemma 14.

A.3.3 Non-Existence of a Best Response Menu

Recall that µ represents the investors’ common belief that the government is of
type h. We let µ ∈ [µl, µh] where µl = 0 and µh = 1. When µ is extreme (µ ∈ {µh, µl}),
we have already proved that there is unique best response menu that reduces to the first
best contract. We now focus to the intermediate case where µ ∈ (µl, µh). Consider the
following notations:

pµ(y) := µph(y) + (1− µ)pl(y), for all y ∈ Y

for any h : Y → R,
Eµ(h) :=

∑
y∈Y

pµ(y)h(y)

and for any contract (σ, h) ∈ C

Πµ(σ, h) := σ − βEµ(h).

Observe that

Eµ(h) = µEh(h) + (1− µ)El(h) and Πµ(σ, h) = µΠh(σ, h) + (1− µ)Πl(σ, h).

Recall that if there exists a best response menu, then the utility levels (vl, vh) of
each government type is uniquely determined. We let

vl := V l
1 (σl?, hl?)
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and

vh := max{V h
1 (σ, h) : (σ, h) ∈ C, V l

1 (σl?, hl?) ≥ V l
1 (σ, h) and Πh(σ, h) ≥ 0}.

Remark 2. Recall from Proposition 8 that if m = {(σl, hl), (σh, hh)} is a best response
menu, then vl = V l

1 (σl, hl) and vh = V h
1 (σh, hh).

Denote by Dp the set of potential pooling deviation defined by

Dp := {(σ, h) ∈ C : V l
1 (σ, h) ≥ vl and V h

1 (σ, h) ≥ vh}.

The set Dp is compact and non-empty (it contains (σh?, hh?)).

Remark 3. There exists (σ, h) ∈ Dp such that Πh(σ, h) > 0. Indeed, since σh? < ȳ1, we can
choose ε > 0 small enough such that (σh? + ε, hh?) belongs to Dp. We then get

Πh(σh? + ε, hh?) = ε+ Πh(σh?, hh?) = ε.

This implies that Πµ(σh? + ε, hh?) > 0 for µ close enough µh.

The above remark leads us to introduce the following definition.

Definition 2. We let ϕ : [µl, µh]→ R be defined by

ϕ(µ) := max{Πµ(σ, h) : (σ, h) ∈ Dp}.

It follows from Remark 3 that ϕ(µ) > 0 for µ close enough to µh. We claim
that ϕ(µl) ≤ 0. Indeed, fix (σ, h) ∈ Dp and assume, by way of contradiction, that
Πl(σ, h) > 0. Since (σ, h) ∈ Dp, we also have V l

1 (σ, h) ≥ V l
1 (σl?, hl?). This implies

that (σ, h) = (σl?, hl?) and we get a contradiction since Πl(σl?, hl?) = 0. Applying the
Intermediate Value Theorem, there exists at least one µ ∈ [µl, µh) such that ϕ(µ) = 0.
Since the function (σ, h, µ) 7→ Πµ(σ, h) is continuous and Dp is compact, we deduce from
Berge’s Maximum Theorem that ϕ is continuous. We can then introduce the following
definition.

Definition 3. We let
µ̄ := max{µ ∈ [µl, µh] : ϕ(µ) = 0}.

If ϕ(µ) > 0, then for any µ′ ≥ µ, we also have ϕ(µ′) > 0. Indeed, let (σµ, hµ) ∈ Dp

be such that ϕ(µ) = Πµ(σµ, hµ). Observe that

Πµ′(σµ, hµ) = Πµ(σµ, hµ) + (µ′ − µ)(Πh(σµ, hµ)− Πl(σµ, hµ)).

Since Πl(σµ, hµ) ≤ 0, we must have Πh(σµ, hµ) > 0, and get that Πµ′(σµ, hµ) > 0. This
implies that ϕ(µ′) > 0. We then get the following property.
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Lemma 17. We must have µ̄ < µh.

Proof. We know that there exists µ close enough to µh such that ϕ(µ) > 0. For any µ′ ≥ µ,
we also have ϕ(µ′) > 0. We then deduce that µ > µ̄.

Theorem 4. For any µ > µ̄, there does not exist a best response menu.

Proof. Fix µ > µ̄. We must have ϕ(µ) > 0. In particular, there exists a contract (σ, h) ∈ Dp

such that Πµ(σ, h) > 0. we can choose ε > 0 small enough such that Πµ(σ − ε, h) > 0.
Since V h

1 (σ − ε, h) > vh and V l
1 (σ − ε, h) > vl, the contract (σ − ε, h) is a profitable

deviation o type (3) in Lemma 14.
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