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“The highest rate of return in early childhood development comes from investing as
early as possible, from birth through age five, in disadvantaged families. Starting at
age three or four is too little too late, as it fails to recognize that skills beget skills
in a complementary and dynamic way. Efforts should focus on the first years for the
greatest efficiency and effectiveness. The best investment is in quality early childhood
development from birth to five for disadvantaged children and their families.”

James J. Heckman
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Abstract

This thesis is a collection of three essays in economic development mainly focused on
education. In the first two chapters, we study the effects that educational policies may
have on a macroeconomic environment where individuals can invest in different stages
of human capital formation. The last chapter introduces endogenous quality of teachers
in human capital formation and measures the impact that the reallocation of talented
workers toward this occupation may have on aggregate and regional GDP.

Keywords: Economic Development; Early Childhood; Education;



0.1 Introduction
This thesis is a collection of three essays in economic development mainly focused on
education. In the first two chapters, we study the effects that educational policies may
have on a macroeconomic environment where individuals can invest in different stages
of human capital formation. The last chapter introduces endogenous quality of teachers
in human capital formation and measures the impact that the reallocation of talented
workers toward this occupation may have on aggregate and regional GDP.

In the first chapter, we study the impact of the different stages of human capital
accumulation on the evolution of labor productivity. We add early childhood education
to a standard continuous time life cycle economy and assume complementarity between
educational stages. Agents are homogenous and choose the intensity of preschool ed-
ucation, how long to stay in formal school, labor effort and consumption, and there
are exogenous distortions to these four decisions. The model is calibrated to the U.S.
from 1961 to 2008 and matches the data very well and closely reproduces the paths of
schooling, hours worked, relative prices and GDP. We find that early childhood educa-
tion can explain a very large part of the observed increase of years of schooling in the
U.S. since 1961, and it was as important as formal education for the increase of labor
productivity in the period. Furthermore, we show that small reallocations of public
expenditures from formal education to early childhood education would have sizable
impacts on income per capita and productivity.

In chapter 2 we study the macroeconomic consequences of reallocating public ex-
penditures from college to basic education in Brazil. We construct a general equilib-
rium model that features heterogeneous agents, credit restrictions, basic and tertiary
education, public and private educational institutions. We calibrate the model param-
eters using Brazilian data. We find that reallocating public expenditures from tertiary
towards basic education leads to higher GDP, lower economic inequality and higher
aggregate welfare.

Chapter 3 presents the paper "The misallocation of talent and the outside option
in the teachers’ occupation". In this paper we identify a negative relationship between
teachers’ salaries and regional income in the Brazilian data. To explain this fact, we
propose a general equilibrium model where workers’ decision are distorted due to market
frictions and teachers’ quality is calculated endogenously as an input for the formation
of human capital. The model is calibrated to Brazil, matching the data and closely
reproducing the share of workers and the average wage for each state and occupation.
Our benchmark economy suggests that there is a misallocation of workers in the Brazil-
ian economy and a reallocation of higher skill workers to teachers’ occupation could
increase GDP due to a multiplicative effect of teachers’ human capital. We also find
that there is a strong outside option to teachers’ career in more developed regions, which
contributes for higher talented workers to choose to teach in less developed regions.

1



Chapter 1

Economic Growth and
Complementarity between Stages of
Human Capital

1.1 Introduction
Several recent studies on educational investments in early childhood have shown that
expenditures in this stage of life increase the cognitive and non-cognitive development
of children and increase the investment return in later stages of their lives. For instance,
Rolnick and Grunewald (2003) and Schweinhart (2004) show that the private return on
investments in preschool is high as it increases the marginal productivity of individuals.
However they show that there is also a sizable external effect due to improvement in
the socioeconomic conditions of these persons in the form of, for instance, less crime,
less time in jail and less use of social services.

Carneiro and Heckman (2003) assess the Perry Preschool Program1 and find that,
when measured through age 27, the program returns $5.7 for every dollar spent. When
returns are projected for the remainder of the lives of program participants, the return
on the dollar rises to $8.7. Also analyzing the Perry Preschool Program, Heckman et al.
(2010) document that the social return of the program is between 7% and 10%, which is
considered high compared to other investments. The education, skills and competences
acquired at this stage of life facilitate learning throughout the rest of the student’s life.

Other studies emphasize that the early years are crucial for the formation of brain
connections that capture the different impulses of the environment in which the child
is located, impacting their intellectual development, personality and social behavior
(Young and Mundial, 1996, Myers and de San Jorge, 1999, Knudsen et al., 2006, Irwin

1The Perry Preschool Program, conducted in the United States in the 1960s, treated for two years
a group of poor 3-year-old children. This treatment included daily classes and weekly visits of the
teachers to the students’ homes. The program collected data from this treatment group and a control
group and followed them until they were 40 years old.
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et al., 2007). According to Heckman (2011), the economic and intellectual inequality
among individuals begins in early childhood because different investments in this stage
lead to inequality in cognitive and non-cognitive skills in adulthood.

This article studies the impact of the different stages of human capital accumula-
tion on the evolution of labor productivity in the U.S. between 1961 and 2008. More
specifically, we add early childhood education to a standard continuous time life-cycle
economy and assume complementarity between the two types of educational stages,
in accordance with the evidence from the empirical literature (Heckman and Cunha,
2007, Cunha et al., 2010). In the model, there are three sectors: goods, early childhood
and formal education. Agents are homogenous and choose the intensity of preschool
education2, how long to remain in formal schooling3, labor effort and consumption.
Individuals do not work when they are in school. Retirement and the early childhood
timespan are exogenous.

The model is calibrated to reproduce the American economy in 2008 and the tra-
jectory of key variables since 1961. Some variables, such as distortions of the prices of
early childhood education, formal education, labor and capital, are calibrated to match
targets of U.S. data using the simulated method of moments. The model fits the data
very well and closely reproduces the paths of schooling, hours worked, relative prices
and GDP. We use the model to estimate endogenously early childhood education from
1961 to 2008, circumventing the lack of data, especially in the initial years.

Early childhood education plays a central role in our results. Although the estimated
value of its weight in the human capital function is very low, the complementarity in
human capital formation between both stages of education ultimately amplifies the
impact of early childhood education through its effect on formal schooling. That is,
a rise of early childhood education positively affects the return to formal education,
leading to an increase in schooling. In our simulations, we find that the expansion of
early childhood education in the 1960-2008 period could explain approximately 60% of
the observed increase in schooling in the U.S. Moreover, it is as important as formal
education in explaining GDP per capita and productivity.

We extend the model in a later section by introducing government expenditures in
both stages of education. The model is recalibrated, and the main result here is that a
small reallocation of educational resources for early childhood education (an addition
of 0.3% of public expenditures) would have increased income per capita by 0.36%.
This finding reinforces our previous results and calls for a reassessment of educational
policies in favor of more attention and expenditures in the early stages of human capital
formation.

This article extends and improves the previous literature in several directions. First,
we relate to the literature that studies human capital accumulation in a dynamic
macroeconomic framework (Rangazas, 2000, 2002, Lee and Wolpin, 2010, Restuccia

2In this paper, we use early childhood and preschool education as synonyms.
3In this paper, we use formal education, late education and years of schooling as synonyms.
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and Vandenbroucke, 2013b,a, Castro and Coen-Pirani, 2014, You, 2014). None of these
articles studies early childhood education. You (2014) uses the Ben-Porath (1967)
model of human capital formation and finds that one-fifth of U.S. labor quality growth
between 1967 and 2000 was due to the rise in educational spending. The main factor
in explaining educational attainment is the skill price. In Lee and Wolpin (2010) and
Castro and Coen-Pirani (2014), skill price is also an important force in explaining edu-
cational attainment4. Therefore, these papers address distinct but complementary sets
of mechanisms to explain schooling attainment.

The second body of literature that relates to our study investigates the links among
government incentives, preschool education and economic development. For instance,
similarly to this paper, Abington and Blankenau (2013) and Blankenau and Youderian
(2015) embody the results of Cunha et al. (2010) and Heckman and Cunha (2007) in
their human capital accumulation function and study the reallocation of government
resources between educational stages and how it could affect aggregate income. The
first article is a theoretical study, and neither paper is concerned with the evolution of
labor productivity across time, as we are.

Our paper is also related to the body of literature that studies cross-country income
differences and human capital (Klenow and Bils, 2000, Erosa et al., 2010, Schoellman,
2012, Córdoba and Ripoll, 2013, Restuccia and Vandenbroucke, 2014, Schoellman, 2014,
Manuelli and Seshadri, 2014). Although Manuelli and Seshadri (2014) and Córdoba
and Ripoll (2013) include preschool education in their models, they do not consider the
complementarity between early childhood and later education stages, as documented
by Cunha et al. (2010) and Heckman and Cunha (2007). Schoellman (2014) documents,
using data of refugees living in the U.S., that adult outcomes are independent of age
at arrival in the U.S., up to age 6. He interprets this finding, using a simple model of
human capital accumulation, as evidence that the differences across countries in early
childhood education are not important in explaining development differences. Del Boca
et al. (2014) use a standard life-cycle model to study the child quality investment trade-
off: Parents work more to have more money to invest in their children, but in turn, less
time is allocated to child development. They find that for early investments, parental
input is more important than monetary investments. Although it is clear that parental
input is also important, we ignore this dimension because in our model fertility is
exogenous.

This paper proceeds as follows. In Section 2, we present the stylized facts. In
Section 3, we present the model. In Sections 4 and 5, we describe the calibration
strategy and report how well the model fits U.S. data, respectively. In Section 6, we
discuss results regarding the effect of both education stages in the evolution of human
capital, GDP and U.S. development. In Section 7, we modify the model, introducing

4Castro and Coen-Pirani (2014) analyze the evolution of educational attainment using a model
with an inter-cohort with heterogeneous learning ability, in which the variation in schooling is given
by changes in skill price, tuition, education quality and ability.
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public expenditures in education, and in Section 8, we analyze the robustness of our
results. Section 9 concludes the paper.

1.2 The Evolution of Early Childhood Education
As stated by Vinovskis (1993), there were few efforts to provide preschool training
during the first half of the twentieth century, and most of them did not last long or
had limited impact. Moreover, during the 1950s and early 1960s, policymakers and the
general public paid little attention to preschool education. Only in the sixties did early
childhood development receive more attention from American society, not only in the
education dimension but also in health, special education, research, etc. (Shonkoff and
Meisels, 1990). In the early sixties studies by Benjamin Bloom, among others, it is
argued that early childhood education is key to improving later performance in schools
and this view became widely accepted among experts.

New social demands, evolution of scientific production and greater public inter-
est in early childhood, gave this topic a greater role in the debate on socio-economic
inequalities. As stated by Shonkoff and Meisels (1990, p.15), “these included Presi-
dent Kennedy’s interest in mental retardation, the political impact of the civil rights
movement, and President Johnson’s commitment to wage war on the sources and con-
sequences of poverty”.

From the mid-sixties on several programs were created aimed at increasing early
childhood attention and care. Among them, the Perry Pre School Project5 and the
Head Start Program6, which were created in 1962 and 1965, respectively; the Public
Law (PL) 94-142 enacted in 1975 that provided funds for states to care for children as
young as 3 years old; and the Public Law (PL) 99-457 enacted in 1986 that reinforced
incentives for states to provide services for 3 to 6-years-old children, and established a
discretionary program providing service to newborn children up to 3 years of age.

The improvements were fast. For instance, in 1965, only eighteen states had pub-
lic kindergarten, and in 1970, less than 80% of five-year-old children attended public
kindergarten. In 2000, all the states funded public kindergarten, and 98% of five-
year-old children attended it (Kamerman and Gatenio-Gabel, 2007). The Head Start
Program, which started in 1965 as a summer program with 561,000 children enrolled,
was transformed the next year into a nine-month program, and in 2015, it served nearly
one million children. Since its inception, Head Start has served more than 33 million
children, and funding per student in real value increased 6.46 times between 1965 and

5 The Perry School Project, provided, from 1962 to 1967, high-quality preschool education to
three-and four-year-old African-American children living in poverty and assessed to be at high risk of
school failure.

6 The Head Start Program is a federally funded preschool program, largely half day, targeted
on poor children and serving 3-4-year-olds primarily. It provides comprehensive education, health,
nutrition, social and other services.
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2008 (Head Start Bureau, 2012).
Table 1 presents the evolution of the absolute number of students and the gross

enrolment rate7 (in brackets) of pre-primary, primary and secondary education from
1970-2011. The progress of enrolment in pre-primary education was striking in that
period, especially if one takes into account that the figures for 1960 were close to zero.
Indeed, the number of children enrolled in pre-primary increased 2.09 times between
1971 and 2011. In absolute terms, total enrolment increased more in pre-primary than
in primary and secondary education. Pre-primary education had 4,707,000 of new en-
rollments in the period, while primary and secondary had just 2,394,000 and 3,691,000,
respectively. The increase in the gross enrollment rate is also impressive, rising from
37% in 1970 to twice that forty years later, considerably reducing the distance with
respect to primary and secondary education. In summary, the evidence indicates, since
the mid-sixties, rapid and continuous expansion of pre-school education. We will show
later that this development has had a significant impact on formal schooling, human
capital and labor productivity.

Table 1.1: Enrolment in pre-primary, primary and secondary education for different
years.

School Enrolment (thousands )
Year Pre - Primary Primary Secondary

1971 4300 (37.7%) 22037 (88.49%) 20593 (83.84%)
1981 5163 (52.54%) 20420 (98.7%) 21585 (89.53%)
1991 7300 (65.17%) 22429 (104.42%) 19270 (90.88%)
2001 7538.72 (63.22%) 25297.6 (103%) 23087.04 (93.95%)
2011 9007.2 (74.17%) 24431.66 (100%) 24214.3 (94.67%)

Source: UNESCO.
Note: Numbers in brackets are the gross school enrolment ratio

1.3 The Model
We consider a simple model that can be used analytically to examine the impact of early
childhood education, and its complementarity to formal education, on human capital
formation and development. The key elements in this economy will be the intensity
of childhood education and the optimal time to leave formal school and the dynamic
consequences of these decisions on human capital and growth.

7 The United Nations Educational, Scientific and Cultural Organization (UNESCO), defines Gross
Enrolment Ratio as the total enrolment within a country in a specific level of education, regardless of
age, expressed as a percentage of the population in the official age group corresponding to this level
of education. Thus, it is possible to have a percentage that is higher than 100%.
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1.3.1 Production
There are three sectors in this economy: Sector one produces consumption and capital
goods, sector two supplies early childhood education, and sector three supplies formal
education. The output in the goods sector, Y1, is a function of physical capital service,
K, and skilled labor, H1.

The technology of both educational sectors takes into account that the production of
educational services is labor intensive. For instance, the share of gross capital formation
in total government expenditure in education was only 9.89% in 2010, according to the
Organisation for Economic Co-operation and Development (OCDE). In this sense, it
is assumed that output in educational sectors uses only skilled labor as input. We
therefore have

Yi =

AiK
α(Hi)1−α , if i = 1

AiHi , if i ∈ {2, 3}
(1.1)

where Ai is the sector’s total factor productivity, and α is the capital’s share in output.
Skilled labor is given by:

Hi = Lihi

where Li is raw labor, and hi is the human capital of workers.
Let good 1 be the numeraire and q1 and q2 be the relative prices of early childhood

educational services and schooling services. Given free mobility of factors across sectors,
we have:

(1− α)A1κ
α = qi−1Ai = w, i ∈ {2, 3} (1.2)

αA1κ
α−1 = R, com κ = K

L1h1
(1.3)

where R is the rental price of capital, and w is the wage rate of raw labor.
After algebraic manipulations, the per capita output supply of each sector is given

by:

ysi =

Aiκ
αlhili , if i = 1

Ailhili , if i ∈ {2, 3}
(1.4)

where l is the number of workers per capita and li is the sector share of workers to the
total number of workers in the economy.
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1.3.2 Household
Time is continuous, and individuals live for T years. In the first part of the life cycle,
Ti, individuals stay in preschool and then go to school for Ts years. After leaving school,
they join the labor market, and once they leave school, they cannot return. Retirement
is mandatory, and active life ends after Tw years working.

Heckman and Cunha (2007) document that human capital consists of investments
in different stages of life and that early childhood education is complementary to formal
education. They show that for a disadvantaged child, the return is higher on the former
than on the latter. In this sense, we follow Heckman and Cunha (2007) and use a CES
function for human capital formation, taking into account these two stages of life (Ti
and Ts). This formulation will be calibrated so that there is complementarity between
the first stage (Ti), which is fixed at 6 years, and the second stage (Ts), which is an
individual choice.

In the model, individuals begin the second stage of cognitive development with the
human capital that they accumulated in the first stage. Total human capital will be a
composite function of early childhood education and formal schooling:

h(Ts, x) = θ
(
λhE(x)σ + (1− λ)T σs

) 1
σ

(1.5)

where Ts is the time spent on primary, secondary and tertiary education and hE is early
childhood human capital, which is given by:

hE(x) =
∫ Ti

0
xdt = xTi

In the above equations, θ is a normalization parameter, λ is the weight of early
childhood education on the human capital function, and σ is the parameter that char-
acterizes the elasticity of substitution. It is easy to see that cross derivatives are positive,
so that the higher x is, the longer individuals will stay in formal school.

At each instant of time, individuals choose consumption. During the education
period, they decide how much to invest in early childhood education, x (intensive
margin), and schooling time, Ts (extensive margin). Then, in the next period, the
household decides how much work effort to supply. The preference of a household of
cohort s is given by

∫ s+T

s
e−ρ(t−s)lnc(t, s)dt+ β

∫ s+T

s+Ty
e−ρ(t−s)ln(1− l(t, s))]dt, β > 0 (1.6)

where Ty = Ti + Ts, c(t, s) is the consumption in time t of cohort s, l(t, s) is the labor
offer in time t of cohort s, and ρ and β are, respectively, the discount rate and the
leisure preferences in terms of consumption.

The expenditure side of the budget constraint consists of the consumption and
payment of both school tuitions over time. The revenue is composed of wages from
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labor services, rents from capital, and lump-sum transfers. Therefore, the intertemporal
budget constraint is given by

∫ s+T

s
e−r(t−s)c(t, s)dt+ (1 + τHc)

∫ s+Ti

s
e−r(t−s)xq1dt+ (1 + τH)

∫ s+Ti+Ts

s+Ti
e−r(t−s)q2dt =∫ s+T

s
e−r(t−s)χdt+ (1− τL)

∫ s+Ty+Tw

s+Ty
e−r(t−s)w(s, Ts, x)l(t, s)dt (1.7)

where w(s, Ts, x) = wh(Ts, x) is the wage rate of a worker of cohort s with x units of
investment in early childhood education and Ts years of schooling; r is the interest rate;
τH and τHc are, respectively, the distortions or subsidy to formal and early childhood
school tuition8; τL is the distortion in wages; and χ is government transfers.

The optimal consumption level is obtained by solving equation (1.6), subject to
budget constraint (1.7). To simplify, we assume that the interest rate is equal to the
discount rate, r = ρ. With this assumption, the growth rate of consumption and
labor supply is zero, so that the optimum paths of consumption and labor are constant
throughout the life cycle9. Furthermore, there are two decisions concerning education.
Individuals choose the optimal educational investment in the first period of their life,
x, and then the optimal time, Ts, to leave school. In the latter decision, individuals
consider that the longer they stay in school, the shorter their productive life, TW , as
retirement, TR, is exogenous. In this way, we have Ti + Ts + Tw = T − TR, which is
independent of the schooling-years decision. In this case, the first-order conditions are:

• [l] : l = 1− cβ

(1− τL)wh(Ts, x) (1.8a)

• [c] : c = (1− τL)wh(Ts, x)le−r(Ti+Ts) 1− e−rTw
1− e−rT + χ− (1 + τHc)xq1

1− e−rTi
1− e−rT − (1.8b)

− (1 + τH)q2e
−rTi 1− e

−rTs

1− e−rT

• [Ts] : (1− τL)whTs(Ts, x)l(1− e−rTw
r

) = (1− τL)wh(Ts, x)l + (1 + τH)q2 (1.8c)

• [x] : (1− τL)whx(Ts, x)l(e
−r(Ti+Ts) − e−r(Ti+Ts+Tw)

r
) = (1 + τHc)q1

(1− e−rTi)
r

(1.8d)

Equations (1.8a), (1.8b),(1.8c) and (1.8d) are the first order conditions with respect

8In Section 1.3.5 we discuss the distortions.
9The assumption that r = ρ is common in the literature. For instance, see Restuccia and Vanden-

broucke (2013b).
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to labor, consumption, formal education and early childhood education, respectively.
Equations (1.8a) and (1.8b) are common in the literature. For instance, in the labor
equation the human capital term reflects the opportunity cost of leisure and at the
same time positively affects consumption.

Given the early childhood investment, equation (1.8c) equates the marginal contri-
bution of schooling to lifetime earnings, on the left-hand side, to its marginal cost, on
the right-hand side. The latter is the opportunity cost of not working plus the tuition
cost at the stopping time. The former is the impact on the present value of the time
endowment of staying in school one additional unit of time, which implies higher wages
in the future due to higher human capital. Equation (1.8d) has a distinct interpretation
because the investment in early childhood is given in intensive terms, and there is no
opportunity cost of time. Therefore, this equation equates the increase in earnings only
to the increase in tuition costs.

1.3.3 Demography
At each instant, mass ment of homogeneous agents is born. As the total population in
period t is the sum of all the generations living in t, the total population is given by

∫ t

t−T
menada = m(1− e−nT

n
)ent

where t− T is the oldest generation, and t is the newest generation.
Assuming m = n

1−e−nT , the total population at t period is ent, and the population
growth rate is n.

For a generation s ∈ [t−T, t], let N(s, t) be the share in the total population of the
s-cohort in period t. In this way,

N(s, t) = mens

ent
= me−n(t−s)

At instant t, an individual of the s-cohort is ε = t − s ≥ 0 years old 10. Therefore,
let N(ε) = me−n(ε) and define

Ni =
∫ Ti

0
me−nεdε = 1− e−nTi

1− e−nT (1.9a)

Ns =
∫ Ti+Ts

Ti
me−nεdε = e−nTi

1− e−nTs
1− e−nT (1.9b)

Nw =
∫ Ty+Tw

Ty
me−nεdε = e−nTy

1− e−nTw
1− e−nT (1.9c)

NR =
∫ Ty+Tw+TR

Ty+Tw
me−nεdε = e−n(Ty+Tw) 1− e−nTR

1− e−nT (1.9d)

10Note that ε ∈ [0, T ].
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where Ni, Ns, Nw and NR are the population of children, formal students, workers, and
retirees as a share of the total population, respectively11.

1.3.4 Aggregate Consumption and Total Labor Supply
The total flow of labor services per capita in this environment is the sum of all individ-
uals’ labor supply for those in the labor market. Therefore, using equations (1.8a) and
(1.9c), we have

ls =
∫ s+Ty+Tw

s+Ty
N(ε)l(ε)dε = e−nTy

1− e−nTw
1− e−nT

(
1− βc

(1− τL)wh(Ts, x)

)
(1.10)

The aggregate consumption is the sum of all individuals’ consumption at instant t.
Therefore,

C =
∫ Ti

0
N(ε)c(ε)dε+

∫ Ti+Ts

Ti
N(ε)c(ε)dε+

∫ Ty+Tw

Ty
N(ε)c(ε)dε+

∫ Ty+Tw+TR

Ty+Tw
N(ε)c(ε)dε

(1.11)
However, with the assumption ρ = r, we have c(ε) = c for all ε ∈ {0, T}. Therefore,

C is given by equation (1.8b).

1.3.5 Policy Distortions
In this economy, there are distortions or subsidies to the choice of human capital,
labor supply and capital. These distortions are represented by tax on early childhood
education, formal education, labor effort and the rental rate of capital. Net tax revenue
is equally distributed to individuals through a lump-sum transfer, χ.

Although several factors may cause these distortions, we consider a generic formu-
lation that encompasses many possible distortions. For example, some factors that
are not modeled here can be thought of as distortions in the choice of human capi-
tal. Among them, we highlight credit constraints, which are an important factor in
educational choices, particularly for poor families; information problems regarding the
importance of early childhood education in the formation of children’s cognitive de-
velopment; myopic behavior; and the lack of altruism (Restuccia and Urrutia, 2004,
Heckman and Cunha, 2007, Córdoba and Ripoll, 2013, Attanasio, 2015). Thus, the
distortions here are generic factors causing the misallocation of resources.

Therefore, the per capita transfers is the sum of all revenue weighted by the share
of each s-cohort in total population ent. Thus, per capita transfers are

τHcxq1Ni + τHq2Ns + τLwlh(Ts, x)Nw + τKRκ = χ (1.12)
11 Note that the sum Ni +Ns +Nw +NR = 1.
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where Ni, Ns and Nw are given by demography equations, and k is the per capita
capital of economy.

1.3.6 Equilibrium
In early childhood education, individuals consume x units of education, whereas in for-
mal education, they consume 1 unit of education. Thus, with the demography structure
in mind, we have

yd2(q) =
∫ Ti

0
x(q)N(ε)dε = x(q)Ni (1.13)

yd3(q) =
∫ Ti+Ts(q)

Ti
N(ε)dε = Ns(q) (1.14)

(1.15)

where Ni and Ns are given by equations (1.9a) and (1.9b), respectively.
The aggregate demand of sector 1 is given by the sum of capital and consumption

aggregate demands:

yd1(q) = C(q) + (δ + n)k (1.16)

where C(q) is given by equation (1.11) and k is the capital per capita.
The steady-state equilibrium of this economy is given by prices {q1, q2, r, w}, gov-

ernment transfers χ and allocations {c∗t , l∗t }Tt=1, {T ∗s , x∗} and k∗, such that

i) Given a list of distortions {τH , τHc , τL, τK}, prices {q1, q2, r, w} and transfers χ,
{c∗t , l∗t }Tt=1 and {T ∗s , x∗} are optimum allocations of the consumer problem.

ii) Given a list of prices {q1, q2, r, w}, k∗ is an optimum allocation of the problem of the
firm.

iii) Net tax revenue is equally distributed to individuals through a lump-sum trans-
fer, χ .

iv) The equilibrium in the educational market is:

ys2 = xNi (1.17)
ys3 = Ns (1.18)
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v) The equilibrium in the goods market is:

ys1 = C + (δ + n)k (1.19)

vi) The equilibrium in the asset market is:

r = (1− τk)R− δ = (1− τk)αA1κ
α−1 − δ (1.20)

1.4 Calibration
Our calibration strategy involves choosing parameters so that the steady-state implica-
tions of the model are consistent with observations for the United States. We perform
the calibration for the following years12: {1961, 1970, 1980, 1990, 2000, 2008}.

There is a group of parameters that are constant over time and are observed in
the data. We follow the standard procedure of employing data from national accounts,
the U.S. Census and values commonly used in the literature. Table 1.2 presents these
parameters.

Table 1.2: Observed parameters
Parameters Values Source

n Log(1.0125) U.S. Census
δ Log(1.066) NIPA
r Log(1.04) Standard
ρ Log(1.04) Assumption ρ = r
α 0.4 NIPA
Ti 6 Standard
σ -0.5 Heckman et al. (2010)
θ 1 Normalization

The population growth rate, n, is the average U.S. population growth between 1900
and 2010, obtained from the U.S. Census. The National Income and Product Accounts
(NIPA) provides the depreciation rate and the capital share in the goods sector, which
are set to 6.6% and 40%, respectively 13. The interest rate is set at 4%, and the
parameter ρ has the same value. The first stage of the life cycle, Ti, is the pre-school
period and is set at 6.

12Data restrictions explain the choice of 1961 as the first year. The last year is 2008 to avoid the
financial crisis and its consequences.

13For the depreciation rate, we use the long-run average for the investment/capital ratio.
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When studies on economic growth disregard early childhood education in human
capital accumulation, they implicitly assume that the two human capital stages are
substitutes. However, according to Heckman and Cunha (2007), an optimal allocation
of human capital resources would be a distribution of investment between these stages.
Thus, there is some degree of complementarity in equation (1.5); i.e., parameter σ
should be negative. Cunha et al. (2010) confirm the conclusion of Heckman and Cunha
(2007). Indeed, with a nonlinear factor model with endogenous input, Cunha et al.
(2010) estimate that the stages of human capital formation are complementary. Thus,
the parameter that characterizes the complementarity of human capital function, σ, is
set at -0.5, which is an intermediate value of Heckman et al. (2010) estimation14.

Demographic structure in this economy is given by life expectancy and retirement.
Life expectancy at birth T for 1961, 1970, 1980, 1990, 2000 and 2008 is set to 70.27,
71.11, 74.01, 75.37, 76.74 and 77.94, respectively, which are the values reported in the
World Development Indicators database. Additionally, the age of retirement is set to
61, 65, 63, 62, 63 and 63.45 for 1961, 1970, 1980, 1990, 2000 and 2008, respectively,
which are the values reported in the Current Population Survey, 1962-2012, of the U.S.
Bureau of the Census for the men. Thus, the retirement time is the gap between life
expectancy at birth and the age of retirement.

The remaining parameters to be calibrated are:

{A1, A2, A3, τK , τL, τH , τHc , λ, β, }

For each year, we have different distortions and TFP parameters but the same
parameters of technology, λ, and preference, β. Thus, in total, we have 44 parameters to
calibrate. To reduce the number of parameters and simplify the calibration procedure,
we normalize A2 to 1 and assume that some parameters have a constant growth rate.
Thus, we set

ξ(s) = ξ2008eξ
g(s−2008), for

ξ ∈ {A1, A3, τL, τH , τHc}
s ∈ {1961, 1970, 1980, 1990, 2000, 2008}

where the g superscript is the growth rate and s is the year. With this simplification,
we still need to calibrate 13 parameters:

θ = {A0
1, A

g
1, A

0
3, A

g
3, τ

0
L, τ

g
L, τ

0
H , τ

g
H , τ

0
Hc , τ

g
Hc , τK , λ, β}

These parameters are calibrated so that in equilibrium, the model economy matches
the following targets from the U.S. data:

i) GDP per capita in 2008 that is normalized to 1.

14In Section 1.8 we conduct sensitivity analyses with this parameter.
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ii) Investment share of GDP in 2008 set to 0.2208 (Penn World Table).

iii) Share of early childhood sector workers in 2008 set to 0.0034 (OCDE statistics).

iv) Share of formal school sector workers in 2008 set to 0.0378 (OECD statistics).

v) Share of average worked hours in 2008 set to 0.3067 (OECD statistics).

vi) Average years of schooling in 2008 set to 13.2867 (Barro and Lee database).

vii) Mean of years of schooling for {1961, 1970, 1980, 1990, 2000, 2008} set to 11.6987
(Barro and Lee database).

viii) Variance of years of schooling for {1961, 1970, 1980, 1990, 2000, 2008} set to 2.4782
(Barro and Lee database).

ix) Mean of GDP per capita relative to 2008 for {1961, 1970, 1980, 1990, 2000, 2008}
set to 0.6763 (World Development Indicators)

x) Variance of GDP per capita relative to 2008 for {1961, 1970, 1980, 1990, 2000, 2008}
set to 0.0636 (World Development Indicators).

xi) Mean of average hours worked for {1961, 1970, 1980, 1990, 2000, 2008} set to 0.3171
(OECD statistics).

xii) Variance of average hours worked for {1961, 1970, 1980, 1990, 2000, 2008} set to
9.185E-05 (OECD statistics).

xiii) Mean of GDP per capita growth rate between 1961 and 2008 set to 2.25% per
year (World Development Indicators)

In this model, the output per capita of the economy is given by:

y = y1 + q1y2 + q2y3 (1.21)

Thus, we use y to match GDP per capita. The investment share of GDP is equal
to (δ + n)k, and the share of workers in each sector15 is given by equation (1.4).

As agents are homogeneous in our model, the average years of schooling is the
optimum value of Ts that is implicitly set in the schooling decision, given by equation
(1.8c) and (1.8d).

The life-cycle average labor supply of an individual is given by the labor supply

15It is represented by li for i ∈ {1, 2, 3}.
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throughout the life-cycle divided by the time that the individual could allocate to
work. Therefore,

l = 1
T − Ty

∫ Ty+Tw

Ty
l(ε)dε

This statistic matches the average hours worked. For this, we assume that there are
a total of 16 hours of discretionary time per day, which implies a total of 5840 (365*16)
hours per year. Therefore, in 2008, we find that this statistic targeted a 1791/5840
ratio, where 1791 is the average hours worked in 2008.

Formally, the calibration strategy can be described as follows. Given a value for θ,
we compute an equilibrium for each year s ∈ {1961, 1970, 1980, 1990, 2000, 2008} and
define the following objects:

J1(θ̂) =



V (ys(θ̂)))− 0.0636
E(ys(θ̂))− 0.6763

V (ls(θ̂))− 9.185E − 05
E(ls(θ̂))− 0.3171
V (T ss (θ̂))− 2.4782
E(T ss (θ̂))− 11.6987


where V (.) and E(.) indicate the variance and mean for years {1961, 1970, 1980, 1990,
2000, 2008}. The second object that we define is

J2(θ̂) =



y2008(θ̂)
y1961(θ̂)

− e0.0225(46)

y2008(θ̂)− 1
l
2008(θ̂)− 0.3067

T 2008
s (θ̂)− 13.2867
l2008
2 (θ̂)− 0.0034
l2008
3 (θ̂)− 0.0378
I2008(θ̂)− 0.2208


where the superscript indicates the year in which the respective variable was taken.

The first component of this vector indicates that between 1961 and 2008, the GDP
per capita grew at a rate of 2.25% per year. The other terms are GDP per capita, life-
cycle labor supply, years of schooling, share of workers in the secondary and tertiary
sectors and investment/GDP ratio, in this order.

Then, to find θ, we solve the following minimization problem using the simulated
method of moments with the identity matrix as the weighting matrix:

min
θ
J>1 (θ)J1(θ) + J>2 (θ)J2(θ)
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Table 1.3 summarizes the results of our endogenous calibration. The model matches
the targets very well. For instance, GDP per capita in 2008 is the worst match, but
in this case, the error is only 2%. Furthermore, the objective function value of the
minimization problem is 8.2E-04, and the average percentage error – the gap between
the U.S. data and the model – is 0.48%. Thus, the model reproduces the U.S. data
very well.

Table 1.3: Endogenous parameters

Parameter Value Target U.S. data Model

Leisure preference β 0.65 Mean of average hours worked to sample 0.317 0.316
Weight of early childhood
in Human Capital Technology λ 0.013 Mean of schooling to sample 11.7 11.67

Initial Labor Tax τ0
L 0.7 Average hours worked in 2008 0.307 0.308

Capital Tax τK 0.45 Investment share in 2008 0.22 0.22
Initial Schooling Tax τ0

H 0.6 Years of schooling in 2008 13.29 13.33
Initial Early Childhood Education Tax τ0

Hc
1.21 Worker share in sector 2 in 2008 0.0034 0.0034

TFP Initial Goods sector A0
1 0.42 GDP per capita in 2008 1 1.02

TFP Initial Schooling sector A0
3 2.3 Worker share in sector 3 in 2008 0.0378 0.0378

Trend of TFP goods sector Ag1 0.0078 Variance GDP per capita to sample 0.0636 0.0629
Trend of TFP schooling sector Ag3 -0.0089 Mean GDP per capita growth rate between 1961 to 2008 0.0225 0.0228
Trend of labor tax τgL -0.0001 Variance of average hours worked to sample 0.0001 0.0001
Ttrend of schooling tax τgH -0.024 Variance of schooling to sample 2.478 2.477
Trend of early childhood education tax τgHc

-0.06 Mean GDP per capita to sample 0.676 0.678

Note: This sample is given by {1961, 1970, 1980, 1990, 2000, 2008}.

1.5 Results
Figure 1.1 shows the results for schooling, output and hours worked. In this sim-
ulation, we use the calibrated parameters to compute the equilibrium for each year
between 1961 and 2008. The dynamics of the model are given by changing parameters
{A1, A3, τL, τH , τHc} and the demographic distribution, which is given by retirement age
and life expectancy at birth.

The blue and red lines are respectively the model’s results and U.S. data. The
model results are very close to the U.S. data. The average model errors in absolute
terms for school, GDP and hours worked are 0.76%, 1.92% and 1.43%, respectively
16. It is noteworthy that the fit for schooling and hours worked is surprisingly good
because we use little information for the first years of these series. Although we do
not use information from 1961 as a target, in the 1960s the average errors in absolute
terms were 0.23% and 1.96%, for school and hours worked, respectively. Furthermore,
for 1961, the first year of our series, the average errors for these series were 0.68% and
1.87%, in this order.

As robustness check of our calibration, we also calibrate and simulate the model for
other two sets of years: i) Set1 = {1961, 1962, 1963, 2006, 2007, 2008}; and ii) Set2 =

16 The variances of these errors are 6.14-E05, 2.66-E04 and 7.92-E05, respectively.
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Figure 1.1: Model and U.S. data - 1961 to 2008

(a) Years of schooling (b) GDP per capita

(c) Average Hours of Work

{1961, 1965, 1970, 1980, 2000, 2005, 2008}. Table 1.8 in the appendix shows that the
parameters are very close to the benchmark calibration, and a simulation shows that
the model is still a good fit to the U.S. data. Indeed, the average error in absolute
terms for schooling, GDP and hours worked are respectively 0.78%, 1.99% and 1.42%
for Set1 and 0.89%, 1.83% and 1.42% for Set2.

Figure 1.2 presents the estimation for early childhood education. This variable does
not have a direct counterpart in the data, and was generated endogenously in the model.
This variable shows a large increase between 1961 and 2008. Indeed, early childhood
education in the model increased 6.46 times between 1961 and 2008, and its share of
human capital increased 3.88 times. Although it is not directly comparable to the
statistics in Table 1.1, it mimics the observed increase in pre-school education in the
period.

Figure 1.2: Early Childhood Education - Calibrated model
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1.5.1 Relative Prices
We observe in the model a rise in the relative prices of education which is supported
by U.S. data. The main mechanism is the relative increase in the labor productivity of
the goods sector. The estimated reduction of the TFP of sector 3 and the increase in
sector 1 over time help explain the increase17.

Figure 1.3: Model and Data prices - 1978 to 2008

(a) Model prices (b) Prices index for U.S. economy - Bureau of
Labour Statistics

Figure 1.3 shows the relative prices of the model and the price index for the U.S.
economy. To relate the prices of our model (Figure 1.3a) with the data prices (Figure
1.3b), note that the variables "all items", "durables goods" and "housing" are associated
with the goods sector, whereas the variables "services", "educational books and supplies",
"tuition other school fees and childcare", "college tuition and fees and elementary" and
"high school tuition and fees" are associated with the education sector. It is clear from
Figure 1.3b that the prices associated with the education sector increased faster than
the prices associated with the goods sector, which supports the results of our model.
Indeed, in the U.S. data, the index prices of "all items", "durables goods" and "housing"
increased 3.3, 1.62 and 3.46 times, respectively, whereas the index prices of "services",
"educational books and supplies", "tuition, other school fees and childcare", "college
tuition and fees and elementary" and "high school tuition and fees" increased 4.2, 7.3,
8.73, 9.55 and 9.62 times, respectively. In our model, the relative prices of formal and
early childhood education increased 93.07% and 47.9%, respectively.

We conduct an experiment with the model with TFP parameters to measure the
importance of the relative prices in our quantitative results. Basically, we keep the

17This is supported by the results in Hanushek and Rivkin (1997). Indeed, Hanushek and Rivkin
(1997, p.37) state, “The consideration of expenditure in education or other labor-intensive activities
typically refers to the cost implications of differential technological change and productivity growth,
a discussion that implicitly assumes efficient choices. The well-known theory, originally suggested
by Scitovsky and Scitovsky (1959) and subsequently developed by Baumol and Bowen (1965) and
Baumol (1967), concentrates on the cost disadvantages of a sector, of which education appears to
be a prime example, that experiences little technological change while other sectors undergo regular
productivity improvements. Because wages rise roughly in proportion with the average growth rate of
labor productivity in all sectors, the technologically stagnant sector faces increased labor costs.”
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values of the TFP parameters (A1 and A3) constant at their 2008 levels, changing the
others.

When we keep constant the TFP parameters at their 2008 levels, the prices of
education for the other years is higher than in the calibrated model. This increased
price would have a substantial impact on educational choices. For all years, formal
education and early childhood education would be lower in the experiment. In 1961,
when we have the largest gap between the experiment and the calibrated model, formal
and early childhood education would be 60.48% and 55.18%, respectively, below the
results of the benchmark model18.

In Restuccia and Vandenbroucke (2013b), the growth of wages, which is given ex-
ogenously, is the main factor explaining the evolution of years of schooling in the U.S.
economy. In our model, however, the growth of wages is given endogenously, and TFP
parameters are the exogenous force affecting the wages. What is important in our
model for schooling choices is the growth of wages relative to tuition costs19, w/qi for
i ∈ {1, 2}. In this way, the impact of the TFP of the goods sector on schooling is
insignificant because it affects only the level of wages and does not affect the ratio of
wages to tuition costs.

1.6 Economic Development and Education
The theory we propose is convenient to study the relative contribution of early childhood
and formal schooling to the variation, in the recent past, of human capital and income
per capita in the U.S. The model includes, in addition to the two education decisions,
saving and labor decisions and three sectors of production. In this general equilibrium
framework, there are transmission mechanisms that are not generally present in the
literature. For instance, early childhood decisions do not directly affect the decision
to join the labor market; consequently, one could think that its impact on the income
path along the life-cycle is not large. However, it indirectly affects the return to formal
schooling - they are complementary - and hence individuals’ decision to remain longer
in school and consequently its total effect on human capital and labor productivity can
be quite high.

In the exercises presented in Figure 1.4, we simulate the model holding constant at
its 1961 level one of the two educational stages. In this way, we can isolate and measure
the effect of early childhood education or formal education on endogenous variables.

Panel 1.4a presents the calibrated path of the benchmark calibration and simulated
path of formal schooling – years of education – when early childhood education is kept
constant at its initial level (the blue and green lines, respectively). Note that the graph
shifts down markedly in the counterfactual simulation, and formal education by the

18 In 1961, the TFP experiment increased the prices of early childhood education and formal
education by 1.85 and 2.8 times, in this order, with respect to the benchmark model.

19See equation (1.8c).
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Figure 1.4: Constant level at 1961 for education - 1961 to 2008

(a) Years of schooling (b) Human Capital

(c) GDP per capita

end of the period would increase just 17.7% had early childhood education remained
constant, in contrast to the observed increase of 45.3%. Thus, according to our model,
61% of the variation of schooling in the U.S. from 1961-2008 can be explained by the
expansion of early childhood education alone.

From Figure 1.4b, one can see that the impacts of formal years of education and
early childhood education on human capital were almost the same in the period: Had
either of them remained constant, human capital would have been 31% lower than
observed. This result is surprising given that the weight of early childhood education
in the human capital function, λ, is very small – only 0.013 – and the schooling weight
is, consequently, 0.987. Although this implies that the direct return on early childhood
investment is small, the complementarity in human capital formation of both types
of educational stages ultimately cause the total effect of early childhood education on
human capital to be very high. Increases in x and hE , as seen from the human capital
function, boost the gains of schooling and hence leads to more years of education,
further increasing human capital.

Early childhood education is as important as formal education in explaining the
evolution of GDP per capita in the period, as seen in Figure 1.4c. Indeed, if in 2008
early childhood were at the same level as it was in 1961, income per capita would be 29%
below its observed level, while it would decrease 28% if we had kept years of schooling
at the 1961 level. This is not surprising after one considers that the effect of both
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educational stages in human capital (Figure 1.4b), and hence on labor productivity,
are similar in magnitude. The impact of early childhood on labor productivity is high
due to its interaction with formal education, so that the expansion of early childhood
in the period can explain a large part of the increase in GDP per capita and labor
productivity.

We also conducted an experiment to evaluate the contribution of life expectancy.
Although life expectancy affects schooling, its contribution is not too large. For in-
stance, if in 2008 life expectancy had been 70.27 years – the 1961 level – schooling
would have been 13.09. Thus, life expectancy explained 6.07% of the observed increase
in years of schooling in the U.S. This result is consistent with the findings of works
such as Hazan (2009) and Restuccia and Vandenbroucke (2013a), who also find that
life expectancy is not an important exogenous force to explain schooling evolution.

1.7 Introducing Public Expenditures on Education
One interpretation of the distortions/incentives for human capital accumulation is that
they are a measure of, among other things, the impact of government policies. It
would be interesting, hence, to incorporate a direct role of the government in affecting
education. This is done in this section by adding public investment to the human
capital functions (equation (1.5)).

We consider that investment in education now has private and public components.
The human capital function of early education is now given by:

h1(x, g1) =
(

(xTi)η + (g1Ti)η
) 1
η

(1.22)

where g1 is government investment in early education and η is the parameter that
characterizes the elasticity of substitution between private and public goods20. The
human capital in the second stage is now given by:

h(Ts, x) =
(
λh1(x, g1)σ + (1− λ)h2(Ts, g2)σ

) 1
σ

(1.23)

where h2 is:

20 This formulation of human capital is similar to Blankenau and Youderian (2015); thus, we set
η = 0.48, which is the calibrated value from this article.
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h2(Ts, g2) =
(
T ηs + (g2Ts)η

) 1
η

(1.24)

In the function above, g2 is government investment in formal education. Note that as
in the previous case, the human capital accumulated in the first stage is a component of
the human capital function of the second stage. Equation (1.12), the distortions/budget
constraint equation of the government, is modified to:

τLwlh(Ts, x)Nw + τKRκ+ (τHcx− g1)q1Ni + (τH − g2)q2Ns = χ (1.25)

There are no data on government expenditure on pre-primary education before the
nineties; as a result, we estimate this series. We first calculate the average rate of
the share of government expenditure on pre-primary to pre-primary through secondary
education between 1998 and 2008, which is available in the UNESCO database. We
then use pre-primary through secondary education expenditures as percentage of GDP,
available in theUS Government Spending database, for the years prior to 1998 and
keep constant the estimated share of government expenditure on pre-primary education
to estimate the government expenditure on pre-primary education between 1971 and
1997. Finally, we use student enrollment in both pre-primary and primary + secondary
education, also available in the UNESCO database, to calculate the ratio of government
expenditure per student to GDP per capita in each educational stage.

Figure 1.5 presents the ratio of government expenditure on primary through sec-
ondary to pre-primary education between 1971 and 2008. The red and blue lines are
respectively the ratio of gross and per student expenditures. As we can see, govern-
ment expenditure on primary trough secondary was approximately 10 times higher
than government expenditure on pre-primary. However, when we look for government
expenditure per student, this ratio is less than 2. Indeed, the highest value that we
observe of the per student series is 1.88 times, while the minimum value of the gross
series is 9.30 times.

We calibrate this model to fit the U.S. economy following the previous procedure
discussed in the calibration section21. Table 6 summarizes the result. As before, the
model matches the targets very well. GDP per capita in 2008 is the worst match;
however, in this case, the error is only 1.05%.

Note that the calibration is not too sensitive to these changes. Indeed, only the dis-
tortion of formal education and the weight of early childhood education in the human
capital function (λ) change significantly. This occurs because the government expen-
diture per student on late childhood education increased over time relative to early
childhood education. Therefore, distortions in late childhood education capture this

21Due to data restrictions, we use only the sample {1971, 1980, 1990, 2000, 2008}.
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Figure 1.5: Ratio of government expenditure on primary through secondary to
pre-primary - Total and per student government expenditure

Table 1.4: Endogenous parameters - Government expenditure per student as
percentage of GDP per capita

Parameter Value Target US BE

Leisure preference β 0.58 Mean of average hours worked to sample 0.3137 0.3115
Weight of early childhood
in Human Capital Technology λ 0.031 Mean of schooling to sample 12.25 12.31

Innitial Labor Tax τ 0
L 0.73 Average hours worked to 2008 0.3067 0.3087

Capital Tax τK 0.44 Investment share to 2008 0.2208 0.2208
Initial Schooling Tax τ 0

H 0.24 Years of schooling to 2008 13.29 13.21
Initial Early childhood education Tax τ 0

Hc 1.34 Worker share in sector 2 to 2008 0.0034 0.0034
Initial Goods sector PTF A0

1 0.33 GDP per capita to 2008 1 1.105
Initial Schooling sector PTF A0

3 1.54 Worker share in sector 3 to 2008 0.0378 0.0378
Tendency goods sector PTF Ag1 0.0095 Variance GDP per capita to sample 0.0473 0.0472
Tendency schooling sector PTF Ag3 -0.016 Mean GDP per capita growth rate between 1961 to 2008 2.0763 2.0738
Tendency labor tax τ gL -0.0003 Variance of average hours worked to sample 4e-05 4e-05
Tendency schooling tax τ gH -0.048 Variance of schooling to sample 0.9554 0.9557
Tendency early childhood education tax τ gHc -0.078 Mean GDP per capita to sample 0.7464 0.7403

Note: This sample is given by {1971, 1980, 1990, 2000, 2008}.

fact and, thus, is lower than in the benchmark model. In the same way, the parameter
λ is higher because there is relatively more investment in formal education.

The largest share of total government expenditure on pre-primary education was
observed in 2000, which was 9.7% of government expenditure on pre-primary, primary
and secondary education. The lowest was 9.27% in 1971. To evaluate the impact of
marginal increases in public expenditures on early education vis-à-vis formal schooling,
we simulated the economy, keeping constant total government expending on education
but increasing by 10%, for all years, the share of total government expenditure on
pre-primary education.

In this experiment the government would spend, on average, 10.36% more on pre-
primary students and 0.99% less on late childhood students. Income per capita would
be higher in all years, 0.36% greater on average. This result reinforces the importance
of early childhood education and its effect on labor productivity that was found in
previous exercises.
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Following Blankenau and Youderian (2015), we change (and recalibrate) our model
to use in the human capital function, as they do, government expenditure on education
as a percentage of GDP instead of expenditure per student. Therefore, if in 2008 the
government expenditure on pre-primary education had been 0.004 higher (+0.4% of
GDP), income per capita would have been 8.62% higher, which is near what they find
in their study. Moreover, if the government had reallocated spending such that it were
equal among pre-primary, primary and secondary education, income per capita would
have been 2.19% higher. This very strong result is due to their use of total public
expenditure and disappears once one uses public expenditure per student.

1.8 Sensitivity
In this section, we analyze the sensitivity of the results with respect to the comple-
mentarity parameter σ. Studies on human capital formation find that investments
across stages of cognitive development are complementary; i.e., early investment in-
creases the productivity of later investment (Cunha et al., 2006, Heckman and Cunha,
2007, Heckman et al., 2010). We simulate the model with the following values: σ ∈
{−1,−0.75,−0.25,−0.01, 0.01}, and recalibrate the model for each different σ. The
parameters are shown in Table 1.5.

Table 1.5: Sensitivity - Calibrated parameters

Complementarity β λ τ 0
L τK τ 0

H τ 0
Hc A0

1 A0
3 Ag1 Ag3 τ gL τ gH τ gHc

σ=-1 0.64 0.003 0.71 0.45 0.57 1.15 0.41 2.20 0.0087 -0.011 -0.00009 -0.029 -0.042

σ=-0.75 0.65 0.006 0.70 0.45 0.61 1.25 0.42 2.25 0.0086 -0.011 -0.00009 -0.030 -0.040

σ=-0.5 0.65 0.013 0.70 0.45 0.60 1.21 0.42 2.30 0.0078 -0.009 -0.00012 -0.024 -0.056

σ=-0.25 0.65 0.028 0.70 0.45 0.61 1.14 0.43 2.39 0.0068 -0.008 -0.00016 -0.020 -0.075

σ=-0.01 0.67 0.06 0.69 0.45 0.67 1.21 0.45 2.55 0.0061 -0.012 -0.00012 -0.028 -0.100

σ=0.01 0.66 0.062 0.70 0.45 0.66 1.10 0.45 2.55 0.0063 -0.012 -0.00011 -0.029 -0.100

There is a negative correlation between λ – the weight of early childhood education
in the human capital function – and σ. Moreover, λ fluctuates considerably with σ.
This makes sense because investment in formal education is more attractive when the
elasticity of the substitution of human capital increases (when σ increases) because the
individual would rather save during early childhood and invest their savings in latter
stages of education. However, remember that we have the same target for schooling.
Thus, the weight of schooling, 1−λ, decreases as it compensates for the increase in the
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return of schooling; i.e., the weight of early childhood education increases.
In Table 1.6 we re-evaluate the results of Section 1.6 changing the value of the com-

plementarity parameter. We analyze the impact on formal education and income in
2008 when we keep the value of some types of education at the 1961 level. When com-
plementarity is high (low σ), early childhood education has a higher impact on formal
education and income. For instance, when the complementarity parameter is equal to
-1 and early childhood education is kept constant at the 1961 level, formal education
and income are 36.42% and 44.6% lower than in the benchmark case, whereas for com-
plementarity equal to 0.01, it is 4.99% and 13.25% lower. Although early childhood
education has a lower impact on income than formal education when the complemen-
tarity parameter is higher than -0.5, the impact on income is still impressive. Indeed,
for sigma equal to 0.01 the early childhood impact on income (13.25%) is almost three
times higher than the impact of early childhood on formal education (4.99%).

Table 1.6: Sensitivity - Contrafactual results

Reduction in the formal education at 2008 (%)

σ -1 -0.75 -0.5 -0.25 -0.01 0.01

Early childhood at 1961 level 36.42% 28.09% 19% 10.99% 5.47% 4.99%

Reduction in income at 2008 level (%)

σ -1 -0.75 -0.5 -0.25 -0.01 0.01

Early childhood at 1961 level 44.6% 37.31% 28.86% 20.78% 14.42% 13.52%

Formal education at 1961 level 27.73% 27.68% 27.77% 27.87% 27.66% 27.59%

In Table 1.7 we re-evaluate the results of the last section for different values of the
complementarity parameter. Thus, we keep constant total government expenditure on
education but increase by 10%, for all years, the share of total government expenditure
on pre-primary education for each σ. When complementarity is higher, the effect of
this reallocation of government expenditure is also higher. For the case where σ > 0 the
impact of a reallocation in government spending is low, 0.1%. Therefore, these results
are robust to several values of complementarity, and it strengthens the importance of
early childhood education.
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Table 1.7: Sensitivity - Contrafactual of reallocation of government expenditure in
education

σ

-1 -0.75 -0.5 -0.25 -0.01 0.01

Average increase in income 0.56% 0.54% 0.36% 0.25% 0.11% 0.1%

1.9 Conclusion
This paper studies the evolution of the human capital of American workers between
1961 and 2008. The novelty of this work is to incorporate to an otherwise standard
continuous time life cycle model results from the early childhood literature and a human
capital formulation close to that of Heckman and Cunha (2007) and Cunha et al. (2010).
In this sense, early and formal education are complementary. We use the model to
measure the evolution of early childhood human capital and its importance to labor
productivity and formal education.

Early childhood education is shown to be critical to understanding the evolution
of U.S. income because the dynamic effect of the complementarity in human capital
formation leads early childhood education to be used as input to formal education,
which improves the return to the latter. Indeed, early childhood education explains
60.88% of the observed increase in the years of schooling in the U.S. Moreover, its
impact on output is sizable and in the same order of magnitude as schooling. These
results are shown to be very robust and reinforce, in a general equilibrium set–up, the
results from the labor literature finding that the first stage of human capital formation
is key for future income and cognitive development of individuals and, hence, nations.

A modified version of the model is used to analyze the role of government expen-
ditures in education. The main result is that the government could have increased
income per capita in the past by simply reallocating expenses in favor of early child-
hood education. Therefore, our results call for a reassessment of educational policies
with increased emphasis on pre-school education.
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Appendix

Table 1.8: Endogenous calibration - Different informational set for targets

Informational set β λ τ 0
L τK τ 0

H τ 0
Hc A0

1 A0
3 Ag1 Ag3 τ gL τ gH τ gHc

IS1 0.65 0.013 0.70 0.45 0.60 1.19 0.42 2.30 0.0075 -0.0072 -9.5E-05 -0.019 -0.064

IS2 0.65 0.013 0.70 0.45 0.60 1.21 0.43 2.30 0.0080 -0.0065 -3.1E-05 -0.022 -0.055

IS3 0.65 0.013 0.70 0.45 0.60 1.21 0.42 2.30 0.0078 -0.0089 -1.2E-04 -0.024 -0.056

Table 1.9: Endogenous parameters - Government expenditure as percentage of GDP

Parameter Value Target U.S. data Model

Leisure preference β 0.14 Mean of average hours worked to sample 0.3171 0.3152
Weight of early childhood
in Human Capital Technology λ 0.23 Mean of schooling to sample 11.7 11.6

Initial Labor Tax τ 0
L 0.93 Average hours worked in 2008 0.307 0.3088

Capital Tax τK 0.41 Investment share in 2008 0.22 0.22
Initial Schooling Tax τ 0

H -0.85 Years of schooling in 2008 13.3 13.4
Initial Early Childhood Education Tax τ 0

Hc 0.24 Worker share in sector 2 in 2008 0.0034 0.0034
TFP initial goods sector A0

1 0.33 GDP per capita in 2008 1 1.028
TFP initial schooling sector A0

3 1.61 Worker share in sector 3 in 2008 0.0378 0.0379
Trend of TFP goods sector Ag1 0.0016 Variance GDP per capita to sample 0.064 0.063
Trend of TFP schooling sector Ag3 0.007 Mean GDP per capita growth rate between 1971 to 2008 0.0225 0.0228
Trend of labor tax τ gL -0.0001 Variance of average hours worked to sample 0.0001 0.0001
Trend of schooling tax τ gH -0.04 Variance of schooling to sample 2.478 2.476
Trend of early childhood education tax τ gHc -0.1 Mean GDP per capita to sample 0.676 0.675

Note: This sample is given by {1961, 1971, 1980, 1990, 2000, 2008}.
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Chapter 2

Do Developing Countries
Overinvest in Public College?

2.1 Introduction
A significant amount of world’s income is invested in education by governments around
the world. For example, in 2012 public investment in education accounted for 4.7% of
world’s GDP. This value is surprising, and a natural question that arises is related to
the efficiency of this investment: are governments allocating efficiently public resources
in education?

Before answering the last question, it is necessary to understand three economics
aspects of public investment in education. The first is related to the microeconomic
literature, and it concerns the fact that the different stages of education bring distinct
monetary returns in the labor market (Heckman, 2006). The second aspect is that the
government structure is different for each educational stage, i.e. the quality of manage-
ment in the public sector and the quality of both physical and academic structure are
different among educational stages. Thus, given this environment the return of public
investment might be different from that documented in the microeconomic literature.
Finally, public college education is more attended by high-income students whereas
primary and secondary public education is predominantly attended by low-income stu-
dents.1 This may intensify the trade-off between efficiency and equity concerning the
allocation of public resources.2 Therefore, it is essential to study the best way to allo-
cate public resources in the different stages of education considering a macroeconomic
environment for which these three aspects are present and interacting with each other.

1In Latin American countries, rich students typically attend private schools while poor have to
resort to the lower quality public system (Menezes-Filho et al., 2014). In the United States, the top
two family income quartiles accounted for 77% of the bachelor’s degrees attained in 2014 (Cahalan
et al., 2016).

2Different goals may lead to different policy recommendations. For papers on endogenous deter-
mination of public educational expenditures, see Su (2006) and Rauh (2017).
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In this paper we study whether public investment in education is being allocated
in an optimal way between basic and college education in Brazil,3 i.e., we study the
macroeconomic consequences of reallocating public expenditures between college and
basic education. We construct a general equilibrium model that features heterogeneous
agents, credit restrictions, basic and tertiary education,4 public and private educational
institutions. Households are represented by overlapping generations. Each agent lives
for four periods as a young child, old child, young parent and old parent. A child is
born with innate ability, which is imperfectly inherited from the parents. A young
parent decides to send her child whether to a public or private school, which differ in
two aspects. First, the marginal benefits of educational investments vary between the
two types of schools, reflecting different qualities. Second, each student in public school
receives educational investment from the government through public expenditures.

Innate ability and basic educational investments determine acquired ability, which is
the human capital of a child in the stage after completing basic education. To further
improve future labor earnings, older children can attend college to increase human
capital. Public and private colleges differ in the same aspects as schools, with one
additional distinction: public college has a limited number of spots and admits students
based on their acquired ability. A grade point cutoff is determined in equilibrium
to make the mass of students entering college consistent with the mass of vacancies
supplied by the government. An agent’s human capital is interpreted as her labor
productivity and is determined by her acquired ability and educational investments in
college.

The model is calibrated to reproduce the Brazilian economy. Some parameters, such
as parameters of the human capital function, the quality of public education relative to
private5 and parameters that draws the evolution of innate ability through generations,6
are calibrated to reproduce some important statistics observed in Brazilian data. The
model fits the data very well and closely reproduces the share of children in private
school, the percentage of students in private college, the share of students without col-
lege, earnings coefficient of variation, college wage premium, the fraction of GDP spent
in both school and college by households and intergenerational correlation of earnings.
Our calibration is also able to reproduce some Brazilian educational characteristics that
was not targeted in calibration. For instance, we qualitatively reproduce the elitist pat-
tern of public college and the fact that low-income students can not afford to choose
higher education.

The elitist profile of public universities is explained because there is a limited number
of vacancies in those institutions, which implies that students in public college have high

3 Basic education is comprised by primary and secondary education.
4In this paper we use "schools" for basic educational institutions and "universities" for college

institutions.
5 In the model, we represent it as relative government efficiency concerning educational investments.
6In the model, the innate ability follows an Auto Regressive Process.
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acquired ability. In the model, this can happen because of two reasons. First, the child
has a high innate ability. Second, the child receives significant educational investments
in basic education. In both cases, this means that her parent has high earnings because
there is, in the model, a positive correlation between a child’s innate ability and her
parent’s innate ability.

Calibration is also robust when we analyze some parameters that have some em-
pirical evidence. In fact, the parameters of government efficiency are also in line with
what has already been discussed in the literature: government is relatively less efficient
in public schools compared to the private schools, and it is relatively more efficient in
public college.7

The results indicate that there are efficiency and equity gains8 in reallocating public
spending from college to basic education.9 Indeed, an increase of 10% in the expenditure
ratio between basic and college increases GDP by approximately 0.002%, welfare by
0.02%, and reduce inequality measured by GINI coefficient by 0.002%. In the case
where there is a reduction of 10%, the effect is qualitatively the opposite: GDP is
reduced by approximately 0.003%, welfare by 0.03% and GINI increases by 0.003%.

We also study how Brazil would be if it had an allocation of educational expenditures
equal to the either U.S. or South Korea. This is an interesting exercise because Korea
and the United States are wealthier countries that invest more in basic education relative
to college than Brazil.10 For instance, the ratio of expenditures between basic education
and college for the United States and Korea are 63.3% and 277% higher than the
Brazilian expenditure ratio. Thus, when we simulate the model for U.S. and Korea
case Brazilian’s GDP increases by 0.007% and 0.002%, welfare by 0.1% and 0.2% and
reduce the GINI coefficient by 0.01% and 0.03%, respectively.

The result of the counterfactual exercise in which we use Korea’s spending relation
draws attention to the smaller impact on GDP relative to the US counterfactual. In this
way, we simulate the model to study if there exist an optimal allocation of educational
resources. Thus, we find that the maximum GDP is reached when the ratio of public
expenditures between basic and college education is 80% larger than Brazilian data.

Furthermore, we quantify government’s relative efficiency by running the model
where government’s production technology is the same as the private technology. This
exercise is related to the one where we reallocate government expenditures. Indeed, an
increase in the quality of public education at a particular stage of education involves
a more significant allocation of resources at this stage. Since the government has a

7 This is a characteristic that is also observed for other developing countries (Rubinstein and Sekhri,
2011; Härmä et al., 2015; Pedró et al., 2015). In section 2.2.2 we discuss this empirical evidence for
Brazil.

8We use the term "efficiency gains" here when a reallocation of public resources increases the
aggregate human capital.

9For this exercise we keep total public expenditure constant.
10It is better presented in section 2.2, where we present a cross country analysis regarding public

investment.
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tight budget, we are interested in evaluating the impact of an increase in the quality of
public schools at the same time as reducing public college quality. Thus, if the quality
of public education were equal to private education, GDP would increase by 4.09%,
welfare by 41.83% and GINI coefficient would be reduced by 2.5%.

The magnitude of the last exercise is greater than in the case of the counterfactual
where we only reallocate the expenses. It is not surprising since the increase in spending
per student in basic education is less than 3% in the counterfactual in which we only
reallocate expenditures.11 While the efficiency of public spending at basic level increases
more than 100% and affects both public and private investment.12

It is surprising that all outcome variables perform better when taking resources out
of public tertiary education. In our calibration, innate ability persistence is very high,
leading to a small proportion of low-income parents with high ability children. Together
with a high public college quality that we have endogenously calibrated, reallocating
resources from tertiary to basic education could mean substituting investments from
high ability children to unproductive students.

Our paper reinforces the results found in the microeconomic literature that says the
initial stages of development have a higher human capital return than an investment in
later stages (Rolnick and Grunewald, 2003; Schweinhart, 2004; Carneiro and Heckman,
2003; Heckman, 2011). Besides, our results also complement some findings of the
macroeconomic literature. For example, although Ferreira and Delalibera (2016) do not
study the relationship between college and basic education, they find for the United
States that reallocating spending from formal education to early childhood education
would increase GDP. Blankenau and Youderian (2015) also have a similar conclusion.
The authors use an overlapping generation model for the United States and find that
public investment should be focused in early childhood. Different from this paper, the
previous authors do not differentiate public education from private education, also not
considering college as a stage of human capital formation.

This paper is also closely related to the hierarchical education literature (Lloyd-
Ellis, 2000; Driskill and Horowitz, 2002; Su, 2004; Blankenau et al., 2007; Arcalean and
Schiopu, 2010; Abington and Blankenau, 2013).13 Papers in this literature were the first
ones to study the implications of human capital stages’ relevance to macroeconomic
educational policies. Specifically, these papers compare the economic consequences
produced by different allocations of public expenditures across human capital stages,
keeping total educational expenses (or its proportion w.r.t. GDP) constant. However,
most papers in this literature are theoretical and focus on stylized models that are in-

11This small increase expenditure at the basic level is because there are more students in public
schools than students in public college. Thus, reallocating spending from college to basic education
will always have a low impact on expenditures per student at the basic level.

12In the model, students from public institutions can also invest on education to complement the
public investment. We understand it as the extra expenses that are made, such as school supplies,
complementary courses, etc.

13For a brief revision of the hierarchical education literature, see Sarid (2016).
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appropriate for answering applied questions.14 Arcalean and Schiopu (2010) is the only
quantitative paper in this branch of literature that we are aware of. These authors cali-
brate an equilibrium model to match data on education finance in the OECD countries
to study the growth maximizing allocation of public resources. These authors’ main fo-
cus is on how parameters of the human capital production function determine outcomes
of educational policies, and how households react to such policies. They find that the
growth maximizing share of public spending devoted to basic education in the OECD
countries should be high. We contribute to this literature by proposing and calibrating
a model that encompasses several relevant features not considered by previous papers,
such as heterogeneous agents, credit restrictions, and differences between public and
private educational institutions.

Our paper is also related to the body of literature that studies cross-country income
differences and human capital (Gemmell, 1995; Gemmell, 1996; Psacharopoulos and
Patrinos*, 2004; Sarid, 2016). For example, Gemmell (1995, 1996) finds that in the
least developed and developing countries, primary and secondary education accounts
for growth more than tertiary education. Psacharopoulos and Patrinos* (2004) do a
cross-country analysis of the investment return on education. They separate countries
by income group and find that for all groups the return on investment in education is
higher in basic education (primary and secondary education) than in tertiary education.
They also find that the poorer is the country, the higher is the return on investment
from basic education vis-à-vis tertiary education.

We also contribute to the literature that studies market failures in education markets
(Lochner and Monge-Naranjo, 2011; Cunha, 2013; Caucutt and Lochner, 2017) by
analyzing how these distortions work as mechanisms in the trade-off between public
investments in basic and tertiary education. Our results point that credit restrictions
may play a big role in the model mainly due to the worse quality of public schools.

This paper is composed of six more sections. In Section 2.2 we present cross-country
empirical evidence about the allocation of public resources between college and basic
education. In Section 2.3 we present a simple version of the model, which allows us to
analyze in a clear way some mechanisms present in the complete model. In Section 2.4
we describe the main model. In Section 2.5 we present calibration results. In Section
2.6 execute the counterfactuals and, then, we conclude in section 2.7.

14For example, Abington and Blankenau (2013) theoretically study a representative agent model
where human capital is determined by private and public investments. The main feature studied in
the paper is how households adjusts their decisions in face of changes in government’s educational
investments. Our model also features households responses to public policy, but since our objective is
to answer an empirical question, our model includes several other elements.
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2.2 Stylized facts
Public spending per student is an important educational indicator and it is crucial to
study this variable in a more disaggregated level looking for the different educational
stages. In section 2.2.1, we present the main features regarding the cross-country al-
location of public expenditure between basic and college education and its relation to
economic development. Our empirical results suggest that there is a positive correlation
between the GDP per capita and the ratio of public expenditure per student in basic
education to college education. In section 2.2.2, we show that in Brazil, public schools
are worse than the private ones while public universities15 are better than private uni-
versities, and the majority of students at the college level comes from high-income
families.

2.2.1 Cross-country analysis
In most countries, basic education is predominantly provided by the government. Ac-
cording to Unesco database, in 2014, 108 countries had at least 80% of all enrolment in
primary education provided by the government. It represents approximately 74% of the
countries with available data for primary education. For secondary education, 67% of
the countries with available data had at least 80% of students at public schools. Taking
into account that for most countries basic education is almost universal, the quality of
basic education should be priority for educational policies. This does not seem to be
the case for poor countries.

Figure 2.1 plots the ratio of mean basic schooling (primary and secondary education)
public expenditures per student to the mean college public expenditures per student
against log mean GDP per capita across countries in 1999-2011, after controlling for
public expenditures in education as a proportion of GDP. The figure presents a positive
correlation between development level and the public expenditure per student ratio
between basic and college education.

To study this public educational expenditure ratio, Table 2.1 displays some proper-
ties of its distribution. The country with the lowest expenditure ratio, 0.038, is Ethiopia,
and South Korea has the highest ratio, equal to 2.30. African countries invest much
more in college students than in students in basic education. In fact, mean expendi-
ture ratio in Africa is equal to 0.16. In Oceania, Australia and New Zealand display
very high ratios, equal to 0.84 and 0.71, respectively, while the other countries’ ratios
are low, ranging between 0.05 (Samoa) and 0.34 (Marshall Islands). Asia and South
America are similar in terms of mean expenditure ratios, but the former displays larger
variability. In North America, the United States’ expenditure ratio is a very high 0.97,
while Europe also displays extremely high values: the country with the smallest ratio
(Denmark) is approximately the median country in the unconditional distribution, and

15 Public education in Brazil is tuition-free.
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Figure 2.1: Public educational expenditure ratio and GDP per capita
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Europe’s mean expenditure ratio is higher than the unconditional 75th percentile. G20
countries’ mean expenditure ratio is a high 0.82.

To investigate the association between basic education to college public expenditure
ratio and economic development, Table 2.2 displays regressions estimates in which we
use GDP per capita and the GINI coefficient as dependent variables. In the first
column, we regress income per capita on our expenditure ratio variable, and total

Table 2.1: Public educational expenditure ratio descriptive statistics

Continent Obs Mean S.D. Min p25 p50 p75 Max
Africa 30 0.165 0.192 0.038 0.065 0.111 0.169 1.016
Asia 23 0.546 0.548 0.100 0.180 0.277 0.816 2.302
Europe 32 0.875 0.343 0.508 0.651 0.759 1.054 2.168
North America 13 0.640 0.230 0.358 0.443 0.671 0.711 1.150
Oceania 6 0.393 0.317 0.052 0.150 0.300 0.712 0.846
South America 9 0.577 0.230 0.311 0.453 0.526 0.627 1.064
Total 113 0.543 0.433 0.038 0.160 0.508 0.776 2.302
Data source: UNESCO (2017).
Notes: Means across 1999-2011 by country. “S.D.” denotes standard deviation.
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Table 2.2: Cross-country regressions
GDP Gini

per capita coefficient
(1) (2) (3) (4) (5) (6)

Expenditure ratio 0.785 0.336 -0.066 -0.101 0.008 -0.069
(0.100)*** (0.078)*** (0.022)*** (0.026)*** (0.026) (0.027)**

Controls:
Public expend. educ./GDP Yes Yes Yes Yes Yes Yes
Institutional variables No Yes No No Yes Yes
Income group FE No No No Yes No Yes

Number of obs. 107 96 98 97 90 89
Adj. R-squared 0.40 0.76 0.07 0.36 0.30 0.48
Data sources: GDP per capita (Penn World Table 8.1, Feenstra et al., 2015); GINI coefficient (Milanovic, 2014);
public expenditure on education (UNESCO, 2017); other institutional variables (Teorell et al., 2017); income groups
(World Bank, 2015).
Notes: The dependent variables and the expenditure ratio variable are in logs. Means across 1999-2011 by coun-
try. We use the following institutional variables: World Economic Forum’s property rights and overall quality of
infrastructure indexes, and World Bank’s rule of law index.

public expenditure on education as a proportion of GDP. We find that a 10% increase
in the expenditure ratio is significantly associated with a 7.8% higher GDP per capita.
In the second column we add the following institutional variables as controls: World
Economic Forum’s property rights and overall quality of infrastructure indexes, and
World Bank’s rule of law index. In this specification, a 10% increase in the expenditure
ratio is significantly associated with a 3.3% higher GDP per capita.

The third column of Table 2.2 displays the OLS estimates where we use the GINI
coefficient as the outcome variable. When controlling for public expenditure on educa-
tion over GDP, a 10% higher expenditure ratio is significantly associated with a 0.66%
lower income inequality. After including income group fixed effects, the association
becomes stronger. In the fifth column, we use a specification in which we use public
expenditure on education over GDP and institutional variables as controls, and find
a statistically insignificant relationship. However, including income group fixed effects
produces a negative and significant relationship between the expenditure ratio variable
and the GINI coefficient.16

It is important to consider the quality of education in the analysis of the educational
impact on the productivity of agents. Indeed, part of an individual’s productivity can
be explained by the different investments made in her life. Thus, wealthier families
can invest more in education and the premium of this investment is accentuated by the
poor quality of public education. Figure 2.2a shows a relationship between the GINI

16In this section we do not use panel data methods, such as fixed effects or first differences, because
we believe that it takes a significant amount of time for a variation in the composition of public
expenditures on education to have an effect on GDP per capita and economic inequality. Our dataset
does not cover a sufficient number of years that would allow us to execute this type of analysis.
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coefficient and the mathematics performance in PISA17 of students from public schools
and Figure 2.2b presents the relation between GINI and the public-private ratio.

Figure 2.2: The GINI coeficient and the mathmatics performance in PISA for 2015.

(a) Public schools

(b) Ratio between public and private schools
Data sources: GINI (UNESCO, 2017); mathematics performance (PISA, 2015).

In Figure 2.2a poor performance in PISA is associated with greater income in-
equality. Figure 2.2b suggests an explanation for the observed inequality. In poorer

17The Programme for International Student Assessment (PISA) is a triennial international survey
which aims to evaluate education systems worldwide by testing the skills and knowledge of 15-year-old
students.
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countries, most families face strong budget constraints, so that private schools are not
an option for their children, whereas rich families can avoid the poor quality of public
schools through private schools. Brazil is an interesting case because the gap between
public and private schools in PISA is the worst of our sample: students from private
schools had a score that was 20.16% higher than students from the public school. It
is the opposite case of Norway that does not have any difference between the quality
of public-private schools and has a lower GINI coefficient. Then, Figure 2.2 reinforces
an argument already made earlier: since more than 80% of the children attend public
schools, the quality of basic public education may have a significant impact on income
inequality.

Another characteristic that puts a spotlight on the Brazilian case is that the college
expenditure per student follows the pattern of countries that have a better performance
in PISA. Figure 2.3 presents this relation.

The horizontal axis of figures 2.3a and 2.3b present the share of students who took
PISA and, within 6 possible levels, (a) did not reach level 1 and (b) reached level 3.
Brazil is one of the countries with the highest share of students that did not reach level
1 (35.22%) and one with smallest number of students that achieved level 3 (8.89%). To
compare, South Korea, China, and Poland spend 53%, 49% and 27% less than Brazil
in tertiary, however less than 5% of their students are below level 1.

Therefore, figure 2.3 suggests that Brazil, compared to countries that have performed
well in PISA, over-invests in tertiary education. Thus, an investigation of the public
spending reallocation should be done in a macroeconomic environment that also allows
the study of the quality of education in different educational stages.

2.2.2 Brazil
Brazil is an interesting case. When analyzing the quality of basic education, the indica-
tors say that public education has a poor quality vis-à-vis private education. However,
for the higher education (college) the situation reverts: the quality of public education
is better than the quality of private education. Simultaneously, the level of income of
students attending public schools is sharply lower than those attending private schools.
However, this is not the case for higher education. Table 2.3 presents these data.

Table 2.3 provides data by type of education to the assessment of schools (IDEB),
evaluation of higher education (ENADE) and the average household income from Na-
tional Household Sample Survey (PNAD). According to the evaluation of schools, where
the maximum score is 10, the average grade of students from private school is 44.19%
higher than that of students enrolled in public school. This number is worrying since
88% of students of basic education are enrolled in public schools. The income level of
those students explains this high proportion of students attending the poorest schools.
Indeed, the average household income of students from public school is approximately
30% lower than the Brazilian minimum wage, and it is 60% lower than the household
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Figure 2.3: Public expenditure per student in tertiary education and the share of
students below level 1 and at level 3 according to the PISA score in mathematics

(a) Share of students bellow level 1

(b) Share of students at level 3
Data sources: Government expenditure per student (UNESCO, 2017); share of students (PISA, 2015).
Notes: PISA has six different category about the scores in its test. The scores for this six levels are
given by: (i) from 357.77 to less than 420.07 score points; (ii) from 420.07 to less than 482.38 score
points; (iii) from 482.38 to less than 544.68 score points; (iv) from 544.68 to less than 606.99 score
points; (v) from 606.99 to less than 669.30 score points; and (vi) above 669.30 score points.

income of students from private schools.
With regard to college education, public universities students perform 30% better

than students in private universities, and there is a small difference in the average
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Table 2.3: Test score for basic and college education according to the administrative
category and the household income – 2015

IDEB ENADE Average household income

Education level Public Private Public Private Public Private

Basic

Primary – five first years 5.3 6.8 – –

R$ 557.00 R$ 1,417.00Primary – four last years 4.2 6.1 – –

Secondary 3.4 5.7 – –

College – – 2.86 2.2 R$ 1343,00 R$ 1,427.00

Data sources: IDEB ( INEP database), ENADE ( INEP database) and the average household income
(PNAD 2015).
Notes: The Index of Development of Basic Education (IDEB) is a synthetic index that gathers data
of school flow (obtained in the School Census) and the average performance in the tests (SAEB for
States and Prova Brasil for the municipalities). Its calculation is expressed by the average performance
(national, regional, or administrative unit) in SAEB, or in Brazil, divided by the average completion
time of a school year (national, regional or administrative units). The National Student Performance
Exam (ENADE) is a compulsory exam which one evaluates the students’ performance that are finishing
the undergraduation course, in relation to the programmatic content, skills and competences acquired
in its formation.

household income. Some statistics help to understand better this discrepancy between
public and private college. First, public college is entirely tuition-free and to attend
public college the students need to do a highly competitive exam. For example, in
2014, the ratio between the number of students who apply to universities and the
number of vacancies for public and private college were 15.3 and 1.7, respectively.
Second, public college teachers are more qualified. Indeed, in 2014, 54% of teachers
in public college had doctorate while for private college only 20% of teachers had this
educational level.18 Then, given these characteristics of Brazilian education, public
universities select students with better basic education and, therefore, students from
richer families.

Our analysis indicates that richer students receive a better public education than
students from poor families. Given the high wealth inequality in Brazil, policies that
aim the reallocation of resources from college to basic education may affect the wealth
distribution and reduce poverty. However, its impact on efficiency is not clear. Thus
an economic model is necessary to give us clearer effects on this type of policy.

18These data comes from the 2014 Educational Census for Higher education (Inep database).
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2.3 A simple model
Before presenting the complete model, we will present a simple model that clarifies the
main mechanisms of this study19. More specifically, with a static model, we identify the
analytical cases where a reallocation of public spending from college to basic education
may increase the income of an economy.

The economy has two periods and is populated by individuals that are different in
two dimensions: innate ability and household income. To simplify suppose that there
are just individuals with low and high ability (πL < πH) who may have either low
or high household income (wL < wH). In the first period, all individuals go to basic
school and just choose either public or private education. Basic public education is
tuition-free whereas in private education individuals are charged by a constant tuition
(ζ > 0). Individuals spend the whole household income in the first period with either
consumption or private education. In the second period, all agents work and they can
apply to public college where there are a limited number of vacancies. Although public
college is free tuition, there is a cost to apply to college (ϕ > 0). There is no private
college.

We define an individual’s acquired ability as the human capital that she has in the
stage immediately after completing basic education. Denote s1 as the schooling choice
of an individual in the first period, where s1 = 0 denotes public school and s1 = 1
denotes private school. Given that innate ability is π, acquired ability is given by

π̂ =

q0π if s1 = 0 (public school)
q1π if s1 = 1 (private school).

(2.1)

Parameters q0 and q1 denote the quality of public and private schools, respectively. We
assume that 1 ≤ q0 < q1, so that education quality in private school is higher than in
public school20.

Before defining the human capital, we need to clarify the process to attend college.
First, all agents can choose to apply to college education. However, they must have an
enough acquired ability to be accepted into college. Second, we assume that the public
university imperfectly observes students’ acquired abilities:

π̂observed = επ̂, ε ∼ U [0, 1]. (2.2)

The public college admits those with the highest observed acquired abilities until all
vacancies are filled. So, just individuals with π̂observed ≥ π∗ will attend college, where
the acquired ability threshold to enter in public college π∗ is determined in equilibrium.
In fact, define µ ∈ (0, 1) as the amount of vacancies available in public college. The
acquired ability threshold to go into public college π∗ is determined in equilibrium

19We also construct a more complex example in appendix. See section 2.8.
20It is a necessary hypothesis to have students at private schools.
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so that the mass of individuals studying in public college is equal to the number of
vacancies µ. Therefore, the likelihood of being accepted into college is given by

Pr(επ̂ > π∗) = Pr(ε > π∗

π̂
) = 1− π∗

π̂
. (2.3)

.
Denote s2 as the schooling choice of an individual in the second period, where s2 = 0

denotes "not apply to college" and s2 = 1 denotes "apply to college". Human capital is

h =

π̂ if s2 ∈ {0, 1} but she is not admited at collge
q2π̂ if s2 = 1 and she is admited at college,

(2.4)

where q2 > 1 is the quality of public college.
Denoting ζ > 0 as the price of private school and c1 ≥ 0 as consumption in the first

period, the budget restriction of an individual with income w in the first period is

c1 + ζs1 = w. (2.5)

An individual’s income in the second period is given by her human capital. Since
there is a cost to apply to college, the budget constraint in the the second period is

c2 + s2ϑ = h, (2.6)

where c2 ≥ 0 denotes consumption in the second period.
Agents have log utility and we assume no time discounting for tractability. The

problem of a type-(w, π) individual is, taking π∗ as given:

max
s1,s2∈{0,1}

log(c1) + E[log(c2)|π̂] (2.7)

s. t.
c1 + ζs1 = w. (2.8)

c2 + ϑs2 = h. (2.9)

π̂ =

q0π if s1 = 0
q1π if s1 = 1,

1 ≤ q0 < q1. (2.10)

h =

π̂ if s2 = 0 or s2 = 1 and not admitted
q2π̂ if s2 = 1 and admitted,

q2 > 1. (2.11)

Note that there are credit constraints in this economy: individuals with w < ζ and
high π cannot borrow money to pay for private school in the first period.

In this model, a policy that reallocates public resources from college to basic ed-
ucation can be interpreted as an increase in the quality of basic education through a
reduction in the quality of the college. That policy may increase both the amount of
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students and the human capital of low-income students that attend college education,
which can raise the aggregate human capital of the economy.21 Before analyzing that
policy we will present a proposition which ensures that each type of agent will choose
a specific combination of a type of education. More specifically, we would like to find
constraints that provide:

1. Agents of type (wL, πL) choose public basic education but do not choose to apply
to college;

2. Agents of type (wH , πL) choose private basic education but do not decide to apply;

3. Agents of type (wL, πH) choose both public basic education and apply to college;

4. Agents of type (wH , πH) choose both private basic education and apply to college.

This allocation makes the problem more interesting because some students that have
made basic public education (low-income students) can attend college, which allows
more adherence to Brazilian data.

Proposition 1 Denote s ≡ (s1, s2), Pr(ε > π∗

qiπj
) ≡ Pij for i ∈ {0, 1} and j ∈

{L,H}, and define ωij as the mass of students by type (wi, πj), for i, j ∈ {L,H}.
Thus,

1. (wL, πL) chooses s = (0, 0) If

(a) ϑ > πLq0(q2 − 1)

(b) wL < ζ

2. (wH , πL) chooses s = (1, 0) if

(a) ϑ > πLq1(q2 − 1)

(b) wH > ζq1
q1−q0

3. (wL, πH) chooses s = (0, 1) if

(a) q2 >
(

q0πH
q0πH−ϑ

) 1−P0H
P0H + ϑ

q0πH

(b) wL < ζ

4. (wH , πH) chooses s = (1, 1) if

(a) wH > ζq1πH
πH(q1−q0)−ϑ

(b) q2 >
(

q1πH
q1πH−ϑ

) 1−P1H
P1H + ϑ

q1πH

21Recall that the probability to ingress in college is increasing with the quality of basic education.
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(c) q1πH − ϑ < 1

(d) q1−q0
q1

> 1
φ

log( wH
wH−ζ

)
log(q1πH−ϑ) , where φ = ωLH+ωHH−µ

ωLH+ωHH .

,

Proof. See Appendix 2.7.1 �

The results of proposition 1 are quite intuitive.22 For example, when wL < ζ (1b
and 3b), the credit constraint implies that poor household (wL) will not choose private
basic education, i.e s1 = 0 for all household with w = wL. Other one is related to the
cost to apply to college. Agents will not choose apply to college (s2 = 0) if its cost is
higher than the net benefit to apply (1a and 2a).

Some conditions of proposition 1 are more intuitive when we analyse some extreme
cases. For example, when πH −→ ∞ the right side of expressions 3a and 4b converges
to 1, which are trivially satisfied. Indeed, when individuals have a high ability their
probability to be accepted in college is higher, so it is more attractive for them to apply
to college. Note also that if restriction 4a is true then restriction 2b is also true and
when πH −→∞ restriction 4a is equal to restriction 2b.

Another extreme case is when wH −→∞. In this case the right side of 4d converges
to zero and, thus, that restriction is trivially satisfied. It happens because if the indi-
vidual has a high wage, she will not care to pay for the private basic education, which
implies that she will choose private basic education.

Finally, condition 4c is also intuitive. This condition is related to an individual of
type (wH , πH) in the case where s = (1, 1) is preferable to s = (0, 1). That condition
means that for those individuals that choose private basic education the worst-case
scenario (when she applies but is not accepted to college) is still better than worst-case
scenario for those who choose public education. Mathematically, condition 4c implies:23

(1− P1H) log(q1πH − ϑ) > (1− P0H) log(q0πH − ϑ).

In this economy GDP is given by the sum of human capital of each type of agent:
22Note that ( q0πH

q0πH − ϑ
) 1−P0H

P0H + ϑ

q0πH
>
( q1πH
q1πH − ϑ

) 1−P1H
P1H + ϑ

q1πH

and

πLq1(q2 − 1) > πLq0(q2 − 1)

.
Thus, restriction 2a is enough to 1a and restriction 3a is enough to 4b.
23Remember that 1− P1H < 1− P0H and note that:

q1πH − ϑ < 1⇒ 0 > log(q1πH − ϑ) > log(q0πH − ϑ).
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Y = ωLLq0πL

+ ωLHP0Hq0q2πH + ωLH(1− P0H)q0πH

+ ωHLq1πL

+ ωHHP1Hq1q2πH + ωHH(1− P1H)q1πH .

(2.12)

We are going to study under what conditions there is overinvestment in public
college in this economy. We define overinvestment in public college as the situation in
which reducing government’s expenditures in public college and increasing investments
in public basic education leads to a higher GDP. Therefore, suppose that public college
quality is a function of public school quality, q2(q0). This function describes how the
government produces education quality for a given fixed level of total expenditures. To
increase public school quality, college quality must decrease, so that ∂q2(q0)/∂q0 < 0.24

We can use equation (2.12) to gain some insights on how GDP reacts to a decrease
in the quality of public universities and a corresponding increase in the quality of public
schools. A variation in q0 and q2 affects (i) the productivity gains of individuals from
investing in education (i.e., the terms q0 and q2) and (ii) the mass of students who are
accepted in college (i.e., the probability terms).

Proposition 2 If

1. 1 > q2
(
q1−q0
q1

) (
ωHH

ωLH+ωHH

)
.

2. ωLLπL > −πH ∂q2
∂q0

(ωLHpLq0 + ωHHpHq1).

Then, a reallocation of government expenditure from college to basic education will
increase GDP ( ∂Y

∂q0
> 0).

Proof. See Appendix 2.7.2. �

Proposition 2 brings several interesting points. The first thing to note is that con-
dition (1) is related to the positive effect of this policy on poor students who apply
to college (wL, πH), whereas condition 2 regards the impact on poor students who do
not apply to college (wL, πL). To make it clearer, equation (2.15) presents the GDP
equation with all effects that are behind the proposition 2.

24 To give more intuition for the function q2(q0), define g0 (g2) as the public expenditure per student
in basic education (college); and G as total public expenditures. One possible parametrization is

q0 = 1 + α0g
κ0
0 , q2 = 1 + α2g

κ2
2 . (2.13)

Furthermore, government’s budget balance condition is given by:

g0(ωLL + ωLH) + g2µ = G. (2.14)

Therefore, equations (2.13) and (2.14) link q2 and q0.

45



Y = ωLL q0︸︷︷︸
E1

πL

+ ωLH pL︸︷︷︸
E2

q0︸︷︷︸
E3

q2︸︷︷︸
E4

πH + ωLH(1− pL)︸ ︷︷ ︸
E5

q0︸︷︷︸
E6

πH

+ ωHLq1πL

+ ωHH pH︸︷︷︸
E7

q1 q2︸︷︷︸
E8

πH + ωHH(1− pH)︸ ︷︷ ︸
E9

q1πH .

(2.15)

equation (2.15) presents positive (blue color) and negative (gray color) effects on
GDP of an increase in q0 (∂Y/∂q0). Positive effects are represented by symbols E1,
E2, E3, E6 and E9, whereas negative effects are given by E4, E5, E7 and E8. It
is important to clarify what those effects means. Effects E2, E5, E7 and E9 are the
"reallocation effects" of students that are admitted to college. For instance, effect E2
shows that when the quality of public schools is higher, there is an increase in the mass
of low-income students who are admitted to college. Effects E1, E3 and E6 are the
"direct impact" on low-income students human capital, whereas E4 and E8 are the
"indirect impact" on human capital of students who are admitted in college.25

Mathematically, the first condition of proposition 2 is obtained when the positive
effect due to a human capital increase of low-income students who are not accepted in
college (ωLH) is higher than the reallocation effect (E6 > −(E2 + E5 + E7 + E9)). It
implies that there is an upper bound for the quality gap between public and private
schools, weighted by the quality of the college. Given proposition 1, it means that for
an economy where public schools are very inefficient vis-à-vis private schools, it would
not be worthwhile to transfer resources from college to basic education. This negative
effect might be amplified depending on the percentage of high-income students who
apply to college, i.e., the larger the mass of students of type (wH , πH), the larger is
the negative impact of reallocation. Thus a reallocation of educational expenditures
could reduce GDP in an economy in which there is a high positive correlation between
income and innate ability - high ωHH/(ωLH +ωHH) - combined with a very low quality
of public schools.

The second condition of proposition 2 is obtained when the positive effect on GDP
due to an increase in the human capital of low-income students that do not apply to
college is higher than the negative effect that comes from the reduction in the human
capital of students that attend college (E1 > −(E4 + E8)). Although there are some
conditions behind the second restriction, note that the crucial factor is that an increase
in the quality of public schools should not cause a large reduction in the quality of the
college education (∂q2(q0)/∂q0). At the extreme case in which the quality of college does

25Remember that ∂q2(q0)/∂q0 < 0.
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not change (∂q2(q0)/∂q0 → 0) that condition is trivially satisfied. Thus, the reallocation
of government spending would lead to an increase in income in an economy where the
efficiency of public spending26 was not so high in college relative to basic education.

Our simple model helps to understand some important mechanisms that will be
studied in the complete model. First, the quality gap between basic education alter-
natives is important to understand the effect that a reallocation policy may have on
income. Second, the difference in the efficiency of public spending between basic and
college education can also alter the impact of this educational policy. In this case, even
in an economy where the efficiency of public expenditures is equal between educational
stages, the different amount of students between basic and college education will also
be important to measure that impact, because what matters at the individual level is
how much is invested by student. Therefore, if there is a very large mass of students
in basic public education relatively to college, a reallocation of spending that keeps the
total expenditure constant will have to greatly reduce the expenditure per student in
college to have a small increase in spending per student in basic education.

2.4 Model
The model is composed of households, a final good representative firm, and the gov-
ernment. Households are represented by overlapping generations that make decisions
on consumption and education, and supply human capital to the final good firm. The
final good firm employs human capital and produces the consumption good. The gov-
ernment taxes households and subsidizes education for free. There are two levels of
education (basic and college), and two types of education (private and public).

Households We model households based on Restuccia and Urrutia (2004). In each
period, there are four overlapping generations. Each agent lives four periods, the first
two as a child (young and old child) and the other two periods as an adult (young
and old parent). Each generation is a continuum of positive measure, and a family unit
comprises one parent and one child. At each point in time, there are two different family
units: one with a young child and a young parent, and another with an old child and an
old parent. Each period in the model is interpreted as an 18 years period. There is no
population growth. Agents are heterogeneous in their innate ability levels. Decisions
are made at the family level – parents make consumption and educational investment
choices, maximizing the welfare of the family. Furthermore, households have access to
a perfect credit market within period, but no credit market between periods.27

26We use "efficiency of public spending" as a synonym for "education quality."
27This description was borrowed from Herskovic and Ramos (2015).
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Human capital Young households make decisions related to basic education. A
young household must choose an education type, sy ∈ {1, 2}, where sy = 1 denotes
private school and sy = 2 denotes public school, and an education expenditure ey ≥ 0.28

Effective basic educational investment, êy, is determined by

êsyy (ey) =

e
κy
y if sy = 1 (private school)
αy(gy + ey)κy if sy = 2 (public school),

(2.16)

where κy ≥ 0 measures the scale return on investments in basic education, αy captures
the quality difference between public and private school, and gy ≥ 0 is a government
transfer. We follow Herskovic and Ramos (2015) in assuming that the concavity pa-
rameter ky is the same for both public and private technologies.

Old households make decisions related to college education. An old household can
decide between having no college, so = 0, private college, so = 1, or public college,
so = 2. This decision, together with the education expenditure amount, eo ≥ 0, pins
down effective college investment, êo, through

êsoo (eo) =


0 if so = 0 (no college)
eκoo if so = 1 (private college)
αo(go + eo)κo if so = 2 (public college).

(2.17)

The parameters κo, αo and go have the same interpretation as in the case of young
households.

The human capital of an individual is determined by its innate ability π and effective
investments in basic education and college,

h′ = π(1 + êy)γ(1 + êo)1−γ, (2.18)

where 0 ≤ γ ≤ 1 is an elasticity parameter that measures the relative importance of
basic education effective investment in building human capital in relation to college
effective investment.

The acquired ability of an individual, π̂, is the human capital one has in the stage
immediately after completing basic education. For an individual with innate ability π
and basic educational investment êy, it is given by her human capital when there is no
college investment, that is,

π̂ = π(1 + êy)γ. (2.19)

Young households The state of a young household is given by the parent’s human
capital h and the child’s innate ability π. The parent inelastically supplies human

28We posit that young children cannot work. In the 2002 Brazilian National Household Survey
(PNAD), 6.15% of 6 to 17-year-old children worked for 6 hours a day or more.
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capital services in the labor market and her labor income is equal to wh, where w is
the equilibrium wage rate. The government proportionally taxes labor income at rate
τ . The young parent chooses its child’s education type and decides how to allocate her
after-tax labor income between consumption, cy, and basic education expenditures ey.
Thus, the problem of a young parent is given by

Vy(h, π) = max
cy ≥ 0

sy ∈ {1, 2}
ey ≥ 0

u(cy) + βVo(h, π, π̂)

s. t.
cy + ey = (1− τ)wh
(2.16) and (2.19).

(2.20)

The function Vy(·) is the value function of the young parent, u(·) is the utility function
of the family, and β is a discounting parameter. The function Vo(·) is the value function
of the old parent. Denote by c∗y(h, π), s∗y(h, π), and e∗y(h, π) the optimal choices of the
young household.

Old households The state of an old household is given by the parent’s human capital
h and the child’s innate and acquired abilities π and π̂. Given that education type
so ∈ {0, 1, 2} was chosen, the problem of an old household is

V so
o (h, π, π̂) = max

co ≥ 0
eo ≥ 0

u(co) + βEπ′ [Vy(h′, π′)]

s. t.
co + eo = (1− τ) [wξh+ wh′(1− ηIso 6=0)]

(2.17), (2.18) and (2.19),

(2.21)

where co denotes consumption and eo denotes education expenditures. Old parents
have higher human capital than young parents by a proportion given by the life-cycle
parameters ξ > 1. Old children cannot work and study simultaneously, and college
takes five years to be completed. Therefore, if an old child goes to college, she does not
receive labor income in η = 5/18 of the period.

The continuation value of the old parent is the expected value function of her own
child next period as a young parent. This expectation is over the innate ability distri-
bution of old parent’s grandchild, which follows an auto regressive process,

log(π′) = ρ log(π) + σπεπ. (2.22)

The random variable ε is an i.i.d. standard normal. Parameter ρ captures the persis-
tence of innate ability between distinct generations and σπ the noisiness of this process.

The mass of available vacancies in public college is limited. We assume that the
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public college perfectly observes students’ acquired abilities and admits those with
the highest acquired abilities until all vacancies are filled or until there is no more
demand for public college. Therefore, only old households with π̂ ≥ π∗ can choose
public education, where the acquired ability threshold π∗ is determined endogenously
in equilibrium. The value function of old households is

Vo(h, π, π̂) =

max{V so
o (h, π, π̂)}2

so=0 if π̂ ≥ π∗

max{V so
o (h, π, π̂)}1

so=0 otherwhise.
(2.23)

Denote by c∗o(h, π, π̂), s∗o(h, π, π̂), and e∗o(h, π, π̂) the optimal choices of the old house-
hold.

Firm The representative final good firm takes the wage rate w as given and has a
constant returns to scale production technology. The problem of the firm is

max
H≥0

AH − wH, (2.24)

where A is total factor productivity and H is aggregate human capital. Denote by H∗
the optimal choice of the firm. The product in the economy is Y = AH.

Government The government offers public education and finances itself by taxing
households. For each student in public school and college, the government spends gy
and go, respectively. Denote by νy and νo the endogenous mass of households that
choose public school and public college, respectively. The government’s budget balance
condition is:

gyνy + goνo = τY. (2.25)

Equilibrium To simplify notation, denote by xy = (h, π) and xo = (h, π, π̂) the states
of the young and old households, respectively. A Stationary Recursive Competitive
Equilibrium in this economy is given by household value functions Vy(xy) and Vo(xo),
household policy functions c∗y(xy), s∗y(xy), e∗y(xy), c∗o(xo), e∗o(xo), and s∗o(xo), acquired
ability threshold to enter public college π∗, aggregate human capital H∗, wage rate w,
government tax τ , and distribution of households across states µy(xy) and µo(xo), such
that:

1. Value and policy functions solve the households’ functional equations.

2. Aggregate human capital solves the final good firm’s problem.

3. Final good market clears:

Y = Cy + Co + Ey + Eo +G, (2.26)
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where Cy and Co are the aggregate consumption of young and old households, Ey
and Eo denote total private spending in education of young and old households,
and G = τY is the government’s total expenditure in public education.

4. Labor market clears:

H∗ =
∫
hdµy(xy) +

∫
ξhdµo(xo)

+
∫
h̃′
(
π̂, ês

∗
o(xo)
o (e∗o(xo)

) (
1− ηIs∗o(xo)6=0

)
dµo(xo),

(2.27)

where h̃′(π̂, ê) = π̂(1 + ê)1−γ.

5. The mass of public college students is less than or equal to the mass of vacancies,
with equality if π∗ > 0.

6. Government’s budget is balanced.

7. The distribution of young and old households is stationary and consistent with
households’ policy functions.

2.5 Calibration
In this section, we present the calibration results of the model. Table 2.4 presents the
parameters that are either directly observed in data or are calibrated using literature.
In table 2.4 the first three parameters are related to preferences and the last four are
related to government.

Table 2.4: Externally calibrated parameters
Parameter Description Value Source

β Time discounting 0.9618 Restuccia and Urrutia (2004)
σ CRRA utility 1.5 Restuccia and Urrutia (2004)
ξ Life-cycle earnings 1.12 Restuccia and Urrutia (2004)
µ̄o Vacancies in public college 0.029 PNAD (2002)
τ Tax rate 0.07 UNESCO (2017)

gy/go Public educ. expenditure ratio 0.6 UNESCO (2017)
η College duration 5/18

In table 2.4, the value of discount factor follows the literature, and we define it
as 0.96 for each year, which in our model means 0.9618 for each period. We use a
constant relative risk aversion (CRRA) representation for the utility function and, as in
Restuccia and Urrutia (2004), we set it at 1.5. Life-cycle earnings parameter represents
the exogenous evolution of the agent’s productivity that is not related to an endogenous
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variable in the model. Thus, we follow Restuccia and Urrutia (2004) and define it as
1.12.

The last four parameters in table 2.4 are related to government. Vacancies in public
college are calculated using the proportion of agents between 18 and 36 years old that
were enrolled at public universities in 2002. Thus, 2.9% of all people between 18 and 36
years old in 2002 were enrolled at public universities. For tax rate and public education
expenditure ratio, we use the average data between 2002 and 2012 from UNESCO
database. So, in average 7% of government budget was intended for education and
the government expenditure per student to college was 40% higher than the same
expenditure to basic education. College duration is set to 5/18, which is the average
time that is necessary to conclude college (5 years) over the duration of a whole period
in our model (18 years).

We use the Simulated Method of Moments and Brazilian data to calibrate the re-
maining parameters of the model. Tables 2.5 display the parameters estimates obtained
in the calibration. The first column of Table 2.6 presents the statistics computed us-
ing Brazilian data that were used as targets to estimate the parameters. The second
column displays the statistics produced by the model.

Table 2.5: Internally calibrated parameters

Parameter Description Value
σπ Innate ability AR innovation variance 1.2849
ρ Innate ability AR persistence 0.7695
κy Human capital concavity w.r.t. school inputs 0.4963
κo Human capital concavity w.r.t. college inputs 0.1881
αy Public school relative efficiency 0.4454
αo Public college relative efficiency 1.9121
γ Basic education relative importance 0.8554

Table 2.6: Calibration – Data and Model
Moment Source Data Model
(i) Young children in private school PNAD (2002) 0.124 0.112
(ii) Old children without college PNAD (2002) 0.892 0.886
(iii) Earnings coef. of variation PNAD (2002) 2.012 1.938
(iv) College wage premium PNAD (2002) 3.285 3.342
(v) Fraction of GDP spent in school by households Herskovic and Ramos (2015) 0.026 0.028
(vi) Fraction of GDP spent in college by households Herskovic and Ramos (2015) 0.008 0.008
(vii) Intergenerational correlation of earnings Dunn (2007) 0.69 0.696

In table 2.6, all statistics in the "Data" column were produced using the 2002 PNAD,
except for last two, which were taken from Herskovic and Ramos (2015). These authors
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use the 2004 Brazilian Household Budget Survey (POF) to compute household expen-
ditures in private education. The moments of the model and its respective parameters
are described bellow.

(i) Young Children in Private School: According to 2002 PNAD, 96% of chil-
dren between 6 and 18 years old were at school and 12.4% of them were at private
schools. As we are looking for private and public education choice, it is a fundamental
statistic to identify the public education parameter αy, which gives the relative effi-
ciency in basic public education. Table 2.5 shows that the quality of public schools was
approximately 55% worse than private schools.

(ii) Old Children Without College: As the share of vacancies in public college
is set to 2.8%, we just need to fit either the share of people that did not go to college or
people that went to private college. In 2002, 89.2% of people between 18 and 36 years
neither had a higher education degree nor were enrolled at any university.

The elasticity of human capital w.r.t. basic education is positively related to the
proportion of students that choose do not go to university. At the limit, i.e., when
γ converges to 1, no one chooses college education. Then, the relative importance of
basic education in human capital function, γ, identifies the proportion of old children
without college. It explains the high level of γ (0.86) showed in table 2.5.

(iii) Earnings Coefficient of Variation: In the data, this coefficient encompasses
all workers between 18 and 72 years old that were working. In the model, it comprises
the wage of young parents (36 to 54 years old), old parents (54 to 72 years old) and old
child (18 to 36 years old). This statistic is directly affected by the variance of innovation
of innate ability AR process.

(iv) College wage premium: This statistics is calculated as the average wage ratio
for workers with college degree and workers without a college degree. In 2002, workers
with a college degree earned, in average, 3.29 times more than workers without a college
degree. Public college relative efficiency positively affect this statistic. Thus, the high
level of αo is associated with this large wage gap.

(v) and (vi) The fraction of GDP spent in each type of education: Following
Herskovic and Ramos (2015), in 2003-2004 2.6% and 0.8% of GDP was spent with basic
and college education by Brazilian households, respectively. These moments are related
to human capital concavity parameters. Indeed, the return of private education rises
with an increase in the concavity parameter, so it is necessary to spend less money on
education to achieve the same level of human capital. It explains the higher level of
human capital concavity w.r.t. school inputs (κy > κo).
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(vii) Intergenerational correlation of earnings: Dunn (2007) computes the in-
tergenerational correlation of earnings for Brazil. The author found a high intergener-
ational correlation (0.69) that is higher than some developed countries. For example,
according to Restuccia and Urrutia (2004) the intergenerational correlation for United
State was 0.4, which was 42% lower than Brazilian case. Thus, there was a high inter-
generational persistence of earnings in Brazil, which is induced in the model by a high
level of innate ability AR process (ρ). Indeed, table 2.5 shows that this correlation is
approximately equal to 0.77.

The model matches the targets very well. For example, the worst error is in the
fraction of GDP spent is school by household, where the error is approximately 8%.

2.5.1 Results
The model generates some results that can also be compared to the data that were not
used as targets for the calibration. Specifically, we analyze the educational decision
conditioned by income quartile. We also present the individual’s ability distribution by
income quartile, which is a statistic that has no direct counterpart in the data.

Table 2.7 presents the educational choices conditional to income quartile. The first
part of the table presents the results of the choices regarding basic education while
the second part presents the results referring to the college education. According to
the model, only the high-income students (50% richest) choose private basic education.
This result occurs because we use the statistics "Young children in private school" as a
target. Thus, as the quality of private education exceeds the quality of public education
(αy < 1), families with a less restricted budget opt for private education. This result
does not entirely represent the data since some factors such as scholarships to low–
income students are not incorporated into the model. However, data elucidate that
there is a greater probability of choosing the private education in the case of higher
income families, indicating the effect of the budget constraint on the educational choice.

Table 2.7 also shows the elitist profile of public universities. In the data, richer
families who choose college have decided for public college. In addition, it is very low
the percentage of poor families who have decided for public college . For instance, 0.49%
of the poorest households (first income quartile) have a child doing public college, while
that number is 7.38% for the richest household (fourth income quartile). The model
can replicate the fact that, in general, low-income students cannot afford to choose
college education. In addition, the model also replicates the fact that poorer students
are unable to attend a public college because public college entrance is given only to the
young child with higher human capital.29 Indeed, the poorest families (first quartile) do
not have children in the public college while 11.66% of the richest families have children
in the public college.

29 Remember that just high-income students that can afford to study in private schools and receive
a high level of educational investment at basic level are able to attend public college.

54



Table 2.7: Educational choices by income quartile – Model x Data

Young Household – Basic Education

Model Data

Public Private Public Private

Q1 100% 0% 98.46% 1.54%

Q2 100% 0% 95.27% 4.73%

Q3 84.58% 15.42% 88.03% 11.97%

Q4 65.91% 34.09% 52.15% 47.85%

Old Household – College Education

Model Data

No college Private Public No college Private Public

Q1 100% 0% 0% 92.52% 0.98% 0.49%

Q2 92.5% 7.5% 0% 95.98% 2.81% 1.22%

Q3 87.46% 12.54% 0% 90.83% 6.62% 2.55%

Q4 73.63% 14.71% 11.66% 68.69% 23.93% 7.38%

For some statistics obtained in the model, there is no data available to compare.
Table 2.8 displays the innate ability distribution according to income quartile. The first
point to note is that for both the "young household" and the "old household" the richer
the family, the greater the average innate ability of their child. In addition, note that
this difference is increasingly high: for the "young household" the difference from the
second income quartile to the first quartile is 3.04 times, while the difference from the
fourth quartile to the third is approximately 3.67. This result is explained by the high
level of the "Innate ability AR persistence" (ρ = 0.77). Thus, there is a high persistence
of intergenerational innate ability, implying in the higher ability of the offspring of high-
income families. This high relationship between income and innate ability also helps
to explain part of the high educational gap between rich and poor families: wealthier
families are more likely to have skilled children who in turn will have a larger return
on educational investment.
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Table 2.8: Innate ability distribution by income quartile

Young Household Old Household

mean p10 p25 p50 p75 p90 mean p10 p25 p50 p75 p90

Q1 0.24 0.01 0.03 0.11 0.28 0.69 Q1 0.08 0.01 0.02 0.05 0.11 0.11
Q2 0.73 0.05 0.13 0.33 0.86 1.92 Q2 0.32 0.05 0.11 0.28 0.28 0.69
Q3 2.02 0.11 0.28 0.69 1.88 4.62 Q3 1.21 0.28 0.69 0.69 1.68 1.68
Q4 7.31 0.58 1.40 4.10 10.03 24.53 Q4 7.28 0.69 1.68 4.10 10.03 24.53

2.6 Counterfactuals
In this section we execute 2 counterfactual exercises. First, in section 2.6.1 we analyze
the macroeconomic effects of government spending reallocations between basic and
college education, keeping government expenditures constant. Second, in section 2.6.2
we investigate the macro impact of an increase in the quality of public school education
(an increase of αy) simultaneously with a reduction in the quality of public college
education (an increase of αo).

2.6.1 Reallocating government expenditures
We evaluate the effects of changes in government’s educational expenditures on the fol-
lowing outcome variables: GDP, wage inequality, and welfare. A fundamental equation
to have in mind for this experiment is the government budget constraint:

gyνy + goνo = τY. (2.28)

Denote variables in the benchmark (calibrated) economy by letters and symbols
without superscript and variables in the counterfactual economy by letters and symbols
with a prime superscript. The main exercise in which we are interested in is to reduce
government expenditure per student in college, say g′o < go, and increase government
expenditure per student in basic schooling g′y > gy, keeping total amount spent in
education equal to the amount spent in the benchmark economy τ ′Y ′ = τY . Another
one is to quantify the last reallocation, say g′′o < go and g′′y > gy, keeping the rate tax at
the same level of benchmark economy, i.e. without restriction over the total government
expenditure. This exercise gives a more clear interpretation of that reallocation because
tax rate may have a large impact on the whole economy due to its distortion in all agent’s
decision.

Table 2.9 presents the results of two counterfactuals that have in common the fact of
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reducing (increasing) by 10% the ratio of public expenditure between basic and college
education (gy/go). All the results in the table are in percentages and relative to the
results of the baseline model.

Table 2.9: Counterfactual - Reallocating government expenditures between college
and basic education

Counterfactual: Changing gy/go

(τ ′ , g′o) (τ baseline, g′′o )

-10% +10% -10% +10%

GDP -0.0029 0.0021 -0.0030 0.0022
Welfare -0.0270 0.0221 -0.0271 0.0222
GINI 0.0027 -0.0023 0.0027 -0.0023

Government expenditure
per student (g)

Basic (gy) -0.34 0.28 -0.34 0.29
College (go) 10.73 -8.832 10.73 -8.828

Tax rate 3.0E-05 -2.1E-05 – –
Note: All results are in percentage deviation with regard to the calibrated model.

The first counterfactual of the table 2.9 (counterfactual (i)) presents the results
of reallocating expenditures between both educational stages when we keep the total
spending constant. In other words, the reduction (increase) in the ratio (gy/go) is
counterbalanced by the adjustment of government expenditure per student, g′o and g′y,
and by the tax rate τ ′ such that the total spending is kept constant. Thus, we can see
that an increase of 10% in the expenditure ratio between basic and college may increase
GDP by approximately 0.002%, welfare in 0.02%, and reduce inequality measured by
GINI in 0.0023%. Note that an increase of 10% in that ratio is achieved through an
expansion of 0.28% in the per-student expenditure at basic level and a reduction of
8.83% in the expenditure per student at the college level. In the case where there is a
reduction of 10%, the effect is qualitatively the opposite: the spent at basic level reduces
in 0.34% and the spent at college increases in 10.73%, which implies in a reduction in
GDP by 0.0029%, in welfare by 0.027% and an increase in income inequality by 0.0027%.

Results in table 2.9 is surprising due to the impact that a small variation on spend-
ing on basic education may have on the economy. This small change in spending on
basic education is more than enough to compensate the adverse effect of that reduc-
tion in college education.30 The small changes in the variables of table 2.9 are also
understandable. In fact, this counterfactual brings only an exogenous variation in the

30Note that this significant difference in magnitude occurs because there are more students in public
schools than students in public college. Thus, reallocating spending from college to basic education
will always have a low impact on expenditures per student at basic level.
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reallocation of government expenditures, which has a small impact on individuals from
public schools, and thus on macroeconomic variables.

Table 2.9 also presents a counterfactual exercise in which the total spending is not
kept constant, e.g., we kept the tax rate at the benchmark level. Note that the results
are close to the first counterfactual because the tax rate has a small variation in the first
counterfactual. Indeed, when there is an increase (reduction) of 10% in the expenditure
ratio gy/go, the tax rate decreases (increases) by 2.1E-05% (3E-05%). This marginal
effect is due to the small effect that this kind of policy has on the total expenditures of
the economy. Indeed, the incentives of these counterfactuals are not enough to change
the agent’s choices toward the type of education. Thus, the masses of students who
attended public schools do not change. Note also that the reallocation policy has a
greater effect on the second counterfactual because both gy and go are higher in the
second counterfactual due to higher government revenue.31

Table 2.10 is similar to table 2.9. The difference is that we now study how Brazil
would be if it had an allocation of educational expenditures equal to the either U.S. or
South Korea. This exercise is interesting when we recall the results presented in figure
2.1. Indeed, Korea and the United States are countries that have a high income and a
high ratio of educational spending (high gy/go). For instance, the ratio of expenditures
between basic education and college for the United States and Korea are 63.3% and
277% higher than the Brazilian expenditure ratio.

Table 2.10: Reallocating government expenditures from college to basic education at
the same ratio of U.S. and South Korea

Counterfactual: changing gy/go

(τ ′ , g′o) (τ baseline, g′′o )

+63.3% (USA) +277% (KOR) +63.3%(USA) +277% (KOR)

GDP 0.0066 0.0015 0.0073 0.0021
Welfare 0.0948 0.1785 0.086 0.1668
GINI -0.0108 -0.0252 -0.0111 -0.0255

Government expenditure
per student (g)

Basic (gy) 1.21 2.31 1.214 2.316
College (go) -38.04 -72.838 -38.03 -72.837

Tax rate -0.007 -0.002 – –

Note: All results are in percentage deviation with regard to the calibrated model.

According to the results of the table 2.10, an increase of 63.3% in the Brazilian
spending ratio in the case where the total expenditure is kept constant, it would in-
crease GDP by 0.0066%, welfare by 0.095% and reduce the GINI by 0.011%. While in
the case where we kept the tax rate at the benchmark level (τ = τ baseline) the GDP

31Note that given the government’s budget balance, higher revenue implies a higher expenditure on
education.
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would increase by 0.0073%, welfare by approximately 0.17% and GINI would reduce
by approximately 0.03%. Note that again the result is greater for the case in which we
keep the tax rate at the benchmark level. This is also due to the effect on the expendi-
ture per student in each type of education: the government expenditure in basic and in
college education are 0.32% and 0.01% higher in the counterfactual (τ baseline, g′′o ) than
counterfactual (τ ′, g′o), respectively. It is also important to note that a small increase in
spending per student at the basic level has a large impact on the economy. In the case
presented here, an increase of 0.32% increases GDP by 10.61%, even with a relatively
higher tax rate.32

The counterfactual result in which we use Korea’s spending relation draws attention
to the smaller impact on GDP relative to the US counterfactual. Indeed, note that for
the both case (τ ′, g′o) and (τ baseline, g′′o ), this large increase in gy/go increases GDP ratio
at just 0.0015% and 0.0021%, respectively. However, this does not happen with welfare
and GINI: for both, an increase of 277% (KOR) in gy/go has a larger impact than an
increase of 63.3% (USA). This result is intuitive when we look at the variation in the
expenditure per student and when we recall the impact that the concavity of the utility
function may have on the marginal utility of the individuals. First, although there is an
approximate increase of 2.3% in spending per student at basic education, spending per
college student drops approximately 72.84%. This large negative variation on college
counterbalances the small positive variation at the basic level, leading to a smaller
increase in aggregate human capital.33 Second, greater spending on public schools has
a large effect on the poorest individuals in the economy and, due to the concavity of
the utility function, individuals with lower consumption and higher marginal utility.
Thus, the effect on welfare is even greater: between the counterfactual for the USA
and the counterfactual for KOR the percentage increase in welfare practically doubles.
The same reasoning applies to the GINI. As most students of the public college are
high-income students, this policy of reallocating expenditures causes a redistribution of
income among families leading to a further reduction in inequality.

The analysis of the tables 2.9 and 2.10 indicates that there may be a maximum
point for GDP regarding reallocating educational expenditures. Figures 2.4 and 2.5
shows the impact that reallocation of spending has on GDP, welfare, and GINI. For
both counterfactuals the results are qualitatively similar (Figures 2.4 and 2.5): GDP
reaches a peak, welfare increases, and GINI drops.

In the figure 2.4a and 2.5a the maximum GDP is 0.0068% and 0.0075% higher
than in the baseline model, in that order, and is reached when gy/go increases by
approximately 80%. In this case, the investment per student at public schools would
be 1.385% and 1.393% higher than in the baseline model and investment in college
would be 43,675% and 43,671% lower than in baseline. This larger increase with regard
the counterfactual (τBaseline, g′′o ) explains the largest reduction in inequality observed

32In the counterfactual (τ ′, g′o) the tax rate is 0.007% lower than in the baseline model.
33Note that there is an increase in GDP even with this huge drop in college spending.
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in figures 2.4c and 2.5c. Also, note that welfare increases relatively more in figure 2.4b.
This again is due to the reduction of the tax rate in this counterfactual: there was a
reduction of 0.0014% of the tax rate.

2.6.2 Bridging Quality Gap between Private and Public Edu-
cation

In this section, we are interested in quantifying government’s relative efficiency by
running the model where the government production technology is the same as the
private technology. In particular, we analyze the impact that a reduction in the public-
private quality gap has on GDP, welfare, and GINI.

An increase in quality of a particular type of education involves a greater allocation
of resources at this stage. As the government has a tight budget, we are interested
in evaluating the impact of an increase in the quality of public schools at the same
time reducing public college quality. Table 2.11 presents the results of this exercise for
the case where the public-private quality gap is reduced by 25%, 50% and 100%. For
instance, in the case where the gap reduction is 100%, there is no difference between
public-private technology. In the model it means that (αy, αo) = (1, 1).

Table 2.11: Reducing Quality Gap between Private and Public Education

Gap reduction:

25%:
(αy, αo) = (0.58, 1.68)

50% :
(αy, αo) = (0.72, 1.46)

75%:
(αy, αo) = (0.86, 1.23)

100%:
(αy, αo) = (1, 1)

GDP 2.02 2.28 2.41 4.09

Welfare 19.01 27.30 32.33 41.83

GINI -0.75 -1.26 -1.77 -2.50

Note: All results are in percentage deviation with regard the calibrated model.

According to the results of the table 2.11, even with a reduction in college quality,
an increase in the quality of schools may have a significant impact on macroeconomic
variables. For example, a decrease of 25% in the gap would lead to an increase in the
GDP in order of 2.02%, a welfare increase of 19.01% and a GINI reduction of 0.75%.
If the quality of public education were equal to private education, GDP would increase
by 4.09%, welfare by 41.83% and GINI would be reduced by 2.5%. It is interesting
to note the enormous impact on welfare. In fact, since college vacancies are limited,
the adverse effect of reducing college quality does not have a substantial impact on
welfare. However, remember that basic public education is universal by law, i.e., there
is no restriction on vacancies. Thus, all students choose public schools when there is
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no difference between public-private34 and, moreover, there is a substantial impact on
the level of utility of the poorest individuals, which leads to the result found.

The result of this section reinforces what has been studied in section 2.6.1: when
thinking about prioritizing the quality of a given educational stage, basic education
should be viewed more closely by policymakers. The exciting thing about this result
is that as seen in section 2.2, there is a lot of room for developing countries to rethink
their investment strategies in education, and can reap huge gains through a reallocation
policy. For the Brazilian case, the study of this type of policy is made even more
interesting due to the high quality of the public college, indicating that there is a
considerable margin to rethink the public investments in Brazil.

34Note that although there is no difference in quality, the government invests a positive amount in
education, which turns strictly dominate the choice by public schools.
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Figure 2.4: Reallocating government expenditures from college to basic education -
Keeping total expenditure constant.
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(a) (τ ′, g′o): GDP
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Figure 2.5: Reallocating government expenditures from college to basic education.
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(a) (τ baseline, g′′o ): GDP
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(b) (τ baseline, g′′o ): Welfare
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2.7 Conclusion
This paper studies the macroeconomic consequences of reallocating public expenditures
from college to basic education in Brazil. We construct a general equilibrium model
that features heterogeneous agents, credit restrictions, basic and tertiary education,
public and private educational institutions. Households are represented by overlapping
generations and choose how much to consume, how much to invest in education and
the type of education of their child. Each agent lives for four periods as a young child,
old child, young parent and old parent. A child is born with innate ability, which is
imperfectly inherited from the parents. The novelty of this work is to incorporate at
the same model the following mechanism:

1. Microeconomic evidence and credit restriction in educational markets. The dif-
ferent stages of education bring distinct returns toward the labor productivity
of an individual. More specifically, there is some evidence that earlier stages
have a higher return when it is compared to later stages of human capital for-
mation(Heckman, 2006). In Brazil, there are large credit frictions in education
markets, so there are individuals unable to fully explore their human capital po-
tential which could bring a room to public policy due to this micro evidence about
human capital formation.

2. Public and private educational institutions’ relative efficiency. In Brazil universi-
ties’ quality is comparable to private universities’, but public schools are inferior
to private schools.

3. Students sorting across public and private services. Governments finance them-
selves using taxes to provide free schools and a limited number of spots in public
colleges. In Brazil, low-income families choose to send their children to public
schools because this way they can consume their resources. On the other side,
college admissions’ objective is to select the most well-prepared students, which
means that high-income students have a higher likelihood to attend public uni-
versities.

For all macro targets that we studied here, it is better for the Brazilian economy to
reallocate public investment from college to basic education. And the more surprising
result is that even if government’s objective is to increase GDP, expenditures should be
directed to low-income students through basic public spending.
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Appendix

2.7.1 Proof of Proposition 1
Denote by ui,j(s) for agent of type (wi, πj) that chooses s = (s1, s2), where i, j ∈
{L,H}. So, I will analyse in the following order: (1) (wL, πL) chooses s = (0, 0); (2)

(wH , πL) chooses s = (1, 0); (3) (wL, πH) chooses s = (0, 1); and (4) (wH , πH) chooses
s = (1, 1).

1. (wL, πL) chooses s = (0, 0):

Proof.

(a) uLL(0, 0) > uLL(0, 1):

uLL(0, 0) > uLL(0, 1) ⇐⇒

log(wL) + log(q0πL) > log(wL) + P0L log(q0q2πL − ϑ) + (1− P0L) log(q0πL − ϑ),

last inequality is strongly satisfied when

log(wL) + log(q0πL) > log(wL) + log(q0q2πL − ϑ) ⇐⇒

ϑ > πLq0(q2 − 1).

Thus,

ϑ > πLq0(q2 − 1)⇒ u(wL,πL)(0, 0) > uLL(0, 1). (2.29)

(b) uLL(0, 0) > uLL(1, 0) and uLL(0, 0) > uLL(1, 0):
It is easy to see that for uLL(0, 0) > uLL(1, 0) and uLL(0, 0) > uLL(1, 1) we
just need that wL < ζ. Thus,

wL < ζ ⇒

uLL(0, 0) > uLL(1, 0) and uLL(0, 0) > uLL(1, 1).

�
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2. (wH , πL) chooses s = (1, 0):

Proof.

(a) uHL(1, 0) > uHL(0, 0):

uHL(1, 0) > uHL(0, 0) ⇐⇒

log(wH − ζ) + log(q1πL) > log(wH) + log(q1πL) ⇐⇒

wH >
ζq1

q1 − q0
.

(b) uHL(1, 0) > uHL(1, 1):

uHL(1, 0) > uHL(1, 1) ⇐⇒

log(wH − ζ) + log(q1πL) >
log(wH) + P1L log(q1q2πL − ζ) + (1− P1L)log(q1πL − ζ),

which is strongly satisfied when

log(wH) + log(q1πL) > log(wH) + log(q1q2πL − ζ) ⇐⇒

ϑ > πLq1(q2 − 1).

(c) uHL(1, 0) > uHL(0, 1):
For a analogous argument we have35 ϑ > πLq0(q2−1) implies that uHL(1, 0) >
uHL(0, 1).

�

3. (wL, πH) chooses s = (0, 1):

Proof.

35Note that
πLq1(q2 − 1) > πLq0(q2 − 1).
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(a) uLH(0, 1) > uLH(1, 0) and uLH(0, 1) > uLH(1, 1):
For (wL, πH) the restriction that wL < ζ implies directly that they can not
choose s = (1, 0) and s = (1, 1). Then we just need to analyse uLH(0, 1) >
uLH(0, 0).

(b) uLH(0, 1) > uLH(0, 0):

uLH(0, 1) > uLH(0, 0) ⇐⇒

log(wL) + P0H log(q0q2πH − ϑ) + (1− P0H) log(q0πH − ϑ) >
log(wL) + log(q0πH) ⇐⇒

q0πH − ϑ
q0πH

>
( q0πH − ϑ
q2q0πH − ϑ

)P0H ⇐⇒

q2 >
( q0πH
q0πH − ϑ

) 1−P0H
P0H + ϑ

q0πH
.

�

4. (wH , πH) chooses s = (1, 1):

(a) uHH(1, 1) > uHH(0, 0):

uHH(1, 1) > uHH(0, 0) ⇐⇒

log(wH − ζ) + P1H log(q1q2πH − ϑ) + (1− P1H) log(q1πH − ϑ) >
log(wH) + log(q0πH),

which is strongly satisfied when

log(wH − ζ) + log(q1πH − ϑ) > log(wH) + log(q0πH) ⇐⇒

wH >
ζq1πH

πH(q1 − q0)− ϑ.
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(b) uHH(1, 1) > uHH(1, 0):

uHH(1, 1) > uHH(1, 0) ⇐⇒

log(wH − ζ) + P1H log(q1q2πH − ϑ) + (1− P1H) log(q1πH − ϑ) >
log(wH − ζ) + log(q1πH) ⇐⇒

q1πH − ϑ
q1πH

>
( q1πH − ϑ
q2q1πH − ϑ

)P1H ⇐⇒

q2 >
( q1πH
q1πH − ϑ

) 1−P1H
P1H + ϑ

q1πH
.

(c) uHH(1, 1) > uHH(0, 1):

uHH(1, 1) > uHH(0, 1) ⇐⇒

log(wH − ζ) + P1H log(q1q2πH − ϑ) + (1− P1H) log(q1πH − ϑ) >
log(wH) + P0H log(q0q2πH − ϑ) + (1− P0H) log(q0πH − ϑ) ⇐⇒

(q2q1πH − ϑ)P1H

(q2q0πH − ϑ)P0H
>

wH
wH − ζ

(q0πH − ϑ)1−P0H

(q1πH − ϑ)1−P1H
.

Now, note that P1H > P0H and (q2q1πH−ϑ) > (q2q0πH−ϑ) > 0 ( remember
that q0πH − ϑ > 0 and q2 > 1). Thus,

(q2q1πH − ϑ)P1H

(q2q0πH − ϑ)P0H
> 1.

Then, for uHH(1, 1) > uHH(0, 1) we just need to prove that

1 > wH
wH − ζ

(q0πH − ϑ)1−P0H

(q1πH − ϑ)1−P1H
.

However, as q1 > q0 it is enough that

1 > wH
wH − ζ

(q1πH − ϑ)P1H−P0H . (2.30)

As wH
wH−ζ

> 1, equation (2.30) implies the following condition:
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q1πH − ϑ < 1 (2.31)

Now, remember that PiH = 1− π∗

qiπH
, where π∗ is an equilibrium variable for

the college vacancies. So, let µ ∈ (0, 1) be the amount of vacancies available
in the public college and let ωLH and ωHH be the mass of students by type
(wL, πH) and (wH , πH), respectively. As only high-skill students (πH) apply
to public college, the market-clearing condition is given by:

(1− π∗

q0πH
)ωLH + (1− π∗

q1πH
)ωHH = µ (2.32)

Thus, after straightforward calculations

π∗ = q0q1πH(ωLH + ωHH − µ)
ωLHq1 + ωHHq0

. (2.33)

Given equation (2.33), it is easy to see that

P1H − P0H = (q1 − q0)(ωLH + ωHH − µ)
ωLHq1 + ωHHq0

. (2.34)

So, note that equation (2.34) implies that

P1H − P0H >
(ωLH + ωHH − µ

ωLH + ωHH

)(q1 − q0

q1

)
. (2.35)

Equation (2.35) and condition 2.31 implies that

wH
wH − ζ

(q1πH − ϑ)P1H−P0H <
wH

wH − ζ
(q1πH − ϑ)φ

(
q1−q0
q1

)
(2.36)

where

φ = ωLH + ωHH − µ
ωLH + ωHH

.

Then, for uHH(1, 1) > uHH(0, 1) we just need to find a condition such that

1 > wH
wH − ζ

(q1πH − ϑ)φ
(
q1−q0
q1

)
.

After straightforward calculations we find that

q1 − q0

q1
>

1
φ

log( wH
wH−ζ

)
log(q1πH − ϑ) . (2.37)

Thus, when conditions 2.31 and 2.37 are satisfied, then uHH(1, 1) > uHH(0, 1).
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2.7.2 Proof of Proposition 2
Proof.

Define
δ ≡ ωLHq1 + ωHHq0 and ψ ≡ ωLH + ωHH − µ

δ
. (2.38)

Note that
∂ψ

∂q0
= −ψ

δ
ωHH . (2.39)

Denote pL and pH the probabilities of a low and a high-skilled agent entering college.
Then

pL = 1− q1ψ and pH = 1− q0ψ. (2.40)

Using (2.39) and (2.40),

p′L ≡
∂pL
∂q0

= ψ

δ
ωHHq1 = (1− pL)ωHH

δ
(2.41)

and
p′H ≡

∂pH
∂q0

= −ψ
δ
ωLHq1, (2.42)

so that
p′H = −p′L

ωLH
ωHH

. (2.43)

Taking the derivative of the GDP w.r.t. q0 leads to

∂Y

∂q0
= ωLLπL︸ ︷︷ ︸

≡T1

+ ωLHp
′
Lq0q2πH︸ ︷︷ ︸
≡T2

+ ωLHpLq2πH︸ ︷︷ ︸
≡T3

+ ωLHpLq0q
′
2πH︸ ︷︷ ︸

≡T4

− ωLHp′Lq0πH︸ ︷︷ ︸
≡T5

+ ωLH(1− pL)πH︸ ︷︷ ︸
≡T6

+ ωHHp
′
Hq1q2πH︸ ︷︷ ︸
≡T7

+ ωHHpHq1q
′
2πH︸ ︷︷ ︸

≡T8

− ωHHp′Hq1πH︸ ︷︷ ︸
≡T9

,

(2.44)

where q′2 = ∂q2/∂q0.
Using (2.41), (2.43) and (2.44), after some algebra we get

T2 + T5 + T7 + T9 = (1− pL)
δ

ωLHωHH(q2 − 1)(q0 − q1)πH . (2.45)

Observe that T2 +T5 +T7 +T9 < 0 because q1 > q0. Using (2.45) and the definition
of δ, it is straightforward to show that

T6 > −(T2 + T5 + T7 + T9) ⇐⇒ 1 > q2

(
q1 − q0

q1

)(
ωHH

ωLH + ωHH

)
. (2.46)
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Now, apart from T2 + T5 + T7 + T9, the only remaining negative terms in (2.44) are
T4 and T8. It is easy to show that

T1 > −(T4 + T8) ⇐⇒ ωLL > −
πH
πL
q′2(ωLHpLq0 + ωHHpHq1). (2.47)

�

2.8 Another theoretical example
In this economy there are two periods. In the first period, agents go to school and do
not work. There are both public and private schools. If the agent decides to study in
private school, she must pay a price. Public schools are free, and the government must
supply a vacancy for each individual that chooses to study in it. The same is not true
for public college, in which there is a limited number of vacancies. There is no private
college. In the second period, individuals who can choose to study in public college
decide whether to study or not. All agents work in the second period.

We assume a continuum of agents with unit-measure, and each agent is identified
by an income-innate ability pair (w, π). w is the income that an individual has in the
first period, and can be used for consumption and paying private school. Innate ability
π is one of the inputs of the human capital production function. Income and ability are
independent and identically distributed uniform random variables:

w ∼ U [0, 1], π ∼ U [0, 1], w ⊥ π. (2.48)

We define an individual’s acquired ability as the human capital that she has in the
stage immediately after completing basic education. Denote s1 as the schooling choice
of an individual in the first period, where s1 = 0 denotes private school and s1 = 1
denotes public school. Given that innate ability is π, acquired ability is given by

π̂ =

q0π if s1 = 0 (private school)
q1π if s1 = 1 (public school).

(2.49)

Parameters q0 and q1 denote the quality of private and public schools, respectively. We
assume that 1 < q1 < q0, then education quality in private school is higher than in
public school. Human capital is

h =

π̂ if s2 = 0 (no college)
q2π̂ if s2 = 1 (public college),

(2.50)

where q2 > 1 is the quality of public college.
Denoting 0 < p < 1 as the price of private school and c1 ≥ 0 as consumption in the

71



first period, the budget restriction of an individual with income w in the first period is

c1 + p(1− s1) = w. (2.51)

Denote by 0 < µ < 1 the mass of vacancies available in public college. We assume
that the public university perfectly observes students’ acquired abilities and admits
those with the highest acquired abilities until all vacancies are filled. The choice set of
an individual with acquired ability π̂ in the second period is

S =

{0, 1} if π̂ ≥ π∗

{0} otherwise,
(2.52)

where the acquired ability threshold to enter in public college π̂ is determined in equi-
librium. Set S implies that individuals with π̂ ≥ π∗ can choose whether to study in
public college, s2 = 1, or not to study in the second period, s2 = 0, while agents with
π̂ < π∗ cannot study in public college.

An indvidual’s income in the second period is given by her human capital. Since
public college is free, the budget constraint in the the second period is

c2 = h, (2.53)

where c2 ≥ 0 denotes consumption in the second period.
The problem of a type-(w, π) individual is

max
s1 ∈ {0, 1}
s2 ∈ S

log(c1) + log(c2)

s. t. (2.49), (2.50), (2.51), (2.52), (2.53).
(2.54)

Agents have log utility and we assume no time discounting for tractability. There
are credit constraints in this economy: individuals with w < p and high π cannot
borrow money to pay for private school in the first period, and then repay the loan
in the second period, when they receive a high income through their human capital.
Also, note that every agent that has the option to study in public college will do it,
since there are no costs incurred in this option and it provides a positive human capital
return.

Agents’ optimal choices generate four areas in the (w, π) plane, displayed in Figure
2.6. Denote a choice vector s = (s1, s2). For sufficiently low levels of income and ability,
π ≤ π∗/q1 and w ≤ w̃ ≡ pq0/(q0 − q1), individuals choose public school and no college
education, s = (1, 0). We assume that q1 < q0(1 − p) so that w̃ < 1. Poor individuals
with high skill cannot afford private school but can enter public college, s = (1, 1). Rich
agents with low skill study in private school and do not go to university, s = (0, 0).
Finally, rich individuals with π > π∗/q0 and w > w̃ have the best education, which is
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Figure 2.6: Agents’ optimal choices
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composed of private school and public college, s = (0, 1). The innate ability threshold
to go into public college is lower for rich individuals in relation to poor individuals since
the quality of private school is higher than public’s. Proposition 3 summarizes agents’
optimal choices.

Proposition 3 For a given ability threshold to study in public college π∗, agents’ op-
timal choices, s, are distributed as follows. s = (1, 0) for w < w̃1 and π < π∗/q1, and
for w̃1 < w < w̃2 and π < π∗/q0. s = (1, 1) for w < w̃2 and π > π∗/q1. s = (0, 0) for
w > w̃2 and π < π∗/q0. s = (0, 1) for w > w̃1 and π∗/q0 < π < π∗/q1, and for w > w̃2

and π > π∗/q1.

Proof.
Denote by u(s) the utility of choosing choice vetor s = (s1, s2). Note that agents

who have the option to study in public college will always choose to do it because there
are no costs and the return is positive. Therefore u(1, 1) > u(1, 0) and u(0, 1) > u(0, 0)
for every agent.

Now note that

u(1, 0) > u(0, 1) ⇐⇒ log(w) + log(q1π) > log(w − p) + log(q0q2π)
⇐⇒ log(wq1π) > log((w − p)q0q2π)
⇐⇒ wq1π > (w − p)q0q2π

⇐⇒ w <
pq0q2

q0q2 − q1
,

(2.55)

where we have used the fact that q0q2 > q1, since q0 > q1 and q2 > 1. Following similar
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steps, it is straightforward to show that

u(1, 0) > u(0, 0) ⇐⇒ w <
pq0

q0 − q1
,

u(1, 1) > u(0, 1) ⇐⇒ w <
pq0

q0 − q1
,

u(1, 1) > u(0, 0) ⇐⇒ w(q0 − q1q2) < pq0.

(2.56)

In case q0 > q1q2,

u(1, 1) > u(0, 0) ⇐⇒ w <
pq0

q0 − q1q2
. (2.57)

In case q0 < q1q2, u(1, 1) > u(0, 0) iff w > pq0/(q0 − q1q2). But q0 − q1q2 < 0, which
implies that u(1, 1) > u(0, 0) for all w ≥ 0. Finally, if q0 = q1q2, then u(1, 1) > u(0, 0)
iff pq0 > 0, which is always true.

Note that
pq0q2

q0q2 − q1
<

pq0

q0 − q1
(2.58)

and
if q0 > q1q2, then pq0

q0 − q1
<

pq0

q0 − q1q2
,

if q0 < q1q2, then pq0

q0 − q1q2
< 0.

(2.59)

Therefore,

if w <
pq0q2

q0q2 − q1
, then u(1, 1) > u(1, 0) > u(0, 1) > u(0, 0),

if pq0q2

q0q2 − q1
< w <

pq0

q0 − q1
, then u(1, 1) > u(0, 1) > u(1, 0) > u(0, 0).

(2.60)

In case q0 > q1q2,

if pq0

q0 − q1
< w <

pq0

q0 − q1q2
, then u(0, 1) > u(1, 1) > u(0, 0) > u(1, 0),

if pq0

q0 − q1q2
< w, then u(0, 1) > u(0, 0) > u(1, 1) > u(1, 0).

(2.61)

In case q0 ≤ q1q2,

if pq0

q0 − q1
< w, then u(0, 1) > u(1, 1) > u(0, 0) > u(1, 0). (2.62)

Remember that the options that are actually chosen depend on agents’ innate abil-
ities. Agents who can choose s = (1, 1) are those such that q1π > π∗, and agents who
can choose s = (0, 1) are those such that q0π > π∗. The rest of the proof consists in
verifying what is the optimal attainable choice for each individual. For example, for
agents such that w < pq0q2/(q0q2 − q1), those with π > π∗/q1 choose (1, 1), while the
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others choose (1, 0). �

The acquired ability threshold to go into public college π∗ is determined in equilib-
rium so that the mass of individuals studying in public college is equal to the number
of vacancies µ, that is

Pr(1, 1) + Pr(0, 1) = µ. (2.63)

Optimal choices imply that Pr(1, 1) = (1−π∗/q1)w̃ and Pr(0, 1) = (1−π∗/q0)(1−w̃).
Therefore, in equilibrium,

π∗ = (1− µ)q0q1

pq0 + q1
, (2.64)

where we have used the definition of w̃.
We are going to study under what conditions there is overinvestment in public

college in this economy. We define overinvestment in public college as the situation in
which reducing government’s expenditures in public college and increasing investments
in public basic education leads to a higher GDP. Therefore, suppose that public college
quality is a function of public school quality, q2(q1). This function describes how the
government produces education quality for a given fixed level of total expenditures. To
increase public school quality, college quality must decrease, so that ∂q2(q1)/∂q1 < 0.

GDP in this economy is given by

Y = Pr(1, 0) q1 E[π|agent chooses (1, 0)]
+ Pr(1, 1) q1q2 E[π|agent chooses (1, 1)]
+ Pr(0, 0) q0 E[π|agent chooses (0, 0)]
+ Pr(0, 1) q0q2 E[π|agent chooses (0, 1)].

(2.65)

We can use equation (2.65) to gain some insights on how GDP reacts to a decrease
in the quality of pubic universities and a corresponding increase in the quality of public
schools. A variation in q1 and q2 affect (i) the productivity that individuals gain from
educating themselves (i.e., the terms q1 and q2), (ii) the distribution of innate abilities
among education alternatives (i.e., the expectation terms), and (iii) the mass of agents
choosing each education alternative (i.e., the probability terms).

Figure 2.6 delivers some additional insights on this issue. Let’s start by investigating
how a variation in q1 affects the mass of agents choosing each education alternative.
First, note that w̃ depends positively on q1 – a higher public school quality leads to
more agents choosing this alternative. Second, it can be shown that π∗/q1 depends
negatively on q1. These two facts imply that Pr(1, 1) depends positively on q1. Because
the mass of agents choosing public college is fixed, µ, Pr(0, 1) is negatively related to
q1. It is also straightforward to show that π∗ and q1 are positively correlated, implying
that Pr(0, 0) depends positively on q1. Since the mass of individuals that do not go to
public universities in also fixed, 1− µ, then Pr(1, 0) is negatively related to q1.

It is also possible to see how variations in q1 impact the mean ability of agents
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choosing each education alternative. Since abilities are uniformly distributed, the mean
ability of agents that choose a given alternative is determined by the midpoint of the
interval that contain these agents’ abilities. Hence, since π∗/q1 depends negatively on
q1, a higher q1 leads to a decrease in the mean ability of individuals that choose to
study in public schools. The opposite happens for individuals that study in private
schools. A higher q1 leads to an increase in π∗/q0, implying that the mean ability of
agents studying in private schools is higher.

All this shows that there are some mechanisms through which a higher q1 and lower
q2 affect GDP positively, while there are others that produce the opposite effect.
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Chapter 3

The Misallocation of Talent and the
Outside Option in the Teachers’
Occupation

3.1 Introduction
Teacher quality is extremely relevant to the human capital formation and, thus, it is
an important aspect of economic development. Indeed, as teacher quality affects the
human capital of all individuals, it might generate an externality for the whole workforce
so that the educational sector might be thought as the main intermediate sector of an
economy.

Teacher quality as an intermediate good is not a new idea in development literature.
Jones (2011) documents that once intermediate goods are used in the production of
final goods, the quality of the former can explain part of economic development and
determine the failure of a nation. In this paper, we present a general equilibrium model
where teacher’s human capital is a key input of human capital of other professionals.
We show how frictions in the labor and educational markets can influence the allocation
of workers across occupations and how a reallocation in the microeconomic level could
impact the macro level. Next, we calibrate our model to match the Brazilian economy
and find evidence that there is a misallocation in the labor force: a higher GDP could
be achieved if more talented workers were allocated to teachers’ career.

If we consider the idea that the teacher’s human capital has a direct impact on
students’ human capital, we should expect that more developed areas should present
a body of teachers with higher quality than less developed regions. Indeed, most of
our knowledge was handed down to us by previous generations and a good part of it
is due to teachers. Then, qualified teachers may be essential in an economy where
better-educated workers tend to be more productive than less educated ones.

In the context of learning on the job, Jovanovic and Nyarko (1995) argue that
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the transfer of knowledge from the old to the young is, therefore, a cornerstone of
productivity growth. If we can extend this idea to a more general context, teacher’s
human capital could be an important determinant of other professionals’ human capital.
That is, in a society where there are good teachers we expect to find more productive
workers in other occupations. In addition, wages are strongly related to productivity
and, therefore, related to human capital when we consider competitive markets. If
teacher’s human capital is important for development, we should expect that more
developed areas should present higher relative teachers’ wages than in less developed
areas. However, according to National Household Sample Survey (PNAD) 2013, state-
level Brazilian data display a negative relationship between the GDP per worker and
the ratio of the average wage of teachers to the average wage of others occupation, as
we can see in Figure 3.1.

Figure 3.1: GDP per worker and the ratio of the average wage of teachers to the
average wage of others occupation - 2013

We argue that this inverse relationship between relative teachers’ wages and income
may be explained by the different allocations of talented workers to teachers’ career in
these areas. There are two basic ideas we would like to link in this paper. First, the
occupational choice of multi-ability workers is driven by labor market incentives (net
wage) and the costs of investment in specific human capital (acquisition of education).
Second, teacher’s human capital is an important input for the formation of the human
capital of the entire workforce in an economy. Thus, we could infer that there is
an externality in the occupational choice problem of workers. When many people with
lower idiosyncratic ability choose to be a teacher, the average of teachers’ human capital
is reduced and, therefore, the formation of human capital of all workers is compromised.
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In addition, market frictions can determine the occupational choice of individuals.
We interpret the net wage of an occupation as the gross monetary payment minus
a distortion, which we call a labor market friction. This friction can be interpreted
a non-observable part of the return of an occupation such as discrimination, prestige
of a carrier, the difficulty of finding a job in an occupation, labor market regulation,
idiosyncratic power of trade unions, or other forms of expropriation (Jones, 2011).
Also, the education cost varies across different occupations and involves both monetary
payment for the educational goods and non-observational costs: some courses are not
easily available to all individuals or a specific occupation requires an extra amount of
effort from the student, etc. Again, we call those non-observable costs of the formation
of the human capital as a friction in the educational market.

We combine those ideas in a general equilibrium model where people are hetero-
geneous concerning abilities for different occupations and there are market frictions
distorting their occupational choice. The calibration exercise indicates that relation-
ship in figure 3.1 can be generated by the model. This happens because, among other
calibrated parameters, the market fictions to teachers are higher than the frictions to
other occupations in less developed areas relative to more developed states. Therefore,
in less developed regions teachers are more qualified relative to other professions in these
states.1 In a counterfactual exercise, we show that a higher output may be reached by
changing those frictions: if we set market frictions of all the Brazilian states equal to
the frictions in the state where the average of teachers’ human capital is the highest,
Brazilian GDP would increase around 60%.

This paper is composed of five sections in addition to this introduction. In Section
3.2 we describe the model. In Section 3.3 we present the calibration results. We run
a counterfactual exercise across Brazilian states in section 3.4. In section 3.5 we study
the relative importance of teachers’ career to the development and we discuss the final
remarks in section 3.6.

3.2 Model
We consider a Roy model based on Hsieh et al. (2013). There is a continuum of
people in the economy working in N different occupations. People are heterogeneous
in two dimensions: each person has idiosyncratic abilities and is born in a region r ∈
{1, . . . , R}. We assume that people cannot choose to offer labor or study in a location
different from where they are born. About abilities, people have a different talent for
the different occupations: some people can present a high talent for many occupations,
some people have a high talent for only one occupation and some people do not have a
great skill for any of the occupations in the economy. An individual values consumption

1This result can be part of the explanation of the convergence between brazilian states found by
several works. See Ellery and Ferreira (1996), Ferreira (2000) and Azzoni (2001) for some examples.
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and leisure - which we model as the time not spent in school. Each person is endowed
with one unit of time to study or to leisure. The utility of a person is given by

U(c, s) = cβ(1− s) (3.1)

where c represents consumption, s is the time spent at school and β is a parameter to
balance the tradeoff between consumption and accumulation of human capital.

There is a distortion in the labor market. People working in occupation i and region
r is paid a net wage of (1 − τwir )wir where wir is the wage per efficiency unit of labor
paid by a firm and τwir is a distortion specific for occupation i and location r. Human
capital choices are also distorted due to a ‘tax’ on educational goods. For each good
invested in education, a person pays τhir as a ‘tax’.

The formation of human capital of a worker in a region r is given by:

hr(e, s) = Htr
ϕsφieη, (3.2)

where e is the consumption of educational goods, s is the time spent in school, Htr

the aggregate human capital of teachers and φi is the elasticity of human capital with
respect to time in school. Notice that this parameter varies across occupations and
generates differences between schooling across occupations as shown below.

Following McFadden (1974) and Eaton and Kortum (2002), abilities dispersion in
modelled as a multivariate Fréchet distribution. Let εi be the ability of an individual
in occupation i, then the distribution of abilities is given by

F (ε1, . . . , εN) = exp
−( N∑

i=1
ε
− θ̃

1−ρ
i

)1−ρ , (3.3)

where θ̃ governs the dispersion of skills and ρ ∈ [0, 1] gives the correlation of individual’s
skills among occupations. A higher θ̃ implies a smaller dispersion in abilities. Also,
ρ = 1 indicates that skills are perfect correlated, while a ρ = 0 means that individual’s
skills are uncorrelated across occupations. For convenience, let θ = θ̃/(1− ρ).

Finally, the firms in our model hire work from all regions and all occupations to
produce a single good. We assume that there is large number of homogeneous firms,
i.e., there is no firm with market power. The representative firm has the following
production function

Y =
R∑
r=1

N∑
i=1

ArHir, (3.4)

where Y is the output, Ar is the Total Factor Productivity (TFP) of region r and Hir

is the aggregate human capital of people working in occupation i at region r. Then, the
firms problem is choosing labor in terms of efficient units (aggregate human capital) to
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maximize profit taking as given the wages of each occupation:

Max
Hir

R∑
r=1

N∑
i=1

ArHir −
R∑
r=1

N∑
i=1

wirHir. (3.5)

The solution of the problem described in (3.5) is trivial. The demand for human capital
is

Hd
ir =


0 if Ar < wir

x ∈ R+ if Ar = wir

∞ if Ar > wir

. (3.6)

The worker’s problem can be solved in two steps. First, given the occupational
choice i, for which the individual has an idiosyncratic ability ε, and taking wage wir as
given, each worker chooses consumption c, e and s to solve the following problem:

Max
c,s,e

cβ(1− s) (3.7)

s.t. c = (1− τwir )hr(e, s)εwir − (1 + τhir)e.

Solving this problem above, we find the amount of time and goods spent on human
capital accumulation:

s∗i =
(

1 + 1− η
βφi

)−1

, (3.8)

e∗ir(ε) =
(

1− τwir
1 + τhir

εwirηs
∗φi
i Hϕ

tr

) 1
1−η

. (3.9)

Giving an occupation i, the higher is the elasticity of human capital concerning
time, the higher is the time spent accumulating human capital. Individuals in high φi
occupations acquire more schooling and have higher wages to compensate them for the
time spent on schooling. Note that wage and distortions do not affect schooling because
they have the same effect on the return and on the cost of time. However, they can
change the returns of investment in goods in human capital, relative to the cost, with
an elasticity that is increasing in η.

We can substitute the expressions in equations (3.8) and (3.9) and the budget con-
straint into the utility function and get the following expression for indirect utility
function for occupation i:

Uir ≡ U(τwir , τhir, Htr, wir, εi) =
 1− τwir(

1 + τhir
)η
 ηη(1− η)1−ηHϕ

trwirεis
φi
i (1− si)

1−η
β


β

1−η

.

(3.10)
Therefore, the occupational choice problem reduces to picking the occupation that de-
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livers the highest value of Uir. Since talent is drawn from an extreme value distribution,
the highest utility can also be characterized by an extreme value distribution (McFad-
den, 1974). The overall occupational share can then be obtained by aggregating the
optimal choice across people, as we show in the next proposition.

Proposition 4 Aggregating across people, the solution to the individual’s occupational
choice problem allows us to write

pir = w̃θir∑N
j=1 w̃

θ
jr

, (3.11)

where pir is the fraction of people that work in occupation i in region r and

w̃ir =
 1− τwir(

1 + τhir
)η
Hϕ

trwirs
φi
i (1− si)

1−η
β .

Proof. See appendix 3.7 �

We can interpret w̃ir as a liquid reward for a person with mean ability from region
r working in occupation i. It is composed by wage per efficiency unit in the occupation
wir, schooling, teacher’s human capital and frictions. The occupational sorting depends
on w̃ir. Moreover, it depends on the relative returns and not absolute returns, as we
can see from equation (3.11).

Also, we can write an expression for the average quality of worker in occupation i
for each region.

Proposition 5 For a given region, the average quality of workers in occupation i,
including both human capital and idiosyncratic abilities, is

E[h(eir, si)εi] = γ

[
Hϕ
tr

(
(1− τwir )wir

1 + τhir

)η
ηηsφii p

− 1
θ

ir

] 1
1−η

, (3.12)

where γ = Γ(1− (θ(1−ρ))−1(1−η)−1) is related to the mean of the Fréchet distribution
for abilities.

Proof. See appendix 3.7 �

This result shows that there is a selection effect in the economy. The average quality
is inversely related to the share of the group in the occupation pir. Giving a region, if
the distortion is high for a occupation i, than only the most qualified people will work
in that occupation. For example, in a region where it is very easy to become a teacher,
the average quality of a teacher will be low.

Next, given a region and an occupation, we solve the model for the average wage.
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Proposition 6 LetWir be the gross average earnings in occupation i in region r. Then,

Wir = wirE[h(eir, si)εi] = (1− si)−1/β

(1− τwir )
γη

(
N∑
s=1

w̃θsr

) 1
θ(1−η)

. (3.13)

The proof of this proposition is straightforward given the results of Proposition 2.
Equation (3.13) states that gross average earnings for a given region differ across

occupations due to schooling and labor market frictions. Occupations in which schooling
is especially productive or occupation where labor market friction are high presents
higher gross average earnings.

The competitive equilibrium to our model is straightforward: it consists optimal
choices for individuals and firms such that, given prices, wages and market frictions,
there is market clearing in each market.

3.3 An empirical investigation

3.3.1 Data
We use microdata from the 2013 PNAD - National Household Sample Survey. This
dataset provides several information about the worker, such as occupation code (CBO2

- Classificacao Brasileira de Ocupacoes), worked hours, earnings and years of schooling.
We drop from our sample individuals with no earnings or without occupation. Fur-

thermore, we only select individuals that are between 25 and 55 years old.3 Also, we
exclude individuals with earnings inferior to R$1.00/h.4 Concerning occupations, we
drop individual with ‘bad defined’ occupations and individuals working in the army.5
After all these exclusions we have a sample with 101740 individuals distributed among
8 big groups of occupation: 1) managers (except public sector); 2) professionals of sci-
ences and arts; 3) middle level technicians; 4) administrative service workers; 5) service-
sector workers; 6) sellers and service providers; 7) agricultural workers; 8) workers of
the production of goods and industrial production services and repairs-maintenance.
We aggregate groups 4, 5 and 6 into the service-sector workers. Finally, we create the
teacher occupation, where we put all workers in this career. Thus, we get the following
categories of occupation:

1. managers (except public sector);
2The CBO has 2422 occupations with 10 big groups.
3This restriction focuses the analysis on individuals after they finish schooling and prior to retire-

ment.
4If we consider a week with 44 working hours and that the minimum wage in Brazil was R$678.00

per month in 2013, this is equivalent to a wage of R$3.59/h. Therefore, we are dropping individuals
that receive much less than the minimum wage.

5There a code in the CBO - Código Brasileiro de Ocupações - that classify some occupations as
‘bad defined’.
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2. professionals of sciences and arts (except teachers);

3. middle level technicians(except teachers);

4. service-sector workers;

5. agricultural workers;

6. workers of the production of goods and industrial production services and repairs-
maintenance;

7. teachers

We choose the number of regions in model such that it accounts for the 26 states
and the federal district (R = 27) in Brazil. Thus, in the calibrated model there are
N = 7 occupations and R = 27 regions.

3.3.2 Calibration
Our calibration strategy involves choosing parameters and value for τ ’s such that the
equilibrium implications of the model are consistent with Brazilian data at state level
for the year of 2013.6 We split the parameters into two groups. The first group is
calibrated in accordance to Table 3.1, where we define the parameters that are either
usually calibrated by the literature or that are observed in the data. The remaining
parameters, φ’s, τ ’s and A’s, are calibrated using a minimization of the distance between
statistics from our simulated model and from the Brazilian economy.

Table 3.1: Constant parameters among occupation and region
Parametes Value Description Source

β 0.69 Consumption preference Hsieh et al. (2013)
η 0.25 Elasticity of education goods in the human capital function Assumption
ϕ 0.25 Elasticity of Professor human capital in the human capital function Assumption that η = ϕ
θ 3.44 Dispersion of skills Hsieh et al. (2013)
ρ 0.19 Correlation of an individual’s skill PNAD 2013

The parameter β is the consumption preference relative to leisure. This parameter is
equal to 0.69, which is the value found by literature (Hsieh et al., 2013). The elasticity
of education goods in the human capital function, η, is set equal to 0.25, which follows
the value chosen in Hsieh et al. (2013).7 Bils and Klenow (2000) assume different
values to the elasticity of teachers’ human capital in the human capital production
function, ϕ. They use values varying between 0 and 0.67. Thus, we choose 0.25 that

6We choose this specific year because it is the last year before a recession hit the brazilian economy.
7This parameter is also discussed in Manuelli and Seshadri (2014) and Erosa et al. (2010).
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is a conservative value (and it is equal to η). The parameter θ gives the dispersion of
comparative advantage of an individual in a specific occupation and ρ is the correlation
of an individual’s skill among occupation. To estimate these parameters we follow Hsieh
et al. (2013) and use the coefficient of variation of wages within an occupation which
is, in our model, given by

CV =
Γ(1− 2

θ(1−ρ)(1−η))− (Γ(1− 1
θ(1−ρ)(1−η)))

2

(Γ(1− 1
θ(1−ρ)(1−η)))2 (3.14)

where Γ(.) represents Gamma function distribution with shape governed by θ(1−ρ)(1−
η). Using PNAD data, we run an OLS regression from log wage by hour to dummies
that represent all occupations and regions of the model (7x27 dummies). With this
regression, we are interested in the part of wage dispersion that is not explained by
occupation our region, i.e., we are interested in wage dispersion within occupations
that is free of differences in schooling, frictions and TFP. Therefore, we calculate the
coefficient of variation of the residuals from this regression to estimate θ(1− ρ)(1− η)
by equation (3.14). The coefficient of variation of the residuals estimated is 2.05. Then,
we set θ equal to 3.44 and, then, we obtain ρ equal to 0.19.

We use equation (3.8) and years of schooling available in the PNAD to directly
estimate φ for each occupation. First, we compute the average years of schooling in
each occupation and then calculate the effectively time spend in education.8 For the
latter, we suppose that an individual spend 8 hours a day studying during weekdays,
which gives 2857 hours by year in a total of 365*24 hours available. Thus, a individual
spends 24% of his available time studying in a given year. As our educational period
is composed by the first 25 years of life cycle, we divide the average years of schooling
by 25 and, then, multiply by the time really invested in education (0.24). Table 3.2
presents the estimated parameters of schooling elasticity.

Table 3.2: Parameters of schooling elasticity in the human capital function
Occupation Parameters φ

Occupation 1 0.138
Occupation 2 0.174
Occupation 3 0.136
Occupation 4 0.100
Occupation 5 0.051
Occupation 6 0.084
Occupation 7 0.168

Table 3.2 evidences the fact that the parameter φ is increasing with schooling. In
8Remember that an agent can consume leisure in the education step.
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fact, the highest φ is related to occupation 2 (science and arts professionals), which has
the highest average schooling (14.52 years). While occupation 5 (agricultural workers)
has the lowest average schooling (4.73 years) and, therefore, the lowest φ.

The remaining parameters are educational and labor distortions, {τhir, τwir}
N,R
i=1,r=1 and

TFP parameters, {Ar}Rr=1, which amounts to 2NR + R parameters. Our strategy is
to calibrate them is minimizing the distance between statics generate by the baseline
model and statics observed in the data. We define two types of statistics for each
occupation and region: the share of workers and the average gross wage. In our model
these statistics are described in propositions 4 and 6. Remember that:

Wir = wirE(hirεi|agent chooses occupation i),

this equation uses proposition 6 and the FOC of the firm, where wi,r = Ar ∀i, r.
As the share of workers in each occupation sum to unit in each region, ∑N

i=1 pir = 1,
we only have (N − 1)R independent statistics in each region. Thus, we assume that
τh1r = 0 ∀r. Besides that, we assume that τw1r = τw1 ∀r, i.e. we assume that the
frictions in the labor market in occupation 1 is equal among regions. Also, we set
AR = 1, i.e., the TFP of the last region is normalized to 1. Thus, we have the same
number of statistics and parameters to be fitted by the model(2(N − 1)R +R). Thus,
we define the following objective function for our calibration:

D =
N,R∑

i=1,r=1

(
WM
ir −W T

ir

W T
ir

)2

+
N,R∑

i=1,r=1

(
pMir − pTir
pTir

)2

(3.15)

where superscript M and T indicate model and targets statistics, respectively.
The calibrated model matches the targets very well. We find a D = 0.12, which we

consider it a small number, because we have 378 different targets. Figure 3.2 presents
the quality of adjustment to log wage and figure 3.3 presents the quality of adjustment
to the share of workers in each occupation. When the point is at 45 degree line in the
figures, it indicates that the model matches data perfectly.

3.3.3 Results
The calibrated model has an excellent fit to GDP per worker data as Figure 3.4 shows,9
that we do not use as a target. In addition, our calibrated model suggests a posi-
tive relation between TFP and GPD per worker at the state level as it is shown in
figure 3.5. This feature is in accordance to the development literature which claims
that more developed areas have stronger institutions and better infrastructure, which

9The GDP per worker for each state in our model is generated by making a weighted mean of each
occupational wages multiplied by TFP of that region, where the weights are the share of workers in
that occupation.
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Figure 3.2: Model adjustment to data - wages

Figure 3.3: Model adjustment to data - share of workers

supports a higher Total Factor Productivity.10 We interpret these two features of our
empirical exercises as the first check that our model can be useful to study problems of
development.

10For some references on this subject see Klenow and Rodriguez-Clare (1997), Hall and Jones (1999)
and Erosa et al. (2010).
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Figure 3.4: GDP per worker - Data and Model

Figure 3.5: GDP per worker and TFP

To better understand why we see the inverse relationship between GDP per worker
and relative teachers’ wage, note that there is a strong positive relationship between
the share of people working as a teacher and the relative wage of teachers to other
occupations, as we can see in figure 3.6. This is because the teachers’ career becomes
relatively more attractive when the average of teachers’ wage is higher than the average
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wage in other occupations, therefore more people choose this occupation.

Figure 3.6: Share of workers in the teacher occupation and teachers’ relative wage

In richer states the relative teacher’s wage is lower than in poorer states, as we
observe in the data (see figure 3.1). There are two reasons behind this. First, in Brazil
a significant share of teachers works in the public sector, which has a minimum wage
regulated by law and is equal for all Brazilian states.11 Then, in less developed states
this public policy has a direct impact on the relative wage because given their stage of
development the average wage is slightly above the minimum wage for teachers. Second,
the teacher’s occupation is labor intensive and it is not so affected by technological
transformation, infrastructure and trade as other occupation such as engineering. So
that, the teacher’s occupation is less sensitivity to global economic change. Thus, in
developed states, where institutions and technology are more advanced, teacher’s wages
are relatively lower than in less developed areas.

There is an interesting result about the allocation of talent among occupations. In
poor states, relatively to the richer states, a bigger share of talented workers choose to
be a teacher due to the less attractive outside options. As a result, there is a negative
relationship between GDP per worker at the state level and average teachers’ human
capital. Figure 3.7 presents this result.

The relation presented in figure 3.7 is captured in the model due to the market
frictions: τw and τh. Friction τw indicates labor market requirement to get and keep a
job and it is the main factor to select workers with high human capital to occupations.
Then, τw has a direct impact on the average human capital of workers implying that

11See law 11.738/2008.
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Figure 3.7: GDP per worker and the average of teachers’ human capital

occupation with a high professional requirement will have a high average human capital.
On the other hand, τh, summarizes several facts related to educational requirement
such that difficulty to be accepted by a university and the difficulty to accomplish such
course. Furthermore, in poorer states there is a larger share of students compared to
richer states. This is related to the high fertility rate that is observed in less developed
regions. Thus, the greater number of students leads to a greater demand for teachers,
which is represented in the model by a greater educational incentive to this occupation
(lower τHtr ). The Brazilian data corroborate this last point: the correlation between
the share of teachers and the share of students is equal to 0.75 and, in addition, the
correlation between the share of students and GDP per worker is negative and equal to
-0.33.

Therefore, we find that in poor states τh for the teachers is lower than in more
developed states. This explains the high proportion of teachers in less developed states.
Besides that, the friction in the labor market, τw, for teacher occupation is higher in
the poorer states, implying a higher average of teachers’ human capital and, then, in a
higher relative wages in this occupation.

3.4 Reallocating teachers
In this section we address the following question: How would Brazilian GDP be in 2013
if some market frictions were equal across all regions? This question will also help us
to study how much the difference across states had affected the Brazilian economy. In
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this sense, we analyze the impact of a reallocation of the workforce among occupations
with special attention to teachers.

Table 3.3 presents an experiment where we use the calibrated market frictions, τ ’s,
of two states, Distrito Federal and São Paulo, which are, respectively, the states with
the highest and lowest Average of Teachers’ Human Capital (ATHC). In this exercise,
we equalize the frictions of all the Brazilian states and solve the model for regional and
aggregate GDP.

Table 3.3: Percentual variation of GDP Relative to 2013 - Barriers of the highest
and lowest AHCP

ATHC for each state

ATHC Minimum Value Maximum value

Brazil – - 10.9% 69.44%

Richest states
Distrito Federal (DF) 3.45 - 47.41% 0
Santa Catarina (SC) 1.97 0.4% 90.93%
São Paulo (SP) 1.92 0 90.16%
Rio de Janeiro (RJ) 2.12 - 11.38% 68.52%
Paraná (PR) 2.05 - 4.78% 81.07%

Poorest states
Bahia (BA) 2.38 - 14.26% 63.05%
Alagoas (AL) 3.09 - 40.94% 12.31%
Pernambuco (PB) 2.74 -23.25% 45.94%
Ceará (CE) 2.35 - 18.27% 55.41%
Piauí (PI) 2.71 - 21.92% 48.48%

The first line in table 3.3 presents the variation in the Brazilian GDP while the other
lines present the same variation for the five richest and the five poorest states. If the
market frictions (labor and educational markets) of all states were equal to the Distrito
Federal, GDP would be 69.44% higher, while if those distortions were equal to São
Paulo’s distortions, GDP would be 10.9% lower. We can interpret it as a misallocation
of talent in the economy. When we change market frictions, there is a reallocation of
talent among occupations. Since there is an externality in the choice of the teacher
occupation, a change that gives incentive to more talented people to become a teacher,
increases the overall human capital of the economy and, therefore, a higher GDP can
be attained. The opposite occurs when we give incentives to less talented people to
choose the teacher career12.

12In our calibrated model, GDP and TFP are strongly related. Then, the result of the experiment
with the reallocation of talent could be a direct effect of the better use of the productivity. We run a
simple exercise where we increase the TFP of all states to the level of the highest TFP at the state
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3.5 Development and Professor quality
Some occupations are important due to the large impact as input that they have in
other occupations. Thus, change at microeconomic level in some important sector
propagate to the rest of the economy (Acemoglu et al., 2012). Teachers occupation
carry this feature. This occupation has a strong linkage with the rest of the economy
due to the human capital formation. In this section we analyze the sensitivity of GDP
concerning the barriers of each occupation. Remember that we defined barriers as
τ̄ = (1 + τH)η/(1− τW ) .13

Figure 3.8 presents the relationship between income and barriers for each occupa-
tion. While income increases with barriers to teachers occupation, it falls with barriers
to other occupations. Indeed, if barrier had increased 10 times, income would have
increased 2.77 times for barrier to teachers while income would have decreased 18% in
average to barrier for other occupations.

Figure 3.8: Aggregate GDP and barrier for each occupation
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When barriers to a specific occupation are relatively low, low-skilled workers move
toward this occupation, which reduces the average human capital of that occupation.
This has a large impact on GDP when it affects the occupation of teachers. For in-
stance, when barriers is equal to one, the ATHC in the counterfactual for occupation 5
(agricultural workers) is approximately 29 times higher than the ATHC in the counter-
factual for occupation 7 (teachers). This explains the lower GDP in the counterfactual

level. As a result, GDP would increase about 28%. Therefore, the effect of reallocation of the workforce
is almost three times stronger than an increase in the TFP.

13Here we will only change the distortion τW .
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for teachers when barriers is equal to one (see figure 3.8). 14

Figure 3.9 and 3.10 presents the distribution of workers across occupation if barriers
for each occupation, not at the same time, were equal to 1 and 10 for all regions,
respectively (this number is the initial and the final value of figure 3.8). In both
cases, the share of teachers has a large variation across counterfactuals when compared
with the share of other occupations. For example, in figure 3.9 in the counterfactual
for occupation 5 (agricultural workers) the share of teachers is 2.27 % while in the
counterfactual for occupation 7 (teachers) the share of teachers is equal to 33.55 %.

Figure 3.9: Distribution of workers for each occupation when Barrier is low (1)
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Notes: Each number in the horizontal axis is related to the counterfactual simulated for one of the
seven occupations listed in the legend. For example, number 1 in the horizontal axis presents the
distribution of workers across occupations when we do the counterfactual for the "managers", i.e.,
when we change the barriers only to occupation 1.

When barriers increase from 1 to 10, the opposite happens with teachers (figure
3.10). If the barriers to a specific occupation is higher, low-skilled workers will choose
other occupation. In particular, it happens with teachers. When barriers, for each
occupation except teachers, increase from 1 to 10 the proportion of teachers increases,
on average, 2.16 times in each counterfactual. Thus, for these counterfactuals, the
ATHC decreases 36% in average, leading to a fall in GDP, as shown in figure 3.8.
Besides that, when barriers to teachers increase to 10, only high-skilled workers stay in
this occupation, which increases the ATHC of this occupation.15

14 An analogous idea happens when the barriers are equal to 10.
15 The ATHC increases 73 times approximately for the counterfactual to teachers.
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Figure 3.10: Distribution of workers for each occupation when Barrier is high (10)
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Notes: Each number in the horizontal axis is related to the counterfactual simulated for one of the
seven occupations listed in the legend. For example, number 1 in the horizontal axis presents the
distribution of workers across occupations when we do the counterfactual for the "managers", i.e.,
when we change the barriers only to occupation 1.

3.6 Final Remarks
This paper studies the negative relationship between relative teacher’s wages and GDP
per worker across Brazilian states for 2013. Its novelty is to incorporate into an other-
wise standard Roy model endogenous teacher’s quality that is an input for the human
capital formation of individuals. In this sense, the human capital of teachers may gen-
erate a benefit for the whole workforce, so that educational sector may be thought as
the main intermediate sector of an economy. We use the model to measure the aver-
age human capital of teachers that generate the negative relationship between relative
teacher’s wage and GDP per worker across Brazilian states.

We also find that there is a strong outside option to teachers’ career in more de-
veloped regions, which contributes for higher talented workers to choose to teach in
less developed regions. Furthermore, there is a multiplicative impact of a small change
in the teacher’s human capital, so that if we give the same incentives for all Brazilian
teachers from the state with highest teacher’s human capital to the all another Brazilian
state, Brazilian GDP would increase around 60%.

This work may be improved in several dimensions. For example: (i) It could be
allowed workers to move from one region to another and study the reallocation effect
due to this migration impact; (ii) It could be used to understand how different steps
of human capital might generate different outcomes for children. Therefore, a different
reallocation of teachers among educational stages may produce different results and
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some misallocation could be identified. Thus, our exercise is a provocative one for
those who are interested in the interaction between human capital and development.
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Appendix

3.7 Proofs
Proposition 4 Aggregating across people, the solution to the individual’s occupational
choice problem allows us to write

pir = w̃θir∑N
j=1 w̃

θ
jr

, (3.11)

where pir is the fraction of people that work in occupation i in region r and

w̃ir =
 1− τwir(

1 + τhir
)η
Hϕ

trwirs
φi
i (1− si)

1−η
β .

Proof.
Let

w̃ir =
 1− τwir(

1 + τhir
)η
Hϕ

trwirs
φi
i (1− si)

1−η
β , (3.16)

where si is given by equation (3.8). Then, we can rewrite equation (3.10) as

Uir = [w̃irεi]
β

1−η .

Therefore, the solution of individual’s problem in region r involves picking the occupa-
tion with the highest value of w̃irεi.

Without loss of generality, consider the probability of an individual choose occupa-
tion 1

p1r = Pr (w̃1rε1 > w̃irεi) ∀i 6= 1

= Pr
(
εi <

w̃1r

w̃ir
ε1

)
∀i 6= 1

=
∫
F1(α1ε, α2ε, . . . , αNε)dε (3.17)

where F1 represents the derivative of 3.3 with respect to its first argument and αi =
w̃1r/w̃ir for i ∈ {1, . . . , N}. Taking the derivative of 3.3 with respect to ε1 and evaluating
at the appropriate arguments gives

F1(α1ε, α2ε, . . . , αNε) = Ŝ−ρθε−θ(1−ρ)−1 exp
[
−
(
Ŝε−θ

)1−ρ
]
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where Ŝ = ∑n
i=1 α

−θ
i . Then, (3.17) can be written as

p1r =
∫ Ŝ1−ρ

Ŝ
Ŝ−ρθε−θ(1−ρ)−1 exp

[
−
(
Ŝε−θ

)1−ρ
]
dε

= 1
Ŝ

∫
Ŝ1−ρŜ−ρθε−θ(1−ρ)−1 exp

[
−
(
Ŝε−θ

)1−ρ
]
dε

= 1
Ŝ

∫
dF (ε)

= 1
Ŝ

= 1∑
i

(
w̃1r

w̃ir

)−θ
= w̃θ1r∑N

i=1 w̃
θ
ir

. (3.18)

This argument can be easily extended to occupation i. �

Proposition 5 For a given region, the average quality of workers in occupation i,
including both human capital and idiosyncratic abilities, is

E[h(eir, si)εi] = γ

[
Hϕ
tr

(
(1− τwir )wir

1 + τhir

)η
ηηsφii p

− 1
θ

ir

] 1
1−η

, (3.12)

where γ = Γ(1− (θ(1−ρ))−1(1−η)−1) is related to the mean of the Fréchet distribution
for abilities.

Proof. First, notice that

Hir = qrpirE(h(eir, si)εi|person chooses i), and (3.19)

h(eir, si)εi = Hϕ
tr

[
(1− τwir )
(1 + τhir)

wiεiηH
ϕ
trs

φi
i

] η
1−η

sφii εi, (3.20)

where Hir is the total efficiency units of labor supplied to occupation i in region r and
qr is the amount of people in living in region r. Then,

Hir = qrpirh̃ir

[
(1− τwir )
(1 + τhir)

wi

] η
1−η

E
(
ε

1
1−η
i |person chooses i

)
(3.21)

where h̃ir = (Hϕ
trs

φi
i η

η)(1−η)−1 .
To calculate this last conditional expectation, we use the Fréchet distribution. For

now, we suppress the region index r, because this calculation is similar for all regions.
Let yi = w̃iεi. Since yi is the thing we are maximizing, it inherits the extreme value
distribution:
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Pr
(

max
i
yi < z

)
= Pr (εi < z/w̃i) ∀i (3.22)

= F (z/w̃1, . . . , z/w̃N) (3.23)

= exp
−( N∑

i=1
(z/w̃i)−θ

)1−ρ (3.24)

= exp
[
−
(
Ŝz−θ

)1−ρ
]

(3.25)

(3.26)

That is, the extreme value also has a Fréchet distribution.
Straightforward algebra then reveals that the distribution of ε∗, the ability of people

in their chosen occupation, is also Fréchet:

G(x) = Pr (ε∗ < x) = exp
[
−
(
Ŝ∗z−θ

)1−ρ
]
, (3.27)

where Ŝ∗ = ∑N
i=1(w̃i/w̃∗)θ.

Finally, one can then calculate the expectation we needed above back in equation
(3.21). Let i denote the occupation that the individual chooses, and let λ be some
positive exponent. Then,

E(ελi ) =
∫ ∞

0
ελi dG(ε) (3.28)

=
∫ ∞

0
θ(1− ρ)Ŝ∗(1−ρ)ε−θ(1−ρ)−1+λ exp

[
−
(
Ŝ∗ε−θ

)1−ρ
]
dε (3.29)

= Ŝ∗λ/θ
∫ ∞

0
x−

λ
θ(1−ρ) exp(−x)dx, (3.30)

where x = (Ŝ∗ε−θ)1−θ. The last part of (3.30) is a gamma function which amounts to
Γ(1− λ(θ(1− ρ))−1). 16 Therefore, we have

E
(
ε

1
1−η
i |person chooses i

)
=
(

1
pi

) 1
θ(1−η)

Γ
(

1− 1
θ(1− ρ)

1
1− η

)
. (3.31)

Using this result in the equation (3.21) completes the proof. �

16Remember that a gamma function is

Γ(α) =
∫ ∞

0
xα−1e−xdx.
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