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1. Introduction

While the role of the imperfect substitution betweskilled and unskilled labor has
been extensively analyzed in the labor economtesaliure, see Katz and Murphy (1992)
and Autor, Katz, and Krueger (1998), for instanid#e attention has been paid to this
variable in the growth literature. A notable recemception is the work of Caselli and
Coleman (2006), who, in the development accounfragnework, assess the role of
imperfect substitution between skilled and unséillabor in accounting for cross-country
relative income. They find that higher-income coigst abundant in skilled-labor, choose
technologies that best fit skilled labor, while kemincome countries, where unskilled labor
is abundant, choose technologies that fit bestillegkabor.

In this article, we study how differences in thg® of substitution between skilled
and unskilled labor affect the economy in termst®iequilibrium level income per capita,
capital-labor ratio, income distribution, growthteaand its speed of income convergence.
We work with a technology that is similar to theeamsed by Caselli and Coleman (2005).
The technology has constant returns to scale getfactors of production: physical capital,
skilled labor, and unskilled labor. In our modehypical capital and skilled labor can be
accumulated a la Mankiw, et al. (1992). The elasgtiaf substitution between capital and a
measure of aggregate labor is constant and equathép and the elasticity of substitution
between skilled and unskilled labor is constantrmitnecessarily equal to one. The model

can also be extended to include factor augmengidgnological progress.

2 Earlier work of Kremer and Thomson (1998), in whitiey study how imperfect substitution between old
workers and young workers affect income convergecceld be seen as related to the topic we discess

In particular, the production function used by Kegnand Thomson (1998) with two inputs of productiokal
workers and young workers, is a CES technologylamtd the ones used in the used in the labor eo@o
where the inputs are skilled and unskilled workers.



In order to examine the effects of the imperfedbssitution between skilled and
unskilled labor on the economy, we use the norredligroduction function approach, as
suggested by Klump and La Grandville (2000), hemtkfKG. In their article, KG, write
the parameters of a CES technology in capital abdrl as a function of the elasticity of
substitution. They show, in the context of the 8otaodel, that an increase in the elasticity
of substitution, all else equal, is associated withigher capital-labor ratio and a higher
level of income per capita, both in the transition in the long-run equilibriutn

Using the normalized production function approack wbtain a number of
interesting results. First, we show that two idesitieconomies differing only on the degree
of substitution between skilled and unskilled Igliben the economy with the higher degree
of substitution has a has a higher level of inc@aecapita, a higher capital-labor ratio, and
a higher proportion of skilled labor. Second, wewslthat two identical economies starting
at the same initial equilibrium differing only ohet elasticity of substitution between skilled
and unskilled labor then the economy with the higlegree of substitution has, in the long-
run equilibrium, a higher level of income per capia higher capital-labor ratio, and a
higher skilled to unskilled ratio. Third, for ceriaparameter values, the speed of
convergence depends positively on the elasticigubktitution.

Following this introduction, the next section mets the model and its main results.
In section 3, an extension of the model as welhes results is presented. Section 4 is the
conclusion. An appendix at the end of the articlevjgles the derivation of the main results

and equation.

% KG article generated an interesting literaturehvgieveral application of the normalized producfiemction.
See, for instance, Papageorgiou and Miyagiwa (2@G08) Papageorgiou and Saam (2006).



2. The model

Consider a technology with three factors of promungtphysical capital denoted by

K, skilled labor denoted bi._, and unskilled labor denoted hy .

v=ace[as +a-pr]= @
where A is a constant that can be interpretedeettel of the technologyy is the share of
capital in total output, angs (0 (01) is the share or distribution parameter that cdstifoe
intensity in which skilled versus unskilled labar ised in the production procésthe
parametery determines the degree of substitution betweenedkénd unskilled labor.
More specifically, the elasticity of substitutioetveen skilled and unskilled labor, denoted
by o, is defined as follows.

_a(L,/L,)  MPL,/MPL,
d(MPL,/MPL,) L./L,

(2)

From the definition ofo , one can show that = L . The technology in (1) should not be

viewed as representing a specific sector or firrthaneconomy; rather it is best interpreted
in terms of the aggregate production function. @esnin the elasticity of substitution
between skilled and unskilled labor should be vigwas reflecting changes in the
possibilities of technical substitution betweerllskiiand unskilled labor that come from, for
example, outsourcing of labor. This interpretat®rery much in line with Ventura (1997),
who shows that international trade in goods, thihotlge factor-price-equalization theorem,

can make the economy’s effective technology linearapital and labor, in which case the

* The larger the coefficienj3, the lower the ratio of skilled to unskilled labtor any given price ratio

W, /W, , wherew, and W, are, respectively, the wage rates for skilled amskilled labor.



elasticity of substitution tends towards infinifeanslating Ventura’'s model’s result into our
setting, the outsourcing of labor to cheaper owrsmarkets would make the domestic
aggregate production function linear in skilled amdskilled labor, in which case the
elasticity of substitution between skilled and ule# labor tends towards infinite.

We assume that the total labor force, denoted hy tonstant, and it is given by the

sum of skilled and unskilled labor, that is= L, + L. We normalize the total labor force to
the unity, and denote skilled labor bly=L_,/L; thus, unskilled labor is given by

1-h=L,/L. Equation (3) gives the production function in papita terms.

y=Ac[pa-ne +a-pn [ @)
where variables in per capita units are denotedth®r corresponding lower cases.
Following KG approach, we normalize the above potida function (3) in terms of the
elasticity of substitution between skilled and ule#t labor, that is, we write the parameters
of the technology, A an@, as a function ofo. In order to do that, we choose baseline
points for the marginal rate of substitution betwe&illed and unskilled labor, the level of
income per capita, the capital-labor ratio, andghaportion of skilled labor. Denoting the
baseline points by the zero subscript, we have téatnical rate of substitution between

skilled and unskilled labor is given by

1~y
MPL h
TR L (4)
MPL, 1-p8\1-h,

From equation (4), we obtain the share parametarfasction ofo and the baseline points.

,8 — Ho (1_ ho)l_w
7 hé-!// + U (1_ ho)l_w

()



Substituting equation (5) into the production fumectin per capita terms evaluated at the

baseline point, one obtains the level of the tetdmg A, as a function ob .

ra
Y

A :ﬁ[hé_w + U, (1—ho)l_w} (6)

7 kg :uo(l_ ho)+h0

The normalized production function can then betemitas follows.

1-a
y="1,(h=AK[ga-n + -0 ]v @)
As it will be clear in section 3, the share of Edl labor in total output, defined as

_MPL_ O

S

, is a key variable in the modelUsing the normalized production function,

it is easy to show that, can be written as

= = V(- AKT e
7, =(1-a)d ﬁ")h{fa(k,h)} (8)

Expression (8) can be rewritten in termshofind h,. Substituting equations (6) and (7) into
equation (8), forh# h,, 77, depends ono through its dependency og (recall that

W= 07_1), h, andh,, according to equation (9).

_ (1—a’)h(1,""h‘/’
7T =
*T Ll @-h) " -h)Y +hien?

(9)

If h=h,, then the baseline profit share of skilled lalsogiven by

— (1—0')h0

* T Uy g (10

® The technology in (1) is of constant returns talsin K , L., and L. Therefore, by Euler’s theorem, we
have thafl = a + 77, + 77, wherea = MPK [K /Y, and 71, = MPL, (L, /Y .



Note that the baseline profit share of skilled lailsoindependent ot . Based on equations

(9) and (10), we show in the appendix that the mdimad production function can be

. L a ﬂ 1-a E 7‘7
TR

We are now ready to establish our first result.

rewritten as follows.

Theorem 1 Consider two economies, identical in every respacept in their elasticity of

substitution between skilled and unskilled labosséme thath # h,, then at any stage of

the development process the economy with the higlaesticity of substitution has a higher
level of income per capita.
Proof To prove the claim, we compute the following dative:

o, (k.h) _ of, dg | of, 97, dyp

(12)
oo oy do dm dy do

The first derivative term on the right-hand sideasy to compute. It can be obtained from

the normalized production function, equation (1tl)s given by

a l-a , _ \@Qa)y
of, d 11- Kk h 77
s~ o sl [0 () maml o

The second term on the right-hand side of equdfi@ is difficult to compute because the

... 0T, . : . I .
derivative a[/j is quite cumbersome. We compute this derivatisenfequation (9), and we

obtain the following expression:

or, =n{1— s }m( h/=h) j (14)
o 1-a| \h/(1-h)

Therefore, the second term on the right-hand sidgoation (12) is given by



a 1-a , _ \@-a)ly
of, 6nsd_¢/:_i1—a ki [h 7T, 1- % | h/(1-h) (15)
o op do . o® ¢ k) \h) |7 1-a | | h/(1-h,)

Putting equations (13) and (15) together, we obtiler some manipulation, the following

expression

_ Y
af_ﬂ:—il_ay{ln(gj+(l— 4 Jln( h’(l‘h)] } (16)
00 oty 1-a) {1 /1-h)

Consider the second logarithmic term inside thekets. In the appendix, we show that it

can be rewritten as follows

( h/@-h) J‘” _ {f_rs[(l—a) - ﬁs]} an
hO /(1_ hO) ﬂs[(l_a)_ﬂs]

Substituting expression in (17) into equation (@6¢ obtains

of, (kh) __1-a 1 1{&%&]#1‘“)"@ m(‘l‘“)"_’sﬂ (18)

oo W o’y|ll-a |\ 1-a A-a)-rm,

S

In order to determine the sign of the derivativeequation (18), we follow KG and use the

property of strict concavity of the logarithm fuiwet. For a strict concave function, its

L o , X -
tangent line lies above the function itself. Intgalar, we have thain x <In X, +M,

for a given pointx,. If we choosex, = lthen we have thanx < x-1. Using the strict

concavity of the logarithm function we have that

%Ej <L (19)

In( (1—a)—ﬁsj l-o-7 20)
-a)-m,) @Q-a)-m,



Multiplying both sides of equation (19) by /(1-a), and multiplying both sides of

equation (20) by% , we obtain the following pair of equations.
s s |7 (1)
l-a | m l1-a

(L-a)-7, m((l—a) —ﬁs] T o

l-a Q-a)-m, dl-a)
Adding up equations (21) and (22), we have that
I,

_sm(i} i-a)-m, m((l“’)"_’sj <0
l-a \r1 l-a l-a)-m,

S

which shows that the term inside the brackets mgqgn (18) is negative. Thus, the sign of

f(kh)

the derivative,a g
do

, IS unambiguously positivel

Papageorgiou and Saam (2006) and Dupuy and Q3{Bjalerive the same result in
the context of the two-level CES technology. Irstbase, however, it is relatively easy to
prove that an increase m increases the level of income, because the narataln of the
two-level CES makes theorem 1 in KG, in which tBagw that increases in the elasticity of
substitution are associated with higher incomelteirethe context of the traditional CES in

K and L, directly applicable. In our case, givee fanctional form of the technology in (7),

this is not possible.



3. Dynamics of Capital and Skilled Labor
We follow Mankiw, Romer, and Weil (1992), and assuthat physical capital and
skilled labor accumulate according to the followihmamic equatioris
K=sY-& (26)
L.=sY-d, (27)
Since the labor force is constant, the accumulatgqurations for the capital-labor ratio and
the skilled to unskilled labor ratik and h, respectively, are given by
k=sf (kh)- & (28)
h=s,f (k,h)-dh (29)
One interesting aspect of the model, which candem 9y the accumulation equation for
skilled labor, is that as the proportion of skillethor increases, the proportion of unskilled
labor decreasés This feature of the model seems to replicate ekperience of the
economies in capital deepening stages. For exanipleng (1995) reports that for South
Korea the proportion of the population with primanyd secondary education in 1966 was,
respectively, 42.4% and 26.5%. The same figuresl®®1 were, respectively, 18.5% and

75%. Following Mankiwet al. (1992), we setk=h=0 to obtain the steady-state

equilibrium. From equations (28) and (29), we henagt

<\ a \1-a a
k h T\ ¢ .
S Yol — | | — — =& (30)
‘ O(l(oj (hoj (”sj

® We assume, as in Mankiw et. al., that the depiieciaate of physical capital and skilled labottie same.

" There are also some technical implications of dsisumption. Clearly, the proportion of skilleddalsannot
be greater than one. Here we ignore problems agedcwith bounds on h, because the vast majorithef
economies, even the industrialized ones, are restthe boundary value for h.

10



S N\a N\1-a la
k h .\ ¥ .
S.Yol — | | — —= =ch 31
hyo(kOJ (hOJ (ﬂsj ( )
From equations (30) and (31), we have tl?liat:i, or h' =21y, Substitutingh™ into
S Sk

equation (30), and after some rearranging, we olaaiexpression for the steady-state share

of skilled labor.

v
al-a \1—o4
ﬂ;:ﬁ{ Yo_ jﬁ% Jl (31)
ke | o

From the steady-state condition and the normal@ediuction function (equation 7), we
obtain the steady-state valueskobind h.

y(2-a) y vy

k* - Sk e ﬁa’Ac]}_a (32)

4

v v
SO~ (- A (A

y(@-a) 2 Yy
1-a 1-a
h' = i S IBO'AU (33)

S, v v
Y57 -1 B (5 A

Equation (33) can be rewritten as follows.

Uy

- Bo
h' = . (34)

(s./s,)? (815 A = (1= B,)

Our goal now is to examine how the steady-stateesbfk and h vary with . But first
we have to make expressions (32) and (34) moréabiec From equation (8), the steady-

state share of skilled labor is given by

11



17
*a E
7 = (1—a)(1—ﬁg>h*{%} (35)
y
which, assuming thaht # h,, can be rewritten as follows

ayl(l-a) 7
7 = Q- a)a- A (%j (%j (36)

Substituting equation (36) into equation (34), afieme manipulations, one obtains

ﬁ IT* Uy
. :{ . T } @7)
-8, C-a) -7

Note that Bs = (1_a)_ﬂs( Mo

1-8 7T 1-h,

g S

¥
j . Substituting this last expression into equation

(37), we obtain a more tractable equation for teady-state level of skilled labor.

_ * iy
h*:{(l“i)‘”s L } ( " j (38)
T, l-a)-m 1-h

S

We are now ready to establish our second result.

Theorem 2 Consider two economies with identical technolegend baseline points,
differing only in theiro. Assuming that the level af are such that a steady-state exists,
then the economy with higher has a higher capital-labor ratio, a higher skiledkilled

ratio, and a higher level of income in steady-state

Proof We need to compute the derivativelofwith respect tas . This derivative is given
by

o _on dy

90 oy do (35)

12



The second derivative on the right-hand si%é?—, is given byg—wzllaz. The first
o o

derivative on the right-hand S|dea—, iS quite cumbersome to compute, so we shall

oy
proceed in steps. LeA = (1_0;)_775 s —+, SO that we can rewrite equation (38)
7, Q-a)-7
for h" as follows.
. h 1InA
h' =] ——|e¥ (39)
1-h,

From equation (39), the derivative bf with respect tay is given by (recall thatz, is

independent ofy).

ﬁ:( h, JAl/w{_izlnA_}_lalnA} (40)
oy (1-h, vy oy

The derivative of the second term inside the cbrekets is given by

dlnA _10A _1(-a)-7, (l-a) O 41)
oy Loy A T [(1-a)-m]? oy

which can be rewritten as

7T,

S

dlnA_1  1-a |n(§} 42)
o Yll-a)-m]

Substituting equation (42) back into equation (40 obtains

ﬁz(LjAM{—immi—aw) : In(gj} (43)
oy \1-h, W’ Y l-a)y-m] \ 7,

Rearranging equation (43), we have that

13



o __1 1 ( o JA”’/’{[(l—a)—ng]ln((lL)_ﬁf}ﬂ;In(zfj} (44)
oy Y A-a)-m \1-h, A-a)-rm, T,

By the strict concavity properties of the logarithonction, (the same argument used to

prove theorem 1), it can be shown t){@(rl—a)—n;]ln(%j+n; In(lf}<0,
-a)- T,

S

which implies that% >0. This shows that the steady-state level of skilkdabr is a

positive function ofo .

Given the steady-state relationship betwdeénand h, namely k' ==*h", we
ok’ s on . . o
know thatw Py >0, which shows that the steady-state capital-lalatio rvaries
s,

positively with o . Finally, sincey is a positive function ok, h, ando in the transition it

must also be a positive function of in steady-state.]

The speed of convergence

It can be shown that the convergence equationtimodel is given by:

diny

m ==A(lny-Iny) (45)

where A = [1‘0"775 +1—hhnu}5 gives the speed of convergence. Note that thedspke

convergence depends on the skilled-labor intensi%g?, weighted by the share of

unskilled labor in the total incomey,. Changes in the share of unskilled labay, affect

14



the share of skilled labowgz.

gy

and vice-versa. But the share of capital in tatabme is

constant and unaffected by changes in the shdebof. All else equal, the additional term
in convergence equationl,h—h 1T, , increases the speed of convergence. The intugicmat

the higher the share of unskilled labor the higher proportion of income that goes to the
input that cannot be accumulated. This speeds opetgence because diminishing returns
set in faster. On the other hand, if the sharengkilied labor is zero, which corresponds to

the case wheré, = ,@he model becomes one of endogenous growth iohathe speed of

convergence is zero. If the proportion of skillatdr is zeroh =0, then the expression for
the speed of convergence is the same as in theidredl neoclassical model with Cobb-
Douglas technology.

Finally, we can show that if the skilled-laboransity is less than the baseline

skilled-labor intensity,%<h—(’h, then the speed of convergence increases with the
- “Th

elasticity of substitution, that ié’/%J >0, while if h > h°h the sign of the derivative

0

5%0 Is ambiguous.

Effects on the skill-premium

[To be completed]

Capital-skill complementarity

[To be completed]

8 This result follows from the fact that the elatjioof substitution between capital and aggregateot is
constant equal to one. That is, the technologyG@ekb-Douglas in capital and labor if one seesdatyout as
an aggregate.

15



4. Conclusion

In a growth model in which the production functidepends on physical capital,
skilled labor, and unskilled labor, we show thatimerease in the elasticity of substitution
between skilled and unskilled labor, all else eqimlassociated with a higher level of
income per capita, in the transition and in thegtomn equilibrium. Furthermore, in the
long-run equilibrium, the economy with higher eileisy of substitution enjoys a higher
capital-labor ratio, and a higher proportion ofllski labor. The speed of convergence, for
certain, parameter values, depends positively erelfsticity of substitution.

The recent literature in economic growth has s&dsthe role of countries
technology as the main determinant of relative inecacross countries (see Parente and
Prescott, 2000). There are a number of factorsitflaence a country’s technology, such as
strong institutions and openness to internatiorede. Our findings in this article — that
increases in the elasticity of substitution betwsldied and unskilled labor increase income
per capita -- identify one more channel throughalitthe technology affects income levels.
In this sense, it would be an interesting topic foture research to try to pinpoint
empirically the determinants of the elasticity abstitution. We already conjectured above
that one possible variables affectiogwould be degree of outsourcing of labor.

The model can be extended in several dimensioos.irStance, we can include

factor augmenting technological change like in Giased Coleman (2006) who use the
following technology Y = K”[,B(AJLU)‘” +(1—,8)(A§L)‘”](1_”)“’”, where A, and A are,

respectively, the skilled labor and unskilled labagmenting technological progress factors.
Another possible interesting extension would bexplore alternative functional forms of

the production function to include capital-skillneplementary. Finally, the model can also

16



be used to study how the skill premiuﬁﬁ;{v , responds to changes in the elasticity of

substitution.

5. Appendix

A. Derivation of equation (1i)From equations (9) and (10), one obtains the esgions

below.
E: (1_a)hé_whw[,uo(1_ho)+ho] (A1)
7 (1_a)h0[,uo (1_ho)l_w (1_h)w +hé_whw]
171, _ f0=h) +ahy (=)™ A=) +h5¥he
1-7 :uo(l_ h0)+h0 ahé_whw +:uo(1_ho)l_w (1_h)w

Multiplication of equation (Al) by equation (A2)s@ts in equation (A3).

[

— 7 :ﬁ Ho (L) +ahy
1-7, W ahe?h? + g, @-1y)™ @-h)?

S

(A3)

NN

Substituting equations (5) and (6) into the noreealiproduction function, we have that

1-a

a ChY YR\ + h YR o

y:y{ L] [uo(l hy)'™* @=h)? +h;*h (Ad)
ko ,uo(l_ho)"'ho

— 7 Y hY —h Y (-
The term inside the brackets in equation (A4) esq&algaho "+ /o (@=h) " (=h) ,

1-7 Mo (L=hy) +ah,
o 7. h? , I . . :
which in turn equals—sh—w by equation (Al1). Substituting this last term ietguation (A4)
ﬂs 0

we obtain equation (11) which gives the normalipeatduction function in terms ok, h,

and 77, and its baseline values.

B. Derivation of equation (17)

17



Equation (A3) can be rewritten as follows

_ 4
T, i_ns _( h/(1-h) j Uy +a(hy/(1-hy)) (A5)

/-1y )y +a(hi@-h)) (hy IL-hy))*

From equations (9) and (10) we have that
hO - luO]_Ts (A6)
1-h,) @-a)-T7,

(h H T, T"’”{(l—a)_—ﬁsr””"” A7)
1-h Q-a)-rm, HoTT,

Substituting equations (A6) and (A7) into equatiés) one obtains equation (17).
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