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Abstract

We address whether reputation concerns can discipline the behavior of a self-interested agent
who has a monopoly over the provision of fiat money. We obtain that when this agent can
commit to a plan of action, there is a monetary equilibrium where it never overissues. We
show, however, that such equilibrium is no longer possible when there is no commitment. This
happens because the incentives this agent has to maintain a reputation for providing valuable
currency disappear once its reputation is high enough. More generally, we prove that there is
no monetary equilibrium where overissue happens only infrequently. We conclude by showing

that imperfect memory can restore the positive result obtained in the presence of commitment.
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1 Introduction

Frictions in trade and lack of enforceability are necessary if money is to be valued as a medium
of exchange. The standard approach to model this is to assume that trade is anonymous and
decentralized and there is no record keeping. Under these assumptions, a large body of work has
established the essentiality of money when its supply is exogenous. However, if the amount of
money in circulation in an economy is determined by self-interested agents, a complete lack of
monitoring may lead to the so-called “ dynamic inconsistency” problem. If money has value, any
agent with the ability to print money faces a temptation to overissue, as any deviation from a
pre-specified plan of action is likely to go unnoticed. In other words, money may not be feasible in
such economies.

The way the literature has dealt with this problem is to assume a form of partial record keeping:
the behavior of note issuers can be publicly monitored. Using this approach, Berentsen [5] and
Martin and Schreft [16] have established that fiat money issued by self-interested agents can be
feasible, while Cavalcanti et. al. [6] and Cavalcanti and Wallace [7] have done the same for inside
money, i.e., private circulating liabilities.!

This solution has two shortcomings. First, it leaves open the question of how this form of partial
record keeping arises in the first place. Second, it is not robust to the introduction of monitoring
costs, no matter how small, because of a free rider problem. The success any technology that allows
note issuers to be monitored has in disciplining their behavior depends on how many agents use
it. If only a small number of agents do so, the punishment note issuers face if they overissue is
insufficient to induce good behavior. However, if a large number of agents uses this technology, its
effectiveness is not affected when a single agent stops using it. Therefore, if all agents have to pay
a cost, no matter how small, to use it, there can be no situation where a large group of agents uses
this technology in the first place. Otherwise, any such agent would have an incentive to stop using
it and free ride on the social benefit it brings.

In this article we address the feasibility of fiat money when it is issued by a single self-interested
agent, the bank, and its choice of money supply cannot be monitored by the other agents in the
economy.”> We do so in an environment where trade is decentralized and agents are anonymous

and have heterogeneous preferences, so that there is a natural role for money. The absence of

! An exception is Monnet [18], who establishes the feasibility of private fiat money without monitoring. His result,
however, depends critically on the assumption that the matching process is deterministic and money is costly to
produce. Moreover, as this cost decreases to zero, so does the value of money. This last result is consistent with what

we obtain in our analysis.
’It is usually argued that the technology to print money has increasing returns to scale, see [8], and so is a natural

monopoly.



a monitoring technology means that information can only be acquired and transmitted in trade
meetings; i.e., information is decentralized. This assumption about information is a natural one in
an economy with decentralized trade.

Our starting point is a simple version of the model introduced in Kiyotaki and Wright [11].
We modify it in a number of ways. First, as indicated above, the money supply is now privately
determined by the bank in each period. Moreover, the bank can either be patient or impatient,
and this is also its private information. Second, the other agents in the economy can now decide
between staying in autarky or entering the market and transacting with the help of money. The
bank’s revenue from money issue in a given period is proportional to how much new currency it
prints and to the number of agents who choose the market at that point in time. In particular,
holding everything else constant, this revenue is higher if the bank overissues. Finally, autarky
is always better than the market if money is always overissued, which happens when the bank is
impatient, but the opposite is true when overissue never takes place.

In principle, the bank’s choice of money supply would affect both the frequency of trade meetings
(extensive margin) and the terms of trade in such meetings (intensive margin). However, since in
our framework money and goods are indivisible and there is a unit bound on money holdings, the
only margin that is affected by the bank’s decision is the extensive one. Nevertheless, agents are
still able to learn about the bank’s decision from their private experience in the market. Because
information is decentralized, this is the only way in which learning can take place. Hence, the
environment considered is one where monitoring is private and imperfect.

We first consider the case where the bank can commit to a choice of money supply, the so-
called full-commitment case. This is done by assuming that its choice of money supply in the first
period is binding. We show that despite the bank’s choice being its private information, there
exists an equilibrium where the patient bank never overissues as long as it is sufficiently patient.
The intuition for this result is simple. Suppose the patient bank indeed never overissues. Since
the impatient bank always overissues, the agents in the market learn from their private experiences
that they are facing the patient bank. In other words, the patient bank’s reputation that it is
indeed patient increases over time. This guarantees to it a steady stream of revenue from money
issue, as the market is preferred when there is no overissue. Suppose, instead, that the patient
bank deviates and always overissues. Its revenue from money issue increases in the short-run as
a result of this. However, as time progresses, its reputation for being patient decreases, as agents
in the market attribute the type of experience they face to the impatient bank. In the long-run,
this leads to a decrease in the patient bank’s revenue from money issue. If the patient bank cares

enough about the future, this is sufficient to discourage it from deviating.



The conclusion that reputation concerns can solve the “dynamic inconsistency” problem is not
new. Klein [12] considers an environment where a tradeoff between short-run gains from overissue
and long-run losses due to a decrease in the reputation for providing valuable currency disciplines
the behavior of note issuers. In his model, however, this tradeoff is assumed rather than derived.

We then consider the no-commitment case, where the bank may change its behavior at any
point in time. In this case, a policy where the patient bank never overissues is not time-consistent.
Indeed, if the patient bank were never to overissue, its reputation for being patient, and thus
providing valuable currency, would increase over time. Eventually a point would be reached where
all agents in the market are so convinced that the bank they face is patient that any negative
experience in a given period is attributed to bad luck. At this stage, the patient bank would rather
overissue. The cost of doing so, a reduction in future revenue from money issue due to a decrease
in its reputation, is almost zero, while the immediate benefit is substantial.

In light of this negative result, a natural question to ask is what type of equilibria are possible
in the no-commitment case. For instance, is it possible to have a monetary equilibrium where
the patient bank overissues only infrequently, so that when the bank is of this type, the gain of
choosing the market is always positive and does not disappear over time? We show that when the
bank follows a pure strategy, the same logic that rules out the no-overissue equilibrium also rules
out these other equilibria.

The above discussion suggests that private fiat money can be made feasible if a way is found
to keep the “reputational” cost of overissue bounded away from zero. Motivated by this, we
modify the no-commitment case to include a continuous threat to the patient bank’s reputation.
More precisely, we assume that in every period a fraction of the population becomes uninformed.
We show that with this form of imperfect memory, an equilibrium where the patient bank never
overissues is possible; i.e., a policy of no overissue for the patient bank is time-consistent. The
reason is that now a patient bank has always an incentive to look after its reputation: any time it
overissues, the negative impact on its reputation will be non-negligible.

Besides the literature on private money, this work is also related to the literature that looks at
reputation as a separation device.?> The paper in this second literature that is closest to ours is
Mailath and Samuelson [14], who consider an environment where monitoring, like in this article, is
imperfect and private. See also Moav and Neeman [17], who study the interplay between memory
and reputation.

The basic setup is developed in the next section. Equilibrium is defined in Section 3. The

$Mailath and Samuelson [15] discuss how this approach differs from the more standard approach to reputation

pioneered by Kreps, Milgrom, Roberts, and Wilson [13].



full-commitment case is considered in Section 4, while the no-commitment case is considered in
Section 5. The modification of the no-commitment case to include imperfect memory is analyzed
in Section 6. Section 7 concludes and the Appendix collects proofs and technical details that are
omitted from the main text. Throughout the text, if S is metric space, P(S) denotes the set of

Borel probability measures over S.

2 Basic Setup

Time is discrete and indexed by ¢. The economy has one large infinitely lived agent that we call the
bank. Its discount factor § is either zero or 6, > 0. In the first case we say the bank is impatient,
while in the second we say the bank is patient. The value of §, however, is know to the bank only.
The economy is also populated by a large number of small infinitely lived agents that we describe
in the paragraphs that follow. For simplicity, we refer to these small agents as agents only.

The economy starts in ¢ = 1 with a mass one of agents, each with a prior belief fy that the bank
is patient. For each one of these agents the value of 6y is determined by an independent random
draw from a p.d.f. \ such that A\(p) > 0 for all g € (0,1).* Moreover, in every ¢ > 1 each agent
born in the previous period gives birth to another agent, who inherits his parent’s private history.
As we are going to see later on, an agent’s private history determines his belief about the bank’s
type. Hence, this last assumption implies that any agent born after ¢ = 1 starts with the same
belief about § as his parent. An agent in his first period of life is said to be newly born.

All agents have the same discount factor 5 € (0,1). They also have a type that is determined
when they first enter the economy. There are K > 2 of these types, one for each of the K types
of goods that can be produced in the economy. The probability that a newly born agent is of the
type k € {1,..., K} is the same in every period, 1/K. Agents of type k can only consume a type
k good, their so-called preferred good.

Production works as follows. All newly born agents receive a non-perishable endowment and
make a once and for all decision between moving to autarky or entering the market. In autarky, an
agent uses his endowment as an input to a production technology. In each period there are n > 2
such production possibilities, and each good produced yields utility a. In the market, an agent uses
his endowment in the production of indivisible and perishable goods. An agent of type k can only
produce, at a cost ¢ per unit, a good of type k + 1(mod K), his so-called endowment good. Any

agent in the market can hold at most one unit of either goods or money at any point in time.

4 All the results we obtain hold if the agents born in 1 have the same prior belief that the bank is patient and this
prior is sufficiently high. The assumption that the period 1 distribution of priors has full support simplifies the proof
of the main result of Section 5 (Theorem 2) though.



The bank derives utility from the consumption of all K goods, but cannot produce any of them.
It has, however, the technology to print indivisible units of fiat money. These units provide no
direct benefit, but can be offered in exchange for goods. More precisely, each newly born who
enters the market is approached by the bank with a certain probability m, in which case he receives
one unit of fiat money in exchange for one unit of his endowment good. The value of m is restricted
to {mr,mg}, with % <my < mpg < 1, and is determined by the bank in each period. No agent
observes this choice. If p is the measure of newly born agents who enter the market in a given
period, the bank’s flow payoff from choosing m is (u + x)m, where £ is infinitesimal. Hence, it
is myopically optimal for the bank to choose my even when the measure of agents who enter the
market is zero. From now on we say that the bank overissues when it chooses myy.

The market is organized as follows. There are K sectors, each one specialized in the exchange
of one of the K available goods. Agents can identify sectors, but inside each sector they are
randomly and anonymously matched in pairs. Since K > 2, there are no double coincidence of
wants meetings. An agent, however, can trade his endowment good for money and use money to
buy his preferred good. If an agent wants money, he goes to the sector that trades his endowment
good and searches for an agent with money. If he has money, he goes to the sector that trades his
preferred good and searches for an agent who can produce it. When a single coincidence of wants
meeting takes place, the buyer transfers his unit of money to the seller and the latter produces one
unit of his endowment good for the buyer, who consumes it to obtain utility u > ¢.> Any agent in
the market faces n rounds of meetings per period, where n is the same number as above. Agents
don’t discount within a period.

Notice that we take the behavior of the agents and the bank in the market as given. It is
possible, in a natural way, to model the market environment itself as a game involving the agents
and the bank. This game has an equilibrium where the agents always exchange their endowment
for one unit of money if approached by the bank and, as long as their discount factor is close enough
to one, their behavior in the market is as described.

An implicit assumption in the above description of the market is that there is a positive measure
of agents in it at any point in time. Since once in the market an agent cannot leave it, a necessary
and sufficient condition for this is that a positive measure of agents enters the market in period 1.
When the measure of agents in the market is zero, i.e., the market is “empty”, money does not
circulate and the market flow payoff is zero.

Suppose that in period t the choice of m by the bank is m; and the fraction of agents in the

>This market structure is adopted for simplicity. It implies that any single coincidence of wants meeting involves

a buyer with money and a seller without money, so that trade always occurs at such meetings.



market that have (one unit of) money is 7,. If the market is empty in ¢, n, = 0. If the market is not
empty in ¢, 1, depends on m; and on the previous choices of m by the bank. In this section, however,
we treat the sequences {m;} and {7,} as being independent of each other. Notice, though, that if
n, > 0, then it must be that n;, > 0 for all k > t. Moreover, if 1, > 0, then n, € [mr,mg| C [3,1),
since the bank’s choice of m is constrained to {mr,mg}.

Let w;'-’t denote the lifetime expected payoff for an agent in the market in period ¢ with j units
of money right before his ith meeting. Also, let wﬁrl
an agent that has j units of money after the last round of meetings in ¢. Then, if n, > 0,

= Bwjl-,t 41 be the lifetime expected payoff for

w]i.,t = ntwiﬁl + (1 —n)u+ wéﬁl]
‘ A o, 1e{0,...,n+1} (1)
woy = Ut[wzlﬁl —d+(1- Ut)wf)j;l

For the first equation, notice that an agent with money right before his ith meeting in ¢ has
probability 7, of meeting another agent with money, in which case no trade occurs. With probability
1 —n; he meets an agent without money, in which case trade occurs and he obtains utility u. A
similar interpretation holds for the second equation.

Solving (1) recursively, we obtain that if i, > 0, then

wit = 577tw},t+1 +B8(1 - nt)wé,tﬂ + (n =) (1 —n)(u —c) + (1 —ny)u @)

wé t = 577tw},t+1 +B8(1 - nt)wé,tﬂ + (n =) (1 —n)(u —¢) — e

Observe that wit —c— w&t = (1 —ny)(u —¢) > 0 in this case. Hence, a newly born agent who
enters the market is always willing to accept one unit of money from the bank in exchange for his
endowment good if he knows the market is not empty.
Rewrite (2) as wy = BB(n,)wi4+1 + b(n,) for all ¢ € N such that 7, > 0, where
Bln)= n l-n e wi and b{r)= (n—1)n(l —n)(u——c)+ (1 —nu @
n 1—n wp (n—n(1 —n)(u—c) —ne
Solving this last system of equations recursively, we obtain that if the market is not empty in t,
then -
wy = b(ny) + ZﬁTB(Ut) By 1)b(i4 1) (4)
r=1
If, on the other hand, the market is empty in ¢, then w; = Biwz, where ¢ is the first period when
the market is not empty and ¢t = +o0 if the market is always empty.
Let v; be the lifetime expected reward from entering the market in period ¢ and a(m) be the

2 x 1 row vector (m 1 —m). Then,

v = mt(w]];t —c)+(1— mt)w(]it = a(my)wy — myec. (5)
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We denote the dependence of wj},, wt, and v; on the sequence {7, j_1}72, by writing wj, =
w}  ({Nyr—1}) we = we{ni5-1}), and vy = v ({44 —1}). In the particular case where the market
is not empty in some period ¢t and 0, = my =n € {mp,my} for all k > ¢, so that v = v; for k > ¢,
we write v; = v(n).

Notice that if 7, > 0, then witﬂ - w(%’t“ = (I — n4q)(w —¢) + ¢, since 0, ; > 0 as well.

Therefore,
dvt/dn, = B(M%,ﬂrl - w(%,tJrl) +(n—=1)(1 =2n,)(u—c) —c—m(u—c)
< [ =mt =neq) + (n =11 = 2n,)}(u—¢) <0
when the market is not empty in period ¢. Consequently, when 7, > 0, v; is a strictly decreasing
function of n;, for k£ > t.
Consider now the particular case where m; = 1, = m for all ¢ € N and denote by w;(m) the

lifetime expected utility from entering the market with j units of money. Since B(n)? = B(n), it is
straightforward to see from (4) that

wi(m) = (1—=8)"tnm(l—m)(u—c)+ (1 —m)u—m(l—m)(u—-c)

wo(m) = (1—78)"tnm(l —m)(u—-c)—mec—m(l —m)(u—-c)

Ynm(1 — m)(u — ¢) — mec is the lifetime expected payoff from

Hence, in this case, v(m) = (1 — 5)~
choosing the market in any given period. Let v4 = (1 — 3)"'na denote the lifetime expected payoff

from choosing autarky.
Assumption 1. v(mpg) < va < v(mp).

Observe that the impatient bank, being myopic, will always choose m g, whether it can commit
to its period one choice of m or not. Also observe that if a positive measure of agents enters the
market in period 1 and the bank’s choice of money supply is the same in every period, then 7, is
equal to this choice of m for all t. Consequently, Assumption 1 implies that if a positive measure
of agents enters the market in the first period, then: (i) the market is always worse than autarky
when the bank is impatient; (ii) the market is always better than autarky when the bank is patient
and chooses my, in every period.

To finish, notice that Assumption 1 also implies that there exists 8* € (0,1) depending on [
and n such that 6*v(mpg) + (1 — 0*)v(mpg) = v4. Since the p.d.f. A has full support, a positive
measure of agents born in period 1 have beliefs in [#*, 1]. If this were not the case, no agents would
ever want to enter the market. Indeed, we know from above that v; is a strictly increasing function
of n;, for £ >t when 7, > 0. Hence, since the market flow payoff is zero when the market is empty,

the highest payoff a newly born agent can obtain if he chooses the market is v(mp).



3 Equilibrium

Let H; denote the set of possible period ¢ histories for the bank. By definition, H; = {0}. Implicit
in the description of the bank’s flow payoff given in the previous section is the assumption that
in each period it can observe the measure of newly born agents who enter the market. Besides
its previous choices of m, this is the only information available to the bank at any given point in
time. Hence, H; = ([0,1] x {mp,my})"! for t > 1. A strategy for the bank is then a sequence
M = {M,} of contingent plans, where M; maps {0,6,} x H; into P({mr, mu}).

When making his market/autarky decision, the only piece of information a newly born agent
has is the private history he inherits from his parent. Let H;, with arbitrary element h!, denote the
set of all possible histories for an agent born in ¢. By assumption, H; = [0, 1], the set of possible
prior beliefs that the bank is patient. We describe H; for ¢ > 1 in the next two paragraphs. A
strategy (decision rule) for an agent born in ¢ is then a (Borel measurable) function d; : H; — [0, 1],
where d;(h?) is the probability that he chooses the market given a private history h’.

Notice that an agent’s history in his first period of life is his decision together with his subsequent
experience in this period. If he chooses autarky, he observes nothing (0). If, instead, he goes to
the market, his experience consists of: (i) how many units of money, 0 or 1, he receives from the
bank; (ii) the money holdings of his partners and the terms of trade in all his market meetings, if
the market is not empty. Define a family to be the collection of all agents whose genealogy can be
traced back to a particular agent born in £ = 1. Then, the history an agent born in ¢ > 1 inherits
is the collection of first period histories of the generation k members of his family, where k <t — 1.

Now observe that since money and goods are indivisible and there is a unit bound on money
holdings, trade is always one-to-one when it occurs. Hence, if a newly born agent chooses the
market, and the market is not empty, the number j € {0,...,n} of market meetings where his
partner carries one unit of money summarizes the information about the bank’s type that this
agent gathers in his first period of life. Let IT = {A4,0} U {M,{0,1} x {e,0,...,n}}, where A
denotes the event that autarky is chosen, M denotes the event that the market is chosen, and e
denotes the event that the market is empty. We can then conclude that H; = [0,1] x II*~! for ¢ > 1.
In what follows, we denote an arbitrary element of II by 7 = (d,w).

Identify the set of families with the unit interval and let A; denote the set of (Borel measurable)
functions from H; into [0,1]. A strategy profile for the agents is an equivalence class of sequences
7 = {7}, where 7¢ maps [0, 1] into A; and two sequences 71 = {71} and 79 = {T2+} are considered
to be the same if for all ¢ € N the functions 71, and 72 differ on a set of measure zero in [0, 1]. We

interpret 74(i) € A as the strategy of the generation ¢ member of the family labeled by i € [0, 1].



Suppose the bank uses a strategy M = {M,;} such that M(5,) = {M(dp, - )} is pure and let
T = {1} be a strategy profile for the agents. Since there is no aggregate uncertainty, the measure
v, of agents who enter the market in period 1 is deterministic. It is also independent of the bank’s
type. Because the impatient bank always chooses my, the bank’s choice of m in period 1, myq, is
also deterministic. This choice of m together with 71 induces a probability measure Ay over Ho
such that \y(D) is the fraction of agents born in ¢ = 2 with private histories in (the Borel set)
D C H,.

Now observe that the pair (v, m1) completely determines the bank’s choice of m in period 2,
my. If the bank is impatient, mo = my. If, on the other hand, the bank is patient, my = M (v, m1).
Also notice, once more because there is no aggregate uncertainty, that the pair (Ag, 72) completely
determines the measure v, of agents who enter the market in ¢ = 2. Unlike v;, the measure v,
potentially depends on the bank’s type. To finish, observe that ms together with As determine a
probability measure A3 over Hs such that A3(D) is the fraction of agents born in ¢ = 3 that have
private histories in D C Hj.

Continuing with this process, we obtain sequences {m;(M,7,d)} and {~,(M,7,6)} such that if
d is the bank’s discount factor, then my;(M,7,0) is the bank’s choice of m in ¢ and v,(M,T,d) is
the fraction of agents born in ¢ who enter the market. Notice that my(M,7,0) = mpy. We also
obtain a sequence {\¢(M,7,0)}, with \y(M,7,0) € P(H¢), such that: (i) \i(M,7,0) = A1, the
probability measure over H; induced by the p.d.f. X; (ii) \(M,7,9)(D) = \(D|M,T,0) is the
fraction of agents born in ¢ with private histories in D C H; as a function of the bank’s type. The
important point is that if the patient bank uses a pure strategy, then both its behavior over time
and the aggregate behavior of the agents over time are deterministic. This plays a fundamental
role in Section 5.

Let m; be the choice of m in ¢ and p, be the measure of agents who enter the market in ¢ when
the bank is patient. Notice the change of notation. Let vy be the measure of agents who enter
the market in the same period when the bank is impatient. Notice that if the bank is impatient,
the fraction of agents in the market that have money is either zero, when the market is empty, or
myr. When the bank is patient, however, this fraction, that we denote by «;, can change over time
even when the market is not empty. Moreover, if t > 1, oy depends on p; to p,. Indeed, oy = 0 if
Zi:l pir = 0 and

oy = Zf—:tl KM (6)

D et My
if 23:1 i, > 0. Also notice that it is possible that there are periods when the market is empty
if the bank is of one of type, but not of the other. As a consequence, the belief an agent born in

t has that the bank is patient depends not only on his private history h! € H;, but also on the
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sequences {1}, {v¢}, and {m;}. Denote this belief by 0(h%; {u,},{vi},{m:}). When there is no
risk of confusion, we omit its dependence on the sequences {x,}, {v:}, and {m;}.
Let Q = {0,1} x {e,0,...,n} and define X;(0;{u;}, {ve}, {ms}) to be the random variable on
2 such that if ¢ € {0,1} and j € {0,...,n}, then:
mi (1 —mg)' ™ if 3L v, =0

Pr{X:(0; {s; }, {vi}, {mu}) = (i,e)} = ;

0 otherwise

mid (1 —my)y™ =) if ST w >0

Pr{X:(0; {s; }, {v1}, {mu}) = (3,5)} = ;

0 otherwise

mi(l—m)' =0 if S, =0
Pr{X, (6y; {steh, {veh {me}) = (i)} = SO

0 otherwise

i1 _ 1—i,J(1 _ n—j t
Pe(X,(ly: G (oo fm) = gy = 4 T et 20
0 otherwise
Observe that mi(1 —m;)'~% is the probability an agent has of receiving ¢ units of money from the
patient bank if he enters the market in ¢, and that if oy > 0, ozi(l — o)™/ is the probability he
has of meeting j agents with one unit of money in the market in the same period. When the bank
is impatient, these probabilities are m’; (1 — my)'~" and m]ﬁ(l — mpy)" 7, respectively. As with
6(h'), we omit the dependence of X; on {u,}, {v:}, and {m;} when there is no chance of confusion.
The belief #(h!) can then be computed in the following inductive way. In the first period,
6(h') = hl, the prior belief that the bank is patient. Now fix ¢t > 1 and assume that §(h?) is defined
for all h* € H;. Moreover, let hit! = (h!, ), with 7 = (d,w) € II, be an element of Hy 1. If d = A,

then O(ht,m) = 0(h'). If d = M, so that w € €, then

L 0(h!)Pr{X;(6p) = w}
O T) = G Pr{X1(0,) = w} + (1 — 60A))Pr{X(0) = ] "

when the denominator is positive. When the denominator is zero, set 8(h', ) = 0(ht).

It is clear that in order to define an equilibrium where the patient bank uses a pure strategy, we
have to take into account that: (i) the agents need the sequences {y,}, {v:}, and {m;} to compute
the expected payoff from choosing the market, since this payoff depends on the belief that the bank
is patient; (ii) the sequences {u,}, {v+}, and {m;} depend on the aggregate behavior of the agents

11



(together with the bank’s behavior). Hence, the requirement that correct expectations about {u,},
{v+}, and {m;} are held needs to be included in such a definition. We do not require the patient
bank’s behavior to be sequentially rational, though. This is not an issue in the full commitment
case and it emphasizes that the negative results we obtain in Section 5 are not a consequence of
requiring subgame perfection. In Section 6, where we show that positive results are possible if

memory is imperfect, we do require sequential rationality, though.

Definition 1. Let M be a strategy for the bank such that M(d,) is pure and 7 be a strategy
profile for the agents. Let © : |J;2, H: — [0,1] be a belief updating rule for the agents, i.e.,
O(h!) is the belief an agent born in ¢ with history h' has that the bank is patient. The list
o= (M,7,0,{u}, {ve},{m:}) is a (deterministic) equilibrium if :

(a) The impatient bank always chooses mp, i.e., My(0, - ) = mpy for all t € N;
(b) ©(h) = (ks (s}, i}, {ime)) for all h € U2, Hy

(c) Agents hold correct expectations about {m},{y,}, and {v.}; that is, my = my(M,7,6,),
py =7 (M,7,6,), and vy = v,(M,7,0) for all t € N;

(d) The patient bank behaves optimally, i.e.,

{m(6,)} € argmax {(1 —dp) Zdﬁflut(dp)mt {my} € {mL,mH}oo} ;

t=1
(e) The decision rules of almost all agents are optimal given the belief updating rule ©.

Suppose o is an equilibrium and let Nj(o) = {t : u, > 0, > 0} be the set of periods where,
regardless of the bank’s type, a positive measure of agents enters the market in this equilibrium.
Lemma 1 implies that (Ny(0))¢ = No(o) = {t : p = v+ = 0}. One consequence of this result is that

the market is never completely informative about the bank’s type in any equilibrium.

Lemma 1. Suppose (M, 7,0, {u:},{vi},{mi}) is an equilibrium. Then, for allt € N, p, = 0 if,
and only if, vy = 0.

Proof: Let ¢t = inf{t € N: y, > 0 or vy > 0}, where the infimum of an empty set is taken to be
plus infinity. If £ = +o00, we are done. Suppose then that ¢ < +oo. First observe that both p,
and v; must be positive. Indeed, since u, = vy = 0 for t < t, \y(D|M,7,6) > 0 if, and only if,
D CH,=[0,1] x {A,0,A,0,...,A,0}. Moreover, if D C HJ, then

\(DIM, ,0) :/ M8o)d8o = \(D|M, 7,5,).
6oeD
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Hence, 11, = v, and so both must be positive by the definition of ¢. Consequently, for all ¢ > ¢,
the measure of agents in the market is greater than zero regardless of the bank’s type. Because
mpr,mg € (0,1), we then have that when ¢t > ¢, any event in Hy happens with positive probability
when the bank is patient if, and only if, it happens with positive probability when the bank is
impatient. In particular, the set of all private histories that lead an agent born in ¢ > ¢ to enter the
market has positive probability when the bank is patient if, and only if, it has positive probability

when the bank is impatient. O

If o is an equilibrium such that Ny (o) is empty, we say o is non-monetary. Such an equilibrium
exists. In fact, let 7" = {r}'}, M" = {M}'}, and ©" : | J;2, H; — [0,1] be such that: (i) 77(:) = A
for all i € [0,1] and t € N; (ii) M} = my for all t € N; and (iii) ©"(h) = k! for all private
histories h. Then, (M", 7", O" {u},{vi}, {ms}), with u, = vy = 0 and my = my for all t € N, is
an equilibrium.

When the patient bank uses a mixed strategy, the evolutions of both m; and pu, are no longer
necessarily deterministic. Instead, they can follow a stochastic process. If this is the case, the belief
a newly born agent has about the bank’s type is not enough to determine his lifetime expected
payoff from choosing the market. He also needs a (history dependent) conjecture about how m; and
1 are going to behave over time starting with his period of birth. This means that the equilibrium
concept introduced above needs to be modified if one wants to consider this more general case.
One exception is when the bank’s behavior fails to be deterministic only off the equilibrium path,

in which case the definition given above is appropriate.

4 The Full Commitment Case

In this section we assume that the bank can commit to its period 1 choice of m, that is, once it
chooses the value of m in the first period, it cannot change it afterwards. This is equivalent to
using the equilibrium notion introduced in the previous section, but reducing the set of strategies
of the bank to {MEE MEH MHL MHH)Y where MM = {M}'}, with k,l € {L, H}, is such that

Mfl(d,-)z my if 6=0
my if §=4,

We show that when d,, is close enough to 1, an equilibrium where the bank chooses M HL and money
circulates exists. Moreover, the sequence {1, } is bounded away from zero in this equilibrium, which
implies that the subset of the population that transacts with money when the bank is patient does

not die out over time.
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For this, let ©* be such that: (i) ©*(h!) = h! for all ! € Hy; (i) If Kt = (h!,d,w), then
O*(ht*t!) = ©*(ht) when d = A or d = M and w € {0,1} U {e}, and
O (h)ym/H (1 — my )1
& (Hym?? (1~ gy 14 + (1 O (B (1 — gy i3

@*(htJrl) — (8)
when d = M and w = (4,5) = {0,1} x {0,...,n}. Recall that e denotes the event that the market
is empty. Moreover, let 6*(/3,n) be the value of # such that Ov(my)+ (1 —60)v(mpy) = va and define
7* = {77} to be such that 7;(-) = d}, where

@wwz{Mif@wwzm@m

A if ©*(ht) < 0" ©)
i (k) < 6*(8,n)

To finish, let uj = v, (MHE 7%.6,), vi = v, (MHE 7%0), and m} = my. Notice that u} = v} > 0.

Theorem 1. There exits § € (0,1) such that if 6, > §, then o* = (ML 7% ©* {ur}, {vi}, {m;})

is an equilibrium. Moreover, the sequence {uf} is bounded away from zero.

The following fact is useful in the proof of Theorem 1. If {z;} is a convergent sequence in the

real line with limit x,,, then

lim (1 — ) ZcSt_lxt = Zoo- (10)

6—1

Proof of Theorem 1: Suppose the bank follows MHL. Since under 7* a positive measure
of agents enters the market in period 1, the fraction of agents in the market with money is
constant over time: equal to mjy when the bank is patient and equal to my when the bank
is impatient. Hence, ©*(h') = O(h%;{u;},{vi},{m;}). Moreover, expectations are satisfied by
construction. Because v(myp) is the lifetime expected payoff from entering the market when the
bank is patient and v(mg) is the same payoff when the bank is impatient, df is, for all t € N,
an optimal decision rule for an agent born in this period. Therefore, we only need to show
that my, is indeed the optimal choice of m by the patient bank in order to establish that o*

an equilibrium. For this, notice that vi | 0 and there exists p > 0 such that py | p > 0 by
[2, Proposition 2].% Since (1—6,) Y52, 65! (115 + k)my is the patient bank’s payoff when it chooses
my, and (1 —8,) Y52, 051 (vf + k)my is its payoff when it chooses my, the desired result is a

t=1"p
consequence of (10). Recall our assumption that s is infinitesimal. O

5The setting in [2] is slightly different from the setting considered in this article. Tt is straightforward to adapt

the proof of their Proposition 2 to our environment.
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5 The No Commitment Case

By restricting the bank to make a once and for all decision on the value of m in period 1, we rule
out any considerations about the time-consistency of its behavior. In this section we investigate
what happens when the bank can change its decision of m at the beginning of every period, but

this decision is still its private information. The main result we obtain is the following.

Theorem 2. Suppose 0 = (M, 7,0, {p},{ve}, {mu}) is an equilibrium. Then either Ny(o) = 0,
.e., 0 1S non-monetary, or

lim sup Ut({atJrk‘fl }) =vA.
t—o0

Two results are needed before we can prove Theorem 2.
Lemma 2. Leto = (M, 7,0, {u,}, {vi}, {mi}) be an equilibrium. Then my = my for allt € No(o).

Proof: Suppose t € Ny(o). Notice that the patient bank’s flow payoff in this period is rmy.
Moreover, its choice of m in t does not affect future payoffs. Indeed, since the measure of agents
who enter the market in ¢ is zero, the behavior of the patient bank in this period does not affect the
distribution of private histories across the agents in future periods. Hence, a profitable deviation

for the patient bank is possible if m; = mp. O

Lemma 3. Suppose 0 = (M, 7,0, {1}, {vi}, {m:}) is an equilibrium. Then, either Ni(c) =0 or
Ni(o) is infinite.

Proof: Suppose Nj (o) is non-empty, but finite; i.e., suppose there is ¢ € N such that both p; and
vy are positive, but p, = vy = 0 for t > €. Recall that w}, = wj ,({ey4r-1}) is the lifetime expected
reward from entering the market in period ¢ with 4 units of money when the bank is patient. Hence,

if an agent born in ¢ > ¢ with belief # enters the market, his lifetime expect payoff is
Vi(6) = [mu(wiy — c) + (1 = my)wg] + (1 = O)v(mp). (11)

Now observe that: (a) oy = a5 for all ¢t > ¢; (b) mz = mp, otherwise the patient bank would have
a profitable deviation; (c) the measure of agents born in ¢ with belief in W5 = {6 : V5(0) > va} is

positive regardless of the bank’s type. These facts imply that: (d) V5, ,(0) = V4(0) for all § € [0, 1];

1_
i,t+1

by (11) and (b). To see why (e) is also true, notice that if oy = my, then (a) and (b) imply

and (e) ag > mpy. Indeed, w = wilﬂ—f by (a) and m;z,; = my by Lemma 2, so that (d) holds

that V4(0) = v(mpy) < va, in which case W5 is empty. A consequence of (e) is that the market
is informative about the bank’s type in period t. Therefore, there is a positive probability that

any agent who enters the market in ¢ ends this period with a strictly higher belief about the bank.
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Since (e) also implies that V4 is strictly increasing in 6, the measure of agents who are born in ¢+ 1
with belief in {6 : V5, () > va} is positive when the bank is patient by (c) and (d). This, however,

implies that p7,; > 0, a contradiction. O

For each equilibrium o define By(o,d) to be the probability measure over [0, 1] such that
Bi(0,0)(D) = By(D|o,6) = \i({h' € H; : 0(h') € D}|9). (12)

By definition, if o is the equilibrium under play, then By(D|o,d) is the measure of agents born in ¢
with belief in D when the bank’s discount factor is §. Notice that Bi(D|o, -) = /)\\1(D), the measure
of agents born in 1 with a belief in D. Since Xl has full support, the same is true of B(o,¢) for
t>1.

Proof of Theorem 2: Suppose Ny (o) is infinite and denote v ({a4r—1}) by v;. First notice that
limsupv; > v4, otherwise there exists ¢ € N such that v, < vq for t > ¢, in which case Ny(o)
would be finite. Suppose then that limsupv; > v4. We want to show that a profitable deviation is
possible for the patient bank.

Step 1: Since By([#,1]]o,d) > 0 for all ¢t € N and 6 € [0,1), it must be that v; < vy for all
t € No(0). Therefore, there exists v > v4 such that N = {t € Ni(0) : v; > v} is infinite. Assume,
without loss, that Ny = Nj(c) and let § € (0,1) be such that 6v/2 + (1 — §)v(mpg) = 0. Then, any
agent born in ¢ € Ni(o) with belief in [0, 1] enters the market. As a consequence, at least one of
the two subsequences {i; }en, (o) and {V¢}ien, (o) is bounded away from zero. This follows from a

straightforward modification of the proof of Theorem 5.1 in [4].

Step 2: We now show that {a;} cannot converge to mp. Suppose not. Since a(m)B(n) = a(n) for
all m,n € (0,1), vy = a(my)b(my) — mee + 352, Bfa(oys1)b(cssr). Therefore,

|(vr = a(me)b(mu) +mic) = (v(mu) — almu)b(mu) +mpc)| <

> BMlalarsn)b(arr) — a(mp)b(mp)| < (1—-8)7" sup |a(vek)b(ve k) — a(mp)b(my)|,

k=0 k>

and so vy — a(my)b(mgr) + myc converges to v(mp) — a(mg)b(mp) + myc as t — oo. Since
a(mg)b(my) — mge — [a(my)b(mpy) — myc] = (myg —my)(1 —mpy)(u—c) >0,

we can then conclude that there exists ¢ € N such that vy < v(mpy) < vy for t > t, a contradiction.

Consequently, there exist m € [my, my) and a subsequence {ay, } of {ay} such that ay; — m. Let

k(t) = max{t' <t:t € Ny(o)}. Since, by construction, ay = s for all t € N, ags;) — m as well.

Assume, without loss, that

{at}teNl(a) — m. (13)
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Step 3: We now show that (13) implies that {u; }en, (o) is bounded away from zero. Suppose not.
Then, {v}ten, (o) must be bounded away from zero by Step 1. For each family i € [0, 1] let n,(é) be
the number of members of this family that enter the market up to period t—1. By assumption, there
is a positive mass of families for which n() T oo when the bank is impatient, otherwise {vt};en;, ()
converges to zero. Denote this set of families by §. Now let 6;(7) be the belief of the member of ¢
that is born in ¢ and suppose that all members of ¢ who enter the market do not use their initial
money holdings — whether they receive money from the bank upon entering the market — to update
beliefs. If i € §, then (13) together with the Kolmogorov’s Strong Law of Large Numbers implies
that {6:(7)} converges to zero almost surely. Therefore, by [1, Lemma 1], {6;(7)} converges to zero
almost surely even when the members of ¢ who enter the market use their initial money holdings to
update beliefs. However, we know that it is optimal to choose autarky if 6;(i) < 6*(5,n). Hence,

§ cannot have a positive mass, a contradiction. Let p > 0 be a lower bound for {1 }sen, (+)-

Step 4: Let Ny(o,my) = {t € Ny(0) : my = my}, with k € {L, H}, and suppose that Ny (o, mp) is

finite. Because {11 }ien, (o) is bounded away from zero, im¢ oo 3 pen, (o)ng1,...43 M = +00. Hence,

ZkeNl(a,mL)ﬁ{l,...,t} 27 ZkeNl(a,mH)ﬁ{l,...,t} M

Q muyg — My,
Zkel\h(a)ﬂ{l,...,t} 273 Zkel\h (o)N{1,...,t} Mk
At 1_At

since Ay converges to zero. This, however, contradicts (13). Consequently, Ny (o, my) is infinite.

Step 5: Let N be the one point compactification of NU{oo} and denote the set of all signed measures
over N that have bounded variation by ba(N). We take ba(N) to be endowed with the bounded
variation norm. Moreover, let x;(7) be the (Borel) probability measure on N such that x,(i)({n})
is the probability that n.(i) = n. It is easy to see that for each family ¢, x,(7) converges in norm to
Xoo(?), where x . (7)({n}) is the probability that n members of i enter the market. Therefore, by
Egoroff’s theorem, for all € > 0 there exists a set §e of families such that y,(7) converges uniformly
t0 X () for all ¢ € §e and the measure of F. is at least 1 — e. We can then assume, without loss,
that x;(¢) converges uniformly to y.(i) on a set of measure 1. Denote this set of families by §
From now on, we take the bank to be patient.

Observe that there exist K € N such that Y%, &) < p(mg —mg)/2and 0 <e < 1— 6 such
that if an agent is born with belief in [1 — ¢, 1], then the next K generations of his family always
enter the market as long as their date of birth lies in Nj(o). Just choose € close enough to zero so
that if ©(h) > 1 — € and (h,h’) denotes the history with initial segment h and final segment 5/,
then ©((h,h')) > 1 — e for all B’ € I, Also observe that if n;(i) T oo, then {6;(7)}; converges to
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one almost surely. This follows from [1, Lemma 1] and (13). Consequently, there exists N such
that if ns(¢) > IV, then the probability that 0;(i) > 1 — € is greater than 1 — p(1—6,)(mg —mr)/2,
as almost sure convergence implies convergence in measure.

Now let ¢; be such that #(Ny(o)N{1,...,t1}) = N+1, where #(A) is the number of elements in
a set A. We know that for all € > 0 there exists to such that if t > to, then |x;(7)(A) — xoo (1) (A)] < €
forall Ae A={{1},{2},...,{N},{N+1,...,00}} = Aand i € F. We can then assume, without
loss, that there exists 2 such that if ¢ > ¢, then x,(1)(A) = xo(i)(A) for all A € A and i € F.
This implies that if ¢ > ¢ = max{t1,t2}, then for all i € § either: (i) n4(4) is constant, so that no
members of i enter the market after ¢; or (ii) n;(i) > N + 1. In other words, if t € Ny(o) N {Z,...},
then almost all agents who enter the market in ¢ have at least N + 1 previous members of his family
who have entered the market.

To finish, consider a period t € Ny(o,my) such that ¢ >t and ignore &, since it is infinitesimal.

The (patient) bank’s lifetime payoff from sticking to its prescribed strategy is

[e.9]

k
Z Op My k Mk + 1ML
k=1

If, instead, it does a one-shot deviation, its lifetime payoff is at least

K

1
s+ (1= 301 = 8, =) ) Y- 0y
k=1

Hence, the patient bank’s payoff gain from a one-shot deviation at ¢ is no less than

K o)
1
p(mu —me) = Sp(l = 0p)(my —my) > Ofp ek — > Op Mtk
k=1 k=K+1
1 K o)
2 pmy —my) = 5l = 8p)(mm —mz) ok > 6
k=1 k=K+1
> p(myg —mg) — p(my —mg) > 0,
since p;my < 1 for all t € N. We have the desired result. (]

A straightforward consequence of Theorem 2 is that the patient bank overissues infinitely many

times in any monetary equilibrium.”

Corollary 1. Suppose o is a monetary equilibrium. Then Ni(o,mg) is infinite.

"Theorem 2 is a characterization result. We have not been able to establish the existence of a monetary equilibrium
so far, but we believe that one where {¢t € N: m; = mz} = {1,...,T}, with T" > 2, exists. The main difficulty is

with the condition that expectations must be correct.
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Proof: Suppose not. Then, there exists typ € N and « € [mp, mp) such that {ay4¢—1} converges
from below to . If Ny(o,mp) is empty, so that tgp = 1, then oy = my, and so vi({as1x_1}) =

v(mr) > va, a contradiction. Hence, it must be that {c4i4,—1} is non-constant. Let

o0
v(a,mp) = a(mp)b(m) —mpe+ Y BFa(a)b(my).
k=1
By assumption, if ¢ > tg, then vy ({oyr—1}) is non-constant and converges to v(a, my,) from below.
Since it must be that v; > vy for all ¢ € Nj(o), we can then conclude that v(a,mp) > va, a

contradiction as well. O

6 Imperfect Memory

The analysis so far suggests that in order to have an equilibrium where the patient bank never
overissues there must be something that prevents its reputation from increasing too much when it
always chooses my. Putting it differently, we need a mechanism that provides the patient bank
with the incentive to always invest in its reputation by never choosing mpy. With this in mind
we modify our environment by assuming that for any ¢ > 2 there is a probability A > 0 that a
newly born agent does not inherit his parent’s private history. Instead, this agent’s market/autarky
decision is based on his prior belief that the bank is patient. For simplicity, we assume that all
agents who fail to inherit their parent’s histories have the same prior 6y. Nothing would change if
this prior were to be determined by an independent random draw from the p.d.f. A. In this way,
regardless of what the patient bank does, there is always a positive measure of newly born agents
for whom its reputation is not high.

The equilibrium notion we use is the one introduced in Section 3 with the added requirement
that the bank has now to behave in a sequentially rational way; i.e., it must behave optimally after
every history. We also have to change the definition of H; for ¢ > 1 to incorporate the fact that
memory is imperfect. Now, when ¢t > 1, Hy = ([0,1] x II*"1) U {N}, where N denotes the event
that no private history is inherited.

Let ©** : |J;2, Ht — [0,1] be such that

0% (h) = 6o ifh=N (14)
B ©*(h) otherwise

where ©* is the belief updating rule of Section 4, and define 7** = {77*} to be such that 7**(-) = df,
where df is given by (9) with ©** in the place of ©*. Now let {u;*(n)}, {v;*(n)}, and {m;*} be
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such that p;*(n) = v, (MHE 7 6,), vi*(n) = y,(MHL 7% 0), and m}* = mp, where MHL is the
strategy profile for the bank defined in Section 4 and we make the dependence of pf* and v{* on n
explicit. To finish, let o and & be such that

a="H"ML 4 f=—_—_ ¥
 omyg T 1=\ +a)

and assume that 6y > 6%(f8) = max,>260%(3,n), where we recall that 6*(3,n) is the value of 6 for
which Gv(mp) 4+ (1 — 0)v(mpg) = va. It is easy to see that 6%(8) = 0*(53,2).

Theorem 3. Let o** = (ML 7 @ {1}, {vi*}, {mi*}). Suppose a < 1/2, X € (a,1/2), and
dp > 0. Then, there exists n(a) € N such that o** is an equilibrium if n > n(«).

Observe that § < 1/2(1—\) since a < A, and so d < 1 when A < 1/2. That « cannot be too big
is expected, as it is the relative one-period gain when a patient bank deviates and chooses m = mp.
The bounds on A are also intuitive. The probability that private histories are transmitted cannot
be too large, otherwise the incentives for the patient bank to maintain a good reputation are not
enough to prevent it from choosing my. This probability cannot be too small as well, for in this
case the patient bank cannot benefit from a good reputation, as it disappears too quickly. Finally,
notice that the assumption on 6y implies that under 7** any newly born agent who fails to inherit

a private history chooses the market.

Proof of Theorem 3: Notice, from the proof of Theorem 1 in Section 4, that for all n > 2,
(i) ©**(ht) = O(ht; {pr*}, {vi*}, {m;*}), (ii) expectations are (trivially) satisfied, and (iii) agents
are behaving optimally given the bank’s behavior and the behavior of the other agents. Hence, we
just need to check that no one-shot deviation pays for the patient bank if n is sufficiently high. As
in the proof of Theorem 2, we ignore k since it is infinitesimal.

Fix a period k£ and suppose the bank is patient. Given any history h € Hy for the bank, we
can compute the distribution of beliefs across the agents born in k£ induced by h. Denote this
distribution by Ag(h) and let Ag(#) be the bank’s gain from a one-shot deviation in k if all agents
born in this period have the same belief §. The bank’s gain from a one-shot deviation in k, as a

function of h, is then given by
Bulh) = [ M) oln)
Given our imperfect memory assumption, we know that for each h € Hj, there exist a distribution
Ak(h) such that
Aulh) = (1) [ AL(O)IAL(OI) + AA(00).
Consider an agent born in k with belief 6. For each t > 1, denote by &, (m,6) the probability
that the generation k4t member of this agent’s family enters the market in k+t if the patient bank
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chooses m € {mr,mg} in k and my, from k + 1 on, and private histories are always transmitted
from one generation to the next. Now let ¢; ;(m,6) be the same probability when private histories
can fail to be transmitted. Then,

t—1
¢t,k(m7 0) - (1 - )‘)tgt,k(mv 9) + Z)‘(l - )‘)Tgr,k+(t71)77(mlz7 ‘90) + A (15)

=1
Indeed, with probability (1 — X)! private histories are always passed from one generation to the
next, while with probability A(1 — A)7 the last period before k + ¢ where private histories are not
passed from one generation to the following is k + (¢ — 1) — 7, with 7 € {0, ..., ¢t — 1}.
Observe £, . is independent of k, since all newly born agents follow the same cutoff belief strategy
and the market environment is stationary. Therefore, the same is true for the probabilities ¢, .

Because of this, we omit k from both &, ;, and ¢, ;, in what follows. Let ¢ be the indicator function
of [#*,1]. Then, for all k € N,

AR(0) = (mg —mp)C(0) +mr Y 8 [d,(mm,0) — ¢y(mz,0)]
t=1

= (mu —mr)C(0) +mp Y (1= N [&(mau, 0) — &(mr, 0)],
t=1

where the second equality follows from (15). Now observe that for each t € N, &,(mp,0) > &,(my, 6)
for all 6 € [0,1) and &, (mr,1) = & (mp,1). Hence, Ag(0) < Ag(1) for all k € N and 6 € [0,1), and
so, for each k € N,
Ar(R) < (1= NAK(L) + AA(0)) (16)
A
for all h € Hy. It is then enough to show that the right-hand side of (16) is negative for all k € N

when n is sufficiently large.

In the Appendix we prove that &, (mr,60) — & (mm,00) < & 1(mr,00) — &1 (mm, 0o) for all

t € N; that is, the loss to the patient bank from a worse reputation increases over time. Hence,

Ap = A [(mH —mr)+mg ifﬁ;(l — N)'[&(mm, 00) — E(mr, 00)] | + (1 = A)(my —my)
=1
51— )

< __p T
= mLLX T 0,1 V)

Afl} = mp¥(p, A, ).

where A&y = &;(myr,00) — & (mmu, 0p). To finish, notice that ¥ is strictly increasing in 6, and that
U0, N\ a) = a[l — A& ]. Because lim,, o, A{; = 1 by the Strong Law of Large numbers, we can
then conclude that there exists n(a) such that Ay < 0 for all k € N when n > n(a) and 6, > 9. O
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7 Conclusion

This work contributes to the literature on endogenous money. It addresses the feasibility of fiat
money when its supply is determined by a single self-interested agent (the bank). This is done
in an environment where trade is decentralized and agents are anonymous and have heterogenous
preferences, so that money is essential. We depart from previous work by assuming that: (i) there
is uncertainty about the bank’s preferences, so that there is a role for reputation; (ii) there is no
technology that allows the bank to be publicly monitored, so that information is decentralized and
its flow is constrained by the same technology that hinders trade. The main feature of our model
is that the bank faces a trade-off between short-run gains from overissue and long-run losses due
to a decrease in its reputation for providing valuable currency.

We show that if the patient bank can commit to a choice of money supply, then a monetary
equilibrium where it does not overissue exists as long as it is sufficiently patient. This equilibrium,
however, is not time-consistent when the patient bank cannot commit to a plan of action. In fact,
we show that in the absence of such commitment, the only monetary equilibria possible have the
patient bank destroying the value of money over time through repeated overissue. The reason
for this negative result is that if the patient bank behaves in a way to distinguish itself from the
impatient bank long enough, its reputation eventually becomes insensitive to its choice of money
supply. At this point, the patient bank has an incentive to overissue, since this has a marginal
impact on its future revenue from money issue. Agents anticipate this, and as a consequence any
monetary equilibrium where the patient bank does not drive the value of money to zero breaks
down. To summarize, the failure of reputation to discipline the behavior of the patient bank is
because it works too well.

Following this insight, we show that if memory is imperfect, the patient bank’s incentive to
maintain a good reputation never disappears, and so a monetary equilibrium with no overissue is
possible. The shortcoming of this approach is that even though reasonable, it is somewhat ad-
hoc. An interesting question is whether there are other mechanisms that can discipline the bank’s
behavior and preclude overissue. In this regard, we believe that there are two possible directions for
study. First, it may be that inconvertibility is at the root of the overissue problem. As Friedman
and Schwartz point out, “historically, producers of money have established confidence by promising
convertibility into some dominant money, generally, specie. Many examples can be cited of fairly
long-continued and successful producers of private moneys convertible into specie” [9, p. 45].%

The second alternative, which we are currently investigating, is to introduce competition among

8The reason why convertibility may work together with reputation is that its failure can act as a signal that the

bank is impatient, thus disciplining the behavior of the patient bank.
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money issuers. According to von Hayek, one of its main advocates, “convertibility is a safeguard

necessary to impose upon a monopolist, but unnecessary with competing suppliers who cannot

maintain themselves in the business unless they provide money at least as advantageous to the user

as anybody else” [10, p. 111].
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Appendix

Lemma 4. {;(mg,00) — &;(mu,00) < &q1(mp,bo) — &1(mu, bo) for allt € N

Proof: Let c(h!) denote the number of meetings with money in the private history h'. Tt is
straightforward to show that an agent born in ¢ with private history h! chooses the market if, and
only if, ¢(h?) < a(t — k)(n+ 1) + v, where « is a positive constant depending on my and mg, and

<y is a non-negative constant depending on 6. Therefore, £,(m, ) is given by

Z < n+l ) . < n+1 ) mc1(1 _ m)n+1*cm22+"'+ct(1 _ mL)(tfl)(nJrl)*Q*'”*ct’

(c1,.,ct)EC “a n

(&

Byi(ct,...,ct)
where Cy = {(c1,...,¢t) 1 ¢ < |lat(n+1)+7] —c1 —---—crm1, T=1,...,t — 1}. Here |z] is, by
definition, the greatest integer smaller than z.
Now let Li(m) = &,(m, 6p) — &;1(m,0p). Then

Li(m) = Z By(ct, ... c)m (1 —m)"Hi=e mf+"'+ct“(1 - mL)t(”+1)—02—~--—Ct+1,

/

-~

Cl,..,C €D
(€1yeCt+1)EDr41 M (2o 1)

where Dyp1 = {(c1,...,c41) : (€1, .yc) €Cyicppr > |at+ )(n+ 1)+ —c1 — - — e + 1}
Hence Lt(mL) - Lt(mH) =& — §t+1 - (ft - ft+1) is equal to

n+l—cy n+1701]

> Bialer, - ap)mp(es, - e) [mf (1 —my) —my(1—mpu)

(€15eCt41)EDi41

To finish observe that the term in brackets in the above expression is non-positive if, and only if,
c1 < a(n+1). Therefore Li(mp) < Ly(mg),the desired result. O
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