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Chapter 1

A Model of Mixed Signals with Applications to
Countersignaling and the GED

Abstract

We develop a job-market signaling model where signals may convey two pieces of information. This model is employed to study the
GED exam and countersignaling (signals non-monotonic in ability).
A result of the model is that countersignaling is more expected to
occur in jobs that require a combination of skills that diﬀers from
the combination used in the schooling process. The model also produces testable implications consistent with evidence on the GED: (i)
it signals both high cognitive and low non-cognitive skills and (ii) it
does not aﬀect wages. Additionally, it suggests modifications that
would make the GED a more eﬀective signal.

1

1.1

Introduction

Most of the existing signaling models are structured in a way that signals reveal
information monotonically. In the job-market models, for example, higher education always discloses information about higher productivity. Nevertheless, in
many situations signals convey information about diﬀerent characteristics. In
such cases, good and bad characteristics may be revealed by the same signal so
that the monotonicity does not hold (i.e., signals may be mixed).
One example of mixed signals is the General Educational Development (GED)
exam, which is taken by high school dropouts to certify their equivalence with
high school graduates. The GED reveals, at the same time, high cognitive skills
and low non-cognitive skills [Heckman and Rubinstein (2001) and Cavallo, Heckman, and Hsee (1998)]. Moreover, wages received by high school dropouts are
not influenced by the realization of this exam.
Another example is the occurrence of countersignaling, where individuals
with high types choose to engage in a lower amount of signaling than mediumtype individuals. In the context of education as a signal, for example, mediocre
individuals appear to educate more than bright individuals for professions where
individuals without a licence are not denied work [Hvide (2003)].1 Unlike standard models of advertising as a signal predict, Clements (2004) documents that
many higher-quality products are sold in lower quality packages. In the presence of countersignaling, a higher amount of signal may reveal good or bad
information (since high-type and low-type individuals signal less than intermediate types).
A third example of mixed signals is presented by Drazen and Hubrich (2003),
where it was argued that higher interest rates show that the government is committed to maintaining the exchange rate fixed, but also signal weak fundaments.
In the initial papers in the signaling literature, the informational asymmetry
consisted of a unidimensional parameter which was known only to one side of
the market [e.g. Spence (1973, 1974)]. Then, under the natural condition that
individuals could be ordered according to their marginal utility of signaling
(single-crossing property), there existed a family of separating equilibria, all
ranked by the Pareto optimality criterion.2 Moreover, only the Pareto dominant
equilibrium was robust to competition among firms [Riley (1979)].
Of course, the possibility to reduce all asymmetry to a unidimensional parameter is not a very realistic assumption. In the labor market model, for example,
this implies that all relevant characteristics of an employee could be captured
by a single ability-type, usually thought as a cognitive ability. However, there
is significant empirical evidence on the importance of non-cognitive skills as
well as cognitive skills in the labor market. Apparently, it was assumed that
the generalization of the original results to the multidimensional case would be
1 A signiﬃcant amount of the 400 richest people in the US do not hold an academic degree
(Bill Gates is a well known example) [Orzach et. at (1999)]. Hvide (2003) also argues that
many bright MBA students from top-schools dropout to work.
2 In the specific case of labor market model, this condition implies that education is more
costly to less able individuals.
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straightforward. This assumption was soon proved wrong by Kholleppel’s (1983)
example of a two-dimensional extension of Spence’s model where no separating
equilibrium existed.
Quinzii and Rochet (1985) and Engers (1987) provided suﬃcient conditions
for the existence of a separating equilibrium in the multidimensional model. In
Quinzii and Rochet’s article, ability was represented by a k-dimensional vector
and they assumed the existence of k (non-exclusive) diﬀerent types of education.
Moreover, they assumed that the signaling costs were linear and separable in the
signals (up to a change of variables). Hence, it was as if each school required only
one type of ability. Then, an individual would be able to attend a school whose
system required only a type of skill (cognitive skills, for example) and another
school that required only another type of skill (non-cognitive skills). Under this
separability assumption (which implies in the single-crossing property in each
dimension), Quinzii and Rochet obtain results similar to the unidimensionalcharacteristic models: only separating equilibria exist and wages are monotonic
in the characteristic parameter.
It is needless to say that the educational systems assumed by Quinzii and Rochet are not realistic since all known educational systems require both cognitive
and non-cognitive abilities (although in diﬀerent proportions). Engers relaxed
this assumption through a generalization of the unidimensional assumption that
individuals’ marginal utility of signaling could be ordered (single-crossing property). However, in the multidimensional case, this assumption is much less
compelling since, as the number of signals rise, it becomes more probable that
the single-crossing property (SCP) does not hold when one controls for one
signal (i.e., the introduction of other signals may break the SCP in the multidimensional case).
Hence, the existence of mixed signals contrasts strongly with monotonic
wages and separability of types in equilibrium as predicted by standard models.
Indeed, when the single-crossing property holds, an equilibrium always exists,
signals are always monotonic, and all equilibria are fully-separable.3 Thus, in
order to understand non-monotone signals, the SCP must not be imposed.
In this article, we present a two-dimensional characteristics signaling model
where the SCP may not hold. Individuals’ characteristics are represented by
a vector of cognitive and non-cognitive ability parameters. Firms can access a
combination of these characteristics through an interview but cannot precisely
tell if the realization of this interview was due to high cognitive or non-cognitive
ability. Workers are able to signal their characteristics through the number of
years dedicated to education.
This model is employed in order to understand the evidence on the GED
and on countersignaling. When applied to the GED, the signaling equilibrium
has some interesting properties consistent with the available empirical evidence:
individuals with diﬀerent abilities obtain the same amount of education and
passing the exam does not increase one’s earnings even though it signals higher
3 Araujo, Gottlieb, and Moreira (2004a) show that a necessary and suﬃcient condition for
full-separability is that the SCP holds locally.
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cognitive skills. These results follow from the fact that GED is a mixed signal:
if a worker with low overall ability has passed the exam, it means that his noncognitive ability is low. Hence, as both types of ability are used in the production
process, passing the exam is not necessarily a signal of high productivity.
The model suggests that the problem of the GED exam is its focus on cognitive ability. A test which places a stronger emphasis on non-cognitive ability
would be a more eﬀective signal. Moreover, a simple change in the passing
standards of the GED would not aﬀect its neutrality on wages.
It is shown that countersignaling occurs whenever the schooling technology
diﬀers from the technology of firms. The model has a very intuitive testable implication: the amount of countersignaling is strictly increasing in the diﬀerence
between the schooling technology and the firms’ technology. Hence, countersignaling is expected to be more important in occupations that require a diﬀerent
combination of skills from those required in the schooling process.
The rest of the paper is organized as follows. The basic framework is presented in Section 1.2. Section 1.3 characterizes the equilibrium. Section 1.4
discusses how countersignaling may emerge and Section 1.5 employs this framework to understand the GED exam. Then, Section 1.6 concludes.

1.2

The basic framework

The economy consists of a continuum of informed workers who sell their labor
to uninformed firms. Each worker is characterized by a two-dimensional vector
of characteristics (ι, η), where ι is her cognitive ability (intelligence) and η is
her non-cognitive ability (perseverance). The set of all possible characteristics
is the compact set Θ ≡ [ι0 , ι1 ] × [η 0 , η 1 ] ⊂ R2++ and the types are distributed
according to a continuous density p : Θ → R++ , which is assumed to be a C 2
function.
Workers are able to engage in a schooling activity y ∈ R+ which firms
can observe. By engaging in such activity, the type-(ι, η) worker incurs in a
cost c (ι, η, y). Her productivity depends on the vector of innate characteristics
which is not (directly) observable.
Firms have identical technologies with constant returns to scale f (ι, η) and
act competitively.4 Moreover, other than schooling, firms have an interview
technology g (ι, η) which is a non-suﬃcient statistic for the worker’s productivity. Thus, even though firms have some idea of the overall ability of a worker,
they are unable to unambiguously determine her productivity.5 In a more general model, we could imagine that individuals might exert eﬀort in order to distort the market’s assessment of their productivity [e.g. Holmstrom (1999) and
Dewatripont, Jewitt, and Tirole (1999)]. This possibility is studied at Araujo,
4 In this paper, we consider only the pure signaling case since schooling does not influence
productivity. However, as was shown in a previous version of the paper, all propositions in
this paper also hold when schooling aﬀects productivity [see Araujo, Gottlieb, and Moreira
(2004b)].
5 The hypothesis that firms can access an additional signal which consists of a measure of
the worker’s ability is also present at Feltovich et al. (2002).
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Gottlieb and Moreira (2004b), where it is assumed that schooling distorts the
worker’s performance in the interview. However, most of the results in this
paper still hold.6
After observing schooling y and the result of the interview g, each firm oﬀers
a wage w (y, g). Thus, each worker will choose the amount of schooling y in order
to maximize w (y, g) − c (ι, η, y) .
The timing of the signaling game is as follows. First, nature determines each
worker’s type according to the density function p. Then, workers choose their
educational level contingent on their type. Subsequently, firms oﬀer a wage
w (y, g) conditional on observing (y, g) .
Since all firms are equal, we will study symmetric equilibria where the oﬀered
wage schedule is the same for every firm. As usual, we adopt the perfect Bayesian
equilibrium concept:
Definition 1 A perfect Bayesian equilibrium (PBE) for the signaling game is
a profile of strategies {y (ι, η) , w (y, g)} and beliefs µ (· | y, g) such that
1. The worker’s strategy is optimal given the equilibrium wage schedule:
(ι, η) ∈ arg max w (y (ι̃, η̃) , g (ι̃, η̃)) − c (ι, η, y (ι̃, η̃)) ,
{ι̃,η̃}

2. Firms earn zero profits: w (y (ι, η) , g (ι, η)) = E [f (ι, η) | g, y] .
3. Beliefs are consistent: µ (ι, η | y, g) is derived from the worker’s strategy
using Bayes’ rule where possible.
Next, we will specify the analytical forms of the functions presented.7 Consider the following cost of signaling function:
c (ι, η, y) =

y
.
ιη

(1)

The cost function above implies that intelligence and perseverance are imperfect substitutes in the schooling process.
We assume that the interview function is given by
g (ι, η) = αι + η,

(2)

where α > 0 is the rate of substitution between perseverance and intelligence.
Substituting (2) into (1), we are able to rewrite the cost of signaling as a
function of the intelligence and the interview result:
c (ι, g, y) =

y
,
ι (g − αι)

where we denote this function by c with some abuse of notation.
6 It can also be shown that, locally, the ability to distort the result of the interview raises
the amount of education in equilibrium for all individuals.
7 The robustness of the model is studied in the Appendix A.
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Notice that, in general, the single-crossing property (SCP) may not be satisfied since
½
¾
½
¾
g − 2αι
g
>
>
cyι (ι, g, y) = −
0⇔ι
.
2
<
<
2α
[ι (g − αι)]
The SCP states that the marginal utility of eﬀort is monotonic in the ability
parameter. In this specific case, it means that, conditional on the interview g,
more intelligence would either always decrease or always increase the cost of
schooling.8 Hence, the SCP is equivalent to assuming that the range of abilities
is such that intelligence is always better than perseverance for schooling (or
vice-versa).
g
The intelligence level ι = 2α
divides the parameter space in two intervals
(CS+ and CS− ) according to the sign of cyι (negative and positive, respecg
tively). For workers with intelligence below (above) 2α
, intelligence decreases
(increases) the cost of signaling given the overall ability g. When the SCP is
satisfied, [ι0 , ι1 ] belongs to one of these intervals.

Figure 1
We assume that the worker’s productivity is given by the Cobb-Douglas
function
f (ι, η) = ιb η1−b ,
where b ∈ (0, 1). If b > 12 we say that the firm’s technology is intensive in
cognitive skills. Otherwise, we say that it is intensive in non-cognitive skills.
It is useful to rewrite the production function conditional on the interview
g as
1−b
s (ι) = ιb (g − αι)
.
(3)
8 In other words, even for individuals with very high intelligence and very low perseverance
levels, raising a unit of intelligence and decreasing α units of perseverance would decrease the
marginal cost of schooling (or the opposite case when the sign of cyι is reversed).
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1.3

The signaling equilibria

In this section, the signaling equilibrium is characterized. First, we divide the
interval of parameters in three diﬀerent sets according to the degree of separation. Necessary conditions for an equilibrium are presented for each of these
sets separately. Then, we present the refinement criterion which will be employed in order to select a unique equilibrium. It consists of a generalization of
Riley’s (1979) criterion. Subsequently, suﬃcient conditions for the equilibrium
are obtained.
The following definitions will be useful in the characterization of the equilibria.
Definition 2 Given an equilibrium profile of education y, the pooling set Θ (y, g)
is the set of types whose signal is (y, g).
We say that a type is separated if, in equilibrium, her characteristics are
revealed from her signals y and g. If more than one type choose the same
amount of education, we say that they are pooled. As in standard signaling
models, an equilibrium may feature a continuum of types choosing the same
signal. We call these types continuously pooled. However, when the single
crossing property does not hold, the equilibrium may feature non-monotone
signalling. As a result, a disconnected set of workers may acquire the same level
of education. We say that these workers are discretely pooled. We state the
precise definitions below:
Definition 3 Given an equilibrium profile of education y:
1. A type− (ι, g) worker is separated if Θ (y (ι, g) , g) = {(ι, g)}. A separating
set is a set of types where every element is separated.
2. A type− (ι, g) worker is continuously pooled if Θ (y (ι, g) , g) is not discrete. A continuous pooling set is a set of types where every element is
continuously pooled.
3. A type− (ι, g) worker is discretely pooled if Θ (y (ι, g) , g) 6= {(ι, g)} is discrete. A discrete pooling set is a set of types where every element is discretely pooled.
In any signaling equilibrium, each type must belong to one of these three
sets. In the following subsections, we study the properties of separating sets,
continuous pooling sets and discrete pooling sets, respectively.

1.3.1

Separating set

When a worker belongs to a separating set, Bayes’ rule implies that belief
µ (ι | y, g) must be a singleton measure concentrated at ι. Then, the zero-profits
condition (second condition of Definition 1) is
w (y (ι, g) , g) = f (ι, g − αι) .
7

(4)

The worker’s truth-telling condition (first condition) is
ι ∈ arg max f (ι̃, g − αι̃) − c (ι, g, y (ι̃, g)) .
{ι̃}

(5)

Notice that each realization of g (ι, η) = x defines a set of possible characteristics
g −1 (x) ≡ {(ι, η) ∈ [ι0 , ι1 ] × [η 0 , η 1 ] : x = αι + η}.

As the worker’s production function is a strictly concave, continuous function
of ι, there exists a unique intelligence level such that her productivity is maximal
given the overall ability g. This educational level is defined as
ι∗ (g) = arg max ιb η 1−b

s.t. g = αι + η.

(6)

It follows from the first-order (necessary and suﬃcient) conditions of the
∗
problem above that ι∗ (g) = bg
α . Hence, productivity is increasing for ι ≤ ι (g)
and decreasing for ι ≥ ι∗ (g) . The interpretation of this result is straightforward.
Given the result of the interview g, firms prefer moderate intelligence levels since
a worker whose intelligence is too high must have a low level of perseverance.
But, as a worker must be earning her expected productivity in any separating set, it follows that wages are non-monotone in intelligence (controlling for
the interview g). As shown in the previous signaling literature, when the SCP
is satisfied, the educational level is increasing in the worker’s characteristics.
Suppose this is also the case when the SCP is not valid (i.e., suppose that education is increasing in intelligence). Then, firms would oﬀer a higher salary for
individuals with intermediate schooling (as those are the most productive workers).9 But such an allocation cannot be an equilibrium since workers’ strategies
are not optimal: if they reduce the amount of schooling, their wages rise (and,
of course, they obtain a higher utility). Hence, a necessary condition for truthtelling is that education must be increasing in ι until ι∗ and decreasing after
ι∗ .
Notice that this necessary condition for an interior solution follows from the
equalization between the marginal benefit from deviating and its marginal cost.
Since the marginal benefit consists of the wage diﬀerential sι and the marginal
cost consists of the marginal cost of signaling times the signaling diﬀerential
cy yι , we get, by computing sι and cy , that
yι (ι, g) = s (ι) (bg − αι),

(7)

which implies that y must be increasing (decreasing) if ι < (>)ι∗ (g) .
From the local second-order condition, we obtain the usual necessary condition that education must be increasing in the CS+ region and decreasing in
CS− . Hence, from the first- and second-order conditions of the problem defined
in equation (5) we obtain the following lemma, whose proof is presented in the
appendix:10
9 More precisely, the wage schedule would be increasing in schooling until y (ι∗ (g) , g) and
decreasing from that point on.
1 0 Lemma 1 can be generalized to C 1 by parts functions. However, we focus on the C 2 by
parts case in order to simplify the proof.
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Lemma 1 In any separating set, if a C2 by parts education and wage profile is
truth-telling it must satisfy
yι (ι, g) (g − 2αι) ≥ 0.

(8)

and equation (7).
Corollary 1 In a separating set, the workers with highest schooling are the most
productive ones (not the brightest or the most perseverant ones) and schooling
is strictly increasing in productivity.
Proof. From (7), it follows that
yι (ι, g) > 0 ⇐⇒ ι <

bg
= ι∗ (g) .
α

(9)

Remark 1 Notice that equation (8) implies that
yι (ι, g) ≥ 0 ⇐⇒ ι ≤

g
.
2α

(10)

Generally, equations (9) and (10) cannot hold for all ι except when b = 12 .
In this case, the firms’ technology is identical to the signaling technology. Then,
we can treat ιη as a single parameter and we obtain Spence’s (1973) model.
Moreover, education must be monotone in this (redefined) parameter.
Remark 2 When b 6= 12 , there exists some misalignment between the firm and
the worker since the relative intensity of intelligence of the schooling
n
otechnology
bg g
is diﬀerent from that of the firm’s technology. Then, if min α ; 2α ∈ [ι0 , ι1 ] ,
there must exist some pooling in equilibrium (since the separating set conditions
cannot hold for all the interval of parameters).

1.3.2

Continuous pooling set

Let p(ι | g) denote the density function of ι conditional on the result of the
interview g and suppose there exists a non-degenerate closed set I which is a
continuous pooling set and such that no closed set X ⊃ I is a continuous pooling
set. Then, y (ι, g) = ȳ (g) for all ι ∈ I.
The zero-profit condition is
w (ȳ (g) , g) = W (X, g) ,

(11)

R
where W (X, g) ≡ X f (x, g − αx) p(x | g)dx is the expected productivity of a
type-ι worker. Conditions 2 and 3 from Definition 1 are thrivially satisfied in
that given set.
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1.3.3

Discrete pooling set

A distinct feature of models where the SCP does not hold is the emergence
of discrete pooling, where individuals with non-adjacent types receive the same
contract [Araujo and Moreira (2000, 2001)]. This feature is a direct consequence
of the possibility of non-monotone signals.
As was shown by Araujo and Moreira (2000), a necessary condition for truthtelling in a discrete pooling set is the so-called marginal rate of substitution
identity, according to which, if two individuals are (discretely) pooling in a
contract, they should have the same marginal rate of substitution. We formally
state that result as a lemma:
Lemma 2 If two regular workers with the same interview result choose the same
level of education, then their marginal cost of education must be the same:
⎫
y (ι, g) = y (ι̃, g) ⎬
∂c (ι, g, y)
∂c (ι̃, g, y)
yι (ι, g) 6= 0
⇒
=
.
⎭
∂y
∂y
yι (ι̃, g) 6= 0

Remark 3 The economic interpretation of Lemma 2 is that if two non-adjacent
workers with diﬀerent marginal costs of education choose the same contract, one
of them could benefit from deviating by choosing a diﬀerent amount of schooling.

From the equality of the marginal costs of signaling, it follows that if type(ι, g) worker is in a discrete pooling set, the other worker pooling with her is
(ι̂, g) defined as:
g
ι̂ = − ι ≡ γ (ι) .
(12)
α
The following lemma will be important for the extension of the model to the
GED exam. It links the productivity of two discretely pooled workers with the
relative intensity of cognitive skills in the firms’ production function.
Lemma 3 If two workers are discretely pooled, then the less intelligent one is
more productive if the firms’ technology is intensive in perseverance (b < 12 ) and
the more intelligent one is more productive if the firms’ technology is intensive
in intelligence (b > 12 ).
Let P (x) denote the density of a type-x individual conditional on x belonging
to the pooling-set Θ (y (ι) , g) . Then, if x belongs to a discrete-pooling set, it
follows that
p(x | g)
P (x) ≡
.
p(ι | g) + p(γ (ι) | g)
Furthermore, P (ι) + P (γ (ι)) = 1 for all ι in a discrete-pooling set.
Analogously to Lemma 1, the local first- and second-order conditions from
the workers’ truth-telling conditions yield the following:

10

Lemma 4 If (ι, g) belongs to a discrete pooling set, then if a C2 by parts education and wage profile is truth-telling, they satisfy:
yι (ι, g) = f (ι, η) [P (ι) (bg − αι) + P 0 (ι)]
+α

1−2b

(13)
0

f (η, ι) {(1 − P (ι)) [(1 − b) g − αι] + P (ι)} ,
yι (ι, g) (g − 2αι) ≥ 0.

(14)

Equation (13) displays how discrete pooling distorts an incentive-compatible
profile of education. As in the separated case, equation (13) equates the marginal cost with the marginal benefit of education. However, due to the fact that
in the discrete pooling case wages are a weighted average of productivities, the
marginal benefit of education in a discrete pooling set is a weighted average of
marginal productivities.11
In the next subsection, we present some comparative statics results as well
as the equilibrium selection criterion.

1.3.4

Equilibrium selection and comparative statics

The proposition below presents some comparative statics results. Since education is costly, individuals would only choose to educate if this increases their
wages. Thus, incentive-compatibility requires wages to be strictly monotonic.
Proposition 1 Wages are strictly increasing and concave in the amount of
schooling controlling for the interview.
Notice that productivity is increasing in the result of the interview g. Then,
in a separating set, wages must be increasing in g. However, this may not be
true in a pooling set: since wages are a weighed average of the productivity of
pooled types (where weights are given by the conditional probability of each
type), a change in g would also aﬀect the weights attributed to each type. In a
discrete pooling set, for example, it follows that12
∂P (ι)
∂w
= P (ι) fη (ι, η) + [1 − P (ι)] fη (ι̂, η̂) +
[s (ι) − s (ι̂)] .
∂g
∂g
The first and second terms are positive and represent the direct eﬀect: more
productive individuals get a higher result in the interview. The last term may
be eigher positive or negative and reflects the indirect eﬀect. If the amount of
more productive individuals is decreasing in g, then this term is negative.13 If
ι | g is uniformly distributed, for example, then this last term vanishes (since
the conditional distribution of ι is constant) implying that wages are increasing
in the interview.
1 1 Notice that the separating set is a special case of the discrete pooling set where firms are
able to infer the workers ability in a pooling set (P (ι) = 1).
1 2 The same argument also holds for continuous pooling sets.
1 3 Let s (ι) > s (ι̂) . Then, ∂w < 0 if and only if ∂P (ι) < − P (ι)fη (ι,η)+[1−P (ι)]fη (ι̂,η̂) .
∂g
∂g
s(ι)−s(ι̂)

11

The diﬀerence between the monotonicity of wages in education (Proposition
1) and the non-monotonicity of wages in the interview stems from the fact that
education is an endogenous signal while the interview is an exogenous signal.
When a costly signal is endogenous, an agent will not purchase an additional
amount of it unless he obtains higher wages by doing so. In contrast, when
a signal is exogenous, the agent is unable to distort it. Hence, wages may be
non-monotonic in this signal.
As the concept of PBE leads to an indeterminacy of equilibria, it is important
to apply a selection criterion in order to pick an equilibrium. Riley (1979)
suggested the concept of a reactive equilibrium that chooses only the separating
equilibrium in the continuous-type framework. This concept has been widely
applied in the signaling literature.
As a fully separating equilibrium does not exist when the single-crossing
property does not hold, one must employ a weaker refinement criterion. Araujo
and Moreira (2001) proposed the quasi-separability criterion which consists of
a slight modification to the concept of reactive equilibrium (both concepts are
equivalent when the SCP holds).
Like the reactive equilibrium, the quasi-separable equilibrium seeks a unique
equilibrium with the highest degree of separation and which Pareto dominates
other signaling equilibria. The following definition introduces the quasi-separability
criterion.
Definition 4 A PBE is quasi-separable if:
1. A worker belongs to a pooling set, then there exists a worker with a diﬀerent
type that pools with him such that their marginal cost of schooling must be
the same;
2. There is no other PBE satisfying condition 1 such that every type obtains
less schooling (with strictly less to at least one type).
The first condition identifies the highest possible degree of separability. The
second condition gives the boundary condition which uniquely determines the
equilibrium. It consists on a Pareto improvement criterion for selection.
The following proposition can be seen as an evidence that the SCP does not
hold. It states that two individuals with diﬀerent abilities obtaining the same
amount of schooling is not consistent with the SCP. Hence, the fact that the
empirical evidence documents that workers with diﬀerent abilities receive the
same wages suggests that the SCP is violated.
Proposition 2 If the pooling set of a quasi-separable equilibrium is non-empty,
then the SCP does not hold.

1.3.5

Characterization of the equilibrium

In this section, we characterize the equilibrium of the model. As the results
are more technical than the rest of the paper and are not crucial to any of our
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results, it can be skipped by readers more interested in the applications of the
model.
As in equation 12, we denote by γ (ι) the type with the same marginal cost of
signaling as ι. We will focus on the case where γ (ι0 ) ≤ ι1 and b < 1/2 (the other
cases can be studied in a similar fashion).14 Clearly, as γ (ι0 ) ≤ ι1 , it follows
that (γ (ι0 ) , ι1 ] must be a separating set in any quasi-separable equilibrium (as
no other type can have the same marginal cost of schooling as ι ∈ (γ (ι0 ) , ι1 ]).
The characterization will be done through a series of lemmata.
Define the indirect utility U (ι̂, ι) as the utility received by a type-ι worker
who gets the contract designed for type ι̂:
U (ι̂, ι) ≡ s (ι̂) − c (ι, g, y (ι̂, g)) .
The first lemma establishes another necessary condition for truth-telling.15
Lemma 5 U (ι̂, ι) is continuous at ι̂ = ι for all ι ∈ [ι0 , ι1 ] .
The basic intuition behind this result is that, as the cost of signaling is continuous, if the indirect utility were discontinuous those individuals in a vicinity
of the point of discontinuity could benefit from another type’s contract. Hence,
it would not be truth-telling.
The continuity of U enables us to determine the boundary condition for the
amount of education when changing from discrete pooling sets to separating
sets. Notice that when a worker becomes pooled with another type, his expected productivity changes discontinually (as it becomes the average of their
productivities). Thus, his wage becomes discontinuous. Hence, the education
must be discontinuous in order to preserve the continuity of the indirect utility.
This is formally established in the following corollary:
Corollary 2 (i) Let ι be such that [ι, ι + ε] is a discrete pooling set and [ι − ε, ι)
is a separating set, for some ε > 0. The following condition is necessary for
truth-telling:
y (ι) = −

ι (g − αι) [s (ι) − s (γ(ι))]
+ lim y (x) .
x→ι−
2

(15)

(ii) Let ι be such that [ι − ε, ι] is a discrete pooling set and (ι, ι + ε] is a
separating set, for some ε > 0. The following condition is necessary for truthtelling:
ι (g − αι) [s (ι) − s (γ(ι))]
(16)
y (ι) = −
+ lim y (x) .
x→ι+
2
The second lemma determines the maximal discrete pooling set.
1 4 See Araujo, Gottlieb, and Moreira (2004a) for a characterization of the equilibrium in
more general models.
1 5 Lemma 5 could also be seen as an implication of the Theorem of the Maximum by establishing the continuity of wages in education.
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Lemma 6 [ι0 , γ (ι0 )] is a discrete pooling set.
As the set (γ (ι0 ) , ι1 ] must be separated, it follows from Lemma 6 that the set
of types can be partitioned in two intervals: a discrete pooling interval [ι0 , γ (ι0 )]
and a separated interval (γ (ι0 ) , ι1 ].
The next lemma determines the boundary condition which gives the equilibrium amount of education. It ensures that the individual with the lowest
productivity chooses to get no education.
Lemma 7 In any quasi-separable equilibrium, y (ι1 ) = 0.
The proof basically shows that as ι1 is separated and is the least productive
type, reducing the amount of schooling would never reduce its wages (as no firm
would ever expect some type to be less productive than ι1 ). But this would also
reduce the cost of schooling. Thus, in equilibrium, ι1 must choose the lowest
amount of schooling possible.
The following lemma establishes suﬃcient conditions for an equilibrium. It
was demonstrated by Araujo and Moreira (2000).
Lemma 8 The diﬀerential equations from Lemmas 1, 4 and the boundary conditions from Lemmas 5 and 7 are suﬃcient for the quasi-separable equilibrium.
The next proposition is a direct consequence of Lemmas 1, 4, 7, and 8, and
Corollary 2.
Proposition 3 A C2 by parts education profile is a quasi-separable equilibrium
if, and only if it satisfies:
1. yι (ι, g) = s (ι) (bg − αι), for ι > γ (ι0 ) ;
2. y(ι1 , g) = 0;
3. yι (ι, g) = f (ι, η) [(bg − αι) P (ι) + P 0 (ι)] +

α1−2b f (η, ι) {P (γ (ι)) [(1 − b) g − αι] − P 0 (γ (ι))} , for ι ≤ γ (ι0 ) ;

4. y (γ (ι0 ) , g) =

ι0 (g−αι0 )[s(ι0 )−s(γ(ι0 ))]
2

+ limx→γ(ι0 )+ y (x) .

Proposition 3 is useful as it reduces the problem of obtaining an equilibrium profile of education to that of solving two ordinary diﬀerential equations
with given boundary conditions. As both diﬀerential equations are Lipschitz, it
follows that the quasi-separable equilibrium exists and is unique.
The amount of education for separated types is determined from the first
equation of Proposition 3 and the boundary condition is given by y(ι1 ) = 0.
Then, using conditions 3 and 4 from Proposition 3 (a diﬀerential equation with
a boundary condition), one can calculate the equilibrium amount of education
for discrete pooling types.
Notice that item 4 from Proposition 3 implies that education must jump
downward at γ (ι0 ) since s (ι0 ) − s (γ (ι0 )) > 0 (see Lemma 3 and b < 1/2).
14

follows
£This
¤ from the fact that wages are discontinuous: individuals with ι ∈
g
,
γ
(ι
)
earn wages higher than their productivity since they are pooled with
0
2α
more productive workers but those with types higher than γ (ι0 ) earn their productivity since they are separated. Hence, if education were continuous, indirect
utility would be discontinuous. But, as shown in Lemma 5, a discontinuous indirect utility is not incentive-compatible. Thus, the amount of education must
jump downward in order to preserve the continuity of the indirect utility function.
The following graphs present the equilibrium amount of education, wages
and utility for the case where b = 0.4, g = 10, α = 1, ι0 = 1, ι1 = 10, and
ι | g ∼ U [ι0 , ι1 ] .16

Figure 2
1 6 Araujo, Gottlieb, and Moreira (2004b) present the equilibrium profiles of education, wages,
and utility for other parameters.

15

Figure 3

Figure 4
Notice that both education and wages are discontinuous but the utility is
countinous in ι. In the graph below, the profile of wages as a function of education is presented. As Proposition 1 shows, wages are strictly increasing and
concave in education.
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Figure 5

1.4

Countersignaling

In some situations, high-productivity individuals may choose to signal less than
those with lower productivity. Clements (2004) argues that many high-quality
products are sold in low-quality packages. Moreover, Caves and Greene (1996)
found no significant systematic positive correlation between quality and advertising.
O’Neil (2002) argues that the fact that most advanced countries had lower
military spendings than those intermediately advanced after World War II occurred due to countersignaling.
Hvide (2003) argues that individuals with intermediate abilities educate
more than bright individuals in professions where a license is not required to
work.
In their article, Feltovich et. al (2001) present a countersignaling model applied to the labor market. As in our basic framework, firms access some measure
of the worker’s ability (which is interpreted as the recommendation of a former
boss). This signal consists of the sum of the unidimensional ability of the worker
and a noise term. Workers may also engage in schooling activity. In equilibrium, low-ability workers and high-ability workers choose not to participate in
the signaling game. This occurs since a productive worker has very high probability of receiving a good recommendation and a low-productivity worker has
very low probability of receiving good recommendation. Thus, in both cases,
the expected benefits from signaling are not suﬃciently high. For individuals
who choose to participate in the signaling game, the equilibrium is equivalent
to the traditional signaling models.
Unlike the model of Feltovich et. al (2001), the uncertainty about produc-
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tivity comes from the fact that the schooling technology diﬀers from the firms’
technology in our model. This misalignment between these two technologies
generates an incentive for some higher-productivity workers to educate less.
Thus, while in their model the presence of another signal implies that some
types may choose not to participate, countersignaling in this model emerges
due to incentive reasons.
Orzach et. al (2002) present a model where firms signal product quality
through prices and advertising expenditures. Product quality is represented by
a parameter that may take two values. Their main conclusion is that modest
advertising can be used as a signal of high quality. However, as their model
features only two types of firms, they are unable to consider the emergence of
non-monotone signals.
In this section, we show how the basic model presented allows us to understand the existence of countersignaling.
First, we present a precise definition of countersignaling.
Definition 5 A type-(ι, g) worker is countersignaling if
sgn{yι (ι, g)} 6= sgn{sι (ι)}.
The definition above states that countersignaling occurs if more productive
individuals choose less education than intermediate individuals. With no loss of
generality, we can restrict to the case where b ≤ 12 (since we can always relabel
ι and η).
g
As shown in Section 1.3.5, education is strictly increasing for ι < 2α
and
g
strictly decreasing for ι > 2α . Moreover, as argued in page 8, the productivity
of a worker with interview result g is strictly increasing for ι < bg
α and strictly
bg g
.
Then,
the
countersignaling
interval
is
[
decreasing for ι > bg
α
α , 2α ]. Hence,
countersignaling occurs if, and only if, the schooling technology is not the same
as the firms’ technology b 6= 12 .
b 1−b
Define the distance between
¯
¯ the Cobb-Douglas functions f (ι, η) = ι η
¯
¯
and f˜ (ι, η) = ιb̃ η1−b̃ as ¯b − b̃¯ . Then, the distance from the schooling tech-

nology to the firms’ technology is given by 12 − b. Notice that increasing the
distance between the two technologies (i.e., reducing b) strictly increases the
countersignaling interval. Thus, we have proved the following:

Proposition 4 Countersignaling occurs if and only if the schooling and the
firms’ technologies are not the same (i.e., the SCP does not hold), and the
countersignaling interval is strictly increasing in the distance from the schooling
technology to the firms’ technology.
This proposition provides an intuitive testable implication. Countersignaling
is expected to occur more often in occupations that require a diﬀerent combination of skills than those required at school. Hence, productive individuals
with low educations should be more common among sportsmen or artists than
among teachers.
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1.5
1.5.1

The GED exam
Empirical evidence

The General Educational Development (GED) is an exam taken by American
high school dropouts to certify their equivalence with high school graduates. It
started in 1942 as a way to allow veterans without a high school diploma to
obtain a secondary school credential. Nowadays, about half of the students who
have dropped out of high school and a fifth of those classified as high school
graduates by the U.S. Census are GED recipients.
The GED consists of five tests covering mathematics, writing, social studies,
science, and literature and arts. Except for the writing part, all other sections
are made of multiple choice questions. The costs of acquiring a GED are relatively small. The pecuniary costs range from zero dollars in some states to
around fifty in other states and the median study time for the tests is only
about twenty hours.
Even though the U.S. Census classifies dropouts who have acquired a GED
as ordinary high school graduates, the market does not treat them equally. GED
recipients earn lower wages, work less in any year and stay at jobs for shorter
periods than high school graduates [Boesel, Alsalam and Smith (1998)].
GED recipients are smarter than other dropouts but exhibit more behavior
and self discipline problems and are less able to finish tasks. They turn over
jobs at a faster rate and are more likely to fight at school and work, use pot,
skip school and participate in robberies. Hence, the GED conveys two pieces of
information in one signal. The student who acquires it is bright, but lacks perseverance and self discipline [Cameron and Heckman (1993), Cavallo, Heckman
and Hsee (1998), and Heckman and Rubistein (2000)].
Cavallo, Heckman and Hsee (1988) and Heckman and Rubinstein (2001) have
shown that when one controls for both cognitive and non-cognitive abilities,
there is no diﬀerence in earnings between a GED recipient and a dropout who
has not taken the exam. As for females, the evidence is the same as that of
males, except for those who dropped out because of pregnancy [Carneiro and
Heckman (2003)].17
As dropouts who have taken the GED are treated in the labor market just
like those who have not taken it, any theory that tries to explain this exam
must exhibit pooling in equilibrium. Moreover, since GED recipients do not
earn higher wages, the signal-earnings relation is not strictly monotone as in
the traditional signaling models.
Despite of being the usual assumption in signalling models [e.g. Spence
(1973, 1974)] and early human capital models [e.g. Becker (1964)], it is widely
accepted that an individual’s personal abilities cannot be successfully captured
by a scalar of cognitive skills. Cawley et al. (1996), for example, showed that
cognitive ability is only a minor predictor of social performance and that many
non-cognitive factors are important determinants of blue collar wages.
1 7 Tyler, Murnane, and Willett (2000) suggested than the GED does not increase wages
except for young white dropouts who are in the margin of passing the exam.
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Bowles and Gintis (2001) provided an interesting example of the importance
of non-cognitive skills for labor market success. From a survey of 3,000 employers
(Bureau of the Census, 1998), they were asked “When you consider hiring a new
nonsupervisory or production worker, how important are the following in your
decision to hire?”. On a scale of 1 to 5, employers ranked “years of schooling”
at 2.9, and “scores on tests given by employer” and “academic performance”
at 2.5. The non-cognitive skills, “attitude” and “communication skills”, were
ranked at 4.6 and 4.2, respectively.
Weiss (1988) and Klein, Spady and Weiss (1991) showed that lower quit rates
and lower absenteeism account for most of the premium awarded by high school
graduates compared to high school dropouts (and not higher productivity).
Bowles and Gintis (1976) suggest that employers in low skill markets value
docility, dependability and persistence more than cognitive skills. Bowles and
Gintis (1998) argue that personality and other aﬀective traits reduce the costs
of labor turnover and contract enforcement.
In the Psychology field, the widely accepted five-factor model of personality
(referred to as the “Big Five”) identifies five dimensions of non-cognitive characteristics: extroversion, conscientiousness, emotional stability, agreeableness,
and openness to experience. Personality measures based on this model are good
predictors of job performance for a wide range of professions [Barrick and Mount
(1991)].
Hogan and Hogan (1989), Barrick and Mount (1991), and Boudreau, Boswell,
and Judge (2001) show that personality traits are important predictors of successful employment. Goﬃn, Rothstein and Johnston (1996) demonstrate that
personality characteristics predict job performance better than cognitive skills.
Dunafon and Duncan (1998, 1999) document that a series of behavioral characteristics measured when young significantly aﬀect earnings 25 years latter.
Edwards (1976) shows that dependability and consistency are more valued by
blue collar supervisors than cognitive ability.18

1.5.2

The Model

In this subsection, we extend the basic framework to study the eﬀect of the
introduction of a pass-or-fail test like the GED. We model the GED as a signal
h (ι, η) which only individuals with a suﬃciently high combination of characteristics are able to receive. More specifically, denoting by h (ι, η) = 1 if an
individual passes the exam and h (ι, η) = 0 if she fails, we specify the test as
½
1, if κι + η ≥ g
h=
,
0, if otherwise
where g ∈ R++ is the parameter that represents the minimum combination of
skills required to pass the test (passing standards) and κ is the rate of substitu1 8 There is also significant literature on the importance of non-cognitive skills in business
organizations [e.g. Sternberg (1985) and Gardner (1993)], and military organizations [e.g.
Laurence (1998)].
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tion between intelligence and perseverance.19 We assume that there is no cost
in taking the test.20
An employer cannot distinguish a worker who failed the GED exam from a
worker who did not take it. Hence, a worker who is able to pass the test will
take it as long as her utility is not decreased by holding the certificate.
Controlling for the interview result g, h can be rewritten as
½
1, if (κ − α)ι ≥ g − g
h=
.
0, otherwise.
According to Heckman, Hsee and Rubinstein (1993), the GED exam is intensive in cognitive skills. Hence, we shall assume that the exam h emphasizes
intelligence more than the interview g does:
Assumption 1 κ > α.
g−g
Then, each worker with ι ≥ κ−α
would be able to pass the test. The graphs
below separate the interval [ι0 , ι1 ] in three regions. The first graph depicts the
g−g
g
g−g
g
case where κ−α
> 2α
, while the second represents the case where κ−α
< 2α
.

Figure 6
In the left region, workers have low intelligence. Hence, education must be
increasing in intelligence (CS+ region) and the worker is unable to pass the
test. In the right side, workers have high intelligence. Thus, education must be
decreasing in intelligence (CS− region) and the worker is able to pass the test.
g−g
g
g−g
g
The region in the middle depends on the sign of κ−α
− 2α
. If κ−α
> 2α
(first graph), some workers with types in the CS− region are unable to receive
g−g
g
h = 1. If κ−α
< 2α
(second graph), some workers with types in the CS+ region
are able to pass the test.
1 9 The assumption that schooling does not aﬀect the possibility of passing the GED is
unimportant for our results. As would probably be clear, all results still hold if education
entered linearly in the minimum combination of skills.
2 0 As the median time studying for the GED exam is 20 hours and the monetary costs range
from zero to fifty dollars it seems that the actual costs of taking a GED are very low.
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The following proposition is the main result of this section. It states that, as
long as the firms’ technology is intensive in non-cognitive skills, the introduction
of the test does not aﬀect earnings. Thus, we say that in this case the GED is
a neutral signal.
Proposition 5 If the firms’ technology is intensive in non-cognitive skills, the
introduction of the GED exam does not modify the wage schedule and the profile
of education.
Proof. The result is trivial for a separating set. Assume two workers with
g−g
ι ≤ κ−α
≤ ι̂ are pooled in the same contract (otherwise, the signal is not
informational). Then type-ι̂ has h = 1 (if he chooses to take the exam) and
type-ι has h = 0. Then, from Lemma 3, the firm would oﬀer a higher salary for
the type-ι worker. But this cannot be an equilibrium since the type-ι̂ worker’s
strategy is not optimal (condition 1).
Thus, any wage schedule such that a type-ι̂ individual earns less than type
ι cannot be an equilibrium. Hence, a type-ι̂ individual must earn the same as
type ι and is indiﬀerent between taking the GED or not.
Remark 4 Even though the GED does not aﬀect wages, it reveals information
about the workers’ characteristics. Hence, consistent with Heckman and Rubinstein (2001) and Cavallo, Heckman and Hsee (1998), firms oﬀer the same
wages to individuals with low cognitive skills/high non-cognitive skills as to high
cognitive skills/low non-cognitive skills individuals.
Remark 5 As the result above holds for all g ∈ R++ , it follows that, unlike
Cavallo, Heckman and Hsee (1998) suggested, an increase in the GED standards
ḡ would not aﬀect the wages schedule. This implication of the model could be
tested as passing standards vary by states and have changed over time. Thus,
one could test if the neutrality of the GED is robust to diﬀerent states and
diﬀerent periods of time.
Remark 6 Since the introduction of the GED does not aﬀect the equilibrium
amount of education, our model does not support the claim that, when the GED
is neutral, it may discourage education [see Cavallo, Heckman and Hsee (1998)].
Notice that a key assumption for the neutrality of the GED is that the firms’
technology is intensive in non-cognitive abilities.21 The next proposition states
that when the firms’ technology is intensive in cognitive skills, the GED signal
may be non-neutral in equilibrium.
2 1 Another

assumption which is central to our results is that the GED is not costly. Nevertheless, our results still hold when the GED is costly as long as there exists some external
benefits from being a high school graduate. The neutrality of the GED does not depend on
the assumption that schooling does not aﬀect the ability to pass on the exam. For example,
suppose that an individual would be able to pass on the GED if κι + η + βy ≥ g. Then, the
shaded area in Figure 5 would depend on y but if two workers were discretely pooled in a
contract, the one who could pass the test would still be the least productive worker.
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Proposition 6 If the firms’ technology is intensive in cognitive skills and there
g−g
are two types pooled in the same contract such that ι0 ≤ κ−α
≤ γ (ι0 ), then the
signal is non-neutral: the wage received by a type-ι̂ worker will be strictly higher
than that of a type-ι worker.
Proof. In this case, the worker with the highest productivity will be ι̂.
Hence, signaling h = 1 will diﬀerentiate him from ι and allows the firm to oﬀer
a higher salary.
Corollary 3 A signal h that places more weight to non-cognitive skills (κ < α)
is non-neutral.
Remark 7 A way to make the GED exam a non-neutral signal would be to put
more emphasis on non-cognitive skills as it would separate two pooled workers
with diﬀerent signs h. Even though it must be significantly harder to design
a signal that emphasizes non-cognitive skills, psychologists have developed tests
that measure such skills which have been used by companies to screen workers
[e.g. Sternberg (1985)].
Remark 8 When the GED is non-neutral (b > 12 ), it separates two previously
pooled workers. Then, the wage received by the more (less) productive worker
increases (decreases). As incentive-compatibility requires that the indirect utility
must be continuous, it follows that, in this case, the introduction of the GED increases (decreases) the education obtained by the more (less) productive workers.
Hence, another testable implication of the model is that the variance of education should increase when the GED is non-neutral and should remain constant
when it is neutral.
As shown in Propositions 5 and 6, the introduction of an additional signal
implements a fully separating equilibrium. It is possible to generalize this result
further and show that, in a model where the sign of cyι changes n times, it is
suﬃcient to introduce n additional binary signals to implement full separability:
Proposition 7 Let n be the (finite) number of times that cθy (θ, y) changes sign.
n additional binary signals are suﬃcient to implement a separable equilibrium.
Proof. See Appendix B.
When the SCP holds, Engers and Fernandez (1987) have shown that one
signal is suﬃcient for full separation. Thus, their result is a special case of
Proposition 7 when cyι does not change signs. This result can be applied to
study the optimal design of tests.

1.6

Conclusion

In this paper, we presented a multidimensional signaling model of mixed signals.
It was shown that when firms have access to an interview technology, the singlecrossing property may not hold. When this is the case, signals are mixed in the
sense that they convey two pieces of information.
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Two applications of the model were presented. In the first, we analyzed the
emergence of countersignaling, where signals are non-monotone in the worker’s
productivity. It was shown that countersignaling occurs if, and only if, the
schooling technology diﬀers from the firm’s technology. Moreover, the countersignaling interval is strictly increasing in the distance between the schooling
and the firm’s technologies. Hence, this phenomenon is expected to be more
important in occupations that require more diﬀerent combination of skills from
those required in the schooling process.
In the second application, we introduced the GED exam. It was shown that,
consistently with the empirical evidence, a GED recipient has above average
cognitive skills and below average non-cognitive skills. When cognitive skills are
more valued in the labor market, this new information aﬀects the equilibrium
wage. However, when non-cognitive skills are more valued in the labor market
than cognitive skills (as suggested by significant empirical evidence), it does not
aﬀect the wage schedule.
The main problem with the GED is its focus on cognitive skills. As the firms’
main concern is usually on the worker’s non-cognitive skills, a non-neutral signal
should assign more weight to these kind of skills. Thus, changing its focus to
non-cognitive skills would turn it into a non-neutral signal. Moreover, increasing
the passing standards with no change of the relative intensity of each skill in
the test would not change the equilibrium wages.
Another contribution of this article is to provide an evidence of the importance of the failure of the single-crossing condition in providing intuitive explanations to observed phenomena. As the absence of this property is necessary for
the existence of discrete pooling in equilibrium, the fact that an individual with
high cognitive ability and low non-cognitive ability receives the same wages as
another with low cognitive ability and high non-cognitive ability while an individual with intermediate abilities does not is an evidence of no single-crossing
property.
This paper also has a technical interest as it presents a signaling model
where the single-crossing condition does not hold. This framework can be employed in a wide variety of multidimensional signaling models and, in particular,
other mixed signals. Drazen and Hubrich (2003) presented evidence that interest rates are mixed signals as they show that the government is committed to
maintaining the exchange rate, but may also signal weak fundaments. Burtless
(1985) provided another example of a mixed signal where a program provided
subsidies for hiring severely disadvantaged workers. However, as the program
was excessively targeted, the beneficiaries were widely perceived as incapable.
Hence, despite of the subsidies, few employers hired the targeted population.
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Appendix
A

Robustness of the Single-Crossing property

In this section, we characterize the set of functions h and g that satisfy for the
single-crossing property (SCP). We shall argue that the results of the model are
robust as long as the firms’ technology and the schooling technology cannot be
ordered according to their technical rates of substitution.
Let the cost of signaling be represented by the twice continuously diﬀerentiable function
y
c=
,
w (ι, η)
which is assumed to be strictly decreasing in ι and η and strictly increasing in
y.
The interview technology is represented by the twice continuously diﬀerentiable function g (ι, η) which is assumed to be strictly increasing.
From the implicit function theorem, there exists ϕ (ι, ḡ) such that
ϕ (ι, ḡ) = η.
Moreover,
ϕι = −

gι
.
gη

Substituting in the cost function, it follows that
c=

y
.
w(ι, ϕ (ι, ḡ))

Hence,
cyι = −

wι − wη ×

gι
gη
2.

[w(ι, ϕ (ι, ḡ))]

wι
Thus, the SCP holds if, and only if, w
− ggηι has a constant sign for all
η
ι, η. Therefore, a necessary and suﬃcient condition for the SCP to hold is that
the technical rates of substitution of the schooling technology and the firms’
technology can be ordered.
Suppose, for example, that w and g are both CES functions:22
1

w

= [α1 ιρ + α2 ηρ ] ρ ,

g

= [β 1 ιγ + β 2 ηγ ] γ .

1

Then, the SCP holds if, and only if,
all ι, η.

η
ι

−

³

β 1 α2
α1 β 2

1
´ γ−ρ

has a constant sign for

2 2 The functions considered in the model are special cases of the CES when γ = 0, β = α,
1
β 2 = 1, ρ → 0, and α1 = α2 = 1.
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B

Number of tests required for full-separability

As shown in Section 1.5, the introduction of the GED implemented full-separability.
In this section, we generalize this result for the case where cθy changes sign a
finite number of times. As special cases, we obtain the result of Section 1.5
as well as Engers and Fernandez’s (1987) result that when the single-crossing
property holds no additional signal is required.
The following assumption generalize the single-crossing property as well as
the double-crossing property of the model presented before.
Assumption A.1 The sign of cθy (θ, y) does not depend on y, and the number
times that cθy (θ, y) changes sign is finite.
We denote by n be the number of times that cθy (θ, y) changes sign.
The following assumption is important for the existence of equilibrium.
Assumption A.2 p, f ∈ C 1 .
The following proposition states that under Assumptions A.1 and A.2 there
always exists a quasi-separable equilibrium.
Proposition 8 There exists a quasi-separable equilibrium.
Proof. See Araujo, Gottlieb, and Moreira (2004).
We are now able to prove Proposition 7, which states that n additional
signals are suﬃcient to implement a separable equilibrium.
Proof of Proposition 7. From the first condition of Definition 4, for any
y ∈ R+ , there are at most n + 1 pooled types. Let k ≤ n + 1 be the number of
pooled types. With no loss of generality, reorder them as θ1 ≤ θ2 ≤ ... ≤ θk .
Introduce a costless binary signal h1 such that type-θ1 is the only worker
who is able to obtain h1 = 1 (if more than one type have the same productivity,
take any of them). Thus, only the least productive worker is able to pass the
h1 exam. Then, a profile of education and wages such that the utility obtained
by type-θ1 when he takes the test is lower than if he does not take it is not
incentive-compatible. Hence, the utility obtained after taking the test must be
the same as if the test were not available. Furthermore, if the education obtained
by θ1 changed, the marginal rate of substitution identity would no longer hold.
Thus, it follows that the introduction of the signal h1 does not change the
equilibrium profiles of education and wages but separates type θ1 from the
θ2 , ..., θ k (i.e., the new equilibrium will feature k − 1 pooled). Repeating the
process t times, there will be at most k − t pooled types. Therefore, introducing
k − 1 new signals, it follows that there will be at most 1 type pooling in each
contract.
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C

Proofs

Proof of Lemma 1:
Define U (ι̂, ι) as the utility received by a type-(ι, g) individual who gets a
contract designed for a type (ι̂, g) individual:
U (ι̂, ι) ≡ s (ι̃) − c (ι, g, y (ι̃, g)) .
In order to be true-telling, each worker must prefer to announce his own
type:
U (ι, ι) ≥ U (ι̂, ι) ,
∀ι̂, ι ∈ [ι0 , ι1 ] .
The following local first- and second-order conditions must be satisfied:
¯
∂U (ι̂, ι) ¯¯
= 0,
(17)
∂ι̂ ¯ι̂=ι
¯
∂U 2 (ι̂, ι) ¯¯
≤ 0.
∂ι̂2 ¯ι̂=ι
The first-order condition yields, for all ι,

sι (ι) − cy (ι, g, y (ι, g)) yι (ι, g) = 0 ∴ yι (ι, g) = s (ι) (bg − αι).

(18)

Taking the total derivative of the condition above with respect to ι, we get
cyι (ι, g, y (ι, g)) yι (ι, g) = sιι (ι) − cyy (ι, g, y (ι, g)) yι (ι, g)

(19)

−cy (ι, g, y (ι, g)) yιι (ι, g) .
The second-order condition yields
sιι (ι) − cyy (ι, g, y (ι, g)) yι (ι, g) − cy (ι, g, y (ι, g)) yιι (ι, g) ≤ 0.

(20)

Substituting (19) in (20), it follows that
cyι (ι, g, y (ι, g)) yι (ι, g) ≤ 0 ∴
Thus, yι (ι, g) (g − 2αι) ≥ 0.

g − 2αι
2

(ιη)

yι (ι, g) ≥ 0.

¥

Proof of Lemma 2:
Let {w (y (ι, g)) , y (ι, g)} be an incentive-compatible profile of education and
wages:
ι ∈ arg max w (y (ι̃, g) , g) − c (ι, g, y (ι̃, g)) ,
ι̃

The first-order condition of the problem above yields
wy (y (ι, g) , g) = cy (ι, g, y (ι, g)) .
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(21)

Suppose that y (ι, g) = y (ι̃, g) for some regular types ι,ι̃. Then, it follows
that
wy (y (ι, g) , g) = wy (y (ι̃, g) , g) .
Substituting in equation (21) yields cy (ι, g, y (ι, g)) = cy (ι̃, g, y (ι̃, g)) .

¥

Proof of Lemma 3:
Let ι > ι̂ be two discretely pooled workers and notice that αι̂ = η and
αι = η̂. Substituting in the firm’s technology yields,
f (ι, g) > f (ι̂, g) ⇐⇒ ιb ι̂1−b > ι̂b ι1−b ⇐⇒ 2b > 1.
¥

Proof of Lemma 4:
From equation (3), the productivity of a type-ι̂ worker can be written as
s (ι̂) = α1−2b (g − αι)b ι1−b
= α1−2b f (η, ι) .
The zero-profit condition is
w (y (ι, g) , g) = P (ι) f (ι, η) + P (γ (ι)) α1−2b f (η, ι) ,
p(x|g)
.
where P (x) ≡ p(ι|g)+p(γ(ι)|g)
As in the proof of Lemma 1, define U (ι̂, ι) as

U (ι̂, ι) = P (ι̂) f (ι̂, η̂) + P (γ (ι̂)) α1−2b f (η̂,ι̂) − c (ι, y (ι̂, g)) ,
where η̂ = g − αι̂.
The truth-telling condition is
ι ∈ arg max U (ι̂, ι) ,
ι̂

∀ι̂, ι ∈ [ι0 , ι1 ] .

The local first-order condition yields, for all ι,
U1 (ι, ι) = 0.

(22)

Substituting U in the equation above, we get
yι (ι, g) = f (ι, η) [(bg − αι) P (ι) + P 0 (ι)]

+ α1−2b f (η, ι) {P (γ (ι)) [(1 − b) g − αι] − P 0 (γ (ι))} .

Diﬀerentiating equation (22) yields
U11 (ι, ι) + U12 (ι, ι) = 0

(23)

The second-order condition is
U11 (ι, ι) ≤ 0
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(24)

Substituting (23) in (24), it follows that
U12 (ι, ι) ≥ 0 ∴ (g − 2αι) yι (ι, g) ≥ 0.
¥

Proof of Proposition 1:
Suppose that wages are not strictly increasing in education.23 Then, there
exist types ι and ι̃ such that
y (ι, g) > y (ι̃, g) and w (y (ι, g) , g) ≤ w (y (ι̃, g) , g) .
But this is not truth-telling since
w (y (ι, g) , g) −

y (ι, g)
y (ι̃, g)
< w (y (ι̃, g) , g) −
,
ιη
ιη

concluding the first part of the proof.
In order to establish the concavity of w, consider the indirect mechanism
where individuals reveal y instead of θ. Then, the truthfulness condition is
y (θ) ∈ arg max w (y) −
y

y
.
ι (g − αι)

The second-order condition (necessary) is24
w00 (y (θ)) ≤ 0.
¥

Proof of Proposition 2:
Suppose that type ι belongs to a pooling set. Then, there exists a type
g
ι̂ = αg − ι 6= ι that pools in a contract with ι. Hence, ι + ι̂ = 2α
, implying that
ι and ι̂ cannot both belong to CS+ or CS− .
¥
Proof of Lemma 5:
(i) Suppose that ι is an interior point of either a separating set or a discrete
pooling set. Then, as y is continuous (since it solves a diﬀerential equation) it
follows that:
lim U (ι, x) = lim U (ι, x) = U (ι, ι) .
x→ι−

x→ι+

2 3 This proposition can also be proved using the Chain Rule:
wy (y (ι, g) , g) yι (ι, g) , and
sgn{wy } = sgn{yι },

since

∂w
∂ι

=

the result follows.
2 4 Another way of demonstrating the monotonicity of w consists of calculating the first-order
1
> 0.
condition of the indirect mechanism, which yields: w0 (y (θ)) = ι(g−αι)
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Suppose that [ι, ι + ε] is a discrete pooling set and [ι − ε, ι) is a separating
set, for some ε > 0. Clearly, a necessary condition for truth-telling is
lim U (x, x) ≥ lim U (ι, x) ,

x→ι−

x→ι−

which means that the last individuals in the separating set would not want to
get the contract of the first individual in the discrete pooling set. Then,
limx→ι− y (x)
,
ι (g − αι)
s (ι) + s (γ ι )
y (ι)
−
.
2
ι (g − αι)

lim U (x, x) = s (ι) −

x→ι−

lim U (ι, x) =

x→ι−

Thus, the inequality can be written as
y (ι) ≥ lim y (x) −
x→ι−

ι (g − αι) [s (ι) − s (γ ι )]
.
2

Another necessary condition for truth-telling is
U (ι, ι) ≥ lim U (x, ι) ,
x→ι−

which states that the first individual in the discrete pooling set would not want
to get the contract of the last individuals in the separating set.
Expanding the indirect utility functions, it follows that
s (ι) + s (γ ι )
y (ι)
−
,
2
ι (g − αι)
limx→ι− y (x)
lim U (x, ι) = s (ι) −
,
x→ι−
ι (g − αι)
U (ι, ι) =

implying in
lim y (x) −

x→ι−

ι (g − αι) [s (ι) − s (γ ι )]
≥ y (ι) .
2

Thus, from these two necessary conditions, we obtain:
y (ι) = −

ι (g − αι) [s (ι) − s (γ ι )]
+ lim y (x) .
x→ι−
2

(25)

Substituting in the indirect utility function, it follows that U (ι, ι) = limx→ι U (x, ι) .
Analogously, if [ι − ε, ι] is a discrete pooling set and (ι, ι + ε] is a separating set
for some ε > 0, then
ι (g − αι) [s (ι) − s (γ ι )]
+ lim y (x) ,
x→ι+
2
lim U (x, ι) .

y (ι) = −
U (ι, ι) =

x→ι

¥
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Proof of Lemma 6:
g
From Remark 2, it follows that some types between bg
α and 2α must be discretely pooled (since there is no continuous pooling in a quasi-separable equilibrium).
that some
£ Assume
¤
£ gtype
¤ in [ι0 , γ (ι0 )] is separated. Then, there must be a
g
ι ∈ ι0 , 2α
such that ι, 2α
is a discrete pooling set and [ι − ε, ι) is a separated
set for ε > 0. From equation 15, it follows that y (ι) < limx→ι0− y (x) (i.e., y
jumps upward when the types become separated). But this is not truth-telling
because the marginal cost of education is lower for ι + ε than for ι − ε for ε
suﬃciently small (thus, a type-(ι + ε) individual would always prefer to get the
type-(ι − ε) individual’s contract).
¥
Proof of Lemma 7:
As γ (ι1 ) < ι0 , ι1 is separated. Suppose a type ι1 worker chooses some
strictly positive education ỹ > 0. Then, according to equation (4), this worker’s
wages must be s (ι1 ) in any separating equilibrium (which is the lowest wage
since ι1 is the least productive type). However, she would receive a wage of at
least s (ι1 ) if she chose y = 0. As y = 0 implies in a lower signaling cost and
does not reduce her utility, she would be strictly better oﬀ by doing so.
¥
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Chapter 2

Should Educational Policies be Regressive?

Abstract

In this paper, we study the optimal educational policies in an
asymmetric information framework. It is shown that when the government is able to transfer wealth between generations, regressive
policies, as proposed by De Fraja (2002), are no longer optimal. The
optimal educational policy can be decentralized through Pigouvian
taxes and credit provision, is not regressive, and provides equality
of opportunities in education (in the sense of irrelevance of parental
income for the amount of education). Furthermore, when the utility function is not quasi-linear, education may not be monotonic in
ability.
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2.1

Introduction

The role of educational policies in the equalization of opportunities is a widely
accepted issue in political debates. However, a remarkable feature of most educational systems in the world is the huge regressivity of spending per students
(i.e., children from wealthier families receive more education than those from
poorer families).1 This regressivity of educational systems may indicate either
the presence of some trade-oﬀ between equity and eﬃciency or the ineﬃciency
of observed policies.
The existence of a trade-oﬀ between redistribution and eﬃciency in taxation
has been known at least since the work of Mirrlees (1971). In the specific
case of education, this issue has been previously discussed by Becker (1991)
in the context of the parent’s decision on the education provided for children
with diﬀerent abilities. Hare and Ulph (1979) find that the optimal educational
policies will be egalitarian (in the sense of constant consumption and utility)
only for intermediate abilities.
The theoretical literature on optimal educational policies in an asymmetricinformation context was pioneered by Ulph (1977) and Hare and Ulph (1979)
who extended the optimal taxation approach of Mirrlees (1971) to address the
problem of determining the optimal educational and taxation policies jointly
when the ability to benefit from education is unobservable. More recently,
De Fraja (2002) studied the optimal educational provision in an overlappinggenerations model in the presence of externalities and imperfect capital markets.
His results suggest that educational policies should be regressive (in the sense
that households with brighter children and higher incomes contribute less than
those with less bright children and lower incomes), input-regressive (meaning
that education should be increasing in ability) and do not provide equality of
opportunities in education (in the sense of the irrelevance of the household’s
income to the education received by a child). Therefore, the regressivity of educational systems in most countries may actually reflect the optimal educational
policies and the provision of equality of opportunities in education may imply
a great eﬃciency loss.
We shall argue that the regressivity of the financing mechanism obtained by
De Fraja (2002) critically relies on a particular restriction on the government’s
budget constraint: budget is imposed to be balanced with each generation at any
time. Since we are considering an overlapping-generations model, the government would usually be able to transfer between generations. Indeed, this is one
important feature of public educational systems: older generations contribute
to finance the education of younger generations.2 Thus, it seems reasonable to
1 See, for example, Fernandez and Rogerson (1996), Kozol (1991) or Psacharopoulus (1986).
In the United States, this regressivity is reflected in the large disparity of spending per student across districts. Since 43 percent of elementary and secondary education is financed at
local level, 49.9 percent is financed at state level, and only 7.1 percent is financed at federal
level (2001 Census of Governments), these diﬀerences reproduce the inequality of income distribution. Fernandez and Rogerson (1998) and Inman (1978) provided general equilibrium
computations of the welfare gains associated with the centralization of educational expenses.
2 This kind of intergenerational transfers is also available in pay-as-you-go social-security
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assume that governments are able to transfer between generations.
However, when transfers between generations are allowed, the optimal educational policy takes a very diﬀerent form: it achieves first-best welfare (the
maximum amount of welfare that could be reached under perfect information)
and provides equality of opportunities in education. Moreover, it can be decentralized through appropriate Pigouvian taxes and the provision of credit.
In the decentralized mechanism, first-best welfare is reached through a subsidy on education to correct the externalities, a lump-sum taxation proportional
to the average education and the provision of credit (at the market interest rate).
Such a mechanism is not regressive (i.e., wealthier households do not contribute
less than poorer households and households with brighter children contribute
more than those with less bright children) and does not require knowledge of
each household’s wealth.
Furthermore, when we incorporate the possibility of default, the optimal
educational policy can be implemented through income-contingent payments
(Krueger and Bowen, 1993; Barr, 1991).
Hence, our results suggest that the ineﬃciency results obtained at De Fraja
(2002) are closely related to the particular government budget constraint. If the
government is able to transfer wealth between generations, then the observed
inequalities would reflect an ineﬃciency in educational systems. In this case,
the optimal policy takes an intuitive and informationally less demanding form.
Nevertheless, since the utility function is assumed to be linear in bequests,
the optimal policy implies in a large inequality of bequests. We show that
when the utility function is concave or when individuals face a choice between
working or educating when young, input-regressive policies may no longer be
incentive-compatible. Then, the first-best welfare will not be achievable through
pigouvian taxes and credit provision.
The non-implementability of input regressive policies result is fairly general
as is does not depend on the specific welfare function or in the instruments
available to the government. Hence, it also applies to the Rawlsian welfare
function case [Fleurbaey et. at. (2002)] and to political economy models. Thus,
unlike De Fraja (2002) and Fleurbaey et. al. (2002), it may be the case that
education should not be monotonic in ability and monotonic schemes may not
even be implementable.
The remainder of the paper is organized as follows. Section 2.2 lays out
the framework of the model. The basic structure is the same as De Fraja
(2002). In section 2.3 we present the laissez-faire equilibrium. In section 2.4,
the government-intervention solution is presented: the first-best equilibrium is
characterized (2.4.1), the second-best equilibrium is presented (2.4.2), and the
case where there is possibility of default is analyzed (2.4.3). Then, subsection
2.4.4 presents the decentralized equilibrium. Section 2.5 studies the cases where
parents are risk-adverse in the wealth left to their children (2.5.1) and where
young individuals may work (2.5.2). Section 2.6 summarizes the main results of
the paper.
systems where young generations contribute for the benefits of the older generations.
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2.2

The Basic Framework

We consider an overlapping generations model where individuals live for 2 periods. In the first one (childhood), the individual receives an education and a
bequest. In the second period (adulthood), she works, has a child, consumes,
and provides an education and a bequest for her daughter. Each household consists of a parent and a child. There is a continuum of households with measure
normalized to 1 in every period. As we will focus our attention on steady-state
equilibria, time subscripts will be omitted.
Each individual’s utility function is
U = u (c) + x,
where c is her consumption and x is the amount of monetary resources available
to the child.3
Assumption. u ∈ C 2 satisfies
u0 (c) > 0, u00 (c) < 0, lim u0 (c) = +∞, u (0) = 0, and
c→0

(H1)

u0 (c∗ ) = 1 for some c∗ ∈ <++ .
Notice that the quasi-linearity of the utility function implies that c∗ is the
amount of consumption whose marginal utility is equal to the marginal utility
of the child’s monetary resources.
There are two ways of transferring wealth to the child: bequest t and higher
future wages (through education e). We normalize the interest rate paid on
bequests to 1. Education is transformed in future wages through the householdproduction technology y (θ, e; E), where θ ∈ [θ0 , θ1 ] is each child’s productivity
parameter, e is the amount of education and E is the general level of education.4
Substituting the two possible ways of transferring wealth to the child, we
get
x = y (θ, e; E) + t.
(1)
The mother’s wealth, denoted by Y , is itself a function the predetermined
amount of education she received in her childhood. Let Γ ⊂ R+ be the space of
possible wealth levels. We define h (Y, ẽ) as the probability function of Y given
the educational profile of the previous generation ẽ. As the parent’s education
is predetermined, we omit the term ẽ for notational convenience.
Let k be the monetary cost of a unit of education. We assume that public
and private schools provide education at the same cost implying that the actual
provider of education is immaterial. Hence, we abstract from the discussion on
whether education should be privately or publicly provided (see Lott (1987)).
3 The dependence of the parent’s utility function on the child’s wealth rather than on her
utility is an usual assumption and greatly simplifies the analysis. Because of its linearity, it
implies that the mother is risk-neutral in the wealth left to her daughter.
4 Notice that in the model presented, it is immaterial if education serves only as a screening
device or whether it enhances productivity.
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Then, the household’s budget constraint is
Y = c + ke + t.

(2)

Assumption. y ∈ C 2 satisfies
ye (θ, e; E) > 0 (H2), yθ (θ, e; E) > 0 (H3), yeθ (θ, e; E) > 0 (H4),
yE (θ, e; E) > 0 (H5), y (θ, 0; E) > 0 (H6), yee (θ, e; E) < 0 (H7),
lim ye (θ, e; E) = +∞ (H8), lim ye (θ, e; E) = 0 (H9),
e→∞

e→0

lim yE (θ, e; E) < k (H10).

e→∞

Assumption (H3) states that ability increases the return of education. (H4)
means that education increases earnings more for abler individuals (singlecrossing condition). Assumption (H5) means that education is a source of positive externalities.5 This is the most interesting case in the model presented,
although the results trivially hold when there is no externality in education (i.e.
yE (θ, e; E) = 0). Assumptions (H2) and (H7) mean that education increases
earnings in a decreasing fashion, while (H6) means that someone with no education is still able to earn some positive salary. Assumption (H10) means that
the externality is not big enough that, when the amount of education is infinite, the externalities caused by education exceed the cost of education, while
the other assumptions are the usual Inada conditions which are helpful for the
existence of the equilibria presented in the following sections. (H8) and (H9)
are the usual Inada conditions that ensure the interiority of the solution.
Let φ (θ) be the continuous probability function of θ. The following assumption ensures that the government is unable to rule out some realizations of θ.
Assumption. φ (θ) > 0 for all θ ∈ [θ0 , θ1 ] (H11).
The total level of education is defined as the sum of every individual’s education:6
Z θ1 Z
E=
e (θ, Y ) φ (θ) h (Y ) dY dθ.
(3)
θ0

Y ∈Γ

Substituting (1) and (2) in the utility function, it can be written as
U = u (Y − t − ke) + y (θ, e; E) + t.
5 See Blaug (1965, pp. 234-241), Cohn (1979) or Lucas (1988) for discussions on the presence
of human-capital externalities.
6 This specification implies the same amount of externality being produced by any unit
of education (i.e., the amount of externality caused by a year in high school is the same as
preparing for the PhD). However, as will become clear when we present the decentralized
scheme, the main results do not depend on such an assumption.
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2.3

The Laissez-Faire Equilibrium

The imperfection of educational credit markets was studied, among others, by
Becker (1964) and Schultz (1963). It is usually argued that investment in human
capital is risky, nondiversifiable, and hard to collateralize, implying that private
credit markets may fail to finance education. In this economy, credit markets
are imperfect in the sense that individuals cannot borrow to finance education.7
The parent’s problem consists of determining the optimal amount of consumption, and education and bequest left to her daughter. Hence, the parent’s
problem is
max u (Y − t − ke) + y (θ, e; E) + t
{e,t}

s.t. t ≥ 0.

Definition 1 A competitive equilibrium is a profile of consumption, education,
and bequests {c (θ, Y ) , e (θ, Y ) , t (θ, Y ) ; θ ∈ [θ0 , θ1 ] , Y ∈ Γ} and an educational
level E such that:
1. {c (θ, Y ) , e (θ, Y ) , t (θ, Y )} solve the parent’s problem for each (θ, Y ) ∈
[θ0 , θ1 ] × Γ given the educational level E, and
2. the educational level is the sum of every individual’s education: E =
R θ1 R
e (θ, Y ) φ (θ) h (Y ) dY dθ.
θ0 Y ∈Γ

As usual, the parent will choose the amount of education left to the daughter
such that its marginal cost ku0 (c) equals its marginal benefit ye (θ, e; E). If
bequests are positive, investments on education should pay the interest rate
(normalized to 1). However, if she does not leave bequests, returns on education
should be at least as high as the interest rate.
Define eu (θ, Y ) and ec (θ, Y ) implicitly by the relations
k = ye (θ, eu ; E) ,

ku0 (Y − kec ) = ye (θ, ec ; E) ,

where the letters u and c stand for unconstrained and constrained, respectively.8
Solving the household’s problem we obtain the following proposition:
Proposition 2 The laissez-faire competitive equilibrium is
{c (θ, Y ) , e (θ, Y ) , t (θ, Y ) ; θ ∈ [θ0 , θ1 ] , Y ∈ Γ}, such that

and E =

R θ1 R
θ0

Y ∈Γ

e (θ, Y ) = max{eu (θ, Y ) ; ec (θ, Y )},
t (θ, Y ) = max{Y − c∗ − ke (θ, Y ) ; 0},
c (θ, Y ) = min{c∗ ; Y − ke (θ, Y )},
e (θ, Y ) φ (θ) h (Y ) dY dθ.

7 This is a usual assumption in education and child-labour models. See, for example, Baland
and Robinson (2000) or Ranjan (2001).
8 The existence and uniqueness of eu and ec is demonstrated in the Appendix.
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Proof. The first-order conditions to the household’s problem (necessary and
suﬃcient) are
ku0 (Y − t − ke) = ye (θ, e; E) ,
u0 (Y − t − ke) = 1 + µ,
min{t, µ} = 0.
where µ is the Kuhn-Tucker multiplier. If µ = 0, we say that the solution to
the problem is unconstrained and it follows that:
ye (θ, eu ; E) = k,
Y − c∗ − keu = tu .
If µ > 0, we say that the solution to the problem is constrained and it follows
that:
ye (θ, ec ; E) = ku0 (Y − kec ) > k ∴ ec < eu ,
u0 (Y − kec ) > 1 ∴ cc < c∗ .

Remark 3 As can be seen in the proof above, if Y < c∗ +keu (θ, Y ), the parent’s
decisions are constrained since she would prefer to leave negative bequests but is
not allowed to. So, she partially reduces her consumption and partially reduces
her daughter’s education, and leaves no bequests. Since education is increasing
in θ, households with suﬃciently bright children (high θ) or low wealth Y are
constrained.9 Thus the laissez-faire equilibrium is characterized by inequality of
opportunities in the sense that individuals with the same ability receive diﬀerent
amounts of education. Moreover, the marginal productivity of children from
constrained parents is higher than those of children from unconstrained parents.
The following definition will be useful when we allow for voluntary participation in public education. Let P (θ, Y, E) be the utility obtained in the
laissez-faire equilibrium by an individual with wealth Y and whose child’s ability parameter is θ. More precisely,
½
¾
max{e,t} u (Y − t − ke) + y (θ, e; E) + t
P (θ, Y, E) ≡
.
(4)
s.t. t ≥ 0
9 Applying

the implicit function theorem, we get:
∂eu
∂θ
∂ec
∂θ

=
=

yeθ (θ, eu ; E)
> 0,
yee (θ, eu ; E)
yeθ (θ, ec ; E)
−
> 0.
yee (θ, eu ; E) + k2 u00 (Y − kec )

−
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2.4
2.4.1

The Government-Intervention Solution
The First-Best Equilibrium

As in most public-finance literature, we take a government that maximizes the
unweighted sum of each parent’s utilities.
As usual, we shall refer to the outcome chosen by the government if ability
were observable as the first-best equilibrium:
Definition 4 A first-best equilibrium is a profile of education and bequests {e (θ, Y ) ,
t (θ, Y ) ; θ ∈ [θ0 , θ1 ] , Y ∈ Γ} solving
max

{e(θ,Y ),t(θ,Y ),E}

Z

θ1
θ0

s.t.

∙

¸
u (Y − t (θ, Y ) − ke (θ, Y ))
φ (θ) h (Y ) dY dθ
+y (θ, e (θ, Y ) ; E) + t (θ, Y )
Y ∈Γ
Z θ1 Z
e (θ, Y ) φ (θ) h (Y ) dY dθ.
E=
Z

Y ∈Γ

θ0

For notational convenience we shall define the expectations operator Ē [·] as
Ē [e] ≡

Z

θ1

θ0

Z

e (θ, Y ) φ (θ) h (Y ) dY dθ,

Y ∈Γ

where e = {e (θ, Y ) ; θ ∈ [θ0 , θ1 ] , Y ∈ Γ}.
Notice that the marginal benefit of education consists of the private marginal
return of education ye and the social return of education Ē [yE ]. Hence, the firstbest amount of education should be such that the marginal benefit of education
equals its marginal cost k. Define e∗ implicitly by the relation
¢
£ ¡
¢¤
¡
k = ye θ, e∗ (θ, Y ) ; Ē [e∗ ] + Ē yE θ, e∗ (θ, Y ) , Ē [e∗ ] .
(5)
Let t∗ be defined as t∗ (θ, Y ) = Y − ke∗ (θ, Y ) − c∗ .
Assumption. Ē [t∗ ] ≥ 0. (H12)
The assumption above guarantees that there are enough resources so that
e∗ and c∗ are feasible in a perfect-information economy.10
Proposition 5 The first-best allocations are
{c∗ , e∗ (θ, Y ) , t∗ (θ, Y ) ; θ ∈ [θ0 , θ1 ] , Y ∈ Γ}.
Proof. Introducing the auxiliary variable S (θ), (3) can be rewritten as
Z
Ṡ (θ) =
h (Y ) e (θ, Y ) φ (θ) dY,
Y ∈Γ

S (θ0 ) = 0, S (θ1 ) = E.

1 0 The

existence and uniqueness of e∗ is demonstrated in the Appendix.
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The optimal policy oﬀered to an individual with wealth Y must solve the
following Hamiltonian:
∙
¸
Z
Z
u (Y − t (θ, Y ) − ke (θ, Y ))
H=
h (Y ) e (θ, Y ) φ (θ) dY,
φ (θ) h (Y ) dY +µ (θ)
+y (θ, e (θ, Y ) ; E) + t (θ, Y )
Y ∈Γ
Y ∈Γ
where t and e are control variables and S is a state variable. The first-order
conditions are
[−u0 (Y − t (θ, Y ) − ke (θ, Y )) + 1] h (Y ) φ (θ) = 0,
[−k u0 (Y − t (θ, Y ) − ke (θ, Y )) + ye (θ, e (θ, Y ) , E) + µ (θ)] h (Y ) φ (θ) = 0,
µ (θ) = µ constant.
¯
¯
Let W be the welfare function. Then, as ∂W
∂E e=e∗ ,E=E ∗ = µ (θ 1 ) = µ, it
follows that
Ē [yE (θ, e; E)] = µ.
Substituting in the first-order conditions, we get the result above.
Remark 6 As the first-best amount of education e∗ (θ, Y ) is independent of
the household’s wealth Y , it follows that the optimal educational policy is characterized by equality of opportunities. Since eﬃciency requires that marginal
productivity of education must be equalized for all individuals, the amount of education received by an individual should depend only on her ability. Therefore,
we shall denote e∗ (θ, Y ) as e∗ (θ) in order to emphasize that it does not depend
on Y. Notice that as c∗ is independent of Y , the optimal consumption level is
also independent of wealth.
Remark 7 Because marginal productivity of education is increasing in ability, it follows that education provided in the first-best solution is also increasing in ability (i.e., the first-best equilibrium is input-regressive).11 Moreover,
equality of opportunities in education implies that the first-best equilibrium is
output-regressive (i.e., individuals with higher ability obtain more utility than
lower-ability individuals). Hence, the first-best equilibrium is characterized by
an inequality of outcomes.
Remark 8 Notice that the presence of positive externalities implies an ineﬃciently low amount of education provided in the laissez-faire equilibrium even
for unconstrained households (since y is strictly concave in e).

2.4.2

The Second-Best Equilibrium

Consider a government that can oﬀer a tax schedule and an education schedule.
A tax schedule consists of an income tax τ (Y ). An education schedule consists
of an oﬀer of education e (θ, Y ), an up-front fee f (θ, Y ) and a deferred payment
1 1 Applying

the implicit function theorem, we get
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∂e∗ (θ,Y )
∂θ

= − yyeθ > 0.
ee

m (θ, Y ). Since f (θ, Y ) and m (θ, Y ) may be positive or negative, the government is able to oﬀer loans to students.12 We assume that the parent’s wealth
Y is observable but the daughter’s ability θ is private information.
With no loss of generality, we can normalize each household’s bequests to
zero. In that case, all bequests are left through up-front fees and deferred
payments. The household’s budget constraint is
Y = c (θ, Y ) + τ (Y ) + f (θ, Y ) .
Substituting in the mother’s utility function, it can be written as
U (θ, Y ) = u (Y − τ (Y ) − f (θ, Y )) + y (θ, e (θ, Y ) ; E) − m (θ, Y ) .

(6)

From the revelation principle, the search for an optimal educational policy
can be restricted to the class of incentive-compatible mechanisms with no loss
of generality. The following lemma, whose proof is presented in the Appendix,
allows us to substitute the incentive-compatibility constraint for the local firstand second-order conditions.
Lemma 9 A C 2 by parts policy {τ (Y ) , f (θ, Y ) , m (θ, Y ) , e (θ, Y ) ; θ ∈ [θ0 , θ1 ] ,
Y ∈ Γ} is incentive-compatible if, and only if, it satisfies
Uθ (θ, Y ) = yθ (θ, e (θ, Y ) ; E) ,

(7)

eθ (θ, Y ) ≥ 0,

(8)

for all θ ∈ [θ0 , θ1 ] , Y ∈ Γ.

We also assume that individuals are not forbidden to purchase education in
the private sector. Hence, they will only join the educational program when
their utility exceeds the utility obtained if they purchase education privately.
Then, the household’s utility must satisfy
U (θ, Y ) ≥ P (θ, Y − τ (Y ) , E) , ∀Y, ∀θ.
2.4.2.1

(9)

The Government Budget Constraint

Up to this point, our model is similar to De Fraja (2002). The distinct feature
is that we will enable the government to transfer resources between generations.
In the model presented at De Fraja (2002), the budget constraint is imposed to
be balanced with each generation in every period. More specifically, the budget
constraint is
Z θ1 Z
Z θ1 Z
h (Y ) [τ (Y ) + f (θ, Y )] φ (θ) dY dθ ≥
h (Y ) [ke (θ, Y )] φ (θ) dY dθ,
θ0

Y ∈Γ

Z

θ1

θ0

Z

Y ∈Γ

θ0

Y ∈Γ

m (θ, Y ) φ (θ) dY dθ ≥ 0,

1 2 By allowing the government to charge deferred payments, we focus on children above some
minimum age. As Becker and Murphy (1988) argue, young children usually cannot be a party
to this type of contract.
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where the first equation states that the total amount of income taxes and upfront fees is used to finance the educational expenses while the second equation
states that the total amount of deferred payments is non-negative.
In each period a mother with ability θ and wealth Y pays τ (Y ) + f (θ, Y ) as
up-front taxes and m (θ, Y ) as deferred payments (due to the education received
in her childhood) and receives ke (θ, Y ) as education subsidies. However, there
is no clear reason why the government would not be able to use the revenue
from deferred payments to finance its educational expenses. If the government
is able to finance its current educational expenses through deferred payments,
then the budget constraint is
Z θ1 Z
h (Y ) [τ (Y ) + f (θ, Y ) + m (θ, Y )] φ (θ) dY dθ ≥
θ0

Y ∈Γ

Z

θ1

θ0

Z

h (Y ) [ke (θ, Y )] φ (θ) dY dθ.

(10)

Y ∈Γ

Equation (10) states that the net tax revenue (L.H.S.) is enough to finance
the educational expenses (R.H.S.).
Remark 10 As deferred payments and education are the only channels of transferring wealth between generations, it follows that imposing that the aggregate
amount of deferred payments be non-negative is equivalent to imposing that education is the only means of transferring wealth between generations. However,
as public educational systems are usually financed through taxes paid by other
generations, it may seem reasonable to allow taxes to be used in order to transfer
resources between diﬀerent generations.
As usual, we shall refer to the optimal contract chosen by the government
when ability is not observable as the second-best equilibrium:
Definition 11 A second-best equilibrium is a policy {τ (Y ) , f (θ, Y ) , m (θ, Y ) ,
e (θ, Y ) ; θ ∈ [θ0 , θ1 ] , Y ∈ Γ} solving
∙
¸
Z θ1 Z
u (Y − τ (Y ) − f (θ, Y ))
h (Y )
φ (θ) dY dθ
max
+y (θ, e (θ, Y ) ; E) − m (θ, Y )
{e,τ ,f,m,E}
θ0
Y ∈Γ
s.t.(3),(6),(7),(8),(9),(10).

The following proposition, whose proof is presented in the Appendix, is the
main result of this article. It ensures that the government is able to implement
the eﬃcient level of education and consumption in an economy with private information and where an individual may choose not to join the public educational
system. Moreover, since this implementation does not require any additional
resources, it achieves first-best welfare.
Proposition 12 The optimal educational policy implements the first-best amount
of education and consumption {e∗ (θ) , c∗ ; θ ∈ [θ0 , θ1 ] , Y ∈ Γ} and achieves
first-best welfare.
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The basic intuition behind this result is that when the government raises the
income tax uniformly and decreases the up-front fee in the same amount, the
indirect utility of an individual participating in the proposed scheme remains
constant, whereas the indirect utility of an individual who purchases education
privately decreases. Hence, the participation constraint can be implemented at
no cost. Moreover, since the individuals are risk-neutral, any redistribution of
wealth does not change the total welfare.
Remark 13 As shown in Proposition 12, when transfers between generations
are allowed, the optimal educational policy provides equality of opportunities in
education (since e∗ (θ) does not depend on Y ). Furthermore, as was shown in
the previous section, the eﬃcient amount of education is higher than the amount
provided in the laissez-faire equilibrium. Hence, contrary to the results obtained
by De Fraja (2002), the amount of education and consumption does not depend
on each parent’s wealth.

2.4.3

The economy with default

In the model presented, the returns to education are deterministic. In reality,
however, individuals can neither be sure about finishing their education successfully nor about their future returns after a successful conclusion. Hence,
educational returns display a very high variation since students may not graduate or not find a job.13
Usually, credit provision in an uncertain environment requires the provision
of collateral. However, unlike other types of investments, antislavery laws preventing the repossession of human capital precludes the use of human capital
as collateral.
In this section, we extend the model presented before to incorporate the
possibility of default. We make the assumption that unemployed individuals
cannot be charged for their debts. The probability of being unemployed depends
on the ability-type of the individual and the parent’s wealth.
Usually, the existence of default would result in the incidence of adverse selection since low-ability individuals would be associated with higher probability
of default and, thus, might prefer to lie about their ability. However, we shall
show that the basic results obtained in the model with no default are still valid
in this case since the incidence of adverse selection is totally mitigated in the
optimal educational policy.
Let ψ : [θ0 , θ1 ] × Γ → [0, 1] be the proportion of individuals with type θ and
parent’s wealth Y who are able to repay the deferred payments m (θ, Y ) ≥ 0.
We assume that ψ θ (θ, Y ) > 0. Although no restrictions on the dependence of
ψ (θ, Y ) on Y are needed for our results, it may seem reasonable to assume that
ψ is increasing in Y .
1 3 The high variation of educational returns was originally pointed out in Becker (1964, pp.
104). For a recent study on this issue, see Miller and Volker (1993).
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Given the (τ , f, m, e, t), the utility of a mother with wealth Y and whose
daughter has ability parameter θ is:
U (θ, Y ) = u (Y − τ (Y ) − f (θ, Y )) +
y (θ, e (θ, Y ) ; E) − ψ (θ, Y ) m (θ, Y ) + t (θ, Y ) ,

(11)

where t (θ, Y ) ≥ 0 is the amount of bequest and m (θ, Y ) ≥ 0 is the amount of
deferred payments.
Define Û : [θ0 , θ1 ]2 × Γ → R as the utility received by an individual with
wealth Y and with a type-θ child who gets a contract designed for an individual
with a type-θ̂ child:
³
´
³
³
´´
Û θ̂, θ, Y = u Y − τ (Y ) − f θ̂, Y
+
³
³
´ ´
³
´
³
´
y θ, e θ̂, Y ; E − ψ (θ, Y ) m θ̂, Y + t θ̂, Y .

Then, the incentive-compatibility constraint is
³
´
Û (θ, θ, Y ) ≥ Û θ̂, θ, Y , ∀θ̂, θ.

As in Lemma 9, the incentive-compatibility constraint can be written as the
local first- and second-order conditions.
Lemma 14 A C 2 by parts policy {τ (Y ) , f (θ, Y ) , m (θ, Y ) , e (θ, Y ) ; θ ∈ [θ0 , θ1 ] ,
Y ∈ Γ} is incentive-compatible if and only if it satisfies
Uθ (θ, Y ) = yθ (θ, e (θ, Y ) ; E) − ψ θ (θ, Y ) m (θ, Y ) ,

(12)

yeθ (θ, e (θ, Y ) ; E) eθ (θ, Y ) − ψ θ (θ, Y ) mθ (θ, Y ) ≥ 0.

(13)

The government’s budget constraint states that the educational expenditures
must be financed through taxes:
Ē [τ (Y ) + f (θ, Y ) + ψ (θ, Y ) m (θ, Y ) − t (θ, Y )] ≥ Ē [ke (θ, Y )] .

(14)

Then, the government faces the following problem:
R θ1 R
max
h (Y ) U (θ, Y ) φ (θ) dY dθ
θ0 Y ∈Γ
{e,τ ,f,m,E}

s.t. (3), (9), (11), (12), (13), (14),
m (θ, Y ) ≥ 0,
t (θ, Y ) ≥ 0.

Solving this problem we get the following proposition, whose proof is presented in the Appendix:
Proposition 15 The optimal educational policy in the economy with default
implements the first-best amount of education and consumption {e∗ (θ, Y ) , c∗ ; θ ∈
[θ0 , θ1 ] , Y ∈ Γ} and achieves first-best welfare.
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The basic intuition behind this result is that when each parent is risk-neutral
in the wealth left to her daughter, it is indiﬀerent between a certain payment and
a lottery with the same expected value. Hence, the certain deferred payment
in the environment with no default can be substituted by a lottery where the
payment occurs only when the daughter’s labor income allows her to.
Remark 16 If ψ is interpreted as the probability that the labor income of a
type-θ individual is higher than a threshold Y ∗ , then the optimal educational
policy can also be implemented through an income-contingent type of payment
since the deferred payment is charged only if the realization of income exceeds
this threshold.14
Notice that as preferences are quasi-linear, the government does not wish
to redistribute resources. Hence, it is similar to the regulation model when
the shadow-cost of public funds is zero. In the next section, we show that the
first-best welfare can also be implemented when wealth is unobservable through
Pigouvian taxes and public provision of credit. This implementation is desirable
due to its simplicity and informational advantage.

2.4.4

Implementation through Pigouvian taxes

Since Pigou (1938), economists know that eﬃciency in an externality-generating
activity can be reached through the imposition of Pigouvian taxes.15 As Carlton
and Loury (1980) show, eﬃciency may require an additional lump-sum taxsubsidy scheme. In this section, we show that the optimal mechanism can be
decentralized through appropriate Pigouvian taxes and the provision of credit
at the market interest rate. Moreover, the decentralized scheme does not require
knowledge of household’s wealth.
We will restrict the space of contracts to those consisting of lump-sum taxes,
a linear up-front education fee, and a deferred payment. Formally, let τ (Y ) ,
f (θ, Y ) and m (θ, Y ) be the income tax, up-front fee and deferred payments as
defined in the last section. Define t (θ, Y ) and k̂ (θ, Y ) as
t (θ, Y ) = −m (θ, Y ) ,
f (θ, Y ) − t (θ, Y )
k̂ (θ, Y ) =
.
e (θ, Y )
In general, k̂ could depend on θ and Y and τ could depend on Y . However, as
we show below, they are both constant for all θ and Y under the optimal policy.
Hence, a contract consists of a lump-sum tax τ , a linear education up-front fee
t (θ, Y ) + k̂e (θ, Y ) and a deferred payment −t (θ, Y ) (which is a subset of the
class of contracts considered previously). This mechanism can be alternatively
interpreted as a lump-sum tax τ , a loan −t (θ, Y ) and an up-front fee k̂e (θ, Y ).
1 4 See Krueger and Bowen (1993) and Barr (1991) for discussions on income-contingent
payments as a means of financing education.
1 5 See Baumol (1972) and Kopczuk (2003).
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Substituting the definitions of k̂ and t in the government budget constraint,
it can be written as
Z

θ1
θ0

Z

h (Y )

Y ∈Γ

h³
´
i
k − k̂ e (θ, Y ) − τ φ (θ) dY dθ ≤ 0.

(15)

³
´
In each period, the government pays k − k̂ as a subsidy on each unit of

education and receives τ as a lump-sum tax. The government also loans Ē [−t]
in the first period and receives it in the next period. Since the market interest
rate is normalized to 1, Ē [−t] may take any value because it is always repaid in
the following period. Thus, as usual, the budget constraint simply states that
the total expenses should not exceed the total revenues of the government.
Substituting the definitions of k̂ and t in the parent’s budget constraint (10),
it follows that the total amount of consumption, loans repaid, and taxes must
be equal to the household’s wealth:
Y = c + t (θ, Y ) + τ + k̂e (θ, Y ) .

(16)

Hence, we can write the mother’s problem as:

max

{e(θ,Y ),t(θ,Y )}

³
´
u Y − t (θ, Y ) − τ − k̂e (θ, Y ) + y (θ, e (θ, Y ) ; E) + t (θ, Y )

(17)

s.t. E = Ē [e]
As there are no restrictions on t, the solution must be such that the marginal
utility of consumption is equal to the marginal utility of wealth left to the
daughter. Hence, each parent must be consuming c∗ . Moreover, the marginal
benefit of education ye must be equal to its marginal cost k̂. This result is stated
formally in the following lemma:16
Lemma 17 The solution to the mother’s problem (17) is {cP (θ, Y ) , eP (θ, Y ) ,
tP (θ, Y ) ; θ ∈ [θ0 , θ1 ] , Y ∈ Γ}, such that:
cP (θ, Y ) = c∗ ,
¢
¡
k̂ = ye θ, eP (θ, Y ) ; E ,

(18)

tP (θ, Y ) = Y − c∗ − τ − k̂eP (θ, Y ) .
Proof. The result follows from the first-order conditions of the household’s
problem (17).
Now, we are ready to show that the first-best solution can be reached through
a suitable choice of τ and k̂. As in Carlton and Loury (1980), the eﬃcient allocation can be reached in this context through Pigouvian subsidies and a lump-sum
1 6 The

existence of eP is demonstrated in the Appendix.
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tax. This result can be seen as an application of the so-called ‘Principle of Targeting’ according to which externalities should be corrected by targeting its
source directly.
The price of education k̂ is chosen in order to internalize for the educational
externalities. Hence, it must be equal to the private cost of education k minus
the educational externalities Ē [yE ] . The lump-sum tax is set in order to cover
the expenses
the subsidies. Therefore, it must be equal to the average
£ from
¤
subsidy Ē eP Ē [yE ].

Proposition 18 There exists a second-best equilibrium where the price of education k̂ and the tax τ are both constant in (θ, Y ). Moreover, this equilibrium
implements first-best welfare.
Proof. Set k̂ as

£
¤
k̂ = k − Ē yE (θ, e∗ , Ē [e∗ ]) .

(19)

Substituting in the first-order conditions of the household’s problem (18),
we get eP (θ, Y ) = e∗ (θ, Y ).
Set τ as
£
¤
τ = Ē [e∗ ] Ē yE (θ, e∗ , Ē [e∗ ]) .
(20)
Then, it follows that
i
h
£ ¤
Ē tP = Ē Y − k̂e∗ − c∗ − τ = Ē [Y − ke∗ − c∗ ] = Ē [t∗ ] .

Hence, as c∗ , e∗ (θ, Y ), and Ē [t∗ ] are the same as in the first-best solution
(and utility is linear in t), first-best welfare is achieved.
From equation (19), it follows that
³
´
£
¤
k − k̂ e∗ (θ, Y ) = Ē yE (θ, e∗ , Ē [e∗ ]) e∗ (θ, Y ) .
Applying Ē to both sides of the above expression yields
h³
´ i
¤
£
Ē k − k̂ e∗ = Ē yE (θ, e∗ , Ē [e∗ ]) Ē [e∗ ] .

(21)

h³
´
i
Hence, equations (20) and (21) imply that Ē k − k̂ e∗ − τ = 0. It follows
that the government’s budget constraint (15) is satisfied.
£ ¤
Remark 19 As Ē tP = Ē [t∗ ] > 0, the government transfers resources from
older individuals to younger individuals (who repay when older). Thus, this
mechanism does not satisfy the government budget constraint imposed in De
Fraja (2002) which states that deferred payments can not be used to finance
other expenses (i.e., Ē [t] ≤ 0).
Notice that since τ and k̂ do not depend on Y , the first-best welfare can also
be implemented in an environment where income is not observable.
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Define the household’s financial contribution as
z (θ, Y ) ≡ τ + k̂e∗ (θ) .
As education is independent of wealth, it is clear that an individual’s financial
contribution is independent of her income. Moreover, z (θ) is strictly increasing
in ability since k̂ > 0. Therefore, households with brighter children contribute
more than households with less bright children. These results diﬀer from De
Fraja (2002), where households with higher incomes contribute less than those
with lower incomes and households with less bright children contribute more
than those with brighter children.
Let xP denote the wealth left to the daughter:
¡
¢
xP (θ, Y ) ≡ y θ, eP (θ) ; E + tP (Y, θ) .

Then, it follows that the marginal propensity to bequeath under the Pigouvian scheme is equal to one (i.e., xP
Y = 1). In other words, every additional
amount of wealth is left to the future generation. Furthermore, more able individuals receive more wealth through education in the Pigouvian scheme (since
xP
θ = yθ > 0). Therefore, the optimal policy generates large inequalities of
wealth left to the future generation. This follows from the quasi-linearity of the
utility function. In the next section, we study how the results change when the
utility function is not quasi-linear.

2.5

Extensions

2.5.1

Preference for Redistribution

Thorough the previous sections, it has been assumed that parents’ preferences
can be represented by a utility function linear in the wealth left to their children.
This assumption implies that a utilitarian government does not have preference
for redistribution of bequests. Then, as was shown in subsection.2.4.4, the
optimal policy implements first-best welfare but generates large inequalities of
wealth left to the future generation.
In this section, we assume that parents’ utility function is concave in their
children’s wealth:
U = u (c) + v (x) .
This assumption implies that parents are risk-averse in the wealth of their children and a utilitarian government has preference for redistribution.
Substituting the parent’s budget constraint in her utility function, we get
U (θ, Y ) = u (Y − τ (θ) − f (θ, Y )) + v (y (θ, e (θ, Y ) ; E) − m (θ, Y )) .
Then, it follows that
Ueθ = −v 0 (y − m) [yeθ − rA (v, y − m) ye yθ ] ,
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00

(x)
where rA (v, x) ≡ − vv0 (x)
is the absolute coeﬃcient of risk-aversion.
Notice that the sign of Ueθ is ambiguous since an increasing profile of education has two opposite eﬀects in the parent’s utility. The first eﬀect (yeθ > 0)
concerns eﬃciency: an increasing profile of education benefits more those with
higher marginal productivity of education. The second eﬀect (−rA ye yθ < 0)
concerns equity: an increasing profile of education generates more wealth to
those with lower marginal utility. Then, the sign of Ueθ will depend on the
preference for redistribution (captured by the risk-aversion coeﬃcient rA ).
The following lemma presents a necessary condition for incentive-compatibility.
When preference for redistribution is suﬃciently small, an incentive-compatible
policy is input-regressive (eθ > 0) as in the quasi-linear environment. However,
incentive-compatible policies are generally not input-regressive (in fact, they
may even be input-progressive).

Lemma 20 An incentive-compatible C 2 by parts policy {τ (Y ) , f (θ, Y ) , m (θ, Y ) ,
e (θ, Y ) ; θ ∈ [θ0 , θ1 ] , Y ∈ Γ} satisfies
Ueθ (θ, Y ) eθ (θ, Y ) ≥ 0,
for all θ ∈ [θ0 , θ1 ] , Y ∈ Γ.
Thus, if the concern for redistribution is suﬃciently high, input-regressive
policies are no longer incentive-compatible. Indeed, incentive-compatible educational policies may be even non-monotonic. This would be the case when the
sign of Ueθ changes (i.e., the single-crossing property does not hold).17
Suppose, for example, that parents have constant absolute
degree
of risk³
´
yeθ
aversion rA > 0. Then, if the sign of Ueθ changes and ∂ ye yθ /∂θ > (<)0,
an incentive-compatible educational policy must be U-shapped (bell-shaped) as
shown in the following figure:

1 7 Araujo and Moreira (2000) present a method for solving screening models where the
single-crossing property does not hold.
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2.5.1.1

The First-Best Equilibrium

The problem faced by a utilitarian government when ability is observable is
max u (Y − t − ke) + v (y (θ, e; E) + t)
{e,t}

s.a. E = E [e]
The solution to this problem must be such that the marginal cost of bequest
must be equal to its marginal benefits for each individual:
¢
¡
¢
¡ ¡
¢
u0 Y − t1b − ke1b = v 0 y θ, e1b ; E + t1b .
(22)

Moreover, as in the quasi-linear case, the marginal cost of education must
be equal to its private marginal benefit plus its social marginal benefit:
¢
¡
k = ye θ, e1b ; E +

u0

E [yE ]
.
(Y − t1b − ke1b )

(23)

Denote c1b as the consumption associated with t1b and e1b :
c1b ≡ Y − t1b − ke1b .

(24)

Then, the results above may be stated as in the following proposition:
Proposition 21 The first-best allocations are
{c1b (θ, Y ) , e1b (θ, Y ) , t1b (θ, Y ) ; θ ∈ [θ0 , θ1 ] , Y ∈ Γ}.
From equations (22) and (23), it follows that
de
dt

= −
=

k − ye
k2 − kye − rAyee
(u)

yee
0
rA (u) u

E [yE ]
< 0.
(Y − t1b − ke1b ) − kE [yE ]

(25)
(26)

Hence, education and bequests are substitutes. From equation (24), it follows
that a necessary condition for consumption to be independent of ability is de
dt =
− k1 for all Y . Then, equation (25) would imply in
yee
= 0,
rA (u)
which contradicts our assumptions about the second derivatives of u and y.
Therefore, we have proved that, unlike in the quasi-linear case, the amount of
first-best consumption is not constant in θ. The following lemma summarizes
this result:
Lemma 22 c1b (θ, Y ) is not constant in θ.
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2.5.1.2

Impossibility of a Decentralized Equilibrium

In this subsection, we show that when parents are risk-averse in the wealth left
to their children, the first best cannot be achieved in a decentralized equilibrium.
The parents’ problem is:
³
´
max u Y − t − k̂e + v (y (θ, e; E) + t)
{e,t}

s.t. E = E [e]

The solution to this problem will be such that the marginal cost of bequests
is equal to its marginal benefits and the marginal cost of education is be equal
to its (private) marginal benefits:
³
´
u0 Y − t − k̂e
= v 0 (y (θ, e; E) + t) ,
³
´
u0 Y − t − k̂e k̂ = v 0 (y (θ, e; E) + t) ye (θ, e; E) .
Therefore, the equilibrium is characterized by the following equations
¢
¡
ye θ, eP ; E = k̂,
(27)
³
´
¢
¡ ¡
¢
u0 Y − tP − k̂eP = v 0 y θ, eP ; E + tP .
(28)
£ P¤
and the overall level of education E = E e .
In order to implement the first-best amount of education, it is necessary to
set k̂ (independent of θ) as
k−

E [yE ]
.
u0 (Y − t1b − ke1b )

But this would only be possible if the amount of first-best consumption does
not depend on θ. However, as shown in Lemma 22, this is not the case. Hence,
we obtain the following proposition:
Proposition 23 When parents are risk-averse in the wealth left to the daughters, the first-best amount of welfare cannot be reached through credit loans and
Pigouvian taxes.
The intuition for this result is that when the inequality of wealth matters, a
policy which does not depend on ability is unable to redistribute appropriately.
Then, the Pigouvian mechanism generates an ineﬃcient equilibrium since it
does not allow for redistribution of wealth left to the children.
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2.5.2

Type-dependent cost of education

Through this section, we have shown two main result for the case where parents are risk-averse: (i) input-regressive policies may no longer be incentivecompatible and (ii) optimal policies cannot be implemented through Pigouvian
taxes and loans.
Implicit in the specification of the model presented in this paper is the assumption that the unit cost of education k does not depend on the ability of
the individual. However, if individuals are allowed to work when they are not
studying, this assumption may not be compelling (since more able individuals
would receive higher wages and, thus, would have higher outside options). In
this subsection, we show that the input-regressive policies may no longer be
incentive-compatible in the quasi-linear environment when individuals are able
to work when they are not studying.
Suppose that a type-θ individual receives an hourly wage of α + βθ and let
w ≡ 1 − e be the number of hours worked. We interpret α as the part of the
job that does not depend on ability and β as the intensity of ability. Then, her
parent’s budget constraint becomes
Y + (1 − e) (α + βθ) = c + ke + t.
c = Y + α + βθ − t − e (α + βθ + k)
Substituting in the quasi-linear utility function yields
U = u (Y + α + βθ − t − e (α + βθ + k)) + y (θ, e; E) + t.
Then, it follows that
Ueθ = yeθ − β [u0 (c) − (1 − e) (α + βθ + k) u00 (c)]

(29)

Once again we obtain an ambiguous sign for Ueθ . However, in this case, the
indeterminacy arises only for eﬃciency reasons. An increasing profile of education has the positive eﬀect of benefiting more those with higher marginal
productivity of education but has the negative eﬀect of taking more productive individuals more time away from work. Then, as shown in Lemma 20,
an incentive-compatible policy may be either increasing, decreasing, or nonmonotone, depending on the absolute degree of risk aversion and the magnitude
of yeθ .
In this case, the determination of whether an incentive-compatible policy
should be input-regressive depends on the level of education studied. It is usually
argued that the type of jobs available to very young individuals does not depend
much on ability (low β). Then, equation (29) would imply that education for
these individuals should be input-regressive since the positive eﬀect exceeds the
negative eﬀect. However, ability is clearly an important component in wages
of older individuals. Therefore, input-regressive policies may not be incentivecompatible in the case of higher levels of education.
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2.6

Conclusion

In this paper, we show that when the government is able to transfer resources
between generations, the optimal educational policy achieves the same amount
of welfare that could be reached if ability were observable (first-best eﬃciency).
Moreover, the implementation of the optimal policy can be decentralized through
Pigouvian taxes and student loans. An advantage of decentralization is that it
is less informationally demanding: the government may not know each household’s wealth or ability (it is suﬃcient to know the optimal level of externality
and the social marginal benefit it causes).
When returns to education are random, the non-transferability of human
capital implies the emergence of default. In this case, the optimal educational
policy can be implemented by a type of income-contingent loan and still achieves
first-best eﬃciency.
As first-best eﬃciency requires that marginal productivity of education be
equalized across individuals, it follows that the amount of education received by
a child does not dependent on his/her parent’s wealth. Therefore, equality of
opportunities in education is provided. Furthermore, since the optimal amount
of financial contribution does not depend on parental income and is increasing
in the ability of the child, the optimal educational policy is not regressive (i.e.,
wealthier households do not contribute less than poorer households).
The optimal educational policy is input-regressive (in the sense of Arrow,
1971) since more able individuals receive higher education than those less able.
Moreover, as more able individuals attain a higher utility, there is an inequality
of outcomes (i.e., the policy is output-regressive).
The laissez-faire equilibrium was ineﬃcient due to imperfect credit markets and educational externalities. We have shown that the government should
provide student loans in order to correct the credit-market ineﬃciency. Governmental provision of credit is probably the educational policy most suggested.18
According to Becker (1991, p.188):
‘Public (or private) policies that improve access to the capital
markets by poorer families - perhaps a loan program to finance education (...) - would increase the eﬃciency of society’s investments in
human capital while equalizing opportunity and reducing inequality.’
By not internalizing the eﬀects that education bears on the rest of the economy, the amount of education that each household provides in the laissez-faire
equilibrium is ineﬃciently low. We show that the first-best solution can be
achieved through Pigouvian taxes. In this context, the appropriate Pigouvian
taxes are educational subsidies that induce households to internalize for the
(positive) externalities caused by education.19
1 8 See, for example Barr (1991, 1993), Becker (1991), and Krueger and Bowen (1993). As
Eden (1994) remarks: “Government backed loans can mitigate capital market imperfections
and most economists will favor this type of intervention.”
1 9 Friedman (1955, pp.124-125) advocated for a scheme similar to the Pigouvian taxes pro-
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When parents are risk adverse in the bequests left to their children or when
young individuals may work, input-regressive policies may not be incentivecompatible. Moreover, in the former case, the optimal policy cannot be decentralized through Pigouvian taxes and student loans.

A

Appendix

2.1.1

Proof of Lemma 9:

Define Û : [θ0 , θ1 ]2 × Γ → R as the utility received by a type θ individual with
wealth Y who gets a contract designed for a type θ̃ individual:
³
´
³
³
´´
³
³
´ ´
³
´
Û θ̃, θ, Y = u Y − τ (Y ) − f θ̃, Y
+ y θ, e θ̃, Y ; E − m θ̃, Y .

In order to be incentive-compatible, each individual must prefer to announce
his own type. Hence, the following first- and second-order conditions must be
satisfied for almost all θ:
³
´¯
∂ Û θ̃, θ, Y ¯¯
¯
= 0
¯
∂ θ̃
¯
³
´ ¯θ̃=θ
2
∂ Û θ̃, θ, Y ¯¯
¯
≤ 0
2
¯
¯
∂ θ̃
θ̃=θ

The first-order condition yields, for almost all θ,

−u0 (Y − τ (Y ) − f (θ, Y )) fθ (θ, Y ) + ye (θ, e (θ, Y ) ; E) eθ (θ, Y ) − mθ (θ, Y ) = 0.
Diﬀerentiating the first-order condition, we get
−u0 (Y − τ (Y ) − f (θ, Y )) fθθ (θ, Y ) + u00 (Y − τ (Y ) − f (θ, Y )) [fθ (θ, Y )]
2

+yeθ (θ, e (θ, Y ) ; E) eθ (θ, Y ) + yee (θ, e (θ, Y ) ; E) [eθ (θ, Y )]

2

(30)

+ye (θ, e (θ, Y ) ; E) eθθ (θ, Y ) − mθθ (θ, Y ) = 0.
The second-order condition yields, for almost all θ,
−u0 (Y − τ (Y ) − f (θ, Y )) fθθ (θ, Y ) + u00 (Y − τ (Y ) − f (θ, Y )) [fθ (θ, Y )]2
+yee (θ, e (θ, Y ) ; E) [eθ (θ, Y )]2 + ye (θ, e (θ, Y ) ; E) eθθ (θ, Y ) − mθθ (θ, Y ) ≤ 0.
(31)
Substituting (30) in equation (31), we obtain
yeθ (θ, e (θ, Y ) ; E) eθ (θ, Y ) ≥ 0.
posed here. He argued that since buyers of education generate external benefits for those not
purchasing education, the government should subsidize those purchasing education and tax
those who are not.
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As yeθ (θ, e (θ, Y ) ; E) > 0, this equation is equivalent to the monotonicity
condition eθ (θ, Y ) ≥ 0.
Diﬀerentiating equation (6), yields
Uθ (θ, Y ) = −u0 (Y − τ (Y ) − f (θ, Y )) fθ (θ, Y ) + yθ (θ, e (θ, Y ) ; E)
+ye (θ, e (θ, Y ) ; E) eθ (θ, Y ) − mθ (θ, Y ) .
Substituting the first-order condition in this expression, we get
Uθ (θ, Y ) = yθ (θ, e (θ, Y ) ; E) .
This proves the necessity of (7) and (8).
To prove the suﬃciency of (7) and (8), assume that a type θ strictly prefers
to announce θ̃ 6= θ :
³
´
Û θ̃, θ, Y > Û (θ, θ, Y ) .

R θ̃
This equation can be rewritten as θ Û1 (x, θ, Y ) dx > 0, where Û1 (x, θ, Y ) ≡
∂ Û (θ̃,θ,Y )
. As Û1 (x, x, Y ) = 0 for almost all x, it follows that
∂ θ̃
Z

θ̃
θ

h

Z
i
Û1 (x, θ, Y ) − Û1 (x, x, Y ) dx =

θ̃

θ

Z

θ

Û12 (x, z, Y ) dzdx > 0.

x

³
´
³
³
´ ´
³
´
As Û12 θ̃, θ, Y = yeθ θ, e θ̃, Y ; E eθ θ̃, Y ≥ 0 and x is between θ

and θ̃, this inequality cannot hold.
¥
Lemma 20 can be demonstrated in a similar way.

2.1.2

Proof of Proposition 15:

Introducing the auxiliary variable S (θ), (3) can be rewritten as
Z
h (Y ) e (θ, Y ) φ (θ) dY,
Ṡ (θ) =

(32)

Y ∈Γ

S (θ0 ) = 0, S (θ1 ) = E.

Analogously, we introduce the auxiliary variables x (θ, Y ) = mθ (θ, Y ) , z (θ, Y ) =
eθ (θ, Y ). Let Y ∈ Γ be an arbitrary wealth level. For the moment, we will ignore
the monotonicity condition (8). Hence, we will consider the following relaxed
problem:

max

Z

θ1
θ0

Z

h (Y ) [u (Y − τ − f ) + y + τ + f − ke] φ (θ) dY dθ
Z
heφdY, Uθ = yθ − ψ θ m,
s.t. Ṡ (θ) =
Y ∈Γ

Y ∈Γ

mθ = x, eθ = z, U = u (Y − τ − f ) + y − ψm + t,
yeθ z − ψ θ x ≥ 0, U ≥ P (θ, Y − τ , E) , m ≥ 0, t ≥ 0,
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where the state variables are U, e, m, S, the control variables are f, τ , x, t, z and
we omit the dependence on θ, Y and E for notational clarity. Then, the optimal policy oﬀered to an individual with wealth Y must solve the following
Hamiltonian:
Z
H=
h (Y ) [u (Y − τ − f ) + y + τ + f − ke] φ (θ) dY
Y ∈Γ
Z
h (Y ) eφ (θ) dY + µ2 (θ, Y ) [yθ − ψ θ m]
+ µ1 (θ)
3

Y ∈Γ

+ µ (θ, Y ) x + µ4 (θ, Y ) z

− ρ1 (θ, Y ) [u (Y − τ − f ) + y − ψm + t − U ]

+ λ1 (θ, Y ) [yeθ z − ψ θ x] + λ2 (θ, Y ) [U − P (θ, Y − τ , E)]
+ λ3 (θ, Y ) m + λ4 (θ, Y ) t (θ, Y ) .

From the first order conditions, it follows that:
∙
¸
1
ρ1 (θ, Y ) = h (Y ) φ (θ) 1 − 0
,
u (Y − τ − f )

(33)

λ2 (θ, Y ) = 0, for almost all Y, θ,

(34)

µ3 (θ, Y ) = λ1 (θ, Y ) ψ θ ,

(35)

4

1

ρ (θ, Y ) = λ (θ, Y ) ,

(36)

µ4 (θ, Y ) = −λ1 (θ, Y ) yeθ ,

(37)

1

ρ (θ, Y ) =

−µ2θ

(θ, Y ) ,

(38)

£
¤
−µ4θ (θ, Y ) = h (Y ) φ (θ) ye − k + µ1 (θ, Y ) + µ2 (θ, Y ) yeθ

(39)

1

1

−ρ (θ, Y ) ye + λ (θ, Y ) z yeeθ ,
µ1 (θ) = µ1 constant,

−µ3θ

2

1

(40)
3

(θ, Y ) = −µ (θ, Y ) ψ θ + ρ (θ, Y ) ψ + λ (θ, Y ) .
2

min{λ ; U − P (θ, Y − τ , E)} = 0

(41)
(42)

Substituting (33) in (38),
µ2 (θ, Y ) =

Z

θ

θ0

h (Y )

∙

¸
1
−
1
φ (θ) dθ
u0 (Y − τ − f )

Notice that equation (34) implies that U (θ, Y ) ≥ P (θ, Y − τ (Y ) , E) is
never binding. Hence, as U (θ0 ) and U (θ1 ) are free, the transversality condition
implies that
∙
¸
Z θ1
1
µ2 (θ1 , Y ) =
h (Y ) 0
− 1 φ (θ) dθ = 0.
u (Y − τ − f )
θ0
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Then, as λ4 (θ, Y ) ≥ 0, from equation (36) we get u0 (Y − τ − f ) ≥ 1, for
almost all Y, θ.
If u0 (Y − τ − f ) > 1 for some set with positive measure, then µ2 (θ1 , Y ) < 0
which contradicts the transversality condition. Hence, it follows that
Y − τ (Y ) − f (θ, Y ) = c∗ , for almost all Y, θ.
Therefore, the second-best amount of consumption is the same as the firstbest amount and one must (almost) always face a unitary marginal tax. Moreover, from equation (38),
µ2 (θ1 , Y ) = ρ1 (θ, Y ) = 0, for almost all Y, θ.

(43)

Then, from equation (41), we get
µ3θ (θ, Y ) = −λ3 (θ, Y ) ≤ 0.

(44)

As m (θ0 , Y ) and m (θ1 , Y ) are free, the transversality conditions impose
that µ3 (θ0 , Y ) = µ3 (θ1 , Y ) = 0. Hence,
µ3 (θ, Y ) = λ3 (θ, Y ) = 0, for almost all Y, θ.

(45)

Therefore, equations (35) and (3) imply λ1 (θ, Y ) = µ4 (θ, Y ) = 0. Then,
from equation (39) we get
µ1 = k − ye .
(46)
Lemma 24 The amount of education solving the relaxed problem above is the
same as in the first-best solution. That is, e (θ, Y ) = e∗ (θ) , for almost all
{θ, Y } ∈ [θ0 , θ1 ] × Γ.
Proof. Let e2b , E 2b be the amounts of education and externalities
that solve
¯
¯ 2b
the second-best problem defined before Proposition 12. As ∂W
∂E e=e ,E=E 2b =
µ1 (θ1 ) = µ1 , it follows that
Z

θ1

θ0

Z

Y ∈Γ

¡
¢
h (Y ) yE θ, e2b , E 2b φ (θ) dY dθ = µ1 .

Substituting into (46),

¢
¡
ye θ, e2b ; E = k −

Z

θ1

θ0

Z

Y ∈Γ

which is the equation that defines e∗ .

¡
¢
h (Y ) yE θ, e2b , E 2b φ (θ) dY dθ,

Equation (4) implies that P (θ, 0, E) = 0 and, from the envelope theorem,
PY (θ, Y − τ (Y ) , E) ≥ 1. Moreover, a unitary increase in τ (Y ) and a unitary
decrease in f (θ, Y ) leaves U (θ, Y ) constant. Hence, it is always possible to
choose τ (Y ) and f (θ, Y ) such that condition (9) is satisfied.
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We have to show that the monotonicity condition (8) is satisfied in the
relaxed problem considered. But, as we have already shown in remark (7),
e∗ (θ) is increasing in θ. Therefore the monotonicity condition eθ (θ, Y ) ≥ 0 is
satisfied.
Hence, the amount of education and consumption solving the problem above
is the same as in the first-best solution. Since individual utilities are linear in
repaid deferred payments ψ (θ, Y ) m (θ, Y ) and bequests t (θ, Y ), it follows that
any profile of deferred payments and bequests such that the government’s budget
constraint is satisfied as an equality achieves the same welfare as the first-best
solution. ¥
Proposition 12 follows as a corollary since it is a particular case of the economy with default when ψ (θ, Y ) = 1 for all θ, Y .

2.1.3

Existence and uniqueness of equilibria:

The following proposition ensures that the education profiles in the Laissez-Faire
equilibrium are well defined.
Proposition 25 There exists eu and ec such that k = ye (θ, eu ; E) , ku0 (Y − kec ) =
ye (θ, ec ; E) . Moreover, eu and ec are unique.
Proof. Define ξ : R+ → R+ as ξ (e) ≡ ye (θ, e; E). Then, as ξ is continuous,
lim ξ (e) = +∞ and lim ξ (e) = 0, it follows that there exists eu such that

e→0

e→+∞

ξ (eu ) = k. Moreover, as ξ 0 (e) = yee (θ, e; E) < 0, eu is unique.
Analogously define ϕ : R+ → R as ϕ (e) ≡ ye (θ, e; E) − ku0 (Y − ke). As
Y > 0, it follows that lim ϕ (e) = +∞. Then, as ϕ is continuous and lim ϕ (e) =
e→0

e→ Yk

−∞, it follows that there exists e such that ϕ (e ) = 0. Furthermore, as ϕ0 (e) =
c

c

yee (θ, e; E) + k2 u00 (Y − ke) < 0, ec is unique.
The same argument establishes the existence of the education profile defined
before Lemma 17 and in equation (27).
¢
¡
Corollary 26 There exists a unique eP such that k̂ = ye θ, eP (θ, Y ) ; E .

The following proposition ensures the existence of the first-best level of education (which is also the second-best level of education).
Proposition 27 There exists a unique e∗ such that
¡
¢
£ ¡
¢¤
k = ye θ, e∗ (θ, Y ) ; Ē [e∗ ] + Ē yE θ, e∗ (θ, Y ) , Ē [e∗ ] .

Proof. Notice that if e∗ exists,³it ´must be constant in Y. Fix an arbitrary
θ ∈ [θ0 , θ1 ] and denote e (−θ) as {e θ̂ ; θ̂ 6= θ}.
Define the function ρ as
ρ (e (θ) , e (−θ) , E) ≡ ye (θ, e (θ) ; E) + Ē [yE (θ, e (−θ) , E)] − k.
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Then, as lim ρ (e, e (−θ) , E) = +∞, lim ρ (e, e (−θ) , E) < 0 (by H9 and
e→+∞

e→0

H10) and ρ is continuous, it follows that, for every e (−θ) and every E, there
exists ẽ (θ) such that ρ (ẽ (θ) , e (−θ) , E) = 0. Moreover, the Inada conditions
imply that this ẽ (θ) is unique.
Since lim ρ (e, e (−θ) , E) < 0 and ρ is continuous, there exists ē such that,
e→+∞

for all e > ē, ρ (e, e (−θ) , E) < 0.
Define and P as ≡ [0, ē] and P ≡ {{e (θ)}θ∈[θ0 ,θ1 ] }. Then, F ≡ {(E, e) ∈
Rθ
× P ; E = θ01 e (θ) φ (θ) dθ} is a compact, convex set in the product topology.
³
´
Define the function T : F → F as T (E, e) = Ẽ, ẽ , where ẽ ≡ {ẽ (θ) :
Rθ
θ ∈ [θ0 , θ1 ]} and Ẽ ≡ θ01 ẽ (θ) φ (θ) dθ (from the definition of ē, it follows that
Ẽ ∈ P ).
Then,
³ the
´ Schauder-Tychonoﬀ Theorem implies the existence of a fixed point
of T, Ê, ê (see, Dunford and Schwartz, 1988, p. 456). From the definition of
Rθ
T , this fixed point must satisfy equation (5) and Ê = θ01 ê (θ) φ (θ) dθ.
The uniqueness follows from the strict concavity of the first-best problem.
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