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Abstract

The neoclassical growth model with two sectors in production is
employed in this paper in order to investigate how a change in the tax
structure affects informality and welfare. We calibrate and simulate
the model and find that welfare always increases when we reduce the
tax rate on the demand for labor and adjust the tax rate on the value
added so that the government revenue remains constant.
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1 Introduction

This paper analyzes the effect of taxation on informality and welfare. We
investigate how a change in the tax structure affects informality in the labor
market and total output. This investigation may yield new directions in the
formulation of public policies, since there is evidence that informality has
been increasing in both developed and developing economies (see Enste and
Schneider, 2000). Therefore, an evaluation of the link between informality
and welfare within a formal framework has become necessary to the design
of public policies.

We define informality as a sector of the economy that contributes to the
officially calculated gross domestic product but is currently unregistered. To
be more precise, the informal sector of the economy includes unreported in-
come from the production of legal products and services. This is the simplest
and direct definition of informality employed in the literature'!. Note that
this definition does not differentiate the kind of goods and services produced
in the informal sector of the economy, so that this fact must be taken into
account when building a theoretical model. A key difference between the
formal and informal sectors is that the informal sector is invisible to govern-
ment authorities, which means that taxes are not levied on the production
that is taken in this sector of the economy. In our analysis, technological
aspects also distinguish the informal economy from the official.

The model employed in this paper is a variation of the neoclassical growth
model which allows two sectors in production. As mentioned above, firms in
the first sector have their plants officially registered and, therefore, taxes are
levied on the production that is taken in this sector. For this reason, we call
it the formal sector of the economy. Firms in the second sector are not taxed
by the government because their plants are not official. This corresponds
to the informal sector of the economy. There is a technological difference
between firms in each sector. The firm in the formal sector operates with
a technology that uses only reproducible factors of production and exhibits
constant returns to scale. The firm in the informal sector employs a tech-
nology that requires a nonreproducible factor of production and, therefore,
exhibits decreasing returns to scale in the reproducible factors of production.

We can alternatively think of this model in the following way. There are
infinitely many identical firms in the economy. Each firm has two plants to

'For other definitions and extensions, see Enste and Schneider (2000).



operate in the production of the unique good in the economy. The first plant
uses a technology which exhibits constant returns to scale in capital and
labor. The government levies taxes on the production that is taken in this
plant. The second plant uses a technology which exhibits decreasing returns
to scale in the reproducible factors of production. We assume that there is no
taxation in the production taken in this plant. Therefore, a representative
firm chooses optimally where to produce. This formulation represents an
alternative interpretation of the model.

The variation of the neoclassical model adopted in this paper is the same
as that employed by Hansen and Prescott (2002) and Restuccia (2004). In
both papers, the authors assume the existence of a modern and a traditional
sector in the economy. In the modern sector, production is taken in a plant
that employs a technology which exhibits constant returns to scale. This
corresponds to the formal sector in our model. In the traditional sector, the
nonreproducible factor is land since this sector corresponds to agriculture in
their model.

We apply the same model with a different interpretation of the sectors in
production. In our model, the differences between the sectors are not exclu-
sively due to technological factors. Taxation in our model is asymmetric and
constitutes a characterization of the sectors in the economy. The reason for
having decreasing returns to scale in the reproducible factors in the informal
sector is that in some way businesses not officially registered cannot become
larger simply by increasing all of its factors of production. We may think of
the nonreproducible factor as land. However, land as a factor of production
will not play the same role as it does in the model in which the second sector
is viewed as agriculture (Restuccia (2004)). In our model, land simply rep-
resents a constraint to the growth of the informal business. Once a firm is in
the informal sector of the economy, it will be constrained to remain invisible
to government authorities.

Penalosa and Turnovsky (2004) use this same interpretation of the neo-
classical growth model with two sectors in production. Their main point is to
find optimal taxation schemes in this class of models. The main difference of
our paper is that we do not assume that aggregate capital stock provides an
externality in production as they do in their paper. We do assume that the
informal sector of the economy exhibits decreasing returns to scale in the re-
producible factors of production. This is the main technological assumption
of our paper.

Our objective is to analyze the impact of a change in the tax structure



on informality and welfare. In particular, we investigate the consequences of
a reduction in the tax rate on the demand for labor followed by an adjust
in the tax rate on the value added in order to keep the government revenue
constant. The basic idea is to reduce the distortion in the labor market
withouth changing the government revenue. The taxation on the value added
is increased so that this can be done. We use the US economy as a benchmark
and calibrate the model in order to evaluate the quantitative results of our
experiment. Then, we extend the analysis to the Brazilian economy.

In Section 2, we present the model and define the competitive equilibrium.
We calibrate the model in Section 3, and we conduct the simulations in
Sections 4 and 5. In section 6, we present a welfare analysis. Conclusions
are given in Section 7.

2 The Model

2.1 Households

The household’s problem can be written as follows:

max Btu c
{(Ct’kt+17Lt)}1?io tz; ( t)

e+ ki = we + ik + (1 = 6) ke + g Ly + 24
st ¢k >0 and 0 < Ly <1 forall ¢
ko > 0 is given

where ¢; represents the household’s consumption in period t; k; is the stock
of capital owned by the household in period ¢; L; is the stock of a nonrepro-
ducible factor, which is rented to firms at the price ¢;; 3¢ is the lump-sum
transfer payment from the government to households; and w; and r; denote
the wage and the rental rate received from the services provided by labor
and capital, respectively.

The household takes the sequences of prices {(g;, wi, )}, and transfer
payments {5 },-, as given when choosing the optimal sequences for con-
sumption and capital. We assume that each household is endowed with one
unit of the nonreproducible factor.

Given the recursive nature of the household’s problem, we can represent



it by writing the corresponding Bellman equation.

maxp, . [u (¢) + fv (h)]
; cth=w+rk+(1—-8)k+q+x (1)
o c,h>0

v(k) =

The first order condition is given by
—u' (c(k)) + pv' (h (k) =0 (2)

where h (k) and ¢ (k) represent the optimal choices of end of period capital
and consumption, respectively.

By the Envelope Theorem, we find an expression for the first derivative
of the value function.

V(k) =1 +r—=d)u (c(k)) (3)

Substituting (3) into (2), we obtain the equation that describes the house-
hold’s optimal choice, that is, the Euler equation. This equation together
with the household’s budget constraint define the optimal choice of con-
sumption and capital.

u'(c(k) =B (1 +r"=0)u (c(h(k))) (4)
clk)+hk)=w+rk+(1—=0)k+q+ 5 (5)
We assume the following functional form for the utility function:
w(e) = —— 1 (6)
L=y

Using this functional form, we can rewrite equations (4) and (5) as follows:
c(k) " =pA+7r" =d)c(h(k)” (7)

clk)+hk)=w+rk+(1—=0)k+q+ s (8)



2.2 Firms

There are two sectors in the economy: a formal sector in which taxes are
charged and an informal sector which is not taxed by the government. The
technology employed in the formal sector exhibits constant returns to scale
in capital and labor (the reproducible factors of production in this model),
while in the informal sector the technology used exhibits decreasing returns
to scale in the reproducible factors. We have assumed that the proceeds
from taxation in the formal sector are transferred in the form of lump-sum
payments to households. Each sector is inhabited by identical competitive
firms.

The technologies in the formal and informal sectors are assumed to have
the following functional forms

F (K;,Ny) = AK{/N;

and o
G (Ki,N;,L) = AB (K}’Ll*w) NI

where 0 < ay < 1,0 < o; < 1,and 0 < ¥ < 1. Ky and K; denote the
capital allocated to the formal and informal sectors, respectively; Ny and NN;
denote labor allocated to the formal and informal sectors, respectively; and L
is a nonreproducible factor. The term A represents total factor productivity
in the formal sector of the economy and the term B represents the relative
productivity of the informal sector. The capital share in the formal sector,
given by ay, is assumed to be higher than that in the informal sector, given
by a;1. We also assume that the labor share in the informal sector, given
by 1 — a;, is higher than that in the formal sector, given by 1 — ay, which
means that the informal sector is more labor intensive.

2.2.1 Formal Sector

Let wy and 7 denote the wage rate and the rental rate of capital, respectively,
that a firm in the formal sector takes as given. The profit of a representative
firm in this sector is given by

Ty = (1—Tva)AK?fN}iaf —(1+Tl)waf—(1+Tk)Tfo (9)

where T,, is the tax rate on the value added (so that 0 < 7,, < 1), 7 is the
tax rate levied on the demand for capital services (1, > 0), and 7, is the tax
rate levied on the demand for labor services (7; > 0).
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We define T))' = (1 —74), T} = (1+7), and Ty, = (1+ 74), so that
equation (9) can be rewritten as

my = Ny [T, Ak — Tywyp — Ty phy] (10)
where ky = %

The first order condition for the firm’s profit maximization problem and
the zero profit condition imply the following optimality conditions:

T’f = vaalAOéfk’afil (11)
Ty !
—1
w :TﬂA(l—a ) (12)

These conditions characterize the optimal choice of labor and capital for
a firm in the formal sector.
2.2.2 Informal Sector

The profit of a representative firm in the informal sector is given by
7w = AB (K;”LHP) NI Ny — 1K — gL (13)

where ¢ is the relative price of the nonreproducible factor. We assume that
the firm in the informal sector takes as given the wage rate w;, the rental
rate r;, and the relative price of land g.

The first order condition for the firm’s profit maximization problem and
the zero profit condition imply the following equations:

~ ABaw (ki) h

Ty = L (14)
ABa; (1-9) (K1)
0= ; (15)
w = AB (1 — o) (k;ﬂzg—w)ai (16)
L

where k; = % and [; = +.
The above conditions define the optimal choice of labor, capital and the

nonreproducible factor for a firm in the informal sector.
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2.3 Perfect Factor Mobility

We assume that there is perfect mobility in the factors’ markets. This as-
sumption implies the following conditions:

w=wp = w

and
r=rF=r;

Using equations (11), (12), (14), and (16), we find the following relation:

Tkl—Oéf
= ? kf
1 Qf
1— oy
= — i, 17
v (17)

Therefore, the capital-to-labor ratios in each sector are proportional.

RS

k_@&l—af

= k 1
! ﬂafl—ai¢f (18)

2.4 Government

We have assumed that the government taxed the firms in the formal sector
and then transferred the proceeds to the households in the form of lump-sum
payments. The government budget constraint is given by

= TUGAK?fN;iaf +leNf+TkTKf (19)
where 7,4, 7;, and 7} are the tax rates charged on the traditional sector.
2.5 Competitive Equilibrium
In equilibrium, the economy’s resource constraint must be respected:

« 11—« — @i —Qy
c(k)+h(k)—(1—8)k = AKS N} ™™ + AB (K;”Ll w) N} (20)

where Ky and Ny represent the optimal choice of capital and labor, respec-
tively, by the firm in the formal sector and K;, NNV;, and L represent the
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optimal choice of capital, labor, and land, respectively, by the firm in the
informal sector.

The market clearing conditions for the factors’ markets must hold in
equilibrium:

N+ N, =1 (21)
Ki+ K=k (22)
L=1 (23)

where total labor is normalized to unit and k& represents the capital stock
which is taken as given by households in the beginning of each period.

A competitive equilibrium in this economy is defined as an allocation
{(ct, kegr) }2, for the representative household, an allocation { (K, Nyt)}io,
for the firm in the formal sector, an allocation { (K, Nit, Li) },o, for the firm
in the informal sector, and a sequence of prices {(r¢, wy, ¢:) }—, such that:

(1) {(ct, k1) oo solves (7) and (8) given the prices {(r, wy, ¢;)},oq and
given ko;

(ii) {(Kype, Npe)},o, solves (11) and (12) given the prices {(r¢, we, q¢) } ooy

(iii) { (K, Nit, Ly) } o solves (14), (15), and (16) given the prices {(re, wi, ¢) } oo o:

(iv) all markets clear: (20), (21), (22), and (23) hold for all ¢.

2.5.1 Long Run Equilibrium

In the long run, we find that

1
r=—=—(1-9) . 24
5 (1—-19) (24)
Therefore, the capital-to-labor ratio in the formal and informal sectors
are given, respectively, by

_ [T B =
b= e =) )

and

(26)
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From the wage equalization across sectors, we find that the share of the
labor force allocated to the informal sector is given by

1

N; = (BTl T ) . (27)

Obviously, the share of the labor force allocated to the formal sector is given

2.5.2 Short Run Equilibrium

We can also define the equilibrium for this economy when total capital is
assumed to be fixed. We denote this situation as short-run equilibrium. In
this case, the capital-to-labor ratio in the formal sector & is implicitly defined
as a function of total capital k£ according to

Nik; + (1= Ny ky = k (28)

where k; is given by (26) and N; is given by (27).

3 Calibration

3.1 US Economy

Table 1 shows the values of the technology and preference parameters that
we take from the existing literature. The depreciation rate ¢ is set so that the
investment-to-output ratio is 0.2, and the capital share in the formal sector is
0.352. We assume that the labor share in the informal sector is 0.95, which is
in line with our assumption that the informal sector is more labor intensive.
We take the preference parameter v from Penalosa and Turnovsky (2004).

Table 1 - Calibration

parameter | value
o7 0.35
o 0.05
4] 0.04
2.5

2See Restuccia (2004).
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The parameter 1) defines the aggregate between capital and the nonre-
producible factor. There is no observable counterpart that can be used in
order to find a value for this parameter. Given this fact, we adopt the fol-
lowing strategy. We calibrate the model taking as given the parameter .
We then vary the value of 1) whithin its parametric space to investigate the
robustness of the result. It can be seen from the tables below that the result
of the calibration virtually does not change as we vary .

There are three additional parameters (A, B, and ) that we must find
the values so that the model reproduces the balance growth path of the US
economy. In order to do this, we use equations (28), (25), (26), (27), and (20)
together with the values 7, = 0.25 (which corresponds to a tax rate of 0.2 on
the supply of capital)®, 7, = 2/3 (which corresponds to a tax rate of 0.4 on
the supply of labor), and 7,, = 0.03. In this calibration, the targets are the
following: a capital-to-output ratio of 2.5, a share of the labor force allocated
to the informal sector of 0.1, and a unit output. Substituting equations (25)
and (26) into (27), we find the following relation:

1

T 1—qy 1— -

B =% % (=)
Toa' 1—ay

1 wai
Ty, i 1= v
N;=¢ % {T’fg—fﬁib (AOéfT—k;> } X (29)

T_ll 717af
X (Aozf—”: —)

We can now substitute this expression together with (25) and (26) into (28)
in order to find the second equation that will be used to find the values of
the paramenters A, B, and 3. The third equation is obtained by substituting
(25), (26), and (29) into (20). Table 2 shows the result of this calibration for
each value of the parameter 1.

Table 2 - Calibration for each Value of the Parameter

parameter | ) =019 =03|v=05|¢v=07|¢=09
A 0.74 0.74 0.75 0.75 0.75
B 0.53 0.55 0.57 0.59 0.61
I6; 0.94 0.94 0.94 0.94 0.94

We can see that the parameters A and 3 practically do not vary with the
change in the value of v. Table 3 shows the share of the informal sector in

3 Appendix B shows the equivalence in this model between taxation on the demand for
factors and taxation on the supply.
4See Prescott (2004) and Enste and Schneider (2000).
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total output and the revenue-to-output ratio for each value of the parameter

.

Table 3 - Informal Sector Share and Revenue-to-Output Ratio
parameter | Y =0.1 |y =03 |y =05 |v=0.7]v=09

iy 004 | 004 | 004 | 004 | 004

X/y 0.33 0.33 0.33 0.33 0.33

It follows that the values for y; /y and x/y do not vary as v goes from 0.1
to 0.9. These values are in line with the empirical evidence; see Enste and
Schneider (2000).

3.2 Brazilian Economy

The calibration for the Brazilian economy is accomplished in the following
way. We assume that the preference parameter § and the technology para-
meters o; and oy are equal to those of the US economy. Therefore, there
are two parameters left to calibrate: A and B. In order to do this, we use
equations (29) and (20). The targets for this calibration are the following.
We assume that the investment rate in Brazil is also 0.2, so that the depreci-
ation rate is 0.04. The major differences are that the share of the labor force
in the informal sector is 0.3 for the Brazilian economy, total output is 0.4
of the US economy®, and the tax rate on the demand for labor is 1 (which
corresponds to a tax rate of 0.5 on the supply of labor). Table 4 shows the
value of the productivity parameters A and B for the Brazilian economy for
each value of the parameter 1.

Table 4 - Calibration for each Value of the Parameter ¢
parameter | Y =0.1 |9 =03 |¢Y=05|v=07]|v=09
A 0.46 0.46 0.46 0.46 0.46
B 0.35 0.37 0.38 0.40 0.41

Table 5 shows the value of the quantities y;/y, x/y, and k/y for each
value of the parameter .

Table 5 - Informal Sector Share, Revenue-to-Output Ratio, and Capital-to-Output Ratio

parameter | ) =0.1]v=03]v=05|¢v=07|¢v=09
vy 0.12 0.12 0.12 0.12 0.12
X/y 0.36 0.36 0.36 0.36 0.36
k/y 2.29 2.30 2.21 2.31 2.32

5See appendix D.
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Note that the quantities y;/y and y/y practically do not vary as 1) goes
from 0.1 to 0.9. Only the capital-to-output ratio is sensitive to variations in
the parameter .

4 Simulation - Long Run

4.1 US Economy

Once the model is calibrated for the benchmark economy, we implement the
following experiment. Consider a reduction in the tax rate on the demand
for labor 7; and let the tax rate on the value added 7,, vary so that the
government revenue s remains constant. Graph 1 shows the value of the
share of the labor force in the informal sector for each value of the parameter
1. For relatively low levels of 7;, the labor share in the informal sector falls
as 7; decreases in the simulation. When 7, is relatively large, the simulation
shows that N; may initially increase when we reduce 7;.

Graph 1 - Labor Share in the Informal Sector

Graph 2 shows total output for the same grid of values of 7;. We can
see that total output always decreases as 7; falls and 7,, adjusts so that the
government revenue remains constant. This is true for all values of the pa-
rameter 1) adopted in the simulation. This occurs because the capital stock
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allocated to the formal sector always decreases with the experiment. For rela-
tively low initial levels of 7;, the capital stock allocated to the informal sector
also decreases when the simulation is conducted, so that total capital dimin-
ishes. When the initial value of 7; is relatively high, the capital allocated to
the informal sector may initially increase in the simulation. However, total
capital decreases because the fall in the production of the formal sector more
than compensates the rise in the production of the informal sector.’

Graph 2 - Total Output

1125 +

0.95

7l

The simulation taken above indicates that a policy that rises the tax
rate on the value added and reduces the tax rate on the demand for labor,
keeping the government revenue constant, reduces the long-run output of
the US economy. Informality in the labor market may initially increase if the
initial value of 7; is relatively high.

4.2 Brazilian Economy

We implement the same experiment in the Brazilian economy. The results
observed are quite similar to those of the US economy. The simulation vir-
tually does not change as the parameter i) goes from 0.1 to 0.9, so that we
will only show the results for ¢» = 0.1. The variable NV; shows the same
pattern as that observed for the US economy. For relatively low levels of 7,

6In appendix C, we conduct the analysis of the long-run equilibrium.
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the labor share in the informal sector decreases as 7; falls and 7,, adjusts so
that the government revenue remains constant. When 7; is relatively high,
the opposite occurs. Graph 3 shows the result of the simulation.

Graph 3 - Labor Share in the Informal Sector

0.34

0.32

y=0.1
0.3

Ni

0.28

0.26

2.5

e
—u
N

Total output resulting from the simulation is shown in Graph 4. We
use the same grid of values of 7;,. Contrary to the result obtained for the
US economy, both the capital allocated to the formal and informal sectors
always fall.
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Graph 4 - Total Output

0.48

0.46

0.42

¥=0.1
0.4

0.5 1 1 F 2 2.5

The same conclusion that we had for the US economy holds for the Brazil-
ian economy in the long run. The output of the economy in the long run
always decreases in the simulation, although the share of the labor force
allocated to the informal sector may initially increase.

5 Simulation - Short Run

5.1 US Economy

In the previous section, we evaluated the effect of an experiment in which
the tax rate on the demand for labor 7; was reduced and the tax rate on the
value added 7,, was adjusted so that the government revenue s remained
constant. It was seen that this policy experiment led to a reduction in total
output. We saw that this reduction was due to the fall in total capital with
the fall in the capital allocated to the formal sector being larger. In this
section, we analyze the consequences of a similar experiment on informality
and total output. The only difference is that we do not allow total capital
to change in the simulation. By doing this, we can see more clearly the
allocative effects of our policy experiment.

Consider a reduction in 7; and let 7,, vary so that both the government
revenue s and total capital k£ remain constant. Graph 5 shows how the labor
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share in the informal sector varies in this simulation. It is not possible to
simulate the model for the parametric value ) = 0.9. In this case, we observe
explosive behavior around the point 7, = 2/3. We can see that informality
in the labor market always decreases as 7; falls and 7,, adjusts so that both
the government revenue s and total capital £ remain constant.

Graph 5 - Labor Share in the Informal Sector

0.2

0.175

0.125

0.075

0.025

Graph 6 shows what happens to total output when the simulation is
conducted. When total capital is fixed, we observe that total output always
increases.

Graph 6 - Total Output

0.4 0. 45 0.5 0.5|5 0.6 0.65 0.7
T

In the short run, we find a different result for the US economy. Total
output always increases in the simulation, which is the opposite result to
that obtained in the long run.
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5.2 Brazilian Economy

In this section, we conduct the same simulation for the Brazilian economy. It
is possible to simulate the model only when ¢ = 0.5. For the other parametric
values, the model becomes explosive. Graph 7 shows the evolution of the
labor share in the informal sector as 7; falls and 7,, adjusts so that both
the government revenue s and total capital k remain constant. We find the
same pattern as that observed for the US economy.

Graph 7 - Labor Share in the Informal Sector

0.4

0.35

0.3

0.25
Z 02
0.15
o1 4-0.5

0.05

0.4 0.5 0.6 0.7 | 0.8 0.9 1 11
T

Graph 8 shows what happens to total output in the simulation. We
observe that total output always increases, which is the same behavior as
that observed for the US economy in the short run.
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Graph 8 - Total Output
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In the short run, we find the opposite result to that observed in the long
run. This is true for both the US and Brazilian economies.

6 Welfare

6.1 Theoretical Analysis

In the last two sections, we evaluated the impact of our policy experiment
on informality and total output. We found different results for the long-run
and short-run simulations. In the short run, total output increases as 7; falls
and 7,, adjusts so that both the government revenue s and total capital &
remain constant. In the long run, we observed just the opposite result when
total capital is free to change. Therefore, a welfare analysis that takes into
account the transition dynamics is needed. This is the aim of this section’.
The welfare in the model economy is given by

W = Z B (cy)
=0

"In this section, we follow Judd (1987).
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The impact of 7; on W around the steady state is given by

AW = e da| e da
dTl *_;BU(C)CZTZ *_U(C);B dTl «

The equilibrium equations of the model are given by

{ c Ak — (L —=06) ke =
U (c;) = B(1+ 71 —6)u(ci)

where
v = AkJ] (1 — N;p) + ABESVN) o0

1+7p 0 1 —ay

ki =
’ I1+7marl—o

1
1 11— o s —ap ) 9
Niy= | B L ak;btzkftf
' =7yl —ay © '

kg

1 — 7Ty
T e
t+1 1+

and
Ni,tki,t + (1 - Ni,t) kf,t =k .

We can view both k; and NN; as a function of 7,4, 7;, and k¢ around the
steady state. The equilibrium equation N;.k;+ + (1 — N;4) kst = k defines
implicitly k¢ as a function of k. Therefore, we can also view both y and r as
a function of k, so that the system above can be rewritten as

{ e+ kevr — (1 —0) ke = e (kg 1) (30)
w(er) = B4 rg (b1, 7)) — 0w (eer)

Let us derive this system with respect to 7; around the steady state.

dey dkia | _ [ Oy _ dkt Oy

dry B + dry B — \ Okt . +1 0 dr, . + Ty B (31)
dey | degpi | BU'(C*) Oripr | dkiga BM(C*) Orip1

dry |, dr;  Pale*) Okiqr |, dmy ulc*) Om |,

We define the following transforms

Cr (s) = Zst det

2
dry (32)
t=0 *
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and
(33)

where 0 < s < 1. Note that

(e 9]

de 1 de
t t+1 0
— ==1C, S —— 34
ZS dr; sl : (5) dr; } (34)
=0 * *
and
=, dk 1
t t+1|
}:s(hl = — K, (s) (35)
=0 *
since %1 . = 0.

If we multiply both sides of each equation in (31) by s', with 0 < s <
1, and then sum from zero to infinity, we obtain the following system of
equations:

Oyt
| y1-5-1 -1 (ms)): “Eonl ) @6)
_guedomal 1op Cr, (s) lhs

u'(c*) Oki41 "

where
Ths — 1 B ' (c*) Oregq

) ]_dCO
1—s"uw(e*) or |, sdn
(

s dry

*

We can solve this system for K-, (s) and C, (s), so that

1 1 U,(C*) art+1 dCO ayt
KT - x - = - = 37
1(3) A ll — S u/(c*) o . dTl . or . ( )
and
1 (8 +1-6-1)x
Cry(5) = 5 & x [F5pusdtan| — 1ol ] (38)
1 8_3/ u(c’) Orepn| 1
1-s o1 u(c*) Okiq .S
where
Oyt 1 1 u(c*) Ora | 1
A= = 1—6— - 1—=) = i
(8kt * N S) < S) BU/(C*) 8kt+1 " S




Let i be the unstable eigenvalue of the above matrix, that is, p > 1.
From the second equation of the system, we have that

uw(c*) Oreq
' (c*) Okpyr

deo

MdTl*:ﬂ

-1\ _ (1 _ -1 p pu(c") Orpa
ey () = (L= ) Cr )+ 8 50

* *

since 0 < p~! < 1. The value p must also satisfy the following equation

O

Ok

Multiplying both sides of the above equation by K., (# ') and using the
first equation of system, we find that

uw(c*) Oreq
W' (c*) Okyyq

FL=b-p) (- =5

*

Ko (1)

*
which means that the expression for the initial jump in the consumption can
be simplified to

~ Sy O
OM%@)MJ%

} _ uw(c*) Oreq
. u(c*) Okpyr

deg 1 uw(c*) Oresq

d7'1|* h w—1 ﬂu(c*) Ty

Ay
87’1

* *

We can rewrite the impact of 7; on welfare around the steady state as

aw
dTl

— (") Oy (8) - (39)

*

In order to find %’ , we need to compute the following derivatives:
*

Orit1 Oripr | Oyt Qe
ory |, Okie1 |, Om , and Z

simplify the notation. The equilibrium equations can be rewritten as

. Let us drop the time subscript in order to

1+7p 0 1 —ay
ki(TlaTvaakf): 1+TlOé_f1—Oé‘

¢kf )

1

1+7 1—qy o 1 —ap | E9
s (s T ) f}

1 -7yl —ay

Ni (leTvmkf) - {B

and
Ni (Tl,Tva,k?f) kz (Tl,Tva,kf) -+ [1 — ]\/vZ (Tl,Tva,k?f)] k?f =k.

24



The last equation defines k¢ as an implicit function of 7;, 7,4, and k around
the steady state, that is, kf = ks (7}, Tye, k) in a neighborhood of the steady
state. By the Implicit Function Theorem, we find that

ON; Ok;
% _ 87’1 (kjl - kf) Nla’r (40)
ori|, %(ki—kf)Jrl—N(l—gf)*
N (. oy
Oks | _ prus (ki — kp) + Nig o (41)
o) i i
Ouale (ki —ky) +1 - N (1- 3%) |
and
1
% - ON, Ok; (42)
. 8k;(k:i—kf)+1—N( ak)*

where k; in steady state is given by (25).
The government budget constraint can be written as

= [1 — N; (Tl, Toas kf)] Ak?f |:Tva + 7 11 T (1 — Oéf) + Tk 11 +7;_U:Oéf}
where ks = k¢ (7, Tya, k). In our policy analysis, we consider a small re-
duction in 7; and let 7,, adjust so that the government revenue s remains
constant. This means that the above equation defines 7,, as an implicit
function of 7, and k around the steady state, that is, 7,4, = Ty (71, k) in a
neighborhood of the steady state. We define

H(TlaTvaak) = [1 - NZ (TlvTvaakf)] k?fA X
% + 1_Tva(1 )+ 1 =74
Tova Tzl 7 Qf Tkl—i—Tk&f x

where ky = kg (7, Tya, k) and compute its partial derivatives:

oH 1—7 1—17
Y Yy ay va 1 va
. ki |:Tva+7—l1+7'l( Oéf)+7k1+Tk af} X
ON;  ON, Oky
+
(97'[ 8]£f(97'l
1 1—Ta 1—Tva
+(1 N)Aafkff {Tm—i-nl_i_ (1—Oéf)+7-k1+7_k05f:|x
ok ar (1 —7Tya)
><—+ — N;) Ak 11—«
o+ (1= M) 4K T (1
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oH 1—7 1—7
_ —Akaf . va (1 _ va
87‘va ¥ |:T + 7y 1—{—7‘1 ( af)+Tk1+Tkaf}
y (‘3N,~+(‘3Ni8k’f .
OTva  Okf OTyq
+ (1= N) Aagks |7 —1—7'1_ (1—ap)+7 Tva g
) Iy va l1+7_l f k1+7_k f
Ok oy
xaTm+Akf (1—N;) x
1 —
><<1—Tl Oéf_ ay )
1—|—Tl 1+Tk
OH 1—7 1—7 ok
g - va 1_ va Akaf—f 1—NZ
ok [T o 1+7 ( Oéf)—i_ml—irm af} I ok [( Jasks

By the Implicit Function Theorem, we find that

P o
Tva Ty
= — * 43
87’1 " oOH ( )
ITva N
and or
0T va i
cTval * 44
ok |, oH (44)
ITva N
where k; in steady state is given by (25).
: . or or Oyt 0,
We are now able to compute the derivatives 7r| , 5= K 8—% K and 27|
From the equilibrium equation (11), we find that
or 1 or 1
v _ va kaf
ok | T ok R |
1-— Toa ar—2 (%f E)kf or
— Aayr (1 — kG - 45
T, A (L anky (ak+67m ok )|, W)
and
(97' 1 (97' -1
- — Z Y A kST
87’1* 1+ 74 87—l aff *+
1—Tva ar—2 E)kf (%f or
— Aay (1 — k! - 46
1474 o ( o) f <8Tl * OTva OT1 /|, (46)
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where k; in steady state is given by (25).

To compute % }* and %‘ , recall that total output is given by
*

) (leTUayk) - Ak?f []- - Nz (leTvaykf)] +

+AB [kz (le Toas kf)]aiw [Nz (Tl, Toas kf)]liai(liw)

where kf = k¢ (71, Tya, k) is the implicit function defined above. Then, the
derivatives of y with respect to k and 7; evaluated in steady state are given

by

and

9y,
87’[

%
ok |,

*

Aasky ™ (1 - N;) <

|

Ak (1 - N) (%f Ok; 8”“)

ok 7. Ok )|,
E)Ni E)Tm 4 (9NZ <E)kf 4 (%f E)Tm)}
OTva Ok  Okp \ Ok ' O7yq Ok
+ABap kYT N 0D

[ Oki 07y O <8kf | Ok amaﬂ
|07ve Ok ks \ Ok = 07y Ok
+AB[1 — o (1 — )] K2V N, 7)

[ ON: 07, ON; (akf | Ok 87’1@)}
(97va Ok Oks \ Ok ' 97,0 O

~ AkY [

*

X

*

X

*

Oky | Oky 071

ot OTwe 011 /|,

E)NZ E)NZ E)TW (9N, E)kf (%f E)TW
+ + +

87'1 E)Tm 671 E)kf 671 67va aTl

*

FABapkf TN
_E)kz E)k’z (97'W E)k’, <E)kf (%f E)TW)}
+ +

“\an T or. on ok, \ o, o 01y

+AB [1 — (1 _ w)] kiaini_ai(l_w) >

-8NZ 8Nz 8Tva 8NZ ok ok (97'1)(1
+ + f + f

| 011 OTye OTy Oky \ O OTyq OTy

X

where k; in steady state is given by (25).
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6.2 Quantitative Results

In this subsection we compute the value of % for different pairs of (74, Tya)-

These pairs are obtained in the same way as before: we let 7; vary and adjust
Tya SO that the government revenue remains constant. Note that each pair
(71, Tva) defines a different steady state. The only common feature among
these steady states is that the government revenue is the same for all of them.

6.2.1 US Economy

Graph 9 shows the value of % ) for different pairs of (7, 7,,) when ¢ = 0.15.

The welfare always decreases as 7; rises. This is true for each steady state
defined by the pair (77, T4q)-

Graph 9 - Welfare Analysis: US Economy (¢=0.1)
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dW/dd
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-160

06 07 08 09 1 11 12 13
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In Appendix E, we see that when ¢ = 0.9 the derivative %’ becomes

positive, indicating that a rise in 7, increases welfare. The value ¥ = 0.9
indicates that capital has a relatively higher importance in the technology of

the informal sector than the nonreproducible factor. For the other values of

1, we find a negative value for % for each pair (7;,7,,). We conclude that

*
a policy that reduces the tax rate on the demand for labor and rises the tax

8In Appendix E, we show the results of the simulations for the other values of 1.
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rate on the value added keeping the government revenue constant increases
the welfare.

6.2.2 Brazilian Economy

dw
F
The welfare always decreases as 7; rises. This is true for each steady state
defined by the pair (77, T4q).

Graph 10 shows the value o for different pairs of (74, 7,,) when ¢ = 0.1.

Graph 10 - Welfare Analysis: Brazilian Economy (1=0.1)

dW/dd

-370
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The same conclusion that we have obtained for the US economy holds for
the Brazilian economy: it is desirable to reduce the tax rate on the demand
for labor even if it is necessary to increase the tax rate on the value added
in order to keep the government revenue constant.

7 Conclusion

In the long run, we have seen that our policy experiment of reducing 7,
and adjusting 7,, so that the government revenue remains constant reduces
total output regardless of the value of the parameter . Informality in the
labor market may initially increase for relatively high levels of 7;. But for
lower initial levels of 7;, we observe a reduction in informality. In the short
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run, when total capital is fixed, we observe that informality always decreases
and total output always increases. This result is true both for the US and
Brazilian economies.

Although we have had opposite results for the long and short run equi-
librium, an analysis that takes into account transition dynamics indicates
that welfare always increases when we reduce 7;. Therefore, a public policy
that reduces the tax rate on the demand for labor and rises the tax rate on
the value added so that the government revenue remains constant increases
welfare.
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Appendix A - The Informal Sector is Always Operated

Proposition 1 Fven when taxes are zero, that is, T,q, = 7 = T = 0, the
informal sector is operated (Y; > 0).

Proof. The cost function for a firm in the informal sector is defined as the
value function for the following minimization problem:

min {rK; + wN; + ¢}
st Y'Z _ ABKZbaiNilfai
The Lagrangian for this problem is given by
L(K;,Ni,\) =rK; +wN; +q— A (ABKZ”“Z’NZP% _ Yi)

and the first order conditions for an interior solution are given by

oL | .
K - T Mpa;, ABKP* N}~ = 0
OL .
= w—A(1— ;) ABK/¥ N, =
(9NZ w )\ ( al) ) 1 O
oL .
o = = (ABKNT - vi) =0
S G
It follows that
Ki  w o
Ni a T (]_ — Oéi)

and the conditional factor demand functions are given by

Yoy
wo Yoy | 09 SN U v e
(AB) =t Y

N; (w,r,Y;) = {? (1—a)
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and

; 1—%'7(6:—1&) [ e
Ki (w, 7“7 Y;) — [ﬂd)—az)] (AB)il_ai(l_w) }/;:l—ai(l—w)

r(l—q

This leads to the following cost function:

1—ay Poy
C’L (w’ T, }/;) = w 1—a;(1—1) Tl—ai(l—w) X

L S ey
/l/)al 1—a;(1—-1) + ¢Oé1 1—a;(1—1)
1-— (073 1-— (073

1
X (AB) T YT g

Define
vy
) T—o;(1—9)
1—ay Yoy (—fb_og ) + - 1
a; = w =i (1=9) p1=a;(1—4) i . (AB) 1—a;(1-v) |
—_— "t

X ( s )kaiuﬂm

11—y

Then, the cost function can be rewritten as

1
1—a;(1—1)
¢ (w,nY;) =Y, +q

It follows that the marginal cost function is given by

6Ci(waram) 1 1%%
i (Ys) = = D
g (1) = PG = |

Let us find the cost function for a firm in the formal sector.
i K N
pin {rKy +why}
s.a Yy = AK{ N,

The Lagrangian for this minimization problem is given by

L(Ki, Ni,\) = 1p + wNy = A (AKN]™ = v)
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The first order conditions for an interior solution are given by

aL ar—1rl—ay
oL Qg pr—oy
aL af arl—ay
- —(AKf N; —Yf) —0
It follows that
Ky _w o
Ny r(l—ay)

and the conditional factor demand functions are given by

—a —oy
N V)= AL (9) -3 Y
f (wﬂ"v f) ’ 1—ay f

and

1—ay « l-ay
K V)= AL (3> ! Y
! (w,, f) ’ 1—ay f

This leads to the following cost function:

—af 1—ay
Y,) = A—l l—ay, .af Oéf Oéf

—ay 1—ay
Define ay = A~ w!~rres (lfgf) + (lfgf) } , so that the cost func-

Yy

tion for a firm in the formal sector can be rewritten as
Cf (U),T, Yf) = afo (51)

Hence, a firm in this sector faces a (positive) constant marginal cost: emgy (Yy) =

Ocy (w,r,Yf)
oYy

as for all Y; € (0,Y;) since cmyg; (Y;) is strictly increasing and continuous at
(0,00), and limy; o cmg; (Y;) = 0. Therefore, it is profitable to produce some
initial units in the informal sector. m

= ay > 0. It follows that there is a value Y; such that emg; (V) <
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Appendix B - Equivalence Between Taxation on the Demand
for Factors and Taxation on the Supply of Factors

Let us show the equivalence between taxation on the demand for capital
and labor and taxation on the supply of capital and labor (that is, on the
income from the capital and labor services supplied). Consider the same
model with two sectors in production, but in which taxation occurs on the
income from capital and labor services supplied to the formal sector of the
economy. The household’s problem can be written in the following way:

max Z B (cy)
{(Ct7ki,t+17kf,t+17ni,t7nf,t7Lt) }zo —0
”

ct ki +kpn = (1= 7)) wpange + wigni+

(L —=73)rpskse + rigkie + (1= 0) (kig + kpe) + @l + 54
kiy 4+ kpy = ke

nig+ngpe =1

o ki1, Kpir1,nig,npe > 0and 0 < Ly <1 forall ¢

ko > 0 is given

s.t

\

The Bellman equation for this problem is

MaXe hn, k; 10g ¢ + Bv (h)
c+h=0-=71)wms+w; (1 —nys)+
st 8 (L—=71i)riks+ri(k—Fkp)+(1—0)k+qg+x
cz20,h20,0<ky <k, and0<ny<1

v(k) =

The first order conditions and the Envelope condition are given by

= (e (k)
=iy —n =0
0wy ) =0
V) = =0+



The Euler equation

1 /

and the conditions (1 —73)r; = r; and (1 — 7)) wy = w; must be satisfied
along the optimal path.

From the profit maximization problem of the representative firm in the
formal sector, it follows that

wy = A(l— af) K]Offo_af
and

T’f = AOéfK?filN}iaf .

From the profit maximization problem of the representative firm in the
informal sector, it follows that

wi = AB(1 - a;) (K1) N

ri = ABa) (Kle‘w)ai e

and o
g = ABa; (1 — ) (K;PLHZ’) Nieipt

In equilibrium, we have the following conditions:
AB(1 - o) (Kj”LlW)ai N = (1=7) A(l—ay) K/ N;™
and

ABagh (Kj”L“w)ai N} = (1= 75) Aag KT N

Therefore, it is possible to derive the following relation between the
capital-to-labor ratio in each sector:

1—067;KZ' o 1—7'?1—06fo

ap N; 1—7¢ ay Ny

(52)

s L s 1
If weset1l—171; = — and 1 — 7] = T

(18). Therefore, there is an equivalence between taxation on the demand for
factors and taxation on the supply of factors.

, then we obtain equation
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Appendix C - Long Run Analysis

We can view the capital-to-labor ratio in the long run in each sector as a
function of 7,, and 7;,. Hence, we can define ks : (0,1) x (0,00) — R as

1

1 =74 1-ay
«
1+, 71-(1-0)8

ki (Toa, T1) = [A

and k; : (0,1) x (0,00) — R as

1

I+7rol—ap |1 =Ty 15} 1-ay
ki (Tvas = — A :
(T2, 71) 1+ a;1—a {1+7k YT (1-9)8
Let r = % — (1 —=9). Then, we have the following results
ok
il A
(97'1
8]€f Oéf 1 1 a
=— —— Ak <0
OT v l—afl+T747 f
Ok; 1
f=————k; <0
871 1+Tl
ok; ki 1 1 o

for any (744, 7;) € (0,1) x (0,00). We can also define N; as a function of
Tva and 77, so that the function N; : (0,1) x (0,00) — R is given by

1
1 1-— i o —a (1=d)ay;
Ni (TvayTl) - ( +Tl B @ k;/}azkf f)

-7y 1—ay

where ky = ky(Tyq, 7)) and k; = k; (Tya, 7). We can also find the partial
derivatives of N;.

1
ON,; __ 1 147, 1—oy oy —ap ) A=d)a;
BTU; T 1Y)y (B 1—Topa lfa; kl kf ) X
1 —1 0k;
1—Tya + walkl aTva+
af f OTva
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Since the term ( is strictly positive, it

1=Y)a; \ 1=Typa ™~ 1—ay 0
follows that the term in brackets on the left- hand side determines the sign of

the derivative g—NL Note that we can rewrite this term in the following way:

1 (1+Tl Bl alkl/)azk af w) oy

1.—1 0k 10k 1 af 1 Ajop—1 - .
ki 87’1}(1 kf 87'1;(1 - 1—7ya + 1— af 1+Tk rk (Oéf /l/)al)

If af —1a; > 0, then the derivative TNZ is strictly positive. Note that
this condition corresponds to the assumption that the formal sector is more
capital intensive than the informal sector.

ON,; __ 1 147 1—qy a1, —Qf —Y)oyg
orr (1Y) ( 1— Tvla 1—af kl k
XBplTW (—Lll:g‘f) k’fmkf ag [1 + Yo, (14 1) ]fzflg_l:li
It follows that
ok;
1+ oy (14 7)) ki =1—aq; .
(‘371

Since 0 < a; < 1, we conclude that %—]Xf > 0. Therefore, N; is strictly
increasing in 7,, and 7;. Obviously, the function Ny : (0,1) x (0,00) — R
defined as

Ny (Toa, 1) = 1= Ni (Toa, 1)

is strictly decreasing in 7,, and 7.

At last, we can also view the capital allocated to each sector as a function
of 7,, and 7;. We define the functions K; : (0,1) x (0,00) — R and K :
(0,1) x (0,00) — R as

Kf (Tvay Tl) - Nf (Tvaa Tl) kf (Tvaa Tl)

and
Ki (Tvaa Tl) - Nz (Tvay Tl) kz (Tvaa Tl)

respectively. Their partial derivatives are given by




0K; Ok; ON;
= Ni— + k—
67’1 67’1 * (97'1

and OK ok ON,
iR O
OTva OTva N OTva

Note that the signals of the derivatives %—If; and gfiﬁl are ambiguous.

Appendix D - Total Output of the Brazilian Economy is 0.4
of that of the US Economy

Let K,s denote the aggregate capital stock of the US economy. Consider
a technology that takes into account both human and physical capital. Let
h.s denote the average years of schooling in the US. Total output is given by

Yus = [A €xXp (gbhuS) LUS]l_a K3

where A is the effectiveness of labor and L, is raw labor. Define

YUS
Ly

Yus

v

We have that
Yur €XP ((bhbr)

Yus €XP (Phus)

Since exp [¢ (hys — hp)] is about 2, we find that the ratio ys,/yus is about
0.4.

=0.2.

Appendix E - Welfare Simulation for ¢ = 0.3, ¢ = 0.5, ¢ = 0.7,
¢ =0.9, and 1 = 0.95

We show the value of %‘ for the other values of the parameter .

Graphs 11, 12, 13, 14, and 15 refer to the US economy. Graphs 16, 17, 18,
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19, and 20 refer to the Brazilian economy.

Graph 11 - Welfare Analysis: US Economy (¢=0.3)
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Graph 12 - Welfare Analysis: US Economy (¢=0.5)
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Graph 13 - Welfare Analysis: US Economy (¢=0.7)
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Graph 14 - Welfare Analysis: US Economy (¢=0.9)
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Graph 15 - Welfare Analysis: US Economy (¢=0.95)
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Graph 16 - Welfare Analysis: Brazilian Economy (1=0.3)
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Graph 17 - Welfare Analysis: Brazilian Economy (¢=0.5)
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Graph 18 - Welfare Analysis: Brazilian Economy (=0.7)

-70

dW/dt

-100

-110

08 09 1 11 12 13 14
7l

Graph 19 - Welfare Analysis: Brazilian Economy (1=0.9)
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Graph 20 - Welfare Analysis: Brazilian Economy (¢=0.95)
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