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RESUMO

M-estimadores regularizados são altamentes utilizados nas ciências, por conta das suas habil-

idades em ajustar modelos mais simples, de baixa dimensão, em cenários de alta dimensão.

Alguns esforços recentes nessa área focaram na criação de um arcabouço teórico unificado, e no

estabelecimento de condições suficientes para consistência e consistência em seleção de modelo.

Neste trabalho, nós usamos o mesmo arcabouço para provar consistência de seleção de modelo do

GIC e a Pathconsistency de M-estimadores regularizados. Neste caso, Pathconsistency significa

que uma sequência de submodelos contém o modelo real com probabilidade convergindo à um.

Isso possibilita o uso do GIC para seleção de modelo em alta dimensão. A seguir, nós ilustramos

essas condições em alguns exemplos, incluindo a estimação do suporte de vetores esparsos e

grupo-esparsos, para algumas funções de perda.

Palavras-chave: M-estimadores. GIC. Seleção de Modelo. Pathconsistency.



ABSTRACT

Regularized M-estimators are widely used in science, due to their ability to fit a simpler, low-

dimensional model in high-dimensional scenarios. Some of the recent efforts on the subject have

focused on the creation of a unified framework, and the establishment of sufficient conditions

for consistency and model selection consistency. We use that same general setting to derive

sufficient conditions for Model Selection consistency of the GIC and the Pathconsistency of

regularized M-estimators. Here, Pathconsistency means that a sequence of submodels contains

the true model with probability converging to one. This allows the practical use of the GIC for

Model Selection in high-dimensional scenarios. We illustrate those conditions on some examples,

including the estimation of the support of sparse and group sparse vectors, with various loss

functions.

Keywords: M-estimators. GIC. Model Selection. Pathconsistency.
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1 INTRODUCTION

Let Zn = {Zi}ni=1 denote observations drawn from distribution P, and suppose we

are interested in learning a parameter θ of it. Let L : Rp×Zn → R be a convex and differentiable

loss function, that assigns, for a given set of observations Zn, a cost L(θ;Zn) to any parameter θ

taking values in Rp. Let θ∗ be the unique minimizer of the populational risk, that is:

θ∗ = argmin
θ∈Rp

E[L(θ;Zn)].

Throughout the paper, we ommit the dependence of L on Zn, whenever it is clear

from the context.

We consider a high-dimensional framework, allowing the pair (n, p) to diverge

jointly to infinity. In this case, it is reasonable to believe that the parameter of interest θ∗, does

not reside in a p-dimensional space, but rather in a smaller subspaceM∗ within Rp. In many

applications, we would also like to obtain an estimate of the simpler structure, symbolized by the

subspaceM∗, alongside θ∗ itself.

In this paper we propose a technique to estimate this structure. Our procedure

achieves selection consistency by choosing a model that balances complexity and goodness-of-fit.

Here, consistency means that the probability of the chosen model beingM∗ converges to one

as the sample size n grows. We base ourselves on Information Criteria techniques for model

selection such as the AIC of (Akaike, 1974), the BIC of (SCHWARZ, 1978), and the GIC of

(SHAO, 1997), but consider more complex model structures.

In order to motivate our approach, consider the Best Subsect Selection (BSS) problem

for the linear regression. Suppose Zn = {(xi, yi)}ni=1, L(θ) = (2n)−1‖Y − Xθ‖2
2, and that

only a small subset S∗ ⊂ {1, . . . , p} of the covariates, with size |S∗| = s∗, are truly relevant.

In our notation, this is equivalent to settingM∗ = M(S∗), where, for all subsets of indices

S ⊂ {1, . . . , p},

M(S) = {θ ∈ Rp | θj = 0,∀j /∈ S.} (1.1)

The BSS problem consists in finding a subset Ŝ that is equal in probability to S∗,

as the sample size n grows. One possibility is to select the set of indices solving the following

optimization problem:

Ŝλn := argmin
S⊂{1,...,p}:|S|≤sn

L(θ̂M(S)) + λn|S|, (1.2)
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where θ̂M(S) := argminθ∈M(S) L(θ) is the minimizer of the loss function, restricted to subspace

M(S), and λn > 0 is a parameter controlling the penalization rate for larger models. The

restriction to the search space (|S| ≤ sn
1) is required to guarantee the existence of θ̂M(S).

This particular type of procedure for subset selection is the’ estimator proposed by

(KIM et al., 2012), which is model selection consistent in high dimensional scenarios. Different

sequences {λn} result in different Information Criteria present in the literature: λn = 2/n

corresponds to the AIC; λn = log n/n to the BIC; λn = log p/n the RIC of (FOSTER; GEORGE,

1994); and λn = (log p+ log log p)/n to the RIC of (ZHANG; SHEN, 2010).

We generalize the GIC to encompass more complex model structures: suppose we

are interested in estimating the subspaceM∗ containing θ∗. We restrict our search to consider

only a collection of possible spaces M in Rp, containing the set of interest. Analogously to (1.2),

we propose solving the following optimization problem:

M̂ := argmin
M⊂M

L(θ̂(M)) + λnφ(M), (1.3)

where θ̂(M) := argminθ∈M L(θ), λn > 0 is an user defined penalization parameter, and

φ : M → R+ is a function that assigns a cost to each setM ∈M. In this paper we show the

validity of this method for recovering the true model M∗, showing sufficient conditions for

Model selection consistency. We then show the validity of those conditions for GLMs with

various model structures within our framework.

Nevertheless, despite any good properties M̂ might have, the estimation of such

an object usually requires the solution of highly non-convex optimization programs, which are

generally inefficient and impractical, especially in a high-dimensional scenario. A practical

solution is to estimate a sequence of submodels containingM∗ and select the one minimizing

(1.3). If the selector is consistent, M̂ is equal toM∗ with probability tending to one, as n grows.

In the context of the BSS problem, (KIM et al., 2012) and (KIM et al., 2016) propose

using (a subset of) the support set of the Lasso ((TIBSHIRANI, 1996)) to create a sequence of

submodels indexed by the regularization parameter. More specifically, the authors suggest using

the set:

Ŝξ :=
{
j ∈ {1, . . . , p} | |θ̂(ξ)j| > τ

}
(1.4)

for some τ > 0, where,

θ̂(ξ) ∈ argmin
θ∈Rp

{L(θ;Zn1 ) + ξ‖θ‖1}, (1.5)

1 Naturally, this implies sn < n.
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‖ · ‖1 is the `1 norm in Rp, and ξ > 0 is the regularization parameter. As ‖ · ‖1 is convex, (1.4)

can be efficiently calculated (e.g.: the LARS algorithm from (EFRON et al., 2004). See also

(TIBSHIRANI et al., 2015)[Chapter 5] for other techniques).

The authors prove that there is a value ξ∗ such that Ŝ(ξ∗) = S∗. It implies that if we

let:

ξ̂ := argmin
ξ>0

L(θ̂(M(Ŝξ)) + λnφ(M(Ŝξ)),

then Pr(M(Ŝξ̂ =M∗)→ 1, as the sample size n grows.

For the more general Best Model Selection (BMS) problem, we use a similar ap-

proach based on a convex optimization problem closely related to (1.3). In order to construct

the appropriate submodel sequence, we will make use of the unified treatment of regularized

M-estimators developed in (NEGAHBAN et al., 2012). They analysed estimators of the type:

θ̂(ξn) ∈ argmin
θ∈Rp

{L(θ;Zn1 ) + ξnR(θ)}, (1.6)

whereR : Rp → R+ is a norm in Rp.

Their main contribution was to unify the treatment of many different model structures,

under a single framework. Two important properties are indentified as crucial for consistency,

namely a Decomposability property for the regularizer and a Restricted Strong Convexity (RSC)

property for the loss function, in interaction with the regularization term. The combination of

those two concepts allow the derivation of sharp bounds on ‖θ̂(ξn)− θ∗‖, where ‖ · ‖ is the norm

induced by some inner product 〈·,·〉 on Rp.

On one hand, the many forms of RSC conditions across the literature essentially

guarantee the loss function is, minus a tolerance parameter, strongly convex on a neighborhood

of the populational parameter. The notion of Decomposability, on the other hand, captures

constraints specified by the model, such as vectors with a particular support, for example.

By correctly defining a sequence of submodels Mξ based on (1.6), we prove that

there is a positive value of the regularization parameter ξ∗ such that Mξ∗ =M∗. Analogously

to the BSS case, this allows the practical use of (1.3) to estimate the populational subspace in

high-dimensions.
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2 CONTEXT AND PROBLEM FORMULATION

2.1 Notation

Let ‖ · ‖ denote the error norm, induced by an inner product in Rp.

Given a subspaceM ⊂ Rp and a point u ∈ Rp we denote by uM = ΠM(u) the

projector of u on span(M), that is:

uM := argmin
v∈M

‖u− v‖.

For a subspaceM, denote byM⊥ the set:

M⊥ := {γ ∈ Rp|〈γ, θ〉 = 0,∀θ ∈M}.

M⊥ is called the orthogonal complement ofM on Rp.

Given a normR, we use the notationR∗ to denote its dual norm:

R∗(u) = sup
R(v)≤1

〈u, v〉

For a differentiable function L, let∇L(x) represent the gradient of L at x.

2.2 Model Spaces, Decomposable Norms and the Compatibility Constant

Consider, once again, the problem of estimating the subspace M∗, in which the

population parameter θ∗ resides. In the introduction, we proposed to use (1.3) to estimate the

subspace of interest, by analogy to the the estimator Ŝλn in (1.2). This formulation, however, still

leaves the question as to what an appropriate penalty φ :M→ R+ must look like. Our results

establish a link between a decomposable norm on Rp inducing the desired space constraints and

a good penalty function.

In order to establish this connection, we explore some examples of model structures

and decomposable norms:

Definition. Given two subspacesM,M̄ in Rp, withM⊆ M̄, a norm R is decomposable with

respect to (M,M̄⊥) if

R(θ + γ) = R(θ) +R(γ), for all (θ, γ) ∈ (M,M̄⊥).

As explained by (NEGAHBAN et al., 2012), in the simplest case, whenM = M̄,

M⊥ can be understood as deviations away from a target subspace model M that we wish
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to penalize. Due to the triangle inequality for a norm, it is always true that R(θ + γ) ≤

R(θ) +R(γ). Thus, the equality above holds only if the triangle inequality is tight for all pairs

(θ, γ) ∈ (M,M̄⊥).

Notice, though, that we only requireM ⊆ M̄ (which implies M̄⊥ ⊆ M⊥). This

relaxation makes it possible to consider settings in which θ∗ is not in any nontrivial subspaceM∗.

In these cases, we can use this framework to select a simpler subspaceM, in which θ∗M ≈ θ∗.

Many commonly used penalty norms, such as the Lasso, the group Lasso and the

Nuclear Norm are decomposable with respect to some subspace pair (M,M̄⊥). Below we give

some illustrative examples (c.f.: (NEGAHBAN et al., 2009)):

Example 1 (Sparse vectors). We recover our introductory example, where the target spaceM∗

resides in the subspace of vectors with a particular support S∗.

LetR(·) = ‖ · ‖1, the `1 norm in Rp, and let S be an arbitrary of subset of the set of

indices {1, . . . , p}. Define

M(S) := {θ ∈ Rp | θj = 0,∀j /∈ S}, for all S ⊆ {1, . . . , p}. (2.1)

For a given S, the orthogonal complement ofM(S) is given by:

M(S)⊥ = {θ ∈ Rp | θj = 0,∀j ∈ S}.

For all S and (θ, γ) ∈ (M(S),M(S)⊥), we have:

‖θ + γ‖1 =

p∑
i=1

|θi + γi| =
∑
i∈S

|θi + γi|+
∑
i/∈S

|θi + γi| =
∑
i∈S

|θi|+
∑
i/∈S

|γi| = ‖θ‖1 + ‖γ‖1.

Thus, considering the collection:

M`1 = {(M(S),M(S)⊥) | S ⊆ {1, . . . , p}},

we have proven that the `1 norm is decomposable with respect to any subspace pairs in M.

Example 2 (Group Sparse vectors). In many applications, it makes sense to assume that some

entries of the target vector θ∗ are jointly zero/non-zero. Suppose, therefore, that {1, . . . , p} can

be divided into a set of NG disjoint groups of indices {Gi}NGi=1, and let G = {G1, G2, . . . , GNG}

be the set containing each group.

Let SG be an arbitrarily chosen subset of {1, . . . , NG}, and define:

M(SG) := {θ ∈ Rp | θGj = 0, ∀j /∈ SG}, (2.2)
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where θGi = (θjI(j ∈ Gi), j = 1, . . . , p).

Again, for a given SG , the orthogonal complement ofM(S) is given by:

M(S)⊥ = {θ ∈ Rp | θGj = 0, ∀j ∈ SG}.

We define the associated `1/`21 norm as:

‖θ‖G,2 =

NG∑
i=1

‖θGi‖. (2.3)

We easily see the decomposability: for all SG , if (θ, γ) ∈ (M(SG),M(SG)
⊥), we

have,

‖θ+ γ‖G,2 =
∑
i∈SG

‖θGi + γGi‖+
∑
i/∈SG

‖θGi + γGi‖ =
∑
i∈SG

‖θGi‖+
∑
i/∈SG

‖γGi‖ = ‖θ‖G,2 + ‖γ‖G,2.

This shows the Group norm (2.3) is decomposable with respecto to any pair of subspaces in the

collection:

M`1/`2 = {(M(SG),M(SG)
⊥) | SG ⊆ {1, . . . , NG}}.

Example 3 (Row Sparsity in Matrices). Consider the multivariate regression model Y =

XΘ∗+W , where Y ∈ Rn×T , X ∈ Rn×p, Θ∗ ∈ Rp×T , and W ∈ Rn×T is a random noise matrix,

with subgaussian entries.

This model can be easily transformed into the estimation of each column Θ∗·,t using

least-squares. Nevertheless, in many applications, there exists some dependence between the

columns of the populational matrix, motivating the estimation of the full matricial model. A

particularly interesting structures is to assume that some of the rows of Θ∗ are exactly zero,

meaning that some predictors are jointly irrelevant in all T regression equations.

Let S be an arbitrarily chosen subset of {1, . . . , p2}, representing indices of the

nonzero rows. We then define:

M(S) := {Θ ∈ Rp1×p2 | Θi = 0,∀i /∈ S}, (2.4)

where Θi is the i-th row vector of Θ.

With some algebra we can show that the orthogonal setM(S)⊥ is given by:

M(S)⊥ = {Θ ∈ Rp1×p2 | Θi = 0,∀i /∈ S}.
1 Notice that there is nothing particular to the `2 norm in the definition, and we could easily replace it with any set

of norms penalizing each group.
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We define the matricial L2/L1 group norm as:

‖Θ‖L1/L2 =

p2∑
i=1

‖Θi‖. (2.5)

Similarly to the last cases, we can easily prove that this norm is decomposable with

respect to the pair (M(S),M(S)⊥) for all S ⊆ {1, . . . , p2}. Thus, R is decomposable with

respecto to pairs in the colllection:

ML1/L2 = {(M(S),M(S)⊥) | S ⊆ {1, . . . , p2}}.

Example 4 (Low Rank Matrix Estimation). Once again, take Θ∗ ∈ Rp1×p2 . In many settings, it

is reasonable to assume the matrix Θ∗ has a rank r lower than min{p1, p2}. For any Θ ∈ Rp1×p2 ,

denote by row(Θ) ⊆ Rp2 and col(Θ) ⊆ Rp2 the row and column spaces of Θ, respectively. Let

U and V be a pair of r-dimensional subspaces of Rp1 and Rp2 , respectively.

We can then define the subspaces:

M(U, V ) := {Θ ∈ Rp1×p2 | row(Θ) ⊆ V, col(Θ) ⊆ U}, (2.6)

and

M̄⊥(U, V ) = {Θ ∈ Rp1×p2 | row(Θ) ⊆ V ⊥, col(Θ) ⊆ U⊥}.

Notice that, in this case, M̄⊥ ⊆M⊥ (the sets are generally not equal c.f. (RECHT et al., 2010)).

Fixing (U, V ), and denoting M(U, V ) = M and M̄⊥(U, V ) = M̄⊥, define the

Nuclear Norm ‖ · ‖σ as

‖Θ‖σ =

min{p1,p2}∑
i=1

σi(Θ),

where σi is the i-th largest singular value of Θ.

Notice that, for any pair, (Θ,Γ) ∈ (M,M̄⊥), ΘTΓ = 0 and ΘΓT = 0. (RECHT et

al., 2010) shows that, under these conditions, the Nuclear norm is additive. Thus:

‖Θ + Γ‖σ = ‖Θ‖σ + ‖Γ‖σ,

implying that the Nuclear norm is decomposable with respect to the defined sub-

spaces, and we can consider the collection:

Mσ = {(M(U, V ),M̄⊥(U, V )) | U ⊆ Rp1 , V ⊆ Rp1 : dim(U) = dim(V ) ≤ min{p1, p2}},

with pairs (M(U, V ),M̄⊥(U, V )), with respect to whichR is decomposable.
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The decomposability property for these norms is used to select an appropriate

penalization function φ in each of these settings. The decomposable norms associated with these

subspaces and the subspaces (M,M̄⊥) are connected by the subspace compatibility constant,

defined below.

Definition (Subspace Compatibility Constant). Given a subspaceM, let:

Ψ(M) := sup
u∈M\{0}

R(u)

‖u‖
(2.7)

be the compatibility constant between the normR and error norms, restricted toM.

This function can be interpreted as a scaling constant necessary to fit every unitary

vector inM to a scaled unit ball in the R-norm. The bigger Ψ(M), the more complexM is,

and we claim that the square of this quantity can be used as an appropriate penalization function,

which reduces to known cases in many settings. Below, we give some examples of Ψ(M) for

the subspacesM in the M defined above.

Example 5 (Sparse vectors). TakeM(S) from any pair in M`1. Applying the Cauchy-Schwartz

inequality to ‖θ‖`1, implies that, for any θ ∈M(S),

‖θ‖`1 =
∑
i∈S

|θi| ≤

(∑
i∈S

12

) 1
2
(∑
i∈S

θ2
i

) 1
2

=
√
|S|‖θ‖.

We see that this expression holds with equality whenever θ = (I(i ∈ S), i ∈ {1, . . . , p}), which

implies that:

Ψ(M(S)) =
√
|S|.

Example 6 (Group Sparse vectors). TakeM(SG) from any pair in M`1/`2. Applying once more

the Cauchy-Schwartz inequality to ‖θ‖`1/`2 we see that, for any θ ∈M(SG),

‖θ‖`1/`2 =
∑
k∈SG

‖θGk‖ ≤

∑
k∈SG

12

 1
2
∑
k∈SG

‖θGk‖2

 1
2

=
√
|SG|‖θ‖.

This expression holds with equality when θ =

(
I(i∈Gi)√
|Gi|

, i ∈ {1, . . . , p}
)

, implying

that:

Ψ(M(SG)) =
√
|SG|.
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Example 7 (Row Sparsity in Matrices). Once again, takeM(S) from a pair in ML1/L2. Using

the same arguments as before, we can show that:

Ψ(M(S)) =
√
|S|.

Example 8 (Low Rank Matrix Estimation). This case uses essentially the same arguments,

although the derivation require some extra caution. TakeM(U, V ) from a pair in Mσ, with

dim(U) = dim(V ) = r, and let p = min{p1, p2}.

Since, for all Θ ∈ M(U, V ), the dimension of the column and row spaces respect

dim(col(Θ)) = dim(row(Θ)) ≤ r, taking the Cauchy Schwartz inequality yields:

‖Θ‖σ =

p∑
k=1

σk(Θ) ≤

 ∑
k∈{1,...,p}:σk(Θ) 6=0

12

 1
2 ( p∑

k=1

σk(Θ)2

) 1
2

≤
√

rank(Θ)|||Θ|||F ≤
√
r|||Θ|||F ,

with equality holding when Θ = USV ′, where S = diag (1, . . . , 1︸ ︷︷ ︸
r×1

, 0, . . . , 0︸ ︷︷ ︸
p−r×1

).

Therefore,

Ψ(M(U, V )) =
√
r.

In the examples, we see that the Subspace Compatibility Constant is connected to

fundamental "units" of the Model subspaceM. We can better understand the intuition behind

this relationship by considering the intepretation of the decomposable norm `1 as the Convex

Hull of the set of all unit vectors with only one non-zero entry (c.f.: (VERSHYNIN, 2018)):

B1(1) = Conv({θ ∈ B2(1) | θ ∈M(S), for some S : |S| = 1}), (2.8)

where Bq(1) is the unit ball of the `q norm in Rp, and Conv(A) denotes the Convex Hull of a set

A. If the cardinality of S was rather an arbitrary number s, for example, we would need a scaling

of
√
s in order to to properly enclose this region. Thus, larger models require larger constants.

Analogously, for the other settings provided above, the scaling requirement is Ψ(M).

This connection will allow us to produce a family of submodels optimizing the

convex relaxation of (1.3), (1.6).

Remark 1. From definition (2.7), notice that:

Ψ2(M∪M′) ≤ Ψ2(M) + Ψ2(M′), for allM,M′ ∈M. (2.9)
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In fact, this inequality holds with equality for all examples above, wheneverM′ ⊆

M̄⊥ (although this is not true in general).

Furthermore, ifM⊆M′,

Ψ2(M) ≤ Ψ2(M′), (2.10)

implying that:

Ψ2(M) + Ψ2(M′) ≤ 2Ψ2(M∪M′), for allM,M′ ∈M.

2.3 Problem Set-up

Let (R,M) represent a norm R and a collection of pairs of properly defined sub-

spaces M, with respect to whichR is decomposable. Let also Ψ(M) be as defined in (2.7).

Recall the definition of Zn1 , L and θ∗ from the introduction, and suppose θ∗ belongs

to a subspaceM∗ ⊆ RP , smaller than the ambient dimension. Assume further thatM∗ has a

paired orthogonal space M̄⊥
∗ , such that:

M∗ ⊆ M̄∗ : (M∗,M̄⊥
∗ ) ∈M.

We are interested in estimating the model subspaceM∗, searching through potential

models in M. The number of candidates can, however, be too large, prompting us to restrict the

search space to a smaller collection, in the same spirit as (CHEN; CHEN, 2012), (KIM et al.,

2012) and (KIM et al., 2016). We let Mψn = {(M,M̄) ∈M | Ψ(M)2 ≤ ψn} be that restricted

set, with ψn > 0 and Ψ(M∗)
2 ≤ ψn.

For all (M,M̄⊥) ∈Mψn , let:

θ̂(M) = argmin
θ∈M

L(θ). (2.11)

Given a non-decreasing sequence of positive numbers {λn}, our procedure is to

select, for each n, the model that minimizes:

M̂λn = argmin
(M,M̄⊥)∈Mψn

L(θ̂(M)) + λnΨ2(M). (2.12)

Notice that (2.12) is the same as (1.3), with φ(M) = Ψ2(M). Another important

observation is that this optimization problem reduces to (1.2) whenever L(θ) = (2n)−1‖Y −

Xθ‖2, and M = M`1.

In this article we have opted to mantain that nomenclature of this particular case,

refering to the sequence {λn} as GICλn . As for our definition of model selection consistency:
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Definition (Model Selection Consistency). We say that a GICλn is model selection consistent if,

as n→∞:

Pr(M̂λn =M∗)→ 1 (2.13)

(KIM et al., 2012) show sufficient conditions for consistency of the GIC when the

quadratic Loss is used. Similarly, (KIM et al., 2016) provided sufficient conditions for selection

consistency of GICs with Loss functions L belonging to the Quadratically Supported Risk (QSR)

class, which encompass the quadratic, logistic, Huber and quantile losses.

We will work with a specific class of Restricted Strongly Convex (RSC) functions,

treated in (RASKUTTI et al., 2010), in the case of vectors, and in (RASKUTTI et al., 2011) and

(NEGAHBAN et al., 2011) in the case of matrices:

Definition (Restricted Strong Convexity). We say that a loss function satisfies a Restricted

Strong Convexity property if there is normR, a function g(n, p) increasing in p and decreasing

in n, and positive constants {κ1, κ2}, with κ1 ≤ 1, and non-increasing sequence {ηn} such that,

with high probability:

L(∆ + θ∗)− L(θ∗) ≥ 〈∇L(θ∗),∆〉+ κ1‖∆‖2−κ2g(n, p)R(∆)2,

for all ∆ ∈ Rp : ‖∆‖ ≤ ηn.
(2.14)

Due to the high-dimensionality, it would be nearly impossible for strong convexity

to hold for all error vectors ∆. Property (2.14), imposes a milder restriction on the first-order

Taylor expansion error’s form, by adding the tolerance term κ2g(n, p)R(∆)2. Combined with

additional hypotheses on the true model subspace’s complexity, (2.14) allows us to require strong

convexity only for Mψn , a smaller collection of models in Rp containing the target spaceM∗.

Many functional forms are known to belong to this class, such as the quadratic,

logistic and multinomial losses, as we will see in the examples.

2.4 Assumptions

We assume the following regularity conditions hold for large enough sample size n

(with high probability, whenever a random quantity is involved).

Assumption (A1). There exists a collection M : (M∗,M̄⊥
∗ ) ∈M, with θ∗ ∈M∗.

LetR be decomposable with respect to pairs in M.
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Assumption (A1) formalizes the requirement that the model is well specified, follow-

ing the structure of the subspaceM∗.

Assumption (A2). The convex and differentiable loss function L satisfies the RSC condition

(2.14).

Assumption (A2) formalizes the class of functions we consider in the derivation. The

convex and differentiable requirement can be relaxed, requiring only L locally convex around θ∗,

and non-decreasing elsewhere.

Additionally, if L was not differentiable at θ∗, we could replace ∇L(θ∗) by some

element of ∂L(θ∗), the subdifferential of L at θ∗. In this case, the new class is similar to

the QSR class treated by (KIM et al., 2012), and we would additionally recover the Huber

and Quantile penalties. Our choice to restrict L to the differentiable case was mainly due to

simplicity, reflecting our desire to connect to the examples in (NEGAHBAN et al., 2009) and

(WAINWRIGHT, 2019).

Assumption (A3). Assume the decreasing parameter λn in (2.12) is such that:√
λn ≥

2

κ1

R∗(∇L(θ∗)).

Assumption (A3) is similar to others on both (NEGAHBAN et al., 2012) and (KIM

et al., 2016). It connects the choice of regularization parameter to the structure of the search

space M by linking λn to the dual of aR decomposable with respect to pairs in M.

Assumption (A4). Assume the subspace compatibility constant Ψ between the normR and the

error norm induced by the inner product ‖ · ‖ for the true model subspaceM∗ is such that:

Ψ2(M∗) ≤ ψn.

Condition (A4) requires that the true model subspace is not too complex, relatively

to others in M. It serves a purpose similar to the condition on the maximum model size in (KIM

et al., 2016), and conditions on the solution set of (1.6) in (NEGAHBAN et al., 2012), or the

Compatibility Condition of (BÜHLMANN; GEER, 2011)[Chapter 6]. As noted above, this

restriction is necessary to deal with the underlying high-dimensionality, by allowing us to require

strong convexity only on less complex subspaces, for large n.

Assumption (A5).
κ2

κ1

g(n, p)ψn ≤
1

4
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Assumption (A5) constraints the joint behavior of three main quantities, namely

the sample size n, the ambient dimension p and the maximal true model’s complexity ψn. The

function g varies dependingR, reflecting the choice of model structure.

Assumption (A6).

η2
n ≥

8ψnλn
κ1

Assumption (A6) connects the rate of ηn around θ∗ in which L is RSC, the parameter

λn and the maximal model size ψn. In many applications, ηn is constant, and thus, the condition

is easily satisfied if ψn is small enough, for large enough n, especially if ψn = O(1).

Assumption (A7).

inf
M∈M:M⊆M∗,M6={0}

‖θ∗M‖ >
2

κ1

√
λnΨ(M∗)

Finally, assumption (A7) is an adaptation of the β-min condition in (KIM et al.,

2012) and (KIM et al., 2016), which pressuposes that the smallest entry in the populational

parameter vector is large enough for the true model to be recoverable. For most interesting cases,

this condition will imply that "units" (for example the `2 norm of groups or row vectors) of the

true model θ∗ are larger than a threshold.

In the literature of the Lasso, a condition analogous to (A7) implies that the sup-

port of set of the Lasso estimate contains the support set of θ∗ (c.f.: (BÜHLMANN; GEER,

2011)[Chapter 2]). Those conditions are also common in the high-dimensional hypothesis testing

literature (c.f.:(BüHLMANN, 2013)).
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3 THE MAIN THEOREM

3.1 Theorem statement and derivation

Before we derive our main result, we make some observations:

Under the regularity conditions, (A1) and (A4) imply that:

(M∗,M̄⊥
∗ ) ∈Mψn . (3.1)

As M̂λn is the argmin of (2.12),

L(θ̂(M̂λn))− L(θ̂(M∗)) + λn(Ψ2(M)−Ψ2(M∗)) ≤ 0. (3.2)

Additionally, notice that, by (2.11) and condition (A1), we have:

L(θ̂(M∗)) ≤ L(θ∗).

Therefore:

L(θ̂(M))− L(θ̂(M∗)) ≥ L(θ̂(M))− L(θ∗).

Theorem 1 (Model Selection Consistency). Let M̂λn be the minimzer of the optimization

problem (2.12). Under the regularity conditions,

Pr
(
M̂λn =M∗

)
→ 1,

as n goes to infinity.

The demonstration follows two steps. First, we show that θ̂(M̂λn) is sufficiently

close to θ∗, so that the RSC condition holds. We then prove that, under conditions (A1)-(A7),

and for each (M,M̄⊥) ∈Mψn ,

M 6=M∗ =⇒ L(θ̂(M))− L(θ̂(M̂∗)) + λn(Ψ2(M)−Ψ2(M∗)) > 0.

In this case, due to (3.2), we must have M̂λn =M∗, with probability tending to one,

as n grows.

Proof. Let (M,M̄⊥) be a pair of subspaces in Mψn . Let ∆ := θ−θ∗. As both (M,M̄⊥), (M?,M̄⊥
? ) ∈

Mψn , condition (A4) and (2.9) both imply that:

Ψ2(M∪M∗) ≤ 2ψn. (3.3)

The proof is done in two steps:
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i. First, we show that, if θ ∈M such that ‖θ − θ∗‖ > ηn,

L(θ)− L(θ∗) ≥ κ1η
2
n

4
. (3.4)

Let θh := θ∗ + h(θ − θ∗), and ∆h := θh − θ∗. Clearly, ∆h = h∆.

Notice that:

h ≤ ηn
‖∆‖

=⇒ ‖∆h‖ ≤ ηn.

Taking h = ηn
‖θ−θ∗‖ , by the RSC condition,

L(θh)− L(θ∗) ≥ 〈∇L(θ∗),∆h〉+ κ1‖∆h‖2 − κ2g(n, p)R2(∆h)

≥ −R∗(∇L(θ∗))R(∆)h+ κ1h
2‖∆‖2 − κ2g(n, p)h2R2(∆)

≥ −R
∗(∇L(θ∗))R(∆)ηn

‖∆‖
+ κ1η

2
n − κ2g(n, p)η2

n

R2(∆)

‖∆‖2

≥ −
√
λnκ1Ψ(M∪M∗)ηn

2
+ κ1η

2
n − κ2g(n, p)η2

nΨ2(M∪M∗)

≥ −
√

2λnψnκ1ηn
2

+ κ1η
2
n − 2κ2g(n, p)η2

nψn

≥ −
√

2λnψnκ1ηn
2

+ κ1η
2
n

{
1− 2

κ2

κ1

g(n, p)ψn

}
≥ −
√

2λnψnκ1ηn
2

+
κ1η

2
n

2

≥ κ1η
2
n

2

{
1−
√

2λnψn
ηn

}
≥ κ1η

2
n

4
.

As L is convex, we have:

h(L(θ)− L(θ∗)) ≥ L(θh)− L(θ∗) ≥ κ1η
2
n

4
,

implying (3.4), as desired.

Take now θ ∈ M, such that ‖θ − θ∗‖ > ηn. Due to (3.4), and conditions (A4) and (A6)

we have:

L(θ)− L(θ∗) + λn(Ψ2(M)−Ψ2(M∗)) ≥
κ1η

2
n

4
−Ψ2(M∗))

≥ κ1η
2
n

4

{
1− 4

ψn
κ1η2

n

}
≥ κ1η

2
n

8
> 0,

where we have used the fact that κ1 ≤ 1.
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As θ̂(M̂λn) is an optimal solution to (2.12), (3.2) holds, and it cannot be the case that∥∥∥θ̂(M̂λn)− θ∗
∥∥∥ > ηn.

ii. Take now θ ∈M : ‖θ − θ∗‖ ≤ ηn, withM 6=M∗.

By the RSC condition:

L(θ)− L(θ∗) + λn(Ψ2(M)−Ψ2(M∗))

≥ 〈∇L(θ∗),∆〉+ κ1‖∆‖2 − κ2g(n, p)R2(∆) + λn(Ψ2(M)−Ψ2(M∗))

≥ −R∗(∇L(θ∗))R(∆) +
κ1

2
‖∆‖2 + λn(Ψ2(M)−Ψ2(M∗))

≥ −κ1

√
λn

2
R(∆) +

κ1

2
‖∆‖2 + λn(Ψ2(M)−Ψ2(M∗)),

(3.5)

where we have applied the generalized Cauchy-Schwartz’s inequality and conditions (A3)

and (A5).

We therefore divideM∪M∗ into four orthogonal subspaces, namely:

M∪M∗ = (M∩M∗)︸ ︷︷ ︸
Ma

∪ (M⊥ ∩M∗)︸ ︷︷ ︸
Mb

∪ (M∩M⊥
∗ )︸ ︷︷ ︸

Mc

∪ (M⊥ ∩M⊥
∗ )︸ ︷︷ ︸

Md

Recall that θM⊥ = 0 and θ∗M⊥∗ = 0, we then project ∆ onto each one of these subspaces.

∆ = ∆Ma + ∆Mb
+ ∆Mc + ∆Md

= ∆Ma + θ∗Mb
+ θMc + 0

Moreover, as all subspaces are orthogonal between one another, we have, for all γ ∈ Rp:

‖γ‖2 = ‖γMa + γMb
+ γMc + γMd

‖2 = ‖γMa‖2 + ‖γMb
‖2 + ‖γMc‖2 + ‖γMd

‖2.

Therefore, (3.5) and these results, combined with the triangle inequality, yield:

L(θ)− L(θ∗) + λn(Ψ2(M)−Ψ2(M∗))

≥ −κ1

√
λn

2
R(∆) +

κ1

2
‖∆‖2 + λn(Ψ2(M)−Ψ2(M∗))

≥ −κ1

√
λn

2
R(∆Ma) +

κ1

2
‖∆Ma‖2 (A)

− κ1

√
λn

2
R(θ∗Mb

) +
κ1

2
‖θ∗Mb
‖2 − λnΨ2(M∗) (B)

− κ1

√
λn

2
R(θMc) +

κ1

2
‖θMc‖2 + λnΨ2(M) (C)

Now let us look into each of the lines separatelly. ForM 6=M∗
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• Line (A) -

By the lower bound on a convex quadratic function, and the definition of the Subspace

Compatibility Constant:

−κ1

√
λn

2
R(∆Ma) +

κ1

2
‖∆Ma‖2

≥ −κ1

√
λn

2
Ψ(M∩M∗)‖∆Ma‖+

κ1

2
‖∆Ma‖2

≥ −κ1λn
8

Ψ2(M∩M∗).

• Line (B) -

By condition (A7):

−κ1

√
λn

2
R(θ∗Mb

) +
κ1

2
‖θ∗Mb
‖2 − λnΨ2(M∗)

≥ κ1

2
‖θ∗Mb
‖2

{
1−
√
λnΨ(M⊥ ∩M∗)

‖θ∗Mb
‖

− 2λnΨ2(M∗)

κ1‖θ∗Mb
‖2

}
≥ λnΨ2(M∗)

2
.

• Line (C) -

As κ1 ≤ 1. Using a bound similar to the one in (A):

−κ1

√
λn

2
R(θMc) +

κ1

2
‖θMc‖2 + λnΨ2(M)

≥ λnΨ2(M)
{

1− κ1

8

}
≥ λnΨ2(M)

7

Combining the lower bounds on each of the lines, we obtain:

L(θ)− L(θ∗) + λn(Ψ2(M)−Ψ2(M∗))

≥ −κ1λn
8

Ψ2(M∩M∗) +
λn
2

Ψ2(M∗) +
λn
7

Ψ2(M),

which is strictly positive, wheneverM 6=M∗.

Due to the optimality of M̂λn , (3.2) holds, and must haveM∗ = M̂λn .

3.2 Examples

In this section we show that some combinations of loss functions and model sub-

spaces respect the RSC property (2.14). The examples below are adapted from (WAINWRIGHT,
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2019)[Chapter 9], and deal with Generalized Linear Models (GLM) in a high-dimensional

random design setting, with different model structures.

Let Zn1 = {(xi, yi)}ni=1 be a random sample, with xi ∈ Rp sampled i.i.d. from a zero

mean sub-Gaussian distribution with non-degenerate covariance matrix Σ, and yi ∈ R such that:

• The columns of the design matrix are C normalized, i.e.:

max
j∈{1,··· ,p}

√√√√ n∑
i=1

x2
ij

n
≤ C (G1)

• given xi, the response yi is conditionally sampled i.i.d. according to

Prθ∗ (y | x) ∝ exp

{
y〈x, θ∗〉 − ϕ(〈x, θ∗〉)

c(σ)

}
, (G2)

where the partition function ϕ has a bounded second derivative ‖ϕ′′‖∞ ≤ B2.

Condition (G1) can always be enforced by a simple rescaling of the covariance

matrix. Condition (G2) pressuposes a GLM model, with bounded second derivative of the

partition function. This leaves out Poisson regression, but is general enough to encompass

Quadratic, Logistic and Multinomial regressions.

Consider any GLM satisfying the conditions above. Let L be the negative log-

likelihood loss function associated with the GLM:

L(θ) =
1

n

n∑
i=1

{ϕ(〈xi, θ〉)− yi〈xi, θ〉}.

Given a normR, and its dualR∗, define:

µn(R∗) := Ex,ε

[
R∗
(

1

n

n∑
i=1

εixi

)]
= Ex,ε

[
sup
R(∆)≤1

1

n

n∑
i=1

εi〈∆, xi〉

]
.

Under those conditions, (WAINWRIGHT, 2019)[Theorem 9.36] shows that L satis-

fies:

L(∆ + θ∗)−L(θ∗) ≥

〈∇L(θ∗),∆〉+
κ

2
‖∆‖2

2 − c0µ
2
n(R∗)R(∆)2, for all ∆ ∈ Rd : ‖∆‖2 ≤ 1,

(3.6)

with probability at least 1− c1e
−c2n.

The constants (κ, c0, c1, c2) all depend on the GLM, the vector θ∗ and the covari-

ance matrix Σ, but are directly independent of dimension, sample size and choice of norm R.

(WAINWRIGHT, 2019)[Section 9.4] also provide upper bounds on µn(R∗) for some norms of

interest:
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i. For the `1 penalty,R = ‖ · ‖1, andR∗ = ‖ · ‖∞. In this case,

µn(R∗) = O

(√
log p

n

)
(3.7)

ii. For the Group penalty `1/`2,R = ‖ · ‖`1/`2, andR∗ = ‖ · ‖`∞/`2. For a group set G with

maximal group size m, we have:

µn(R∗) = O

(√
m

n
+

√
log |G|
n

)
(3.8)

iii. For the sum of Columnwise `2 normsL1/L2 in the space of p1×p2 matricesR = ‖·‖L1/L2,

andR∗ = ‖ · ‖L∞/`2. This is precisely the group penalty `1/`2 applied to the vectorized

matrix, with maximum group size p1 and p2 groups. Thus:

µn(R∗) = O

(√
p1

n
+

√
log p2

n

)
(3.9)

iv. For the Nuclear norm in the space of p1 × p2 matrices,R = ‖ · ‖σ, andR∗ = ‖ · ‖op (the

matrix’s maximal eigenvalue). In this case:

µn(R∗) = O

(√
p1

n
+

√
p2

n

)
(3.10)

In the proof of Theorem 1, we used the fact that, under assumption (A4) and for each

pair (M,M̄⊥) ∈Mψn:

Ψ2(M∪M∗) ≤ 2ψn.

We also use this bound to show that assumptions (A1-A7) hold, for large enough n.

Example 9 (Sparse vectors). Let θ∗ belong to the subspace of vectors in Rp with support set

S∗, such that |S∗| = s∗. Under assumptions (A1),(A4), (A7), and (G1)-(G2), we know that, the

combination of (3.6) and (3.7) yields:

L(∆ + θ∗)−L(θ∗) ≥

〈∇L(θ∗),∆〉+
κ

2
‖∆‖2

2 − c0
log p

n
‖∆‖2

1, for all ∆ ∈ Rd : ‖∆‖2 ≤ 1,

with probability at least 1− c1e
−c2n.

Letting ∆ = θ − θ∗, for any θ ∈ M : Ψ2(M) ≤ ψn, withM ∈ M`1, imply that,

with high probability:

L(∆ + θ∗)−L(θ∗) ≥

〈∇L(θ∗),∆〉+ ‖∆‖2
2

{
κ

2
− 4c0

log p

n
ψn

}
, for all ∆ ∈ Rd : ‖∆‖2 ≤ 1.
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Notice that, as long as n >
16c0ψn log p

κ
, we have:

κ

4
> 4c0

log p

n
ψn,

showing assumption (A5) holds.

We then only need to ensure that Assumption (A3) holds with high probability, and

select n large enough for condition (A6). Following the steps in (WAINWRIGHT, 2019)[Corollary

9.26], a simple Hoeffding bound yields:

Pr (‖∇L(θ∗)‖∞ ≥ t) ≤ 2 exp

{
− nt2

2B2C2
+ log p

}
.

Setting t =
κ

2

√
λn, and taking λn =

8B2C2

κ2

log p

n
+ δ, for some δ ∈ (0, 1), guaran-

tees that:

Pr
(
‖∇L(θ∗)‖∞ ≤

κ

2

√
λn

)
≥ 1− 2e−nδ.

Finally, in order to ensure condition (A6) holds, the sample size n must satisfy:

16ψnλn
κ

≤ 1.

We summarize the convergence results above in the following Corollary:

Corollary 1. Consider a GLM model with L given by the negative log-likelihood function.

Suppose that conditions (A1),(A4), (A7), and (G1)-(G2) are all satisfied, and take λn =
8B2C2

κ2

log p

n
+ δn with δnn→∞, δn = o

(
ψn log p

n

)
, and sample size n such that:

ψn max

{
c0

log p

n
, λn

}
≤ κ

16
.

Under these conditions, theGICλn is model selection consistent, as defined in (2.13).

Example 10 (Group Sparse vectors). Let G be a collection of disjoint subsets of {1, . . . , p}

with cardinality |G| and maximum group size maxG∈G |G| = m. In this case, θ∗ belong to the

subspace of vectors inM(S∗G), as defined in (2.2), such that |S∗G| = s∗.

Denoting XG, to be the Rn×|G| submatrix with columns corresponding to the indices

belonging to G ∈ G, let us replace condition (G1) with:

max
G∈G

|||XG|||2√
n
≤ C, (G1’)

meaning that the columns of the matrix are group normalized.
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As the group composition is known, (G1’) can again be enforced by a simple rescaling

of the Covariance matrix.

Under assumptions (A1),(A4), (A7), and (G1’)-(G2), we know that, (3.6) and 3.8

yield:

L(∆ + θ∗)−L(θ∗) ≥

〈∇L(θ∗),∆〉+
κ

2
‖∆‖2

2 − c0

(√
m

n
+

√
log |G|
n

)2

‖∆‖2
`1/`2,

for all ∆ ∈ Rd : ‖∆‖2 ≤ 1, with probability at least 1− c1e
−c2n.

Letting ∆ = θ − θ∗, for any θ ∈M : Ψ2(M) ≤ ψn, withM∈M`1/`2, imply that,

for all ∆ ∈ Rd : ‖∆‖2 ≤ 1.:

L(∆ + θ∗)−L(θ∗) ≥

〈∇L(θ∗),∆〉+ ‖∆‖2
2

κ2 − 4c0

(√
m

n
+

√
log |G|
n

)2

ψn

 ,

with high probability. If n ≥ 1
κ
16c0ψn

(√
m+

√
log |G|

)2

, proposition (A5) also holds.

In order to prove condition (A3) on the parameter λn, we refer to (WAINWRIGHT,

2019)[Corollary 9.28], who, using a discretization argument, proves that:

Pr

(
max
G∈G
‖∇L(θ∗)G‖`2 ≥ 2t

)
≤ 2 exp

(
− nt2

2B2C2
+m log 5 + log |G|

)
.

Taking t = κ
√
λn

8
, and λn = 1

κ
128B2C2

(
m log 5
n

+ log |G|
n

+ δ
)

, for some δ ∈ (0, 1), implies that:

Pr

(
max
G∈G

4‖∇L(θ∗)G‖`2 ≤ κ
√
λn

)
≥ 1− 2e−nδ.

Finally, regarding (A6) we require that:

ψnλn ≤
κ

16
.

We summarize the results above in the following corollary:

Corollary 2. Consider a GLM model, with L being the negative log-likehood. Assume conditions

(A1),(A4), (A7), and (G1’)-(G2) are satisfied, and take λn = 1
k
128B2C2

(
m log 5
n

+ log |G|
n

+ δn

)
,

with δn = o
(
m log 5
n

+ log |G|
n

)
, δnn→∞, and sample size n such that:

ψn max

c0

(√
m

n
+

√
log |G|
n

)2

, λn

 ≤ κ

16
.

Under these conditions, the GICλn is model selection consistent.
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Example 11. Row Sparsity in Matrices

Recall the multivariate regression problem from before. In our notation, this model

structure is equivalent to assuming that Θ∗ ∈M∗ belonging to the collection ML1/L2. Under

this structural form, we set L(Θ) = 1
2n
|||Y −XΘ|||2F , and estimate Θ̂λn(M) from modelM∈

ML1/L2 by minimizing:

Θ̂λn(M) := argmin
Θ∈M

L(Θ).

We can think of this problem as a particular instance of the non-overlapping Group-

Sparse model Selection problem, by applying the transformation Θ 7→ vec (Θ) ∈ RpT . This

allows us to recover the same results as the example above, with m = T and |G| = p. The result

is gathered in the corollary below, for the more general multivariate GLM problem.

Corollary 3. Consider a multivariate GLM, with L being the associated negative log-likelihood.

Suppose conditions (A1), (A4), (A7), and (G1’)-(G2) are satisfied, and take λn = 1
k
128B2C2

(
T log 5
n

+ log p
n

+ δn
)
,

with δn = o
(
T log 5
n

+ log p
n

)
, δnn→∞.

If the sample size n is large enough such that:

ψn max

c0

(√
T

n
+

√
log p

n

)2

, λn

 ≤ κ

16
,

then the GICλn is model selection consistent.

Additionally, we can think of a sparse vectorized version of Θ∗ as a particular case

of sparsity in vectors, recovering Corollary 1 for multivariate GLMs with entrywise sparsity.

For an in-depth review of other matricial models that fall into our framework, we

refer the reader to (WAINWRIGHT, 2019)[Chapter 10]

3.3 Pathconsistency

When the number of potential submodels is large, it is computationally unfeasible

to search over all models. In the context of (1.2), (KIM et al., 2016) proposed constructing

a sequence of submodels Mξ indexed by a parameter ξ ∈ (0,+∞), and choosing an optimal

parameter ξ̂ by solving:

ξ̂ := argmin
ξ∈(0,+∞)

L( ˆθ(Mξ)) + λnΨ2(Mξ). (3.11)



30

If the sequence of submodels contains the true model subspaceM∗, and λn > 0

gives a consistent GICλn , it is clear that, for large enough n, Mξ̂ =M∗, with high probability.

This concept is captured more precisely by the notion of Pathconsistency.

Definition (Pathconsistency). Suppose (M∗,M⊥
∗ ) ∈M. A sequence of submodels Mξ, with a

pair M⊥
ξ , indexed by ξ ∈ Ξ is Pathconsistent if there exists ξ∗ ∈ Ξ such that:

Mξ∗ =M∗.

In the definition, we require M̄ = M. This is mainly due to simplicity: relaxing

this requirement would mean being much more careful with the size of (θ − θ∗)M̄⊥ , in relation

to (θ∗)M⊥ , similarly to (NEGAHBAN et al., 2012). In this case, the condition on Mψn change

to accomodate this relationship.

Let θ̂(ξ)convex be the estimator resulting from optimization problem (1.6), restricted

to a subspace E ⊆ Rp, with regularization parameter ξ and normR decomposable with respect

to pairs of subspaces in M. That is:

θ̂(ξ)convex := argmin
θ∈E

L(θ) + ξR(θ). (3.12)

Here, E is a "screening" subspace, with pair E⊥ satisfying: (E,E⊥) ∈Mψn andM∗ ⊆ E.

As an example, take θ̂(ξ)lasso as the estimator (3.12) above, with R = ‖ · ‖1 and

M = M`1, which is equivalent to the Lasso problem (1.5), restricted to E. (KIM et al., 2016) has

shown that the truncated Lasso’s support setM lasso
ξ is Pathconsistent for the class of Quadratically

Supported Risks, where

M lasso
ξ =M

({
j ∈ {1, . . . , n}

∣∣∣ |θ̂(ξ)lasso| > c
√
λnΨ(M∗)

})
, (3.13)

and c is a positive constant.

Analogously, we will use θ̂(ξ)convex to produce a Pathconsistent sequence of submod-

els. Let, for some yet to be defined τ > 0:

M convex
ξ = argmax

(M,M⊥)∈M

{
‖θ̂(ξ)convex

M ‖
∣∣∣‖θ̂(ξ)convex

S ‖ > τ, ∀(S, S⊥) ∈M : S 6= {0}, and S ⊆M
}

(3.14)

The intepretation is that we search for the biggest subspaceM, such that the error

norm of the projection of θ̂(ξ)convex onto every non-trivial component subspace S ofM is bigger

than a threshold. In order to make things more concrete, we characterize this for our examples:
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Example 12. Sparse vectors:

First, we show that our proposed family (3.14) reduces to (3.13), that is,

M lasso
ξ = M convex

ξ ,

whenR = ‖ · ‖1 and M = M`1.

LetM(S) be the subspace of vectors with support S, as defined in Example 1, and

define the truncated support set:

Ŝξ =
{
j ∈ {1, . . . , n}

∣∣∣ |θ̂(ξ)convex
j | > τ

}
,

for some τ > 0. Clearly,M(Ŝξ) = M lasso
ξ , for a particular choice of threshold parameter τ .

Suppose there is a vector θ in M convex
ξ , such that some element of supp(θ) := {j ∈

{1, · · · , p} | |θj| > 0}, the support set of θ, is not in Ŝξ. This is equivalent to:

supp(θ) ∩ Ŝcξ 6= {∅},

where Ŝcξ = {1, · · · , p} \ Ŝξ.

If this were to hold, by the definition of M convex
ξ and of the truncated support set

Ŝξ, there would exist an index i, such that |θ̂(ξ)convex
i | > τ , but with i not in Ŝξ, which is a

contradiction. Thus:

M convex
ξ ⊆M(Ŝξ).

AsM(Ŝξ) is a subspace in M, such that ‖θ̂(ξ)convex
M(Ŝξ)

‖ > τ , and projecting θ̂(ξ)convex

ontoM({i}), for every singleton i ∈ Ŝξ is such that ‖θ̂(ξ)convex
M({i})‖ > τ , M(Ŝξ) is a factible

choice in (3.14).

Thus

M convex
ξ =M(Ŝξ).

Example 13. Group Sparse vectors:

We can use an argument similar to the one above to show that:

M convex
ξ =M(ŜGξ) =M({i ∈ {G1, . . . , GNG} | ‖θGi‖ > τ}),

where M = M`1/`2,R = ‖ · ‖`1/`2.
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Example 14. Column Sparsity in Matrices

Similarly,

M convex
ξ =M(Ŝξ) =M({i ∈ {1, . . . , p1} | ‖θi‖ > τ}),

where M = ML1/L2,R = ‖ · ‖L1/L2.

In the examples, our approach is to truncate the subspace induced by the solution

to problem (3.12) using an appropriate τ . Recall the definition of Pathconsistency, where we

require M̄ =M for the collection of subspaces M. This leaves out the rank selection problem,

although we believe a similar technique can be used: we would estimate the Singular Values of

the matrix Θ̂(ξ), and select the subset of the singular values larger than a threshold.

Theorem 2 (Pathconsistency). Let θ̂(ξ)convex be the minimizer of (3.12). Under the regularity

conditions, M convex
ξ , with τ =

3

κ1

√
λnΨ(M∗) is Pathconsistent.

Proof. To simplify the notation, let θ̂(ξ)convex = θ̂n and define ∆̂n = θ̂n − θ∗.

First, we show that

θ̂n ∈ E : ‖θ̂n − θ∗‖ ≤ ηn. (3.15)

Take any θ ∈ E : ‖θ − θ∗‖ > ηn. Defining θh = θ∗ + h(θ − θ∗) and ∆h = h∆ =

h(θ − θ∗), with h = ηn/‖∆‖, we have, by the RSC condition and the the triangle inequality,

combined with assumptions (A3), (A5) and the definition of Ψ:

L(θh)−L(θ∗) + ξ(R(θh)−R(θ∗))

≥ −R∗(∇L(θ∗))R(∆h) + κ1‖∆h‖2 − κ2g(n, p)R2(∆h)− ξR(∆h)

≥ − (R∗(∇L(θ∗)) + ξ) Ψ(E)ηn +
κ1

2
η2
n

≥ −
(
κ1

√
λn

2
+ ξ

)√
ψnηn +

κ1

2
η2
n,

Taking, for each n, ξ = ξn = κ1
√
λn

2
, and substituting above results in:

L(θh)−L(θ∗) + ξn(R(θh)−R(θ∗))

≥ κ1η
2
n

2

{
1− 2

√
λnψn
ηn

}
,

which is positive, by assumption (A6).

As F(θ) = L(θ)−L(θ∗)+ ξn(R(θ)−R(θ∗)) is convex, the inequality above would

imply that F(θ̂n) is positive - a contradiction - showing that (3.15) holds.
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By the RSC condition, we have, ∀θ ∈ E : ‖θ − θ∗‖ ≤ ηn:

L(θ)−L(θ∗) + ξn(R(θ)−R(θ∗))

≥ 〈∇L(θ∗),∆M∗ + ∆M⊥∗ 〉+
κ1

2
‖∆M∗ + ∆M⊥∗ ‖

2 + ξn(R(θ)−R(θ∗))

≥ 〈∇L(θ∗),∆M∗〉+
κ1

2
‖∆M∗‖2 − ξnR(∆M∗)

+ 〈∇L(θ∗),∆M⊥∗ 〉+
κ1

2
‖∆M⊥∗ ‖

2 + ξnR(∆M⊥∗ )

≥ − (R∗(∇L(θ∗)) + ξn)R(∆M∗) +
κ1

2
‖∆M∗‖2 (A’)

+ (ξn −R∗(∇L(θ∗)))R(∆M⊥∗ ) +
κ1

2
‖∆M⊥∗ ‖

2 (B’)

Regarding lines (A’) and (B’), notice that

− (R∗(∇L(θ∗)) + ξn)R(∆M∗) +
κ1

2
‖∆M∗‖2 ≥ −2Ψ2(M∗)ξ

2
n

κ1

, (3.16)

by the lower bound for a convex quadratic equation, and that

(ξn −R∗(∇L(θ∗)))R(∆M⊥∗ ) +
κ1

2
‖∆M⊥∗ ‖

2 ≥ 0, (3.17)

by condition (A3) and our choice of ξn.

In order to prove that τ ≥ 3

κ1

correctly separatesM∗ fromM⊥
∗ , we show that every

subspace pair (F, F⊥) ∈M, such that F ⊆ E ∩M⊥
∗ has, for some c > 0,

‖θ̂n,F‖ ≤ cξnΨ(M∗).

Conversely, each subspace pair (F ′, F ′⊥) ∈M : F ′ ⊆ E ∩M∗ has

‖θ̂n,F ′‖ > cξnΨ(M∗).

First, assume by contradiction that there is, for c1 ≥ 2
κ1

,

(F, F⊥) ∈M : F ⊆ E ∩M⊥
∗ and ‖θF‖ > c1ξnΨ(M∗).

Equations (3.16) and (3.17), combined with our assumption imply (As ∆M⊥∗ =

θM⊥∗ ):

L(θ)−L(θ∗) + ξn(R(θ)−R(θ∗))

≥ −2Ψ2(M∗)ξ
2
n

κ1

+
κ1

2
‖∆M⊥∗ ‖

2

≥ −2Ψ2(M∗)ξ
2
n

κ1

+
κ1

2
c2

1Ψ2(M∗)ξ
2
n

≥ Ψ2(M∗)ξ
2
n

{
κ1

2
c2

1 −
2

κ1

}
> 0,
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which cannot hold be true for the minimizer θ̂n. Thus, ∀(F, F⊥) ∈M : F ⊆ E ∩M⊥
∗ ,

‖θ̂n,F‖ ≤ c1ξnΨ(M∗). (3.18)

Now, assume that there is, for c2 ≥ 5
κ1

,

(F ′, F ′⊥) ∈M : F ′ ⊆ E ∩M∗ and ‖∆F ′‖ > c2ξnΨ(M∗).

Once again, (3.16) and (3.17) imply that:

L(θ)−L(θ∗) + ξn(R(θ)−R(θ∗))

≥ −2ξnR(∆M∗∩F ′)− 2ξnR(∆M∗∩F ′⊥) +
κ1

2
‖∆M∗∩F ′‖2 +

κ1

2
‖∆M∗∩F ′⊥‖

2

≥ −2Ψ2(M∗)ξ
2
n

κ1

+
κ1

2
c2

2Ψ2(M∗)ξ
2
n − 2c2ξ

2
nΨ(M∗)

≥ κ1

2
Ψ2(M∗)ξ

2
n

{
c2

2 −
4c2

κ1

− 4

κ2
1

}
> 0.

Thus,

∀(F ′, F ′⊥) ∈M : F ′ ⊆ E ∩M∗ and ‖∆̂n,F ′‖ ≤ c2ξnΨ(M∗).

Recall the assumption (A7), which implies:

inf
F ′∈M:F ′⊆M∗,F ′ 6={0}

‖θ∗F ′‖ >
2

κ1

√
λnΨ(M∗) ≥

2

κ1

ξnΨ(M∗).

Therefore, by the triangle inequality, ∀F ′ ∈M : F ′ ⊆ E ∩M∗,

‖θ̂n,F ′‖ ≥ c3

√
λnΨ(M∗), (3.19)

where c3 =

∣∣∣∣c2 −
2

κ1

∣∣∣∣ ≥ 3

κ1

.

Combining (3.19) and (3.18), we have that M convex
ξn

, correctly separatesM∗ from

M⊥
∗ , with τ =

3

κ1

√
λnΨ(M∗).

Therefore, M convex
ξn

=M∗, completing the proof.
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4 CONCLUSION

In this paper we provide theoretical sufficent conditions for the model selection

consistency in high-dimensions of the estimator M̂λn ofM∗, obtained by optimizing (1.3). Our

framework considers more complex model structures, such as group-sparse vectors, row-sparse

matrices and low-rank matrices, introduced in (NEGAHBAN et al., 2011), extending the results

in (KIM et al., 2016).

However, as the number of potential models can be huge for large p, calculating

M̂λn can be extremely inefficient. We provide an algorithm that reduces the search space, by

generating a sequence of submodels containing the true modelM∗ from the solution path of

(3.12). This allows the practical use of GIC (1.3) in high Dimensions.

For our consistency result, we point to the importance of upper bounds onR∗(∇L(θ∗))

for selecting an appropriate sequence {λn}, as noted in (NEGAHBAN et al., 2012). This quantity

exposes the close relationship between λn and the model structure connected to the decomposable

normR.

Our procedure allows us to use less restrictive conditions for model selection con-

sistency than that of the Lasso or its generalizations. In order for the Lasso to be model

selection consistent, we need a stronger Irrepresentability condition (c.f.: (BÜHLMANN; GEER,

2011)[Chapter 7]), which is somewhat restrictive in High-Dimensions. (LEE et al., 2015) proves

that an analogous conditions must be satisfied for model selection consistency of general Regu-

larized M-estimators of the type (1.6). Similarly to (LOH; WAINWRIGHT, 2017), the use of

non-convex selection methods allows us to circumvent Irrepresentability.

As discussed in the text, under less restrictive assumptions on the differentiability

of L at θ∗, we can show other loss functions, such as the Huber and Quantile losses, fall into

our framework. Another possible extension would be to characterize the solution set of problem

(1.3), similarly to (NEGAHBAN et al., 2012). This would provide a more precise assesment as

to where conditions on the curvature of the loss function are necessary.

Our results could also be extended to consider slightly more complicated weakly

sparse models, in which the population parameter is in a Lq ball around the origin, with q ∈ (0, 1).

In this case, model selection consistency would mean that a procedure selects from a collection

of candidates, the best simple model approximating θ∗ for each n.

Additionally, by considering the notion of Weak Decomposability of (GEER, 2014),

we are be able to deal with overlapping group norms. This would further generalize our technique
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to combine different norms, which could be used, for example, to estimate the structure of

sparse/low-rank matrices (c.f.: (WAINWRIGHT, 2019)).
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